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CSO: 4O06-N/e

ON .,E STABILITY AN1D OSCILLATIONS OF
ANtSOTROPIC PLATES

oullowtng is a trnsleltion of an article
written by S. A. Ambartsumyan and A. A.
Khachatryan in Mekhanika i MashinostroyenIye
(Mechanics end Machine Building) No. 1,
1960, Yerevan, pages 113-122.7

1. Let us investigate a rectangular plate of
uniform thickness h , with one of the elastic symmetry
planes parallel to the middle plane ca' the plate, the
other two being parallel to its sides.

The rectangular coordinate system ( 0 ) is so
selectEd that the coordinate plane a cclncideL with the
rzcd'an plane of the plate, but the coordinate axes M. ,
aee in direction of its sides.

The following hypotheses are as3umed /l/ :
a) The normal stre3ses a, on areas par.1iel to

the median plane may be neglected as compared to the
other stresses.

b) The normal distance (T) between two plate points
remains unchanged after the deformation.

c) For tangential stresses o., and Toy we heve

where •(2.P) and € ( i, ) are arbitrary functionz to be
determined of coordinates £, .

These hypotheses, as is known /2,3/, prove their
validity. Some inconsistency, whl.--b is dve to the &ccept-
ence of hypothesis (a), can be justified in the present
CSSE'. The fact is that in omitting ay , we first of all
commit only small errors for the majority of actual plates, Ej
zlnce all terms connected with c have small multipliers; 0
seccnd -- omission of ay does not distort the qualite-
4.4ý aspect, of the investigated problems, and third --
omission of l substantially simplifies problems of

,ties
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I
t stabilitj and oscillations of anisotropic plates.

In work /1/, while investigating problems of bend-
ing of anisotropic rlates, a reso~v.ing system of three
dlffcrentiel equations in three unknown functions Ie
derived: noriral dislocation v( ip ) and functionr7

r C3() i. For the accepted notations the system
has the form

!fill,•',' _ ... .. e- a 6(~
J9(,•- I")7 ]4•;= z •

fit, . IB,, 2B" ) a•' • [ (,,b (/ I,. 2_-1 B&
021

.P i ], i, [' J •

401J ~- itill"1(:
/

1
j; ýf,t, I -- Bp (B222 +

where Z - intensity of the normal approximated surface
load; Bik, a44, e55 -- known elasticity coefficients
/l, V.

For setting up equations of static and dynamjc
stability and ocilations of rectangular anr.sotropic
plates, which are investigated here, we start with the
equation system (1.2).

2. We derive the equation of static stability
by substituting in (1.2) for Z the expression /k,5/

Z= T, P + T081.+2.V)

where T? , f and O-- tangential forces per unit length,
acting In the median plane of the plate.

Substituting (2.1) into 1. we obtain the final
equations of stebtilt7 of an orthotropic plate

++. Tl .a-.. -. 28* 0--) (2.2)

[Bit i + o--j 28 )(B, B
-4144.(Bit+BO) + 0

L
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2Bn)i- +net~uu

0 a D+B- a' B O 4 (2.2)
c on',

Let us investigate the stability of a rectangular plate
supported along the edges, compressed in both principal
directions (Fig. 1). Assuming P,= P, P,=)P, we obtain

*-" Ts'=-P, 72•-.--LP. S%. 0 (2.3)

Fig. 1

We seek the solution of system (2.2) in the form of where

;;0" Co s Jlll""- 5 1I_
a bU-1i T22 -C-S

4 %qjnm !!cos!"!-"r_
a b

VwTof.+*--unkcnovn constants. Using (2.4) we satisfy the
requirements of hinged support around the whole outline
of the plate.

Substituting (2.4) into (2.2) we get

•B,+ ), Rs -2 0

-- + 0 .i- " ,)it" 0 (2.5)

~' ([sa *e' " ' '

This system has solutions different from zero only
in cases when the determinant composed of the coefficients

Sof the system is zero. Equating the determinant of the

- 3 --
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system (2.5) to zero we can find the following expression
for the critical value of force

P.'- P..'(t + d) (2.6)

where
pa= - 2 -(D,, + Was. (2.7)

Is the value of critical force of an analogus problem,
assuming validity of Kirchoff!" hypothesis / /

,x A-D -B, = 4Dg (2.8)

6 M' M2 Bm7 6 s WS'

Bit'( 2 ( ,Ai+s + 230) W + x= 1"
to k" [ --- "hi

B = -•(amB,, + a,,Bej- (a"D.. •-..j- .,, ) +
+5 as+Ba~U.' D.. j

The first term of formula (2.6) represents the
value of the critical force of the investigated problem,
determined by the classic theory of plates, but the
secon.d one--its correction.

