
AD-A273 707IIIIII Illl _
AFIT/GA/ENY/93D-3

DTIC
ELECTE

A.DEG, 16 '093 4

Modal Control of a Satellite
in an Unstable Periodic Orbit
About the Earth-Sun Interior

Lagrange Point

THESIS
Douglas J Hopper

First Lieutenant, USAF

AFIT/GA/ENY/93D-3

93-30488I EmhlhIIImI

Approved for public release; distribution unlimited

93" "2 1310~l6



Best
Available

Copy



The views expressed in this thesis are those of the author and do not reflect the

official policy of position of the Department of Defense or the U. S. Government

Accesion For
NTIS CRA&I

0 FO TAB

........... .............
By

Avaeilability Codes



AFIT/GA/ENY/93D-3

Modal Control of a Satellite in an Unstable Periodic Orbit About the

Earth-Sun Interior Lagrange Point

THESIS

Presented to the Faculty of the Graduate School of Engineering

of the Air Force Institute of Technology

Air University

In Partial Fulfillment of the

Requirements for the Degree of

Master of Science in Astronautical Engineering

Douglas J Hopper, B.S. Mechanical Engineering

First Lieutenant, USAF

December, 1993

Approved for public release; distribution unlimited



Preface

On August 28, 1978, the first artifcial satellite was launched into an unstable

periodic orbit about the interior libration point (or Lagrange point) between the

sun and the earth. It was called International Sun-Earth Explorer, ISEE-3, and

its purpose was to make accurate measurements of the magnetic phenomena in the

solar wind. Proposed by Farquhar (2), it was our first libration point satellite,

demonstrating what Floquet, Poincar6 and Lagrange could only think, write and

dream about.

Other missions using similar orbits have been proposed, and the purpose of

this thesis is to discuss the control of satellites in such an orbit using Floquet theory.

Douglas J Hopper
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Abestct

A periodic "halo" orbit which exists about the interior Lgrange point for the

Earth-sun system was decomposed using Floquet theory into modal variables, which

are dynamically decoupled subspaces for the six degree of freedom system. Modal

control consisted of evaluating the diverging mode and maneuvering to counteract

its divergence. In the unperturbed system this was successful. Control costs were

low, and the significance is that the controller did nothing to suppress modes that

were oscillatory or converging. First order perturbations by the moon and Earth's

eccentricity were examined. The effect of the moon's motion allowed the scheme to

operate with reasonable control costs, but the effect of eccentricity caused divergence

in spite of the controller.

viii



Modal Control of a Satellite in an Unstable Periodic Orbit About the

Earth-Sun Interior Lagrange Point

I. Introduction

It is desirable to have a satellite upstream of the Earth to study the solar wind

and to warn us of variations in solar activity. The mathematics of the restricted

three-body problem predict an equilibrium point in the space between Earth and the

sun. Ideally, a satellite placed at this point could literally remain there indefinitely.

However, a satellite at the interior Lagrange point (or L2) is directly between earth

and sun, so from any observation station on Earth, it would appear in the center

of the sun's disk. This is a poor place from which to receive the very low-power

transmissions necessary for data reception and tracking. We can, however, orbit a

satellite about the Lagrange point, as was successfully demonstrated in 1978 with

ISEE-3 (6). If a simple periodic orbit can be found, it is called a Halo orbit. L2 is

an unstable libration point in the three-body problem (8: 271) and the halo orbit in

the vicinity of L2 that we used for this study is also unstable. Any satellite placed

into such an orbit would require station-keeping. Without some control input over

time, a satellite placed near such an orbit will not remain near, but quickly wander

off into spaL- surprisingly far from the intended path. Even if we could inject a

satellite exactly into a halo orbit and not just near one, it would not remain there

indefinitely since the universe we live in is not completely described by the restricted

three-body problem. This is analogous to trying to balance a pencil indefinitely

on its point. Even if you placed it perfectly in balance and there were no wind or

vibrations, eventually some ridiculously small force such as the coriolis effect or the

moon's gravity would knock it over. This paper will concentrate on the instabilities
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inherent in the orbit and the perturbing effects of the Earth's eccentricity and the

moon.

The station-keeping of ISEE-3 was accomplished by calculation of a nominal

periodic orbit, a reference orbit, from which it was allowed to stray only a certain

amount before its small thrusters were fired to kick it back closer to the reference

orbit. There may be a better way. In this paper we will use the theory of Floquet

to demonstrate that while the orbit is unstable, only one of its six Floquet modes is

unstable. It is our goal to suppress only this mode, while leaving the stable modes

and the oscillatory modes to their own devices. The stable modes will tend to bring

the satellite closer to the reference orbit in the long run, even if the orbit itself

appears to be diverging at any given time, and likewise, the oscillatory modes will

not diverge, but wobble back and forth across the nominal trajectory. Modal control

is not a new concept. Wiesel and Shelton (11) proposed a modal control algorithm

in 1983 to control a satellite in an orbit about the exterior Earth-Moon Lagrange

point (LI). This study differs from theirs in that we will use impulsive maneuvers

to control the satellite instead of the continuous low-thrust control they proposed.

In order to lead up to the problem, Chapter II will explain the dynamics of the

restricted three-body problem, which is a Hamiltonian system. It is that problem on

which we will use the theory of Floquet. The modes will be found and explained, and

then a controller will be devised using impulsive thrusters. A maneuver is performed

when the unstable mode grows beyond a certain limit - the "threshold". The

direction of the maneuver is determined by the projection of the uAstable mode onto

the three momentum states. We will run simulations to verify that the control action

worked and evaluate the control energy expended. We will then add perturbations

due to the moon and the eccentricity of Earth's orbit. Simulations will be run to see

what effects these perturbations have and if the controller still works.
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II. Background

The satellite we wish to control is not in orbit about the earth, nor is it entirely

in an orbit about the sun. It is in what is called a three-body orbit where the satellite

is the third body in orbit about the other two (called primaries, or the primary

and secondary bodies). The three-body problem is an old one, having been studied

by Euler, Lagrange and others as early as 1772 (see (7: 4)). We will describe the
"restricted three-body problem" and find equations of motion.

2.1 Restricted Three Body Problem

Imagine two massive bodies, each under the gravitational influence of the other,

rotating about their common center of mass in circular orbits. A third body, assumed

to h. -e negligible mass - it does not affect the motion of the primary and secondary

bodie, - orbits under the influence of both. Its motion is affected only by the two

primaries. The description of the motion of this third body is the solution to the

restricted three-body problem (7: 8).

The earth and sun with a satellite at relatively large distance from either is an

example of a system for which the restricted three-body problem (RTBP or three-

body problem) is a good first approximation. The sun is the primary (designated

ml), the earth-moon system is the secondary, m 2, and the units are chosen so that

the sum of their masses, the distance between them, and the gravitational constant

are all unity. This leads to the fact that the angular frequency, w, of their motion

(and therefore our rotating reference frame) is unity as well (see figure 2.1).

Defining the parameter is = m 2, we have m, = 1 - p and the center of mass

of the system (remember that the third body has negligible mass) is found to be

a distance p from mi leaving 1 - p between center and m 2. We set our origin at

the center of mass, with the positive z axis pointing toward ml. The z axis points
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z

Figure 2.1. The Three DmnialRestricted Three-Body Problem

upward, and the y axis completes a right-handed coordinate system. The frame

rotates withw- = 1k.

The third body, in3, the reference satellite, has position vector, 9- = zit + Y.1+

in rectangular coordinates. Differentiating with respect to time, we obtain

- (~p~i+~+z)+ik.(2.1)

The kinetic energy per unit mass is

T i:. r:
2 j2 (2.2)

The potential energy per unit mass is

(P1 P2
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where

- -p) + V2 + X3 (2.4)

and

p2 =p( + 1), + 3 + ,. (2.5)

But, remembering that G is equal to one in our chosen units, and substituting the

parameter p for the masses,

V + (2.6)

The Lagrangian for this system is

L = T-V (2.7)

S [ ) + + Z)2 + ] + . (2.8)

Now from the definition of generalised momenta, Ph = OL we have

OL
ý. = = -if- , (2.9)
8L
6= L= i+z (2.10)

F = D it (2.11)

and we see by comparing equations 2.9-2.11 to equation 2.1 that the generalized

momenta are the components of the inertial velocity vector.

