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by the UNITED STATES JOINT FUBLICATIONS RE-
SEARCH SERVICE, a fedaral govermment organi-
sation establighed to service the trenslation
and resesrch needs of the various governmmnt
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THE PROBLEX OF THR KX1STENCE QF OPTIMAL
TRAJECTORIZS OF NONLINEAR SYSTEMS

e e —

{Pollowing 18 a translation of am article by

F. M, Kirillova entitled "K Prohleme Sushchest-
voranlys optimal 'nykh trayektoriy Nelineynykh
Sistem” (2nglish version above), in lzvestiya
Vyser.ikn Uchconykh Zaredeniy Matematika !liiﬁ -
zALYc e%s O r onal Institutions),
N> 2, Kagan, Mar-Apr €1, pp 41-93.)

Questions ¢f the existenze of optimal controla {under
ertain rest>ictions) for the case of a transient process
escridved by 8 linear systes cf differential squations have
een examined in devall in works [1-5),

l ln the present article under the supposition that the
control system is given Uy aon-linesr AQifferential equa-
Lions, & theorem on the existence of & solution of the op-
timal control protlem will be proved., This prodles was
proposed by M. N, Krasoveskiy snd cowpleted under his direo-
glon,

$1. let a 4ifferential equation be given

— a—— = " e

—?-mffx, 14 Bl)s), (1.h
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here x » (x1(t), ..., Xp(t)) image vector, B(t) -- a matrix
hose elements D: 4(t), 1 =1, ..., 0, J=l, ..., I &Pre CON-|
fnucus in time t, u(t) e (uy(t), ..., up(t) -- controlling
rector, As in {[1-5] we coasider thst the veator u(t) is
iecewise continuous and satisfice the inequalily

max;n, (0] & V", jml,.. . P 1.2)

) Stpriotly speaking, we require the inequality =u &g N

ot on the entire nt L€IC< T the relation 3| I>N
8 possid by
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IN -~ constant,

The function £(x, t) = (£3(X), cees Xgo t)s eoesr Pa(xy,
}..., Xy, t)) 18 continuous in §, and possesses continuous,
:boundoa

: %.%i<L (L -- constan:) and £(0, t) = O,

: Tre optinal control problem consists in the following:
,let at a moment of time there be a point with coordin-
ates x(tg) = xg which is traveling slong the trejestory of
equation (1.1); it is necessary to select a controlling vec
tor such that the point reaches the origins of the coordin-
:ates in the shortest time T, In this case u(t) 1s called

‘the optimal controlling vector, and the time T the optimal
jcontrol time.
)

partial derivatives with respect to Xys coer Xp

In §3 of this article 1t wil)l be shown that if for
éx.xi with some contrcl u{t) which satisfies conditiom
1.2), the coordinate origin is accessidle, there exists at
least one optimal control u®(t), also satisfying ocomdition
(1.2) and being plecewise conatant. The theores is proved
under caertain lisitations, imposed upon a systes of & lin-
'ear approxisation for {1.1).
|

Uz Suppose that there exists a sequence of oontrol veo-
tors u l‘)(t) of the n{n,u (1.1), the corresponding trejec-
icor:n of x(xg, tg, u k (t), t) of whioh satisfy the rels-
|

lations
| x(xy. ty. 4™ (1), te+ T)) =0, ke, 2,....

where Ty > Tyl 00d U8 Ty « T D O for k = », and the seme
jvectors satisfy the conditiocn (1.,2). Let there mot exist a

control u(t) shich would seti oondition (1.2) and the ind
oeQquality

X(%g, lg, (1), t4+0)=0 fror WLT.

