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Abstract

The evolutionary decrease in the size of an individual semiconducto de-
vice continues with no apparent end of the process in sight. As a conse-
quence, it is quite likely that critical dimensions will soon be comparable
to quantum coherence lengths for the particles involved in the transport
within the device. Generally, quantum transport differs from semi-classical
transport in the utilization of a quantum kinetic equation (as opposed to
the Boltzmann transport equation). These quantum kinetic equations can
be developed for the density matrix, the Wigner distribution function, and
real-time Green’s functions, as well as for many reduced approximations to
these quantities. In this review, we study how these various approaches are
connected as well as how they offer different views into the quantum behavior
within devices. Considerable attention is given to tunneling heterostructures




and the resonant-tunneling diode, as well as to the quantum dot structure,
which is the single-electron limit of latter device. An attempt is made to also
identify those areas which warrant further investigation as well as to review
what has been accomplished in the field.
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Introduction

Since the introduction of integrated circuits, the number of individual

transistors on a single chip has doubled approximately every three years.
Today, we are looking at multi-megabit dynamic random access memories
(the 16 Mb is on the market, the 64 Mb is in preproduction and commercial
sales are expected in 1995, and the 256 Mb has already appeared in research
versions). Comparable densities of transistors, our prototypical semiconduc-
tor device, are achieved in dense signal-processing chips, and microprocessors
are only slightly less dense. The annual progression of the increase of device
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density has followed a well-developed set of scaling laws for at least the last
two decades,!'? and there is no indication of any deviation from this scaled
progression for the next decade or so. At the rate of progress of dynamic
memory, we can expect to reach chip densities of 10° devices by 2001. By the
year 2020, we may well have memory chips with a density of 1 terabit, provid-
ing a number of interconnection and architectural problems can be overcome.
Terabit memory chips imply a quite small transistor, and in fact, the scal-
ing rules mentioned above imply a certain reduction of design rule (which is
reflected in gate length and metal line width). The reduction commensurate
with the present growth of integration density is approximately a factor of
1.4 in gate length for each new device generation (which produces only an
increase of 2x in density, the remainder coming from circuit enhancements
and larger chip size). This means that we will be using 0.1 — 0.15 um design
rules for the 4 Gb chips around 2005. If we continue this extrapolation, cur-
rent technology will dictate reduction to 30 nm design rules, and a cell size
below 10° nm?, for the 1 terabit memory.

Whether or not the above scaling rules continue to hold, it appears that we
will eventually see devices with gate lengths of 50 nm and below as part of real
integrated circuits. An electron traveling at the saturated velocity (of most
semiconductors) will traverse this length in about 0.5 ps, or approximately
the time duration of the transient response of an electron to an instanteously
applied electric field of 50 kV/ cm. Moreover, the inelastic mean free path (the
distance over which the carriers travel between energy dissipating scattering
processes, or over which they lose quantum mechanical phase information)
is about 0.1 um (slightly smaller in Si). This is greater than the gate length
expected in these small devices. Thus, it is expected that quantum effects
will become quite significant in the operation of such devices.

While very few laboratories have made research devices on a 0.1 pgm
scale, there is evidence from ultra-submicron devices that have been made
that quantum effects will be important. Silicon MOSFETs (metal-oxide-
semiconductor field-effect transistors) have been made with gate lengths as
short as 60-70 nm.3* GaAs Schottky-gate FETs with gates as short as 30
nm®~7 and high-electron mobility transistors with gate lengths as short as
20 nm®? have been made. In the shortest of these research devices, there is
clear evidence that tunneling, a quantum mechanical effect, through the gate
depletion barrier is the dominant contributor to the current control, which




much reduces the gate control of the current.!®

The transport of carriers in semiconductor devices has long been a subject
of much interest, not only for material evaluation, but also in the realm of
device modeling and, more importantly, as an illuminating tool for delving
into the physics governing the interaction of electrons (and/or holes) with
their environment.!? Moreover, the careful modeling of transport and inter-
actions in devices allows one to push the technology to ever smaller devices
successfully, accounting for new effects arising from the smaller sizes.*

From the above discussion, it appears that more detailed modeling of
quantum contributions needs to be included in device modeling for future
ultra-small devices.!? These quantum effects appear in many guises: a) mod-
ification of the statistical thermodynamics within the device (and in its con-
nection to the external world), b) introduction of new length scales, c) bal-
listic transport and quantum interference, and d) new fluctuations affecting
device performance. Many of these effects already have been studied, either
in models of ultra-submicron devices or in macroscopic devices at low tem-
peratures (which, more appropriately, may be referred to as structures, since
they may well not be true devices in the normal sense). In this review, we
first will try to emphasize the nature of these differences and some of the
new effects and review what is known about them. Then, we will try to
put the approaches to quantum transport for devices into context with each
other. Finally, we will review the manner in which each approach has been
used to model several prototypical quantum devices. We will not review the
entire field of mesoscopic devices, which have been studied extensively at low
temperatures, as these have been the subject of several excellent reviews in
recent years.13-15

1. Quantization in Devices

Today, for the greater part of device and circuit design, relatively simple
device and circuit models, equivalent circuits as it were, are used.!® This type
of approach has been integrated into VLSI design codes, and into microwave
use for discrete systems as well. In both cases, the results have been quite
good for today’s devices. These equivalent circuit models are based largely
upon quite simplified transport analysis for the carriers within the device.
Nevertheless, many more quite sophisticated models of transport, universally




based upon the Boltzmann equation,!! are used to evaluate devices in the sub-
micron and ultra-submicron regime.!” The observations of velocity overshoot,
in which the transient dynamic response of the carriers becomes important
in the device performance, has been a primary driver for using the more
complicated, and more physically correct, transport models.1®

In detailed modeling of semiconductor devices, one normally couples a
more-or-less detailed transport model with a solution of the Poisson’s equa-
tion for the specific structure being modeled.!® Quantization can appear in
either of these two basic parts of the device model. It has been known for
a great many years that carriers in the inversion layer of a Si MOSFET are
confined by the barrier between the semiconductor-oxide interface on one
side and the band bending of the conduction band on the other side. Since
the average thickness of the inversion layer is comparable to the de Broglie
wavelength of the electrons, this confinement is sufficient to produce quan-
tization in the direction normal to the oxide-semiconductor interface.® By
constraining the motion normal to this interface, the carrier motion is now
allowed only in the two directions parallel to the interface, and a quasi-two-
dimensional electron (or hole) gas is formed. In the case of Si, the six-fold
degenerate valleys of the conduction band are split, with the two valleys
having the heavy longitudinal mass normal to the interface lying lower in en-
ergy than the remaining four valleys having the light transverse mass normal
to the interface. This quantization is important in determining the num-
ber of carriers in the inversion layer, and appears as an extra contribution
to the gate capacitance—the peak of the wave function lies away from the
interface, near the center of the quantum well formed by the barriers on ei-
ther side, which is different from the classical case where the density peaks
at the oxide-semiconductor interface. This quantization is also seen in the
high-electron mobility transistor, or HEMT,?°=24 and is also important for
transport in quantum wells,?® and for the detailed screening of the carri-
ers in these structures.?® Consequently, quite complicated simulation codes
have been developed to accurately determine the wave functions and charge
density self-consistently in the quantized inversion layer.?"+38

The transport of the carriers along the channel in the above-mentioned de-
vices is still usually treated by semi-classical techniques—primarily through
studies based upon the Boltzmann transport equation. In these approaches,
classical transport physics is used with the scattering processes calculated




from quantum mechanical approaches, usually no more complicated than the
Fermi golden rule.!' However, the onset of quantum mechanical problems in
transport has been the subject of considerable discussion.!? In general, the
semi-classical approach assumes that the scattering processes are perturba-
tions distinct from those of the driving fields, that the scattering occurs
instanteously in both space and time, and that potential and density gradi-
ents are slow on the scale of the de Broglie wavelength of the carriers.? In
future ultra-submicron semiconductor devices, all of these assumptions can
be expected to be violated. Some work has already appeared concerning the
interaction of the driving fields and the scattering processes, an effect known
as the intra-collisional field effect (ICFE).3°~34 The problem of the rapid
spatial variation of the potential is of course what leads to the quantization
effects in the first place,3® and the multiple interactions this causes is the
major problem to be addressed in this review. The transition between semi-
classical dynamics and quantum dynamics is one that remains in question in
basic quantum theory,3 but quantum transport has been discussed for some
time. One aspect of this is that the basic equations are Markovian in nature,
but under the conditions in which a one-electron distribution function is used,
these can become non-Markovian in nature due to memory effects introduced
by the scattering. Under strong fields and scattering, a new non-perturbative
basis of electron states, rather than a simple perturbation of the Boltzmann
equation, needs 1o be used.3” To be sure, this problem—the steady-state of
the far-from-equilibrium system under high fields—is not new, and appears
equally as well in the semi-classical transport problem. The first to suggest
this new dissipative steady-state was different was Landauer.®® It was pur-
sued eztensively by the Brussels group,®® but the major point above is that
the transition from semi-classical to quantum dynamics is also not a simple
perturbative process. It is these major differences that create much of the
problem in trying to develop quantum mechanical treatments of the transport
for strongly non-equilibrium systems such as occur in semiconductor devices.

