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FOREWORD

The introduction of intership data networking into the process of target trackirg by
multiple platform sensors has raised the question of how to deal with remocte sensor data
that has arrived for fusion processing after a delay due to network loading. Conditions
frequently arise wherein standard Kalman filtering formulations must be modified to be able
to accept and meaningfully process late data. This report presents results of research into
the relative efficacy of a complex, rationally derived modified Kalman filter update versus
faster and simpler but ad hoc Kalman filter modifications for accepting late data. This work

was conducted under the sponsorship of the Naval Surface Warfare Center Dahlgren Division
(NSWCDD) AEGIS Program Office.

This document has been reviewed by Dr. T.R. Rice, Senior Physicist, Combat Systems
Technology Group.
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ABSTRACT

When techniques for target tracking are expanded to make use of multiple sensors in
a multiplatform system, the possibility of time delayed data becomes a reality. When a
discrete-time Kalman filter is applied and some of the data entering the filter are delayed,
proper processing of these late data is a necessity for obtaining an “optimal” estimate of a
target’s state. If this problem is not given special care, the quality of the state estimates
can be degraded relative to that quality provided by a single sensor. A negative-time update
technique is developed using the criteria of minimum mean-square error (MMSE) under the
constraint that only the results of the most recent update are saved. The performance of the
MMSE technique is compared to that of the ad hoc approach employed in the Cooperative
Engagement Capabilities (CEC) system for processing data from multiple platforms. It
was discovered that the MMSE technique is a stable solution to the’ negative-time update
problem, while the CEC technique was found to be less than desirable when used with filters
designed for tracking highly maneuvering targets at relatively low data rates. The MMSE
negative-time update technique was found to be a superior alternative to the existing CEC
negative-time update technique.
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CHAPTER 1
INTRODUCTION

When techniques for target tracking are expanded to make use of multiple sensors in
a multiplatform system, the possibility of time delayed data becomes a reality. When a
discrete-time Kalman filter is applied and some of the data entering the filter are delayed,
proper processing of these late data is a necessity for obtaining an “optimal” estimate of a
target’s state. If this problem, which may arise whenever data from dispersed sensors are
fused, is not given special care, the quality of the state estimates can be degraded relative
to that quality provided by a single sensor.

The optimal solution to this problem of processing late data requires the filter algorithm
to return to the state estimate and error covariance that occurred just prior to the time
corresponding to the late measurement. Then the filter process is restarted from the time of
the late measurement. Thus, all the measurement information in the time interval between
the most recent measurement and the late measurement must be saved to complete this
filtering of past data. In order to bound the amount of information to be saved, a maximum
for the delay time must be declared. Thus, all measurements, state estimates, and error
covariances within the delay interval must be saved. This filtering approach that minimizes
the mean-square error may not be practical in many cases. For example, when a tracking
3ystem is required to maintain current state estimates on many targets, storing the past
information can become cumbersome.

In this report, the problem of updating the state estimate with late data is considered
for the case where only the most recent state estimate and error covariance is saved. A
solution is derived for this problem using a minimum mean-square error (MMSE) criteria.
While the target state estimate provided by this approach will be inferior to that provided
by the optimal MMSE approach that is described above, this suboptimal approach involves
only medifying the state estimate produced with the most recent measurement using the
late ineasurement.

Figure 1-1 illustrates a case wherein one of two sensors sends data to the site of fusion
by way of a data network. In the illustrated network, the input queue is susceptible to
being crowded by other traffic, causing measurements from sensor 2 to arrive at the site
of data fusion late. Due to the late arrival, a filter update is made using measurements
from only sensor 1, and if the measurement from sensor 2 is to be utilized, it will require
special treatment. In this report, the process of using late measurements to improve the
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Figure 1-1. A Kalman Filter Receiving Delayed Measurements

current state estimate will be referred to as a negative-time update; and the time interval
between the most recent measurement and the late measurement will be referred to as the
negative-time interval. Some authors refer to the subject-matter as “data senescence.”

The need for management of negative-time intervals arises in the tracking techniques
used for implementation of Cooperative Engagement Capabilities (CEC). It was discovered
in the Software Requirements Specification (SRS) document of CEC [1], that an ad hoc
approach for handling negative-time measurements is used. A major motivation for under-
taking this study was to examine the efficiency and robustness of the ad hoc treatment of
delayed data within its environment - an eztended Kalman filter of the sort described in
Appendix A. An MMSE approach for handling negative-time updates is derived and used as
a baseline for evaluating the specified CEC approach. The specified CEC updating method
will be simulated as a separate program and will not be tested within a full simulation of
the CEC system.

This report is organized in the following manner: Chapter 2 discusses the problem for-
mulation and background information. Chapter 3 presents the development and derivation of
the MMSE negative-time approach along with a simple numerical example of its implemen-
tation and an analysis of constant velocity tracking with a negative-time update. Chapter 4
discloses an interpretation of the CEC approach with a numerical example and analysis to
parallel that in Chapter 3. Chapter 5 contains details and results of Monte Carlo simulations
used to evaluate the performance of the ad hoc approach in a simplified but realistic context.
Chapter 6 presents conclusions of the analysis.
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CHAPTER 2
BACKGROUIND AND PROBLEM FORMULATION

In this study, an extended Kalman filter is used to update a 1sultiple source track file by
processing measurements of range, bearing, and elevation. The study employs a simplified
two-ship communications scenario in which an ¢wnship sensor is tracking a maneuvering
target while also receiving track contacts from a remote ship zensor tracking the same target.
The two ships are confined to the (East-West) x-axis in ord=r to eliminate the need for
reference frame rotation; and the earth’s shape is consider=d !ccally flat for simplicity.

Background

In CEC, every Cooperative Unit (CU) platform maintains target tracks in its own local
coordinate system. Each CU uses its own sensors and broadcasts all of its sensor measure-
ments in its own coordinate system. Periodically, each CU broadcasts information on its own
position. When ownship receives a remote sensor measurement, it must take into account
the coordinate system conversion when formulating the Kalman filter innovation term for
tracking at ownship. The dynamics and measurement models assumed for the target in track
are given by

Xiy1 = FieXp + Grwy (2.1)
Zr = h/,(Xk)+vk (2.2)

where w; ~ N(0,Q4) is the process error and vy ~ N(0, Ry) is the measurement error, re-
spectively. Matrix F} is the state transition matrix, Gy is the process error input matrix, and
the target state X contains the position, velocity, and acceleration of the target. A linear
measurement equation can be defined by linearizing the nonlinear observation function. The
measurement equation, as a function of the actual target state, iz given by

2-1
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[ V@ + () + (24)?
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where

T, = Tp—ZTo (2.4)
Yo = Uk— Yob (2.5)
2y = zZp— Zoh (2.6)

and (zy, ¥y, 2;) correspoud to the (z,y, z) coordinates of the target in the ownship reference
frame at time k, and (25, Yob, Zo5) correspond to the origin of the remote ship in terms of the
ownship reference frame at time k. Since we are neglecting motion between the two ships,
Zob, Yoby and Zoy are constants. For ownship measurements, (Zob, Yoby 206) = (0,0,0). The
Tk, bk, and e, are the measured range, bearing, and elevation relative to the remote sensor
reference frame at time k. The v}, v}, and v{ are the measurement errors for the range,
bearing, and elevation at time k, respectively.