Henceforth such & sequence of comtrol veotors ul¥)(¢)

Mill be called & minimising sequence, Our prodles consista
in proving that if there exists a coantrol u(l)(t), for whier
the origin of the coordimstes 1s accessidble in some time T)

then (under certain restrictions) there exists a piecewise




ons*ant optimal vector uc‘st.) tuch that along a correspend-

ng trajectory x(xg, tn, u9(t), t} the origin of the coor-
Ainates 15 leached in time T, At first we wili prove the
korrectness of lemmas important for tre subsequant Gevelop-
mnents,

, Lewma 1.1, If gv(s), w?(n), %€t -~ control vectors
- § . <he equation (1,1), then for corpesponding aclutions,

, , 2
S . x(x5, tg, uh?(tt. L) x‘mt) - x(xg, to, u? i(e) )
] an accurate estimate is ‘

»

Z‘x('““) e 3‘3‘)“”( raM gz ‘.«jﬂ(‘, - l""(l)[dle“ ¢ty

iy =

v — —————————

here M=max!{d,()|. t, <t
Proof, Seeing that

g

() e r.-i«ft/{x‘". 2) + B (5) & (8)) ds.
LY

X (£ w244 }A {f(oP, s} 4 B(s)a™ (3)] ds,

i

“ren, cublracting the second equation frow the first, we ob{
tain

‘ XY (1) ~= XD (() ww
- ﬂ M. 0~ [ (29 3) 4 B(s) (™ (3) — u™ (0))] s

e

L™ ) = £,(a® DKL TP () —xP(0)].

[ 4]

Thus, we have

e .
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() ~ 2P & H‘Z L&D () — < (5} | +

4

14

+ zmm Nt (5) — i) | Ja ds.

m e e e T AP e -

Me sux nis inequality om &

i -

- ! &
Zu;“m - X La ‘ Zu;"m — x0(s)|ds 4
ey Dy

-+ max | by, (0): rm SZ]«‘”(:) - a4 (s)|ds.
& rwsi

Eﬁlsmrnn& max | &)t . L€ LT, by N and applying lemma (7]
we ohtain the desired inequality

L)

zix;“m :;’i(ln{ruij ‘afl(5)  w?(3)] deett 1w,

2 2 e )

|
pron Such an inequality, it eseily follows that if

! mesEi 1" (N — " ()] S3) -0V

l

for each J = 1, 2, ..., T, 0) 0 and k— =, then x{¥)(¢) -
%. x {t) for Keo o,

f leama 1,2, If u(k)(t) -=- @ininizing sequence of the
h?uaemn (1.1), then the sequence of trejeotories x(x,, t,,
L

")(t). t) contains at least one uniformly convergent subd-

%"q“‘“"" X () k(A te 8" (D, 1), 1, I+ T.

l

X
‘2] By the symbol mes E('w () — &' (1| >¢) 18 meant the measure
of the set in which the inequality &' (- ¥ (il 1s sat-

(1sfled, o -- any positive pumber, S

— s




w 1, €, .05 1T FOllowe that tbe sequence X (t) 48 boun<
ed, uniform 1n &, 4, < (< f,+ I. Since tne funntions r{x, ¢

13(t), ullk’{¢) are bcunded in t (unifors in k), then from

E:ha tnequality

_ Proof. 7108 lemrs 1.) and the 11&0(1\:1].“1“)!u}"’(l)!(:17’.“1
3
b

’

' M () = A ()] s\: RV -&-S‘o,;u)c“' (si} {43
K A

p =~

£>1l0ws the equi-degree continuity of the functions x(k)(t),

Thus, the Junctlons XM (1) kw=l, 2. H<IC L+ T are
'uniforuly bounded and eqQui-degree continuous. Consequently
o), tncm xists &t l4ast cne un;!?nly convergent subse-
{quonca x4 (t) of ihe ssquence % (e), &I+ T
Subsequently, we will consider wtat limits the generality

!o: reasoning: if ulk)(t) -- minimising sequence of the con-
|trol vectors, then the csrnopond%n? sequence of trajestor-
i (

l1e8 cf equation (1.1) x(x5, t5, t), t) converge uni-
formly to some con'lauous function x*(f). 1, &I th + T.