2. The Differences from Boltzmann Transport

The basic transport equation for studying carrier behavior in semi-classical
models of semiconductor devices has been the Boltzmann transport equation:




%’f +v gf+ F— = Z[S(p,p)f(p) S(p',p)f(p)] (1)
where p = mv is the momentum, and r is the position. Here, it is as-
sumed that the momentum is related to the energy of the particles by a well-
defined single-electron band structure; e.g., the spectral density is defined by
A(E,p) = §(E — p?/2m) (the spectral density is related to the dispersion
relation between energy and momentum; integration over the vector momen-
tum produces the density of states). Moreover, it is also assumed that the
effect of the potential arises solely from the value of the first derivative, the
field F in (1). Finally, it is assumed that the distribution function f(p,t)
varies slowly on the temporal scale of the relaxation processes, in that it is
the local distribution at time ¢ that appears in (1) and not some retarded
value of the distribution (which one would assume would be the distribution
at the time the appropriate free path began). There are then two approaches
to solving this equation to obtain transport coefficients:

o It is assumed that the variation of the distribution from the equilib-
rium Maxwell-Boltzmann one (nondegenerate statistics are assumed)
is small, and the value of f in the derivatives is replaced by the equilib-
rium value. This leads to what is usually referred to as the relaxation-
time approximation.

o For complicated, anisotropic scattering processes, or for high-field trans-
port, the above approximation fails, and one must actually solve for the
distribution function. This, in fact, is the major problem in hot carrier
transport.

In the case of quantum transport, each of the above assumptions fails. In
particular, the spectral density is no longer a simple delta function, and one
must find its form in the interacting system of many electrons with scattering
by impurities, phonons, and other electrons. At low temperatures, and near
equilibrium, the spectral function is usually found to be a Lorentzian, in
which broadening exists around the value specified for the energy-momentum
relation of the semi-classical model. In addition, the potential leads to non-
local behavior, in which the last term on the left-hand side of (1) includes
an entire heirachy of derivatives, such as originally introduced by Wigner.4°
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Finally, the collisions are no tonger localized in space and time, so that the
collision integral on the right-hand side of (1) becomes a non-Markovian
retardation integral. This leads to a modified heirarchy of solutions for the
quantum distribution function:

e The spectral function must first be determined in the interacting sys-
tem.

e For near-equilibrium systems, or at low temperatures, it may be as-
sumed that the quantum distribution is given by small deviations from
the equilibrium Fermi-Dirac distribution.

e For complicated, anisotropic scattering processes, or for high-field and
strongly non-equilibrium transport, the above approximation fails, and
one must actually solve for the distribution function.

To be sure, in some approaches this sequence is finessed by using single-
time functions, such as the density matrix and the Wigner distribution func-
tion, which essentially integrate out the spectral function, but retain the
full spatially non-local nature of the potential interactions that lead to the
heirarchy of derivatives appearing in the transport equation which replaces
(1). We will illustrate this further below. Nevertheless, the transport prob-
lem, as in the semi-classical case, remains a balance between the driving
forces, primarily-the potential, and the relaxation forces represented in the
collision integral.!

In the quantum mechanical case, there has been an argument for some
time over whether or not the application of an electric field to a crystal
would destroy the bulk band structure and create a Stark ladder of discrete
states.4? In fact, it is known that this does not occur in bulk crystals, where
the use of the electric field creates a Franz-Keldysh shift of the bands, which
is quite useful in modulated electroreflectance to study the band structure.43
Some Stark ladder effects are seen in well correlated superlattice structures
under optical illumination, but, in general, the effects are washed out in bulk
materials by the scattering processes found there.4 '

A. Statistical Thermodynamics and Quantum Potentials

As we discussed above, the potential in quantum systems creates actions
that are nonlocal to the actual potential, i.e., they can occur some distance

10




from the potential. Let us consider how this nonlocality arises. Consider a
simple potential energy barrier (Fig. 1) V(z) = eV,u(—z), where u(z) is the
Heavyside step function. We assume that a non-zero density exists in the
region z > 0, and the question is how the density varies near the barrier,
a quite typical problem in introductory quantum mechanics and in devices.
Here, however, the problem refers in general to a statistical mixed state,
rather than to a single quantum state. In classical mechanics (in the absence
of any self-consistent Poisson equation solutions to find a new, self-consistent
potential), the density varies as exp(—fV), where § is the inverse electron
temperature (= 1/kgT), and for this case is uniform and constant
the barrier, dropping abruptly to zero in the half-space z < 0. [
mechanics, however, the wave function is continuous, and for
of the statistical ensemble must be small at the interface (vanishingly small
for the case V, — oo). This then leads to a different behavior on the part of
the density. In Fig. 1, we show the Wigner distribution function (which, for
the moment, can be thought of as the quantum statistical mechanical analog
of the classical phase-space distribution) for this situation. The parameters
here are appropriate to bulk GaAs, with n = 2 x 10}” cm~3.45> We note that,
far from the barrier, the distribution approaches the classical Maxwellian
form, but near the barrier, the distribution differs greatly from the uniform
classical case. The repulsion of density from the barrier is required by the
vanishing of the wave function at the barrier, but the first peak in the wave
function away from the barrier occurs closer to the barrier for higher momen-
tum states. This leads to much of the complication evident in the figure, and
to a momentum-dependent positional correction to the density away from
the potential barrier. The density peak away from the barrier is governed
by physics similar to the peak in density away from the semiconductor-oxide
interface in a MOSFET, and assures that net charge neutrality is maintained
(which means that Poisson’s equation is included in the solution). The devi-
ation in the density occurs over several thermal de broglie wavelengths (eval-

uated with the thermal momentum) Ap = /A?/3mkpT. This suggests that
nonlocal deviations from classical results can be expected to occur in most
semiconductor devices over a range of 20-40 mn even at room temperature!

It is clear that the density no longer varies simply as exp(—pV), and
that modifications to the statistical mechanics need to be made. The devel-
opment of quantum corrections to statistical thermodynamics, especially in
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equilibrium, has a rich and relatively old history. Unfortunately, there is no
consensus as to the form of the correction to this simple exponential behavior.
If we could find such a correction, it could be utilized in the semi-classical
hydrodynamic equations developed from moments of more basic transport
equations such as (1).

One of the original efforts to obtain quantum corrections to classical dis-
tribution functions was done by Wigner, in introducing the Wigner distribu-
tion function.*® In this regard, it can be considered as an attempt to find an
additional term that can be added to the classical potential to produce the
desired results. The Wigner potential has been put in the form*¢

K’ 9*(lnn)
Uw = ~8m  Ba7 (2)
This represents a quantum correction to the mean kinetic energy of a dis-
tribution of particles. Bohm* also introduced an effective potential, in his
discussions. For a distribution of particles, in the single-electron approxima-
tion, the Bohm potential represents a non-electrostatic force, acting upon a
particle distribution whose value is determined by the form of the particle
distribution. In a sense, this potenial is determined through an interaction of
the particle with itself quantum mechanically. The Bohm potential is given

by ,

h2 62 \/ﬁ
Us = 2m\/n 8z? 3)
These two differ numerically only in a minor way, even though their concep-
tual origins are quite different.

Feynman and Hibbs*® suggested a variational approach by which the clas-
sical potential would be weighted by a Gaussian spreading function. Later
work by Feynman and Kleinert*® extended this to the development of a gen-
eral variational form for the effective potential, in which a nonlocal smoothing
function is applied to the actual potential, and new terms arise to represent
quantum diffusion. A new version, based upon a Green’s function solution of
the effective Bloch equation for the density matrix in the nonlocal potential
has been developed, but untried in actual device simulations.®® This will be
discussed further below.




