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ABSTRACT

This report presents results of a three phase effort to demonstrate the use of
convex control design techniques in aeronautical applications. The first phase was the
demonstration of a methodology by which classical aircraft controller design require-
ments could be translated into the weighting matrices for H,, controller synthesis.
The second phase extended that methodology to the design of mixed H, / Ho con-
trollers. The third phase considered the problem of minimizing the size of aircraft
control surfaces while meeting closed-loop dynamic performance requirements.

Control sizing is a critical element in the design of Reduced Static Stability
(RSS) aircraft. Inadequate control power places the vehicle in peril, while too much
control power forfeits the benefits of RSS, resulting in poorer performance, increased
weight, increased cost, increased drag, and increased observability. Non-heuristic
methods have been required by which the physical configuration and the accompa-
nying controller can be designed directly from the flying qualities specifications. The
optimization of the surfaces should be done while searching over the set of all con-
trollers which, together in closed-loop, satisfy the flying qualities requirements. This
report presents a methodology which simultaneously optimizes both the physical con-

figuration and the control system of a rigid body, using performance requirements
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I. INTRODUCTION

Aeronautical applications have provided much of both the motivation and re-
sources for recent advances in the field of controls engineering. In the quest for
ever improving performance, the field of aerodynamics matured to the point that
only incremental gains were possible. Consequently, the thrust for improved perfor-
mance turned instead to more innovative ways of controlling air vehicles— allowing
for unstable open-loop dynamics, shrinking control surfaces, and eliminating mechan-
ical command systems in favor of “fly-by-wire” systems. These innovations in con-
trols permitted the industry to exploit innovation in aerodynamics. The multi-input
multi-output (MIMO) nature of flight dynamics, which severely taxed the methods
of classical control design, and the fiscal resources available as a consequence of the
industry’s vitality, fueled the development of the tools which for the moment are re-
ferred to as “Modern Control.” Included in the list of the most recent tools available
to the controls designer are controllers which are designed through the solution of
convex optimization problems. The first general objective of this research was to
demonstrate a methodology of how these theoretical advances can be implemented in
aeronautical applications.

The second phase of the research then built upon the first, and capitalized on
the very recent convergence of several technologies. As suggested above, the pursuit
for performance has led both the commercial and military aircraft industries into
the realm of Relaxed Static Stability (RSS) aircraft. The benefits include enhanced
maneuverability, lower drag, lower weight, #nd lower cost. Reduced static stability
is achieved, in large part, by shrinking or eliminating surfaces or physical features

whose sole purpose is to provide either control power or static stability. Consider-



able industry and government attention has been focused on the question of how
one quantifies the thresholds for satisfactory dynamic performance. A dramatic re-
vision to the traditional flying qualities specifications, from MIL-8785C [Ref. 1] to
MIL-1797 [Ref. 2] was principally in response to these types of issues. An ongoing
NASA /Navy research effort has for several years been trying to quantify thresholds
and metrics for satisfactory dynamic response [Ref. 3, 4]. Note, however, that the
focus has been establishing metrics for satisfactory flying qualities (the dynamic be-
havior observed by the aircrew). One published research effort (not associated with
a specific airframe) has concentrated on the task of translating the flying qualities
requirements into the domain of vehicle and controls design [Ref. 5]. In this 1987
study, the absence of both an appropriate theoretical framework and the requisite op-
timization tools constrained the controls design approach to classical methods. The
very recent convergence of three key technologies: (1) the theoretical formulation of
many controls problems as convex or affine optimization problems, (2) the develop-
ment of efficient numerical methods for the solution of convex or affine optimization
problems, and (3) the computational capacity of modern engineering workstations to
execute such routines, now permits the formulation of these vehicle and controller
design problems to be posed as tractable constrained optimization problems. This
report proposes a theoretical formulation and demonstrates a methodology by which
not only a vehicle’s control system, but the physical configuration of the vehicle itself,
may be posed as a tractable constrained optimization problem.

In the pursuit of the above general objectives, the research effort was comprised
of three projects. The first involved simply the use of available commercial designs
tools. The second involved the creation of controller design tools based on recent the-
oretical formulations, and then their application to a simple design problem. Finally,

the third area, the optimization of vehicle control power characteristics required the



development of a theoretical formulation, the creation of the appropriate design tools,
and then their application to simple design examples to illustrate the viability of the
methodology. Though these three efforts may only seem loosely related, each of the
first two projects had elements which were critical to the subsequent project(s). The

next section provides an overview of each project and its specific objectives.

A. SPECIFIC OBJECTIVES

The first problem was pure H,, design for the autoland control system of a
I°-14 aircraft. The F-14 is a carrier-based fighter manufactured by Grumman Corpo-
ration, and was selected for various examples within this study because of the unique

configuration of its control surfaces. This effort had several specific objectives:

1. Investigate how M., control could be utilized to incorporate the F-14’s Direct
Lift Control (DLC) in the autoland problem. DLC is a powerful aerodynamic
control surface which can directly decrease or increase the lift generated by the
wing by the symmetric deflection/ retraction of over-wing spoilers. The DLC

is currently dormant in the F-14's autoland configuration.

o

Further develop and demonstrate a methodology whereby scalar weighting func-
tions could he used to tune an M., controller to meet classical performance

requirements, including sensor bandwidths. This was an extension of the work

of other authors [Ref. 6, 7, 8, 9, 10].
3. Introduce a methodology for the robustness analysis of nonlinear air vehicles.

The design and analysis tools used here were commercially available, and the principal
contribution of this section was the demonstration of A methodology for their use.
Though convex methods were not applied in this problem, the development of the

methodology was necessary as a foundation for the second problem.

3



The second phase of the work was a mixed H; / Hy controller design example.
Again the F-14 autoland controller design problem was chosen. The objectives of this

phase included:

1. Development of the computational design tools which could solve the continuous
and discrete time My / Ho, controller design problem. These problems had
previously been theoretically posed by Rotea, Khargonekar, and Kaminer as

convex optimization problems [Ref. 11, 12].

2. Demonstrate a methodology for the use of mixed H; / Ho controllers. It
was assumed at the outset that the methodology would be a derivative of the

methodology demonstrated in the first design problem.

This phase of the work provided the modeling skills and convex optimization skills
which were necessary for the pursuit of the final phase of the research.

With the first two projects complete, the foundations were in place to pursue
the principal objective. The appropriate sizing of aerodynamic control surfaces is
a current issue as the result of the trend towards Relaxed Static Stability (RSS)
aircraft. The methodology in practice today is for the aerodynamic configuration
designer to provide a controls designer with a configuration for which he is to design
a controller that will hopefully satisfy the specified open-loop and closed-loop perfor-
mance requirements. The controls designer only influences the configuration in the
sense that if there is inadequate control power to achieve the desired flying qualities,
the design is sent back to the configuration designer to provide more control power.
Absent is a method by which the performance requirements can directly be trans-
lated into an optimal configuration along with an accompanying feasible controller.
Given that many common performance specifications are convex, the question posed

was: “Is it possible, to formulate a convex controller design problem in which not

4



just the controller, but the plant itself is optimized?” We will refer to this as the
plant/controller optimization problem. The final phase of the research consequently

had three objectives:

1. Determine a theoretical formulation for the plant/controller optimization prob-

lem.
2. Design the computational tools necessary to implement the proposed solution.

3. Create multiple design examples to illustrate and validate the proposed solution.

B. REPORT ORGANIZATION

The report is organized so as to separate the discussion of computation issues
from the engineering issues. Consequently, the main body of the report exclusively
discusses either theoretical issues or their applications. The computer codes and their
relevant discussions are then found in the various appendices.

The main body begins with an overview of the tools and theory which were
then applied in pursuit of the above objectives. Chapter Il presents a short discus-
sion of convex optimization, and outlines the two numerical algorithms which were
used to solve the convex optimization problems which occur in the report. Chapter
I11 then presents the theoretical controls background upon which the research drew.
Most important is the outline of convex and affine expressions for various control
design problems. Because of the similarity of the two problems, Chapter IV presents
the details of both the H, and mixed H; / H,, design problems. This includes
a description of the problem to be solved, and the methodology for both the syn-
thesis and analysis of the resulting controllers. In both cases, a simulation exercise
was performed io verify that the controller demonstrated the desired characteristics.

Chapter V then presents a methodology by which the plant/controller optimization



problem can be formulated as Linear Matrix Inequalities (LMI's). This formulation
then permits the solution of the problem by convex methods. This chapter also in-
cludes a number of examples demonstrating how various types of specifications can
be accommodated by this methodology. Finally, Chapter VI provides a summary of
the conclusions and recommendations of the report.

The appendices form the balance of the report and include the final versions
of the various computer codes used to generate the results found in the main body.
MATLAB was used for all the programming, and so the code; are written either
as function files, or m-file scripts. Appendix A presents the derivation and listing
of the codes which were used to solve the continuous and discrete time H; /| Hoo
controller design problems. Appendix B provides the materials which supported the
two F-14 design example problems. This includes the SIMULINK models used both
to form the synthesis model and perform the nonlinear simulation. The scripts used
to perform/analyze the design are also listed. Next, Appendix C presents a listing of
the interior point codes which were used to solve those problems posed as LMI's. The
original versions of these codes were written at the University of Michigan, and were
provided by Professor Pramod Khargonekar. They were then substantially modified
by this author to improve their numerical efficiency and reliability. Finally, Appendix
D presents the function files and scripts which were used to support and illustrate

the plant/controller optimization material of Chapter V.



II. CONVEX OPTIMIZATION

This chapter provides essential background material on the general classes of
problems which were considered, and outlines the tools available for solving these
problems. The first section reviews the foundational mathematical definitions. Fa-
miliarity with these terms and relationships is a prerequisite, as they occur repeatedly
throughout the report, and in part define the scope of this report. Next, the second
section provides a brief overview of the two numerical tools which were applied in
solving the various example problems.

The following notational conventions will be observed in this report. Greek
letters represent scalars or scalar valued functions (e.g. A € Ror ¢(z) : R® — R).
Lower case letters represent vectors (e.g. £ € R"), with a subscript ¢ indicating
the ith element. Lastly, uppercase letters represent either matrices or matrix valued
functions (e.g. Y € R™*™ or F(z). Pairs of subscripts on a matrix are the indices
for a particular element of the matrix. A single subscript on a matrix indicates a
particular matrix in a set of matrices. Additional notation will be introduced later,

when flight dynamics conventions prevail.

A. DEFINITIONS
1. General
In general, the optimization problems considered during this research were

of the form:

Given the vector space R", and the scalar valued functions ¢(z) : R* = R
and Y(z): R® = R, find 2,5, ER", such that ¢(z) is minimized, subject
to Y(x) < 0.



The function ¥(z) is referred to as the constraint function, and if ¥(s) < 0, then
s € R" is referred to as a feasible solution. The function ¢(z) is referred to as
either the objective function or cost function. In practice, a (sub)optimal search
was performed to find a z,, €R" such that ¢(z,u) — &(Top) < v, where v was an
arbitrarily small stopping criteria.

The following mathematical definitions are important in describing various
types of functionals. The definitions are extracted from [Ref. 13], but are standard
across the literature. Consider the set X € R".

Definition 2.1The set X is “affine,” if for any z, &+ €X and any A € R, Ar + (1 —
\i € X,

Definition 2.2The set X is “conver,” if for any 2, & € X and any A € [0,1],
Az + (1 — Nz € X,

Definition 2.3 The functional ¢ : X — R is “affine,” if for any z, 3 € X and any
AER, ¢(Az+ (1= X)&) < M(z) + (1 = N)g(2).

Definition 2.4 The functional ¢ : X — R is “convez,” if for any x, & € X and any
A€[0,1], ¢(Az + (1 = A)2) < M(z) + (1 — A)g().

Definition 2.5The functional ¢ on the convex set X is “quasi-conver ,” if for any
x, 2 €X and any XA € [0,1], ¢(Ax + (1 — M) < maz(d(z), d(7)).

The following relationships can be deduced from the definitions:

1. an affine set is convex ,

[

an affine functional is convex .
3. a convex functional is quasi-convex,

4. the reciprocal of an affine function is affine.



The most significant fact relating convex sets and (quasi)convex functionals
is that if ¥(z) is (quasi)convex, and a € R, then the set X containing all z, such
that ¥(zr) < a, is convex. Similarly, if y is affine and o« € R, then the set X
cortaining all x, such that ¥(z) < a, is affine. These are referred to as functional
ineguality specifications. The practical significance of quasi-convex functionals and
the convex sets represented by a functional inequality specification is that one is
guaranteed to find the global minimum of an objective function to within a numerical
threshold. Furthermore, if the set is bounded, then the argument minimizing the
objective function can also be isolated. The advantage of convex functionals over
those that are quasi-convex is the facility with which lower bounds can be computed
during the optimization process, resulting in straightforward termination criteria.
The reference [Ref. 13] contains additional information on the properties of convex
sets and functionals, as well as illustrations and alternative tests for convexity. The
optimization problem described above is a (quasi)convex optimization problem if the
set satisfying the constraining functional inequality specification is convex, and the
objective function is (quasi)convex.

