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THE USE OF TIME SERIES FORECASTING
IN CONTRACTOR PERFORMANCE ANALYSIS

1.0 INTRODUCTION

This report deals with the application of time series forecasting as a method of
estimating either contract Estimates-at-Completion (EAC) or year-ahead contract costs
based on information contained in monthly Contract Performance Reports (CPR).
Specifically, the main thrust is to obtain accurate short-term forecasts of cumulative
Actual Cost of Work Performed (ACWP). The method presented herein can also be
applied to the cumulative Cost Variance (CV). The latter takes a more direct look at an

expected cost overrun.

Due to the nature of the cumulative ACWP and the time dependence of contract
expenditures, a logical approach for more accurately forecasting this function seems to
lie within the realm of time series modeling. Considering the premise that the pattern .
of a contractor's expenditures becomes characteristic as the contract proceeds, a
procedural approach is recommended for characterizing the cumulative ACWP
utilizing time series modeling. The recommended technique stresses the structuring of
appropriate difference equations through the criterion of minimum residual variance.
The main objectives of this report are as follows:

(1) Development of a procedure for structuring forecasting models from
nonstationary stochastic realizations. This specifically covers the identification and
fitting of Autoregressive (AR) and integrated Autoregressive-Moving Averages
(ARIMA) models.

(2) Ilustration of the validity of the appropriate model through a
sensitivity analysis utilizing CPR information from two Communications-Electronics
Command contracts.

To achieve these objectives, Section 2.0 of this report presents a brief view of the
concepts of time series and provides a procedural approach for obtaining time series
models. Section 3.0 contains the identification of the CPR data which includes a
determination of whether or not the data are nonstationary, the fitting of an appropriate
model to the data, and the checking of the fit of the models. Section 4.0 contains
conclusions and a comparison of time series forecasts to those of Performance Analyser.




2.0 CONCEPTS IN TIME SERIES

Any phenomenon that changes with time, and any collection of data measuring
some aspect of such a phenomenon, can be considered a time series. Time series can
either be deterministic or nondeterministic functions of an independent variable,
usually time. In most instances, however, they will be nondeterministic functions. A
nondeterministic function exhibits random or fluctuating properties, and, hence, it is
not possible to exactly forecast its future values; in other words, such time series can be
described only by statistical laws or models. We assume that we may describe a time
series at a given time ¢ by a random variable and its associated probability distribution.
Thus we may describe the behavior of a time series at all instances by an ordered set of
random variables and the associated probability distributions, denoted by {X,} and
{f.} t=0,%1,£2,. Such an ordered set of random variables is called a stochastic
process. Thus, an observed time series, x,, can be considered as one realization of an
infinite ensemble of functions which may have been generated by a stochastic process.
A stochastic process is said to be strictly stationary if the joint distribution of any set of
observations is unaffected by shifting all times of the observations ahead or backward
by any integer amount k [1]. A stationary stochastic process may be described in terms
of its mean p which is estimated by:

Tl YV (2.1)

5 =12(x, -%), (2.2)
n
its sample autocovariance function, which measures the extent to which two random
variables are linearly independent:
1 n-k
Ca(k)==Y (x, = X)(x,, = %), k=0,1, ccccccccc ,n-1 (2.3)
=

and the sample autocorrelation function, which acts like a correlation coefficient:

ro(ky=c,(k)/c,(0), k=0,1,...... ,n-1 (2.4)




2.1 Stationary and Nonstationary Time Series

A stationary time series is one which is in statistical equilibrium in the sense that its
properties do not change with respect to time, whereas a nonstationary time series is
one whose properties change with time. Time series occurring in practice are usually
nonstationary in nature and can be divided into three classes:

(1) Those that exhibit stationary properties over a long period of time.
(2) Those that are approximately stationary over very short periods of time.

(3) Those that exhibit nonstationary properties, that is, their visual
properties change continuously with time.

At present, there exist techniques to analyze stationary time series, but the techniques
available for the analysis of nonstationary time series are inadequate and do not lend
themselves to meaningful interpretations of physical problems. However,
nonstationary time series can be adjusted so that the existing techniques of stationary
time series analysis can be applied. Adjustments are accomplished by applying a
proper filter to the observed nonstationary time series to remove the nonstationary
components. o e

The selection of a proper filter is accomplished through a search for a
mathematical function that will transform a nonstationary time series into a stationary
time series. One of the most often used and most efficient methods of filtering is
through the application of difference equations [1,2]. A first-order difference equation
is defined by: :

V=X~ X (25)

where x, is the observed nonstationary time series and y, is the first-difference series.
Similarly, a second-order difference equation is defined by:

w,=x,—2x,_+X,_,, (2.6)

and so on. A first- or second-order difference equation will usually be sufficient to
transform most practically occurring nonstationary time series [1].