For a filter processing range, bearing, and elevation measurements,

[ (@) + (k)2 + (54)°

-

) (2.7)

GRS
o

woo|

tan™! ( Z )
NCAETAIA

Using a first-order Taylor series to linearize (2.7) about the predicted state estimate re-
sults in the linearized measurement matrix given by
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[ Thik—1 0 Vige 0 Zhjk-1 0 T
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where
Xe=[zx &% v U 2z & |7 (2.9)
Ryp—1 = vl (Thp-1)® + Whpp=1)? + (41 )? (2.10)
Rhyp-y = /(@hps)® + Whpeo)? (2.11)

The equations for the extended Kalman filter are given as follows.

Time Update:

Xklk-—l = Fk-IXk—llk—l (2-12)
Puk-1 = FectPicrp1 FL | + Geo1Qe-1Gi,y (2.13)

Measurement Update:

Xie = Xipe-1 + Ki[Zk = he(Xipe-1)) (2.14)
Bup = [I — KiHi]Pyr— (2.15)
Ke = P HE[H;‘P,,“,_IH{ + Ry (2.16)

The subscript notation (k|j) refers to the estimate at time k given measurements through
time j. The Py is the error covariance associated with the state estimate Xy, and K} is
the Kalman gain.

Problem Formulation

In Figure 2-1, a time line is given for a situation in which a negative-time update of
a discrete time extended Kalman filier is necessary. At ¢;_3, a normal filter update using
tireely data Zj..;, results in state estimate Xj_jjx—3. At f;_,, a remote sensor obtains a
measurement Z;_,; appends these data with the relevant time tag t;-;; and submits a data
message to a data network where its transmission is delayed. At t;, another measurement
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Measurement Measurement Measurement Ziy
VA Zy Zx arrives,
update recorded, data update update
Xi—ajk—2 delayed Xk Xt
l—l L__l ]
e Tl N T2 ™ time
- - T >
tk—2 tk—1 13

Figure 2-1. Time Line for Events Requiring a Negative-Time Update

Zjy, from the ownship sensor arrives on time and is used to update the state estimate from
Xk-2)k-2 to Xk After this update takes place, at t}, measurement Z,_; with time tag ¢;_,
arrives after its delayed transmission. An approach to incorporate this delayed data into
an “improved” state estimate Xy is developed in the next chapter. A related problem
has been studied by Thomopoulos and Zhang [2], wherein data reaches a fusion site after a
delay whose duration is known statistically but not exactly (that is, when no time tag t;_,
is appended to the measurement). Their formulations bear some resemblance to the results

obtained in the next

chapter.




NSWCDD/TR-93/351

CHAPTER 3
MINIMUM MEAN-SQUARE ERROR APPRCACH

This chapter undertakes the derivation of a negative-time update algorithm built upon
the problem formulation of the previous chapter. This approach will be referred to as a
minimum mean-square error (MMSE) approach. This chiapter also includes a simple exampl»s
to display the use of this approach, and compares its performance with other methods of
incorporating time-delayed data.

State Evolution

Referring to Figure 2-1, the illustrated intervals of time will be denoted as

T & ti—tig (3.1)
Tl g thwy1 — timg (32)
T, & ti—tiy (3.3)
The error in a state estimate Xy; will be denoted by Yklj and is related to true state X by
Xy = Xu); + Xy (3.4)

The discrete-time evolution of state Xyx € R™ over the time interval T is represented as
Xi = F(T)Xy—2 + W(T) (3.5)

where F is the discrete time state transition matrix and W(T) is a vector representing the
effects of plant noise that accrued during 7. Throughout the remainder of this discussion, it
will be assumed that state vectoc X; = [ z; # )7 i- one (uncoupled) dimension in a two-
or three-dimensional constant velocity filter. The state transition matrix then is

F(T) = [ (1) :1r ] (3.6)

The plant noise for this mode! wili be a continuous-time, white noise acceleration. A unit
impulse acceleraticn é(¢ ~ a), with tx-3 < a < t, will bring about the response in state
space of [ (tx — ) 1 ]¥. A whitc noise acceleration w(a) where

E{w(a)} =0, E{w(a)w(B)} =7 éa-p) 3.7)

3-1
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applied throughout the time interval T' brings about (by superposition) the plant noise
1 —
wry=[" [ b~ o ] w(a)do (3.8)
‘i‘h-Z 1

The time projection of state estimate covariance from t;_, to i, is

Puecs = F(T)PrcateaF (D) E { L[ ot [47°] w(ﬂ)dﬂ} 39

or
Pz = F{T)Peoap2 F*(T) + Q(T) (3.10)
with 173 172
s 2T |
)= q (3.11)
72 T

where G is a scalar parameter in units of (length?)/(time®). This scalar quantifies the un-
certainty in the (constant velocity) model of target dynamics and will be referred to as the
“variance of acceleration error.” Thus, when the time interval T is broken into two segments,
T: and T3, the state transitions are

th- -
Xer = F(T)Xeat | * [ t’*-‘l « ] w(a)da (3.12)
k-2
" _ v
Xi = F(T3)Xk- +/tk [tkl @ ] w(a)da (3.13)
and the projected covariance for the segmented time interval is given by
Ptz = F(T1)Pecapp—2FT(T1) + Q(T1) (3.14)
Pip-1 = F(T2)Prec1pr FT(T2) + Q(T3) (3.15)
where
, [T 3TT
QL) = ) q (3.16)
| i T
T3 AT
Q(T2) = ) q (3.17)
| 277 T2 |

Filter Update At ¢, With Z,

When the measurement Zj arrives at the filter for processing, the filter does not know
of the existence of the delayed measurement Zx_,. Therefore, the filter will proceed with a
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standard Kalman filter update processing using T" = ) — ¢,_3, since ¢;_; was the time tag on
the last measurement that it received. The first stage of processing will project the previous
state estimate Xj.-ajx—3, which is comprised of the actual state less the estimation error

Xu-ajk-2 = Xpoa — 5{1_,',,_2 (3.18)
using the standard time projection formula
Xije-2 = F(T) Xi—ajp-3 (3.19)
Equation (3.5) shows that the error in the projected state estimate is
t —
Xes = PO Xacanes + [ [ 7 | wtedda (3.20)
ta-2
Standard extended Kalman filter processing then updates the state estimate using gain K
and
Xk = Xipe-2 + Ki(Zr — Hp Xig-3) (3.21)

Using (3.20) in (3.21) and isolating X to Xu shows that
Xie = (I — KiHi)F(T)Xe-ak-2 — Kive

+(I -« KiHy) /.-, [ b N @ ] w(a)da (3.22)
+(I - K H,) /t [ b 1‘ o ] w(a)da (3.23)

To allow for the contingency that a negative-time update may be necessary at the time of
update Xi_zjk—2 — X, it will he convenient to define the quantity

SR EXu [ [ W f ]Tw(ﬂ)dﬂ} (3.24)