The optimization problem described above prescribed that the constraint
functional ¢ (x) be scalar. Many of the constraint functionals encountered in this
report will be matrix inequalities of the form: H(zx) = HT(x) < 0. This is math-
ematically equivalent to the scalar functional inequality: An.-(H(z)) < 0. Conse-
quently, we can use the functional matrix inequality to notationally represent the
scalar constraint:\p,q-(H(x)) < 0. Within all of the numerical algorithms applied
here, it is the scalar constraint that is enforced.

2. Linear Matrix Inequalities
Consider the set of square, symmetric matrices Fg, Fy, ..., F,, where F; =

F,T € R™*™ for all .



Definition 2.6 The functional inequality F(z) > 0, ¢ €R", is a Linear Matrir In-
equality (LMI), if it can be posed in the form F(r) = Fo+ ¥, z:F; > 0.

Note that the functional ¢(x) = Anez(—F(z)) is affine. Consequently, the LMI ,
F(z) > 0, represents an affine functional inequality specification. Though the above
mathematical definition of affine only pertains to scalar functions, it is extended it
to include all matrix-valued functions of the form F(z) = Fo + ¥I., x;F.. In this
context, we refer to F(z) as affine in z.

Several forms of optimization problems exist involving LMI’s. The two
problems of interest here are the Generalized Eigenvalue Problem (GEVP), and the
Eigenvalue Problem(EVP). Let A(z), B(x), and C(x) be symmetric matrix-valued
affine functions of x. The GEVP is defined as follows:

Minimize: A

Subject to: AB(z) - A(z) > 0, B(z) > 0, and C(z)> 0. (2.1)

The EVP is the simplified case where B(z) = I. The important distinction between
the two classes of problems is that the EVP is a convex optimization problem, while
the GEVP is quasi-convex (see [Ref. 14]).
3. Schur Complements
The following lemma will be very helpful in reformulating various matrix
inequalities.
Lemma 2.7 (Schur Complements)Let Q, S, and R be matrices of compatible

dimensions. Suppose Q = Q7, and S = ST. Then the following two statements are

equivalent:
Q R
1. RT S > 0.

2.Q>0,5>0, and Q— RS'RT > 0.
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Specifically, Schur complements are the means by which many of the Riccati

inequalities common to modern control theory can be reformulated as LMI’s.

B. NUMERICAL ALGORITHMS FOR THE SOLUTION OF CONVEX

OPTIMIZATION PROBLEMS

Two numerical algorithms were used to solve the convex optimization problems
of this research. At the point at which the research was undertaken, two princi-
ple numerical tools were available to pursue convex optimization problems: Kelly’s
cutting plane methods, and the Ellipsoid algorithm. The Ellipsoid algorithm was
chosen both for it’s ease of implementation, and its attributes regarding problem size.
Kelly’s cutting plane methods were rejected due to a concern about the growth of the
data storage requirements for the size problems being considered. Shortly after the
implementation of the Ellipsoidal codes for several problems, Interior Point methods
began io mature and receive substantial attention in the controls community. These
latter methods are applicable only to those convex optimization problems which can
be posed as LMI’s, but are reputed to converge much more quickly than the previous
methods. In each case, Professor Stephen Boyd of Stanford University was the prin-
cipal figure responsible for the popularization of these tools in the context of control
theory applications.

This section provides a brief discussion of both of these methods. Only those
details relevant to our specific implementation are addressed, as both these methods
were regarded as means to an end. Details and convergence proofs, as well as further
references regarding the history of these methods can be found in [Ref. 13, 14, 15].

1. ‘Ellipsoidal Algorithm

The ellipsoidal algorithm is suitable for use in all quasi-convex optimization

procedures, including LMUI’s, and is mathematically guaranteed to find a optimum
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solution to within a specified threshold. First of all, consider a problem in which
one is simply trying to optimize an objective function ¢(z) without any constraints.
Consider Figure 2.1. At each iteration k, the search is characterized by a vector
) ¢ R", and an ellipsoid E¥) centered about x*), whose size and orientation are
defined by the positive definite matrix A(¥) € R"*" (the eigenvalues of A(¥) are the
square of the magnitudes of the respective semi-axes of E(¥), while the eigenvectors
of A%) are their orientations). Assume that optimum point is located within E(*)

and let the gradient vector g be defined: (¥ = 24(z) If ¢(z'¥)) = a, then ¢(x)

(k)"
convex implies that ¢(x) > a for all z in that half of E® in the direction of g,

The optimum point must then lie in the other half of E*), and the hzlf in the g(*)
direction may be discarded from the search. Consequently, each iteration finds a
new ellipsoid defined by (z(¥*1) A(*+1)) which completely contains the entire half-
ellipsoid bounded by ((z(¥), A¥), and the hyper-plane orthogonal to ¢{¥, in the —g(*)
direction (the shaded area of Figure 2.1). The process is then repeated. Though the
ellipsoid may elongate, the volume of the ellipsoid shrinks at a constant rate with
each iteration, until the optimum point is isolated to suitable precision. Preferably,
the ellipsoid should be initialized such that it includes the optimal point, though it
is reportedly possible for the ellipsoid to migrate to capture the optimal point [Ref.
13].

This mechanism works equally well for constrained optimization problems.
For the constrained problem, the new ellipsoid is used to either further isolate the
feasible set defined by the constraint functional inequality, ¥)(x) < 0, or reduce the

cost function ¢(x). The algorithm progresses as follows:
1. Evaluate y(z(%).

2. If 2™ is infeasible (¥(z(¥)) > 0), then find the gradient g\ = 2¢ By

or |p6)°



Figure 2.1: Graphical Depiction of the Ellipsoidal Algorithm

13



eliminating the infeasible half-space in the direction g,(:), a new smaller ellipsoid
(z*+1), A(¥+1)) i3 determined. Provided that the search was initialized with a
feasible point in the original ellipsoid, then all feasible points in (z!¥), A(¥)) are

retained in (z(¥+1), A(k+1)),

3. If ¥ s feasible (1(z(*) < 0), then find the gradient gg‘) = & Now the

(k'

half space is eliminated for which the objective function has values greater than
(#(z*))), retaining in (z(¥+!), A(¥+1) all of the feasible points having objective

values less than (¢(z(¥)).

4. Next iteration

Note that any number of constraint functions ¥;(x) could be considered sequentially
in step 2 above. This structure is clearly apparent in the ellipsoidal codes in Appendix
A (such as h2infsyn).

The various formulae for updating the ellipsoid can be found in the codes
and in [Ref. 13]. The principal challenge in applying ellipsoidal methods was the
derivation of the appropriate subgradients of functions which were not strictly differ-
entiable.

In practice, a deep-cut modification to the above algorithm was used [Ref.
13]. The principal here was to use the valu.e ¥(z(®) > 0 to shift the position of the
hyper-plane in the —g(*) direction so as to reject more of the infeasible space with
each iteration, improving the speed of convergence.

2. Interior Point Methods

Interior point methods for the efficient numerical solution of LMI’s are
generally attributed to Nesterov and Nemirovsky [Ref. 16]. Their application to
problems of interest to the controls community was then popularized by Boyd and El

Ghaoui [Ref. 14, 15).
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Unlike the Ellipsvidal algorithm outlined above, the Interior Point algo-
rithm is restricted to those optimization problems which can be posed as LMI's.
Computationally, the interior point methods are superior to each of the other meth-
ods in part because the search is restricted to the feasible set (henpe Interior Point),
whereas both the Ellipsoidal and Cutting-Plane methods can exhaust tremendous
amounts of computational energy on isolating the feasible set. Only a brief overview
of the method is presented here, and the reader is referred to [Ref. 14, 15] for more
thorough coverage.

Consider the EVP ahove. By including X as the first element of the vector

x (i.e. 2 =[X 2T ]T), and letting ¢ = [1,0,...,0], the EVP can be reformulated:

Minimize: A = cTz

Subject to: F(z):= [ M - Az

)
Let A*) represent an upper-bound on ) for iteration k. Let A°?* represent

the optimal value of the EVP, such that for all A¥)) > A% the LMI

(k)y _ AT,
[A )=GE > 0,

F(z)

is feasible, i.e., there exists a vector x satisfying the LMI. If we assume that the LMI

has a bounded feasible set, then the function

(2.2)

_ 1
8(z) = log (det F(z)™") + log yry——=

has a global minimum within the bounded set since both terms are convex functions
of x. The first term of #(z) is a boundary function because its value goes to infinity
as the boundary of the set {z : F(z) > 0} is approached. It is this property that is
used to keep the search within the feasible set. The choice of boundary function is not

unique, and while it is unusual to find the determinant in a computational routine,
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it is used here because both the gradient and Hessian of the boundary function are
easily computed, and calculation of ¢(z) itself is not required. The analytic center of

#(z, A) is denoted as z*(A(*)), and defined by:
2*(A®) := arg min, (log (det F(z,1)") + log Fﬁ—i‘cﬁ) . (2.3)
The Interior Point method used here is based on the method of centers and
is comprised of two nested loops. In the inner loop, given A*¥), the analytic center
x*(A*)) can be found by Newton’s method. In the outer loop, A¥) is decreased with
each iteration, and the search for z*(A\(**1)) is initialized at z*(A\¥). Algorithmically:

1. Initialize the problem at k = 0, with some feasible z(°®) and A(®), such that:

A0 — (T (0
Fzo) | >0

2. Update A%);
AR+ = (1 — )Tz 4 gAR), (2.4)

3. Find the analytic center z*(A(¥*1)) by Newton’s method.

4. Update z(¥):
k1) = g (a1, (2.5)

5. Next k. Return to step 2 until termination criteria satisfied.

The variable 8 € (0,1) is a computational parameter, with 8 typically small. Note
that the second term of ¢(z) in 2.2 is singular if § = 0. In the outer loop, z(¥
represents the set of analytic centers, which is described as the path of centers, hence
the method is referred to as the method of centers.

Define the gradient (g) and Hessian (H) of ¢ to be:

g(z) = :;:5(? (a vector)
H(z) := T‘;@ (a matrix).

The following algorithm outlines the Newton search for the analytic center, z*(A)):

16



1. Initialize the Newton search with z(*!) = 7%

2. Calculate each element of the gradient and Hessian of ¢ at z(*):

G
NE) — T (k)

Hi(z®) = tr(F@*") ' FF(E")7'F) +

g(z®) = tr(F(*")'F) +
'C.‘C'
(A(k)_crjx(k.l))z (2.7)

3. Determine the Newton decrement, é, and the damping factor, a:

§(zk) = \/g(z(k.n)TH(,(k.l))—lg(z(k.l)) (2.8)
1 if6(zk") < 0.25
a(z*™D) = {1/(l+6(:c“"”)) ;mg(*v”;;o.zs ' (29)

4. Update the search:

0 = g(k, 1) - a(z M) H(2®0) 1 g(*). (2.10)

5. Next I. Return to step 2, unless termination criteria satisfied.

&

22 (A0 = gk,

Details regarding the algorithm, including convergence proofs, termination criteria,
and modifications, can be found in the above references. The interior point routines
used for this research are discussed and documented in Appendix C. It is important to
note that these routines are not problem specific but are suitable for solving any prob-
lem which has been posed as a GEVP (EVP). Once the problem is so posed, then the
interior point algorithm requires only the three sets of basis matrices { Ag, Ay, ..., A},

{Bo, Bl, 500 ,Bn}, and {Co,C],. . .(jn}.
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III. THEORETICAL BACKGROUND

A wide range of interesting and powerful control problems can now be solved and
applied as the result of recent advances in computational methods, computer capacity
and theoretical control. The previous chapter outlined several of these computational
tools. This chapter provides the theoretical background for the control design and
analysis tools implemented in this report.

Consider the multiple input multiple output (MIMO) feedback system depicted
in Figure 3.1. For the purposes of this chapter, we shall consider only finite dimen-

sional linear time invariant systems. The general problem of control design is: Given

Figure 3.1: Standard-Feedback Configuration.

G , find C such that the closed-loop system 7(G ,C ) is internally stable, and such that
the output vector z has some specified desirable character in response to either the
input vector w, or some specified set of initial conditions. It has long been recognized
that many traditional control problems, such as solutions to Lyapunov’s Equation,
can be posed as a convex optimization problems. It is only with recent improvements
in computational capacity (hard and soft), that these problems have become numer-

ically tractable. Simultaneous with the increase in computational capacity came the

18



realization that many other desirable control problems could likewise be posed as
convex optimization problems.

Initially, this chapter outlines several control problems which can be expressed
as convex optimization problems. First, the H., control problem will be defined
and discussed. The pure M., problem can be more rapidly solved by methods other
than convex optimization, but its convex forms allow for several derivative problems
of interest. Furthermore, it is the convex form that allows H, to be used as the
foundation for solutions to the plant/controller optimization problem. Next, the
mixed H,; / Hy control problem (continuous and discrete time) will be discussed and
outlined. Third, a convex constraint for closed-loop pole locations will be presented.

