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THE BEHAVIOR OF A GYROSCOPIC STA•ILIZER ON
A ROCKING BASE

C['llowing is the translation of an article
by Senior Lecturer A. I. C•.istyakwr of Ka-
zan' Aviation Institute which was published
in Izvestlya Vysshikh Uchebnykh Zavedenly,
Piiberostroyeniye (News of Institutions of
Higher Educatien, Equipment Ianufacture),No* 31 1959.]

This work is an investigation of an imloaded gyro-

scopic stabilizer on a rocking base.

A diagram of this stabilizer is given in Fig. 1.

The conventionally investigate.d stabilizer has bee4

named "uniaxial " although actually stabilization may be
produced about two axesq Xo - Xo and Yo -. YX. This can be
done because in the usu&l scheme of a gyroseeple stabilizer
we take advantage of the preliminary inellne ofl the rotor
axis in a Cardan suspension. In the scheme under considera.-
t ion the gyroscope axis is inclined fn the XY plane at an
angle p *f considerable magnitude.

Connected with the outer gfr.bal of the gyroscope
is the obJect to be stabilized and the rotor of the stabi-
lizing motor which is controlled by & relay switch placed
on axis Z - Z of the inner suspension gimbal. In addition,
the motions of the system about axis X - X during rota--
tions of the base about axis Yo - Yo are rtilized in stabi-
lizing the motion of the base about this axis.
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Fig. I

tinring oscillations of the base ah.b-Ut axes Yo Yand Zm - 409 the syt~teaa dee~sribed ha~s 3 4t'er. ency to deviate
.from the *_rsigped p~osition along -axis X - X, even in the
absence of a load on the part of thO CbJeCt to be stabili-
zed. The velocity of deviation is such that this phenomenon
can be explained by the nomnimitormity~ of friction torque
along the precession axis Z - Z (durinr, n~ot*ýn in one and
the other direction about this axis), L11 or by the connec-
tion of the inner gimbal. and the outer by means of the con-
tact control system, [2]

There is, however, fuller explanation for this phe-.
nomenon if ive take into account the nature of motion of
the systemn along the axis of precession, the reaction of

* ~ Itha system to oscillations about axis Y. - YO,, and the
effect of the forces of inertia and friction torque which
appear durring the oscillations of tlae system about axis
X .X*

§&tjati the Proklem

The requirement is to determiine the motion of the
sysemalong axis X - X if the baze makes periodic oscilla-

tions in two planes, such that thie angular velocities of
otiuon of the bas, relative too axes aXsYaZo which are con-
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rinected with them, have the following values:

0~~~yop;i n pt.

uzo -yop COS pt,

where ',, is the amplitude of angular oscillations; and
p is the circular frequency of oscillations.

Axis IXO, being rigidly nonnected with axes OY
and 0Z0 , will hav!- a composite motion. In accordance with
expressions (1). xls OX 9 along with axis CYo will complete!
oscillatingn motior. relative to &xis OZo, and aIong with
axis OZ wili os.:i)ate relative to ayis oY-. Both of these
oscillaing -.1ticns o" axis OXo take place with a phase
shift of 900o. Thus, in accordance with expressions (1),
axis OXo. moves along the surface of a right circular cone
with the ver-vx at the origin of the coordinates. Here,
axes OYo and OZo do not turn about axis OXYo. Ta.k-ing into
consideration uhcat has been said above,

2.•

A "

Fig. 2
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wo can write (Fig, 2')

O0r, for sm~all angles Yo

Eruatjonsof -Motion of the System

A sswtvra, that the gy-,roscooce is asta"i and neg,!-
itiE frictio- troque and th,ý gyr.:seopefs inýý,tIva about ~h
jaU~is of prý'c.ossioi Z -Z, we will write the ea ,uations of
the stabili.~or bihi. system ONYZ corinaected;ihi~i~

Hf~r ~.-i --t o, H cos (ft.-f =Al. s ign JI JdI.

