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Abstroct

The resulis of mathematical and experimental studies presented in preceding
reports clearly show that the model A, accuralely describes the properties of a
frozen fringe when the steady nmwih of an ice layer occurs. in this work the
steady growth of ice-rich frozens  is studied by using M, . Deriving a iraveling
wave solution 1o the problem, we h.ve found that the condition of sleady growth
of ice-rich frozen soll is uniquely defermined by a set of two physical variables,
such as o and o; used eartier, under given hydraulic condifions and over-
burden pressures and that the fraveling wave solution converges 1o the solution
fo the problem of 0 steodily growing ice layer when the velocity of the 0°C
isotherm relative o the unfrozen part of the soil vanishes.
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NOMENCLATURE

a4

function defined by eq 63g

function defined by eq 63h

defined by eq 63¢

function defined by eq 63d

function defined by eq 63e

function defined by eq 69b

function defined by eq 69¢

ith constituent of the mixture. Subscripts i =
1,2,and 3areused todenote unfrozen water,
ice and soil minerals, respectively

heat capacity of the mixture defined by eq
10c

defined by eq 41c

heat capacity of the ith constituent

unit of time, day

density of the ith constituent

mass flux of the ith constituent relative to
that of soil minerals wherei=1,2

mass flux of the ith constituent relative to
that of soil minerals in R; wherei=1,2 and
j=0,1,2

heat content of the ith constituent

function defined by eq 56a

function defined by eq 56b

function defined by eq 59b

thermal conductivity of the mixture
thermal conductivity in R; wherei=0,1,2
limiting value of k; defined by eq 40h
limiting value of k, defined by eq 48
hydraulic conductivity in the unfrozen part
of the soil

empirical function defined by eq 1 wherei=
1,2

limiting value of K; as § approaches »; while
EisinR,,i=12

limiting value of K; as § approaches ny while
EisinRy,i=12

latent heat of fusion of water, 334 ] g1
boundary where the content of unfrozen
water is negligible

name of a model defined in Part  where i =
1,2,3

=

iv

Uy

boundary in Ry and also used a generic mov-
ing surface

velocity of n = dn/dt

boundary with i = 0, 1 where 5y denotes the
boundary where T = 0°C and n, the interface
between R, and a frozen fringe

gravity term, 0.098 kPa/cm
pressure of the ith constituent wherei=1,2
value of P, at n

value of P, atn

value of P, at n,

heat fluxin the mixture by conduction defined
by eq 8b

limiting value of q as § approaches n, while §
isin R,

limiting value of q as § approaches n, while §
isinRy

heat flux in the ith constituent by conduction
rate of frost heave

unfrozen part of the soil

frozen fringe

frozen part of the soil

region in the diagram of temperature gradi-
ents where an ice layer melts

region in the diagram of temperature gradi-
ents where the steady growth of an ice layer
occurs

boundary between R, and R,

region in the diagram of temperature gradi-
ents where the steady growth of an ice layer
does not occur

defined by eq 32b

defined by eq 31b

defined by eq 71e

defined by eq 70d-70g where i=1,2, -, 4
time :
temperature of the mixture
temperature at n, where i =0, 1
temperature at g and used also as a reference
temperature

velocity of the ith constituent wherei=1,2,3
vjinRywherei=1,2,3andj=0,1,2




re3ogapyp

defined by eq 20

VinRiwherej-.-O, 1,2

defined by eq 35b where i=0, 1,2

defined by eq 35a wherei=0,1andj=0,1,
2

spatial coordinate

defined by eq Al

defined by eq B4

defined by eq B6

defined by eq 10b

defined by eq 44c

absolute value of the temperature gradientat
no

absolute value of the limiting temperature
gradient as § approaches n, while§ isin R,,
defined by eq 47

defined by eq 41b

defined by eq 46

constant, 1.12 MPa °C!

thickness of a frozen fringe

defined by eq 54c

defined by eq 58b

defined by eq 40f

volumetric content of the ith constituent

rate of supply of mass of the ith constituent
per unit volume of the mixture

rate of surface supply of mass of the ith con-
stituent per unit surface of the mixture de-
fined by eq 14a

function defined by eq 26f

d M Sig << FETF

*
Pi
Py
c
Oy
L)
b0
L]
on
L7}
on
L 4

function defined by eq 23f
defined by eq 24e

defined by eq 34a

defined by eq 22h

defined by eq B8

defined by eq 23i

vatT=T,

coordinate defined by eq 16

frost heave ratio defined by eq 72
defined by eq B2

defined by eq B3

bulk density of the ith constituent
piin R,

effective stress defined by eq 60b
defined by eq 59a

empirical function of T defined by eq 55a
valueof ¢gat T=T,

empirical function of T defined by eq 55b
valueof $; at T=T,

empirical function of T defined by eq 55¢
valueof g, at T=T;

some function of x and ¢

ly! jump of y defined by eq 11b

v
v

*

defined by eq 12b

defined by eq 12a

superscript used to indicate the value of any
variable evaluated when a point (o, o) in
thf diagram of temperature gradients is on
Rs




Traveling Wave Solutions to the Problem
of Quasi-Steady Freezing of Soils

YOSHISUKE NAKANO

INTRODUCTION

We will consider the one-directional steady
growth of an ice layer. Let the freezing process
advance from the top down and the coordinate x
be positive upward with its origin fixed at some
point in the unfrozen part of the soil. A freezing
soil in this problem may be considered to consist of
three parts: the unfrozen part R, the frozen fringe
R, and the ice layer R, as shown in Figure 1. The
physical properties of parts Ry and R, are well
understood, but our knowledge of the physical
properties and the dynamic behavior of part R,
doesnotappearsufficientforengineering applica-
tions.

m T=T,
Ry
ny TnT‘
A R,
Mo T=Ty=0("C)
o Ry
n

Figure 1. Steady growth of ice-rich frozen soil.