After the presentation of the control design tools, the small gain theorems and
the structured singular value will be discussed. By themselves, these are not design,
but robustness analysis tools, and while not explicitly part of the convex optimization
process, they can serve as a guide in formulating a synthesis model to design for

robustness.

A. H, CONTROL
1. The oo Norm
Consider again the feedback system depicted in Figure 3.1. Let T,,(G ,C)
denote the closed-loop transfer function matrix from the input vector w of exogenous
signals, to the output vector z of errors. Then the infinity norm of T,,(G ,C) is

defined as the supremum over all frequencies of its largest singular value:

| T:u(G ,C) lloo:= Sgp{&(Tzw(j“’))},
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where & denotes the maximum singular value of T. This is an induced norm from w

to z, which can alternatively be expressed,
I ToulG 1€ ) lloo= supdl 2 il w [l2< 1}.

An interesting physical interpretation is that || T,,(G ,C ) |l represents the peak

power gain from w to z [Ref. 17):

| TaulG .C ) flo= sup {Hﬂ}

pow(w)

where:

N DL
pow(w) := (llm ﬁ,-/_Tw(_t) dt) .

y Jes

The power interpretation clearly illustrates one of the many motivations behind the
attention M., work has received during the past decade. It is this property which
will be exploited later, as specifications abound where a specified rms output level
is permitted for a specified rms disturbance input. For example, the Dryden model
of air turbulence specifies various levels of turbulence with rms amplitudes. This
property of the M., norm permits us to pose many typical disturbance rejection
specifications as H,, control problems.

Consider the following state-space representation of the closed-loop system:

z
16 ~={2

where F is stable. It is well known [Ref. 18] that || T}, ||c< 7, if and only if there

Fz+Gw

Hr+Jw (3.1)

exists a real symmetric matrix, Y > 0, such that:
FY + YFT +(YHT + GJT)(4*1 = JJT)"Y(HY + JGT)+ GGT = 0. (3.2)

This Riccati equation is referred to as the M., analysis equation.
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2. (Sub)Optimal H, Output-Feedback Control by Riccati Methods
The H. (sub)optimal control synthesis problem is to find, among all con-
trollers that yield a stable closed-loop system, a controller C that minimizes || T%,(G ,C) ||oc-
Recent work [Ref. 18, 19, 20, 21, 22] has led to a simple and elegant approach to this
problem.
Suppose that a continuous time state-space realization for the plant G depicted

in Figure 3.1 can be written as

T
o1
y

Assume that (Ca, A, B,) is stabilizable and detectable, that D, has linearly indepen-

Az + Byw 4+ Byu
Ciz + Dyu . (3.3)
Cox + Dyw

dent columns, and that D, has linearly independent rows. Recall that a Hamiltonian

matrir is a matrix H of the form:

q PR]’

= Q _P,
where P,@Q and R are real n x n matrices with @ and R symmetric. If such a

matrix H has no imaginary eigenvalues, then the spectral subspace \_(H) spanned

by the generalized eigenvectors belonging to eigenvalues lying in the open left half-

4

X
X,
Xx-(H). We will say that the Hamiltonian matrix H belongs to dom(Ric) if H has

plane is of dimension n. Let the columns of [ ] denote a basis for the subspace

no imaginary eigenvalues, and if X, is nonsingular. If H belongs to dom(Ric), define
Ric(H) := X2X;7! =: X. It is well known that X is symmetric, P + RX is stable,

and X satisfies the algebraic Riccati equation:
PX+XP+XRX-Q=0.

The key mathematical result on H,, synthesis by Riccati methods is stated below.



Theorem 3.1 Consider the system 3.3. Suppose

sI-A Bz _ .
rank[ —C, | D ] =n + rank(D,), Vs = jw.
and
sI-AlB | _ o
rank[ =, | D, ] = n + rank(D;), Vs = jw.

and let v > 0 be a given positive number. Define

Hiy)=| A-BiDiD)'DICy 47 BiBi - By(DiDy)"' By
V= | —Ci(I = Dy(D,D)'D})C,  —A'+ CiDy(D,Dy)™" B}

and,

J(7) = A’—C;(DzD;)"DgB{ 7‘2C{C. —C;(D,D;)"Cg
V=1 —Ci(I - Dy(D; D4)"'D;)B, —A+ B,Dy(D;D;)"'C,

There exists a stabilizing controller C such that ||T,y||eo < 7 if and only if
1. H(vy) € dom(Ric) and X(v) := Ric(H(%)) is positive semidefinite.
2. J(v) € dom(Ric) and Y (v) := Ric(J(v)) is positive semidefinite.

3. p(X(7)Y (7)) < 7%, where p denotes the spectral radius.

Then such a controller, C , is given by:

C = { £ = Aw+ ZoYollz
u

-BT X € '

where

Aw = A+72BBTXo — BaBT Xoo — 20 Yo CTCh
Zo = (I=7WpXu).

(3.4)

(3.5)
(3.6)

Existence and computation of X(v) and Y (v) are standard matrix algebra

problems that can be solved using a standard technique for solving Riccati equations
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based on the real Schur decomposition [Ref. 23]. The pair of Riccati equations associ-
ated with H(y) and J(v) are referred to as the H.,. synthesis equations. Specifically,
the Riccati equation associated with H(7) is the state-feedback synthesis equation,
while J(v) is associated with is the M, filtering equation.

Commercial software is available from several sources which implements
this theorem to determine a suitable controller from the input state-space model
[Ref. 24]. In practice, implementations of this theorem usually start with an arbi-
trary upper bound 4, on the achievable performance. The theorem is then used to
perform a binary search in the interval [0, v,] for the optimal value of 4. If v, proves
infeasible, then it can be set arbitrarily higher. Once the binary search has deter-
mined a sufficiently small interval in which the optimal value of 4 must lie, the search
is stopped and a (sub)optimal controller C is computed using the right endpoint of
this interval for 4 in the formulae above. Controllers determined by this means are
usually referred to as the central controller. These methods are not perfectly clean
numerically, as in practice, X and Y must be allowed to have very small negative
eigenvalues.

3. State-Feedback . Synthesis by Convex Methods

In this section, extracted largely from [Ref. 25], we show that the fractional
representation of memoryless (i.e., static) state-feedback controllers, i.e. K = WY !,
where Y > 0, can be used to reduce the state-feedback H,, control optimization
problem to a convex feasibility problem over the space of finite-dimensional real ma-
trices. This fractional representation was first introduced by [Ref. 26], and will be
used extensively throughout this report.

In order to introduce this parameterization, we first answer the following
question. Given a plant, G , with all the states available for feedback, characterize

the set A,,(G ) of all stabilizing memoryless state-feedback controllers. Suppose the
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plant G is represented by the following equations

|

where x € R*, u € R? and 2 € R”. Let ¥ denote the set of all real n x n symmetric

Az + Byw + Bu
Cixz + Dyu (3.7)

z,

[T ]

matrices, and define
Q:={(W,Y)e R™" xL:Y >0} (3.8)

Note that € is a strictly convex open subset of R?*" x £
We now make the following assumption:
Al. The pair (A, B,) is stabilizable.
Assumption Al is necessary to guarantee that A4,,(G ) is not empty.

Theorem 3.2 Let G be given by equation (3.7). Define
L(W,Y):=AY +YA'+ B,W + W'B;,. (3.9)

C'onsider the set

®, = {(W.Y) € Q: L(W,Y) <0}

Then An(G ) is nonempty if and only if ®,, is nonempty. In this case ®,, is convex

and the mapping
P O = An(G): (W,Y) > WY

is onto.
Proof. Suppose K € A, (G ). Then it follows from Liapunov stability

theory that there exists ¥ > 0 such that
(A+ B;K)Y +Y(A+ BK) < 0. (3.10)

Set W = K'Y in (3.10) to get (3.9).



Conversely, suppose (W,Y) € ®,,. Set K = WY~ in (3.9) to get (3.10).

Finally, convexity of ®,, follows from the convexity of the mapping ¥ —
L(Y), which is linear and, hence, affine and convex. (]

Next, we proceed to similarly parametrize the set of all memoryless stabi-
lizing state-feedback controllers, which also make the infinity norm of the closed-loop
transfer function
|T2w(G, K)||lco less than a given number 4 > 0. We denote this set A m(G ). The
importance of this theorem is in the fact that it parametrizes Aq.»(G ) in terms of a
set of solutions to a convex QMI (quadratic matrix inequality).

Theorem 3.3 Let G be given by equation (3.7) and let v > 0. Define
R(W,Y) := AY+Y A'+ B;W+W'B)+(C,Y +D,WY(C,\Y+D,W)+B, B} [+*. (3.11)

Consider the set

P = {(WY)€EQ: RW,Y) <0}
Then A m(G ) is nonempty, if and only if ®,, o s nonempty. In this case ,, o, s
conver and the mapping

@ oo = Aoml(G ): (W,Y) —» WY

15 onto.
Proof. Without loss of generality assume y = 1. Suppose K € Aym(G ) is
given. Then, it follows that there exists Y > 0 such that the H,, analysis inequality

3.2 is satisfied:
(A+ B;K)Y +Y(A+ B;K) + Y(Cy + D:K)(Cy + DiK)Y + B1B; < 0. (3.12)

Set W = KY in (3.12) to get (3.11)
Conversely, suppose (W,Y) € ®,, . are given. Set K = WY"! to get
(3.12). Then it follows that K € Asm(G ).
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The convexity of ® o is proved in [Ref. 11]. .
By Schur complements, inequality 3.11 is equivalent to the following LMI
[Ref. 15, 20]:

AY +YA'+ B;W + W'B, + B,B, (CY + DWY'

R(W.Y) = (CY + DW) >y

<0, (3.13)

This LMI expression is superior to the QMI 3.11 in two respects. First of all, it is
affine in the controller parameters W and Y, Secondly, the LMI is also jointly affine
in 42, Consequently, while Riccati methods can only find a controller for a specified
v, and methods such as bisection are required to find the optimal 4, convex methods
using the LMI expression can find a (sub)optimal 4 and associated controller directly.
Similar expressions exist for the output feedback synthesis problem [Ref. 27]. This

LLMI will figure critically in our formulation of the control power optimization problem.

B. MIXED H; / H,o, CONTROL

Multi-objective control, and most specifically, mixed H; / H,, control has re-
ceived considerable attention in the controls literature in the past several years (see
[Ref. 28, 12]) and references therein). This section presents the theoretical results
which provide for the convex solution of the mixed problem in both continuous and
discrete time cases. These results are largely extracted from [Ref. 28, 12].

1. Continuous Mixed H; / H,, Control

Consider the finite-dimensional linear time invariant (FDLTI) system de-

picted by Figure 3.2. The objective of the underlying problem is, given G , find C ,
such that the generalized H; cost of the closed-loop system, ||T;u(G ,C )|z, is min-
imized, sﬁbject. to the constraint that ||T;,,(G ,C )]l < 7. The generalized H, cost

is defined as:

oy =[5 (55 [ Toulio) T i), (3.14)
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C

Figure 3.2: The H; / H,, Synthesis Framework.
where f(-) can be either 1) the trace, 2) the maximum eigenvalue , or 3) the maximum
diagonal element. The reader is referred to [Ref. 29] for a discussion of the attributes
of these norms.

Suppose Aem(G ) is nonempty, ie., a controller, C, exists such that

T:,w(G .C )|l < 7. The set defined by Aym(G ) is then referred to as the set
of feastble controllers. In [Ref. 28, 30], the authors introduce an associated cost, the
mixed Hz / Ho, norm (|| - ||2/00 ), Which they prove is an upper bound to the gener-
alized H, cost. The H; / Hy problem can then be considered as a search over the
set of feasible controllers for that controller which minimizes ||T;u (G ,C )||2/00. Fur-
thermore, the determination of a controller, C, which minimizes ||T:,w (G ,C )ll2/c0,
subject to ||T%,w(G +C )|lo < 9, is posed as the following convex optimization problem.

Consider the following state-space representation of the closed-loop system

1,,(G ,C ), where C is feasible:

z = Fr+Guw
G :={ 2z = Hyz+ Jow (3.15)
5y = H1$+J1w

We know from equation 3.2 that there exists a unique symmetric matrix Y, such that:
FY + YFT + (YHT + GJT)(v*1 = hJT)(H,Y + J,GT) + GGT = 0.

Moreover, if L. is the controllability Grammian of the pair (F,G), then 0 < L. <Y.
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The generalized mired Hy / Hoo cost of the closed loop system is then defined as:

.__ ) if Jo#0
I1(Teu) := { f(HoYHY) otherwise ° (3.16)
Consider now the following state-space representation of G :
z = Az+ Byw+ Bju
_ ) 2 = Caz+ Dyu
g = z1 = Cnz+Dnhu (3.17)
y = Cuz+Dyw
Let n := dim(zx), and m := dim(u). Furthermore, assume that: (a) the triple

(Cq, A, By) is stabilizable and detectable, (b) the pair (A, B;) has no uncontrollable
modes on the imaginary axis, and (c) Dyy[Bf DI]=1[0 I).