It must be emphasized that the variation of the wave functions, or the con-
sequent quantum distribution functions, away from confining barriers leads
to quantization within a small system. This quantization is the over-riding
property of small systems, such as quantum wires and quantum boxes.®! In
some cases, the narrow minibands that result from this quantization have
been suggested as a method of cutting down on phonon scattering, by insur-
ing that the width of a miniband is small compared to the optical phonon
energy, while the spacing of the minibands is larger than this energy.5? Most
devices, however, are (erroneously) thought to be unconstrained in the di-
rection to/from the contacts (or the reservoirs, as they will often be called
below), so that these effects are not likely to be observed in most realistic
devices. In fact, determining the contact effects in these "open” systems will
be quite complicated, a point to which we return below.

B. Phase Interference

While current devices have gate lengths in the 0.25-0.7 ym range, at
least for production devices (the shorter ones are GaAs microwave devices),
future devices will reach far smaller sizes. It is conceivable that the gate
length will then be comparable to those in which quantum effects are studied.
The relevant quantity for discussion of quantum interference effects is the
phase change of the carrier as it moves through the semiconductor device.
Interference between differing electron waves, or differing electrons on their
individual trajectories, can occur over distances on the order of the coherence
length of the carrier wave, and this latter distance is generally taken to
be the inelastic mean free path, or phase breaking length. Ballistic, and
therefore coherent and unscattered, transport has been observed through
the base region of a GaAs/AlGaAs hot electron transistor.’® From this, it
is estimated that the inelastic mean free path for electrons in GaAs may be
as much as 0.12 um at room temperature. The phase-breaking length, or
inelastic mean free path, is of the order of (and usually equal to) the energy
relaxation length I, = vr., where 7. is the energy relaxation time and v is
a characteristic velocity. This tells us that even in Si the electron inelastic
mean free path may be 50-100 nm. Thus, the inelastic mean free path can be
quite long, and can be comparable to the gate length in these devices. Since
the phase remains coherent over the range of the correlation function of the
electrons (in space or time), there can be interference effects in the overall
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conductance of the device. The small device will then reflect the intimate
details of the impurity distribution in the particular device, and macroscopic
variations can then arise from one device to another, an effect well known
in mesoscopic devices, where it leads to nonlinearities and fluctuations.®
The basic concepts were expressed rather early by Landauer,’® in which the
conductance through a region with localized scatterers was expressed by very
sample specific properties, known as the Landauer formula

P
= -—h-T. (4)

Here, the formula is expressed for one dimension, but it can be expanded
to more dimensions by interpreting T' as the total transmission of all modes
(electrons) through the region of interest. In this formula, the potentials, used
to calculate the conductance, are determined at the reservoirs (or contacts).
While the original formula was obtained for noninteracting electrons, recent
work has shown that a similar, but more complicated, form is obtained in
the interacting electron case.5

The most usual study of the sample specific variations of the conductance
with gate bias, applied bias, or magnetic field, all of which provide fluctu-
ations in the local potential in the inhomogeneous sample (and all samples
are inhomogeneous in this phase coherent regime), has dealt with universal
conductance fluctuations.!®* However, it is also possible to have a net coherent
backscattering from the impurities, without losing the phase coherence, and
this leads to the concept of weak localization, a form of increased resistance
due to the interactions.®5” One additional effect which has been suggested,
but not studied well, is the fact that the random impurities cause a significant
deviation in the current density from the uniform (average) value, especially
where the cross-section of a single scatterer exceeds that of its equivalent
volume of background semiconductor. Then, any single scatterer is likely to
affect a greater current, due to the detour of current lines away from other
scatterers. This can lead to a greater effect of each scatterer and, hence, a
larger contribution to the resistance of the device.®®

The above effect reaches its pinacle in the presence of a magnetic field,
which can be coupled through the two phase coherent paths, and which leads
to the Aharonov-Bohm effect.5? The effect is most commonly studied in metal
loops, coupled to a pair of reservoirs.%°~%* However, anytime two mutually
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uncorrelated quantum channels are connected at the reservoirs, one must
expect that there will be flux sensitive fluctuations of the conductance.®-7°
One can ask the question as to whether the presence of inelastic scattering in
one or both arms of the loop will cause these oscillations to be damped, and
the answer is generally in the positive. The study of this damping effect led to
the general development of the multi-channel version of (4).” Nevertheless,
the presence of many channels of transport through the active gate region can
be expected to lead to relatively large fluctuations in the overall conductance,
if the conditions are properly attained.

Each of these effects is likely to begin to impact devices, as the size is re-
duced, even at room temperature. The most likely is universal conductance
fluctuations, especially in the turn-on characteristics of the device, where the
conductance is low and the impurities are being charged/discharged. Con-
sider a small device, perhaps with a gate length and width of 0.05 x 0.1 gm,
respectively. If the number of carriers in the inversion channel is 2 x 102
cm™2, there are only 100 electrons under the gate. If there is a fluctuation of
a single impurity (between ionized and neutral), one might expect a change
of conductance of order 1% in the thermally averaged classical regime. The
change can be much larger if the carriers are phase coherent. The phase
coherence™ and the charging of such single impurities has been detected at
low temperature in Si MOSFETs.™ It is clearly established now that the
effect can be much larger than one would expect, and this largeness is due
to the quantum interference caused by the change in trajectories of individ-
ual electrons. The conductance change in the phase interference process can
be of the order of (4), which is about 40 uS. If our device were to exhibit
outstanding conductance of 1000 mS/mm (of gate width), the absolute con-
ductance would only be 100 u«S, so that the fluctuation could be of the order
of 40% of the absolute conductance! This is a very significant fluctuation,
and arises from the lack of ensemble averaging of these effects in the phase
coherent transport through the device. It may well be a limitation in the
performance of such devices.

In fact, our 0.1 um gate width device is quite nearly a device formed on
a quantum wire, since the width is also comparable to the inelastic mean
free path of the carriers. Thus, as the gate potential is varied, one may
well expect to see (even at room temperature) conductance fluctuations aris-
ing from the effects discussed above, as well as other quantum interference
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effects in the device. These conductance fluctuations appear as noise, but
are not temporal variations—they arise in d.c. measurements and are quite
repeatable. Such fluctuations, and their effects on device performance and
behavior, can only be modeled with full quantum mechanical transport, and
electrostatic, models.

3. Open Systems and Contacts

The implications of (4) are that the conductance of a localized tunneling
(or scattering) barrier can be calculated from its transmissive behavior be-
tween two reservoirs.” If there are reservoirs on the left and right-hand sides
of the transmissive region, which may be considered for the present as the
device, it may be assumed that the system is in steady-state thermodynamic
equilibrium deep.within the reservoirs. The device resistance is then com-
posed of the active region and the contacts, which connect the latter to the
reservoirs. In a quantum mechanical sense, this is represented by the incident
and out-going wave functions, their occupation probabilities, as well as the
multi-dimensional transport through the system, and the included inelastic
processes. Nevertheless, it is still possible, in principle, to calculate the trans-
missivity between the incident wave functions and output wave functions in
the exit reservoir. Even if the transmission through the active region is to-
tally elastic (the ballistic transport of the next paragraph), dissipation and
ultimately irreversibility occurs through relaxation in the exit reservoir and
the contact region adjacent to it. While physics normally considers closed
systems, it is the macroscopic open system with its contacts, and reservoirs
that are important to the consideration of devizes.”™ Indeed, simulations of
electron wave packet transport through quantum wires are sensitive to the
details of the treatment of the reservoirs,’”® a result that is also known for
studies of weak localization and universal conductance fluctuations in meso-
scopic devices.”

This becomes more important in devices, as the problems of devices in-
trinsically involve open systems. As illustrated in Fig. 2, carriers within
the device are interacting with a reservoir at each end. The electrons or
holes in these reservoirs have been characterized as either satisfying a Boltz-
mann or Fermi distribution, in equilibrium, or as a displaced distribution in
a nonequilibrium state of bias. Such a characterization implies that a local
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equilibrium exists in the "contact” and is fraught with all of the uncertainties
associated with this characterization. It will be quite necessary to discover
just how the characterization of the reservoirs, or contacts, actually impacts
the simulations of the devices. We will see in the simulations in the following
sections, that the boundaries and contacts play a very essential role, a role
that is well known in the semi-classical world.