The definition of the Hamiltonian, H = • phq4 - L after eliminating q1's in
1=1

favor of pk's, yields:

H= ; + P" + p)+ P' - h,- I P1. (2.12)
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Hamilton's equations of notion are geven by

OH OH4b =ý Ph= • -i,(ils

so performing the necessary partial di' tiation, leads to the equations of motion

S= P•,+ (2.14)

S= ps - (2.15)

z = p. (2.16)
+. = + (2.17)

-1)z + OJ (2.19)

Now let the state vector for the system be defined by

XT = (21 z,,po.•,,p.) (2.20)

then

± -= ,iil ,• 1, m). (2.21)

Introduce the matrix Z, which is defined by

Z= 0 I) (2.22)

where Is is a 3 x 3 identity matrix and 0 represents a 3 x 3 null matrix. Then we

can write

H(2.23)ex
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which is a restatement of Hamilton's equations of motion in state vector form. This

formulation is Seneral in that it can be used for any Hamiltonian system.

2.2 Periodic Orbits

The third body in our problem is in orbit about the primaries. We would

like to find out what its orbit looks like in order to predict and control the state

of the satellite. If this were the two-body problem, the answer would be quite

simple. All two-body orbits are conic sections: ellipses for relatively low energy

orbits, hyperbolas for the high energy orbits, with parabolic orbits as the limiting

case in between. All elliptic two-body orbits are planar and periodic. Given a period

of r, the state vector at time r + to is identical to the state vector at time to.

Not all the orbits in the three-body problem are periodic, but periodic orbits

do exist. They are interesting because we can make predictions about the behavior

of periodic orbits over long periods of time that cannot be made about non-periodic

orbits. Finding a periodic orbit is a matter of guessing initial conditions to the

state vector and then integrating the equations of motion through one period. The

difference between the initial state vector and the final state vector is the error,

e = Z(")-z(0). The initial conditions (and the period if necessary) are then adjusted

until the error vanishes. In order to make corrections to the initial conditions, the

matrix, 4(Tr, 0), needs to be found. 4 is the differential state transition matrix, which

relates small changes in the state according to

62(t) = 6(t, to)X(to) (2.24)

where 6z = X(t) - X(to). This is a linear equation. It is only valid in a region of

the phase space where X(t) is relatively close to X(to), as it will be if t = i and

to = 0 and provided we have chosen a set of initial conditions near a periodic orbit.

* is found from the variational equations of the system, introduced in section 2.4.
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iJ ne Halo Orba

To find the orbit for this study we first found the value for the dimeasiomles

parameter, p. Let mi = mg, the mass of the sun, and mn = in + mg, the sum of

the masses of Earth and the moon, respectively. With a little algebra, it can be seen

that
M = (2.25)

Mi + m2

so we obtain
= m + me = 3.040357143 x 104. (2.26)

me+mn.+Me

Next, we looked at the orbit from ISEE-3. Richardson (6) gave approximate

values for that orbit. We transformed the approximate initial conditions into our

own reference frame (see figure 2.1) and were able to converge to a periodic orbit by

iteratively correcting those initial conditions. The initial conditions we converged on

were
-. 9916251451934399

0.0

X(to) = -. 0006706478525000000 (2.27)

0.0

-. 9818296716854701

0.0

These are neither exact nor unique. Any point on (or very near) the periodic orbit

could be used as initial conditions, and will yield the same trajectory. The period

was found to be

T- = 3.0596432056926 TU (2.28)

given in canonical time units (described below), or about 177.86 days. The first three

elements of the state vector (z,y and z) are in distance units and the last three (p., ps

and p.) are in distance units per time unit. A distance unit in this problem is an

Astronomical Unit (AU) which is approximately 1.495M78 x I I kilometers. A time
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unit is 1 times the period of the rotating reference frame. Since that period is one
2w

year for this system, one time unit is about 2 months (58.132356144 days). These

are referred to as camonical units. Referring to figure 2.1 for the reference frame, we

see that the initial conditions place the satellite about one hundredth of the way to

the sun from Earth, slightly below the ecliptic plane. Since the orbit is not planar,

visualization can be a rather difficult problem. Figure 2.2 shows the projections of

the orbit onto the principle (X-Y, Y-Z, and X-Z) planes and a "three-dimensional"

view as well.

This orbit is hereafter referred to as the periodic orbit and is the reference

orbit used in this study.

5.4 Fl.quet Them

A periodic orbit is a special solution to the equations of motion for the system,

just as an equilibrium point is a solution. There are many problems that have been

solved by linearizing equations of motion about an equilibrium point to obtain a

constant coefficient linear system, and in much the same way, we linearize about

a periodic orbit to obtain a time periodic linear system. A Hamiltonian system is

linearized by taking the partial derivative of the equations of motion with respect to

the state vector.
Ox 

(2.29)

We define A(t) as the matrix of second partial derivatives.

A(t) = Z - (2.30)
-X 2
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5 x 10.3 X- Y Proje*ion x 10 Y -Z Pmjcion

5

-5-0.99 0-0985 .-5 0 5
X axis Z axs -3

X 10,3 X-Z Projecton Three Dimensionaf 10

io
>. 0

N N

x1099
-6595 -0.99 -0.985 Y axis -5 -0.995 X axis

X axis

Figure 2.2. Four Represeatios of Halo Orbit

2-8



The left side of Eq. 2.29 then becomes

ft Os0* 0& * ft O

8i• lei fti &. 8it 8,i

an8  OF a ft6 O 8 0 Oj PS

-1 0 06 0#

BiNa aNf, 8*. ai, r

a , a as 8. 80, BPI

and when the partial decivatives are taken for the RTBP in question, A(t) is gliven

by
0 1 0 1 0 0

-1 0 0 0 1 0

A~t) 0 0 0 0 0 1 2.2A4(t) = (.2
A41 Am A43 0 1 0

As, Ass Au -1 0 0

As, An An 0 0 0
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A41 = I 1i 3(-1 -)(a - o)'-• 3p +1-4)2

A 4 2 = As 3=(" - p,)( - p) _ 3V, - +1)

Au = As, = 3x( - #p)(1 - p) _ 3zp( - +1)

The liefstOnf the equations of motion (2.23) takes the form

S = A(t)iz (2.34)

Eq. 2.34 is called the variational equations jor the system. The state trnmsition

matrix, f(t, to), also obeys

4(t to -- +~lto 2.5

By integrating Eqs. 2.23 ad 2.35 (the equations of motion sad the equations of

variation) over one period we obtain #(r + t., to), the monodromy n&abL This is

the 4 matrix used to find the orbit in section 2.3. 4 has no obviously meaningful

structure, and it will not be given here, but its decomposition into eigenvalues and

eigenvecton is given in section 2.6.
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We learn from Floquet (9) that the solution to the variational equatioms can

take the form of an eigenvalue-eigenvector problem

[#(.r+ to, to) -Ali]A =O0 (2.36)

where A. awe the esgeaulues and wae the corresponding ugevectors of the morn-

odromy matrix. The matrix of eievectors,~ F, Will be important because it provides

the tra-omto to our modal variables (see Chapter MI). The Poincar,6 exponents,

i,awe defned by ,= in A4 1 so the eigenvolues for 0(r+ to, to) can beexprehsed

as A,= e*"". The solution to this problem has traditionally been written as

4O(ts to) = F(t)e3(~'e4)F 1 (to) (2.37)

where J is the (usually) diagonal matrix of Poincar6 exponents, but this, of course,

can only be done if the time periodic matrix, F = (Ai, 13,...) is invertible. Assuming

for now that it is invertible, we can differentiate Eq. 2.37 to get

4(t t) F(t)e'('S4)F1 (to) + F(t)Je'(')F 1(to) (2.38)

and substituting the right hand side of Eq. 2.35 into Eq. 2.38 and rearranging we

get

FeP#)-I (to) = A(t)F(t)ej('-4)F1'(to) - F(t)Je-'(*-)F 1 (tO) (2.39)

Noticing a common factor in Eq. 2.39 and dropping the notation for functional

dependence on time, it simplifies to

F = AF-FJ (2.40)

Equation 2.40 can be used to propagate the F matrix through one period.
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2.5 &tended B .nvector.

There are caes where F is singular, and therefore has no inverse. In fact, that

is the cae with the halo orbit we have chosen to use. The # matrix has a repeated

Poincari exponent of sero (repeated cigevalue of unity), with a &pendent eigen-

vector. Since F = [Di, f, ...], any eigenvector, fi, which is not linearly independent

of the others causes F to be rank deficient (singular). In our case, the F matrix had

rank 5 instead of 6.

The generalised eigenvector presented a solution to our problem. For the setup

of the generalised eigenvector problem, let us return to the predecessor of Eq. 2.37,

which has no FP- term (no requirement on F to be invertible).