Suppose there exists a symmetric matrix @ > 0, satisfying the H,, filter-
ing equation:

AQ + QAT + Q(cfc, - CcTc)Q + BB =0. (3.18)
Define the auxiliary quantities:
AQq=A+QCTC, Big:=QCT Byg:=B;+QCID,
Let (W,Y)e {(W,Y : W € R™", Y € R™",Y = YT > 0}. Finally, define:

RW,Y) = AqY +YAQ + ByqW + WTB], + B1oBi11Q™ +
(CY + D, W)T(CY + Dy W) (3.19)
M(W,Y) := CoQCT + (CoY + DpaW)Y}(CoY + DoaW)T. (3.20)

Note that equation 3.19 is identical to 3.11.

Let @ define the set of feasible solutions:
¢ :={(W.Y):Y =Y">0,RW,Y) <0}, (3.21)
and consider the optimization problem
or:=inf {f(M(W,Y)): (W,Y) € &}. (3.22)
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Theorem 3.4 The set of feasible controllers, Ao m(G ), is not emply, if and only if:
(1) A stabilizing solution Q > 0 ezists to 3.18, and (2) the set ® is not empty. If a

feasible controller erists, then
JI(Tzow(g ,C)) = f(IM(W,Y)).

Moreover, given any a > oy, there exists a solution , (W,Y) € ® such that f(M(W,Y)) <

o, and the dynamic observer based controller

C = { f‘ /3‘/Q)€j;£B2Qu + BIQ(y - C?f) (323)

ts feasible and J;(T,u(G ,C)) < a.

Consequently, if a feasible controller exists, then the problem of finding a
(sub) optimal controller for the H, / H,, problem can be reduced to the solution
of a Riccati equation (3.18), and the numerical solution to the convex optimization
problem:

Minimize: f(M(W,Y')), over (W,Y) € R™*" x R"*",

Subject to: R(W,Y) <0,and Y = YT > 0.

The solution to the state-feedback problem (C; = I, D3; = 0) can be simply posed
by eliminating consideration of the filtering equation (3.18), and replacing Aq = A,
31 = By, and Byg = B; in the expressions for R(W,Y) and M(W.Y") above. The
controller is then C = K,z = WY1,

The ellipsoidal method was chosen to code a MATLAB function file which
solved the state-feedback design problem. A second routine was also written which
solved the measurement-feedback problem by solving the filtering equation (3.18) by
Riccati methods, replacing the state-feedback variables with the appropriate auxiliary
plant variables, and then calling the state-feedback design function. Both of these

codes and their supporting subroutines are developed and then outlined in Appendix

A.
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It is a straightforward matter to use Schur complements to pose each of the
above matrix valued inequalities, 3.19 and 3.20 as LMI's. Consequently, the numerical
problem could also have been solved by the interior point method.

2. Discrete Mixed H, / H., Control

This section presents the theoretical results of [Ref. 12}, which pose the
discrete Hy; / Ho, controller design problem as a convex optimization problem. The
discrete time H; / Hy, problem differs only slightly from the continuous time problem
above. The most significant difference is that it is structured about full-information
feedback for an auxiliary plant rather than a state-feedback solution.

First of all, the definitions of the respective norms are predictably similar
to their continuous time counterparts. The discrete time version of the generalized

H; norm is:

| s .
ool = /s [(FuT2e) d0), (3:24)

where the function f(:) is again either the trace function, the maximum eigenvalue
(Amaa), or the maximum diagonal entry (d,.r). The Ho norm in discrete time can

be defined as:

o (e 2
T ewlloc oé{})a;(”]amar(T..w(e ), (3.25)

where o4, denotes the maximum singular value.
Suppose the plant, G , in Figure 3.2 is now represented by the following
discrete time state-space model:
or = Ar+ Byw+ Bu
G =1 2 2 Col Dt Do (326
y = Cu+ Dyw,
where o denotes the shift operator (oz)(k) := z(k+1). Assume that (1) the triple

(Cq, A, By) is stabilizable and detectable, and (2) given any complex number z satis-
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fying |z| = 1, the matrix

A-zI B
C, Dy |’

has full row rank. The solution to the output feedback problem makes use of a
suitably constructed optimization problem defined next.

Suppose a feasible controller exists such that | T, |lec < 1. Then, it follows
from [Ref. 31] that there exists a (unique) real symmetric matrix @ > 0 such that

the matrices V and R defined by

|4

C,QCT + D, DI, (3.27)
R = I- D"DlTl - C]QC1T+
(C1QCT + D\ D})V~HC1QCT + Dy, DI)T, (3.28)

are positive definite. Moreover, @ satisfies the following discrete algebraic Riccati

equation:
Q = AQAT + B,BT- (3.29)
CQQAT + Dg] BIT T P(Q)_l C2QAT + D?l BIT
CiQA' + Dy, BT C1QAT+ D, BT |”
where

| DuD3y  DuDj [02] T AT
P(Q) o= [ DHD'Z;I D”DITI -7 + Cl Qlcz Cl ]a

and the matrix

_| C:QAT + D, BT ’ 4| Ca
A [ Gl 1 gt | P@ (3.30)

is asymptotically stable. This is the discrete time analog of the continuous time

filtering equation expressed by J(v) in Theorem 3.1. With this matrix @, define the
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following matrices

Z := AQCY + B\ D, — (AQCT + B\ D},)V~(C;QCY + D21 DY)
Aq = A+ ZR"C]

B, := (AQCT + B,DT)V-"? + ZR-Y(C\QCT + Dy, DI,)V-1/2
Bg'q = Bz + ZR-1 Dlg

Co'q = Co

DOl.q = (Do]Dg; + CQQC'QT)V-"I/2
Doz 4 := Doz

Cl'q = R"”Cl

D“’q = R-l/?(ClQC{ + D,,D%)V“”
D]z'q = R-lnD]g.

Finally, define the following matrix functionals:

- A Bl[Y)oare wril AT €T
2) =
LW,Y,K?) : [Cl Dn][w]y [v w ][B;, ph [+
Bi+BK, |[ Bi+Bukz |7 _[Y 0 (3.31)
D]l + Dnl\’g Dn + D]Ql\,z 0 I )
My(Q) := CoQCJ + Doy D§y — Dov o D3y , (3.32)
MW, Y, K;) = M Q)+ (CoY + Do W)Y~ (CoY + Do W)T +

(Dor + Do2K2)(Doy + Do2 K;)T (3.33)
Let ® define the set of feasible solutions:
¢ := {(W, Y): Y =¥YT>0,L(WY,K,) < 0} , (3.34)
and consider the optimization problem
oy :=inf {f(M(W,Y,K;)) : (W,Y,K,) € ). (3.35)

Theorem 3.5 The set of feasible controllers is not empty, if and only if: (1) A
stabilizing solution QQ > 0 exists that satisfies the conditions of (3.27-3.30), and (2)

& £ 0. If a feasible controller exists, then
Ji(Teu(G .C)) := fIM(W,Y, R2)).
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Moreover, given any a > a4, there ezists a solution , (W, Y, k3) € ®, and the dynamic
observer-based controller (with input y and oulput u)

{ or. = Az + Bygre + Byu

C:={{ u=WYz.+ K,r, (3.36)

e = v-l/Z(y - C2rc)
such that C is feasible and J;(G ,C ) = f(M(W,Y, K3)) < a [Ref. 12].
To solve the output feedback generalized H, / Ho control problem using

Theorem 3.5, the following steps can be followed:

1. Verify that a feasible controller exists; this can be done by solving two standard

Ho Riccati equations [Ref. 31).

2. Perform the convex optimization problem: minimize f(M(W,Y, K3)), subject

to the constraints Y > 0, and L(W,Y, K3) < 0.

3. Construct the output feedback controller C in (3.36) using the suboptimal so-
lution (W, Y, K?2) obtained in step 2. Then, C is feasible and J;(G,C) < aj i.e.,

(3.36) solves the generalized Hy / Ho, control problem.

As with the continuous time problem, where the problem was reduced for
state-feedback, the measurement-feedback discrete time problem can be reduced for
any problem where the states and disturbances are available for feedback. Consider

the following full-information plant:

ox = Az+ Byw 4+ Bu
20 = Coz+ Doyw + Doau
Gri={ nn = Ciz+Dnw+ D)y (3.37)
z
v = o]

Though the full information structure is not realistic in applications, the solution to
this problem gives a lower bound on achievable performance that might yield insight

into more complex output feedback problems.
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The above optimization problem can be reformulated for the full-information
problem by omitting the solution of the Riccati filtering equation (3.27-3.30), omit-
ting the formation of the auxiliary plant, and making the following replacementsin the
expressions for L and M: A, is replaced by A, B;, is replaced by B;, Ci, is replaced
by C;, and D;;, replaced by D;;. The optimization functionals are rﬁodiﬁed by setting
M,(Q) = 0. The resulting state-feedback controller is then C = K,p, = [WY~!,| K,].

The numerical routines which solve both the full-information and neasure-
ment feedback controller design problems are outlined in Appendix A. As with the
continuous time problem, an ellipsoidal optimization routine was designed to solve
the full-information problem. This function file could then either be used to solve a
full-information problem directly, or be called by the measurement-feedback design
code after the auxiliary plant had been posed. This problem could also have been
solved by interior point methods, and the LMI expressions of the matrix functionals

can be easily be determined by Schur complements.

C. POLE PLACEMENT BY CONVEX METHODS

Pole placement is possibly the most common metric used to specify the per-
formance of closed-loop systems. The following outlines a convex constraint which
can be used to determine state-feedback gains such that a closed-loop system has
eigenvalues within a specified circle.

Consider the region D defined by
D:i={z:|z+¢q|<r,¢g2r>0}. (3.38)

It is a disk in the left half plane with center (—¢,0) and radius r. Let a := ¢ —r.
Theorem 3.6 Given a state-feedback gain matrir K € R™", the eigenvalues of the
feedback interconnection of G and C = K lie within D if and only if there ezxists a

symmetric matrir Y > 0 such that the following Quadratic Matriz Inequality (QMI)
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is satisfied [Ref. 32):

S = (A+B:K+al)Y +Y(A+ BK +al)T +

(A4 BoK + al)(Y/r){A+ B,K + al)T < 0. (3.39)

By replacing K with WY !, this expression is equivalent to the following LMI

by Schur complements:

SyW,Y) =
( (A+al)Y +Y(A+al)T + (A+al)(Y/r)(A +al)'+ ) B
B;W((A +al)/r+ I)T + (A +al)/r+ )WTB] <o,
(B.W)T =-Yr
(3.40)

The set of state-feedback controllers with eigenvalues within D is therefore convex. As
described in [Ref. 33], this constraint is perfectly suited for convex optimal control
problems where the designer would like to restrict the search to those controllers

whose eigenvalues lie in a specified region.

D. ROBUSTNESS ANALYSIS BY STRUCTURED SINGULAR VAL-

UES (u)

This section contains a description of the principal tools used to assess the
robustness of feedback systems. In particular, we are interested in the use of the
structured singular value. The structured singular value (;:) was first introduced by
J. Doyle in [Ref. 34] and since has proved to be a valuable tool for the robustness
analysis of the closed-loop systems. In this section we briefly summarize the results
of [Ref. 34, 35].

Consider the feedback system shown in Figure 3.3. Let Fi(G ,C ) denote the

feedback interconnection of the plant G and the controller C and let T,,,(G ,C ) denote
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the corresponding closed loop transfer function from w to z . It can be shown that

—1 &8

Figure 3.3: Standard feedback configuration with uncertainty block.

any linear interconnection of plant, controller, and uncertainties can be arranged to

match the nominal plant, G , having the following form:

, A|B B,

G
¢ =[G &)= oDw Da
C2 D?l D22

where (C;, A, B;) is stabilizable and detectable. For stability analysis, the controller
can be absorbed into the nominal plant G . The LFT ( linear fractional transforma-
tion) representation of the feedback interconnection of the nominal plant G and the

controller C is given by

Fi(G.,C) =G+ Gi2C(] = G2€)™ ' G-

Recall that the M. problem does not explicitly address the issue of plant
uncertainty. If, however, the plant uncertainty is modeled as an unknown but norm-
bounded, stable dynamical system, with the inputs and outputs of the plant uncer-
tainty block included in z and w respectively, then H,, provides stability robustness

guarantees as a result of the following theorem:
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Theorem 3.7 Small Gain Theorem [Ref. 36). Assume Fi(G C ) is stable and A
belongs to a set

BA:={A:A€ RHy ,||Alo £ 1/7}).
Then the feedback interconnection of Fi(G,C) and A is stable for all A € BA if and
only if
1Tew(G. Ol < -

Unfortunately, Small Gain Theorem can be unnecessarily conservative when
applied either to robustness analysis or design. This conservatism can be reduced
by using the extension of Small Gain Theorem to structured uncertainties. The
structured singular value is the metric by which this extension is applied. In order to

define the structured singular value, let

A = {diag(A1, Ao, ..., AV,

where A;’s are stable FDLTI systems. Furthermore, let

Ac = {diag(Al,Ag, ..... ,An)},

where each A, is a complex matrix.
Definition 3.8 The structured singular value u( M(jw)) of the complex matriz M(jw)
is defined as follows:

apy o | 0TV B € A, dell] + M(jw)A) #0
MM = sup {17 : A € A, det(] + M(jw)A) = 0, }otherwise.