!The eouatilors -.e '?!±din Fig I* ~'seij

here 3f; iorI-_7tio~ torque tiie• a- tP1)-*:
zation X -7X;

ý;i~I~ c lzcrque of' the sýt~ab,'-ng motpir
J 13 lliorjear"h cf inerti-i c.1 -bI1I-Ucr relative

to the a:ý-is of a-t bil.izatiorl m ~ 'e~oment of.
i~r.-rtia of th;e. object tý:. F~ ~t I -Kch has beal
bro,,.v,*:` tCo this axcis;

H is " 2Laetic moment of' the, gyi'> cc~nez and up. w., U,

arc the projec-tion!c 'f - :..er aqngular ve-
loci~ty of the OXYZ yte:oni~o the ccrre-

soiigaxes of ti2-s syý,tern.J
rhe char~acteristol..s of~ [Al are shown IF~~'g. 3; here angle

0 is measur~ed begiiuiw at the -%a r e * Asstunin'-
that angle is s~ilin comnparison -with sngle PY and

and

tg3p'- A) ~=k - t,wher--k-=Ig ft.

- 4 -



eFt-

rwe will. wr:'tcý equiations (3Pcr the m!njtio: -,,f the system in
Ithe form

m;- ~-r~Sn 4- 0 ~-ii4

Th:,- position of' the sabi.ll 3r r~altive to -"he baise
jiE determined by two angles a angl~e 0 withiL `;th sy.3tem
jOMY and angle a 'eptween the syste;, QXYZ anad *TheP system
ICýIYOZc. which is connivcted with th base. It i. ot if
~Cut to* see in ti-is Connection t~hat



L¶, :WYCClS*+ 40r S Inl. ar

WJI CsO5 - Co.,. $01 O.

taldint- into account Equatiorks (1) an~d (2), we get

~Thus, the -7lR tbxýs (6 are diet term Ina by -the laws of' mtici
of the bas.~e týttngtn Lnt' te or'igina.stmo'

Eq at ca (4"14w ;_ -A . al~ S±mte Of

3 - o- o') PY0 I ,ill ~i 1 tt

Here the~ PL,1t oq~uatiQfl c~arkcteri7.o s .,. - otio_,i ;aong the
aluls of proc.,sjiopn, -and tix*e seconc-. Iu. ;~ot the axis of'
s ,C tubiz Iat.* 32-

An~ ac.,cit'ute 90l~1U.0in these e.qu&+tiJon presents
ceonsider~e1.-1 -jif:I1It~ies. Tnherefore. the solution will pr'o-
ceeeJ by t-n ,method ofi zuc-ces-9ive aprvxi.,;4tions. Firrt,, hCW.
1eve~r, we w-ll sjx~pirty tfle equations,

Tt C,,u be asrumed with a S-xf•fic tomt degree of accui..
1ruy ta the Or"selnce Of a moderat" F, 'Tunt, Of dry friction
jhus hardl;ay &rvqfect, on the hran natiiro of 44,. forced

~c~ilat~n.In this cAse dry frjic-,c~n~a b li.xcjned to
Isomie equivalent vs fricti~on. H~r the coeffici.ent of
Iviseosity shoixtcd be a f£.wctlon o.--, r~ec~adsnpi
tude of the 'odoscililations.-

The eqAý,jvalenrcy is dete mied Crcorm the cond~ition
1that duirvin ono fourt h of thvj Pe)A!ý,I, t~he pat~hs traveled by
jthe ,gyrosao'pe abouat Axi.- Z - Z at 7ei.Qcct-y ~ eedn

-6-



ion the action of dry friction along the axi- X X, Y:-d. •
velocity t- depending on the action of its equi.val";n,.'
viscous frictio, are identical.

Then, on the one hand,

T T

and on the other,

4

'Whence it follows that

/1 r, _ . j - ma ._,- (8)

Taking into accout t-_,ie s-bstjtut -'o: tho SyL;t
L ,' . s : ' e . o f

equations (7) is written iln th o

p v - .0Cos (pt- Utz", A" -- ,..I l

S-- - Pyo sin (pt UL) =i.

We ,:!Ifurthe2: note thai tv• r - vai'u• of angle
d change comparatively slowly, .'.n ,. ;i!I a that

the change -- angle a takos place valthin q small range
about a certain slowly changing value of uo so that

a=a+Aa , where Aa is a sraij2. anje. F'urt•,' in t4Ae
first approx-iation we will neglect trie value, Aa in compa-
rison with pt in trigonometric expr.ssJwns.

Let us : first consider the problem without taking
into account friction and inertia, i. e., by substituting
into system (9)

a = fT = .