The results of our mathematical and experi-
mentalstudy on the steady growth condition of an
ice layer were presented in the three previous
reports (Nakano 1990, Takeda and Nakano 1990,
Nakano and Takeda 1991). These results clearly
show that the model M, accurately describes the
properties of a frozen fringe during the steady
growth of an ice layer under negligible overbur-
den pressure. The model M, is the frozen fringe
where ice may exist but does not grow during the
steady growth of an ice layer and the mass flux of
water f; is given as

fi=-K 91—k, 9T )
ox ox

where x is the space coordinate, and K, and K; are
theproperties of agivensoil that generally depend
on temperature T and the composition of the soil.

Nakano (1990) has shown that the velocity
rig(= dng /dt) of the frost front is nonpositive and
vanishes when the steady growth of an ice layer
occurs. In this work we will study a case in which
ng is a given negative constant and the steady
growth of ice-rich frozen soil, instead of an ice
layer, takes place. In such a case the frozen fringe
R also moves downward with a constant speed.
Ice may or may not exist in R,. However, if a
certain steady distribution of ice is presentin R,,
then the growth of ice must occur in R, because
unlike the case of a steadily growing ice layer, the
velocity of soil particlesin R, relative torigdoesnot
vanish when np < 0. Because of this we must
modify the definition of M, sothatice may growin
R; whenng <0.




The objective of this work is to show that there
exists a traveling wave solution to the problem of
steadily growing ice-rich frozen soil and that this
solution is reduced to the solution to the problem
of a steadily growing ice layer obtained in the
previous report (Nakano 1990) when the velocity
ng vanishes. We will also show that the condition
of a the steady growth of ice-rich frozen soils
under given hydraulic conditions and applied
pressures is uniquely determined by a set of two
physical variables, such as oy and o;, used in the
previous reports.

BASIC EQUATIONS

We will treat the soil as a mixture of water in the
liquid phase B,, ice B, and soil minerals B; with
bulk densities p,, p, and ps, respectively. Ifd; is the
density of the ith constituent, then the volumetric
content 8, of the ith constituent is given as

6, =p;/d;. 4]
Itisclear that the sum of ;should be unity, namely
0;+0,+0;=1. @3)

We will assume that the density of each constitu-
ent of the mixture remains constant. Thus, the re-
sults of this study are accurate if the deformation
of each constituent is negligibly small, regardless
of overburden pressure. The dry density of theun-
frozen part of the soil is assumed constant during
the freezing process.

We will assume that the unfrozen part of the soil
is kept saturated with water at all times by using
an appropriate device of water supply. The bal-
ance of mass for the ith constituent is given
(Nakano 1986) as

%pi =—%(pivi)+li.
where v, is the velocity of theith constituentand A;
is the time rate of supply of mass of the ith constit-
uent per unit volume of the mixture. It should be
mentioned that the summation convention on in-
dex i is not in force here, so that (p;v;) represents
only one term. Since none of the constituent is
involved in chemical reaction, we have

i=123 (4

AM+M=0 and A;=0. (5)

The balance of heat for the ith constituent is

given as (Nakano 1986)

O (o) =-2(omim)-2 g, =123 (6)
ot ox ox

where p; h; is the heat content of the ith constituent
per unit bulk volume and g; the heat flux by con-
duction. Weassume that the constituents are local-
ly in thermal equilibrium with each other, i.e., that
the constituents have locally a common tempera-
ture T (°C). Under such an assumption, the heat
content k; is given as

hl = C](T - To) (73)
hz =-L+ Cz(T-' To) (7b)
hy = c(T - Ty). 79

We sum up eq 6 fori =1, 2, 3 to obtain the heat
balance equation of the mixture given as

d d d
— h: ==L h:vo; — — 8a
3 ?Pi i 3 ;pl il 3 q (8a)

where ¢ is defined as

1= a (8b)

Itis known that g; depends on the bulk density p;,
the thermal properties of ith constituent, the tem-
perature gradient and the way in which the ith
constituent is distributed in the mixture. For the

~-sake of simplicity we will approximate q as

g=-kT 89
ox

where k is the thermal conductivity of the mixture
that generally depends on the thermal properties
of each constituent and the composition of the
mixture.

Using eq 4, we reduce eq 8a to

zpi—-ah~=-2h-l--2piv---ah--—a .9
To P i ‘ax‘ax"“

We will assume that c;and Lineq 7a, 7band 7c

do not depend on T. Choosing T, to be 0 (°C) and
using eq 7a, 7b and 7c, we reduce eq 9 to:

2 g=1ry+2) (10a)
ox




Lz=-c%7t'- +(cx-cz)le—ZPiviCi%‘:—' (10b)

C=C1Py +CoPp2 +C3P3 . (10c)

We will now consider a moving surface whose
location is given as

x=n(t)sm(t). (11a)
In a neighborhood of n(t) we choose two moving

surfaces n~(t) and n*(t) with n=(t) > n(t) > n*(t). The
jump of a quantity y(x,t) at n(t) is defined as

v =v -y (11b)
where
v = limy (12a)
n-—n
vy (120)

Itis clear that 1y | = 0 if y is continuous at n(t).
Jump conditions at n(t) under the assumption
of a continuous T are given (Nakano 1986) as

Ioivd = Ipil 71 + A i=1,23 (13a)

gt =|§Pihi| n -|)i:vxpnhi| (13b)

where Zi isthe surface supply of themass of theith
constituent defined as

n
A= lim J Aidx (14a)
n#

nt, - —-n

and 7 is assumed to be continuous and is defined
as

n=dn (14b)
dt

From eq 5 we obtain
M+A2=0 and A3=0. (15
Thejump conditions, eq 13a and 13b, are necessary

and sufficent conditions for the conservation law
of heat and mass to hold at . In other words, the

conservation law of either heat or mass must be
violated if one of these conditions does not hold
true at n.