——

i

j %e wlll examine the equation of perturded motion for

1.} with the variation of the Sonirol su(t). As 1s known
(\(T1, p 296), 1t has the forw

‘ )

| A

| Lx 0 - 2 --.:; T, =Bty b REN)
: -

da 2,

;where the function 9(3x, =) satiafies the relationships

»
;'m ~*—:L‘.‘-;.Q. «-.n ror \d‘!“‘i-’.("
Vi b
S ’
} b}

Let ul*)(t) .- einisising sequence of the contrpl,vec-
torg of equation (1.1). Then, as was shown above, x'%)(t)-
—x9(t) for d—e, £, <ty 7. If the matrix functiocn

ol
- 18 computed along the ourves xo(e). x(k)(t). kKel, 2, {

[t s
' 4




h.., then the equation of perturbed motion can subsequently
written as:

|
& po (T B(Ol (- 0T 0. R0 T (1.3%

But the linear approximation equation corresponding to equa-
tion (1.3), we will write in the fore

.:_i-un(g)u.:,_ B\0ia(f), =0, 1.... (l.c)‘i

- sulk)(y). lutions
1:(6?(\'.) 5:}‘&) (t), then for the corresponding 8o

kl(t), (t) of equations (1.3) and (1.8) the follow-
ng is true

Lemma 1.3. The sclutions of the systems (1.3) and
1.3) satiafy the inequality

i

T ) =0l (01 < Os). A=l 2
Pluro 44

s "Zluji(mdl and %1‘1~o forjs—0.
.

Proof, On the grounds of leama 1.1 we have

T 1T (01 =0,
[ =1
2

mes E(JMf® ()] > 9)—0, ¢>0, Je=1,.., 1
Beeing that the matrix function 1s continuous soccording to
%{" condition, then the function 0(33(‘), t) satisfies the

¢

}hpum ts oonditions

N, 0] <IEITPO).




mhere 1. -- constant, ar sutl'l es one wants for sufficlently

mall dieturcapces cx(k)(t). Supposirg =--§2§iu?9(l)wt

i
¥ ly '™

And recalling the above, we have

i

—--) for st— U

0 (S i SRy, L

1¢ we subtrast equation (1.¥) from (1.3) and integrate
rhrough, considering the correct inequality

13
¥
'

, ”‘ (.i.!“i , .'); (R(‘). ‘.’g’. s b} ror g -~ 0.
;m £finally ovtain

}
4
’ i (1) =3P (1) | S O (0.

here 0_&_!_1 ~ 0 for ¢ = 0, Wwiils the velue 1s unifors in k.

~d

§2. V¥Ya will exaaine the equation

! ...S.L“’“' we D) ()4 B (1w (e). =m0 ..., (2.1
‘here the slements ri}z(:) of the metrix P(X'(t) are equal

to the funstions i‘:&, ca.culated along the curves x(k)(t)-
t "

K =0, 1, ... Which satiafy the reistion x(k)(t) - xo(t)
uniformly for k ~ e,
i

; Ve will introduce notationa if 1t is necessary to ex-
Am'ne the J-columm cf the matrix B{t) then we wiil write 1t
A3: B.(t). Por a scaslar derivative of the veotors ! and

;F(’;)({) Bj(t), where ?Zi)(t) - matrix, inverse to the fun-
Mamental matrix of equation (2.1) with B(t) ® 0, we will u.#
the sywdol: (t-[P{g)(t) By(t))).