The importance of the structured singular value for studying robustness of feed-
back systems is due to the following result [Ref. 34], which characterizes robust
stability of a system in the presence of stable structured uncertainty.

Theorem 3.9 Let
BA={A:A €A, Al <1}
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Then the closed loop system of Figure 3.3 is stable ¥V A € BA if and only if

u(Fi(G,C) := sgp(u(ﬂ(G.C))(jw) <1

Applying this theorem as a test for robustness is much less conservative than
the small gain theorem itself. By restricting the set of uncertainty matrices to those
with the specified structure, a much larger set of LFT’s, Fi(G,C), satisly the stability
criteria. In other words, for structured uncertainties, there is a large set of stable

systems that fail the criterion of the small gain theorem, and yet satisfy the latter.
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IV. THE DESIGN OF AUTOLAND
CONTROLLERS FOR CARRIER- BASED F-14
AIRCRAFT BY H, AND H; / Ho, METHODS

A. INTRODUCTION
This chapter presents the results of the application of Mo and mixed Hz / Hoo
synthesis techniques to the design of autoland controllers for a carrier based F-14

aircraft. These efforts had several objectives:

e Demonstrate a methodology for H., output-feedback controller synthesis.
o Expand that methodology for use with H; / H,, synthesis tools.
e Demonstrate the use of the H, / H,. synthesis tools.

o Demonstrate the feasibility of using Direct Lift in a multi-variable autoland

controller.

¢ Present a methodology for the formulation of uncertainty models based on flight

test data.

The nature of the autoland controller problem and the unique configuration of the
I-14, made this problem ideally suited to these objectives.

Carrier approach and landing is a challenging multivariable control problem in
which the aircraft states must all be carefully controlled in order to comply with
multiple structural and safety-of-flight constraints. Automatic landing systems cur-
rently in service on carrier-based aircraft (including the F-14) incorporate nested
single-input/ single-output (SISO) controllers, which generally seek to regulate the

angle-of-attack with the engines in the inner loop, while aerodynamic surfaces such
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as elevators or stabilators provide altitude control. Since neither the engines nor the
stabilators can control the altitude state directly, their influence is indirect through
a combination of other states. The F-14 has an unusual aerodynamic configuration
which includes Direct Lift Control (DLC), thereby providing an aero surface with
substantial authority to control altitude directly. Moreover, the DLC is driven by
actuators whose bandwidth exceeds that of the other control surfaces. Regrettably,
this powerful control surface is not used by the automatic landing system currently
in service. In this chapter, two multivariable feedback controllers are presented which
seeks to exploit this powerful, but dormant capability.

To achieve this objective, the design methodology presented here was developed
to enable the control engineer to translate the design requirements into weighting func-
tions for H, synthesis. This methodology was then further extended for use using
the H, / H. design tools. Most typical design requirements are SISO in nature,
whereas the H,, and Hz / H, synthesis techniques are truly multivariable tools.
'T'hus, the main feature of this methodology is a simple procedure for translating
the SISO requirements into the various weighting functions for H,, and H; / He
synthesis. Moreover, once the SISO requirements have heen satisfied, the H,, frame-
work cffers a natural way to expand the weighting functions to satisfy multivariable
stability and performance robustness requit"ements.

This methodology has been applied to the design of control systems for com-
mercial airplanes, autonomous underwater vehicles (AUV’s), flexible structures and,
most recently, for unmanned aerial vehicles (UAV’s), see [Ref. 6, 7, 8, 9, 10]. In
[Ref. 6, 7, 8, 10] this technique was used to synthesize state-feedback controllers. In
[Ref. 9], where a controller for a flexible structure was designed, the methodology
was extended to include an output feedback case. The methodology outlined here

expands this previous work to include compliance with closed-loop sensor bandwidth

40



requirements.
Specifically, the methodology offers a simple and effective way to design feedback

controllers satisfying specified:
o command-loop bandwidths,
e control-loop bandwidths,
o closed-loop damping,
o closed-loop sensor bandwidths.

Each of the above objectives are pursued through a specific formulation of the synthe-
sis model and selection of the various weighting functions. Furthermore, it has been
observed that an additional benefit of this methodology is that the resulting con-
trollers do not cancel the undesirable modes of the open-loop plant. This is attributed
to the suitable choice of weights to satisfy the closed-loop damping requirement.
The appeal of this methodology is that the control designer is provided with a
straightforward framework in which to implement H,, or H, / H. controllers in
pursuit of typical design requirements without a detailed understanding of the the-
oretical basis for these tools. Moreover, the results of the design effort are assessed
using familiar SISO figures-of-merit. The availability of good commercial software
utilities, and ever-improving computational resources only enhance the viability of it-
erative design methods such as the one presented here. This methodology is suggested
as one means of placing these tools into the hands of practicing control designers.
The controller design methodology we propose necessarily has a heuristic com-
ponent. This heuristic component has been influenced by our experience in solving
the practical problems mentioned above. Although we were successful in applying

these design methodologies to this problem, we cannot offer any guarantees as to
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whether their application to an arbitrary control problem will yield a satisfactory
solution.

Additionally, a method is proposed for accommodating structured model un-
certainty in flight dynamics problems. Specifically, in using models extracted from
flight test data, the uncertainty in the total value of lift, drag and pitching moment
may be less than the uncertainties . individual stability derivatives. For this type
of data, a method is proposed that considers the total uncertainties in these forces
and moments rather than the uncertainty introduced by each term of the model.
The robustness of the resulting closed-loop nonlinear system is then analyzed using
established structured singular value methods.

This chapter is organized as follows. Section B contains the material relevant
to both controller design problems. This includes a description of the the carrier
landing problem and the design requirements. It also includes the details of the
uncertainty modeling process which was used to analyze the robustness of the closed-
loop systems. Section C presents the details of the H,, controller design process,
the implementation of the controller on the nonlinear system, and the analysis of the
resulting closed-loop nonlinear system. Section D presents the details of the mixed
H, /| Ho controller design process, as well as the analysis of the resulting closed-loop
system. A comparison of the two design methods and some concluding remarks are

then included in sections E and F.

B. PROBLEM STATEMENT

The objective of the controller design is to provide for precise automatic control
of the approach and landing of a carrier-based aircraft in the vertical and longitudi-
nal axes. In this section we describe both the plant to be controlled and the desired

performance specifications. These specifications are classical in nature, and are rep-
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resentative of those posed to control designers in industry. The notational convention
adapted in this chapter was to use uppercase letters to denote total values of the vari-
ables introduced, while lower case letters denoted the perturbations of these variables
around their nominal trim values.

1. Airplane and Model Description

The design problem to be solved here deals with the longitudinal motion of
a fighter airplane and the control of the longitudinal rigid body dynamics (by conven-
tion, longitudinal flight mechanics refers to the motion in the 2-D plane spanned by
the longitudinal and vertical axes). A complete description of an airplane’s equations
of motion can be found in many available references. See, for example, [Ref. 37).
Consequently, we will not describe the equations of motion in detail. Rather, we will
present a brief qualitative description of the key features.

The longitudinal equations of motion of an airplane are described by two
force equations (longitudinal force F, and vertical force F,) and one angular moment
equation (pitching moment Af). The state variable associated with the F equation
is the forward velocity U (along airplane’s body-fixed z-direction). The state variable
associated with the F, equation is the angle of attack a (the angle between the body-
fixed z-direction and the true total velocity). The state variable associated with the
M equation is the pitch rate Q. The integral of @ for a typical approach and landing
condition is the pitch attitude © (the angle between the body fixed z-direction and the
horizon). Other motion variables of interest are the airplane’s airspeed V, (generally
not aligned with the body-fixed z-direction), flight path angle v (the angle between
4 and the horizon), and airplane’s altitude above sea level H. All the angles used
here are expressed in rad, angle rates in rad/sec, position variables in ft, position

rates in fps, and accelerations in ¢'s.
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While the above discussion is germane to the flight dynamics of all aircraft,
the F-14 has a distinctive aerodynamic configuration due to environment in which
it was designed to operate. Mission requirements dictated a variable-sweep wing
for low drag at high speeds, with full-span flaps and slats, for very high lift at low
carrier take-off and landing speeds. Control along the longitudinal axis is provided by
two afterburning turbofan engines (T hrust). Pitch control is provided by symmetric
deflection of two stabilators (Stab). In the landing configuration (gear down, wings
fully forward, and flaps fully extended), Direct Lift Control (DLC) is provided by
symmetric deflection of wing mounted spoilers. The neutral position of the spoilers is
approximately 40% of full deflection, so as to provide for both positive and negative
contributions to the lift.

For the design study, the sensors available included onboard accelerometers
and gyros which provide pitch attitude (©), longitudinal acceleration (), vertical
acceleration (N,), and pitch rate (Q). Total velocity (V;), was provided by the air-
craft’s air data system. Lastly, for automated approaches and landings, the altitude
(H) was determined by a shipboard tracking radar.

The model used for the design process was a linear model obtained from
a nonlinear simulation built using aerodynamic coefficient data. This simulation
model was nonlinear in that while the aerodynamic derivatives were held constant,
the equations of motion included the nonlinear influence of airspeed, gravity, as well as
the dynamic coupling terms. The flight condition was a nominal approach condition
of 230 fps, at sea level, with a gross weight of 54,000 {bs. The linearized longitudinal
imodel included five states: u, a, ¢, 8 and h and three control inputs: 8s¢ap, d7nrust
and éprc, where all the linear states and inputs are small perturbations around the
nominal operating point. At this condition, the longitudinal rigid body motion of

the F-14 is characterized by two second-order stable modes, the phugoid and short
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period, and an altitude integrator. The phugoid involves perturbations in V; and H
with nearly constant a, whereas the short period mode involves perturbations in o
and @, with V; and H remaining constant. The short period mode had a natural
frequency of 1.04 rad/sec and a damping ratio of 0.45. The phugoid had a natural
frequency of 0.18 rad/sec and a damping ratio of 0.06. In addition to the plants five
states, the actuators were modeled by three first-order transfer functions. These were
appended to the control inputs and had bandwidths of 20, 2.5 and 50 rad/sec for
the stabilators, engine, and DLC, respectively. As a result the complete system was
represented by an eighth order linear model.
2. Problem Description

The general problem was to design a feedback controller which would satisfy
the operational constraints imposed by the mission. The challenge of landing an
aircraft at sea requires very precise control of the aircraft states. Glideslope, which
is the desired spatial trajectory of the aircraft, must be tightly controlled to provide
for safety and to achieve the precise touchdown necessary to be arresteg%on the ship.
The glideslope is an imaginary ramp oriented three degrees above the horizon, moving
with the ship and terminating in the center of the landing area. In the case of manual
landings, deviations from glideslope are detected visually by the pilot with a visual
reference to a shipboard optical system. For automated landings, a precision tracking
radar onboard the ship compares the aircraft’s position with an internally calculated
glideslope, and transmits an error signal to the aircraft’s flight control system via data
link. Tight control of aircraft total velocity is driven by the competing requirements
of providing for adequate aerodynamic performance, while minimizing the kinetic
energy that the airframe and arresting gear must absorb upon landing. Tight control
of the aircraft attitude is required to prevent tailstrike. Both of these objectives can

be achieved by controlling angle of attack with total velocity and the pitch attitude
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as dependent variables, functions of the angle of attack. Angle of attack is also an
attractive control variable as consistent aerodynamic performance is achieved for wide
ranges of gross weights.