It should be pointed out that the second term of
the expression (2.6), which is conventionally called
its correction, in some cases may be larger than the
basic term determined by the classic theory.

When the plate is compressed in tha main direction
only, the formula (2.6) remains unchanged. but the

expression
P..= -•D, 3 +2 (D,, D ",)• DU 29

must be used for Pe instead of (2.7).
In the specTRl case of a rectangular plate support-

ed all around the edges, compressed in direction C_ , and
made of transversely isotropic material (it being assumed
that the isotropy planes at each point are parallel to
the medlpn plane of the plate /4/ ye get for the critical
force

" =- 1+o (M' 1+ CO '/)S (2.10)

.mm-j



where
12 0k' ¢= ' "ip G,-0 (2.tt)

E, i -- elasticity modulus and Poissons ratio 14 the
isotropy plane; G'--shear modulus, characterizing the
distortion of angles between the directions in the plane
of isotropy and perpendicular to it.

In examining (2.10), it is easy to prove that the
value of the critical force is minimal when only one half-
wpve is generated in the direction perpendicular to the
d'.rection of compression, that is if v = 1. We get

PM ItD fM;1C+ e!M) (2.12)vs- ,' - +ki! +,,,1C2

From (2.12) it may be seen that, as in the ana-
logcus problem of the classical plate stability theory
/4,5/, the minimum value of critical force P." is in-
dependent of m and equals

Pt % 4 (2.13)

The values of the plate side ratio ca=/b fov
different m , when the critical fo:,ce reaches its m-In-
imum (2.13) can be determined from the formula

C = of)(( - )"/(t +k) (2.A4)

As mev be seen from (2.12) to (2.14) the determined
values subs~antially depend on the coefficient k , or
on the rati. of elasticity constants E/G', Poissons ratio
and the ratio h/b, that is on some relative normalized
plate thickness, which depends not only on the geometrical
parameters, but also on the physical properties of the
plate material.

In.Table 1 values of coefficient k and coordinates
of some characteristic points of curves.&---(c)for 1A=
0.25 are given. In the upper part of the Table h/b w 0.1,
but in the lower part h/b a 0.2; ca and 0. are points of
intersection of stability curves.

J
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Table 1

_.... .... P Io its min v% 3'

2.5 0.0 =32 0.974 3.796 1.373 4.245 12.38&1 3 .947 3.372 1..873

t1o 0. IOU .'9 3.2774 126 353 2 .9 .1 .2

0.05 i. 4. 0' 1.415 4.O 2.44914.167 4345 1 4 3O2-5 0.105,4 0.90,0 3.274 f t.2 I8 3.593 -.194 f,.333.!10, 3.3 ,

5 P -2106 O.W0 2.730 ' 1.113 2.930 1.961 2.799 2.751., ",6.5
1I1t) .4211 0. W4K 1.981 i 0.857 2.054 1.5361 2.007 t 994

Based on data of Table 1 stability curves for some values
of parameter k are plotte# in Fig. 2. Values from

S- .... . .... curves and Table for
k-O correspond to t

so _ .-- 2 _. solution of the pre-
SI sent problem of the

classical method.
From the examined

_____nimerical. examples
we see that with an
increase of parameterk th rtclforce

Fig. 2 decreases, as compared
with its value obtalnel

by the classical theorN. of plates (kz 0). In addition, the
limits of every type of stability narrow down with increase
of k .

For the case of an orthotropic plate the calculation
of the critical force per formula (2.6) is very cumbersome.
Table 2 shows some results of variations calculated with
a computer 1). Values of the expression 41)( P, 1" b/rr/D
for different ratios b/a and

k&, = -, -" -- a.s/' -. T --m* p,' & 0.3

are given !' the Table. -Here 1zs, if and Es, pt -- elasticity
moduli and foissons ratios along directions a and ,
respectively.