Quasi-steady problem

We will consider a special case in which a frost
front x = ng(t) moves with a constant velocity rig. In
such a case we will seek a quasi-steady solution to
the problem described by eq 4 and 10a in the form
of a traveling wave. We will introduce a new
independent variable § defined as

E = x-riot 16)

where rig = dig(t)/dt. Using eq 16 we reduce eq 4
to

4 o wi-no)=x, i=1,23 (17

ag
For the sake of convenience we will define new
dependent variables f; and f; as
fi=p1(o1-2)) (18a)
f2=p2(v2-v3) (18b)

It is easy to see that f; (i = 1, 2) is the mass flux of
either B, or B, relative to the mass flux of soil
particles. Using eq 18a and 18b, wereduceeq17to

(pV)'=~fi-22 (19a)
(pV)'=~f1+22 (19b)
(pV)'=0 (1%)

where primes denote differentiation with respect
to € and V is defined as

V=v3-1i,. (20)

Using eq 16, 18a and 18b, we will reduce eq 10a
and 10b to

7=~ (kT’) = LAy +2) (21a)
Lz == () +eofa +cV)T' + (c; - c))A,T. (21b)
Traveling wave solution

We will derive a traveling wave solution that
satisfies thejump conditions, eq 13aand 13b, at n,,
and thebalance equations of mass and heat, eq 19a
19b 19¢ and 21a. We will assume that the bound-
aries n, ng, ny and min Figure 1 move with thesame




constant velocity, namely:
n =ro= 1= m. (22a)

The pressure P, of water is assumed to be a given
constant at n as

Py(n) = Py,. (22b)
According to M; (Nakano 1990), the mass flux of
water fy; in R, is given as

fu=- Kla—;-;l— Kz-aa—g for Ein Ry (22c)

K2/Ki—> y as fn—0 (22d)

lim Py(E) = Py(m)=Pn (22¢)

E-om

Ein Ry

where P, is the pressure of the frozen part of the
soil R, and v is a constant with the value of 1.12
MPa °C1.

We will also assume that the composition of the
soil is continuous and A, vanishes at nj as

atry. (22f)

The assumption of eq 22f implies that the velocity
v;and the flux of heat q are continuous at n5. We
will assume that the movement of ice relative to
soil particles is negligibly small everywhere, that
is

=0, A=0

f2 = O in Ri (1 = 0:112)' (22g)

As we discussed (Nakano 1990), when the steady
growth of an ice layer occurs, the pressure P, is
continuous but the first derivative dP;/dx of P,
may be discontinuous at y. Therefore, thebound-
ary ny is generally a free boundary where the first
derivative dP;/d§ may be discontinuous. Finally
we will assume that p, is given as
p1=p3v(T) (22h)
where v(T)is a givenempirically determined func-
tion of T that is assumed tobeapproximated by the
equilibrium unfrozen water content at T.

We will now denote the values of v; and V, for
instance, in the part Ri(i = 0,1,2) by v; and Vi
respectively. We will denote the limiting value of
V}, for instance, as § approaches n; with § <n; by

W’ and that of V, as § approaches ny with & > ny by
Vi asshownin Figure 2. Our immediate task is to
reduce the number of unknown variables appear-
ing in this figure by using the jump conditions and
the balance equations of mass and heat.

Integrating eq 19a, 19b and 19¢ from § = nj
to m*, we obtain

fid + piaVi' = fiz + P2Vs - Al (23a)

phVs = ppVs + AT (23b)

PRV = ppVy (230)

where

Vi=vh-rfo=r-tig (23d)

V=g, - o (23e)
4

Al = J AadE (23
T

whereitis assumed that the temperature T, at§ =
mislow so that £}, and pj; vanish. This implies that
v is equal to the rate of frost heave 7. Eliminating
Af, we will reduce eq 23a, 23b and 23c to

m

* + +* + +*
va. p12' paﬂ pa‘ '12
R,
. Vi Pa Pae Pe e
2
*, o+, +, +, g+,
VIT PN PR Pyt o A
Ry Vi Py Py Pgyy fyh A
] RS o S S
0
Ro  Vor Py Py o

Figure 2. Variables in Ry, R; and R;.




phW = (Vg + p2) Vi + fi3 (23g)

PRV = pnVs” . (@)
where v, is defined as:

vi=v(Ty) (23i)
Using eq 3, we obtain

ph =da(1-43' p}) @3))

par =da(1- (vidi* + d3") 5, ). (23k)

From eq 23f, 23i and 23], we obtain
W = [1+vilag - ai') ol v+ 7' fiz. 230
It is easy to see that all variables at m* are deter-

mined if all variables at n;” are known. Using eq
13a at n;, we obtain

fli + phVi=fi; + piaVs +1; (24a)

PhVI = pVa -2 (24b)

PV = P2 (240)
where

W = ofi - tio. (24d)

For the sake of simplicity, we will introduce anew
variable p defined as

P = W P31 - (24e)

Using eq 22h and 24e, we will reduce eq 24a, 24b
and 24c to

fi+viphW=fo+vinphVy +12  (25a)

PhVE =puVs A2 (25b)

W=puvs. (25¢c)
Using eq 3, we obtain

vinphdi' + ppd;' + pphds’ =1 (25d)

viphdi' +phd;' + phds' =1 (25¢)
From eq 13b, we obtain

=L +(a-c) T). (256)

Integrating eq 19a 19b and 19c from §=ngto £, we
obtain the following equations given as

fu + vpaia = fio + poVy - A (26a)
paVi=A (26b)
paVi= puVy (26¢)
where
Vi=va -0 (26d)
VYi=Vo=-1nig (26e)
3
Ag)= J AdE, E2no. (26f)
no
Using eq 3, we obtain
vpadi +pnd; +pnds =1 (26g)
podi' +ppd;’ =1. (26h)

Taking limits of eq 26a, 26b and 26c as § approach-
es n;, we obtain

fli+vipd, Vi+A* =fio+poVo (27a)
PAV-AY =0 (27v)
P51 Vi=pVo. (27¢)

Comparing eq 25a, 25b and 25¢ with eq 27a, 27b
and 27c, respectively, we obtain

fz + Vipph Vo =fio +poVo—-A* -2z (28a)
prVi= A"+ 1 (28b)
1z = (po /ph) Va. (28¢)

Let us assume for the time being that »ig, v; (or Ty)
and Azare given. It is easy to see that the left-hand
terms of eq 28a, 28b and 28c contain four unknown
variables at nin Ry; V3, py, K, and fi, while the
right-hand terms of these three equations contain
unknown variables in the combined region of Ry +
R,. Since p,, and u are related by eq 25d, all the
unknown variables at n;" listed in Figure 2 are
uniquely determined if all the variables in Ry + R,
listed in Figure 2 are known.