A. Bﬂﬁstic Transport

The idea of a quantum trajectory, which resembles the classical phase
space trajectory, dates to the early ideas of de Broglie and his pilot waves.
It was resurrected by Bohm*? to explain considerable detail of his wave ap-
proach. Nevertheless, it has been difficult to incorporate these trajectory
ideas within quantum mechanics, since the probabilistic interpretation of the
wave function tends toward the lack of a well-defined single trajectory for
the wave packet. This is reflected in the summation over probabilistically
weighted trajectories in path integrals.*® Nevertheless, there is a consistent
interpretation of quantum mechanics using trajectories as its basis.”™ This
becomes important when we want to talk about ballistic transport of carri-
ers from one contact reservoir to another. If the distance between the two
reservoirs is less than the elastic mean free path, then carriers injected into
the active region from one reservoir will drift under the applied fields to the
other reservoir. It is not convenient to think about this motion in any other
manner than as the transport of the centroid of the carrier wave packet along
a semi-classical trajectory. Indeed, ballistic transport theory may be set up
by choosing the appropriate fields to accelerate the carriers through the de-
vice; the problem becomes completely non-trivial if the fields are computed
in a fully self-consistent manner.3® The principles behind the Landauer equa-
tion (4) are not dependent upon this view, as one may define the channels
by various modes of a waveguide, but it is often convenient to think of the
Landauer equation in this fashion. We will see this further below, in connec-
tion with transport in high magnetic fields. In general, the nature of ballistic
transport goes beyond structures whose lengths are less than the elastic mean
free path. Rather, the important length over which the transport is essen-
tially ballistic is the inelastic mean free path, or phase breaking length. That
is, the important length is that over which the transport remains coherent.
This was demonstrated by Biittiker,” who showed that transport through
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two series-connected phase-coherent regions produced the normal additiv-
ity of resistances only if an inelastic scattering process occured between the
two regions. In the absence of this inelastic process, coherent addition of
the two regions resuited. Surprizingly, if the overall transmission probability
were low, then the addition of weak inelastic processes actually lowered the
overall resistance, but the classical additivity of resistances was recovered
as the degree of inelastic scattering was increased. It is thought that this
initial lowering results from resonant transmission through the scatter, and
this resonance produced higher transmission, as this effect did not occur for
transmission probabilities of the order of 0.5.

The study of ballistic transport in quantum waveguide structures, in
which a coherent structure supporting only a few occupied channels (a chan-
nel is one mode of transverse quantization) was placed between two reser-
voirs, has been pursued by a number of authors. One reason for this, is that
the modification of (4) for the case of muitiple modes has been somewhat
controversial. To be sure, the overall conductivity is related to the overall
transmission matrix of the multi-mode structure.®’ Yet the number of probes
(side-arms are often added as voltage contacts, while the reservoirs serve as
current contacts) affects the resultant formulae in many cases, and the re-
sult of reversing the magnetic field in a multi-probe measurement must yield
the proper symmetries, consistent with the Onsager relations.®! Indeed, if we
bave a four-terminal structure, with terminals 1 and 2 being used to provide
the source and sink of current, and terminals 3 and 4 being used to measure
the voltage, then (4) can be generalized to

Rioay = 1 __TaTa = T5Tg (5)
12U T2 T (Ta1 + T52)(Ta + T2)

and T = Ty = T31. Clearly, if the last fraction is ignored, then (4) is recov-
ered.

There are caveats to these equations as well. The ”ballistic leads,” e.g.
the regions between the reservoir/contacts and the active region of measure-
ment, must be connected in a nonreflective manner with the reservoirs, and
the electro-chemical potentials must be measured deep in the reservoirs to
assure thermalization of the carriers. If this geometry is not respected, then
deviations can occur in measurements, and even in some theories, and this is
important to considerations of potentials.®2 Consequently, the study of the
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existence of the proper transmission formula and resonances in the transmis-
sion under certain conditions, continues to be a topic of some discussion.®3
In addition, considerable effort is now being expended on the study of the
high frequency forms of the conductance of these ballistic structures,® as
well as the effect that bends in the ballistic structure play in the overall
conductance.®®

One of the most interesting aspects of the Landauer equation is the re-
sulting experimental observation of quantized conductance through a con-
striction which could be varied by the gate voltage. Indeed, steps in the
conductance were found in exact agreement with (4), as the measurements
were essentially a two-terminal measurement.3:87 However, the most exten-
sive study of the multi-terminal version (5) has been in the quantum Hall
effect.® In the presence of a high magnetic field, scattering of the carriers
is suppressed as the ballistic trajectories are folded into Landau orbits, in
which the essentially one-dimensional transport along the orbit hinders the
scattering process.®? Only those trajectories which reflect from the lateral
boundaries move from one contact to another; these edge-located carriers
are essentially what are now called edge states.®0-92 In a great many studies,
which are not the central point of this review, the multi-terminal version (5)
has now been verified. It should also be pointed out that, although (4) and
(5) are basically obtained for non-interacting electrons, the results are not
significantly affected by the presence of carrier-carrier interactions.%3:%¢

While nearly all of the above ballistic electron studies have been carried
out at low temperature, the basic nature of ballistic transport carries through
from the semi-classical regime, and supports the basic trajectory nature of
the transport of carriers, even in the quantum regime. This is likely to be
an important consequence for the small semiconductor devices, in which we
envision a need to include detailed quantum transport models. The ballistic
transport provides one limit of the transport process and must be reflected
in accurate models.

B. Role of the Boundaries and Contacts

One of the important consequences from (5) is that the actual resistance,
or conductance, that is measured is dependent upon the details of the probes
that are connected to the conducting channel. That is, it specifically depends
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upon whether there are two or four probes, or the details about how well the
probes absorb or reflect incoming ballistic trajectories. In general, there are
a large number of possible measurement probe geometries, and each delivers
different possible overall conductances.?® In short, one way of looking at
this problem is that there is a variability in the possible voltages measured,
for a given current, and it is important to know just where in space the
voltage measurements are made. A slightly different view of this is that
any particular (and certainly small) device is actually embedded within its
environment. The boundary effects play an essential role in determining the
physical properties of semiconductor quantum wires.®® The performance of
the device is not usually separable from its environment, and the environment
can in fact completely determine the performance of the device.1? Specific
studies, with regard e.g. to resonant tunneling diodes clearly show this is
the case,?” a point that we will continue to see in the simulations discussed
in later chapters. _

The role of the interaction between the contacts (or probes or reservoirs,
as the case may be) and the device can be significant. Indeed, it is actually
possible for scatterers near the contact to induce oscillations in the electro-
chemical potential,® which further complicates the contact potential drop.
The importance of the contacts and probes is best exemplified in the case
of the quantum Hall effect.%1% Since the edge states are the penultimate
ballistic (and non-dissipative) channel, the entire conductance and voltage
distribution depends upon the details of the current and potential probes.
The nature of this interaction can in fact be studied by varying the con-
finement potential to study the transition from local (classical) to non-local,
ballistic transport.1!

The idea of environment must be extended beyond just the concepts of
probes and contacts. Indeed, it is the entire environment of a particular de-
vice that can lead to changes of device behavior. The presence of continuous
devices opens the door to transfer between such devices, which has been es-
pecially studied in coupled quantum wires.®? Another important scattering
process, in addition to internal scatterers within the device, is interaction
with the interface modes of the lattice.!® In fact, in many cases the scat-
tering from remote and interface modes may be more likely than scattering
within the active device region, simply because of the fraction of phase space
sampled by any particle wave function inside the device may be smaller than
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that part outside. This is also true for the surface, which may have extensive
influence on the nature of the wave packets.!® We will examine the specific
formulation that leads to the detailing of the device-environment interaction
in a great deal more depth later.

4. Some Potentially Important Quantum Devices

It has already been pointed out above that the normal Si MOSFET ac-
tually incorporates quantization within the channel, in the direction normal
to the interface between the oxide and the Si inversion layer. Such quan-
tization also appears in the GaAs/AlGaAs high-electron-mobility transistor
(HEMT), in a similar fashion. Carriers are created by dopants placed in the
AlGaAs, and these carriers transfer into the GaAs to create an accumula-
tion layer on the GaAs side of the heterojunction interface. In both cases,
the inversion/accumulation layers are created in a self-consistent potential
with the actual size (thickness) of the layer being larger than the classical
width due to the wave function of the carriers. This leads to a number of
observable quantum effects in these devices, but which occur mostly at low
temperatures. Moreover, much of these effects are only of second order in
the transport properties. Nevertheless, full understanding of the ultra-small
device will require a more advanced quantum transport treatment. As was
also mentioded above, one of the most obvious quantum effects that can
occur in the transport for ultra-short gate lengths is tunneling through the
gate depletion region, and study of this effect is impossible in a classical
treatment.