O(t, to)F(to) - F(t)e'('-') = 0 (2.41)

Note that the eJ('-t°) takes the place of AI from Eq. 2.36. Let us use the Jordan

form of the 2x2 block from the J matrix which contains the repeated zero value a

an example (the Jordan form dictates the 1 on the superdiagonal):

e-r = exp 1 = I } (2.42)
10 0 0 1

where we have let t = r and t0 = 0. We now write it in column form and drop the

time indices for convenience.

'Of L 11#1}- ffJ• I 0~ 0(.31 0

Now we multiply the terms above by columns, which leads to

Of fI - ifI(TfL + )=0 (2.44)
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Since these two matrices are equivalent, their columns ae equivlent and we caa

write

{f - I}1 = 0 (2.45)

and

f{ -A}j;= (2.46)

Equation 2.45 is just a restatement of Eq. 2.36 where the Poincar, exponents are

ero ( = 0) so e"" I1. In order to generalise Eq. 2.46 we write it as

(4 - A)!,r. = Tf,, (2.47)

where fp is the repeated eigenvector and J.oa is the new, generalized, ateudd

eigenvector. Note that the extended eigenvector, in order to stisfy Eq. 2.47, can be

scaled by

fle = few + ,,., (2.48)

and it is therefore as non-unique as a normal eigenvector (which can be scaled by

P. = af• - see (10)). We will now use Eqs. 2.36 and 2.47 in continuing our

example to calculate the eigenvectors for the * matrix. First, the normal eigenvalue

equation (Eq. 2.36) is used, giving us

S= f2 = ,,n (2.49)
0

The vector is repeated as expected. A generalized eigenvector is constructed using

Eq. 2.47 giving us
4. = van (2.50)

where a is arbitrary and can be chosen to be zero (a must be zero if the new vector

is to be perpendicular to the old one).
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L.6 Rxel of the Eige•va•e-ig• n•ector Problem

The eigenvalues of the monodromy matrix, 4(T, 0), for the halo orbit were

found and converted into Poincari exponents. The Poincare exponents are as follows

-2.4373955014588

2.4373955019038

-. 026092033595943i (2.51)

.026092033595943i

0.0

0.0

The first two exponents are real, the next two imaginary and the last ones will be

referred to as the zero modes. The software which produced these exponents (the

eigenvalue-eigenvector package in the IMSL library called "devcrge) did not give

them to us in this order, so we regrouped them for ease of discussion. The order is

quite arbitrary as long as each exponent is associated with the proper eigenvector.

It should also be noted that the software did not give exactly zero for the zero

exponents. As Wiesel and Pohlen stated (10: 4), "It is up the worker in this area to

recognize this case, and substitute the correct values."

The Poincar6 exponents are constant characteristics of the orbit in the three-

body problem. The negative real exponent represents the stable mode. The positive

real is unstable. Both of the imaginary exponents represent oscillatory modes. The

zero exponents represent only a different epoch of the same orbit, and are neither

stable nor unstable. Within the linear region, plots of the first two modes against

each other look like a saddle point. Plots of the second pair are circles and the last

two remain constant in time. This analysis of the modes is the basis of the modal

control schemes presented in Chapters IV and V.

Associated with each of the exponents is an eigenvector, the combination of

which is the modal matrix, F(t), which was used in the similarity transformation
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described in section 3.1. The matrix itself is very cumberome and it is periodic (for

the periodic orbit), which mesas that it is diferent at every time, t, but at the initial

time it is given by

-2.374442084986946E - 01 -2.37444208473532E - 01

2.041548870256156E - 01 -2.041548869917724E - 01

8.904551229102137B -03 8.904551230670204 - 03F(0) =
-9.274729220416125E - 01 9.27472922087803B - 01

1.938588253107533E -01 1.938588252272955B -01

6.383160385046611E - 02 -6.383160385939196E - 02

-1.340603252397338E - 02 -1.407327854914285E - 27

4.197004838119940E - 09 6.549857854528899E - 01

4.606002014311875E - 01 -2.845632307073551E - 09

-3.420895405951368E - 09 -5.40614954061(#OOIE - 0l

2.049158967689975E - 01 -7.7101082705M)280E - 10

-5.203976092078526E - 10 -1.-5 1589378517,F - 01

o.OOOOOOOOOOOOOOOE + 00 -2.217844788884213E + 01

7.415056092412337E - 01 2.871181813841697E - 08

0.OOOOOOOOOOOOOOOE + 00 -1.495894728274239E + 02

-5.936711168454215E - 01 -2.53088514902697BE - 08

o.OOOOOOOOOOOOOOOE + 00 5.398535426318291E + 01

3.126084395650520E - 01 -1.161680356454845E - 07

The last column is the extended eigenvector.

2.7 Summwv

We have equations of motion and of variation for a particle in a three-body

orbit. Using ISEE-3 data, we have found a periodic orbit to put our satellite into.
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found an initial eagenvectoi matrix, P(O), which ha fal rank.
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III. Theory

S. 1 Cuxownica TtwsAaor~atieae

In order to do perturbation work on Hamiltonian systems, it is often quite

desirable to transform the system into another set of variables which simplify the

construction. If the transformation preserves the Hamiltonian structure of the sys-

ten, it is called a canonical transformation. It is sometimes possible, in fact, to

transform to a set of variables in which the Hamiltonian of the system vanishes iden-

tically. Such a transformation solves the problem, and the variables are ideal for

use in perturbation work since the solved part of the problem no longer encumbers

the statement of the dynamics. We were not so ambitious as to try and solve the

problem because the RTBP cannot be solved in closed form - see Ssebehely (7: 7).

Our goal was to transform the problem into a set of variables that allowed the funda-

mental modes to be independent of one another. If 0 were diagonal, the subspaces,

or modes, of f would be independent, and that is what led us to the eigenvalue-

eigenvector problem in Chapter 2. This set of variables is called modl variables, and

will be designated Vi. Wiesel and Poblen (10) showed how to do canonical transfor-

mations in Hamiltonian systems for the non-degenerate case and several degenerate

cases which appear in the RTBP. The transformation to modal variables is done by

noting that F is the modal matrix, which transforms the 4 matrix to diagonal form

according to

A = F-'@F. (3.1)

This is nearly a restatement of Eq. 2.41 where eJ', the exponential of the Jordan

form, takes the place of A, the diagonal matrix. We define

"M = X(t) - X,( (3.2)
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to be a small variation in the state vector at a particular time. X,(t) is the state

vector for the periodic orbit, and X(t) is the state vector for a nearby orbit, not

necessarily periodic. A nearby orbit is one whose state vector is close to that of the

periodic orbit. Note that 6x(t) is a vector of length six called the ,vaation of X.

Then

62(t) = F(t)w(t) (3.3)

where F(t) is the modal matrix at that particular time so the trasformation is

simply a matter of solving for i1(t)

= F 1()"t (3.4)

The modal variables approach sero as the state vector approaches the periodic orbit.

The value of each mode changes with time, giving a plot of the modes a characteristic

shape, and a characteristic e-folding time, according to its Poincari exponent. The

e-folding time is the amount of time required for the mode to change by a factor of

e. Plots of the mode shapes will be shown in the next chater.

3.2 Fourier Representations

In order to control the satellite with modal control, it was necessary to evaluate

the modal variables at arbitrary times during the simulation. Since F(t) varies with

time (it is periodic), but not according to a simple function, there had to be a way

to obtain values in double precision for the 6x6 matrix at arbitrary times. This

was accomplished by using a truncated Fourier series. Each member of the periodic

matrix F was stored as a table of sine and cosine coefficients so that any given value

of the matrix, f,,, was given by

N N

A cE Cco(jwt) + , BA, sin(kWt)- (3.5)
j=O =
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This sum could be evaluated at any time during the simulation, which allowed access

to any F(t) without re-integrating Eq. 2.40. The values for the periodic orbit

were stored and retrieved in the same way after they were obtained by integrating

the equations of motion and variation in the beginning of the project. For all the

calculations done in this study, 25 coefficients were used and each coefficient was

calculated and stored to 13 decimal places. This provided all the accuracy needed

for the calculations, but there were instances where the truncation of the Fourier

series representations became apparent. Chapter IV shows some graphs (see figure

4.6) that may indicate anomalies due to this approximation.
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IV. Controller.

4.1 The Hlo OPt

The halo orbit is inherently unstable. Using initial coditions which were cor-

red to within ten centimeters in position and a like amount in momentum, the

satellite left the nominal orbit completely befire it had completed its fourth revol-

tion (see Figure 4.1). When evaluating the relative stability of the orbit like this, care

must be taken that enough integration steps are used. If the steps are not sufficiently

close together, the errors in the integration can appear to be inherent instabilities in

the orbit. The integration package used was a fourth order predictor-corrector (9). It

required about 2000 integration steps per orbit to assure that the errors were smaller

than the instability so the true instability was revealed. The divergence shown here

resulted from a tiny error in the initial conditions, which grew (exponentially in the

unstable modal direction) until the satellite literally coasted off into space.