From eq 27a, 27b and 27¢ we find that these
three equations contain five unknown limiti
Vahles, Wr Pfl: P;h fl.i and A*- Since Pfl and P
are related by eq 25e, we have actually four un-
known limiting values and three equations. There-
fore, if one of these four unknowns is given, then
all six unknown limiting values at n;* listed in
Figure 2 are uniquely determined. Choosing V, to
be anindependent variable, we will write all other
limiting values as follows. First from eq 27c, we
obtain:

ph = p(Vo /W) (29a)
ph = vipu(Ve/V). (29b)

From eq 25e, we obtain:
ph = da—da(vady'+d5 )pso(Vo Vi) . (29¢)
From eq 27a and 27b, we obtain
fii = fio + proVo~ (Viph + pV (30a)
A*=phW. (30b)

Substituting p3; in eq 30a by eq 29¢, we will reduce
eq30ato

fii = fio + 5t Vo - d2(VF - Vo) (31a)
where s* is defined as
s+=(1 - di'd2) (pro - vipw) . (31b)

Unknown variables, pa;, P11, P21, fu1 and A are
givenby eq29a,29b,29¢, 31aand 30b, respectively,
in which superscripts + are deleted and v, is re-
placed by v. For instance, f;, is given as

f=ho+sVo-da(V-Vy) (32a)
where s is given as
s= (1 -dy xdz) (p10 - vpao) . (32b)

Using eq 28a and 28c, we will write unknown
variables at n; as

Vi =di M+ Vi (33a)
=W (v +d A (33b)
paz = Woh (33)

P2 = VIHP3; (33d)
pp = da[1 - (vidi' + d5") ppti] (33¢)
fz=fii -4z (339

Using eq 31a, we will reduce eq 33f to

fa=fio+s'Vo-d2 (- Vo) ~X2.  (33p)
In actual experiments, p;g and pyg are given as
initial conditions. If Vj, v, (or Ty), A2, fipand V, are
given, then all other variables are uniquely deter-
mined. Since p}; is difficult to measure experimen-
tally, it is convenient to introduce a new variable
Ho defined as

po=pl2pb=(pR/on St )n.  (340)
Using eq 23h, 25c and 27c, we will reduce eq 34ato

Ho=Vo/V7 . (34b)
Using eq 24e and 25c, we will reduce eq 23¢ to
vir= w1 e vl - a7') woti] a4

Substituting f,7 in eq 34c by eq 33g and using eq
33b, we will reduce eq 34c to

v =d3'fio + W1 + (35" - d7") pu]. (349)
Combining eq 34b and 34d, we obtain
o = Vofd3fio+¥o [1+ (4747 pro) ™. (3e)
From eq 23d and 34d we obtain
r=d;'fo +(d3' - 477) poV (349
Using eq 34f, we will reduce eq 34e to
po=Volr + o . (34g)

We will introduce new variables, w; and w; de-
fined as

wy=pypy, i=12andj=0,1,2 (353)

wj=wy+wy j=0,1,2. {35b)
Itisclear thatwi,-isﬂ\e content of theith constituent
inR,andthatw;isthecontentofioeandunfrozen
waherinR,.Wewillrefertow,asthetotalwater




content. Using w;, we will reduce eq 32a to

fi1=fro+ Paolwo - wy)Vp . (36a)

When V> 0, we obtain

Using eq 26a, 26b and 36a, we obtain

A = pyg(wy =)V (36b)

We will now examine the behavior of f;;. From eq
32a we obtain

fu=ho+sVo-dyvy . (37a)
Using eq 26¢c, we will write v, as:
var = (propa - 1) V6. (37b)

Since T decreases as § increases from ng to ny, s is
positivein R, and increases with . Itisanticipated
that p3; may decrease with £ but does notincrease
with €. Since V20, from eq 37b we find that vy, 2
Oandv$, 20in R;. Therefore, from eq37a weobtain

fio + s*Vo 2 fu1 2 fio - dw3 (38a)
where

vdi = (P20 - P31) Vo /0% (38b)
Ice-rich frozen soil

We will focus the remainder of our analysis on
a special case in which the frozen part of the soil
contains a significant amount of ice. For such a
case the mobility of water in R, isanticipated tobe
much less than that in R, and we may neglect f;,.
It follows from eq 34a, 34g and 36b that the values
of pg, Vpand A remaw small.

Theexactcomposition of R, isnotknown. How-
ever, it is a generally accepted view that p3; does
not change significantly from p3,. The results of
our analysis on the data of Tomakomai silt (Na-
kano and Takeda 1991) appear to support such a
viewpoint. Assuming the existence of a certain
rule for p5;, we will explore probable rules below.
Suppose thatsucharuleisknown, then two of five
independent variables, Vi and A2, are uniquely
determined by eq 26c and 33g, respectively, when
three remaining independent variables, Vy, T; and
fio are given in this case. Let us consider first a
special rule that p3 is kept constant at p3o. In such
a case v3; vanishes and eq 37a is reduced to

fu=fo+sVo. (39a)

fu>fiuandf;>0, ifVo>0andf>ne (39)
It follows from eq 39b thatf;, is greater than figand
increases with §. This special case does not appear
tobe probable because the mobility of water should
not increase with increasing &,

Next we will consider a special rule that the
total water content w; is kept constant at wy. From

eq 36a and 33f we obtain:

fin = fio = Aa. (40a)
From eq 37a we obtain

va1 =d;! Vo. (40b)
From eq 29a we obtain

po1 = po1 + d3" ). (400)
We will reduce eq 36b to

A = p3p(wp-V)Vyp. (40d)

It follows from eq 40b and 40c that v, increases
with & while p3; decreases with § for a given V.
This second special case appears more probable
than the first case because the mass flux of water
should not increase with increasing & We will
study the second case below. The empirical func-
tion ¥(T) in eq 40d is known to be an increasing
function of T with v(0) = wy. We will assume that
v(T) possesses a continuous first derivative.