Tunneling is a fully quantum mechanical process in which a carrier pene-
trates into and traverses a barrier region, where the amplitude of the barrier
exceeds the kinetic energy of the carrier. It first became of interest in semi-
conductors in highly-doped p — n junctions, where the conduction band on
the n-type side lay below the valence band edge on the p-type side (so-called
degenerately-doped junctions).!® The theory of such interband tunneling,
which can also occur in semiconductors under very high electric fields (where
it is often referred to as Zener tunneling) has been worked out over many
decades, and has been reviewed extensively.1%~1% Even with a long history
of work, there remain questions about the details of real tunneling processes
in the presence of dissipative mechanisms,!®'11% and the tunneling time, the
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physical time required for a carrier to move from one side of the tunneling
barrier to the other, remains quite controversial.!!! Tunneling is also the basis
of the scanning tunneling microscope,!'? a new method of studying surfaces
with atomic resolution. Nevertheless, the key device of interest at present is
the resonant-tunneling diode.

A. The R&onmt-l\xnneling Diode

The idea of using two tunneling barriers, within a single conduction (or va-
lence) band, is a relatively old idea. However, the concept of using band-gap
engineering with semiconductor heterojunctions to create realistic barriers
is only a few decades old,!*® and such structures have clearly shown nega-
tive differential conductivity as soon as they were made.!* The basic idea is
shown in Fig. 3. The barriers are formed by thin layers of AlGaAs, and the
well and boundary layers are formed from GaAs. A quasi-bound state forms
in the well layer. With no applied bias the tunneling through the structure
is greatly reduced, as the tunneling length must extend over the entire width
of the three barrier and well layers. On the other hand, when an applied bias
is present, the anode layer and well layer are pulled to lower energies. When
the quantum well level becomes degenerate with the occupied conduction
band states in the emitter layer (Fig. 3b), current begins to flow through the
structure, since-there is now a resonant state available to the electrons, and
the tunneling distance is now just that of the first barrier. If the two barriers
were equal when the quantum leve] aligns with the emitter filled states, the
transmission coefficient would rise to unity. When further bias is applied,
so that the quantum level in the well drops below the conduction band edge
of the emitter, current no longer flows. Thus, current flows only for a finite
range of bias, and negative resistance is obtained on the high voltage side
of this region.’®> We return to this below, with a more detailed description
in each of the following sections, and include a discussion of non-resonant
tunneling as well.

More recently, the resonant-tunneling diode has found applications in
microwave circuits for amplification and oscillation.}’® Throughout the de-
velopment of the resonant-tunneling diode, there have been a number of con-
troversies. The first was whether the electrons tunneled completely through
the structure coherently (in one step) or sequentially (in two steps).!'? In the
end, it turns out that the actual current seems to be independent of this,
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but the only certainly sequential processes involve scattering of the carri-
ers, especially when the scattering is inelastic, as has been determined by a
number of relatively simple calculations.!®-12! The second controversy, and
perhaps more meaningful, was over the role of trapped charge in the quantum
well. For increasing bias, the quantum well has to be emptied as the current
shuts off.. When the bias is again reduced, the well must be charged to be-
gin the current. This suggests that there should be some hysterysis in the
current-voltage curve.? To really study this effect, one needs self-consistent
calculations for the current-voltage curve. Many of these have been carried
out, and will be discussed in the later sections of this paper. Nevertheless,
some more straight-forward approaches have also appeared; more straight-
forward only in the sense that they try not to get involved in the detailed
calculations of quantum transport.123:1%4

The resonant-tunneling diode is the fruit-fly” for quantum transport
studies, since the classical description cannot provide any insight into the
process—the tunneling process -is the key ingredient. Thus, we will see it
treated again and again in the discussions below. In addition to the cur-
rent, charge within the well, and the overall device characteristics, interest
has focused recently on simple evaluations of the high-frequency -conductiv-
ity and the noise.!?*:126 When the resonant-tunneling diode is also laterally
confined,'?1% one gets a quantum dot (the laterally confined quantum well)
with quite a complicated level structure within the dot.

B. Quantum Dots

The creation of lateral patterning to create an isolated region in which
electrons (or holes) can be localized has led to considerable effort in the study
of quantum dots and the electronic structure in these dots.5!:'?® Usually, as
in solids, the energy structure is calculated for the one-electron states, but
the consideration of the carrier spin!3%:13! and multi-particle states has also
occured.’¥ The quantum dot is usually thought of a localized region defined
by gate potentials, as shown in Fig. 4, but it can actually be a waveguide
resonator attached to an electron (or hole) waveguide.!® The quantum dot is
an interesting mesoscopic structure in its own right, as it is a mini-Aharonov-
Bohm ring when edge states cycle through the structure,!® and it can occur,
and be studied, in a variety of manners, not the least of which is by STM
probing.13® We now are beginning to see studies of various "interactions” in
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the dot to specifically study its properties; e.g., recently Feug et al.'% have
created an additional gate controlled region in the center of the dot so as to
act as an "impurity.”

Obviously, the central quantum well of a resonant-tunneling diode also
plays the role of a quantum dot. In fact, many aspects of quantum dots
coupled to waveguides, or other probing regions, play much the same role
as the tunneling coupling. However, the quantum dots can also be coupled
capaditively, which is a classical interaction. Quantum dot effects begin to
occur when the capacitors coupling the central region to its environment
begin to be sufficiently small that the change in energy of the capacitor, when
one electron transits it, is larger than the thermal energy or any bias energy.
This is the so-called Coulomb blockade regime, and leads to the field of
single-electron tunneling (SET).137 One advantage of the use of capacitively-
coupled dots is the ability to modulate the barriers and produce various
device-like effects through this gate modulation.’3-140 Qthers have reversed
this to use the oscillating barriers to actually study tunneling through these
barriers.141:142 Noise has also been suggested as a mechanism to study the
tunneling properties of the barriers themselves.1®

For the purposes here, the quantum dot is another interesting variant of
the resonant-tunneling diode, and we will see several approaches to treat the
detailed transport through these devices. It should be pointed out, though,
that arrays of quantum dots form an interesting lateral surface superlattice,
which leads to a number of other interested new physical effects, particularly
in the magnetotransport.!** Random arrays of the SET devices are s ma-
jor candidate for future logic applications in the ultra-small regime.13%:145 It
should also be pointed out that multiple quantum dots illustrate SET effects
even in Si MOS structures,!® a result that is expected from semi-classical
modeling.147

II. The Quantum Equations

Although there are different formulations of quantum mechanics, nearly
all approaches which lead to modeling of semiconductor devices derive from
the Schrodinger equation

oYy h? 9*¥

ihe— =

6t —ér—n-‘a;; + V(:z:)\Il (6)
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in one dimension (here taken to be z) so that ¥ = ¥(z,t). It should be
noted that we have taken a particular form for the momentum, in that it is
assumed that the particle energy is quadratic in the momentum. In devices,
modeling usually proceeds from another formulation, which arises from (6),
as will be shown below. The form of (6) is dissipationless, since the poten-
tial is normally the applied or built-in electrostatic potential. Although other
forms are usually used, there has been work to actually apply the Schrédinger
directly in simulations. For this, it must usually be assumed that the length
of the region being simulated is considerably smaller than any characteristic
dissipation length. Various characteristic lengths are important in the quan-
tum mechanical description of transport.1*® Of most interest are the elastic
mean free path, which describes a characteristic scattering length for elastic
processes which do not break the phase coherence or relax the energy, and
the inelastic mean free path, which describes processes which do break the
phase coherence. There can be processes which break phase coherence, but
do not relax the energy, although almost all energy relaxing processes break
the phase coherence. Processes which can break phase coherence without re-
laxing the energy can arise from elastic processes that are sufficiently strong
that they introduce localization. Thouless!*® suggested that one should relate
the inelastic mean free path to the inelastic mean free time as

- L¢ = \/DT,',, N (7)

where D is the carrier diffusion constant (it is assumed that the transport is
diffusive, which implies that it is not ballistic or that there is considerable
elastic scattering occuring within this length). Generally, it is still true that
there is not a particularly good theoretical basis for calculating Ly as yet.14®
Indeed, most estimates for its value are taken from experimental studies of
the material in a particular device configuration.!®