-- 6 -



Table 21

C AI

o..5 12.6193456 9.1525088 6.2k:••6G
;.5 5.2574384 4.5388W 3. .703616 5,8643716

0.85 3.1438624 9.8728144'i 2.5156152 3W.~A9S
1.85 2.3k24992 2.1740704 1.9 9U80 2.43418W)
.05 t 1.7. 27 t.707721 2.033129&1.Z:, t .7985344 1. 7045W• 1. 59"076 i.I. M81

1.45 1.7495952 1.677'424 1.50L6,56 I 8017"43
1.65 1.7685984 J. 7(X)3M00 1.598M904
I H5 1.8344C.60 t.7673152 1.66618M ! .8M41
2.05 1.93V720 t.8676672 1, 7647060 1.MIyow'*1
ý.,.25 2.0657.552 1 19eSI48 1.86856W4 2. 1V16309
2.45 2.2204896 2.1466720 2.0343M39 2.276W73

c-4.4820312 et1.46 9392 c: 1.433•t2 = 1 -.. 9534U8
00111:--t,.74878L601,Uj,-. 67701t92 O miftS0 1. 50937r OmitL .. 1 W.;j It

Calculations were made oaly for m- 1. According to
the methods based on the case for mwl the cases of m= ',3.
can be determined. In the last column of Table 2 values of
1) The calculations were made on an electronic computer

Yype M-3 at the computing center of the Armenian SSSR.
0(c), calculated according to the classical theory of
plates, are :iven. The two lowest lines give values of
c and the cr.responding

3. Ia order to oblaTAl6quations of free oscillations
of non loaded plates it is necessary to assume for Z
/4,6/ in (1.2)

The final equation of free oscillations of the orthotropic
plate can be written In the form

a•1 ,$IV .•. ,. (3-.t)

B2 -. (B, !- (B213 ) "2'-- , - - 0

fi ig(,,-..). "yip

L3 J
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I
"where To -specific gravity of the plate material, g -
gravity acceleration. The solution of system (3.1)
we seek in the form

U -. ~ I'• 2 fir f3
WO-- ,,il.

satisfying conditions of free support along the whole
ccoxtour of the plate.

SubsLituting (3.2) into (3.1) we obtain a system
cf homogenous equations in'4 .. • Equating its deter-muirjant to zero we get the frequencies of free oscilla-
t lois from

,o*. ,, j'i d (3.3)

where d corresponds to (2.8), and

,,,"M X , "Saf,,, !+ 2(D,, + 2D.) S + . " (3.4)

repr'esents, properly speaking, its frequencies, determin-
ed eccording to the classical theory of plates.

If the plate is made of transversaily-Isotropic
material (see section 2) /•/ we get for the frequencies of
free oscillations

+ N * V ; + n) (3.5)

Table 3 gives values of ratio wma/w'.corresponding
to some oscillation tones(m, n=1,2)calculated accoo:ding
to formula (3-5) for a square plate (c.I!) with different
values of parameter k .

Table..

0 1 1 015 0.77 G.7 9 064
o0.1 0.60 0..35 0.W5 0.20 0.42 0.7071 0.6202o03 0.9713 092 0.06 0.25 0.8165 0.6667 0.5774
ý J 0.9535 0.09"4 o.S 0.30 0.7906 0.625 0-542:3. 0.7 0. O807 . .800M 0.35 0.7670 O.60iO 0.51,.0.tO 0-912t 0.81,,5 0.7454 0.40 0.7454 0.5774 0.4880

-J
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This table shows that with increase of parameter ¶

k the frequencies of its oscillationsuf., vary more greatly
from the corresponding frequencies 6hmg obtained by the
classizal theory of plates. This difference, less pronouncedat the lowest oscillation frequen-y (w1 ,) , becomes more
substantial at the highest oscillation modes( o12 , etc.)

4. The equation of dynamic stability of an ortho-
tropic plate is found when substituting in (1.2) for Z the
expression /7/

. - -. T, .. a s ( 4 .1 )

3ubstituting (4.1) into (1.2) we can easily obtain
the final equations of dynamic stability of orthotropic
plates.

If tLc plate is compressed in the main direction
a only (Fig. 1) then

. -- Is" T2° 0 -- U (4.2)

Let us assume that the external force P varies
periodically in time

/ . lc'osel (4.3)

where P - amplitude and 9 - frequency of external force.
Consideýinq (4.1) to (4.3) the system (1.2) is written as

lID.. w + (B,,+ 2a).. a.s(B..r + eft t

B + ( -Bit ++ +,- 7J +( P

[(B. 2.)B. w -+ j)j+ +O

We seek solution of system (2.3) in the form of

9 - r () e Q XM s~~in a"4~

-9-



where v(t), y(t), and f(t) -- values of cuactions v, V and
+ In the center of the plate. This Will satisfy the con-

ditions of hinged support all around the outline of the
plate.