4.2 The "Cheater' Controller

The "Cheater" Controller was devised as a way to stabilise the orbit through

several periods so that the long term behavior of the orbit and its modes could be

analyzed and visualised. The controller worked by resetting to zero the unstable

mode any time that it reached a threshold value. This was accomplished by sub-

racting from the state vector the fraction of the corresponding unstable eigenvector

equal to the magnitude of the threshold.

S= - eft'...&a, (4.1)

where e is the threshold value. This simple concept, while not a realistic controller,

validated the concept of modal analysis by demonstrating that the modes were in-

dependent of one another since a change in the state vector in the direction of the
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Figure 4.1. X - Y Projection of Orbit Showing that the Satellite does not Remain
Close to the Nominal Orbit. The Earth is at About X = -1, Y = 0.
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unstable mode did not affect the other modes. Using this controller we were abie to

propagate the orbit for l long as desired, since it was not allowed to diverge. This

was important because it turned out that the oscillatory mode had a period of about

seventy times the orbital period. Figure 4.2 shows the two imaginary (oscillatory)

modes plotted against each other for about 99 orbital periods (99r). During a sim-

ulation of only a few times r, the oscillation completes only a portion of the circle

seen in the figure. The initial conditions for this simulation were perturbed in the

direction of one of the osciliatory modes by a factor of 10-7 so that the mode did

not just hover about zero. The orbit was controlled using the "cheater' controller

with the threshold set to 10-i.

The reason this controller is unrealistic is that the entire state vector was

repositioned during the "maneuver". In reality, it is only possible to change the

momentum states using thrust. The concept of changing a position state instanta-

neously corresponds to teleportation. While perhaps desirble, it is not possible, so

we were then forced to look at a more feasible alternative.

4.3 Maneuver Optimization

A realistic controller is an order of magnitude more complex. The cheater had

the advantage of moving the state vector in the direction of an eigenvector, affecting

only one mode. Whatever we do with an actual maneuver will affect the state vector

in a somewhat more unpredictable way than our cheater did. If we are to obtain

the desired response in one mode, we will have to sacrifice some response in the

others. This amounts to the statement of an optimization problem, and indeed, in

this chapter we attempted to optimize control by two separate strategies. The first

is described in this section, and the second in the next.
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of the state vectors x,.,..,. =o. Then

E~guuii..i({ 0 0 Eiý' jj,, f.}' (4.2)

unce only the momentum states can be affeted by an impulsive maneuv. Recal

the trsfoimation to modal variables from Eq. 3.4.

If = F-16X (4.3)

We can then write the change in modal variables as

,9 = F-'EX (4.4)

where the I notation is used here to denote a maneuver (a change in state). When

we write each of the components, it looks like this

Fj- 4: PT"'.C 00
$ 0 (4.5)

Where F' are the components of F- 1 (and not the inverse of the components

of F). Note that we will be required to compute the actual inverse of the modal

transformation matrix, F, for the fint time. Before, we had always been able to

solve the linear algebra problem for the modal variables by Gaussian elimination

and back substitution without computing the inverse (see Chapter M). Since 6* is

the variation in the unstable mode, we are interested in the elements of F- 1 which
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both contribute to the value of Ah and multiply the permissible elements of OX.

These ane Fji Fi' mand F, '. This constitutes a single scala, equation

"fh = F;""P. + F~6p, + F,-sp. (4.6)

Just as in the "cheater' controller, we would like to annihilate the unstable

mode. Mathematically,

&Yigmi.d = -ql- (4.7)

The desired change (maneuver) in the first modal variable is to negate its present

value. This constitutes a second scalar equation. We are now ready to formally state

the optimisation problem. We wish to mninimise the fuel used for station-keeping.

We will use AV per unit time as the figure of merit to evaluate the controllers. The

controller will minimize p = (A&V) 2 for eac: maneuver. Stated mathematicsaly, we

will minimize Eq. 4.8 subject to Eq. 4.9.

P = 6pJ + 6p. + $. (4.8)

61 + h = 0 (4.9)

Substituting from Eq. 4.6 for the value of 6kh and introducing a Lagrange multiplier,

A, allows us to write the problem in one equation.

p = Sp2 + p + $I?. + X(Fi,416P + Fj` + + 4) (4.10)
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¶ hibg putl da•,iaves of P with respect to the pamua"u chang. i the tate

and setting them equal to aero yids

~)O 26pe+ TA1 * 2=jPOP =0=2J•.+,XF;.- Sp.= 1A-

2 P P3(4.11)

and with respect to the Lagrange multiplier

O-O=- 06=h+r h=-vh. (4.12)
8A

Note that Eq. 4.12 is simply a restatement of the constraint. From the dight hand

side of Eq. 4.11 we know the direction of our maneuver since we know the proportion

in each of the momentum directions, but its magnitude is scaled by A, which we do

not know. In order to solve for it, let us rewrite Eq. 4.11.

•= 6, =-•A FP (4.13)

Then note that Eq. 4.6 can be rewritten as

= (FZ. F,1 F1;)6T (4.14)

Substituting from Eq. 4.13 for the value of S6 we have

:-,)2 + (F.-1) 2 + (F,1 )2 ] (4.15)
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We know from the constraint that Sh = Vh, to solving for A

A =(Fj)2 + (F-)2 + ((4.1)

The control scheme, then, consisted of evaluating the unstable mode until a

threshold was reached. Since the unstable mode grows exponentially with time, we

knew it would not decrease. A realistic impulsive maneuver was planned according

to the mathematics presented in this section which optimized the direction and the

magnitude of the maneuver to sero out the unstable mode. The equations of motion

were then propogpted from that point, with initial conditions given by the conditions

at maneuver, plus the maneuver (the change in momentum states), until the unstable

mode again reached the threshold.

4.4 Remu& of Mie Relistic Cont ro.er

The results using this controller are displayed in graphical form in the following

figures. We begin with a medium threshold, allowing the unstable mode to reach a

value of 10-r. See Figure 4.3. This threshold was chosen because its results are a

good compromise between low cost and frequency of maneuvers. A lower cost can be

obtained, but it requires more frequent maneuvering. The average normalised cost

of the maneuvers approaches a level value after about 40 time units which is a little

over 13 orbits and about six and a half years. The simulations in this section were

run for a total of 100 time units-some 30 orbits over about 15 years. The average

cost for maintaining the orbit for this first threshold is about 0.6 cm/sec per year.

Each of the maneuvers is about 0.4 cm/sec in magnitude and they occur with a

frequency of just less than once per orbit (just under twice a year).

Figure 4.4 shows the performance of the same controller with a lower thresh-

old of 10-9. Here, the maneuvers are happening with greater frequency (about

double-average is 1.7 maneuvers per orbit, which is 3.4 maneuvers per year), but
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Figure 4.4. Average Maneuver Cost as a Function of Time (Canonical Units),
Threshold = 10'

the magnitude of each maneuver is much smaller (they average about 0.0037 cm/sec).

The total average cost is only 0.013 cm/sec per year-about 1/50th what it was to

maintain it with the higher threshold. Now let us look at the behavior of the modes

during this control process. Figure 4.5 is a plot of the two real modes, correspond-

ing to the positive real Poincari exponent (unstable mode) and the negative real

exponent (stable mode). The general shape of the plot may be a bit deceiving at

first. The diagonal lines are drawn where the maneuver occurs. The unstable mode

is brought back to (approximately) zero, but the stable mode acquires an unknown
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positive or negative value (remember we can only change momentum states, so the

controller affects other modes). As the orbit progresses, the stable mode approaches

zero while the unstable mode diverges. This creames a saddle shape in the center

of the plot, as shown by Figure 4.6. The spikes in the figure are due to numerical

errors in calculating the modes (possibly truncation error in the Fourier coefficients).

Larger values of the modes are less affected by these errors, while smaller values are

nearly obscured by them. Figure 4.7 would look very messy if all the dots were

connected because of the large errors near the origin, but as a series of dots, it still

shows the same progression i. the real modes. The unstable mode is never allowed

to exceed 10-9 in absolute value.