This quantity is the covariance between the state estimation error fklk after the standard
update at t; and the plant noise error that accumulated over a portion (T3) of the previous
time interval T. This covariance is now identifiable by substituting (3.23) into (3.24). The
covariance is given by

T
Sy = FE {(I'— Kka)F(T)Yk—-Zlk—Z [t [ Uk l— :B ] w(ﬂ)dﬂ

+(I — KiHy) / [’*l‘“}w(—a)da I ["‘ "] w(B)dp
-kt [* [ 47 e [* [ 47 ] w(8)dB
— K, /::,[tk; ] w(ﬂ)dﬂ} (3.25)
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Distributing the expected value through (3.25) gives

Sy = (I~ KeHy)F(T)E {X‘,,_,,k_, /,:, [ th - 8 ]T w(ﬂ)dﬂ}
HI - KiH)E { Lo wtasaa 2 [ 278 ]Tw(ﬁ)dﬂ}
+(I — KyHy)E { /: [ th - ] w(a)da /“" [ th - B8 ]T w(ﬂ)dﬂ}

— K E { /‘:1 [ r N A ]T w(ﬁ)dﬂ} (3.26)

Eliminating expectations of uncorrelated random processes and evaluating the single remain-

ing term yieids
Sk = (I — K H:)Q(T3) (3.27)

which is the sought-after covariance that will appear in subsequent formulations.

Negative-Time Update Algorithm

When the occurrence of a delayed measurement Zi_, having error vs_y ~ N(0, Rx-;)
comes to light after the state estimate update Xy, a second state estimate update Xy
using an as-yet undetermined Kalman gain K, at ¢} will be made. The form to be used is

Xka+ = Xk|k + KH.[Z;,_] - Hk_lF-l(Tg)XMk] (3.28)

Note that the term F~!(T2)Xy is used to compute the innovation of the update at time
tx-1 while keeping the time of the estimate Xy, at tx. Using Zix_y = Hy_1Xj—1 + v4-, and
using (3.13).in (3.28) yields

— _ —~ _ th i, —
Xk|k+ = [I - Kk...Hk_lF I(Tz)]Xk", + K]H.Hk..lF I(Tg)-/' [ k 1 @ ] w(a)da - KH,U,,_I
k=1

(3.29)
The modified Kalman gain Ky, is now found by

1. Using (3.29) to express Py, = E{7k|k+7\;,'flk+]

2. Setting trace(Prje4 ) to zero

0
0Ky
3. Solving for Ki,

3-4
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In so doing, it is useful to note that [4]

—og%trace(BAC') = BTCT (3.30)
-a-ol—ltrace(ABAT) = A(B+ BT) (3.31)

The covariance Pyuy = E{fkmzﬁ", +} i8 found from (3.29) to be

Puyey = U — Kep Hud F(T) | Pup[I = Ky Huet F(T))7
+[I - Kiy Hh_iF-I(Tz)]ShF_T(Tz)H{_‘KkT,,,
+ Ky Hoey F(T3) ST T =~ Ky Hucd FH(T))T
+ Ky [Hor F T (T)Q(T2) F T (T) H + Rir] K3y (3.32)

where F-T = (F~1)T. Setting the derivative of the trace to zero gives

0
trace(Pups) = —2PgF T(T3)HL,
0Ky,
+ 2Kis[Hia F(LH P — Si ~ ST + Q(TR)}FT(T)Hi,
+ Ruy]+ 25 F-T(T)HT , =0 (3.33)

Solving for the modified Kalman gain for a late measurement K, yields

K, = (P',", - Sk)F'—T(Tz)HZ'_l X
[Hear FN(T3){Pupe — Si — Sk + QT)}FT(T)Hi_y + Rua]™ (3.34)

Manipulating (3.32) into the form

Pary = Kii[Hpa FTY(T){Pup — Si = S§ + Q(T)}F-THL, + R ) KR,
+Puj — Kit Heor F7 (T3)[Pp — ST
~[Pue — SW)F-T(T)H{_, KT, (3.35)

and substituting (3.34) into the first K} term of (3.35) gives
P[,p,... = [I - Kk+Hk_1F"l(Tz)]Pk|k + Kk+Hk_1F-l(T3)SZ‘ (3.36)

which together with (3.34) and (3.28) completes the negative-time update. This negative-
time update algorithm will be referred to as the MMSE approach.

Simple Numerical Example

To compare the MMSE negative-time approach with the standard Kalman filter formu-
lation, when no negative times are encountered, a simple numerical example is presented

3-5
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that uses the Kalman filter for one coordinate of a target track. The filter parameters are

r

Xx = ::] (3.37)
(1 T

F(T) = 0 1 ] (3.38)

H = [10] (3.39)

R, = 1440 (3.40)

g = 5.0 (3.41)

where the plant noise is computed using (3.11). A useful parameter for characterizing this
tracking filter is the tracking index gu. in [3] given by

pe = 1/7'31—;’: = 0.186 (3.42)

The tracking index is often useful for characterizing tracking filters since it defines an a, 8
filter having gains equivalent to the steady-state Kalman gains. For this example the initial
covariance was set at

79 32 ] (3.43)

Fopo = [ 32 26
A baseline case is now tabulated with four measurements, Z,, k = 1,2, 3, 4, all arriving on
time at 1 sec intervals. Only the error covariance updates are tabulated. The equations used
are the standard Kalman filter equations given by

Py—1 = F(T)Pk—llk-—l FT(T) + Qr-1(T) (3.44)
Ki = Py Hi[HiPyroHY + Ri)™ (3.45)
Pye = (I - KHy)Pusr (3.46)

The results are presented in Table 3-1. Table 3-2 shows the evolution of the error covariance
matrix for the case of measurement Z3; missing altogether. The final measurement Z, retains
the subscript 4 to conform to the indexing conventions used in the previous section. Note
that the time interval T increases to 2 sec and that the elements in Py, are quite large. The
Kalman gain K is also high, causing the trace of Py to increase significantly over that of
the baseline case.

The negative-time update formulations are now to be employed. It is supposed that after
the update, resulting in P,y with Z3; missing, has taken place (but before any subsequent
updates), Z; arrives late. First, the covariance S is found by (3.27) to be

0.6100 0.9000
Sa= (- KH)Q() = [ 2.2000 4.5000 ] (3.47)
Using P44 and S, in (3.34) yields
0.3375
Koy = [0.0591 ] (3.48)
3-6
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Table 3-1. Baseline Result With All Measurements On Time
kT Pijk-1 K, Pija

y q | 16367 60.50 ] [05320] [ 7660 28.32]
60.50 31.00 | | 0.1966 | | 28.32 19.10 |

2 1 154.00 49921 [o0.5168] [ 7442 24.12]
49.92 2410 | [ 61675 ) | 2412 15.74 |

- [ 140.07 42361 [04931 1 [71.00 21.47]
| 4236 2074 | [ 01491 | | 2147 1442

41 [130.04 38401 [0.4745] [ 68.33 20.18 ]
| 38.40 1942 | | 0.1401 | | 20.18 14.04 |

Table 3-2. Filter Result With Measurement Z; Discarded Altogether

k T Pklk-l Kk Pklk

[ 163.67 60501 [05320] [ 76.60 28.32 ]
| 60.50 31.00 | | 0.1966 | [ 28.32 19.10 |

[ 154.00 49.92] [o0.5168 | [ 74.42 24.12 ]
| 4992 2410 | 0.1675 | | 24.12 15.74 |

247.20 65.60] 0.6319 91.00 24.15
65.60 25.74 | 0.1677 24.15 14.74

3-7
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Table 3-3. Traces of Covariances Py

CASE TRACE
All measurements on time | 82.376
Measurement Zs missing | 105.734
Zy processed negative-time | 82.376

and using this result in (3.36) yields

68.33 20.18

Par = [ 20.18 14.04 (3.49)

Table 3-3 compares the traces of these three final Py, matrices. The performance of the
MMSE approach results in a nearly full recovery of the filter covariance achieved when the
measurement Z; arrived on time.

