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THE BEHAVIOR OF A GYROSCOPIC STAHILIZER ON
A ROCKING BASE |

(Following is the translation of an article

by Sanior Lecturer A, I. Chistyakevr of Ka-

zan' Aviation Institute which was published

in Izvestiya Vysshikh Uchebnykh Zavedeniy, !

Priberostroyeniye (News of Institutions of |

Higher Rducatien, Equipment Manufaciture), a

Ne. 3’ 195 o] |
|

This work is an investigation of an unloaded gyro-:
scoplc stabilizer on a rocking bhase. -

A diagram of this stabilizer is siven in Fig. l. !

The conventionally investigated stabllizer has beed
named "uniaxial," although sctually stabilization may be
produced about two axesy Xg - Xy and Yo = Yoo This can be |
done because in the usuual scheme of & gyrosearic stabilizer
we take advantage of the preliminary inclire of the rotor ,
axis in a Cardan suspension. In the schewe nuder considera-
tion the gyroscope axis is inclined in the XY plane at an
angle g eof considerable nagnitude,

Connected with the outer gimbal of the gyroscepe
is the object to be stabilized and the rotor of the stabi-
"1112ing motor which is controlled by « relay switch placed
on axis 2 « Z of the inner suspension gimbal. In addition,
the motions of the system about axis X « X during rotae-
tions of the base ahout axis Yo « Yo are utilized in stabi-
l12ing the metion of the base abeut this axis,
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Fig. 1

During oscillations of the base ah-ul axes ¥, = Y,
and Zp =~ 4o, the system decsribed has s ‘erdency to deviate
from the sasigned position along axis X ~ Xy even in the
absence of a load on the part of the cbjset to be stabili-
zed, The velocity of deviatiorn is such that this phenomenon
can be explained by the nominiformity of frictien torque
along the precession axis Z - 2 (duriog motion in one and
the other direction about this axis), [{1] or by the connec-
tion of the inner gimdal and the outer by means of the con-
tact control system. [2]

There 1s, however, fuller explanation for this phe-
nomenon, if we take into account tiie nature of motion of
the system along the axis of precession; the reactior of
the system to osclllations about axis ¥, - ¥,, and the
effect of the forces of inertia and friction torque which
appear during the oscillatlons of tune sgystem about axis

Stating the Problen

The requirement is to determine the motion of the
system along axis X - X if the base makes periodic oscilla-
tions in two vlanes, such that the angular veloclities of
motion of the base, relative to axes 0X,Y,2, whleh are econ-
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nected with themy, have the following values:

Pvo == yop sin pt. (1)
Wz, =0 = — yop cOs pt,

where 1o is the amplitude of angular oscillations; and !
p is the circular frequency of oscillations.

Axls Xo, being rigidly connected with axes OY
and 025, will have a composite motion. In accordance with |
expressions (1). uxls OXQ along with axis CY, will complete
oscillating motion relative to axis 0z , and along with
axis 025 will osci'late relative to axils 0¥,. Both of these
oscillag ng .aoticns ol axls 0X, take place with a phase
shift of 90°, Thus, in accordance with expressions (1),

axils OX, moves a1on the surface of 2 righit circular cone 1
with tne verten at the origin of the ccordinates. Here, i
axes 0Y, and 0Z, do rnot turn about axils 0X,. Taklng into
consideration what has been sald above,

Yoy 2,
| =
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we can write (Filg. 2) |

Wip=pcosyg - p=—(1 —cCcoSyip=~— 2p sin"l,;

Or, for small angles Yo o B .
Yo — =" "Q'Yap- (‘ §

Ecuations of Motion of the System

Assurninr Shat the gyroscope is astatl and nezice-
tirg friction troque and the gyruscope's inertia aboutv lthe |
axls of precossion Z - Z, we will write the eguations of
the stapilizer within tho system OXYZ connected with it, in,
tre follevi~ . forms |

BH cox 3o B~ w, Hcosfe — )= M, sign o —J a— M, 8l

abicos: %y - 2y w Heos By —B) -w Hsin (4. — g1 =0.

The eauations :re »¥nisined in Fig. L.