It would be interesting to see what would happen if we tried to reduce the num-

ber of maneuvers further by increasing the threshold. We could allow the unstable

mode to get larger before imposing control. Figure 4.8 shows that the cost continues

to increase as time progresses for a threshold of 10-3. Although the first maneuver

happens later than it does with a smaller threshold, they come more frequently after

the first two or three. This is not hard to understand if you look at the plot of the

real modes in Figure 4.9, which shows that the modes are really no longer in the

linear region where they behave like a saddle point and where they can be controlled.

The controller still does not allow the unstable mode to exceed the threshold, but

this is insufficient to control the orbit in this nonlinear region. One interesting thing

about this control scheme was that the orbit itself did not remain the same. Figure

4.10 shows the view of the orbit that we would get from the earth. It remained a halo

orbit for about three and a half periods, and then began to change. It was under

some control, however, because it failed to diverge completely. Its apparent direction

reversed as the plane of the orbit revolved. The worst thing about this situation was

that the satellite crosses the sun's disk, which was completely unacceptable. The sun

would appear at the center of the plot, about 1 inch in diameter. The cost diverged
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and the satellite left its orbit. We concluded that the unstable mode could not be

allowed to reach 10-i in magnitude if we wished to control the satellite.

The figure of merit used to compare the control schemes is the average ac-

celeration. Each maneuver is a velocity change, AV. The only way to objectively

evaluate the performance of the controller is to normalise the total AV by the time

else, -. -, which is an average acceleration. Figure 4.11 shows the performance

of this controller as a function of the threshold value. We can see that less maneu-

vering is required if the threshold is kept lower. The station-keeping cost has been
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convrted to units that are eay to undeutaid (co/am per yea) for thi plot, but

the horizontal axis is left in the original 'modal units, which are a

(by F-1 ) of canonical units. Each point on the plot in Figure 4.11 represents a run

(simulation) of the system, and is the fal value of, for instance, Figures 4.3 and

4.4.

4.5 OptMnisaion of Meneuwr Epoch

In this section, a slightly different control scheme was attempted. Instead of

immediately maneuvering whenever the unstable mode reached a threshold, the ideal

time for a maneuver in the orbit was determined, and then a maneuver was executed

at that time regardless of the instability. The optimal time for a maneuver is when

the projection of the unstable mode onto the momentum direction is maximum

so that a momentum change will produce maximum change in the unstable mode.

The concept of optimizing the maneuver epoch and the maneuver direction and

magnitude should give us a global optimum. It remains to be seen, however, whether

that global optimum is suited to the problem. The reason it might not be is that

the e-folding time of the unstable mode (time required for it to grow by a factor of

e) is seven orders of magnitude shorter than the period of the orbit. This results in

the growth of the unstable mode by a factor of e• (approximately = 1100) during

one period.

The optimum time for a maneuver is when the maneuver itself would be small-

est. In the development of the previous controller, we minimized the objective func-

tion, P(= AV2 ), for whatever time in the orbit that the threshold happened to be

exceeded. Now we wish to find a global minimum for AV regardless of the time or

the value of the unstable mode. In order to find this global minimum, we remove

the modal variable from the problem. The normalized value of A becomes (see Eq.

4.16)
4.16) A = + (FS)2 + ((4.17)
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sad we know that the magnitude of te mwunver is gives by

AV, = ,A, + p + W, (4.18)

so substituting for the value of the 59. from Eq. 4.11

AV = I(-'.%P ), + + (-A%;-12)2 (4.19)

When we substitute from Eq. 4.17 for the value of A, and perform the obvious

cancellation, we see that

AV = v/ (4.20)

so that minimizing AV is equivalent to minimising the normalised A. It turns out

that A has a periodic nature, and has the same period as that of the orbit. Figure

4.12 shows the value of the normalized A as a function of time for 10 time units

(3.27 periods). Its value fluctuates between about 2.18 and 2.06, with a minimum

occurring just once per orbit.

Knowing that A was periodic and that it had a minimum during each orbit

allowed us to use that fact in maneuvering the satellite. The control scheme evaluated

A at each point in the orbit, found where it had its minimum, and then executed

a maneuver at that time. The maneuver was computed in exactly the same way

as was done in section 4.3. The performance of the controller is shown graphically

in Figure 4.13. Comparison of Figure 4.13 with Figure 4.3 shows that this method

of maneuvering is actually a little less expensive (about 0.23 cm/see per year) than

the threshold controller with the threshold at 10-7, but not as cheap as when the

threshold is moved to 10-. Another advantage of the periodic controller here is

that after the first maneuver (0.86 cm/sec), all the others were nearly identical in

magnitude (the maneuver magnitude grew slowly from about 0.07 to 0.17 cm/sec)

and direction, and they were all performed at the same point in the orbit. See
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Figure 4.14. The maneuvering point is where several points are plotted together in

the middle of the trajectory shown. The velocity change at this point is so slight as

to be invisible to the eye even at this scale, which shows about a hundredth of the

orbit.

The performance of this controller was somewhat disappointing. While the

concept of the optimum maneuver epoch was validated (it worked), it was not overall

the cheapest way to control the satellite in its orbit. It was not therefore a global

optimum for the control problem. A low threshold (say 10') was cheaper by an
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order of magnitude. If A had had a greater range, so that there was a point in the

orbit at which it was much cheaper to maneuver, then this optimum would have

held greater promise for inexpensive maneuvering. As it is, the optimum epoch for

maneuvers will not be pursued further.

4.6 Behavior of the Other Madea

While it is not strictly on the critical path to controlling the satellite, the

behavior of the other modes under control is interesting to note and will therefore

be included here briefly. It was noted in section 4.2 that the oscillatory modes

would strictly oscillate about the origin if the unstable mode could be independently

controlled within the linear region (see Figure 4.2). If, however, the unstable mode

is controlled with some dependence on the other modes (as it was with the realistic

controllers), we might wish to know what the the crossover effect will be.

Let us look at Figure 4.15. During each of the maneuvers there is a disconti-

nuity in the plot, shown with a straight line (more or less horizontal lines). Between

maneuvers, when the satellite is drifting freely, the imaginary modes tend to con-

tinue on their characteristic circles (nearly vertical arcs on the graph). The period

of the imaginary mode oscillation is so long that only a short segment of the circle

is completed before the next maneuver. The value of the imaginary modes appears

somewhat random, but it increases slowly over the course of the simulation.

Figure 4.16 is the analog of the previous figure, with the zero modes plotted

instead of the imaginary modes. When the satellite is drifting freely, the value of the

modes remains relatively constant (these appear as vertices on the graph), and when

a maneuver is performed, their value changes slightly (the whole plot is on the order

of 10-) in the direction of the maneuver, to remain there until next maneuver.
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4-11 Swan"uw

It has been demonstrated that the satellite in the three-body halo orbit can

successfully be controlled (kept near the periodic orbit) by observation and manip-

ulation of its modal states with little attention being paid to its actual position in

space or velocity at any given time. If the unstable mode is carefully watched and

never allowed to exceed a given threshold, the satellite will remain very close to

the desired periodic orbit as long as the threshold is low enough. It has also been

shown that for the unperturbed case, this form of control is very inexpensive in terms

of total maneuvering fuel expended. The optimization of the maneuver itself was

superior to optimization of the maneuver epoch in total station-keeping cost. The

control cost could be made very low by selection of a smaller threshold. The epoch

optimization controller, though, could be more practical, because the maneuvers are

nearly constant and occur at regular intervals and could be scheduled and calculated

in advance.
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V. Pergurbatiovn

The satellite in the three-body orbit has been controlled (aee Chapter IV). If

Earth were in a circular orbit about the sun with no moon or other perturbations,

our control problem would be solved. It is the purpose of this chapter to introduce

the perturbations to the system due to the motion of the moon about the Earth (we

will call this effect "moon'), and the eccentricity of the Earth's orbit about the sun

(which we will call *e* or "eccentricity'). Once these perturbations are added, the

periodic nature of the orbit may no longer exist even in theory. It is hypothesised,

however, that motion very near the three-body orbit will still be at least quasi-

periodic and that the application of modal control will stabilise the satellite.

5.1 The Perturbed System

Let us return to the Hamiltonian for the system. Without rewriting it, we note

that it can be expanded as a Taylor's series about the periodic orbit (ie, X = X,, or

6z = 0). Note that this is not a McLaurin series even though 6z = 0.

H(X) = Ho + HI + H2 + o(6za) (5.1)

where
Ho = H(X,)

*1 OH
H • = -•- (5.2)

H2 = I & .H 6zS6u

The first term, H0, is a scalar constant because it is the value of the Hamiltonian

for the periodic orbit; HI is identically zero because it describes the motion of the

periodic trajectory with respect to itself; H2 is the quadratic term and is the portion

which provided the unperturbed problem discussed in this thesis so far (the Floquet
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problem) which is a linear system in the modal azablMes). There are perturbing

forces out there, and in order to find their efects on the system, we must begin

again with the statement of the new problem. When we have stated it (we section

5.2), and extracted its mathematics, it will be seen that the perturbatioms can be

represented by a Hamiltonian of their own (H,.,) and that we can add their efects

to the system by adding in the perturbing Hamiltonian.