Negative-Time Updates and Constant Velocity Tracking

To compare the MMSE negative-time update with other methods for processing mea-
surements with a negative-time increment, a scenario is considered in which there are two
ships transmitting constant velocity track information periodically, and one measurement ar-
rives after a delay that exceeds the sample period, as it does in the example of the previous
section. This situation results in an out-of-sequence measurement for which a negative-time
update technique must be utilized. A program was written to evaluate the effects on filter
covariance of this single negative-time update when tracking a constant velocity target with
various negative-time update formulations. Each evaluation includes a computation of filter
covariance similiar to the numerical example of the previous section.

To assess the performance of negative-time update techniques for various tracking sit-
uations, the standard deviation of the measurement errors will be fixed at 25 m, while the
standard deviation of the acceleration errors for the filter will be varied from 2 to 25 m/s?.
Sample periods of 0.25, 0.5, 1.0, and 2.0 sec will be considered. For this study, each of two
sensors provides data at a sample interval of 2T, with the data from one sensor skewed by
T relative to the other sensor. Thus, the measurements of the target’s position are recorded
periodically with period T and the filter will achieve steady-state conditions. The filter is
assumed to be in steady-state conditions when a measurement from the remote sensor is
delayed by more than T, and a negative-time update is needed. The starting covariance
matrix for each computation is derived from the prevailing tracking index u. for each case.
For the constant velocity tracking filter defined by (3.11) and (3.37)-(3.39), the steady-state
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error covariance is given in [3] as

B

d —
Pss=Poaap-1 =R | g ﬁ(gaT_ B) {3.50)

T 201 -a)T?
where
B = 6-3a-v3a?—36a+ 36 (3.51)
s _ B _T%

B = 1—a - Rk (3‘52)

With Psg of (3.50) as the starting point, the usual Kalman filter equations were used to up-
date the covariance matrix using a sample period of 2T to represent a skipped measurement.
After the filter update with sample period of 2T is completed, the delayed measurement
arrives and this information can be used to correct the state estimate and associated error
covariance. Five techniques for processing the delayed measurement are considered. The
first three are those illustrated in the previous section with the simple numerical example.
The first technique (no late measurements) is an ideal case in which the measurement is not
delayed at all. The second technique (discard late measurements) is put forth as a worst
case - the results one obtains from not trying to cope with delayed data at all. The third
technique (MMSE) is offered as a practical best case - the results one obtains when the trou-
ble is taken to fully implement an optimized negative-time update formulation. The next
two techniques illustrate the benefits and limitations of ad hoc techniques for negative-time
updates. The fourth technique includes plant noise Qi during the time update to the late
measurement and during the time update back to the current time. The fifth technique sets
the plant noise g, to zero during the time update to the late measurement and during the
time update back to the current time.

The five techniques are compared using a plot of the normalized trace of the error co-
variance given by

P {trace}(:klk-f)} (3.53)

versus the standard deviation of the acceleration error. The results are given for each time
period in Figures 3-1 through 3-4. Using all late measurements discarded as a worst case
senario, it is seen that the technique using the plant noise throughout the negative update
breaks down for relatively low levels of acceleration error. Breakdown of a negative-time
update algorithm will be used to denote the condition at which the error covariance at
time #; is increased by processing a time-delayed measurement at time ¢, — A. However,
the technique that has the plant noise set to zero during the negative update seems to be
sufficient for shorter time periods, but becomes unrealistic for longer time periods in that the
trace of the error covariance is lower than the optimal case where all measurements arrive
sequentially (no late measurements). It is also noticed that the performance of the MMSE
negative update closely matches that of the sequential case.
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CHAPTER 4
CEC APPROACH

This chapter interprets the ad hoc CEC-extended Kalman filter updating technique as
specified in [1]. Analys:s ssmilar to that in the previous chapter is included for examination
of the technique’s performance.

CEC Specification For Negative-Time Updates

Assuming the same situation as in the previous chapter, a measurement arrives late with
time tag, tx_1, just after the extended Kalman filter update has been made for a measurement
with time tag, ¢;. This results in the time interval

T=tr1—1t (4.1)

From this point, noting T' < 0, the standard filtering equations are used to make a back-
wards update with the excepiion that the plant noise is set to zero, (i.e., Q(T) = 0). The
equations for this segment of the interpreted CEC negative-time update are given in the
following equations.

Time Update:

Xiap- = F(T)Xup- (4.2)
Piyp- = F(T)Pup-F(T) (4.3)
Measurement Update:
X1k = Xecap- + Kia[Zey = A(Xioqpi-)) (4.4)
P = [I = Ki-1Hx-1] Peoyji- (4.5)
Kioy = Poap-HI [HeorPecap-Hiy + Ria] ™! (4.6)

After the state has been moved backwards and the state estimate, Xi_ix, has been calcu-
lated, the state estimate is moved forward with the plant noise reintroduced by using the
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absolute value of the negative-time interval to project forward to the current track valid
time, tx, to form Xjx. This segment gives the time updates as

Xeper = F(|T))Xi-1pe (4.7)
Pgry = F(|T))PeapF(IT)) + Q(IT)) (4.8)

noting that now Q(|T|) is nonzero and the time interval |T| > 0. Having predicted for-
ward to the existing track valid time, ¢, the filter resumes normal operations on the next
measurement.

Simple Numerical Example

A simple example that computes the covariance matrix is presented for comparison with
the results of the previous example in Chapter 3. The following parameters were chosen to
remain consistent with the previous example. Those parameters are given by

Xe = f:] (4.9)
L k

R = |} f] (4.10)

H = [10] (4.11)

R, = 144.0 (4.12)

7 = 50 (4.13)

The initial covariance matrix is set to

Pyo= [ 79 32 ] (4.14)

The CEC approach is used to calculate the error covariance matrix using (4.2)-(4.8) as
discussed earlier. The final error covariance matrix results are

70.48 23.56 ] (4.15)

Faier = [23.56 19.30

Recalling the results from the previous example found in Tables 3-1 and 3-2, a comparison of
all four cases is presented in Table 4-1. It is noted that although the CEC ad hoc technique
made a significant recovery from the negative-time interval, a nearly full recovery was not
experienced as with the MMSE approach.
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Table 4-1. Traces of Covariances Py

CASE TRACE
All measurements on time 82.376
Measurement Z3 missing 105.734

Z3 processed negative-time(MMSE) | 82.376
Z3 processed negative-time(CEC) 89.777

Negative-Time Updates and Constant Velocity Tracking

The program method used in the last section of Chapter 3 was used to evlauate the
performance of the interpreted ad hoc CEC technique. The worst case scenario, where all
late measurements are discarded and the sequential case where all measurements arrive on
time, were compared with the CEC technique. The performance was again evaluated using
a graph of the the normalized trace of the filter error covariance matrix versus the standard
deviation of the acceleration error. Time periods of 0.25, 0.5, 1.0, and 2.0 sec were used in
the evaluations. Figures 4-1 through 4-4 express the performance of the three techniques.
The ad hoc CEC technique does not always perform better than the worst case scenario of
discarding all late measurernents. For longer time periods, the CEC technique was found to
perform poorly, even with relatively small standard deviations of acceleration error, while
the MMSE technique remained stable as shown in the previous chapter.