Substituting (4.5) into (4.4) we obtain

i os -1) (t) -- i f M( "-

TOM B11 + (B. B.H.) n' ]w I 44. " + B.

a"s . ,, j (+) 0 (4.6)

T[(h,, + 2Be.) H%' B,• w )---0-an (BI.. ,PsO";"• {)-

-t+ at a

The last two equations of system (4.6), as may
be seen, do not contain derivatives with respect to time.

Excluding 9(t) and ý(t) from system (4.6) with
respe-'t to w(t) we obtain the differential equation

XY'-- + Cos(It) W ost) 0 (4.7)

where •mn, Pe -- frequency of free oscillations of the
non-loaced plate (3 .) and critical value of the com-
pressing force (2.9) (if the compressing force ects in
one direction O only), respectively.

Equation (4.7) is the well-known equation of
Matthieu. Fnr certain coefficient relationships It has
increasingli unlimited solutions. These solutions ftll
out complet• areas of the parameter plane, to which
correspond regions of dynamic instability.

Let us rewrite equation (4.7) as

d•w (t) 01 ()dt ,, -± •,,.( -- 2) ,,,r,'OI u'Q) - 0 (')i.w ... , (4.k)
2P•, /

As is known /7/, the boundaries of instability
regions can be approximately determined from the follow-
ing formulas:

_ 10 -



I
r I

for t'e first or main instability region, or

woo mft (4.101,

for the second instability region, or

o" =/ (4

for the third Instebility region.
here 00 are critical frequencies of externsl

loa.d, that is external load frequencies, correspondtng
to the boundaries of instability regions.

As may be seen from tht above formulas, the
critical forces, the frequencies and in3tability region
bounsrtez will be substantially different, depend~tg
on The number of half-waves (rin) in the directions. rx.

Th- - ., will be a further' examination of the cae
wl.!.n, in both d1rections . and 4only one half-wave w.ll
be generated, that is in all the above formulas we shall

take 1:. =(4.12)

and for simplicity the indices " ii" shall be omitted.
Let us consider the case when the rectangular

plete, supported around the outline, is made of trans-
vErsally - isotropic material. As before, we assume
the p.ane of Isotropy at every point to be parellel
with the median plane of the plate.

Table 4

~ ~j e~ioi I ~ regiona

Ifor =O (iiw.112
•. 0.50 0.5.i •.333 0.3.--

1 0. W4f7 t.00 0.4950 0.." O.W3 0 .33O16
) 2 0.8944 1.01W% 0.4;!4 0.50&3 0.3235 0'.3272
0.%, 0.67 1. 140.4528 0.5074 0.3068 v 32(,5
0.1 0.774 8  1.1832 0.4123 0.5132 0.2734 0.3120
A I 0. 7071 1.2248 0.353M 0.520N 0.1992 0.3019, J

Sll --



C:ale4ContZ

A: I regior, II reglor_ IML region~

For k=0A.05 (A /11)
0 0.9535 0 .953zý 1 0.47671 0. 47 fs 0.31 7,b t t;3

).1I 0.8M11 1.00 0. 4;09 1 G. 47 77 O.3 iC. 0. .3 1bW
0.2 (1.8422 t.0531 0 0.453 1 0.484.1 0 :;9,1 1 t
W.3 (F. 7804 1.0996 0.4216 W-4.8 0. a42 0-W33&

''4 0. 71 "15 1.1442 ( .3732 0.49119 0. 2397 (1 4 I

0.0742 .67 0.3371 0. .4W_1; 0. 1999

1)U. 1j U )X 0.4564 0' 4.) Q, 0 :3010, oLf 43

U,0.3t7M jfuiAý 0.429i3 0. 4"0 0.2o1#zýi
.30.4 o&. IL IAZA 0.3929 0.46iO7 0ý2644

( W . 4 0 ,6 : 8 3 1 t I 5 U .0 .4 7 3 6 0 -2 0 W1 07 * -0.6157 1.1180 0. 30?F 0. 47M1 0.1-69

* ~~For k --0. 20 Lr

0.8452 0.4226 0. 42 U '0 82,02817
0.(j $~I JMI4 0414,2 J4';4f) 0. 27 i '-MA):7~

0..~i I .('~sI~' J.2934W t 1.04~8 0.212.5i4ý

For k 0.3ts Li /
it. 7%16 A)