The basic concepts of transport in mesoscopic systems in the presence of
localized scatterers can be traced to Landauer.3® It is now recognized that
slowly varying elastic potentials can lead to localization, and hence phase
breaking in the system.13%151 More importantly, there is a wealth of work
now that clearly shows that the onset of inelastic scattering will suppress
many of the quantum effects that are of interest; e.g. quantum interference
effects.’®? There are many techniques to now simulate this, even with the
Schrodinger equation.'®3:% Indeed, the role of scattering by large eneryy
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exchange processes, such as optical phonons, has clearly been demonstrated
in studies of the DBRTD.}18-120.155-157

The treatment of transport with the Schrodinger equation has followed
several approaches. In one case, the scattering matrix formulation utilized
by Biittiker® has been used to study simple waveguides in which elastic scat-
terers have been imbedded.!*® Here, a new concept has been introduced, and
that is that the wave nature of the electron can be used to treat the transport
of the electron as a guided wave problem,”™ just as in the case of microwave
waveguides. The approach here uses (4) with the total transmission defined

as
T=) Tum, (8)
nm
where T, is the transmission from mode m of the input to mode n of the
output contact. To develop this, it is usually assumed that the waveguide is
created in an otherwise quasi-two-dimensional electron gas. The experimen-
tal waveguide itself can be defined either by physically creating a waveguide
region by reactive-ion etching or by defining it electrostatically with lateral
gates.!® Then it is possible to write Schrodinger’s equation in two dimensions
as (time independent, however)

h2 62 32
" 2m ('3? + 5?) ¥(z,y) + V(z,9)¥(z,y) = E¥(z,y),  (9)

with

V(z,y) = Ve(y) + Vopni(2,9) , (10)
and the first term on the right-hand side is the confinement potential defining
the lateral extent of the waveguide while the last term is any applied potential
describing bias or impurities, etc. The general solution of the wave function in
any small region (these regions are then connected together!*®) over which the
lateral confinement potential is constant (which means that the waveguide
has uniform properties) is given by

¥(z,y) = Z¢n(z)xn(y) ’ . (11)
where, in general,
Xaly) = \/% sin(T57 (12)

26




for hard-wall confinement of the waveguide (in hard wall cases, it is usu-
ally assumed the wave function vanishes at the confinement wall). Other
approaches sometimes use soft walls with quadratic potentials in which the
lateral modes are described by harmonic oscillator wave functions.

The longitudinal modes are described, in general, by a combination of
forward and backward propagating plane waves, as

Pa(z) = an€™  + bpe™*, (13)

where 1, is the propagation constant. If the mode is a propagating mode,
then 7, = tk, and describes the wave nature of the mode. If, on the other
hand, the mode is evanescent, then <, is a real quantity describing the de-
cay of the mode. It is very itmportant to note that proper inclusion of the
evanescent modes is very important in studying waveguide discontinuities by
this method, just as it is in microwave waveguides. At the interface between
two regions, in each of which the mode properties are uniform, the total
wave function and its derivative are matched across the interface (note that
if there is an applied potential at the interface site, the normal derivative is
discontinuous by an amount determined by this potential'®). This approach
has been used to study the role of rounded corners at crossing waveguides,€!
waveguide stubs!® and the effects of impurities in the stub region,16:164 as
well as other configurations mentioned below.

One particularly interesting application is the study of a waveguide with
a double constriction. That is, two narrow waveguides are separated by a
wide region, and contacted with wider reservoirs on the ends, as shown in
Fig. 5(a).1®:168 This structure is the waveguide equivalent of the DBRTD
described previously. Modes are allowed in the wide central region which are
below cutoff in the constricted regions, and this allows for tunneling into the
central region, if the constrictions are sufficiently short, and consequently a
negative-differential conductance can be obtained in the structure. In Fig.
5(b), the overall transmission probability is shown for such a structure as the
energy of the incident wave is varied. This may be used in a conventional
tunneling calculation to determine the current-voltage characteristics, and
the resonance peak in the figure allows for the existence of the negative-
differential conductance in these characteristics.!%

It should be noted that the waveguide mode matching technique is fully
compatible with formulation of scattering matrices,'®” although one normally
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thinks of the matching of the wave function and its derivatives in terms of
a transfer matrix approach. The waveguide approach has great versatility,
so long as the active regions are easily defined in terms of waveguide sec-
tions. It has been applied to tunneling between different waveguides,1%8:169
to the onset of localization arising from rough waveguide boundaries,'™ to
bends,!™ and to resonances from multiple bends in the waveguide.!™ In
the latter, results comparable to lattice Green’s function approaches® have
been obtained. One problem is that self-consistent solutions to the waveg-
uide mode propagation have not been obtained, although the role of carrier-
carrier scattering between various sub-band modes has been studied,!”™-1™
and the general many-body problem has been formulated.!™ Also, a gen-
eralized density-functional theory has been proposed that could be used to
incorporate many-body effects in the waveguide theory.!™ In general, how-
ever, the modeling approaches discussed in the remainder of this review are
better suited for incorporation of many-body effects and self-consistency with
the Poisson equation for the potential.

5. The Density Matrix and Its Brethren

In general, one can solve (6) by assuming an expansion of the wave
function in terms of a set of static basis functions which satisfy the time-
independent eqiation as

Hip = Entpn (14)

in which E, is the energy level corresponding t'» the particular basis functxon
Then, the total wave function can be written as

¥(r,t) = Centa(r)exp (- U (15)

If we now multiply each side of this equation with %,(r) and integrate over
the position, we can evaluate the coefficient in terms of the total wave func-
tion at any arbitrary time, which we here take to be to. Then, (15) can be
rewritten as

¥ = 5 [ apiemes (22D o). o
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This may be rewritten as
Y(r,t) = /dr’K(r, 4, t)¥(r', to) - (17)

Here, K(r,t;1r',to) is our propagator kernal, or Green’s function.

The kernal in (17) describes the general propagation of any initial wave
function at time ¢y to any arbitray time ¢ (which is normally > t,, but not
necessarily so0). There are a number of methods of evaluating it, either by dif-
ferential equations (which we pursue here), or by integral equations known as
path integrals.317" In general, the form shown here is for a system described
fully by a well developed set of basis functions, which are characteristic of
the entire problem. For example, it is often the case that the time is taken to
be imaginary, in which the substitution (t — to) — —ikg, where 8 = 1/kgT
is the inverse temperature, and the resulting form of the kernal is that of a
system in thermal equilibrium.!™ In this case, we talk about (17) represent-
ing a simple mixture of pure states. The usual case is that the exponential
is separated into the two temporal parts, and then each time-varying basis
function is expanded in an arbitrary (but different) set of wave functions, so
that we have a mixed system, and we write the kernal as

K(r,t;r',t0) = ) camdn(r,t)da(r'; o) - (18)
The equa.l-tir;e version of this is termed the density matrix
P(r,x',t) = Y camdi(r, t)da(r’, ) = &°(r, t)B(r',2t) . (19)

There are many different (in detail) definitions of the density matrix. It
can be defined just by the coefficients in the expansion, so that it is a ¢
number matrix.}™ It also appears as the thermal equilibrium form defined
above (for the time-independent form)

p(r,r') =Y e PEr(r')n(r) - . (20)

The last form of (19) defines it in terms of field operators, in which creation
and annihilation operators replace the expansion coefficients, and these op-
erators excite or de-excite each of the "modes” of the basis set. In any of
these definitions, it is important to recall that the density matrix is the equal
time version of the Green’s function.
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A. The Liouville and Bloch Equations

In general, the density matrix is best characterized (for the present argu-
ment) in terms of the field operator form, which is the last part of (19). The
temporal equation of motion for the density matrix can then be developed
using (6) as

2P = (H,], (21)
01.180
2 2 2
i %tf = [—— (gr g r,) +V(r) - V(r’)] or,yt),  (22)

which is termed the Liouville equation. Sometimes, a higher order operator
algebra is used, since the Hamiltonian H is an operator in the Hilbert space
of the density matrix (defined by some basis set of functlons) In this case,
(21) can be written as

ih—aa—t = Hp(r,r',1), (23)

where H is a commutator-generating superoperator.!®1:182 There is no prob-
lem in incorporating a dissipative term in the Hamiltonian, and treating it
by perturbation theory. In fact, this is a quite viable method of-treating
irreversible transport, as has been discussed repeatedly.183-185

On the other hand, if we accept the general view of the density matrix
represented by (20), then it is natural to introduce the time as an imaginary
quantity t — —ikf, and

2 2

o= [ (F-m) VO -V s, 0
which is normally termed the Bloch equation in the symmetrized space of
the density matrix. In a sense, this form is a quasi-steady state, or quasi-
equilibrium, form in which the time variation is either non-existent or suf-
ficiently slow as to not be important in the form of the statistical density
matrix. There exist mathematical proofs that a unique monotonic solution
of this equation exists for the density matrix.}® Before passing on, it is also
important to note that there exists an adjoint equation to (24), which arises
from the anti-commutator relationship, as!™

g; [—% ('g":i + g:,) +V(r)+ V(r’)] p(r,r') . (25)
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This will be used below in a discussion of the connection to semi-classical
behavior. In many respects, it should be noted that the density matrix
is quite often found to be self-adjoint. In Fig. 6, we show a plot of the
density matrix for a DBRTD in the absence of bias. The main diagonal, for
which z = #’ in this one-dimensional model, represents the density variation
through the device. The off-diagonal parts represent the spatial correlation
that exists in the system.