The approach-to-landing problem can he fully characterized by several
combinations of the variables in the state vector due to the mathematical and aero-
dynamic relationships between these variables. Likewise the control objectives can
be achieved by tracking any one of these combinations. Systems in fleet use today
incorporate nested SISO controllers, with the engine controlling angle of attack in the
inner-loop and the stabilators controlling either sink rate or flight path. The remain-
ing variables are then dependent functions of the gross weight and the two controlled
parameters. In this design example, we propose to use DLC to provide independent
altitude control of F-14 in approach and landing. Currently F-14’s DLC is engaged
for approach, such that the spoilers are deployed to their neutral DLC position. DLC
is not utilized as part of the control system, however, and serves only to increase both
the drag and the trimmed power setting (this is done in order to keep the engines in a
more responsive range of operation). Neither the engines nor the stabilators provide
control directly into the altitude state, but rather iudirectly control the flight path/
altitude through the airspeed and pitch attitude states. Performance may thereby be
sacrificed, as DLC is the only control effector which has control power directly into
altitude through the vertical velocity, and DLC actuator is the fastest of the three
available actuators. Given three independent control effectors with sufficient control
power, F-14 has the resident capability to track three independent command signals.
A multivariable approach to the control design would permit inclusion of the DLC
in the control system resulting in both an enhanced capability and an improvement
in performance. Therefore our control strategy was to track altitude (H), and angle

of attack (a), using stabilators, engines and DLC. Since the number of controllers

46



exceeds the number of command variables, the flexibility existed to wash out one of
the controllers. We chose to wash out the DLC. The desired effect was that the thrust
would control the glideslope in steady state, while the DLC would provide dynamic
glideslope control. Thus, the design problem was to synthesize feedback controllers
which tracked a glideslope signal, while controlling angle of attack in steady-state,
given the available sensor suite.
3. Design Requirements

In light of the above, the H, controller was required to satisfy the fol-

lowing design requirements outlined below. These requirements will later be modified

for the mixed H; / Hx design example

I. Zero Steady State Error

o Achieve zero steady state values for all error variables in response to step
commands in angle of attack, and ramp commands in altitude (this was
necessary for glideslope signal tracking and wind disturbance rejection),

while washing out DLC in steady state.

2. Bandwidth Requirements

e The input-output command response bandwidth for all three command

channels was to be approximately 1 rad/sec.

e The control loop bandwidth was not to exceed 40 rad/sec for the DLC
- actuator, 20 rad/sec for symmetric stabilator, and 2 rad/sec for the engine.
These numbers represented 80% of the corresponding actuator bandwidths
to ensure that the actuators were not driven beyond their linear operating

range.
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o The sensor response bandwidths were to he approximately 100 rad/sec for
the gyros, accelerometers, and integrators, and approximately 5 rad/sec

for the altitude, angle of attack and airspeed data.

3. Closed-Loop Damping

e The closed-loop eigenvalues associated with physical states were to have
the damping ratio of at least 0.6. (This permits controller modes to have

damping ratios less than 0.6).
4. Robustness

o The controller could not cancel the lightly damped open-loop poles of the

plant

¢ Simultaneous gain and phase margins of £6dB and 45 degrees in all control

and sensor loops

o Stability was to be guaranteed for simultaneous variations of 20% in the

perturbed lift and drag forces and pitching moment.

4. Uncertainty Modeling

This section describes the methodology used for analyzing robustness of the
closed-loop system consisting of the aircraft model and any controller. The aircraft
inodel used in this chapter was obtained from the flight test data. As a result some
of the terms in the model are poorly known. These terms include airplane’s lift, drag
and pitching moment. On the other hand, terms such as gravity and aircraft dynamic
coupling are known well. Furthermore, lift and drag are measured in the so-called
stability axis, whereas the aircraft model was derived in the body-fixed coordinate

system. These considerations indicate that the uncertainties in lift, drag and pitching
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moment must be modeled exactly where they occur. Therefore, this should be done
using aircraft’s nonlinear equations of motion while taking into account the coordinate
systems where these forces and moments were measured during the flight test. A
detailed discussion of this process is given next.

Let z represent the vector of the longitudinal states of the aircraft:
r=[U, o, Q, O, H".

et & represent the vector of the aerodynamic control effectors, consisting of the

stabilators and DLC, and let F represent the vector of body-axis forces and moments:

Fyrav(x) := influence of gravity
Fyn(z) := influence of dynamic coupling
Fyero(r) := influence of aerodynamic forces on the body
Finrust := influence of thrust
Fs := influence of aerodynamic forces on the control surfaces.

Note that the first three are state dependent, while the last two are functions of the
appropriate controllers. The aircraft equations of motion can now be expressed as:

U .
é_‘ = Fgrau(x)'*' den("')’*‘ Fthrust + wa(x)(Facrn(x)+ F(é))a (41)
Q

where R,;(x) is the wind to body axis rotation matrix:

—cosa sina 0
Roy=| —sina —cosa 0 |. (4.2)
0 0 1

We only consider uncertainties in the aerodynamic forces and moments,

since the gravity, dynamic coupling and thrust are all well known.
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The aerodynamic model of the airplane is derived using stability deriva-
tives, which represent the contribution of each state and control input to the aerody-
namic forces and moments acting on the airplane. This data can be obtained either
in the wind tunnel, where isolation of individual contributions is fr_equently possible,
or flight test, where only macroscopic behavior is observed, and then numerically
distributed among the aircraft’s states and inputs. The stability derivatives obtained
from the flight test data therefore depend upon very complex multivariable parameter
identification (PID) methods, which are executed in two steps. First, forces and mo-
ments are computed from observed accelerations and rates. Second, the PID process
tries to identify which control inputs and airplane states contribute to the observed
change in forces and moments. This step clearly introduces errors not present in the
first computation.

Our choice is then to consider either the contribution of the uncertainty in
each parameter, or the net uncertainty in our knowledge of the forces and moments.
There are several reasons to choose the latter. First of all, the size of the uncertainty
model is significantly reduced. Secondly, the uncertainties in each stability derivative
are not independent. If they were, then large uncertainties in each stability derivative
will result in large uncertainties in the net forces or moments, leading to an unnec-
essarily conservative design. Consequently, we chose to model the uncertainty block,
A, as a 3 x 3 diagonal matrix, where each diagonal element represented a percentage
of the nominal perturbation in the aerodynamic forces and moments (drag, lift and
pitching moment). Incorporating this block in equation 4.1 yields:

U
g = Fhraul®) + Fagn(®) + Fenrust + Run(2) (I + A) (Faero() + F(6)).  (4.3)

Figure 4.1 depicts equation 4.3. Here signals w; and 25 denote the uncertainty inputs

and outputs.
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Figure 4.1: Uncertainty Model

C. H., CONTROLLER DESIGN
In this section, we will describe the key features of the controller design process
which we followed. The section is organized into a number of subsections that em-
phasize some of the important engineering issues that arose in the controller design.
The MATLAB scripts and SIMULINK models used to pose and analyze the problem
are outlined in Appendix C.
1. Synthesis Model
The first step in the controller design process was the development of the
synthesis model which served as an interface between the designer and the M.,
controller synthesis algorithm.
Consider the feedback system in Figure 4.2. The synthesis model was
derived from the linear model of the airplane by appending the depicted weights .
The weights became the “knobs” which the designer adjusted to achieve his specified
performance. Here C is the controller to be designed, P is the linear model of the

F-14 and the block G within the dotted line is the synthesis model. The signal w,
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Figure 4.2: Synthesis Model

represents the commanded inputs which were to be tracked:
[
w = [ hemd Vemd  Oemd ]

The signal w, represented the noise inputs to each of the sensors, and disturbance
inputs to the states of the plant. The signal u. represented the control inputs to the
system and was composed of the stabilator command, the thrust command, and the

DLC command. The signals z, and z, are:.

zi=(h o DLC) z2=(u a ¢ 6 h).
The signal e represented the vector of the tracking errors (e = w; — ).
The outputs of W, W; and W3 comprised the vector z. Since we required
zero steady-state errors in tracking a ramp altitude command, and a step a and DLC

commands, the weighting function W, was chosen to have the following form:

9 0 0
wy=|0 0.
00 2
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where the constants ¢;, c; and c3 were adjusted to get the desired command response
bandwidths. Thus, W; weighs the integrators on the regulated variable error channels.
Furthermore, it was required to have full rank in order to satisfy the detectability
assumption of Theorem 3.1.

It turned out, that unlike W;, W; and W3 did not need to include any

dynamics. The choice for the weighting function W, was:

Cyq 0 0
W2 = 0 Cs 0 ’
0 0 cg

where ¢4, cs, and ¢ were adjusted to achieve the desired control loop bandwidths;
W, was also required have full rank in order to satisfy the full rank assumption of
Theorem 3.1.

Next, the reader will note that the elements of the vector z; are the rate
terms on the principal states of the plant. Selection of z; is an important element
of our methodology. Applying the weight W3 to z2, and including these signals in
z. penalized activity in their corresponding states. The effect was similar to that of
creating rate feedback to augment damping, common to a classical controls approach.
Importantly, W3 did not need to have full rank. This permitted us to set multiple
weights to zero and use non-zero values only in the event that a particular signal was

necessary to improve damping. As a result W3 had the following form:
W3 = diag(c;), 1=17,...,11,

where ¢;’s were used to improve damping in a particular mode, as will be discussed
in the next section.
The vector y included the system’s sensor outputs. Furthermore, y had

to include the integral error state in order to satisfy the (C,, A, B;) detectability
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assumption of Theorem 3.1. Consequently, y was comprised of:

N he o DLCY
y= a v nznxqs2 . 5 .

One artificiality was introduced at this point: the presence of the integrated error
terms in y necessitated the inclusion of noise signals on those measurements within
the synthesis model in order to satisfy the rank condition on D;. Since the bandwidth
of these “observations” were arbitrary, we set them to the highest frequency of the
other observations.

In summary, the cost function penalized a vector of the weighted integrated
errors, the rates on principal plant dynamic states and the control inputs. The design
process to be discussed is essentially a procedure for adjusting the weights on W;, W,
and Ws in order to achieve the design specifications.

2. The Design Procedure
The design process is summarized next, followed by a detailed discussion

of how each of the design steps were applied to the design example:

1. Set all W5 weights to zero. Use state-feedback design to determine weights for

W, and W, to satisfy the command and control-loop bandwidth requirements.

2. If damping was unsatisfactory, refine the state-feedback design by adjusting
W3 weights to include lightly damped states in output z. These states were
identified by examining the eigenvectors associated with lightly damped eigen-
values of A + B2K,g, where K,y was the state-feedback gain determined in
step 1 above. The maximum element of that eigenvector corresponded to the
state contributing most to the lightly damped mode. Increasing the weight in
the corresponding W3 entry had the effect of damping the dynamic activity of
that state. Readjust W, and W; weights to maintain the previously achieved

bandwidth specifications.
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. Given W, ;3 weights determined ahove, use measurement feedback design to
determine the sensor noise weights in Wy necessary to satisfy sensor response

bandwidths.

. Determine the process noise weights in I, by analysis of the broken-loop con-
troller responses, adjusting the weights as necessary to match the cross-over
frequencies that were observed for the state-feedback design. This step is simi-
lar to Loop Transfer Recovery (LTR) technique developed for linear quadratic

methods.
. Readjust W, 23 as required to maintain previously achieved specifications.

. Evaluate resultant controller using linear and nonlinear simulation. Adjust

weights as necessary.

. Confirm satisfaction of other specification elements: robustness, damping, and

no cancellation of lightly damped open-loop poles.

a. State-Feedback Design - Determining the W, and W, Weights

The objective of this step was the determination of the appropriate W,

and W, weights to achieve the specified command and controller bandwidths. Visual

inspection of bode plots for the broken-loop controller responses and the closed-loop

command responses indicated which weight to adjust for the next design iteration.

As a general rule, increasing the weight on the integral errors (W;) increased the

bandwidth of the respective command response channel, and increasing the weight

on the controller commands (W;) decreased the broken-loop cross-over frequency.

This is identical to the behavior noted in H; design, and is consistent with intuition,

i.e., increasing the relative cost of the integral error should increase the closed-loop

responsiveness of that channel in order to rebalance the costs. Similarly, increasing
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the relative cost on a specified control signal should decrease the amount of energy
applied to that control channel, and result in a decrease of that controller’s bandwidth.
While adjustment of the weight on a given term consistently had the desired effect on
the corresponding bandwidth, internal coupling meant that the influence of a given
weight was not unidirectional and occasionally resulted in wild variations in the other
Bode traces, invariably in the most undesirable direction. Occasionally, significant
variations could also be attributed to the binary search stopping on a value much
closer to the optimal than the tolerance. Considerable time could be expended chasing
the various Bode traces, if an orderly methodology was not followed. Generally, once
a desired cross-over or corner frequency was attained, weights were then adjusted in
response to adverse coupling effects to restore that value to spec before any further
adjustment of other bandwidths. Table 4.1 depicts both the nominal performance
and the refined performance for several iterations as the weights were varied. Each
entry represents the weight applied to the identified term in z in the numerator, and
the resulting bandwidth in that channel in the denominator. The column for damping
ratio represents the minimum damping ratio for all complex closed-loop poles. The
frustration attendant with coupling across terms is evident from iteration two to
three. Raising the second weight from the first to second iteration had successfully
pushed the a response up to above one, but had an undesirable influence on the DLC
response.
b. Improving the State-Feedback Design: Rate Feedback for
Damping
By the third iteration, the bandwidths had heen balanced close enough
to the desired specifications to attempt improvement of closed-loop damping. The ob-
jective here was to identify the principal states participating in under-damped modes,

and increase the weight on their respective rates in the output z such that activity



TABLE 4.1:

STATE-FEEDBACK DESIGN: WEIGHTS/RESULTING

BANDWIDTHS
tter. W Wo Wa . ¢
he | ae | DLC | bstabems | Sthrustems | 50LCeme | 8| 0 | 4 | h | w
[spec [>Ts T [>Ts T [>1s T [<20s [ <2577 [<40s T [-] - [-[-[-]>06]
1 1715 | 1/.01 1/ 1 1/ 2.5 1/ .01 1/ 1 0] 0|O0[O0] O] 043
2 1/ .8 10/ 2 1/ .01 1/ 4.5 1/ .01 1/ 1 0OjJO0OJOo|JO}]O] 043
3 1/ .8 5/1 1/ 1 1/ 4 1/ .01 1/1 O(0([0|O]O] 045
5 1/ .9 5/ 1 1/ 1 1/ 100 1/ .01 1/1 0] 0([5[0] 0] 0.53
7 1/ .9 5/1 1/ 1 1/ 100 1/ .01 1/ 1 0] 5510} 0]( 0.62
8 1/ .8 5/ 1 1/1 5/ 8 1/.01 1/ 1 0] 5(5]0] 0| 044
24 10/ 1 30/ 3 5/ 20 5/ 10 .01/2 1/ 6 0j110y5|1] 0] 0.60

in that mode was penalized. The intent was identical in philosophy to the purpose of

rate feedback in classical control design. At the third iteration, the closed-loop sys-

tem matrix (4 + BaK,z) had two complex pairs of eigenvalues with damping ratios

of 0.55 and 0.43. The two eigenvectors corresponding to these under-damped modes

pointed in the directions of the h/s and ¢ states respectively. This indicated that

h/s and q were the dominant participants in each of the two under-damped modes.