Here Ms s cne friztion torque 2long the (Xis of shebili-

zatlon Y - X3

1.8l is ¢he torgue of the stadiiizing motur
J 13 Shie moment ¢f inertia of “i rtebilizer relative
Eo the axis of atbhilization i ~ 21 ~1my “he noment of
inertia of tho objeet to be sha - which has beay
brou<hs to this axis;

H 1s <22 2inetic moment of the gyrrsocpe: and w,, w,, o,
are the projection: <f v-:rnefer angular ve-
loeity of the 0XYZ syster: oavo the cerre=
spending axes of tiils syvetema

fhe characteristics of Xy [B] are shown in Fige. 33 here angls

B is measured beginning at the vaive of By « Assumine
that angle g is swall in compariscun with angle fv and

A

R

cos(f v — B) =cos i+,

ta(By— B) =k — B,wherak=Igfy.
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introducin; alsc uasignaticns
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we will writc squations (3) fer the motiorn »f the system in
tne form

'3 by T ma Sing 2+ @ P, o {81

&+°.““"y("—§”=“ . &4)

Thie positicon of the stabllivor reletive o the base
ic determined by two angless angie B within the systenm
0XYZ and angle a uetween the systen 0XVZ and the systenm
X Tode Whlch 18 connacted with the Dase. It 15 not diffi-
cult €0 see In thxls connection that




Wy, TI W cosa + o, sina . (

\n
ot

w, = w, COBX — oy Sina.

Yeace, taking into account Bquations (1) and (2), we get |

‘
w, = —-—2—-15 I L

- ———-
——

w = pyesin (pt — o). (6)

y

: 0y =% = P Yo COS{ At - &)

|

iThus, the ~elatlons {6 are determined by the laws of motio:
0f the base, Saustltiuting thenm int: the origlnal system of
Equatficns (4}, wo innlly obtain

B wwmnﬂﬂ%~m=uu+mémeP“mn'WY
’ ! P s iy i11§ of - iy
l R 1 e L B ¥ A (A (o) D
Here the fi.st aquatiocn casra

axls of preocassion, and the s
stabilizatlion,

terizes the motlioa along the
<y et wlotig the axls of

Solutien of the Problow

Ar: accuarute solubion of thess eguutions presents
considerable 3ifilcNties, Therefore the solubtlon will pro-
ceed by tn . method of succesgive avprexipations., First, howd
ever, we will simpilfy tne equations.

T+ ¢an be agssumed with a gufTicliznt degree of accu-
r&2y that the presence of a moderate smount of dry frietion
(hss hardly anv effect on the hermoalc nature of the forced
ioszillations. Io thils cagse dry fricticn can be liksned to
isome equivalent viscecus fricilon, Here the coeffficient of
viscosity shoulé be a function of ine fregueney and amplle
tude of the fure«d oscillations,

The equivalency is dztermined from the condition
that during onc fourth of tha perisd, the paths traveled by
the gyroscope about axis Z = Z at welocity m: depending

- 6 —




on the actiom of dry frictlon along the axis X - X, and =v
velocity f,-a depending on the action of its eguivalons
viscous fricticn, are Ldentical.

Then, on the one hand,

™ 'R_
Z 2
BO=, ~]’adr=/f[1opsinpt~d!= e f,
0 >
and on the other,
3-(.2":.—- —/ ) _T_

Wnence it follows that

. H . n
hL=m: zo- = me

A 2N (8)

Taking into account the substituhion. mnoss, %ho systen of
equations (7) is written is the forx

B — pyocos(pt — a) =aa-+7,a- - m Bl

3~ o i — (5= B pyosin(pt — ) =00

We vwill further note thac t7s nr:n valuars of angle
a change comparatively slowly. "hon we will assume that
the change oi angle @ takes place within a small range
about a certain slowly changing wvalue of uo so that
e=ao+Aa , where Ae is a small angle, m%mr, n tae
first approximation we will neglect the valus Aa  in compa-
rison with pt in trigonometric exprassicns.