To identify whether or not the observed series exhibits stationary or nonstationary
properties, one can use certain data analysis tools. In addition to graphical
representations of the observed series, the sample autocorrelation function of the
observed series and a trend test applied to the observed series are important.
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For the observed series and its first and second differences, the sample
autocorrelation functions (equation 2.4) are computed and a trend test, i.e., Kendall's
Tau [3], is performed. (For a stationary time series, the sample autocorrelation function has
the property that it dampens out fairly rapidly and it contains no trend.) Following these
procedures, sufficient information can be obtained to determine if the observed series
exhibits either stationary or nonstationary properties, and whether or not a first- or
second-order difference equation will remove the nonstationarities.

Once a model for the stationary series is obtained, a backward filter is applied to
the fitted stationary model so that future values of the observed series can be forecasted.

2.2 Parametric Time-Series Models

To be able to forecast values for an observed series, we fit parametric time series
models, either autoregressive, moving-average, or a combination of the two. These
stationary stochastic models assume the process (series) remains in equilibrium about a
constant mean level. The general autoregressive process is given by:

" al(xt—l _u)+”'+am(x:—m "H)"'Z; (27)

where 1 is the mean of x,, Z, is a purely random process [2], and m is the order of the
process. The general moving-average process is given by:

X, —uU= Zt - Ble—l - _BZ

g7 (2.8)
where 1 and Z are as defined in equation 2.6, and q is the order of the process. The
general mixed autoregressive-moving averages process is given by:

x, —pu=0,(x_ —W+-+o, (x_,-W+Z-pZ_—-B,Z_,, (2.9)

where q is independent of m.

We shall now consider the criterion for selecting the process, its order (which
gives the best fit to an observed series), the procedure to estimate its parameters, a
diagnostic check of goodness-of-fit, and how the model can be used in forecasting.

2.2.1 Selecting the Best Model
The criterion for selecting the order of the process (that which will give the best

fit) is the residual variance for the different orders of the parametric models fitted to the
data.




The residual variances are computed and plotted against the order of the process;
the minimum residual variance will correspond to the correct order for the process.
After this has been done for the autoregressive, moving-average, and the mixed
autoregressive-moving average processes, we compare the minimum residual
variances. The minimal one will correspond to the process (and its order) that will give
the best fit to the data. When one fits a model to a given set of observations, the
principle of parsimony should always be considered. That is, the least number of
parameters should be employed to obtain an adequate representation [1].

2.2.2 Estimation of Parameters

To obtain the residual variances above, we first estimate the parameters for the
different orders of each individual process. To estimate the parameters for the
autoregressive process [2], we first assume that the Z, process is normal with zero mean
and variance 6. Then the log-likelihood function for fixed m, conditional on the values
X,,X,,***,X,,, can be expressed as:

n 2
au,al,.--,ampnxl,---,m=[n-m>(1nr_‘zn+moz)—5;—z 3151~y =)= )] ]

z t=mtl
(2.10)
For estimating the parameters 1,0+, 0,,, we need only consider the sum of squares
function:

2

S0ty il x) = S~ 1) = (s = W) =eo=00, (3, )] (2.11)

t=m+]

now assuming that i may be approximated by ¥ and that the sample autocorrelation
function (equation 2.3) can be written as:

n

o)z Y -B)x, —)  j=lem, (2.12)

t=m+]
then the maximum likelihood equations may be expressed as:
Co(4) = a0 (1) + B, (j=21+Gpc, (j—m),  (213)

where j=1,2,--,m. Solving the m simultaneous equations, we obtain the estimates
&, -,08.,. The residual sum of squares may be expressed as:

A~

S(fi, 6y, 8,) = (n—m)[c,, (0) - Gyc,, (1)—-—bL,c., (m)] (2.14)
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and the residual variance by:

et S8, (2.15)

T p—2m—1

To estimate the parameters of the moving average process and the mixed
autoregressive-moving average process, we use a numerical technique to recursively
build the log-likelihood function [2]. By varying the values of the parameters (usually
between -1 and +1), we can search for the parameter estimates which minimize the sum
of squares function for each process. For example, for the general moving average
process the sum of squares function is given by:

(6, B,r--B,) = Y 22, (2.16)
t-g
where

3, = X, = u + BIZI—I + .+ﬁqzt—q 4

and z, =0 for t < g. The residual sum of squares is given by:
52(q)=5(p.B,.+B,)/ (n-q-1). 217)

Similarly, the residual sum of squares for the mixed autoregressive-moving average
process can be expressed as:

1 A A " ~
sf(m’q)=—_——S(“wa]v'“,amyﬁl,"'an)- (2.18)

2.2.3 Checking the Fit

Once a model is fitted to the stationary series, the adequacy of the model must be
determined. If it was necessary to filter the observed series, the first step is to apply a
backward filter of the same form so that the fitted model represents the observed series.
Thus, with the backward filter inserted, the fitted model will simulate the behavior of the
observed series. Then the residuals, the observed series minus the modeled series,
should behave approximately like a purely random process (white noise). That is, the
sample autocorrelation function (equation 2.3) should effectively be zero for all lags
except the zeroth. To determine the fit, a test for white noise is applied [2].




2.2.4 Forecasting

After checking the fit, the resulting equation can be used to forecast a value x,,,,
¢>1, when we are currently at time ¢. This forecast is said to be made at origin ¢ for a
lead time ¢. The minimum mean square error forecast [1] for any lead time £ is given
by the conditional expectation E,x,,,, of x,,, at origin ¢, given knowledge of all the x's up
to time ¢t. Thatis:

z,(0)=E[x,,] (2.19)

The required conditional expectation occurring in the forecasting models can be found
using Box and Jenkins [1]: — :

Et[xt+j] = 2:(])’ E;[ZH,'] =0, j=12, (2.20)
and
Elx =%  Elz]=2 =012 (2.21)

3.0 IDENTIFICATION OF COST PERFORMANCE DATA

The initial step in the analyses of the cost performance time series (cumulative
actual cost of work performed) is to determine if they are either stationary or non-
stationary. For the two ongoing contracts used to illustrate the time series
methodology, both series (ACWP) were plotted in an attempt to graphically detect any
non-randomness or trend (nonstationarities). Figure 3.1 displays the cumulative ACWP
for contracts T-22 (22-month duration) and N-37 (37-month duration). The graphs
indicate that the T-22 and the N-37 data exhibit nonstationary behavior in their levels.
In addition the N-37 data may exhibit nonstationary behavior in variability.

45000 T
40000 1 —o—T-22
— i —N-37

35000 T

30000 T
Cumulative 55000 +
ACWP [
$K 20000 1
15000 T

10000 T

5000 T

0

0 5 10 15 20 25 30 35 40
Contract Duration - Months

FIGURE 3.1 Cumulative Actual Cost of Work Performed for T-22 and N-37
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The inference of the graphic displays was statistically tested for trend using
Kendall’s Tau test [3]. For further evidence, the sample autocorrelation functions were
also calculated for the first- and second-order difference filtered data (see Figures 3.2

through 3.7).
Higher order filters are not indicated from Figure 3.1.

The critical value for Kendall’s Tau test [4] at the a = .05 level of significance is
+1.645. The results of the tests are given below:

Table 3.1 Kendall's Tau Statistics for Trend, Z, = +1.645

Difference T-22 Data N-37 Data T-22 N-37
Filter Order H_:NoTrend H_ :No Trend
0 5.196 6.457 Reject Reject
1 1.697 -.242 Reject Accept
2 1.098 — Accept e

This evidence indicates that both of the time series exhibit nonstationary
properties and that first-differenced data for the N-37 series and second-differenced
data for T-22 series showed no trend at the a=.05 level of significance. Also, the sample
autocorrelation functions of both series failed to dampen rapidly (see Figures 3.2 and
3.3). This indicator further confirms that the T-22 and N-37 data are nonstationary (not

in statistical equilibrium).
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Figure 3.2 Sample Autocorrelation Function for T-22 Data
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Figure 3.3 Sample Autocorrelation Function for T-37 Data

Figures 3.4 and 3.5 show the sample autocorrelation functions for the first-
difference filtered data. Coincident with the results of the Kendall's Tau statistics, the
first-filtered T-22 data do not dampen rapidly and the first-filtered N-37 data exhibit
fairly rapid dampening. This warrants a look at the second-differenced information.

r(k) '

Figure 3.4 Sample Autocorrelation Function of the First-Difference T-22 Data
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Figure 3.5 Sample Autocorrelation Function of the First-Difference T-37 Data

Graphic displays of the second-difference filtered data are shown in Figures 3.6
and 3.7. Here the T-22 data exhibit better dampening and the T-37 data do not.