;’ Ne suppoese that the relations

&




(LIFR (OB ()=, Y8 #6, jeml...r kw0 1,...., (2.2)

[L %]

hold only at distinct, isolated points, As is known (3],
'if a control vector u(t) 18 such that a point moving from
zq along the trajectory of equation {2.1) encounters the or
't2in of the coordinates at moment of time 7, then the vec-
tor w(t) is a solution of the systemw

—z,= fﬁ;}(c)a(u » (1) dt, (2.3

Here none of the numbers zg are connscted with the original
problem,

Now we will examine the minimizing sequence of the con;

trols U(k)(c). Tne control time for the trajectories which
correspond to thes equals T, and Ty =T for K —=w, T -- dej

creasing sequence. Consequently, there exists a sequence
T Which satisfies the inequalities T, - 7, { T and the re

tlnuonsmp T = O for k -~ =, We suppose

'\-".—"
-— ' ['(.“(f)a(ﬂ MM (1) dt = 2 el 2... (2.4)
6

It 18 clear that of the pointe zék), Kel, 2, ¢eer

jalong the trajectory of the equation {2.1) the origin of
't?:)coordinat¢l 19 accessidle (even with the control
g

(t)). 1f b7 the symbol O(Ty - ) 1s understood the
set of points of phase space 5, for which the origin of the
coordinates 1is accessidle in time ¢¢ 7, ~ 1 along the tra-

Jectory of the equation (2.1) then, it is apparent that the
pointe l; = l, 2, ..., Delong t0 the corresponding re-
gions O(Ty - 7).

Proa the results of the work (B8] it follows that each
of the regions O0(Ty - 7,), k = 1, 2, ,,., 18 convex and
closed, Ve conatruct lines from the origin of the coordin-
ates to the intersection with the bdboundaries of the regions

v

-

a( -T)y kel, 2, ..., we designate the greatest
¥ » ') . [y '™ DO 0. .

X Y ‘a &1, M v




Ehe 2'0810!\’ O(Tk - “'k’ ang GlTk?‘l - Tk"’lT’ K w L. 2, seep i
lootained by the result of auch a coustruection by dy .« Then ‘

Ht can be proved, considering the results of article [39),
Hthat dy = O for K — m,

?

f Cubsequently we will speak about the fact that the se-

iaences of reglons (T, - T,) convergs to the region G(T).

La the present case, the 1imit ragion G(T) conasists of
pints, for which the origin of the coordinates 1s acces-
{siile 1n time (« 7 along the trajectory of equation (2.1)

3

.for k = 0, {.e., when the functions fg&- are calculated al-
!

5036 the curve xoif), and L8, as can be shown, considering
the supposition (2,2), a non-empty set. We will designate
'the boundaries of the regions O T - ‘k) by T} reapectively.
iThe following &ssertion ie proved:

Lemma 2,1, All lieit noints of the segquence zék) be-
long to the bouniary i of the region G(T).

Proaof. In view of ths above mentioned, the sequence
of reglons (T - 1)} ltkunifornly bounded in k, Consequent
C

‘t17 %he set of points z.°' ras at least one limit point Zo.
'Ws 8hall prove that 2o Telongs to T,

|
|
{

A3sume thy contrary, Then, in light of the fact that
“ne sequence or regicna G(T, - T) cp?vorgoo to G{T) for
W = @, LheTe existd A sudbsequence 25‘ » evary point of which

San oe surrounded by a sphere of radius pkl(Pk;‘* po for 14
~ o), Py, > Pp # O, whereupon, 211 poinis of the spheres bei

'1ong to the corresponding regions of the zoordinate lines t4
,the intersection with the boundary Fkl of the region t‘('rkz +

L Tkl)'

: k

g Such an auxiliary ocnstruction for each point T <%) of
tne surface of the sphere of radius P, ¥itn center at thn

point 20 puts it in corre dence with some point =

of the boundary [ X I a{z'\*"17) .. the ratio of the dia-

tance fros the origin of thtko rdinates to some point of
the surface of the sphere & ' (rsdius of tre sphere Py




kenter at the point zgkz)) to the distance froe(khg origin

f the coordinates to the corresponding point z' ¢’ of the
Furf:cs Tk,» then 1t is not difficult to see that the funo-
! ~{K
‘tlon a(z( 1)) satisfies the inequality 0 < af
| Lpgts
I8 continuous in z .