M



Then from the first equation of system (9) We "ill fi'•i
the iaw of motion along the axis of precession, nealec-iu.n
at first the action of the motor (mm ] = 0):

0 M -=Vo Sin (PI-- ao) + c, (0

;where at t = 0, A=-yosinao t and then c = 0.

It is quite obvious that with the motor acting en
'the systeir, the oscillations along the axis of precession

011] will be circumscribed by the range of insensitivity
of the relay switch. Here the motion from one contact of
the switch tc t he other will be determined by the motion
of the base, and there will be oscillations on the contacts
with amplitudes 0P-t and Po', cau~ed by the connection
and discon•-eotion of the motor ?Fig. Al[,t). "alo Fig. 3).

A-ft)_ /•/- _ I

Fig. 4
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~u- the zclat ion of' th tic 'I- e- i

~) :~j ~m resonted in "-he formn c, a .roi ~~ c
V It~n the p'iase '"splaced by

~2flMct io' (,,) . Rxpandin~g the f wict ion I Iito T,

serleis liuitinE, vruiselves to the fir,7t s rcK
%-.' ~e i-,-il w~rite the final equation ii. zý,c form

I Sin (41 - S1~ It4 -a - ~ -~', i' 4~~

:eclua`%brcý Of' (9), we g~

'and afte-'r soti~

r I.ze orci .. Ir.-t or,ý of -_j 14. 1A~de 4- Iso v,:, ich
Y:, ~aiv-,,)f dotible tho f'requ.ir:cy. T1 n '? -.. ý iot ion