S=Ho + s, + + o(6X3) +HVt (5.3)

Recall from Eqs. 2.29 and 2.34 that we have already accounted for the second order

term in Eq. 5.1.

Si= A(t)6z = Zý!2!61 (5.4)
086

We made the assumption that that the third order term was smaller than the per-

turbations so we solved the following problem.

C= _H2+ZOHve (5.5)
86C as

It may not be clear yet, but this is a first order linear ODE with a forcing function.

We would like to write the problem in the modal variables for simplification so we

take the transformation to modal variables from section 3.1.

6w(t) = F(t)q(t) (5.6)

Taking the time derivative yields

Si(t) = '(t)i(t)5 + F(t-2t). (5.7)
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Now comhiani Eqs. 5.4, 5.5 and 5.7 we have

F(tzt) + F(t)t) = A(t)lz + ZO--W (5.8)
8.

Now we substitute in the modal vrables mad aove for a differatial equatia in

(let ns also drop the time index).

S= F1-(AP - p) + P-1'ZOH" (5.9)

lecafling Eq. 2.40

S= �LA -FJ (5.10)

and solvig for J

J = 1-`(AF- F) (5.11)

we see we can simplify Eq. 5.9 as follows

1= J1 + FP-1 ZZOHvw (5.12)

It is now easier to see that this is a first order linear ODE with a forcing function.

The control problem that was solved in Chapter IV could have been represented

as a linear system. The equations of motion for the system controlled can be written

in the modal variables as

0t) = Jim(t) (5.13)

This is a linear, constant coefficient set of homoeneos diferential equations (re-

member that this system resulted from analysis of a linear time-periodic system in

the state variables). In the perturbed system, we add a forcing function, which forces

the solution to be the sum of the homogeneous and particular solutions. The system
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t) Jq~t) + P-1 Z 8HE! (5&14)
an

The particular solution has the form (5: 255)

V (t) = e'%1 ,(t) +/ 'B )J-(.5

but we do not need the solution. We need a statement of the differential equa-

tions to allow our numerical integrator to calculate the solution over a given time

interval. In order to write the differential equations, we need an expresso for

B(t) = F-IZ aHs. The next section will introduce the problem.
Oa*•

5.f The Euipt& Rwefrcted Pr'.blki

The Rustricted Problem of Three Bodies has several modiications. As Ssebe-

hely put it

The motion of the primaries must satisfy the differential equations
governing the dynamics of two gravitational bodies. Consequently the
primaries might describe elliptic, parabolic or hyperbolic orbits. The
special case of circular motion is [the restricted three-body problem]. Its
simplest generalization, when the primaries describe elliptic orbits . ..
is not trivial since its consequences are [that the Hamiltonian will be a
function of timej(7: 587).

It is the purpose of this section to introduce the method by which we obtained the

Hamiltonian and Hamilton's equations of motion for the perturbations introduced

by the fact that the Earth's orbit has an eccentricity of about 0.0167. The next

section will discuss the added effect of the moon which orbits the Earth with a

frequency of about once every 29.53 days (sidereal). Figure 5.1 shows the setup

for the elliptic problem where the center of mass symbol on the left indicates the

Earth-moon barycenter. The distance from the sun to the Earth-moon barycenter

is no longer constant, and is represented by r (not to be confused with F). Brouwer

and Clemence (1: 76) give the expansion for this distance in small eccentricity, e. To
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Figure 5.1. The Eliptic Restricted Problem

fist order it is

r = (1 - eCos M) + O(e2 ). (5.16)

We take a, the semi-major axis, to be 1 AU, the same as before. M is the mean

anomaly (M =•i(t - to)) where the mean motion, n, is equal to 1, so that M is

equivalent to t. Note that the angular velocity of the rotating reference frame is no

longer constant. We denote W = k.. Writing to first order from the expansion for

true anomaly, v (1: 76),

V= M + 2esin M + O(e) (5.17)

Taking the time derivative yields

W= = n+2encooM+OW-) (5.18)
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We 4 e coordinates, d, 9. that are scaled by the distmsce between the Earth m.d

the im.

9 = 1/, s.9

i = ZI?

Solving for the spatial coordinates and substituting form Eq. 5.16 for the value oi;

yields
a = i(1-ecoot)

V = 9(I - ecost) (5.20)

x = i(1 - ecost)

and taking derivatives with respect to time,

x-(1 - eCost) +eiin

= *(-_ cos t) + eji (5.21)

Se(1 -ecost)0+ ei sint.

The procedure to follow when writing equations in scaled coordinates is to write

them in spatial coordinates first and then trandorm into the scale coordinates

using equations 5.20 and 5.21. The position vector is as before

S= xi + Yj +z (5.2)

in rotating spatial (not scaled) coordinates. Taking the inertial time derivative gives

the inertial velocity

V = (i - • - 2ej coo t)i + (i + x + 2ex cos t)j + Ai + O(e). (5.23)
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The inertial velocity can then be written in terms of the new coordinates

(i(1 - coot) + isin t - 9(1 - scoot) - 2s coot)

SI= + s sint + i ( - cout) + 2eico t) + O (s'). (5.24)

Continuing in the same manner as developed in Chapter H we calculate the kinetic

energy, T.

T = 1[(i-j-s coot-eicot+eisint)'

+ (i + + Cot- Cogt + s int)2 (5.25)

+ (- _C oot)'1 + O(s')
8T

The generalized momenta can be obtained from Pi =

&T
a (i-9-s-jcout-si-cout+eiint)(1-scout) (5.26)

OT

p =-'- • (Z- ecost)(1-ecost) (5.28)

which are not the components of the inertial velocity vector. Now note that after

some algebra the kinetic energy can also be written

T =2 I[1 Pj• + cA + '-lof t)d (5.29)= (1- ecout)' (1- scout)3 (1- scout)

This relation will prove useful. It will also be useful to solve for the qi's.

P • + ecost-eisint)
(1- cos t)' (1-eCot)

_ _Pt_ i-+ ei cog t - ej sin t)(-ecostec ((.-c)

z (1 - e co s t) 2
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When it is remied that

(1 - ecost)- = 1 + 2ecoot + O(e) (5.31)

and

(1-ecost)-1 =1 + ecost + O(e2 ) (5.32)

then the 4i's can be written

= pa+j+2etcot+2ep&cost-eisint

I = ft-i+2eicost+2;ftcost-eiuint (5.33)

S= ps + 2 epcCst

The Hamiltonian for this problem can now be written even though the poten-

tials have not yet been calculated.

2=-(p&2 + p*2 + PJ) + P•- _ + i.,
H = 1( Pi4+.-piT1

+ ejocoot+ cost+ejol+ •s•t (5.34)

+ 2epacost - 2ep#i cos t - epi cos t - chi cost + Vv,,.

The first line of Eq. 5.34 is the same as in Chapter I1. It is the "restricted problem,

Hamiltonian, HP,. The rest of the Hamiltonian is due entirely to the perturbations.

We will write Hamilton's equations of motion after the potentials have been found.

5.3 The Eliiptic Four Body Problem

Imagine now that the moon orbits the Earth in a circular orbit in the plane

of the ecliptic and that their barycenter orbits the sun in a slightly eccentric orbit.

A graphic representation of the problem can be seen in Figure 5.2. This introduces

another perturbation arising from the moon's monthly circuit of the Earth. The

potentials are affected by this motion of the moon, but the kinetic energy part of

the Hamiltonian is not. In order to write the potentials for this problem, we draw
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Figure 5.2. Frame of Reference for the Restricted Four Body Problem

another picture. Figure 5.3 shows the vectors to the satellite from each of the three

primary bodies, as well as some other pertinent distances. The angular frequency of

the moon is we. The potential for the satellite is written

V = v.+v.+Ve
= -M M mO (5.35)

r. r3 o'0,3

where the subscripts denote the body from which the potential originates: 0 is the

sun, 9 is the Earth, and 0 is the moon. The masses need to be parameterised

to keep the units consistent, so we define several #'a to represent them. These are

not to be confused with the original # for the three-body problem, though they are
similar.

. =m = 3.00348058 x 104

F3 MO = 3.69429133 x 10-a (5.36)

/MO = = 1.21505814 x 10-2
meo+-me
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Figure 5.3. More Detail on the Restricted Four Body Problem

The quantity #2 is the parameter for the three body problem involving the Earth

and moon as primaries.