For each of the time periods used, the standard deviation of acceleration error at which
the CEC technique breaks down was evaluated. Using (3.42), the corresponding tracking
indexes were found in order to characterize the break down regions for the CEC technique.
Figure 4-5 shows a plot of the tracking indexes at which the CEC technique fails versus the
sample period. For a given sample period, the CEC technique will break-down for tracking
index values greater than the value denoted by the line.
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CHAPTER §
SIMULATION RESULTS

The objective was to simulate an ownship sensor and a remote ship sensor tracking a
common manuevering target with the remote ship transmitting its tracking data to ownship.
This simulation enabled the performance of the interpreted CEC negative-time approach to
be compared with the derived MMSE approach in a practical situation where data being
transmitted from remote ship to ownship are delayed.

Simulation Setup

Figure 5-1 displays the scenario of the ships and target locations for this simulation.
The ships are separated by 15 km along the x-axis making the remote ship coordinates with
respect to the ownship reference frame,(z,y, z) = (15,0,0) km. To simplify the simulation,
motion between the two sensors was set to zero and the earth’s shape was modeled to be
locally flat. The flow chart in Figure 5-2 is a basic outline of the program operations.
A single target trajectory, created using a trajectory generator program, was used for the
simulation. A profile of the trajectory is found in Figure 5-3. The target has a constant
altitude of 5 km. The target travels at Mach 2 for 44 sec making two 6g maneuvers bctween
12 and 21 sec and between 24 and 33 sec, respectively. When the target is not maneuvering,
it maintains a constant velocity. The trajectory generated is in the form of a data matrix
with even columns representing measurements from the ownship sensor and odd columns
representing the measurements obtained by the remote ship sensor. The odd columns are
offset by (15,0,0) km, since every other measurement received by the ownship is a remote
seisor measurement. Measurements from each sensor are received every 2 sec resulting in a
received measurement every 1 sec when the data from each sensor are skewed in time.

The same trajectory was uved in the simulation to study and test each of four cases. ¥or
the first case, the ownship uses its own measurements plus measurements from the remote
ship to track the target, with all measurements arriving on time. The second case is similar to
the first case except all the measurements received by the ownship from the remote shi: are
delayed and are discarded. The third case resembles the second, but the late measurements
from the remote ship sensor are processed using the MMSE negative-time update approach
derived in Chapter 3. In the fourth case, the delayed measurements received by the ownship
from the remote ship are processed using the interpreted CEC approach of Chapter 4.
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Results

The simulation output for each track filter is an average of 100 Monte Carlo experiments.
The Root-Mean-Square-Errors (RMSE) in position and velocity are used to measure the
performance of the negative-time update techniques implemented in the simulations. In
the four cases, the combined measurements received from the two multiplatform sensors
had a data rate of 1 Hz with a standard deviation in range of o, = 12 m, and standard
deviation of angles 0, = 0. = 2.5 mrad. The arrival of measurements from the remote
sensor are delayed slightly more than 1 sec. The results of the first three cases are given in
Figure 5-4. The top and bottom graphs are an average RMSE of the position and velocity,
respectively. Comparing the first twe cases displays the improvement experienced with the
concept of CEC, when all measurements from the remote sensor arrive on time, as opposed
to using only the ownship sensor measurements. In the third case, the late measurements are
processed using the MMSE regative-time update approach derived in Chapter 3. It is seen
that the result is almost a complete recovery from the late measurements. The jagged lines
that occur during the maneuvers for the case where all measurements arrive sequentially are
the result of receiving data from multiple sensors with varying degrees of accuracy. Since
the remote sensor is closer to the target than the ownship sensor, as shown in Figure 5-1,
measurements from the remote sensor are better than the measurements from the ownship
sensor. Since the measurements between ownship and remote are skewed in time, every other
measurement being utilized will result in a better estimate. During the constant velocity
portions of the track, this effect goes unnoticed, but during maneuvers where the mismatch
of motion model is greater, the effect is seen. Since the MMSE approach does not compute
a state estimate that corresponds to the measurement time of the remote sensor, RMSE
were not computed at those times, and hence, the lines denoting the RMSE for the MMSE
approach are not jagged. The results comparing the RMSE of position and velocity for cases
three and four are found in Figure 5-5. Comparing the two techniques, it is seen that the
CEC approach does result in a recovery from the late measurements, but the results are not
as precise as the recovery experienced from the MMSE approach.
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CHAPTER 6
CCONCLUSIONS

An MMSE approach for processing time delayed data was developed and compared with
other techniques for processing time delayed data. One of those techniques for processing
negative-time data uses the plant noise @, throughout the entire negative-time update in-
terval (Q-on). Analysis of the Q-on technique showed that it is unstable and performs very
poorly. Another technique involved setting @, to zero throughout the entire negative-time
update interval (Q-off). Analysis of the Q-off technique showed that it performs better than
the Q-on technique, but for larger levels of plant noise and longer time intervals the filter
covariance is “too good” in that it is smaller than that achieved by sequential processing
of the data (all measurements on time). The interpreted CEC approach was found to a'be
more desirable approach to negative-time updates than either the Q-on or Q-off technique.
However, when the MMSE approach was compared with the CEC approach, the CEC ap-
proach was found to be the inferior technique. The CEC approach may have problems when
used with filters designed for highly maneuvering targets at low data rates, while the MMSE
approach is rather stable with respect to levels of plant noise and sample periods.

The possibility of experiencing delayed data causing negative-time intervals has added
complexity to the CEC concept. More analysis of the issues associated with negative-time
updates is desirable. Issues revolving around the negative-time update that need to be stud-
ied include status of target maneuvers, data association in the presence of clutter and false
alarms, and an on-line technique to assess the value added if a negative-time measurement is
utilized. This study involved only a constant velocity Kalman filter. Other problems could
arise if other tracking techniques such as muitiple model fiitering are used. For example, at
the beginning of a target maneuver, a multiple model filter may undergo a model change just
prior to receiving negative-time data. In this situation it would be useful to have a method
for deciding which model would be used for processing the negative-time data. Also, an
on-line technique is needed for evaluating the need and benefit of using delayed data during
a tracking process. In a situation where good data on a target has been attained recently,
the delayed data can be ignored, while on the other hand, if very little data on the target
have been attained recently, the delayed data may be critical to maintaining a good track.
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The proposed tracking algorithm described in this appendix first appears in the Applied
Physics Laboratory internal memorandum F2A-92-1-002 dated 16 January 1992. Its principle
features are as follows:

(1) A discrete time Kalman filter with state vector
T
X = [ T z yy z z ]
and a constant velocity model ®(T') is used.