ýtlong thr. , of bty~l theon~.*
1 epressioll

~~~~-Kp ~ X, -4- ~+*(j~-

iwhsre -the f'irst- ternc -harneterizes t-'I o.-7 motion, _-id
'the second,1 th,. velon'±ty o:' the c ~ cc1 e'-t
Iveloc.40ty iS r ~It Ively Small in It tr-de, ~n.nd t he r, 4e
'the effect of fo'rce.-: o-f' Inertia a~r-1 l'rjc.tzor -ll c.-wiE1.stIprim~arily of oscillatory motion abft)-i ~rn.s Y - X. ?-) thi16s
ireason lwe will assume, for the purrp-.', o--- ceriv~rnga of
,the second apvroximatlon, that

sand its integral

a-~-- ~ O~fI ~J -tC,



%nt 'I kiuecs Gof .9 -C o, thL ~st

Inte-ratine- the first equation~ of ():
5M(f of the stscond pr~mt~. ir

~v ', i.t~n:,- ztý_Kino into acce'unt t1lý effect r ~

~(~-V~sin(pt-uo.t -uu+,1 uc~+-

-j o sinflpt - o , a(ky~p sm (pt -(10) p'.. d'%ýspI 0) +C,

wherom c -I!; a co ant of te;to:w!.n rgIilir
subsequent arrrali~l.S

.,e qt- r-ic . 3 to On

TYakLIa 1nto cc-:4ientc-:I'. fftt. tho nMoLo7
we plot, accordinr~. .~ ri~ I~t.: ~~ t mpia
a~veraged fun~ctior o'(?g4) :xn...*.21to tIU

~r1er serlos an" 3 1iirtin; ourse~.ves ..L --s Lis tIme
,have the 'zolrzi±.Iot of tthe first. equati'jon Of t2he System~ t a I
secund ioo'~tn:

~ IJ---,A sin ifsi 'pr %ý -~ * A ST .C~ /f-

where

IV 1.015



Then of the second approximation, ir. aeccr~ ~~
wrtt~i the seco&` equnation of the systeum, will be -.,rA1tte-'

2 4
p + pcp-i 0 si i (pt - a)- P I1~ laI(J ~

Cos (Pt-%-W0.

19:d after treal5Tosition

1'2 4 III -,IfO~~SIN (P -r- K[I 01% :( I r?

4 (E
- p 4 sin 11 P - -0 C

Thus we -Lavr- n. cc=;o.uC' mot ioli al oAi-ý ie aixi J zv- s t a bl~h -
tion. Thq mot,-.or~ "-n~.-sts of oscillr.tcry rAc't tio r (b r,5 Ly
det~crmin;Y2.~ ýY . thiL:d term) and an adde,_3 1,-)v1_tant eorn-

equals S

2 0~p 
2  

-

Aft~er: subctit'ftion of th-ý values of siW4 aw Il4 the
expression fo7- t.-.'% c'tan cc-rponent ci? 'Lb displacement
rate can b rrce tc

8mg

The first term of~ the derived e~pression A

charntcterizes; the departure along tChr axis of ttl&U
from. the rotW.;ior of the base wcutais X - X. The sign of,
displa~cement charges with the char~gr-' of direction of the
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The second term.

characterizes displacement alonŽ' the axis of stabilization
from oc'L1latory motion of the base sbo,• n.xes Y,- -

along Y arid ko " 2o along & with a 9c00 plA- je
magnitude of displaceirent is determined all other condi-
tions bei-W equal, by the magnitude of the insensitive zorn
•nn by c ..rn•pitude of oscillation A. The sign of di-i-a-
cement changes with the change of directio"I o-L' rotatio. of
the Nase, i. e.9 a phase shift of -90o in the oscillations
of the base along axid t reverses the sign of displa-
c ement.

In -h, case of a free gyroscope (m0 = O) this
terri will be eotal to I I p, if 1!e substitute the expres-
sion (10) for j(j') into the se-nd equation of the sysT:ei
(9). Then t.•ŽLr intc account the first tar•n of! the ex-
pression 17e5) the ultiroate value cf , r•'ou16 equal zero.
In the case under consideration the term

4 2.

is smaller than 1 p. The physic']. cause lies in the fact
that the precesslon of the gyrosc,.e .along axis Z Z is
circumscribed by the boundaries of, ins-J-i',ivity of the
switch.

pLi

t

Fig. 5
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The third term

,ý-t a k 1 2 psin2q

characterizes displacement along the axis of stabilization
as a function of forces of inertia which appear during os-
cIllations of the system about this axis. However, the os-
I cillations of the system about axis X - X are basically
determined by the incliaation of the axis of the gyroscopet
rotor and by directional oscillations of the base. The mag-
nitude of displacement is determined by tha system parame-
ters 6 1, A and ; . The sign is a function of both the
direction of rotation of the base and the direction of the
vector of the gyroscope's kinetic moment. Thus, depending
on the direction of the vector of the gyroscope's kinetic
moment, the cýffect of the forces of inertia will either
decrease or increa&se the displacement rate along the axis
of stabilization.

In Figs. 5 and 6 is illustrated the physical cause
of the effect of inertia along the ax.&C :,f stabilization
upon the accuracy of stabilization of the system relative
to this axis.