Let us {irst consider the problem without taking
into account friction and inertia, i. e., by substituting
intc system (9)

a=fT=Oo




|

Then, from the first equation of system (9) we will find
the law of motion along the axis of precession, neglecting
;at first the action of the motor (my (p] = O):

B(£) =vyosin(pt — ag) +c, (1¢)

jwhere at t = 0, p=—1yosinae , and then c¢ = O,

It is quite obwvious that with the motor acting cn
‘the system, the oscillations along the axis of precession
Bll "will be circumseribed by the range of insensitivity
of the reley switch. Here the motion from onz contact of
the switch tc t he other will be determined by the motion
of the base, and there will be oscillations on the contacts
with amplitudes B¢, and 2, , caused by the connection
and disconnrection c¢f the moter zFig. 4 Blf). aizo Fig. 3).

Fig. 4
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Tliuz, the seclutlon of the 'lrst ez tion of steuw

{(7) #1i.l e rresented iz ‘he form ol  rerfodic fun:tlc..
P v1th the pi:ase i’splaced by l/"“ rol tive o ths

: t > ~9

sanction pte) . Bxpanding the function nifl dnto & our’ v

~series and limiting owrselves to the rir=t “er:n ¢! ~. :

ri:3, we will write the final equation iu <ic form

. ~ . [, 8 . )
Si =g dsing - SINPL 4 57 - 0= = o et sl 1 g (11
canere Aoy, ond o Pe
2 e

f Substituting the solution ovtnincd intc the second
reguaticn of (9), we got

] ¢ = 3" e+ iK -~ -;‘:- Yo SETFCON 1 — U — 4 bl e SIN ([ﬂ —-8,) .

"and after Tt -aspovition

|

. . g
e W2 2qin? i e ; .
T e YA P -t 5 PAGSINTe & s (i~

N .
——--v"x'v 29 i 2ipl — a4 4 J-: ;~31\|::’rp\'.,l.2(pl --~-r,o)

»2 Rr

oy o e ——

Fore the wltimete and venwltiroc e Lemas Junpsets -
irize oselllntione of =n s-poiicude 'Y L econporison with
Y and of double the freguaurey. T ! lple. the motion
nlong the rxis of stonili atdfon i - Folsriined by the
iaypression

[

{

»where the “1rst tern charncterlzes nsril® -tor7 motion, '1d
the seooau, the velosity of the cuismant clsclacement, Thi
.veloc Ly 1o raelatnively small 1in rmojsitude, and ther:fove
tthe effect of forces of inertia zal fricclon vill concls
primarily of oscillatory motion zboir aris ¥ « X, ¥or this
jreason we will assume, for the purr<se of deriving a of
:the second zpproximation, that

@== K[ Yo Vil {;1;-—-"4)-4- 2 (o, ISR TR -

l
! d = pRYe St — 114}, (12)
;
2and 1ts integral

a=— Kycosipl ) 0

i
‘
!
¥
!
1
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vhepe at o = {, 4 RVetvSG  anc, consexuentli, o 7,

Integratlng the first equatiorn of (§) m . sut: 2=
tutinzg into it v~ va"ues of & and  of the .frst -prio-
‘mration. wo T L B of the second apnro)imat loo ripns

L oway, fltnort Tesing into acccunt the effect of “he ratow

i .'I,m :ﬂ} o .,):

)

C e m——————

‘ B(t) =ypsin(pt —ao) +ada+! a4+cm
=y MNPl — vg) LaRy,pSin(Pl - we)  Kiye 08Pl ag) + £,

where ¢ i9 5 conctant of intesratior whicnh I~ regligible ir.
subsequen- analysis.,

Tho avpressicu ootelres ¢ T2 reducsd to the form

e« v = —— s " —— i = 5 " A b S » S+

Brioyv=A0nipl - p - §,). {3
winera
A= 40 /TS ampht sl
P ]
Carctg _‘“yt‘ QIR
,' - \- ) gp.p—

Takxizg ‘nto consilderatic: il effect .7 the molor
we plot, according to the anvt'on Rrove r*nhically
‘ave‘aged function ﬂfd Fig, 4) e dng i “nto a Fou-
rier seorles and 1imitins ourselves o its first term, we
have the solutior of the first equation of she system to a
sacuond agrrovimatlon:

1

d . x « .
Bl = i Asingeuni{pr -+ o i T ) o A sing cos (Pl -- a5-— ),

where

e — - — ————— e © S o o U o1 T m

(15)