251} ¢ 1 ana

As i8 known [3-4], for each point ;(k‘) there existe a

unique optimal control w'Xi , wWhich 13 a plecewise constan?

fufztiog' ?row equation (2.3) it follows that tézkvgctor

z kl)u(kl 1s a controlling one for the point Z _zk.)
hus, for each point of the surfaces ot_zhe): here 't/ a
controlling vector takes a function a(Z ) kl). From the

~(k
roperty of continuity of the function w' om the ini-
prop y y of z(sz szz?

tial values and from the conzinyitﬂ of a( ) in 2K
obtain that the function a(Z' t'% l)(t) also 1s continu-
ous 1n z{k1) 1)
We will examine the furction
P (1) 2 ™ (1) 4 A [a Z*) B® (£) — &P (1)), (2.5)

where A tgt}aries the inequality 0 A< 1. Seeing that the

vector u (l St) 1s a controliing one for the initial condi-
ditions Zg L » then for the substitution of A\ into the men-
tloned 1imits, formula (2.5) gives a control for each inter-

k).
lor point of the sphere of radius pkl with center at zé l),
efg sor N = 1 we obtain controlling vectors for the points
z\ b of the aurface of the sphere.

It 18 clear that the function w(kl)(t) is continuous
in the initial values and satisfies the inequality

I )

! We remember that we call ¥ !(z, t) continuous, according
to the initial values z, if for each ¢ > O there exists
some 8 > O, that the inequality :

mes F(1@ P (3. )~ 80 (2 )1 >0 <v, 10,
is fulfilled only if
I 3, -2l <,

10




.

¢
%e put
i

3 3% (8) == Me (Z ) &M ity — w (1) (2.6)

L' () < N.

t.d examine the llnear approximating equation (1.4) with
‘ne control {#.t).
(kq )

Let 6x"3(:0) = 0, Tren the variations ox (t) are

Ttund by whe Jormilus

S e

XM () = F,, (@) ," Fiiy (v) B (v 3™ (xid=

‘s

!
Fas () 8x*P (t) -= f Fao) (31 Bir)aw'™ (x) dt. (e.n
. ‘s
' .
W.in whe veriation 5u(“L)(t}, formalas (2.6) and (2.5) ‘g’°j
Lazt LD space z AU the moment of time t = t, + Ty, = Ty 0
lortein of the cocrdinates ie reachied fror each oint of the
sohere o2 ridius pkt' *nan it follows I rom £2.7 that the

3 k

S04t of Lhe nrpjectories x(k"(t) + 6x( t’(t) of the spaci
# 3L e Tedant U ow b, 4+ Tkl = Ty form an ellipsc by a non

Lireular transforuation P(kzﬁ(tc + Ty, - 1*1) of the sphere,
. ; ‘

secing that F(‘l)(to + Tkl - Tkl) —OFO(T) fOr | = =,

. ha the sequence of the ellipsoids, defined by {2.7), has
S ttg 11mit An ellipeold, which can be feund from the cird
.1~ of radius P, by a dependent transformation Fo(T). But
Saelng Shat T, - Ty, = T for I - » we conciude: there ex-

L3218 sume number l;, deginning with which all the ellipsold

14

L 1, contaln the orlginp of the coordinaies,

z We return to equation §2.1). Prom the continuity of
e can:ggl}xng vector wl¥1 (z) (see (2.5)) the initial
balues 2' Y’ and from formvia (2.%) 1t follows that if we
hecrease the controls 6u‘x; (t), =11, 2, ..... T, 1n €
tire, 0 7 € ¢ 1, then the controls u(kl)(:) + idu(kli t)
?11; corresnond to the initial conditions z(kl + els k1)

—— 11  ——




(3:“" E 3 z“’, - !‘0“’,0

onsequently, for the decrease of the contirols of Gu(k‘)A(t)
n time ¢ { 1, the radii of the sphsres decrease in iime s.