Since h/s was a state internal to the controller it was disregarded, and attention was

focused on enhancing the damping on ¢q. To improve the damping of these modes,

the weighted output ¢ was included in z and the value of the corresponding term in

W, was increased to a non-zero value.

Initially a very small weight was introduced relative to the other

weights. Each time a damping weight was adjusted, the W, and W, weights were

readjusted in response, to regain the bandwidth characteristics previously achieved,

prior to further refinement of the damping weights. The eigen analysis was performed

prior to each adjustment of the damping weights to identify the most active state of

each under-damped mode, and to insure that a different mode with different modal

participation had not hecome under-damped. In fact, by penalizing participation of

¢ in the under-damped mode, the mode shifted into the a and @ states, requiring the
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Figure 4.3: Broken Loop Controller Responses

inclusion of a penalty against the respective rate terms. Rarely was more than one
weight adjusted per design iteration, to preclude obscuring the influence of each ad-
justment. A total of 24 iterations were required to achieve the design that approached
both bandwidth and damping specifications. From Table 4.1, the weighting functions

W,, W, and W; at the conclusion of this phase had the following values:

0 0 5 0 0
Wi=|0 2 0], wo=|0 001 0], W= diag(0,10,5,1,0).
0 0 ¢ 0 0 1

Figures 4.3 and 4.4 depict the broken-loop controller responses, and the closed-loop
command responses for this selection of weights.
c. Output Feedback Controller Design - Selecting the Measure-
ment Noise Weights
The next step was to determine the weights to be applied to the
measurement noise signals, which mathematically show up only in the D, matrix
of the synthesis model. Initially, the weights on the regulated output 2 determined

by the state-feedback design process were used in the output feedback design. The

58



10! 10" 10° 10' w' 10
Frequency (rad/s)

Figure 4.4: Closed-Loop Command Responses

objective of this phase was to tune the controller such that the influence of each sensor
channel on the controller did not exceed the expected reliability of the sensor. For
example, if a sensor could be regarded as reliable at frequencies up to 10 rad/s, then
the controller response to that sensor channel should roll off at a frequency less than

or equal to 10 rad/s. Consider the following representation of the controller:

[ ¢ = AL+ By
C _{u e (4.4)

I

The frequency responses of the diagonal terms of the transfer function matrix

C3(sI — A.)~ ! B. were plotted to evaluate the influence of each channel on the con-
troller (Figure 4.5). The outputs of this transfer matrix represent the estimates of the
states of G in the presence of the worst case disturbance [Ref. 18]. By examination
of the corner frequency for each of the ten channels of Cy(sI — A.)~! B, the weights
could be adjusted to achieve the desired sensor response bandwidth. Increasing the
weight on a given term resulted in the bandwidth for that channel being decreased.

This is similar to the results encountered in H; design and is consistent with intu-
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Figure 4.5: Sensor Responses

ition. Very little effort was required to find the appropriate set of weights since little
coupling was observed between the sensor channels. The accelerometer bandwidths
could not be exceed 10 rad/sec because of the internal dynamics of the controller.
d. Output Feedback Controller Design - Selecting the Process
Noise Weights
The next step of the design process was the determination of the
process noise weights. This phase was similar in execution to the “loop recovery”
process of LTR, with a slightly different purpose. While the objective with LQG/LTR
is principally the recovery of state-feedback robustness properties, the objective here
was the recovery of the performance characteristics of the state-feedback controller,
as reflected by the various bandwidth and damping specifications. Unlike each of the
previous steps, in which a specific weight could be expected to control a particular
trace on the graphs, this was not so for this phase. Additionally, there was coupling
into the closed-loop sensor responses as the state process noise weights were changed,

which required some additional adjustment of the sensor noise weights to maintain
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the desired sensor response bandwidths. The final value of W, was:
W, = 0.00001 = diag(0.1, 4, 4, 0.01, .01, .01, 0.1, 10, 10, 1, 5, 5, 5)

e. Linear Simulation- Assessing the Controller Structure

At this point the closed-loop linear system was simulated in order to
determine whether reasonable actuator deflections were being used, and to ensure
that an altitude ramp could be tracked while controlling a to a desired trim value
and DLC to zero. The closed-loop system was initialized to level flight and then
expected to intercept and track an altitude ramp. While the altitude ramp was suc-
cessfully intercepted and tracked, both a and DLC stabilized at values other than
their respective set points. Examination of the transfer functions from altitude com-
mand to a and DLC revealed only a single zero at the origin within each numerator.
In both cases there was an additional zero numerically close to zero, but insufficient
to provide the desired washout characteristics. To achieve these characteristics, an
additional integrator was added to both channels in W,. A new controller was then
obtained using this modified synthesis model with the same scalar weights determined
above. This controller was then evaluated using the identical simulation, with the
result that both a and DLC stabilized at their desired values. Finally, slight change
in W, and W, resulted in the final determinz;.tion of the bandwidths. The final values

of the weighting matrices were:

10
i
H"'[ = 0
0

Figures 4.6 and 4.7 depict the resulting broken-loop controller responses and the

0 5 0 0
0 |. wa=| 0 01 0|, W= diag0,10,5,1,0).
&

$ 0 0 1

ouE o

closed-loop command responses. The Nyquist plots of the hroken loop responses for

each control input are shown in Figure 4.8.
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Figure 4.7: Output Feedback Closed-Loop Command Responses

3. Specification Compliance
Figures 4.6 and 4.7 show all the control and command loop bandwidths
as satisfying their respective specifications, with the exception of the a command

response which is slightly low at approximately 0.8 rad/sec. The notch is due to the

62



(-

Figure 4.8: Output Feedback Broken-Loop Nyquist Plot

presence of a zero in the a command loop. No objectionable properties result since
that channel is used to regulate a constant command rather than respond to changes in
the command signal. The Nyquist plot in Figure 4.8 clearly depicts the simultaneous
phase and gain margins requirements as being satisfied, with all three controller traces
staying in the right half plane for all frequencies. Eigen decomposition of the closed-
loop system revealed a complex pair of eigenvalues which failed the damping ratio
requirement (0.45). Examination of the corresponding eigenvectors, however, revealed
that no vehicle states and only controller states were participating in this mode.
The next step was to ensure that the cancellation of the plant’s lightly
damped modes by the controller had not occurred. The controller is a 3 x 9 matrix
of transfer functions, and while cancellation may occur in one or several channels,
complete cancellation would only occur if all the channels had a common numerator
term. See [Ref. 38] for a discussion of multivariable transmission zeros. Figure 4.9
depicts the singular values of the open-loop control responses. The presence of a clear

spike at the frequency of the lightly damped phugoid mode and a small bump at the
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frequency of moderately damped short period mode indicates that the controller has
not canceled these open-loop poles. Numerical analysis revealed no transmission zeros
in the controller, further confirming the absence of pole-zero cancellations.
4. ; Analysis

The robustness analysis was performed by determining the structured sin-
gular value of a linearization of the closed-loop uncertainty model consisting of the
nonlinear plant and the H,, controller, as discussed previously in section B.4. This
linearization was performed ahout the triml.ned operating condition, with the uncer-
tainty inputs and outputs w; and zs included in the nonlinear equations of motion
as shown in Figure 4.1. Figure 4.10 depicts the resulting structured singular value,
where the peak value of 0.6 indicates compliance with the condition of Theorem 3.8
and the robustness design specification.

Note, had the design effort failed to yield the desired robustness, the design
process could have been repeated with the signals ws; and z; incorporated in the

synthesis model, and using either M., synthesis or D-K iteration [Ref. 35).

64



10? 10" i 10’ ' '
Frequency (rad's)

Figure 4.10: Structured Singular Value Plot

5. Nonlinear Simulation

In this section we present the results of the nonlinear simulation of the
Ho controller. First, the controller was implemented on the nonlinear plant using
D-implementation methodology (see [Ref. 39]). The methodology is based on the
observation that linear controllers are designed to act on the perturbations about
the plant’s nominal trajectory. Next, as with the linear simulation performed in
section C.2.e, the controller task was to intercept and track an altitude ramp, while
appropriately controlling the other signals of interest. A vertical and horizontal gust
field of moderate intensity (rms= 10fps) was included in the simulation. Results
are depicted in Figure 4.11, where all the variables are shown as deviations from the
trimmed level flight condition. The simulation was initialized in steady level flight
with all surfaces at their trim positions. In response to the altitude ramp, the DLC
and stabilizer deflected immediately to establish the appropriate descent rate. The
result is a decrease in both a and ©. The altitude overshoots the ramp, and then

corrects to the proper trajectory. Both the average angle of attack and the average
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Figure 4.11: Nonlinear Simulation Results

DLC wash-out to their desired trim values as the altitude error is nulied and the thrust
decreases to stabilize at the new steady-state condition. Deflections and deviations
are all well within reasonable practical values. This simulation validated the results
of the design effort.
6. H. Design Conclusion

A measurement feedback controller was successfully designed to provide
longitudinal control of an F-14 aircraft during automatic landing, and implemented
on a nonlinear simulation. A key feature in the design was the exploitation of the
aircraft’s Direct Lift Control to provide for enhanced landing performance. Addi-
tionally, a methodology was detailed whereby SISO performance requirements were
achieved using M., synthesis. Finally the resulting controller was validated on the

nonlinear simulation.
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D. MIXED H; / H, CONTROLLER DESIGN

The purpose of this section is to present the design example demonstrating both
an application of the H,; / M, design tools, and a methodology for their use. The
previous problem was actually born out of a desire to fully develop the methodology
for the pure M. problem prior to its application to a more complicated mixed
problem. Both the synthesis and analysis models used the identical MATLAB scripts
and SIMULINK models as the above problem. The design tools for this problem were
created by the author and are developed and outlined in Appendix A.

1. Problem Description and Design Requirements

The problem description and design requirements for this example were

identical to those outlined in section B above, with slight modification. In order to
demonstrate the attributes of the mixed design tools, a more severe robustness re-
quirement was included. Specifically, stability was to be guaranteed for simultaneous
variations of 40% in the perturbed lift and drag forces and pitching moment. In the
previous example, the robustness of the closed-loop system was assessed after the
design process. In this design example, it was decided to explicitly impose the ro-
bustness requirement in the design process using the H., feature of the design tools.
To accommodate the increased robustness specification, it was decided to relax the
desired performance requirement slightly. Rather than the command performance
bandwidths of approximately one rad/sec which had previously been required, the
desired command bandwidths were set at approximately 0.5 rad/sec.