In order to separate the perturbed Hamiltonian from the rest of the Hamilto-

nian, it will be necessary to expand the distances in the denominators of the potential

in the small parameters (eccentricity of Earth's orbit, e, and the semimajor axis of

the moon's orbit, ae). We will follow this process closely for the first term (the sun's

potential) and the other terms (Earth's and moon's potentials) will be derived in

less detail. We are careful to write the vectors in spatial coordinates first and then

transform them into scaled coordinates.

re,3 = (a - 14')i + Yj• + Ak (5.37)
= (5.37)
= [a - ( ecc*t)p]i + j +A5+0O(e) (5.38)
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We are expanding its magnitude in the denominator, so we write

1 _, ~ +XI +0O(e 3) (5.39)To I a = [(W - P + Ise os), +' V '- (' 5.

Now we convert to scaled coordinates.

I = [(. - e Cost - + Secot) + ((I - e Cot))3 + (i(1 - e Cost))3] +o(e)

(5.40)

Simplifying, and grouping the large terms from the small ones gives

"e•' = [(i _ #)2 + i2 + i' (34

- 2e(_ -,p) 2 Cost - 2ev' cost - 2ei 2 coot] + o(e 2 )

Now we expand to first order using a binomial expansion to obtain

-2 = ( A )3 + ill + j,]-j

- i [(i - •)2 + I' + j3]-! (5.4)

x 2 cost(-(- - p)2 -_i - j') + o(e3)

which can be simplified greatly by letting p, = r(i - p)& + j3 + iP (as in Eq. 2.5)

so that
-1 = +cost (5.43)

PI P1

Now we have an expression for the first term of Eq. 5.35; noting that the mass of

the sun is (1 -is) we have

ve = (1 -i) (1- 1)ecost (5.44)
AA

= VG,, + Vf, (5.45)

where the subscript ?p denotes the restricted problem (RTBP) and per't denotes

"perturbed" so that the potential is the sum of the potential due to the three body
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problem and the potential due to perturbations. For the sun potentiA eccentuicity

is the only perturbation, so ae does not appear.

The potentials due to the Earth and moon can be solved in a simil way. The

vectors to the satellite from the Earth and moon in spatial coordinates are

rs.•= ([ +(1 -i)(' -- coot)+ elpcos(wOt)]2

+ [y + a.es m(wet)]3 + A

(5.46)

rO. = [z+(1 -P)(1 -eCOt)-s.(1 - 2 )COS(WOt)li

+ [If - aO(1 - P 2) sin(wet)] j + A

So the inverse distances are

I = {[f + (1 _ &)(1 _ ecoot) + a0#2cos(Wet)]2

+1V+ • e+ 2 sin(W(t)]2 + Z2 }-

(5.47)

3 = {[z + (1 - #)(1 - ecost) - ao(1 -#2a)ces(Wet)1
2

+ [y - ae(l - #2) sin(Wet)]2 + Z2 }1-

We then transform into scaled coordinates from Eq. 5.20 to give

=i {[i(i -eCost)+(1 -p)(l -eCost)+apzfCos(wet)13

+[•(1 - e cos t) + ao#2 sin(Wot)12 + [i(1 - ecost)]2 }-

(5.48)
r,,3 - ecost) + (1- s)(1 - ecost) - a.(1 - 2) cos(w•t)] 2

+ [j(1 - e cost) - .a(1 - 142)sin(wet)]2 + [i(l - ecost)]2 }-1

These are expanded in both e and ae, and the second order terms are removed.

We again let p2 = -/(i + 1 - )- & + P + V and multiply by the respective mases to
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obtain
ve = -- + =V&, + Vows

(5.49)
ve = --- + =V&P+ VO,.-

P3 0

where the 8's are given by

S= -p2 cos (te + p) [ in(w et) + (i + 1 - p) cos(w ,t) ] (5.50)
02= -p2Coste-(l-pgt)[9sin(wgt)+(i+l1-p)cou(wet)]ae.

Again we see that the potentials are the sum of the previous potential and a new

perturbation potential.

In order to get equations of motion for the system, we take the derivative of

the Hamiltonian with respect to the state vector as described in Chapter ]I

Z!H (5.51)
OX

Rather than repeat the work listed in Chapter II, we will give the partial derivatives

of only the perturbed Hamiltonian, Hp, with respect to the elements of the state

vector, where we will let the subscript p denote perturbed.

Hp = qcoot+ecost+eP t+2ep,•cost-,2ep.cost (5.52)

- e.sint-t- epgjsint+Ve,+V.,+Ve,
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SP= -2ecnc st-e7&sszteve+-ee+-ev-

OH, = 2mco ut- epi in t +-ee + -VP+ Vs

OH, vpO

O = 2ej cos t+ UN coost- eisint (.3

OH, = -2eicst + 2efcoot -ejusin t

OH, = 0

The partials of the potential terms are given~ by

COVO _~j e~- ) cc* t

8i P14

DVe, _i eCos t

O893alt~ -#[i+I- p)co(wot + (5.M)wt)

8i Pi5

DV., _ [3. C52(W1t +- [(i +1I - is) coo wt) 9sne ~ )

Ai P23

DVG, _ 3aepa9I(i + 1- p) cos(wet) +9 u in(wet)J (5.55)
8i IP2

+ lAe2 sinf( wt) 9 cos te1

DVGV _3ae#i[(ii + 1 - is) cos(wet) + j sin(wet)J i coo te]A
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DV., 3e..(1 -1 ,2 )(i + 1 - )[(i + 1- P) cO.(St) + U.a(,,t)I

+ ,is•,,.) (+1•,e. e 1

Covep[39 -#,>)[i +, 1 , oS(..,) + j.4i(W+)]
(55++ ae" - #2) si(wet) co (i1-pe ose

A1 A P1&

OVe, [3.(1 - Ift)9((i + 1- it) cos(wet) + 9 sin(asut)J oot

We now have our expression for in the variational state variables. If we

Pat

premultiply it by Z and add it to z-i7we get the right hand side of the total

problem (see Eq. 5.5). A premultiplication by FP- will transform the problem into

the modal variables (see Eq. 5.12).

The total problem has been stated and the integrator will integrate these equa-

tions of motion readily. It should be noted here that the introduction of a forcing

function to our linear system creates a particular solution, which is added to the ho-

mogeneous solution to form the total. The total solution is the one that is observed,

and it is the one whose modes are controlled. The nature of the particular solution,

which may have some significance in the control of the satellite, is ignored. It is

known that if the unstable mode of the particular solution diverges in one direction

(say toward +oo) then the homogeneous solution can be made to diverge in the

opposite direction (a very large negative number) so that their sum is quite small.

The consequences of this simultaneous divergence during the control of the satellite

have not yet been discovered.
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VI. Result of Perturbation Controller

The problems associated with the perturbed orbit were many. The periodic

orbit no longer existed in the same sense that it did before. The satellite placed near

the three-body orbit was able to nearly close on itself several times before diverging

(see section 4.1), but the perturbations cause the satellite to diverge much sooner -

before completing a single orbit. See Figure 6.1.

6.1 Simplificto of Systm

When perturbations from the eccentricity and the moon were included in the

model, the controller failed to adequately control the satellite in the orbit. The

reasons for this are not precisely known. Perhaps the second order effects should be

taken into account before the mode shapes will be similar enough to the unperturbed

case for the controller to be effective. Perhaps the difference between the particular

and the homogeneous solutions caused the total solution to compound numerical

errors so that the simulation broke down. In any case, the peturbations due to

eccentricity were put aside, and the effects of the moon alone were studied. The

results shown in this section will be the results of the controller acting upon a

simulated system where the earth is in a circular orbit about the sun, but the moon

is also in orbit about the earth, and is affecting the satellite with its gravity. The

equations of motion and the computer code which integrates them remain exactly

the same, with the simple change of setting e equal to zero.