(2) Measurements from various sites, including ownship, are received for processing. A given
measurement may come from one of several types of sensors. One may be from a radar that
can measure elevation but not doppler, whereas another may come from a radar that can
measure doppler, but not elevation.

(8) Measurements M arrive as “raw data”; that is, individual measured parameters such as
bearing or slant range each appear accompanied by a time stamp, a standard deviation, sen-
sor location (as latitude-longitude), and sensor ship’s heading, pitch and roll as required. The
Kalman updates are accomplished one measured parameter at a time with an appropriate
output matrix H; computed for each measured parameter at each update.

(4) Each Kalman filter within the Cooperative Engagement Systemn operates from the point
of view of a local, stabilized (z;, ¥, ;) coordinate system. Data from other sensors are ref-
erenced to a remote, stabilized coordinate system (z,, y,, 2;) with a known, remote latitude-
longitude.

(5) The Kalman filter with its state X € R® has the usual covariance matrix P € R6%®
representing accumulated measurement errors and plant noise. There also is a measurement-
noise-only covariance matrix Ps € R*® that is carried to facilitate decision processes outside
the Kalman filter proper. The matrix Ps does not otherwise affect the operation of the filter.

The Kalman filter equations used are stated below. The notation used here is Xj-
for projected state (as opposed to 8% used originally) and X for filtered state (as opposed
to 6% in the original). !

Xik=1 = (T)Xpo1pe-1 (A.1)
Pye-r = (T)Pecaper®(T)T + Qi (A.2)
Psie-1 = O(T)Psp_1jx1¥(T)T (A.3)
Ky = PipHI(HPax HT + Ry)™ (A.4)
Xipp = X1 + Ki[My — My(Xipe-1)] (A.5)
Py = (I — KiHy)Prpps (A.6)

1The original document treats state as z(0), the state at track initiation, plus a summation of incremental
corrections 6z,. This convention is not used here.
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Psyp = (I — KiHy) Pspp-1(I — Kka)T + KkRkKZ' (A.7)

The specific means by which these Kalman filter equations are employed to effect track
filtering will now be explored.

Plant Model and Plant Noise

Since the Cooperative Engagement Processor (CEP) tracking algorithm is a constant-
velocity Kalman filter, the transition model for the chosen state vector X is given by

1T 00 0 0]
010000
001TO0O

®M=100010 0 (A-8)
0000T1T
(00000 1]

where T is the time increment between updates.

In this particular realization, measurements M are each scalars that reflect some pre-
dicted function of the state vector M,(X), rather than just one of the elements of X. The
‘innovation’ (the bracketed term of (A.5) above) is now the difference between measurement
M} and ‘predicted’ M,(Xyjk—1). Thus, the measurement matrix H; becomes a row vector of
partial derivatives given by

-

oM, 0M, OM, oM, OM, oM
P _ P P P P P P
H "[ 3% 0z 0y 0y 0z 03 ] (4.9)
evaluated at Xpgp_.;.
The plant noise @i is represented by the formulation
1 Ozx2 Oz
Qr = [ Oaxz gz 0oz (A.10)
O2x2 Oax2 s
™ T?
@ = a|FH 2|, i=1,23 (A.11)
5 T
00
02)(2 = [0 O] (A.12)

Each scalar g¢; is a plant noise spectral density in units of length?/time® = acceleration?/Hz.
This parameter will be supplied based upon a separate determination of the existence of
a target maneuver. Further details of maneuver detection and acceleration estimation are
not given in the memorandum under discussion and must be treated in further commentary

notes.
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Coordinate Systems

With the role of the CEP tracking algorithm being to accept measurements from many
different sensors at many different locations, coordinate conversion plays a very important
part in its formulation. This section will set out coordinate system notation conventions,
drawings of the various ccordinate systems, and the relationships used to express measure-
ments that are made in one system in terms of another.

Figure A-1 illustrates worldwide coordinate systems expressed in longitude I, (positive I,
= East from Prime Meridian), latitude p (positive 4 = North from the Equator), and in the
earth-centered rectangular coordinate system (%o, o, %0). Ary vector R; can be expressed as
an earth-centered vector (xo, yo, o) in terms of L;, p;, and its length |R;| by the well-known
relationship

To cos L cos p;
R,=| yo | =|Ri| | sinL;cos (A.13)
2o l_ 3in ;
In Figure A-1, the head of vector R; is shown as the origin for a ‘stabilized’ coordinate system
(£, 9i, 2;); that is, one for which Z is local East, §; is local North, and Z; is local vertical. In
the CEP tracker, R, points to ownship and state estimate X is maintained in the (2y, §1, %)
coordinate system. Measurements received from another ship located at (L;, ;) and at the
head of vector R; may have been made in either stabilized local coordinates as (2, ys, z3) or

in ‘deck coerdinates’ as (z3', ¥, z3') having the same origin.

Figure A-2 illustrates the relationships among earth-centered coordinates (zq, yo, 20),
local stabilized coordinates (z1,yi,21), and remote stabilized cooidinates (z2,Y2,22). An
ownship senser makes measnrements on a target in terms of vector Ty, while a remote sensor
makes measuremenis on the same target in terms of vector T';. The vector displacement
between remote and local coordinates in earth-centered (zo, yo, 20) is

L | R1| cos pt1 cos Ly — | Ry cos gy cos L,
AI{O = R1 - Rg = IR]lCOS H1 sin Ll - |R2| COS U2 sin L2 (A14)
| Ry| sin py — | Rz sin g, 0
The well-known matrix
N —sin L; cos L, 0
MU 2 | _in picos L; sinu;sinL; cosp; (A.15)
cos p;cos Ly cosp;sinL; sinyu;

rotates any vector (g, Yo, 20) into the i-th coordinate system from the earth-centered system.