The thermal conductivity k, of R, depends on
the composition of Ry. Ourexperimental dataindi-
cate that k, is a nondecreasing function of £&. We
will approximate k; by a linear function of § as

k@) =kll+n@E-ngl, n>82n (40e)

0= (kyy - ko)/(Bko) 20 (40f)

d=m-ng (40g)

:im ki) =kn <kxn (40h)
om

EinRy

where k;, is the limiting value of k, when § ap-
proaches n; while £ is in R,. Under assumptions
described above we will study thermal and hy-
draulic fields below.




Temperature T(€)

We will seek solutions T(E) to the balance equa-
tion of heat given by eq 21a in Ry and R;. We will
begin with Ry, Since fy = fip, =0, V= Vpand 4, =
0, from eq 21a and 21b we obtain

§inRy (41a)

Bo = (c1fr0 + coVo) / ko (41b)

where k is the thermal conductivity of Ry and ¢y is
defined as

T =BT =0,

€0 =C1P10 + C3P30 - (41¢)

Since T(ng) = 0°C, integrating eq 41a, we obtain
T(E)= oo {1 - exp[-Bo{mo - )} (42a)

T'(&)=-coexp[-Po(no - €)] (42b)
where 0y is defined as
ag == T'(ng). (42¢)

Next we will seek a solution in R;. First we will
rewrite eq 21a and 21b by using eq 26a, 26b and
26c. Since f; = fiq, /o =0and A, = A’ in this case, we
will reduce eq 21b to

Lz=-(cifip+ V)T +(c1-c)AT.  (43a)
Using eq 26a, 26b and 26c, we obtain

cVi=—(c-cA +¢Vy. (43b)
Using eq 43b, we will reduce eq 43a to

Lz = - (cyfio + coVo) T + (1 - NATY.  (43c)
Using eq 43¢, we will reduce eq 21a to

q' =-koBoT" +(c1—c2)(AT) +LA".  (#49)
Integrating eq 44a from & = n, to §, we obtain

q=-kT =ktg—2T + LA (44b)

zy=koBp - (c1-c)A (44c)

where k, is the thermal conductivity of R, and A is
given as

A=(wo-v)p3Vo- (44d)

Using eq 41b and 44d, we will reduce eq 44c to

z1= 61 fio+PaVolcs + wp + (1~ vl (44e)

Neglecting the last term in eq 44e, we will reduce
eq44bto

T = kgog—koPy T + LA. (45)
where B, is defined as
B1 = kg [c1fio + pao Vo(cs +eawo)). (46)

We will reduce the jump condition (eq 25f) to a
somewhat more convenient form by using eq 44b.
We will write the limiting value 4~ when § ap-
proaches n, while £ is in R, as

q =knoy 4n
k2 = lim k2(E) 48)
Eom
Eink

wherek, is the thermal conductivity of R, and o, is
the absolute value of the limiting temperature
gradient as § approaches n, while§ is in Ry. Using
eq 44b and 47, we will reduce eq 25f to

kyy0 — koot + koBoTy = (fio + A*) [L + (¢, - Czﬂ&]g)

* = (wo - v1)P3oVo - (50

As shown in Appendix A, eq 45 has a unique and

decreasing solution for n; 2 2no. Foraspecial case
in which the following condition holds true,

no<1 and PBd<1. (51)

We found that the condition, eq 51, holds true

when the steady growth of an ice layer occurs

(Takedaand Nakano 1990). Wheneq51 holdstrue,

wemay use an approximation (Nakano 1990) giv-
enas

X" =1+ By(E - no). (52)

Weobtain anapproximatesolution (App.B)given
as

T(ﬁ) = 1:01!{17 -(m - mn{l\—/ ﬂ1)(§ - no) (53a)




T{EX =g+ xolv + %' Biv)
- Blmi-mony' BV)(E - mo).  (53b)

Itiseasy tosee from eq 45 that the temperature T(E)
isuniquely determined if Vi, f1o, 0gand § are given.
Hence, the temperature T; at n, is determined by
Vo fie % and 8. Suppose that V, fi4, 0 and 8 are
given, then T, is determined by eq 45. Once T; is
known, then @, is determined by eq 49. As we
described in the preceding section, all variables
listed in Figure 2 are determined by Vj, T, and f;
if p) obeysacertainknownruleinR,. Thisimplies
that four independent variables must be given in
order to specify the condition of freezing. We will
choose oy, &, fig and V; to be independent vari-
ables.

Pressure P,(€)

When the mass flux of waterisgivenbyeq1, we
have found (Nakano 1990) that the following equa-
tions hold true in R;:

Pyo = Py, ~{(f10 /Ko) + poJo (54a)
ny n

Pu= Pw-[ Ki' KT dE -.flOJ Ki'dE  (54b)
no no

where Plo = P|(no),P|,=P1(n).
n = some point in R,
Kg = hydraulic conductivity in R,
po = gravity term that is equal to the den-
sity d; multiplied by the gravitation-
al acceleration.

8 is defined as
Sy=ny-n>0. (54¢c)

We will assume that Py, P;, and §; are given.

In order to reduce eq 54b to a simpler form, we
will introduce the following three dimensionless
quantities
(

1 . Th=0
%o(T) = {

T
Ty 1! (K10 /K (K2/K20)dT T< O
' (55a)

1 T1=0
T
N> r;‘[ (Kio /K) (s /AMT T<0 OO
0
1 T1=0
T
T)=
4 Tfl[ (v /woXK1o /K1) (k1 /kodT T< O

0 (55¢c)
where K;gand Ky, are the limiting values of K; and
K, respectively, as § approaches ny while € in R,.