We designate a radius-vector coming from the center
AL (tg + T“l - 13;) of an ellipsoid defined by equation
2,7) by ", i ther, obviously, for a decrease in the radius
£ & sphere . in time & the magnitude of the ruuu--voctozﬁ
e3omes equal to €My o

—

B4

——yrpTEs

But all ellipsoids for t > 1, coatain the origin of the
oordinates. Applying lemsa 1.3 we obtain max |§x{* (¢) —
3xi™ (1) € any — m,, Where %, is equsl to the semi-minor
is of the ellipse, and uﬁ, is equal to the distance from
he origin to the point x(X{)(tg + Ty - Tiy)r 88, 1)
130
Thus, for the veriation éx'*’ (s}, when the controlling
ectors are transforamsd accormling to the formula o [« (")
v (1) — a*? (1)), the points of the trajectories  ®)(y.
v S () in a moment of time t = to + T, - Ty; comprise
» continuocus set Qk‘, agreeing with lemse 1.1. In view of
he above mentioned and lemma 1.1, we arrive at the follow-

ing:
The ellipsoids of the radius-vector e, for ¢ 83 ang

1 > 13, which contain the origin, are continuously mapped
into continuous sets le,“ﬁ'oo contain the origin.

Consequently, we find in the conditions of applicabil-
dty of the theorem on the existence of a root ((10], p 573)
that in our case it corresponds to the existence of & tra-
ectory for equation (1.1), alcng whiech the origin is reac
Tom the point xg 1in time t « Ty, - Ty, { T. But this is

wpossidble according to the condition of the problea.

It means Py = O for | = w, In other words, the point




f

2y balongs to the boundary [ of the region G{T). The iem-
mA 1s proved,

' Insofar as the point z. belongs to the toundarg of the
'region G(T), then the time % i8 the optimal control time for
ithe initlal values z, and the optimal controlling vector
1s found from the relation

ay (1) = Nsign (O-[F7 () Bi(0), ((9zp=—1. j=2..., r. (28)
!uhere the vector 10 1s obtained by the condition
E :.:7' 4
; nin | 21(1-[.’-‘0'(081 O) idt, (1-2)=—1.
I s

§3, Now we shall prove on the basis c¢f the results of
1 and §2 the following theorem,
* - Theorem, If for equation (1.1) for some consrol u(l)
(t! the origin of the coordinates is accessible in time T;,
and the llnear approximeting equation satisfies the condi-

‘tions (£.2) 1n the region |.x(f)] < nMN '!".e“-"f(MxleIbu(:%

le <UL ty+T71), then there axiats at least one optimal cont
‘whicii 13 a plecewise constant funztion and 1s defined by th
fformulaa (2.8).

i Proof.l) If the controlling ve?t?r u(l)(t) is not op-
'timal, then there exists a control ul2)(t), for which the
'origin 1s accessible frcm point xo in time 1p ¢ .

; By reasoning similariy, we will convince ourselves of
fthe ex%stence of a minimizing sequence of controlling vec-

‘tors u k)(t;), kal, 2, ..., for which the control time is
respectively equal to T , Ty, ( Ty, Mm Ty = T D O for k ~

i 2

The 1nequality T > O follows from the fast, that the
right parts of equations i{1,1) are bounded, It can occur
thet the number of controlling vectors in a minimizing se-
\quence 1s finite; this corresponds to the case, when for

.Y) Tne theorem can also be proved by application of L. S.
, ‘ontryagin's principle of the maximum,
{




anuation {(1.1), vesides the controi \.(ly(t) there exists a
inite number of conftrols, for which the origin is acces-
sible in time t { T;. In guch a case we can .mmediately

japeak of the existence uf an optimal vector u{t).