2. Synthesis Model

The Ho design tools used in the first design example found the con-

troller, C , that minimized ||T..(G ,C )||. The mixed H, / H,, tools find the con-

troller that minimizes the mixed cost: ||}, (G ,C )||2/50, subject to the constraint
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|72 w(G +C )lloo < 7. Consequently, the synthesis model complexity was increased in
order to accommodate the signal zo, which was not present in the previous examp/
From Chapter III, the mixed H, / H,, problem required that the synthesis model

be posed in the form:

z = Az + Byw + Byu
_ ) 2 = Cox+ Doyw + Doyu
g T < = C].‘B + an + Dnu (45)

y = Ciz 4+ Dyyw+ Dau
In order to pose the problem in this form, consider Figure 4.12. This figure
depicts the synthesis model where the signals were chosen to comprise each input
and output vector. The choice of signals to include in w, 2o and 2;, as well as the
various weighting functions, were determined both by mathematical necessity, and

the objectives posed by the problem description.
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Figure 4.12: Mixed H; / H,, Synthesis Model

The vector z; consisted of the signals whose output energy would be limited

by the M. constraint. Since the H, constraint was to be used to explicitly
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achieve the specified robustness, the uncertainty input ws was included in w, and
the output of the uncertainty model z5, was included in z,. The uncertainty model
depicted in Figure 4.1 was used to find a linearization of the open-loop system with
the input vector ws, and output vector, zs. As the consequence of constraining
T2 w(G ,€C WMo < ¥ | T24ws(G +C Mloo < 7 would be guaranteed. The requirement
that [ 6/31 ] have full column rank necessitated the inclusion of the output of any
pure integrators, and the requirement that D, have full column rank necessitated
the inclusion of the control inputs u. in z; as well. In order to restrict the amount of
conservatism that these two signals added to the H,, constraint by their presence
in 2y, small attenuating values were chosen for the weighting functions Wj, and W,.
After several iterations of the design process it was evident that double integrators
would again be required on each of the regulated error channels. Consequently, the

final weighting matrices on z; had the form:

10-3

Ws, = —-Is Wi, = diag(107°,107°,107)

The second element of W;, was specifically smaller than the others because it multi-
plied the thrust channel, whose units (/bf) resulted in high signal amplitudes. The
weighting function W, was set to 0.47 in order to scale the uncertainty model such
that || 72w, (G ,C Mloo < IT2w(G € )lle < v = 1 would satisfy the robustness spec-
ification of 40% gross parametric variation. Each of these weighting functions were
constants and not adjusted during the design procedure.

The vector zq represented those signals which would appear in the quadratic
cost function. As with the previous pure M, problem, the weighting functions
Wi, W3, W3, and Wy consequently represented the degrees of design freedom, while
constrained by the above M., specification. In order to achieve similar results as

the previous example, zo was selected to be identical to the previous z, as was the
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structure of the weighting matrices. To be able to adjust the command bandwidths,
the integrated errors were again included in the output signal, resulting in the first

weighting matrix having form:

4 0 0
W1= 0:3‘0
0 0 9

2

As in the previous problem, W,, W3, and W, were diagonal matrices of constants.
3. The Design Procedure

The design process was virtually identical to that outlined in section 2.
above. The only exceptions were in the formulation of the synthesis model, as de-
scribed above, and in the use of the mixed H, / H, design functions outlined in
Appendix A, in lieu of the commercial M, design tools. Due to lack of time, the
design example was terminated with the design of a state-feedback controller, how-
ever, Appendix A does include both the state-feedback and measurement feedback
design routines.

Since the procedure otherwise followed the procedure of the first example
exactly, the details are omitted. The mixed H; / Ho design tools did permit the
selection of which generalized mixed costs was to be used (trace, maximum eigenvalue
or maximum diagonal element). Several iterations were done using both the trace and
the maximum eigenvalue. It was observed that the trace was more appropriate to this
particular methodology, in that it was easier to influence all of the various bandwidths
by adjustments of the weighting matrices. Several bandwidths were comparatively
insensitive to adjustments of the weights when using the maximum eigenvalue as the
cost functional. This is consistent with intuition when one considers the geometric
implications of choosing the trace relative to the maximum eigenvalue. Table 4.2
summarizes the progress of the design effort using the trace. Each design iteration

required approximately 30 minutes of cpu time on a Sparcl0 workstation. Step 9
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TABLE 4.2: STATE-FEEDBACK DESIGN: WEIGHTS/RESULTING

BANDWIDTHS
iler. W, Wy W3 ) ¢
he Qe I DLC bstaboma | Sihrustome I 6DLC¢=‘ u | W I q | h I w
[spec [>Ts T [ >Is T [>18 T [<20s 1| <25 [<40s ' [ -[-]-]-]-[>06]
1 1/04 1/ .01 1/0.07] 1/ 150 1/2 1_/—2 ojojojof{0] 0.23
2 1/04 1/ .01 1/0.07 | 5/150 1/2 1/2 0jof{0]j0f{O0]} 023
3 1/04 1/ .01 1/ 0.07 | 50/ 50 1/2 1/2 0j]0]0J0]| 0| 0.27
4 1/ 0.4 1/ .01 1/ 0.07 | 100/ 40 1/2 1/ 2.5 0]0]J0J0]0] 0.27
5 1/ 0.4 1/ .01 1/ 0.07 | 500/ 10 1/ 2 1/3 0j0]j0j0]0]| 0.27
6 1/ 04 1/ .01 1/ 0.07 | 500/ 8 0.1/2 1/3.5 0{0jo0f[0]O0] 0.27
7 1/04 | 100/ .01 [1/0.071 500/ 10 0.1/2 1/3 0Jj030]0]0 | 0.27
8 1/0.4 104/ 2 1/2 500/ 20 0.1/2 1/ 20 0Ojof[o0]jOf{ O] 027
9 1/04 | 10°/05] 1/0.4 | 500/ 50 0.1/2 1/2 ojofojojfo 0.2
10 1/04 ] 10705 1/0.4 | 10°/ 20 0.1/ 4 1/ 2 0fo0oj0f{0]O0 0.2

marked the point when the additional integrators were added to the weighting matrix
W,. This altered several bandwidths slightly, though the scalar weights themselves
were not adjusted between steps eight and nine.

The above design resulted in two pairs of lightly damped eigenvalues, with
damping ratios between 0.2 and 0.4. Modal analysis revealed that only the thrust
was significantly participating in these modes, with no participation by the aerody-
namic states. This was regarded as acceptable, and no further damping improvement
was attempted. The weighting matrix W5 was consequently all zeros. Since the
measurement-feedback controller was not pursued, the weighting matrix W, was left
as all zeros as well.

4. Specification Compliance

Figures 4.13 and 4.14 depict the broken-loop controller responses, and the
closed-loop command responses. Each of the broken-loop controller responses is less
than the specification, indicating that the actuators would not be driven at frequen-
cies greater than their bandwidths. The closed-loop command responses of 0.4 for

the altitude and DLC channels were slightly less than the specification value of 0.5
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Figure 4.13: Broken-Loop Controller Responses

rad/sec. Figure 4.15 depicts the Nyquist plot for the broken-loop controller responses.
The Nyquist plot shows the controller loops as satisfying the simultaneous phase and
gain margins, with the exception of the DLC loop which slightly violated the out-
side corners. It is interesting that the DLC loop stays outside the unit circle around
(=1,0), as would be expected when using Loop Transfer Recovery Methods with a
pure H; controller design tool.

Figure 4.16 depicts the singular values of the open-loop controller response.
The clear peak corresponding to the short-period frequency indicates that this mode
was not canceled by the controller.

5. pu-Analysis

Figure 4.17 depicts the structured singular values for the closed-loop system
T:ws(G ,C ). The peak pu value less than one confirms the robust stability of the
system to uncertainties greater than the specified 40%. That the peak value is well less
than one highlights the conservative nature of using H,, constraints for robustness

when the uncertainty can be expressed in a structured fashion.
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Figure 4.14: Closed-Loop Command Responses
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Figure 4.15: Broken-Loop Nyquist Response

6. Linear Simulation

A linear simulation was performed in order to ensure that the resulting
closed-loop system fulfilled the design requirements. Figure 4.18 depicts the response

of the system to a ramp altitude command. All variables are depicted as perturbations
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Figure 4.16: Open-Loop Singular Values

Figure 4.17: Closed-Loop Structured Singular Values

from their trimmed condition.
Since the command bandwidths are slower than those for the first design
example, the response of the regulated signals to the altitude ramp is predictably

slower. The desired wash-out characteristics are displayed, though, on altitude error,
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Figure 4.18: Linear Simulation Results

angle-of-attack, and DLC deflection.
7. Mixed H; / Ho, Controller Design Conclusions
The methodology of section C. was successfully extended for use in the
design of mixed H; / Ho state-feedback controllers. Furthermore, a synthesis model
formulation was demonstrated whereby the 'Hg / Hoo design tools could be applied in
order to achieve explicit robustness guarantees, simultaneous with other classical SISO

design requirements. The final controller design was validated by linear simulztion.

E. CONTRASTING THE H, AND H, / H, DESIGN TOOLS
Because of the similar synthesis models and design methodologies, the effort
required to implement the two tools was virtually identical. In fact, a single MAT-

LAB m-file was used to prepare the two synthesis models, with only slight variations

15



required. A positive attribute of the H; / H.. tools was that little procedural ef-
fort was required to shift to the H, / H.. tools from the M. tools. The mixed
H; / H. design tools did demonstrate one significant disadvantage over the pure
H.. method. While the computation of a single H,, controller would require less
than 30 seconds, the computation of an H; / H,, controller for this 14 state problem
required between 12 and 45 minutes, depending on the scalar weights chosen. This
was partially attributable to the particular implementation of the convex optimization
methods. The computational time could be probably be dramatically reduced with
a FORTRAN or C implementation of the interior point method, rather than the el-
lisoidal codes used here. However, even the most efficient optimization routine will be
dramatically slower than the nearly direct computational means available by Riccati
methods. Consequently, the mixed H; / H.. tools should only be used in situations

where the H; norm is an explicit expression of some specific design specification.)

F. CONCLUSION

This chapter demonstrated the application of H.. and mixed H, / H.. con-
troller design tools to the problem of autoland controller design. A methodology
was presented whereby classical SISO design specifications could be translated into
scalar weighting functions appended to the synthesis model for either controller design
scheme. Furthermore, a methodology was presented for the modeling of uncertainties
in flight dynamics problems, and was then applied in the analysis of the robustness

of the resulting closed-loop systems.
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V. INTEGRATED AIRCRAFT/CONTROLLER
DESIGN BY LINEAR MATRIX
INEQUALITIES

This chapter presents a methodology by which aerodynamic surface sizes can be
optimized using performance requirements which are posed as Linear Matrix Inequal-
ities. Several examples are presented which demonstrate the utility and flexibility of
the method. The MATLAB files which support the material of this chapter can be

found in Appendix D.

A. INTRODUCTION AND PROBLEM MOTIVATION

The control design process for rigid body vehicles (air, marine and space) in-
cludes not only the design of the control system itself, but also the refinement of the
size of the control effectors. Generally, the shape and overall size of the vehicle is
dictated by mission constraints such as payload, range, or maximum speed. Control
effectors and stabilizing surfaces are then appended to the baseline vehicle to pro-
vide sufficient control power so that, in concert with an appropriate control design,
the desired dynamic performance is realized. Control power is very expensive,
resulting in increased weight, drag, signature, and financial cost. Consequently, the
configuration designer would like to incorporate only that amount of control power
that is necessary to attain the desired dynamic performance requirements. The ad-
vance of controls technology in the past 25 years have led many commercial and
military aircraft designers to consider reduced static stability aircraft as a means of

improving performance and lowering cost.
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The question spawned by this drive toward improved performance is consequently—
how much control is enough? There are actually two facets to the question. First
of all, flying qualities specifications must be identified, which, if satisfied will permit
the vehicle to meet its mission requirements. Much of this field relies on the subjec-
tive opinions of pools of research pilots and engineers. Flying qualities consequently
translates mission requirements into dynamic performance requirements. Consider-
able work has been invested by the military services and NASA in recent years to
expand the traditional flying qualities standards [Ref. 1] to the new paradigm of
relaxed static stability aircraft. The second facet of the problem is translating the
flying qualities specifications into physical configurations and control systems. This
(uestion is addressed by this work.

In aeronautical applications, control sizing is driven by several distinct environ-
ments. Each of these must be independently considered in the design, and the most

stringent adopted. The three principal environments are:
e Take-off, Approach and Landing (terminal area flight);
o High angle of attack flight;
¢ Supersonic flight.

Corresponding to each of these environments is a set of critical center-of-gravity (cg)
locations. For each of these cg locations, sufficient control power must exist to provide
the controls designer with the capacity to achieve appropriate dynamic performance
(stability, maneuverability, and disturbance rejection) for both nominal and failure
conditions. However, the nature of the control power required to provide such per-
formance differs greatly from environment to environment. For example, in the case

of supersonic flight, the principal issue is maneuverability. Here, control power can
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be degraded by changes in the aircraft center of pressure or blanking of the control
surfaces by shock-waves. Experience with supersonic flight has provided a base of
knowledge for providing adequate control power in this environment. Since control
power is basically proportional to the airspeed squared, it is more frequently crit-
ical at the other extreme of the operating envelope, at slow speed, such as during
high-angle-of-attack maneuvering and take-off/approach/landing. In the case of high
angle-of-attack flight, the aerodynamics are very non-linear, and the concern is the
ability to generate specific rates or accelerations (maneuverability). The specifications
are therefore generally expressed as open-loop rates or accelerations.

The specifications determining the control power requirements for slow speed
terminal-area flight are both closed-loop and open-loop. In this environment, the
concern of the configuration designer is to provide the controls designer with adequate
control power such that a controller can be designed which satisfies the specified
closed-loop flying qualities, as well as open-loop maneuverability. Unlike the other
two environments, linear flight mechan<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>