Choosing Tasan independent variable, we will
write the two integrations in eq 54b as

ny
Ip= I K{l K2TdE = K{; KoTi¢nas (56a)

n1 Ty
hs= I K{‘d§=[ (ki T)dT (56b)

no 0
where ¢g; = ¢o(Ty). We will write eq 54b as
Py =Pyo-Ip - fioh- (57)

Using eq 55b and 55c, we will reduce eq 56b to
(App.7)

I =~(mKp)’ [¢11T1 (1 -€)+womont; 9y Tl]
(58a)

T1
€= plu;‘{- T+ (ou)? [ ¢1dTJ (58b)

where ¢, = ,(Ty) and &y; = §, (Ty) .
Using eq 56a and 58a, we will write eq 57 as

01=Py-Pyy=-Thil, (59a)

I = Kj K20 001 - (m1Kpo )™

folon (1 -e) + womon'en].  (5%b)

Using eq 54a, we obtain
G1=0 + podo+ 8aKp fio (60a)
G =Py -Py, (60b)




~Ti= (6 +pody + 8Ko fr0)/ I (60c)

Since the composition of the freezing soil is as-

sumed to be continuous at ng, we may expect that
the limiting value K)o and K; should be equal

Ko =Ko

Neglecting the gravity term, we will reduce eq 60c
to

(61a)

-Ti=(0 + 80K; f0)/ I (61b)
When f4 vanishes, from eq 61b we obtain
6 =~(Kw/Ko) a1 T1, iffin=0. (6lc)

The generalized Clausius-Clapeyron equation
(Edlefsen and Anderson 1943), which was proven
empirically by Radd and Qertle (1973), is given as

c=-vTy, iffio=0. (62a)
Comparing eq 61c with eq 62a, we obtain
1= (Ko/Ko)bor, iffyo=0. (62b)

It follows from eq 22d that eq 62b holds true and
that we have

¥=Ky/Kp
b01=1,

It should be noted that eq 62c should hold true
regardless of ;4. Using eq 62c, we reduce eq 59b to

(62c)

if fio=0. (62d)

I2 = Y ¢o1 - (1K)~

fiolon (1 -€) + womon; ¢z1).  (62e)
For aspecial case in which ois negligibly small, eq
61b is reduced to

-Ti = (50Ko o)/ Ia. (62f)

At the end of the preceding section we had four
independent variables, o, @, fipand V. Since we
have derived another equation, eq 60c, we now
have three independent variables, ag, a; and V),
We will derive one more equation below in order
to reduce the number of independent variables to
two.
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Condition of steady growth

Since the mass flux is given by eq 22c, the flux f,o
in a neighborhood of n, is given as

fio =- Ku P(n*) - Kn T*(ns) (63a)

whereKu, Pi(ni'), Kz and T{n;") arethelimit-
ing values of K1, P;(8), K2 and T1E) , respective-
ly, as & approaches n, while§ is in R,. From eq 53b
we obtain

T(n) = - aob (63b)
b=(1+08)" (bo + b:d) (63¢)
b= o' (w1~ Rov1-xon' 1) (63d)
br= 0 B (= - momi Bi). (63¢)
Similarly from eq 53a we obt~
Ty = ~ aglag + ,5) (63f)
ag=—0tg mom;' V) (63g)
a1 = 0g'(%1- Rox; V1 Br) (63h)
where vy =V(Ty).
Using eq 63b, we will reduce eq 63 to
fio=-KuP{ (ni')+ bKa . (64a)

Neglecting terms representing sensitive heat, we
will reduce eq 49 to

koog + Lfyg = ky104 — p3gVolLlwg - vy)-

Now we will recall a special case studied (Nakano
1990) where V vanishes and the steady growth of
anice layer occurs. In such a case, xy vanishes and
eq 63c is reduced to

(64b)

b=(1+nd)7 (1 +p,9) (65a)

Br =~ ko c1fu0. (65b)
Also eq 64b is reduced to

koot + Lfro = k104 - (65¢)

Itwas found (Nakano 1990) that the steady growth
ofanice layer occurs under the conditions given as

(k21 /Kooy > g (66a)




Figure 3. Temperature gradients o and oy,

Pi(ni)>o0. (66b)

Using eq 64a and 65c and combining eq 66a and
66b, we obtain

(k1 /kodouy > g > kpy (kg + LbKy) Pony

The region R, in Figure 3 satisfies eq 66c and the
steady growth of anicelayeroccursinR,.LineRs *
in Figure 3 is given as

o = (kz1/ko)oy.
Line R¢* is the boundary between R; and Ry,

where an ice layer melts. The boundary Rs in
rigure 3 is given as

(66c)

(67a)

A
oo = k21 (ko + Lb*KZ1) o (67b)
where superscripts * are used to indicate the value
of any variable when a point (o, o) belongstoRs .
Since b* and K31 generally depend on o and o,
the boundary R? between R, and R,, where the
steady growth of an ice layer does not occur, isa
curve stemming from the origin. From eq 66b we
obtain
Pi(ni)>0

in R, (67c)

P;(nt)=0 onR;. (67d)
Now we will examine the case in which V; is
positive and the steady growth of ice-rich frozen
soil occurs. First we will show that the necessary
condition for the steady growth is given as

1

Pi(nt)20. (68)

Su that eq 68 does not hold true. Since
P; (£) < 0 in a neighborhood of n, in R,, there
exists a point §; in this neighborhood such that
Pl(gl) > PZ'I' Also P21 > Plomm P21 ZOmdfw
> 0. Since P,(§) is continuous in R,, there exists at
least one point &, with §, > &, > ng such that P,(&,)
= P;,. This implies that another ice-rich frozen soil
layer canexistin R;. This is obviously contradicto-
ry toour assumption that thereis noice-rich frozen
soil layer in R;.