! The vector u(t) is computad by the formula (2.8). Thi
1act will be demonstrated below for the more general case,

namely, when the members of the minimizing sequence are disd
itinet,

Thus, let u(k'(t) be 8 minimizing sequence of control-ﬂ.
ling vectors of the control (1,1). As was shown in the bas
‘or the lemma 1,2, the sequences of Gra;ectorles x* () = x (x,,

| Ly, 4t (2), %) uniforsly converges to x (t) for kK — =», If
1 %e(0)i <arrtMN Ty e T,
where
M=max|by()], t,KLtLt:+ T,
k)

(see lemma 1,1), then we can construct a sequence z§ ’
iwhich 1is defined by ff):mulaa (2.4). In the basis of lemma

2,1, the sequence 2 has at least one 1i t)point 20
3uh1ch belongs to the boundary Q(T). Let g !’ = z, for 1 —
y- ®, We obtain the difference

|

+7

b
-3 = [ (Fad0) BB W) — 3 (0) B (t) o (1)) dt —

U wtr
- 'f Fa) (t) B(¢) a™? (1) dt = — f Fol () B(t){u* (1) -—u™ ()] dt 4
btlp =%, .

PS4
+ f (Fa) () — Fo' () B () ™ (¢) dt ~

b

T
~ 7 Fa) (€ B(ty u'™ (1) dt.
&+

5Ty

We introduce the notation




!
—s+ A8 4 [ (Fa0 - 5 ) B dt —
ts

[ e

fot? , )
— [ Fa@Bmu"dt=cy.
!ﬁ?.'—t.l

;1:. is clear tnat Cky = O for o — =», But

T
e», = f Fot (8) B(8) ju® () — a™ ()} de.
DS

We scalar multiply the vector :0 (see (2.8)) by ¢y,

Q.}Y 4
: (-ey) = | Z«--m-‘m By () [u} (1) — uf*? () d.
: v =
{

-

But u; (¢)=Nsign(PIF* () B;(f)]). (*Z)=—1 and by the condi-
‘tion of the problem |gf*(:)) € N, consequently,
| sign (P1F" (6) B, (O = sign (&3 (1) — u§* ().

Thuas, there is obtained

+7
(Pes) = j 2 [CalFE (8 B, (1 1u (8) — uf* (8)| d.
§ =i

;Prom (lockl) =~ O for e - » and condition (2.2), follows that

mes E(| u) (£) — u§*® ()| > a)—~0 for e -» w_and for each § = 1, 2,
eses T« That means the sequence u(kl)(t) converges by meas-

ure to the rgnction uo(t). It 1s not difficult to see that
the vector u“(t) is optimal for the control (1.1).

Actually, seeing that the functions x(k‘) (t) are solu-
tions of the equations (1.1) there are the relations

|
{




| =t + [, B ),

. 'y 5 0
it }""“)(tl - xY(t) uniformly for e — =, u(kl)(t) - u(t)
~ we1gure, the function f(x, t) is continuous x, consequen-
"1y 111§, can in the 1limit be put under the integral sign.
'w¢ Doiain
4
X () m x4 | f(x0 )+ Bir)ut ().

f

e g ——

Thus, the trajectory xo(t) corresponds to theocontrol
oC( =) of equation (1.1). The equality x(xg, to, W (t), to +
# T} = O immediately 60110"5 from the continuity of the
unctions xK(t) and xY%(t) in t, We ag the ssme time proved
that the optimal ccntrolling vector uY(t) is computed accor-

ding to formula (2,8}, 1.e., 1t i8 & plecewise constant fung
jtion, The theorem is proved,

‘ "he resirictions (2.2) imposed upon the lineal approxij
hation equations, can be exvressed in a form, which in 2
lseries of zases permits in view of (1.1) Judging the exls-
tence of a solution of the problem of optimal control with
® plecewise constant controlling vector of the type (2.8).
puch conditions for a linear equation with constant coef-
Eicients are given in work {3])., Sufficient conditions will

gy -

e introduced below for the fulfillment of (2.2) in the cas
'r a linear equation (n< 3).
\  We will examine the linear approximating equation for
(i.1), with the corresponding variations du(t), when the
af

matrix function = 18 calculated along some curve x(t)
£y

1‘;_{ = P(t)éx () + B(£)3u(2).