B. Wigner Functions and Green’s Functions

The problem with the density matrix in many semiconductor problems is
that it is defined only in real space, with the important quantum interference
effects occuring between two separated points in space. Even so, it is a
function of six variables, plus of course the time (or the temperature). In
many cases, it would be convenient to describe things in terms of a phase
space function, whose six variables arise from a single position vector and a
momentum vector. While this is not the normal case in quantum mechanics,
it certainly can be arranged.‘®:'®” To see how this is achieved, we rewrite
(22) in terms of a new set of coordinates, the center-of-mass and difference
coordinates, as

—-(r+r’),s-—(r—r) (26)

”

Then, the Liouville equation can be rewritten as

; dp _ h’( 02

%= |-E (s2m) v+ - VR-D) sRest). (1)

If we now introduce the phase-space Wigner distribution,? in three spatial
dimensions,

FwB.p,0) = s [ Fpo(B, s, 0P, (28)

which is often called the Weyl transform,!®8-19! then the Liouville equation
can be written as

3fw 3 th 0

M v mpgph - VR + D) VR T 0w =0, ()
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in the absence of any dissipative processes. This can be rewritten in a more
useful form as

afW(R’ P t) + 1

a 1
- R wRP.t)— 55 [ CPW(R,P)fw(R,p+P,1) =0,

(30)
where

W(R,P) = /daqsin (Ph q) [V(R+ ‘-2‘) ~V(R- ‘5‘)] . 31)
The use of the Wigner function is particulary important in scattering prob-
lems,'®? and it clearly shows the transition to the semi-classical world.!®
Reviewing the above approach, it may be simply stated that the Wigner
function is the Fourier transform, in the difference coordinate, of the density
matrix. These are two equivalent methods of looking at a problem, one (the
density matrix) is entirely in real space, while the second is in phase space
and often has the classical behavior as a limit. In Fig. 7, the Wigner function
for a DBRTD, in the absence of bias, is shown. This should be compared
to the density matrix version in Fig. 6. Clearly, the Wigner function shows
much of the behavior of Fig. 1, in which a non-classical behavior is encoun-
tered near the potential barriers. On the other hand, there is not a great
deal of difference in the representations of Figs. 6 and 7.

In general, the Wigner function described by (28) is not positive definite.
This is a consequence of the uncertainty relationship between position and
momentum. If (28) is integrated over all momentum, then the square mag-
nitude of the wave function results, and this is a positive definite quantity,
being related to the density. By the same token, integrating (28) over all
position provides the square magnitude of the momentum density, which is
also a positive definite quantity. It has been proved that the Wigner function
provides a smooth continuous solution to the equation of motion (30).1* Be-
cause of its close relation to the semi-classical Boltzmann equation, it may
also be shown that it provides a robust solution to the couple Liouville and
Poisson equations,'® and therefore is quite usable for device modeling. More
recently, Arnold has shown that the solution of (30) remains a "physical
Wigner function,” in the sense that it is a mixed quantum state consisting
of a combination of pure states with non-negative distribution weights, for
all times ¢ > 0.1% In fact, however, the Wigner function shown in Fig. 7
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is positive definite, and this is a general result for the equilibrium "ground
state.”%7

In both the density matrix and the Wigner function, only a single time
variable appears in the problem, as it was assumed that the two wave func-
tions, or field operators, in (19) were to be evaluated at equal times. In
essence, these two approaches build in correlations in space but do not con-
sider that there may be correlations in the time domain. This approach does
not have to be taken, and this leads to the concept of the use of Green’s func-
tions themselves to describe the behavior of quantum systems.!® In general,
one separates the kernal in the wave function’s integral expression for the
propagator into forward and reverse times in order to have different func-
tions for retarded (forward in time) and advanced (backwards in time, in the
simplest interpretation) behavior. We do this by introducing the retarded
Green’s function as (for fermions)

Gr(r’ l"; tvt,) = —ie(t - tl) (K(r’ rl; t, t')) = _ie(t - t’) <‘I’(l‘, t)\Ilf(r', t’)) )
| (32)
where the angle brackets have been added to symbolize an ensemble average,
which is also the summation over the proper basis states. On the other hand,
the advanced Green'’s function is given by

Ga(r, ¥; 8,8 = i0(t'—1) (K(r,r';t,t)) = i0(t'—t) (¥}(r', ) ¥(r, 1)) , (33)
and one can then write the kernal itself as
(K(r,r';t, ")) = 1[G/ (r,1'; 8, t") — Ga(r, 1’58, 1)] . (34)

Finding the Green’s functions from the Schrodinger equation, or from
the Liouville equation, is not difficult for simple Hamiltonians, as for any
quantum mechanical problem. Proceeding for complicated Hamiltonians,
such as in the case of many-body interactions or electron-phonon interactions,
is not so simple and a perturbation approach is usually used. However,
this approach is not without its problems, in that the perturbation series
is difficult to evaluate and may not converge. Generating the perturbation
series usually relies upon the S-matrix expansion of the unitary operator'®

exp (-% / ng(n)) , (35)

33




where V(t) is the perturbing potential interaction in the interaction repre-
sentation. In nearly all cases, it is necessary to expand any perturbation
series in terms of wave functions, and Green’s functions, in the absence of
the perturbation, which means at ¢ —+ —oo. In the equilibrium situation,
we can take the opposite limit as well, for the upper limit of the integral
in (35), as it is assumed that the system is in absolute equilibrium at the
point ¢ — oo as well. In the non-equilibrium situation, which is the normal
case in nearly all active semiconductor devices, the latter limit is just not
allowed. Then one must seek a better approach, and this has been given by
the real-time (non-equilibrium) Green’s functions developed by Keldysh?®
and Kadanoff and Baym.?®

To avoid the need to proceed to t — oo in the perturbation series, a
new time path for the real time functions was suggested by Blandin et al?%?
(There may well have been others, but this seems to be the work which
put it in proper context.) This new contour is shown in Fig. 8, where the
contour evolves from the equilibrium (thermal) Green’s function at t, — A8
to a real-time function at ¢y. The contour then extends in the forward time
direction to max(t,t’), hence returning in the anti-time ordered direction to
5.2® In many cases, one lets t{p — —oo if we are not interested in the initial
transients of the system. The bandling of the Green’s function, when both
wave functions are on either the upper or lower branch is straight-forward.
On the other hand, when these two functions are on different branches, two
new functions, the correlation functions must be defined.?®* These are the
"less than” function

G<(r,r'st,t) = i (WH(r',t)¥(r, 1)) , (36)
which has the opposite sign for bosons, and the "greater than” function
G (r,r'5t,t') = —i (U(r,)¥H(r', 1)) . (37)

In general, these four Green’s functions are all that are needed to handle
the complete nonequilibrium problem (in relatively lowest order, as will be
discussed later), but it is often found that two other Green’s functions are
useful. These are the time-ordered and anti-time-ordered Green’s functions,
in which the ordering is in the positive time progression around the contour
of Fig. 8. These two are

Gi(r,r';t,t") = O(t - t')G? (r,r'; ¢, t') + O(t' — t)G<(r,r';t, ') (38)
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and
Gi(r,r';t,t') = O(t' — )G (r,r'; t,t') + O(t — t')G<(r,r’;t,¥') .  (39)

There are obviously relationships between these six Green’s functions, and
these can be expressed as

G, =G;—G< =G> — Gy = O(t - t')(G> - G), (40)
G. =Gy -G = G< — Gy = —O(t' — t)(G”> — G<).. (41)

For systems that have been driven out of equilibrium, the ensemble aver-
age brackets, indicated in the definitions of the Green'’s functions, no longer
signify thermodynamic averaging or averaging over the ground state (at
T = 0), since the latter quantities are ill-defined. Instead, the bracket in-
dicates that some average needs to be taken over the available states of the
nonequilibrium system, in which these states are weighted by the nonequi-
librium distribution.