When eq 68 holds true, from eq 642 and 64b we
obtain

o2 ka b; a1 -bs (69a)
where b, and b, are defined as
by = ko + LbK; (69b)
bs = b3 paoVo L{wo - v1). (69¢)
In Figure 3 we will draw curve 1 given as
o=kt by' o1 - bs. (69d)

Since V> 0, curve 1 mustbe in R, and converges
to RS when Vyapproaches zero. When Vjy vanishes
and the steady growth of an ice layer occurs, a line
of constant fy, is parallel to Rs'*, such as broken
line 2 in Figure 3. It follows from eq 64b that line 2
is still the line of constant f,; except in R, where
line 2 is the line of constant fig + p3gV(wg ~ vy)-

Itfollows from eq 69d that the distance between
curve 1and R# increases with increasing V5. From
eq 34g we find that the ice content in R, decreases
with increasing V). The condition eq 69a implies
that the steady growth of frozen soil occurs in the
region bounded by curve 1 and R . Since Vyisan
arbitrary positivenumber, eq 69a alsoimplies that
the steady growth of frozen soil occurs every-
where in R,,. However, the steady growth of ice-
rich frozen soil is anticipated to occur in the part of
R, not far from the boundary R¢.

Suppose that a point (a;,0) in R, is given; then
we can find V) that satisfies eq 69d. At the end of
the preceding section we had three independent
variables, 0, @; and V). Since these three variables
are related by eq 69d, we now have only two
independent variables, ap and o. In other words,
we have found that the condition of the steady
growth of ice-rich frozen soil is uniquely deter-
mined by two independent variables, o and o,




under a given hydraulic condition and overbur-
den pressure. We have shown that there exists a
traveling wave solution containing two indepen-
dent parameters, oy and @, to the problem of
steadily growing ice-rich frozen soil.

DISCUSSION

One of the outstanding questions among re-
searchers of frost heave has been the relationship
between the rate of frost heave r and the speed of
a frost front V). A significant amount of effort has
been made to determine empirically this relation-
ship under the hypothesis that r is uniquely deter-
mined by V. The empirical relationships between
r and V|, reported in the literature sometime dis-
agree with (oreven contradict) each other (Takashi
et al. 1978), and there appears to be no consensus
among researchers. This situation casts a serious
doubt upon the validity of the underlying hypothe-
sis that r is uniquely determined by V.

We will show thatris not uniquely determined
by Vj if M, and the assumptions used in our
analysis are valid. Using eq 64b, we will reduceeq
34fto

dyr = L (ka1 01 - ko oto)
-paoV((d{l d2wo-v1). (70a)

Since o and oy are related by eq 69d, we can
expressrasa function of Vyand either agora;. We

will write eq 70a in two ways as
dor=S100+ S, (70b)
=530y +54 (70c)
where S, is given as
S; = bKy, (70d)
S2=(1-d;'d2) pao Vowo (70e)
S3 = bKa1 k2 b3! (70f)
~(1-d' d2) vi] po Wi
se=-[(d'dz - kob;'}wo-v1)  (0g)

We will examine the value of S for a special case in
which o vanishes and Vjis much less than fo. The
limiting value of S; as V), approaches zero is given
as
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S1=b*K3 (71a)
5=0 (71b)
Sa=b*K3S (71¢c)
S¢=0 71d)
$ = kalko + Lb* K2, (71e)

Itfollows fromeq71a, 71b, 71cand 71d that the last
term on the right-hand side of eq 70b (or 70c) is
negligible in comparison with the first term in the
right-hand side of eq 70b (or 70c) when Vjyis much
less thanfipand o;21.0°Cem™ fori=1,2. It iseasy
to find that S, S, and S, are positive, but the sign
of S, is not certain.

According to the results of our analysis, we
have found that the rate of frost heave r is not
uniquely determined by the speed cf a frost front
Vj alone and that the relationship between r and
Vo strongly depends on a; (i = 0,1). To examine the
validity of eq 70b we will use reported experimen-
tal data. Takashi et al. (1978) conducted a series of
frost heave tests in which the temperature of the
unfrozen part R, was kept constant at 0.2-0.3°C
higher than the freezing point of a sample so that
the speed V; of a frost front n, was kept nearly
constant. Dividing eq 70b by d,V, we will reduce
eq70b to

E =1y =d;" bKay g Vf'

+ (43" - ") prowo. 2
Takashietal. (1978)called § the “frostheaveratio.”

Analyzingtheir data, Takashietal. (1978) found
empirically that ;mumquely determined by V), for
agiven applied pressure 0. A typical behavior of § f
vs. Vj obtained by them is reproduced in Figure
wherea curve is drawn that approximately repre-
sents their data points taken with their sample 2
under the applied pressure ¢ = 304 kPa. In their
tests the temperature profile in thesample wasnot
measured and xtxsdxfﬁmlttoasaessthevambxhty
of ap. However, if oy is kept nearly constant and
K3 mainly dependson oo Vo~ ?, then theirempirical
relationships between and Vjareconsistent with
eq 72 as we will show below.

Since the second term on the right side of eq 72
is a given constant, £ approaches asymptotically
this constant as Vobeoomesmﬁniﬁe 'I‘hevalueofg
increases with the Vjp until £ becomes
infinite when V), vanishes and an ice layer grows.
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Figure 4. Frost heave ratio § (%) vs. Vo (cm d)
obtained empirically by Takashi et al. (1976).

Thecurvegvs. Vo in Figure 4 is converted into the
curvegvs.V‘ inFigure5. Itis clear fromeq 72 that
thegradientof thecurvein Figure5is proportional
to Kj, ifeq 72holds true. From Figure 5 we find that
thegradxentofthecurvehendstodecteasewxﬂlthe
mcreasmg Vs'}; namely, Kj, is a decreasing func-
tion of V5 .

We have derived eq 72 under the assumption
that the speed of a frost front Vj is constant. There-
fore, eq 72 is not anticipated to hold true for the
transieiit freezing in which V varies with time.
However, eq 72 may approximately hold true for
the transient case in which the change of V, with
timeissmall.Analyzingthedataontransient

tests obtained by Akagawa (1990), Miyata
and Akagawa (1991)empmca]ly found thatg may
be uniquely determined by a,V5, though data are
limited. ’I'!mrdamgoftwotests(wstAmﬂ\c 60
kPa and test B with 6 = 110 kPa) vs. 0.,V * are pre-
sented in Figure 6 where a curve is drawn to show
the trend of the data points.