With the simplified system, the modal control scheme was successful. Even

with e = 0, the uncontrolled satellite diverged before completing a single orbit, but

the divergence was somewhat slower. See Figure 6.2. Using modal control, it was

kept in the vicinity of the orbit indefinitely as long as the threshold was small enough.
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Figure 6.1. X - Y Projection of Satellite Path Diverging Before Completing First
Orbit. (.... = Periodic Orbit - = Satellite Path)
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Figure 6.2. X - Y Projection of Satellite Path Diverging Even Without Eccentricity.
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Figure 6.3. Average Station-Keeping Cost for Moon-Perturbed Orbit, Threshold =
10-3

6.2 Results

Let us look first at a threshold which gives a very similar result to the un-

perturbed case. The threshold in this case was about 10-'. See figures 6.3, 6.4

and 6.5. All the simulations in this section were run for 31 time units (canonical)

which is close to 10 orbital periods or about 5 years. The station-keeping cost for

this first simulation is very high. When the canonical units are converted to more

conventional units, it cost about 200 m/sec per year to control the satellite with this

threshold.
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Figure 6.4. Plot of the Real Modes, Threshold = 10-s

The mode shapes for this simulation were somewhat regular (ligusre 6.4). Even

though the maneuvers do not zero out both modes (the stable mode is given a

positive value while the unstable mode is set to near zero--just like in section 4.4),

the behavior seems to be fairly predictable. There are some funny curves in the plot,

and these are due to the perturbations.

Figure 6.5 shows the approximate "earth view" for the orbit. It is a trace of

the Y and Z positions of the satellite throughout the simulation. It shows that there

is considerable wobble in the orbit, which may or may not be acceptable depending
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Figure 6.5. Plot of the Y - Z Projection of the Orbit, Threshold = i0-s

on the size of the sun's radio disk and other constraints. Interestingly enough, the

orbit is both cheaper to control and more controlled at this threshold than the

unperturbed orbit was. Compare to Figure 4.10.

If we decrease the threshold for the unstable mode, we can decrease the control

cost somewhat. Figure 6.6 shows the cost for a threshold of 10-6. Although the

total average cost is lower for this option (about 20 m/sec per year), it requires very

frequent maneuvers. During this simulation, over 300 maneuvers were performed,

averaging about 5 per month.
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Figure 6.6. Station-Keeping Cost with Threshold = 10-` Showing the Maneuvering
is Extremely Frequent.
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Figure 6.7. Y - Z Projection (Like the View from Earth) of Controlled Satellite's
Orbit, Threshold = 10's

The Y - Z projection of the orbit (see Figure 6.7) shows considerable tightness

in the control of the orbit. The slight anomalies that can be seen here are due to

the periodic fluctuations in the perturbing force of the moon's gravity and not to

divergence and subsequent control of the unstable mode.

Since the manuevers were so frequent with the threshold at 10-, an attempt

was made using trial and error (shall we say, "trial and success") to optimize the

threshold to decrease the number of maneuvers required and to decrease the total

station-keeping cost if possible. The attempt was successful with a threshold of
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Figure 6.8. Station-Keeping Cost, Threshold = 2 x 10-s

2 x I0-. Figure 6.8 shows the cost, which is about 10 m/sec per year when units

are converted. It can also be seen that there are fewer maneuvers - about one per

month. The average maneuver was about 72.5 cm/sec.

Figure 6.9 is a plot of the real modes. It seems rather jumbled, but this is

because the threshold is on the same order (spatial and temporal frequency) as the

gyrations of the modes so that the maneuver occurs in unpredictable positions on

the plot. What is important is that the unstable mode never exceeds the threshold,

and that it is allowed to "wander' until its wandering begins to diverge.
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Figure 6.9. Real Modes Under Control for Threshold = 2 x 10-i
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Figure 6.10. Y - Z Projection for the Satellite Path, Threshold = 2 x 10-i

The Earth-view for this threshold shows a very small divergence from the

nominal orbit, which would be acceptable under most circumstances. If the path

crossed too close to the sun, the best alternative would be to find a new periodic

reference orbit in the three-body problem which had larger amplitude rather than

attempt tighter control.

Let us look at the cost as a function of the threshold for the perturbed satellite.

Figure 6.11 shows the station-keeping cost for a number of different thresholds.

6-11



106

S

0
m

2'10 21

1°6o"0 loe loe lo" le

Threshold Value

Figure 6.11. Station-Keeping Cost as a Function of Threshold
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Figure 6.12. Cost Comparison for Perturbed (+) vs Unperturbed (o) Systems

It is easy to see that the perturbed satellite is more expensive to control than

the unperturbed satellite by looking at Figure 6.12. When two comparable scenarios

are compared (threshold = 10' for the unperturbed and 2 x 10- for the perturbed),

we see that the perturbed satellite requires 1000 times more control energy than the

unperturbed satellite.
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6.3 Behavior of the Other Modes

Once again, the behavior of the other modes under control is interesting and

will therefore be included lere. The perturbing effect of the moon caused some

interesting shapes in them.

Let us look at Figure 6.13. During each of the maneuvers, there is a disconti-

nuity in the plot, plotted with a straight line, but hardly visible on this plot because

the manuevers have such small effect on this mode. Between maneuvers, when the

satellite is drifting freely, the imaginary modes tend to trace out a skewed 5-pointed

star shape, which slowly drifts away from the origin. This is due to the moon's

gravity, and as we would expect, the period of the perturbation effects is about six

times the period of the orbit. This makes sense since the moon's motion has a period

of one month to the halo orbit's six months.

Figure 6.14 is like the previous figure, with the zero modes plotted instead of

the imaginary modes. When the satellite is drifting freely, the value of the modes

shows the star shape, and when a maneuver is performed, their value changes slightly

in some predictable direction, to repeat the figure until the next maneuver.

6.4 Summary

The satellite perturbed by the eccentricity was not controllable with this con-

troller. When the moon only was included, however, the situation improved dra-

matically. The modes displayed their expected behavior within reason, with some

unpredictable perturbation effects. The satellite was controllable with reasonable, if

higher, control costs. The reasons for the failure with the eccentricity included are

discussed in Chapter VII.
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VII. Concluutona and Recommendaionw

7.1 Ceuduuionu

Modal control works well on the unperturbed three-body problem satellite.

Using maneuvers calculated by simulated observation of the modes, the satellite was

controlled for as long as desired. The concept was simple, and the application was

ideal. Modal control held promise of being more efficient than other optimal control

algorithms for this type of orbit.

We learned from our cheater controller that each of the modes had a charac-

ter which depended on its Poincari exponent. The character was exactly what was

expected as long as the magnitude remained small (within the hnear region). The

real exponents corresponded to an exponentially decreasing mode (negative expo-

nent) and an exponentially increasing mode (positive real exponent). The imaginary

modes (corresponding to the imaginary exponents) oscillated sinusoidally and were

90 degrees out of phase with each other as indicated by Figure 4.2, where they form

a circle when plotted together. The zero modes were static to within reasonable

numerical accuracy.

The efficiency of the controller on the unperturbed satellite was improved by

decreasing the threshold value up to a point. After that, the cost actually increased

when the threshold was decreased. This was due to the numerical inaccuracy of the

integration at such small values of the modes (less than 10-'). The station-keeping

costs for the unperturbed satellite were phenomenally low. For a 15 year mission,

the satellite could be maintained with 1.5 cm/sec of AV total (threshold = 10-')

with 2 small maneuvers per year.

The perturbed satellite had a different character. The perturbation due to

eccentricity was very large, and very probably pulled the satellite out of the linear

region very quickly, which invalidated the shapes of the modes and thus the con-

trol scheme. The perturbation due to the moon was not as large, and the modes,
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while noticeably different than the unperturbed modes, were still recogniseable. We

were not able to decrease the station-keeping cost nearly as much by decreasing the

threshold. This makes sense, since decreasing the threshold caused a lot of unnec-

cessary maneuvering. The moon was very quick to pull the satellite off the periodic

orbit and thus to cause the modes to grow, but only to a point, and if we maneuvered

right away, we missed the fact that the moon just as surely "pushed" the satellite

right back near the orbit during the second half of the month. The best strategy

was to wait to maneuver when the unstable ,iode was actually beginning to grow

of its own accord, and not due the perturbation. The threshold that worked best

for the perturbed satellite was 2 x 10-. The station-keeping cost for this threshold

was approximately I m/sec per year, nearly 3 orders of magnitude higher than the

unperturbed cost.

7.2 Recommendatioa

The perturbations due to eccentricity must be included in any model that

represents itself as realistic. There are other perturbations, but they are smaller

(2). It is recommended that some scheme for including this perturbation be found,

which allows the mode shapes to remain apparent, so that modal control will work.

Perhaps a model based on an expansion to second order in the eccentricity would

work.

In order to validate the modal control scheme as workable, there must also be

studies done on the probabilistic problem of orbit (and thus mode) determination.

The halo satellite presents special problems in this area, which have been studied by

Howell and Pernicka - see references (3) and (4), but not with modal control.

The consequences of the particular solution divergence while the total solution

remains finite have not been addressed. If this scheme is to be workable, the solutions

to the mathematical model must be very well understood, so it is recommended that

some effort be put forward in this endeavor.
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