The equation of motion for the Green’s functions are basically derivable
from the Liouville equation above. The development of this equation for the
various Green’s functions will be put off until Sec. V. Here, we note that
there are many methods of collapsing the Green’s functions into single-time
functions, which lead to a variety of transport equations.?® Let us consider
how to arrive at the Wigner function from the Green’s function. We note
that the definition of the density matrix, that led to the Wigner function,
is basically quite similar to that of G<. This is the proper association, as
the latter function relates to the nonequilibrium distribution function.??:204
Thus, we introduce the center-of-mass and difference coordinates (26), and
equivalent ones for time (with T the average time and 7 the difference time).
Then it is clear that

fw(R,p,T) = liy [ #sG<(R,s,T,7)e" P/, (42)
or .
fw(®B,p,T) = [ dwG<(R,p,T\w), (43)

where the difference time has been Fourier transformed into a frequency in
the last expression. It is clear from this last expression that the difference
coordinates, introduced into the Green’s function as in the density matrix,

35




are Fourier transformed, and the Wigner function obtained from the Green’s
function by averaging out the frequency (or energy) dependence. Thus, the
crucial kinetic variable in the Wigner function is the momentum, and not the
energy, although the two are certainly related through a dispersion relation.

C. Reduced Density Matrices and Projection Operators

In each of the descriptions that has been introduced here, the density
matrix, the Wigner distribution, and the real-time Green's functions, it has
more or less been assumed that one is dealing only with the electron system.
Indeed, it has mainly been assumed that one is dealing with single noninter-
acting electrons so that an equation for the equivalent one-electron distribu-
tion function is adequate. Before proceeding, it is of interest to consider how
a quasi-kinetic picture can be obtained for the equivalent one-electron den-
sity matrix (or other approach) from a general system in which the electrons
and the lattice all contribute to the density matrix, which can be a many-
electron (and many atom) function. In general, the system is described by
the Hamiltonian

H=HO+HF+HL+HeLa (44)

where the terms on the right-hand side represent the electronic motion, the
external fields (in the scalar potential gauge), the lattice motion, and the
electron-phonon.interaction, respectively. The latter can include the coulomb
interaction between impurity atoms and the electrons. The Hamiltonian H,
includes all of the appropriate many-body terms and energy shifts appropri-
ate to the full electron many-body problem, the details of which will not be
treated here. The field term represents the driving fields through a simple
form Hp = —eF - r.

The total density matrix p is defined over the entire system: electrons,
lattice, and interaction.!™ If it is decided to represent p in terms of a com-
plete set of eigenstates for the electron and lattice systems separately, the
general wave function will be a product of the individual wave function basis
sets. The total trace operation, which. appears as the representation of the
ensemble average for a matrix form of the density operator, can be separated
into a succession of of separate trace operations T'ry and T'r., which represent
the partial traces, or partial ensemble averages, over the lattice and electron
components, respectively. This allows us to define the electronic density ma-

36




trix p. = T'ri(p). It is probably worth noting at this point that it is not at all
obvious that this decomposition of the density matrix into clearly definable
electron and lattice contributions will hold except in the steady-state case.!™
In essence, the objections are equivalent to those that limit the use of the ef-
fective mass approximation to relatively long time scales for the interaction.
We will explore this more in later sections.

The approximations above are immediately invoked by introducing (44)
into the Liouville equation and then summing over the lattice degrees of
freedom as described. This gives

dpe
ot

Clearly, the first term on the right-hand side is the electronic motion within
whatever effective mass approximation may be suitable. The second-term
is the electron-lattice interaction. The trace over the lattice coordinates is
equivalent to the summation over the phonon wavevectors in the electon-
phonon interaction.

At this point, it is important to project out the desired part of the electron
density matrix, which is usually the one-electron equivalent density matrix.
This will be done by the use of projection operators.’®! To begin, (45) is
Laplace transformed, with z taken to be the Laplace transform variable con-
jugate to the time.- Then

(s + %ﬁe) Pe = "%T"L{I;Ielnp} +£.(0) , (46)

where H, = Ho + HFp, and the superoperator notation for the commutators
has been used. We now obtain the one-electron density matrix through the
projection operator P through!®2.18

pa=Pp., PP=P,Q=1-P. (47)

This particular projection operator commutes with the trace over the lattice
variables, so that we may define a scattering operator as

2pe1 ~ TrL{PerLp} . (48)

With these definitions, (46) can now be written as'?

th

= [Ho + HF, pe] + Tro{[Hec,p]} - (45)

. 1
e1(8) = P——————=1hp.(0) . 49
pa(s) = Po——p—sito.(0) (49)
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It is clear at this point that one only needs products of various projections of
the resolvent operator (the fraction term above), and the projection operator
identity3®

1 » A 1 PR 1 . PPN R
= (P g e (P P —g0)
.1 .
+ QmQ, (50)
where . . 4 ‘
C=PHQ:——Q—§6QHP (51)

The latter term connects a "diagonal” element to an off-diagonal element,
and then reconnects them by the conjugate operation, so clearly relates to
a second-order interaction of the one-electron density matrix through the
electron-lattice interaction. This leads us to rewrite (48) as

Epa(s) = TrifP(Hes + Ho)Qr— (;eL +A,)0

=Q(Ho +H.)Pp} . (52)

The temporal equation is obtained again by retransforming the density
matrix. This results in the quantum kinetic equation

td

¢
6p¢1 _ i a A A 1 - ' , '
B = mgPRPeal) ~ 5 [Be-pa)te . ()

Clearly, the first-term on the right-hand side gives rise to the spatial vari-
ations of the one-electron density matrix that appear in (22), including the
potential terms. The last term on the right-hand side is the scattering term,
which has been ignored in the discussions above. This term incorporates
retardation of the scattering, which by itself is a great difference from the
Boltzmann equaiton. On the other hand, if the scattering term ¥ varies
slowly, then the convolution integral can be separated, and the Boltzmann
transport equation reasserts itself as the semi-classical limit. Indeed, to low-
est order, the scattering integral, the last term on the right-hand side of (53)
is readily shown to give the Fermi golden rule for perturbation theory. The
essence of the argument here, is that the electron-phonon interaction, the
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electron-impurity interaction, and even the electron-electron interaction can
all be treated by perturbation theory, so that the one-electron (or one-hole)
treatments developed in the preceeding paragraphs are all the equilibrium,
or zero-order, formulations to begin with, and the higher-order interactions
will work to perturb these solutions.

6. The Kubo Formula and Langevin Equations

Although a kinetic theory, such as that of the above paragraphs, is usu-
ally used as the basis of transport theory, there are alternative approaches
tied rather directly to the use of correlation functions, either within a lin-
ear response formalism or with a Langevin equation formalism. The latter
has existed for quite some time, but the formal development of the linear
response formalism is relatively recent, following the work of Kubo.?2% As
this approach is often used, we will review it in this section and then relate
it to the various moment equations that can be obtained from the kinetic
transport equations.

A. The Kubo Formula and Correlation Functions

In the Kubo approach, it is desired to find the response of the coupled
electron-phomon system to a time-dependent perturbation by calculating to
lowest order the change in the density matrix. As earlier, the Hamiltonian
is written in the form (44). The difference here is that it is the electric field
term Hp that is taken to be the perturbing potential. The quantity that is
of interest is the current response to this electric field; e.g., the field is the
forcing function and the current is the response to that force. To show this
in detail, the field (assumed to be an a.c. field for the moment) is written in
the vector potential gauge, so that the perturbing Hamiltonian term may be
written as

Hp = / &r A(r,t)(r) (54)

where j(r) is the paramagnetic part of the symmetrized total current opera-
tor. Now, one can either transform everything into the interaction represen-
tation, keeping just the lowest order terms in the exponential expansion (35)
for linear response, or expand the density matrix in the Liouville equation
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(21). The latter approach is used, although the end result is the same. The
density matrix is expanded as

p=po+p(t) (55)

where po describes the system prior to the application of the perturbation
and is thus a system in which the electrons and the lattice are in equilibrium
with each other, and with any internal electric fields that may result from
inhomogeneous distributions of dopants within the semiconductor device.
The linearized Liouville equation is then given by

552 = [H, 80(0)] ~ (po, H], (56)
iﬁ%@ —[H,po) =0. (57)

Here, H = Ho + Hr + H.p. The linear perturbation in the density matrix
can then be obtained to be

. t
Sp(t) = %fmﬂ* / dt'[po, Hp(t'))eHH" | (5