N
A}
N

e
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b

i

— e .+ S———— " —————




Then a of the second approximation, ir acccer” e
with the secon” equaticn of the system, will be writter -
fLllows:

: !
a-= -

¢

!
4 it~ |
2 p 4 KpjoSIn (Pt — o) — -;,-p1°A SIN @y Sin(pl — ot g

. cos (pt — 99 — ). !

snd after transrositvion i

. 4 .
“iE oo B T Do A SIN PSP = KP Yo 10— ap) —

4 ‘ iy ’ (16)
_?phm%wumn%~v¢-

Thus we Lave = compovuc wotlon alon: 'he axis ¢f stabll’za~
tion. Tae motion cnnsists of oscilliatery meslon {baslenldly
determinables oy “uo thisd term) and an addec constant come
ponent.

|
|
i
|
!
i
!
}
i

1 The constant component c¢f the dlsplacerent rate
equals

) I g / T >.7 < ) )i
ars == gp ) - Vil o fl s, sng).

After subctitution of the values of =g
expression for tr~2 wcnztant cemponent ci
rate can ve¢ redugced *c¢

Qs Mgy the
i.¢ displacement |

! N 8 Q 3 8 ] 02 a— : . g
a = — WPt o S — ARSI K [o80 224)

. S
U TR R (17)

e s B e 5 e S + it

The first term of the derived expression & B '
characterizes the departure along tic axis of stabilizatio
from the rotsiior of the base ahout axls X « X, The sign of
displacement changes with the chargr of directlon of the t

-~ 11 -




deval W0 WL Lile Dasa,.

The second term
4
]‘ n sy’ 4o

characterizes disp;acement alons the axis of stabilivation?

! tlons being egqual, by the magnitude of

from OcCtll&tO“} motion of the base abous =x@s Y. =~ ¥

along » and 4 L uo &-l.ong 9 Vlth & COQ ’.h( S sho

magnitude of dSSplaﬂement is determwned all other condi- ;
the insensitive zoms

21l by the 2monlitude of oscillation A. The sign of dlsnle-

cement changes with the change of direction of rotatic . of -

e - e e 31 et e et A <

e vm————— e e

. ev——

the tase, i. e., a phase shift of ~90° ia the oscillations!
of the bace along ¢ and & reverses the sign of disnla-
cement .,

In the cace of s free gyroscops Bl = 0) this
term will be equal te .% 3 py LT ve sabs%?uute the axpres+
sion (10) for g(i) into“the seccnd eqguation of the systom
(9). Then, taxizz intce zccount the first teme of the ex- |

pression 617), the ultimste value of [ would equsal zero. |
In the care under ccnsideration the term i

"éi P sin? e
1s smaller than £ ¥ p. The physic:l cause lies in the fact
that the precesston of the gyrosccie slong axds 2 - 4 1s

circumscribed by the boundaries of ins:nsisivity of the
gwitch.

‘P‘i/*f5 ) ﬂﬁ

i ‘5[’1,“\ _';rt/. :
/ /=
| 2it] ' t |

— C— e —




The third term

-:—,-ak 1 p?sin qo

e o v a e o ————— = ]

characterizes displacement along the axls of stabilization
as a functien of forces of inertia which appear during os-~
cillations of the system about this axis, However, the os=-
cillations of the system about axis X -~ X are nasicalily
determined by the incliaation of the axis of the gyroscope
rotor and by directional oscillaticns of the base, The mag-
nituds of displacement is determined by the system parame-
ters fPo 4, A and 3 . The sign is a funetion of both the
direction of rotation of the base and the direction of the
vector of the gyrocscope's kinetic mcmeat. Thus, depending
on the direction of the vector of the gyrcsacopet!s kinetilc
nmoment, the ~{fect of the forces of inertia will either
decrease or incresse the displacement rate along the axis
of stabllization.

In Figs. 5 and 6 1is 1llustrated the physical cause
of the effect of inertia slong the axic £ stabilization
upon the accuracy of stabilization of the system relatlive
to this axis.