1
0.8 1
06T
04T

r(k)
02T

. /\/\ AN LN
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Figure 3.6 Sample Autocorrelation Function of the Second-Difference T-22 Data
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Figure 3.7 Sample Autocorrelation Function of the Second-Difference N-37 Data
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The characteristics of these displays and the results of the Kendall's Tau statistics
indicate that the second-difference series for the T-22 data and the first-difference series
for the N-37 data have reached statistical equilibrium. Therefore, with these filtered
series, we can now proceed to fit forecasting models to the cumulative ACWP data.

3.1 Fitting the Models

To fit stationary stochastic models, either Autoregressive (AR(m)), Moving
Average (MA(q)), or Autoregressive-Moving Average (ARMA(m,q)) to the filtered
information as outlined in Section 2.0, estimates of the parameters a,,0., --*0.,,, and

B..B,, B, for each process considered and for each order of the process must be made.

It should be noted that, in practice, MA(q) models are useful for describing events that
are effected by random events such as strikes and policy decisions [5]. In the case of the
T-22 and N-37 data, moving average components would be indicators of the amount of
risk associated with the work breakdown structure elements. Therefore, following the
procedure outlined in Section 2.2, the parameters &, 0., --0.,, and B,,B,,---B, were

estimated with the restriction that they lie between -1 and +1 to insure stationarity
and/or invertibility of the filtered stochastic processes. The residual sums of squares
were also computed and divided by the appropriate degrees of freedom to obtain the
residual variance. Figures 3.8 and 3.9 show the residual variance as a function of model
order (m,q) for the T-22 and N-37 data. '

1T
095 T

09 T

0.85 T

08 T

Rzz(k) 0.75 T
07T

065 T

06 T

055 T

0.5 t + + + + $ + $ $ +

(1,0) (1,1) (1,2) (1,3) (2,0) (2,1) (2,2) (2,3) (3,0 (3,1) (3,2) (4,0)

Order (m,q)

Figure 3.8 Model Order vs. Residual Variance for the T-22 Data
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Order (m,q)
Figure 3.9 Model Order vs. Residual Variance for the N-37 Data
These displays indicate that the minimum residual variance criterion
corresponds to an ARMA(2,3) model for the T-22 data, and to an ARMA (1,3) model for

the N-37 data. The parameters for these models are shown in Table 3.2:

Table 3.2 Estimated Parameters for the T-22 and N-37 Models

o, o, Oy B, B, B,
T-22 0.1875 0.3593 -0.8281 -0.3594 -0.1406
N-37 0.4375 -0.6719 -0.0312 -0.5625

Using the corresponding parameters the following difference equations were
obtained for the filtered series:

For the T-22 data:
(w, —0.1145) = 0.1875(w, , — 0.1145)+0.3594(w,_,) + Z, + 0.8281Z,_, +0.3594Z, , +0.0.1406Z_, (3.1)
and, for the N-37 data:
(y, —0.8379) =0.4375(y, , —0.8379)+ Z, +0.6719Z,_, +0.0312Z, , +0.5625Z, , (3.2)
Since the T-22 data required a second-difference filter and the N-37 data required
a first-order filter to be in statistical equilibrium, it is necessary to use backwards filters as
outlined in Section 2. The filters are:

first order Y, =X, =Xy,

second order w

=X, = 2%, +X,_,.

12




These filters are inserted into equations (3.1) and (3.2) to obtain the appropriate
forecasting models that will be used to characterize the T-22 and N-37 data. These
equations become:

For the T-22 data:

% =2.188x,, ~1.016x, , —0.531x,; +0.359x,, +0.052+Z, +0.828Z,, +0.359Z,, +0141Z;, (3.3)

and, for the N-37 data:
% =1438x,_, —0.438x, , +0.471+Z, +0.672Z,, +0.031Z,_, +0.563Z, (3.4)

Setting the unknown Z,'s equal to their conditional expectations of zero and
assuming the values x,_,x, ,,"*X,_,., have been realized, one can use equations (3.3) and
(3.4) to simulate the observed data of both series. In addition, if t is replaced by t+/
in the above equations, one can then forecast £ steps (months) ahead, £{=1,2,---L, for
both series. Figures 3.10 and 3.11 show the simulated data for the T-22 and N-37 data,
which fits the data very well.