" ' ~"vQ.i¶, 1 :;i h' 0. x (.6s

termi~ned. per fformulas (4.9) to (4. 11) t~he i adi c es ~i'n"
befig. omitted. -I

Let us examine a square plate ( b -. s). In
order to compare the results obtained for the iastability
regions with tiie ree.pective re~zul1-- obtained by the
classical theory of plates, -- 'formulas (4.9) to (4.11)1
-- taking (4.12) into consideration~ -- are presented
In the foll... 4ng form

V1 -I i4

-12 -
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for the first (main) instability region, or

0 t L--- *
S-.- +• V -w t *,2k)Q (r)• (4. 14)

for the second instability region, or

2w--•~~ -qz So(I + Ik) Is

for the third instability region.
Froor (4.8) we draw the conclusion that X1,1;

and therefore for the limit value of te we have
•.l~• = -•, •)(4.16)

STable 4 gi es values

JM '"of o /2w dependent
on , calculated
according to formulas

a 1(13) to (4115) for
different values of
parameter k •
"As illustration Fig. 3
shows regions of in-
stability for k.O and
kao.2.

Fig. 3
In examining Pig. 3 and the above Tables we see that vith
increase of the coefficient k the instability regions
calculated according to (4-13) to (4.15) are different
from those calculated according to the classical theory
of plates (k.O), this difference being a decrease of GO/
2vo and of the interval of parameter 4

Analogous calculations for orthotrcpic square
plates (b-a) were made on an electronic computer type
M-3 at the c--aputing center of the Acad. Sci. Armenian
SSR.

Three variations of these calculations are given
in Table 5, showing go / 2wo for different values of

Sparameter k J

13



0oTable 0.

ke I re i o 11 reg ion III reg ion

For k&=W0 ks=2 (AX 0,4840484)

- 0 0.9639100 0.W06019 0.4910595 0.4919595 0.32707.10 0.3270730
0.10 0.9317170 1.0&34876 0.4866820 0. 4928326 0.3257381 0. 32V2047
0.20 0.8764112 1.0907852 1 0.4704945 0.49U466 0.3175045 0.3215206
0.30 0.8173718 1.260980 = 0.422%04 0.4997713 O.2•454A. 0.3145625
0.40 0.7537218 1.16966 0.39'32340 0.5M7637 0.2626090 D..,05"170
Alm 0.6967358 .2060498 ,0.3478679 0.W120477 0. 196N013 0.2969922

.=k,- =5 (), * 0.4543373)

0 0.9=&i42 0.9532442 0.4766221 0.4766221 0.3177480 0.3177480
0.10 0.&89...' 32 1.004278 0.4708143 0.4775832 0.3152678 0.3158160
0.20 0.8418280 1.0329360 0.4529443 0.4904549 0. 20&r235 0. :1 07.,04
0.30 0.7801758 1.0993972 0. 421t06 0.4852034 0,2850747 0.3:032098
0.40 0.7132142 1.1439730 0.3729ni1 0.4917743 0.,2391993 0.2936726

0 6740454 1.1674810 0.3370227 0. 4960840 0.1898907 0.287,331

k-=2. k,= 10 (•L,-- 0.3S49343)

n O.W887454 O. 8887. 443727 0. 44,.,7I7 0.2962185 0.26.24850.10 0.830%832 0.94W3284 10,4311921 0. 445558 0.2•tý'173 0_19,3W4i2

0.20 0.7680290 0.9949214 0.4149053 0.4490969 0.,809120 0.2"8"7'•131
0.30 0.6999060 1.0439676 0.3748275 0.4549.111 0 2.'07,69 0.2788981
)1"t= 0.6284378 1.88486,4 0.31U.21S9 I 0.4625178 0..- 1704z3 C. 668"644

Nctations used in these Tables are

f-, PI E, k:= -a-E, :ý a4,E,

where E1  '4#I and E2  '/2 -- elasticity moduli and

Foissors ratios in directionsc and. , respectively;
G1 2 = B6 6 .

Calculations were made for. = 0.3, h/a.0.1.

Institute of Mathematics and Submitted 19 June l9r9.
Mechanics Academy of Sciences
Armenian SSF
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