Coordinate rotation in the opposite direction is achieved via the inverse matrix
M(Oi) . [M(io)]-l — [M(t'O)]T (A16)

which is cqual to the transpose since these matrices are unitary. Thus, the displacement
between local (zy,yi, 21) and remote (z2,¥2, z2) in local coordinates is

AR, = MUOAR, (A.17)
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Hence, any attribute of a target measured in terms of vector T'; by a remote sensor at ( Lz, 42)
as stabilized (z3,y,, 22) is expressable in terins of the ownship system state vectors

Tg I
y2 | = MPMOY ||y |4 AR, (A.18)
22 21

Some ship sensors, such as the SPY-1, will produce their measurements in stabilized
coordinates (£ as East, etc.), while others, such as the SPS-49, report in ‘deck coordinates’
(§" is toward the bow of the ship). Figure A-3 illustrates the three angles by which a
stabilized system is rotated into a deck system. The Navy convention for coordinate rotation
differs from the mathematical convention in the order and in the sign convention of the
individual rotations. In the Navy convention, positive angles represent clockwise rotations.
In going from the stabilized system (z;,y;,2;) to the deck oriented system (z!’, y?, z!'), one
first rotates about z; by heading h; (which is posisive for clockwise from North) into (z!, 3!, 2})

by way of
T cosh; —sinh; 0] [ =
y:. == H“’X,- = sin h,‘ cos h,‘ 0 Y (Alg)
Z: 0 0 1 J 2
Secondly, one rotates about z} by the pitch angle p; (which is positive for the bow going
down) to get into (z,y/, z!') by way of
z! 1 O 0 T
v/ | = POX{=|0 cosp; —sinp; [ v (A.20)
2! 0 sinp; cosp; || 2

A-T
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Finally, one rotates sbout y;’ by roll angle r; (which is positive for roll to portside) into the

final deck system (zi",y?, z{"") by way of
cosr; 0 sinr; z
0 1 0 v (A.21)

n

z;

yl_”

]

2! —sinr; 0 cosr;

= ROX" =

Thus measurements made by an ownship sensor in deck coordinates are expressed in
cwnship stable cocrdinates as
zy
[ v
7
%

and a remote sensor using deck coordinates makes measurements expressed in ownship stable
coordinates as
m
T2
"
mn

23

= RMpO Q)

::] (A2

1

x
= R® p() (3 p1(30) pp(01) ([ y: } + AR;) (A.23)

3

For convenience, the following products of coordinate rotation matrices will be designated.

U £ R pWHM) (A.24)
N & MG p) (A.25)
Vv & RApAHAN (A.26)

Measurement Functions M, and Matrices H

The CEP tracking algorithm is configured to handle four kinds of measurements from
two differént kinds of sensor (radars), neither of which alone can make all four kinds of mea-
surements. One kind of radar, the SPY-1 type, produces measurements in local stabilized
coordinates whereas other types, bearing-only sets, produce their results in deck coordi-
nates. Moreover, a given processor my be resident on a ship having either type of set. The
measurement types are

Bearing
Slant range

Elevation

Doppler
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In order to process the parameter M, characteristic of each kind of measurement, the fol-
lowing steps must be undertaken.

(1) Evaluate M,(Xyx-1) for predicied parameter.
(2) Evaluate the partial derivatives needed to complete matrix H}.
(3) Execute the Kalman filter formulas (A-1) vthrough (A-T7).

The formulas needed to carry out Steps (1) and (2) will now be discussed.
oM,

Formulas for M,(X) and ——=*, ¢ = z,7,y, ¥, 2, 2, for each measurement type are given

dc
in Tables A-1 through A—4. Table A-1 gives M,(X) and %Ag'i for processing local stabi-
lized coordinaies (zy, ¥, 21), while Table A-2 gives those results for local deck coordinates

z{,yy, 2;"). Table A-3 gives My(X) and oMy for processing remote’stabilized coordinates
L4 ) »

(2, ¥2, 22), while Table A—4 gives those results for remote deck coordinates (=9, 7', 23"). As
an example of these formalas’ derivations, the bearing measurement will be treated in detail.

Bearing in Local Stabilized Coordinates

While bearing may be defined in terms of the tangent function tan B; = (3‘-) , in using
1

. - T ..
the inverse B; = tan™! (— the programmer must, of course, make provisions for cases
h

where y; < 0. Since tiese provisions involve adding a constant to By(z,y1), the formulas
for partial derivatives need no such modifications.

Using the general formulation for the derivative of tan™?,

_ v Ou " v
0 (U 9z, Oz
o (3) - B wan

With u = z; and v = y, it follows immediately that

a "N
5o B = Ty (A.28)
and that
9 %1 (A.29)

ayl 1=z’+y2

A-9
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Bearing in Local Deck Coordinates

Now bearing is defined by .
, X
tan B;' = ;-'l'—' (A.30)

1

Using the coordinate rotation matrix U £ [Ui;]) of (A.24), z{" and y}" are found to be

T
2 = [10 O]U[y;] (A.31)
%
= 7iUn + yils + 21Uhs (A.32)
and
I
W= [010]U|m (A.33)
91
= 51Un +nla+ 21U (A.34)

Again using (A.27) with u = z{" and v =y}’ the derivatives become

" " n
381 . yl Uu bd Il Un

Bz = () + (W) (A.35)
.., OBy 0By’ N
with 30 and 7 following similarly.
Bearing in Remote Stabilized Coordinates
In this instance z
tan B, = = (A.36)
Ya
where z; and y; are found from (A.18) and (A.25) as
[ z,+ AR, ]
z2 = [1 0 0]N| n+AR, (A.37)
| 21 + AR.I J
= Nu(z: + ARa) + Nu(yi + ARp) + NMa(z1 + ARy) (A.38)
[ 21+ AR, ]
v2 = [0 1 0]N|yn+AR, (A.39)
| 1+ AR, |
= Nu(zy + AR:1) + Noo(y1 + ARy2) + Nas(z1 + ARy (A.40)

A-10
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Derivatives also follow from (A.27) with u = z; and v = y; so that
0B, vau — 23Ny

o Jru (A.41)
with 282 3pq 9B aB’ followmg similarly.
o
Bearing in Remote Deck Coordinates
For this final instance, where "
tan By’ = -4 (A.42)
¥a
(A.26) dictates that
z3' = Va(z1+ ARn) + Via(ni + ARy3) + Vis(z1 + ARy) (A.43)
2 = Va(z1+ AR,) + Vas(n + ARy) + Vas(z1 + AR,) (A.44)
Thus, the derivatives take the form
aB”I III‘/ll + xz Vzl (A 45)

RGE

" "
with 9B; and 9B; following similarly.

31’1 0z

Tables of M, and H

Tables A-1 through A—4 formulas cover the four coordinate systems that have been
introduced. It is assuined that when a remote coordinate system is used that

AR =[AR. ARy ARy | (A.46)

and coordinate rotation matrix N have been precomputed. Also, when a deck coordinate
system is used, precomputation of the appropriate coordinate rotation matrices RY, p),
and H" is assumed.

The user should also pote that these formulations involve coordinate transformations of

+«« & +++ g +++ z| that do not use platform velocity as input. This means that it

18 1mphc1tly assumed that the target velocity is much larger than that of the ship. While

usually true, thie assumption may noticeably degrade the otherwise high accuracy of doppler
radar measurements.
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Table A-1. Formulas for Local Stabilized Coordinates

(K)ﬁeuini
M,:B;étm"z—:- H=

8B, _

8zy "1i +n

iBi Slant range
M, =8 = \/z’, + y,’ + z,’ H=

831 _%
831 8
098
821 83

(C) Elevation

M, =E; = tan—! ! 0 OF, 0 OBy 0 ]

NGEXH = | 3= o 0z
o _ (51) 2 25, _ (=) _na
Oz, —‘Tl’- \/:B’, + y,’ oy s \/::’1 + y?
0B, _(1\ [
8z (E) =t +ut

e e ———

(D) Doppler r I

d 85, 088 085 Y4 08 04

g =Y fa 2, .2 | 98 098 08 U8 08 U8

MP =n= di it t+a H Ozy 0zy Oyy Ay 08z 8%
9 o =zm@:s+unh+aih) 9%, _=n
831 & 8? 8&, 83
8 _n_ wn@:da +tnn+ai) 9, _wn
o = B o s
98, _n _a@mai+nn+ain) 8 _=n