45
a0 ¢
35 ——&@— Actuals
30 + —J}— Simulated
Cumulative ,-
ACWP 25
($M) 20 -
157
10 -
5 L3

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Months
Figure 3.10 Simulated T-22 Series vs. the Actual Cumulative ACWP
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ACWP
($M) 1071

5%

0 4 + + + 4
0 5 10 15 20 25

Months
Figure 3.11 Simulated N-37 Series vs. the Actual Cumulative ACWP

Tables 3.3 and 3.4 show the ¢ step ahead forecasts at'origin t=15 and t=22 for the
T-22 and N-37 data, respectively. Errors, confidence bounds and updates of the
forecasts are also shown.

Table 3.3 Forecasted Values of Cumulative ACWP for the T-22 Series
at Origin x;; and Updates Under the Assumption That X;¢ Becomes Available.

95%

Lead Actuals Forecast Confidence Error Updated
Time Bounds Forecast

($M) ($M) ($M) ($M) ($M)

Origin=x, 42.62

1 4411 43.84 3.59 0.27 4421

2 46.16 4410 4.96 2.06 47.40

3 47.34 45.46 5.83 1.88 48.25

4 48.50 49.179 6.35 -0.68 48.44

5 50.00 53.95 6.82 -3.95 49.31

6 50.92 56.27 7.27 -5.35 49.84

7 51.63 52.71 7.68 -1.07 51.24
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Table 3.4 Forecasted Values of Cumulative ACWP for the N-37 Series
at Origin x,, and Updates Under the Assumption That x,; Becomes Available.

95%

Lead Actuals Forecast ~ Confidence Error Updated
Time Bounds Forecast

($M) ($M) ($M) ($M) ($M)

Origin=x,, 19.25

1 19.78 15.92 5.22 3.86 18.87

2 20.02 18.96 5.84 1.06 19.63

3 20.15 19.75 5.84 0.40 19.75

4 20.55 23.04 - -2.49 23.01

5 20.75 23.89 - -3.14 23.85

6 21.00 22.77 - -1.77 22.75

7 21.11 20.06 - . 1.05 21.07

8 21.33 18.23 - 3.10 20.27

9 21.61 19.02 - 25 20.05

10 21.79 22.27 - -0.48 22.26

Ordinarily, as ¢ increases, the forecasts become less accurate. However, the short
term accuracy can be maintained by updating the forecasted values of the series as
additional data become available. For example, the t=15 origin forecast of x,; of the T-
22 data may be updated to become the t=16 origin forecast of x,, by adding a constant
multiple of the one-step-ahead forecast error 8,Z,,, =6,Z to the t=15 origin forecast of

x,,. The forecast error for this case is Z,; = x,; — %, and, 6, =9, where 0, =¢, —B, as
explained in Section 2.0. The basis for updating the original forecasted data for £ steps
ahead as additional data become available is:

Xy (D)= X(£+1)+90,Z, (3.5)

4.0 SUMMARY AND CONCLUSIONS

The forecasting technique provided herein is intended to supplement the current
forecasting capability in Performance Analyzer. Section 2.0 presented a procedural
approach to time series modeling. Section 3.0 exercised the procedural approach
developed to characterize the cumulative ACWP for two series of contractor
performance data. Specifically, the cumulative ACWP was modeled for a short contract
of twenty-two months duration (T-22) and one of thirty-seven months duration (N-37).
Both series were shown to be nonstationary, and, following the procedural approach of
Section 2.0, were characterized as ARMA(2,3) and ARMA(1,3), respectively (equations
3.3 and 3.4). ’
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The results of these models compared to those of several Performance Analyzer models
are shown in Table 4.1.

Table 4.1 Comparison of Time Series Results to
Methods of Performance Analyzer
(Estimates-at-Completion)

Contract  Origint 3-Month ~ 6-Month ~ Cum CPI Time Actual
Average  Average Series
(M) ($M) (M) ($M) ($M)
T-22 16 58.16 55.26 54.22 52.71 51.63
N-37 22 23.27 22.28 20.95 22.27 21.79
28 24.36 22,97 21.99 22.75 21.79
31 23.65 23.28 22.25 22.27 21.79

In general, for the T-22 and N-37 series, the time series approach provides better
forecasts than the methods of Performance Analyzer. It should be noted that the more
observations that are available, the better the model. Analysts should be cautioned that
this method is not recommended for contracts that are less than thirty months in
duration. Though the T-22 contract is certainly less than thirty months, there is no
guarantee that results of other contracts will be as good as this test case. It is also
recommended that as many data points as possible be included in the modeling
procedure. A good rule of thumb, in addition to the thirty-month recommendation, is
to apply this technique to contracts at least 60% complete.
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