Figure 5 shows curves of the change of the direc-
tional position of the base (1) and of the velocity of
precession f{t] as functlons of Iinertia forces only. In
Fig. 6a we present a case where the base turns in the right
hand direction. Here the precession vector of angular velo-
city Blfl , as 2 function of inertia forces of the system!s
turn to the right along the axis X - X, will have a direc~
tion along axis 0Z.
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Let n¢ expand the angular velocity Blf atoww o =
diraection O « O rzlative to which the buse wncaryoras -
cional oscillations, and perpendicular te 1t. The cou; et
inthe 0 - ﬂlrection characterizes the direction «i tue
2parture of the gyrosceope's axis in spece during the half
veriol of oscillatio" of the base under consida:
seccnd half of tinis rericd 4s 1llustrated in ¥Fiz. &be The

precession voctor of angular velceity B[ will now ba 3i-

o e e e o Nm—— = s

LN .
Hi0n, Toa

rectel alens the negutive axis 02, and its compenent aloag
tihe original posiition of axis O - O will assuma itc forier
{lrectior. Thrs, during the course o” csci’latlons of the
vase as fuqct;oqh ¢f inerticl forces, there will %we o dl-
rectionally coastant uisy“a0anent ct ihe syyoncepets anls
1u space. It iz not aifTisult to seo {Fic. 5) that tae pre-

sence of a8 mobon "1mlro tae perlod o7 tre effeet of

and nence diniidshes tho o«fact of ir-piian fovoaes 02 She
ioehavior o tan syster,

. —————_ o ——————

FER o B
Loy )

2 :
=3 2 pr f.sie 2 ¢

cbtained by takineg ntc accouni Bgaation (&) can b2 written
'ng Tfollows

t :
— o~ e kst 20,
e \0

This corm characterizes Huw fisplocenent component

e s o A b e S




e e s -l —————
along the axis of stabllization as = function of frictioa
tornue sppearing during the oscillations of the sviten
about this axls. The effect of frictio. torque i3 al.. 4 -
ternied By tue inclivation of the gyroscope's axis Bv and
by the direcsional oseillations of “he base (if we snssume
that ‘ne angle is small)e. The sign ot departure 1 dotomis!
ned oily by “he direction of vhe wvector of %oy gregue 1o v
kinetic noment.

. —

The physical caase of displdCeLPnt along the axics
of gtadllization 2s a fanction of the alffest of Lriction ;
torgue along thls axis is shown in Figs. 7 aad 6 and T dte ke
res no s¥plasaticn. We onmly wish fto note that at A = 4» tHO*
magnitude of displiacement will be tian yrw twaa,(gwby -_\ ;
dlsplacement uaused‘
on will eqiial zer

!

S
ie¢ Durin: vscilletions of the basce in two muiually ’

nerp@ndiou;a: nlanes with a phasae shift of $0Y along axis

X « X of & nyrozcapic atshilizer, there will b” a constant

displacament, The rate of displacement a Is not a function

of the magallude of angle

and in the case of a free gyroscops Yie
oy fricticn acong the axds of staliliz

iJ
‘i
By
bars
}-« M‘

2. 2na phenoweanen of dispi:cerent is explained by
the aature of moilon a’ang the avu: o rrecession, caused
by the relay-type swltoh and en lrcencitive zone, and the
effacts of inertis and friction develor Los furiug cseiila~

tions o1 the systam choul axds X -~ X,

The rucritude 23 & fuanection of

the fol¢cwinq pt;lm”t,PL

———

By ~ nhe lnellne anpla of thoe gyroscopats suiis,
28, ~ e ragnltude of the zone of incensitivity of
sz gwiteh,
J o= tne lorzue of the systom alony axis K =« X
the friction torque =lig arls X - X,

[

o

4. T order to diminish Jdisclarament, it 1s advi-
sable %that tie directlion of the w~c7 v ol the gyroscopel!s
kKinetic moment e such thet its yroj=ct.on ¢n tne sxis of
stabllization colncides with the diss:.’cn of the projec-

oy~

tlon on the siae axis of _th= cnguis> r2locity vector of the
tion of the vagz {at +p we 1rust Lave <),




: 1

. The expressien (17) at k = O uharactcﬂizzs tha
displanement along the axis of the outer gimbal of a pyro-
scope with three degrees of freedom, with correction of
.uhe perpandicularity of the gimbals from the relay switch

|
! 5 _
| a = ; (1=
i g Yo - ST vapsintg,, ()
where

i
)
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