Figure 5 shows curves of the change of the direc-

tional position of the base *(f) and of. the velocity of
precession AitI as functions of inertia forces only. In
Fig. 6a we present a case where the base turns in the rightl
hand direction. Here the precession vector of angular velo-
city 0•It , as a function of inertia forces of the system's
turn to the right along the axis X - X, Yill have a direc-
tion along axis OZ.

0 00 .-
00 - 0

13
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Let ,-s expand the angular velocity Off)~L~
cijrect ion 0 -0 relative to which the !).seun ;

71~t oscil-al-i~ons, anet perpendicular t t h oic~~±
In h.-0 cOcrectioni ch~aracterizes the directio r4t~

*~~t~reof tne gyroscope's axis In Space Wat~r:Lrw 1iie 2.
-eric,-1. of o-ci~llt ior of the basf* under crtc ' '' .
-s sccId' balf of thi,. re-.icd is Mlustratc.1- fr 61,',O
precaession- v'actor o.-mangul.-~ velocity ONV WiH _ now b~ i-Z
rect -' alcn-:" the, regative a~xis 0Z" ant- iiCs Ccmponent a2lowi

crig.ritl posf.dý-or, of1 axis - 0 wi±. assur:L-t~ fortxoilclor. Tbr, during hi cours o<' C,'sCIjlito, o

i b.-se aS f-Ict:ýaai cf infua ~ rcea, tIýL-ere r:~ be a (11.-

of liil-r. t e Der .4o,. ~f C. ct 0 f
!!.,- enCe dk-ii;2.1shos .tý--IC k;t--CUo4 w4 o.e,0- 4C.behav-'Lor o-i t yL e-

-'At'

22 p~-t s Ir 2 rV2

~cbtaiined by tCakinv' 'atc~co-u't Bqlh-itioý,?~ be writtean
i f'ollows:

Tnis -:e-rw' characterizizo, cponenit



Ialoag the a;-i1 of s-L-abi1±zation as P. func-tioni o-i7 fT"ictJi)'-
toeu appearing d-tiing the oscillattions of zes~~
ribrxu,-t this, axi'. T effec~t of frictic..ý torqut, iii 0,.-
rerm!.-ed ",v 'e Tclirwaion of the gy-roscopetv axis Ov andC
~yth -ii~onal oscillations of the base (if' we rssmne

thtia '-rke :--mgle i s,~al) The sign oi d~.:qrture i.. dt. ý'f nn
1ned u;.l by --h.: direction of the ve~ctor of "h U. r•,;:
k inet I:- nom ant~

'2he Dihysical. cause of displac~e-iennt along the a."xit'
sf tabilizat-.o'± -.s a Nurictior± of thc, 4ife' fh itr

~orq iaong h~ xsi shnown in rigs. 7 acA 6 an~d r
r es: no sx t~~ We only wis7h It') note thaot atu A thre?

gn~tiiicof' displaceme~nt utii3 be zlýýgrN,,rtastt ~'

maid It*r-1 ci of a free. gyroscc--pi! !-:-!e C caus e' 1

by riction -Lonfz LtAe axis :af stzn <.-" z't 1o- 'i. equalJ eo

. T:>~ uSciigtjA~of the base in -two na2u'-)lly
lperpendicUa!.ý rarw- vqith a phase shifto of'~{ along axis

X - Xof a. rr c tbl.ldzer, th,,eze will bs a constant
-V,. The rnt e ol 1 L.aein Is not a fumntionm

'of the ofu~ ~ain', a..

2. 'J'.;.; ph'nno-mencir o--, di-L:cret - explained by
It-ie2-ý,,.ue f ~t.,in 0_ngthea:,:;ý rr~e-wssio~n, caused

bly the Zelay-type, swivt.Th .-uir &n .zvr.;kive tnma and the
effqcts of tiertia -nd C-;~nd:~~1u : ~ii~ scilla-
tions 0i hl :"S? t--ifli oul x

~.The r.itd Of .~~LeT a fLUnctio of
the oJw p:mo ::c.d "V '

~;!-~.ricK.ic n§1~ § hu &Yroscopet s
20c -t- ýCr grdltud~e of thc,_ zorcý- of in.k'c-Iisitivity of

myr- -Itch,
- *j'G ~orIeof tjle syCTI hlon,; 3X:Ls X~

-the ?.ric;t~iov. Xo~ -~~ X.I

4. Ti orcýr to dtirJsh ;P i -. ~i4-l- it is advi-
Isable tbat tLe Jirection of' ":be ; ft.he gy"romoope's
jk!netic rioment ible such thiai:- its -c n r trt(3 &xis of
stabilizatio.. coiacides r + t.-: -the- .`n of the proj ft.
tion oni tbr PJ o"e 1-: -z~ic -" -0~c±ty vector oI't 1
jot-Ion of thCe 'bas- 't +tl 'w' 1ý P)



IT)
b.Te 9ýxpressieoi (17) at k =0 c~-c'r.i h

-1 tsplaiemE~rt along the axis of the outer gimbal of ~a -vo
s cope w~ith' tharee degrees of freedom, with. correction of
the perpendicularity of the gfimbals from 6-he rel.-i: svnitclh

2 0

11. D. So Pell'por, lss~ledvariye zakonov g~iz.'iy- T,:a-
Po1''Ckozqar.as ustanc~vlanrLogo na cra~~

L tr.,estigaltior ol§ ticŽIews of M¶otion

'I'echn icalJ Sc~hcoll; 13D1rr'nty ~zatochmykh.
pribo-ov L CalCu:lat Zoz Coir-nc lit ~ fPrec isi~on
Dhstrtiwer.t' sJr l95"4.

2 . 0. 1?1rid2.erider, 0 dvi.zhoni-L > 7.Ir:c':rOao giro-
shopa a-vtopilota Pril ~wlebL114 .yU a~z~xijuhrncgO

kolttsa vokinig p-ol.zvoltncy ý: K EUoraRvI statey
Po ~tm ie telemakhanitUk, SS2SR [On -lie

I7~eCo-.'e by o the .A xPs-o C a ,r N ~ te tc or th 3an xztomaic Pilot 0£d~laitz of tLrhe959is

_ 

_ L , o0. .*4 'tr ibl bu R169oA , olc

tion ~ ofAtce nAtnai6;aviTý.-._nc",ois
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