1t will also be proved that the assertion 1is also true if

1
RO _ pyRV(s). where RY (f) =

the vectors, B,(t), Rj” (). dt

R f_a_"_'g_)..p(g)gl(;) for all j and x(t) arising from the equa-

16
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fons (1.2), sre nonocollinser, then the relation (2.2)11l
true, Actually, we will examine the vector HJ(t) = F-i(t)

4(t), seeing shat i’.'.;.:.‘.'!.-s-F"(:) P{%) {7}, then

. [d 1
Hy=F-+0)| 22— p (g |.

dB,(¢)
4

? {omla for the determination of the second derivative 83
¢

Weo call

— P{t)B;(¢) by Rg(t), then we will obtain

A St St e arrmpiaae.

.
Ho~r-0| L2 — PR 0]

Let the relation (l-[?'l(t)Bi{t)]) = O hold in a set,

distinct from & collesction of 1solated pointg, Then the re-
lations (zn:(s)) -C, (153(t)) = 0, and (1oudzt)) = 0 hold

in the same set. Bui tnhis is impossible, seeing that acocor-
{ding to condition the veotors

B;(8), R (n. -iRZ;ff’—~P(¢) RYM8. =1, 2., r

are non-collinear and the watrix P-1(t) is non-singular,
what was reguired to prove,

Lot the vectors

}

48 <R .
8,0, R (0= pg sy, L _ p R0

a

be non-collinear, We will subsequently call such a faot
condition (A), Then the theorem of aoxistance of optimal
trajectories ctg be expresnsed as: if for equetion (1,1) for
eome control ull)(t) the origin is accessible for t = Ty,

and the linear approximating equations satisfy the condi-
tions (A) in the region

[ Xi(€) | < P MN (T1 — ¢ ) et Ti=ta |




hen there exists at lesst one optimal equation whiob is &
fecewise constant function and 18 defined by formula (2,8).
e shall write conditions (A) in clear form for n = 2, 3.
or n « 2 we have

Doy {9008\ S "-p(‘) _J_Id_
) (8) ( p o, & () ~— os b () ).
1

y the e bol (r{1) (¢) Je 1o n’nt the k-component of the
ector R (t) ém entry [R (¢)» X =1, 3, coey 1y oosnL
he vector R( (¢).

Then condition (A) for n = 2 re u es to the non-collin-
arity of the veotors (by,, by,), [R}*/(t)], k = 1, 2. For

n = 3

(R (Bl = dmm 2%515,,(;), k=1, 9, 3.
{

=

he define the vector:' Rf" (;) ,.‘.f‘!.:.:.‘_'l — P() R} (f). Seeing that

R ()= ‘”’-——-”--pma,(:),

fthen

4’8, ) __ 4PW) dB; )

RP(0)= 20 By(0—2P (0= + PP()By)

g
where p(f)= '5% , means,

3 3
Py Q& R L
dt Zd;ﬁx; dt + ,‘f Py (4) 0xpda ’
)

Pnd, consequently, we finally have

18
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d* by (1)

3 3 ’
i IR () = e 22["‘;';:-' fuix, t)+2bm‘t)u. (0|
g im] el ‘ ey

o, dfs dbjy(t) s 3f;
ey 2%y k) 0fy .
+ dx,dt & (') + 0.!,' ot 611 aX.’ b‘. (t)}

Thus, if the vectors (blj' Bays P3gls [Rgl)(t)]k, X =

e 1,2, 3, )=, ,4., v, are non-collinear, fhon conditioan
{2.2) for the linear apprcximating equation will hold, whilel
1in this cas? (for n = 3) for verification it is sufficient
€or (2.2) condition and necessary to ccapute the dOPlVltiVeﬂ
up untii the second order exclusively from the functions
by4(t), £(x, t) in x snd ¢,
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