A soil specimen of 8.5-cm length was frozen
from the bottom up with constant boundary tem-
peratures (Akagawa 1990). The data points (&,
a,Vy !) were taken during the time period from 4 to
45 hours after the start of the test. The speed V,
decreased and 0y increased monotonically with
time; hence, the value &, V5! increased monotoni-
cally with time. In test A, for instance, Vychanged
from 9.12 cm d! at 4 hours to nearly zero at 45
hours while o changed from about 0.6°C cm™! at
4 hours to about 1.5°C ecm™! at 23 hours. It is quite
interesting that eq 72 may hold true despite such

| | | | l
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Figure 5. Frost heave ratio £ (%) vs. Vo' (cm™! d)
obtained empirically by Takashi et al. (1978).

Figure 6. Frost heave ratio &(%) vs. ao V' (*Cemr2d)
obtained empirically by Miyata and Akagawa (1991).

rates of change in Vj and oy as described above.
From Figure 6 we find a trend similar to that of
Figure5: thegradmtofthecurvegvs.a,V“mds
todecreasethhthemueamgan 1, namely, Ky,
isa function of a V5.

We have studied the steady growth of ice-rich
frozen soil by using M;. We have shown that there
exists a traveling wave solution to the problem of
steadily ice-rich frozen soil and that this
solution is reduced to the solution to the problem

oe




of a steadily growing ice layer when the velocity
fio vanishes. We have also shown that the steady
growth condition of ice-rich frozen soil under
given hydraulic conditions and applied pressures
is uniquely determined by a set of two physical
variables, o and a,. We will present the resuits of
our experimental study in another report.
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APPENDIX A: EXACT SOLUTION OF EQUATION 45

When k(&) is given by eq 40e, we will introduce a
new independent variable X defined forn; 2& 2 ng as

X=1+nE-n), 1+n82X21. (Al
Using X, we will reduce eq 45 to
4T - mx (BT-c0-k3' AL). (A2)

dX
Multiplying eq A2 by X~/ we will write eq A2 as

4 TX- O - _(qxy? x- O (goek;'AL) .
(A3)

Suppose that a solution T(X) of eq A2 exists. Siﬁe Abe
right side of eq A3 is negative, the function TX is
a decreasing function of X. Therefore, T{X) must be
negative for X> 1 because T=0at X = 1. We have found
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that a solution T(X) is negative for X > 1 if it exists.
Integrating eq A2, we obtain

T
1nx=j nBiT-00-k3' ALJ dT.  (A4)

0

Since the integrand of eq A4 is continuous, a solution
T(X) exists. It is easy to see that the right side of eq A2
satisfies a Lipschitz condition with respect to Tbecause
the function A(T) possesses a continuous first deriva-
tive as assumed. Based on an elementary theorem of
ordinary differential equations (Sansone and Conti
1964), we may conclude that eq A2 has a unique
negative solution 7{X) for X > 1.

It follows from eq A2 that the unique solution of
eq A2 is decreasing with x (or &) because the right
side of eq A2 is negative. We have shown that eq 45
has a unique and decreasing solution for n; 2§ 2 ng.




APPENDIX B: APPROXIMATE SOLUTION OF EQUATION 45

As we have shown above (App. A), eq 45 has a
unique and decreasing solution. This implies that X (or
£) and T are one-to-one. Treating A as a function of X,
we will write eq A2 as

T(X) = mpi* (1 - XP) + mont YXP* @B1)

where %o, X,, and Y are defined as

%o = ko 'Lpn Vo (B2)
x1 = 0o + RoWo B3)
X 1]
Y(X) = I v x-temnt)yy B4)
1
We will rewrite eq A2 as
L=-mx)'mn (BS)
where Y, is defined as
Y1=1—x{l(61T+xov). (B6)
Using eq B5, we will reduce eq B4 to
Y=nn'V B7)
T
V=_J v X P ytar (B8)
0 .

Using eq B7, we will reduce eq B1 to:
T(®) = mfi’ (1 - X )+ xox VX, B9)
Using eq B5 and B9, we obtain:

TEX=- X'""l(m - mony &V) +®ov. (B10)
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We will seek approximate equations for eq B9 and
B10 when the following condition holds true:

nd<1 and Pd<l. ®B11)

We found that the condition, eq B11, holds true when
the steady growth of an ice layer occurs (Takeda and
Nakano 1990). When eq B11 holds true, we may use an
approximation (Nakano 1990) given as:

XP 21 4 Bu(E - o) B12)

Using eq B12, we will reduce eq B9 and B10 to
() = uo;;‘V-(n-xoa;‘v B1) (& - no)(B13)
TEX =-m1 +%0 (v + 57" p1¥)
-51(11-1':0:;1&7)(&-1;0) B14)

For the calculation of v, X " is approximated
by usingeq B12 as
X 214 By - mo] ™ ®15)

When V) is very small, from eq B13 T(E) is given as

TE) = - my (& - o). (B16)
Substituting eq B16 into eq B15 we obtain
x*_1- pm;"r)". ®17)
Now V is approximated as
T
V=- f vIYi(1 - i T)] dT. (B18)
0




APPENDIX C: COMPUTATION OF I,
Using eq B5, we will reduce eq 56b to

T

-mKwoh= J X(Kw /K)YdT.  (Cl)
| A

The term B, T in eq B6 describes the effect of sensi-
tive heat that is much less than x,. Also the term
x;'%ov in eq B6isless than one. Therefore, the term
AT + ®ov) is generally less than one and we
may approximate Y; as

Yil=1+x3(PT + nov). ()

Using eq 55b, 55c and C2, we will reduce eq C1 to:

19

-m K - wonong'T1 621

T
=l $1Ti(1 + %y BTHAT

(1]
=¢uTi(1-¢) (o))
where
$1=dé; /dT

1
e=pr (— T+ ﬁ{I ¢1dT). (&)
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