0n & s 8z, 8
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Table A-2. Formulas for Local Deck Coordinates

(A) ﬁeuin;
= -] zl” aBl" aBl'.‘ oB”I
M =B"t t 1 H=1 =L —_—l —l ]
p = SR G ooy 0 B ? om °
2! =y Un+nlin+nlis v =21.Un + nlUa + 11U 7" = 21Usy + 11 Usa + 21Uss
OBy _ Ui —2{Un  8BY _ y"Uss —2!"Us OB yUys — 2{'Uns
dzy ~ (21" + (v’ 7)? o (2P + ) 9z, (202 + (yi")?
(B) Slant range
0"” 031” o’"'
=gl = / ] T 1 o3 1

03’1” ”IUll +y{ U12+z”’Uls a’lll - ”’Uzl +vi U22+Z”’U23 0‘”' HIU31 +yl U32+ zI"Usa
0zy 81 o 5 oz, ~ 8

(C) Elevation

2”’ a pl" 0 EIII 0 EIII
My =El' =tan~! ==l H = 0 =+ o H ]
’ Y o e e 0 B 0 om O
— {p%)2 AY) AV ] 0E{” _]_'_ __’_’: " "
a = (2')* + (1) + (= 9z, — & YUs1 = ==(2{'Uny + ¥{""Un1)
OEIII 1 III
y= /(':"m)z + (ym)z __a_i _‘; [7(]” et W ( sz“ + !I;"Uzz)]

a 1 l l" "
—LOzl > [‘YUss - ——(z Urs + vy Uzs)]

(D) Doppler
- a‘,ll a"I" a"," 6&”’ aé"’ oé/”
"o _ ITAY ] 2 TUAY ] 1 1 1 1 1
My=it= s rary+ @y w=| S 2 ; j
z, 8% Oy Oy On 04
' =2 Un+nUin+ U1 9 =21Un+ U+ £1Uss 2" = 21Usy + 11Usz + £1Uss

n = Ic”lz”l_'_ ylllvlll + Z”’z’"

88y & nzy 9 v mn 98! _ 4 y 7o
8z, & asl oy s & 8z & 83
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Table A-3. Formulas for Remote Stabilized Coordinates

(A) ﬁ—euing
= =1 gz, _[ 0B, 858, 8B,
M, =Bytan 2 H=| G2 0 52 0 32 o]

z3 = Niy(z1 + ARs1) + Nia(yi + ARy1) + Nia(21 + ARy)
¥2 = Na(z1 + ARsn) + Naa(n + ARyp) + Naa(z1 + ARs)
z3 = Nai(21 + ARy1) + Nag(hn + ARy1) + Naz(n1 + AR,)

0B, - yalNu — 21 Nay 8B, - 1 N1z — 22Nz 0B, - NN~ z3Nas
Oz, z3+vi B 23+ 43 B 23+ v

H= [ 003 2.‘.3. .8_’3.
031 8y1 0:1

My =0 =2+ +1

95 _zi+ ARy b, _ i+ ARy sy _ 2+ ARy
Oz, ~ 8 8n 83 8z 83
0 (C) Elevation

6E OF. 8E
M, = E; = tan™! 2 H = [ 2 2 2
3 2 = tan Nz T Oz, on 0z,

®
&

|

Qir

) . X
N3y — '_'y!(a‘zNu + y2Nay)

L

a=z}+y}+:}

)
8
L

r h
L‘YNaz - %(zzNu + ya Na3z)

It
Rim=

1=Vt

i
Rim

) QO
S 5
Ll 1 %] - {w

Nsg — f,}(zmm + y2Nas)

e

(D) Doppler —

, d /2 88y Os2 Osy Oiéy 0Oéy 8éy

M, = = — 2 2 =2 2 "2

p=8= dt :I!, + y’ + z’ H [ Oz, 68z, Oy Oy Oz, 0z
zz= 8 N+ 0nNa+ 421 Ns g2 =21 Nyy + 91 Naa + 21 Nas #3=1,Na; + Y1 N33 + # N33

I! . . .
N = 2322 + tays + 2222

883 &1 n(zi+AORn) 08 _n my +ARy,) 953 _ 4 nz1+AR,)
81‘1 - 82 825 0y1 - 82 83 821 82 82!
83 71+ ARs 94 _yi+ARy 9é3 2+ ARa

0.1':1 - 83 8{[1 8q 0:, 82
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Table A—4. Formulas for Remote Deck Coordinates

H (A) Bearing_

= -1 x"l aBlﬂ 8 i BII
M, = B!t i 8 H=| =% s I 9By ]
P 7 a0 vy oz, 0 oy 8z, 0

27’ = V(21 + ARe1) + Via(3h + ARy1) + Vis(21 + ARS)
v& = Va1(21 + ARn) + Vaz(n1 + ARyy) + Vas(2) + ARyy)
2y’ = Vai(#1 + ARa1) + Vaz(y1 + ARy1) + Vas(z1 + ARy1)

885" xl”'Vu — zIII Vﬂ aBgl ylzlrvm — z’”Vu BHI ylzllvls - ”'st
0&'1 m)z + (ym)z oy m)z + (ylzn)z oz, (zlu)z + (ym)z
f (8) Slant range —
. &' ) 8'" F) sm
M, =3 m - 11\3 11\2 " = 2
p= o = VAT GET AT B=|3E 0 SE o 2]
88’3" _z + AR, 88'3” _n+ AR,,; 08’3" _ua+ AR,
0z, sy’ Sy 8y 8z9 sy
L == e
(C) Elevation
" SE! SEM SE"
M, =E!"=t -1 Z3 H= 2 2 2 ]
P 2 an \/(t’")z + ( )5 azl 0 0y1 0 021 0

8EIII 1 III h
@ = @)+ ) + G o = 1 [ - Legva v
aEm l [ "t b
1= VE+ ) b = = |1Va ~ 225 Vaa + 4 Vi)
/)1 a | Y )

aEI” l
82: = ‘7Vas - ""'(3 ; Via + vy’ Vza)

(D) Doppler

88" 0 sm ;) 8'" ) 8m 85§
— gl — TIAY] 11\2 1\2 - 2 2 3
M, = &} \/(-"" )2+ (y2")? + (24 H [ 8z, 0%, Om O 0z 04 ]

i - z'),”Vll + !/l V12 + znl ,13 y,2" —— zIlII‘/21 + yi’lvﬁz + i;"‘/?:i z;ll — -'t'l"Val + }/1”‘/32 + zlllvsa
= "ot Wil ", III
n=zy'ey +y3'yy + 23’2

957 & 9(z1+ ARn) 953 1 nys +AR,) 833 iz n(z1 + AR,)

0:1 Ty (s7')3 Oy &Y (s3')? 8z, 8y (s7')?
88y 21 +ARn 08’ _ yi+ ARy 8# _ 2+ ARy
oz, ~ P o sy 0z, P
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