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Welcoming Remarks by R.D. Ringeisen, S.T. Hedetniemi, and Dr. Bobby
Wixson, Dean of College of Sciences

Marc J. Lipman, Office of Naval Research
Mathematical Science Division, Arlington, VA

*Sphere-of-influence Graphs”
An introduction to a class of geometrically defined objects, sphere-of-influence
graphs (SIGs), used by the computer vision community to capture the low-level

perceptual structure of a scene, that is, for pattern recognition. The
mathematics of SIGs isn't yet mature.

Roger Enirlnger, University of New Mexico
Dept. of Mathematics, Albuquerque, NM

*Two Extremal Problems In Graph Theory”
Two specific instances of the following general problems are addressed:

(i) How many edges can a graph G of order n have if G must have a specific
property?
(ii) IfG is to have order n and a given number of edges, how are the edges
arranged if a specific property must be optimized?
The instance of the second problem involves an attempt to shorten delivery
time by the USPS.

BREAK
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4:00 - 4:40

4:45 - 5:25

7:30

Edward R. Schelnerman, Johns Hopkins University
Department of Mathematical Sciences, Baltimore, MD

»Containment Orders and Planar Graphs”

We will explore interesting relationships between the worlds of partially
ordered sets (especially containment orders) and planar graphs.

Given any graph G = (V, E), let its vertex-edge incidence order, P(G), be the
partially ordered set whose ground set is V U E together with relations v <e
exactly when ve V,ee E,and visan end point of e. What graph properties of
C can we deduce from poset properties of P(G)?

In this talk we will focus on order theoretic properties of P(G) which turn out
to be equivalent to G being planar. We will phrase these properties in terms
of geometric containment orders, which we now define.

Given a family T of objects, we call a partially ordered set P = (X, <) a -
order provided we can assign to each x € X, an element S, € I, so that x Sy iff

Sy € Sy In particular, if X is the set of disks (circles with their interiors) in
the plane, then X-orders are also known as circle orders.

We will discuss a number of results, all of which have the following flavor.

Theorem. A graph G is planar if and only if its vertex-edge incidence order,
P(G), is a circle order.[]

Some of the theorems to be presented include joint work with Graham
Brightwell, Ann Trenk and Daniel Ullman.

Jean R.S. Blalr, University of Tennessee

" Dept. of Computer Science, Knoxville, TN

*On Finding Transmitter-Recelver Matchings”

The problem of finding a maximum transmitter-reciever matching (TRM) in
communication networks is addressed. TRM remains NP-complete even for
networks whose topologies correspond to chordal graphs. We address the
problem for a subclass of chordal graphs, namely those graphs whose clique
graphs are acyclic. Using several interesting properties of these graphs, we
devise a linear time algorithm to solve the problem.

Soclal, Jordan Room
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8:30 - 9:10

9:15 - 9:55

9:55 - 10:20
10:20 - 11:00

Friday, October 4

J. Chris Fisher, University of Regina, Canada
(Visiting Clemson University, Dept. of Math. Sci.)

*The Jamison Method In Galols Geometries”

In a fundamental paper Robert E. Jamison showed, among other things, that
any subset of the points of AG(2,q) — the affine plane of order q — that
intersects all lines contains at least 2q-1 points. Here I shall discuss my recent
work with Aiden Bruen in which we show that Jamison's method of proof can
be applied to several other basic problems in finite geometries of a varied
nature. These problems include the celebrated flock theorem and also the
characterization of the elements of GF(q) as a set of squares in GF(q?) with
certain properties. This last result, due to A. Blokhuis, settled an important
conjecture due to J.H. van Lint and the late J. MacWilliams.

Fred S. Roberts, Rutgers University ‘

Dept. of Mathematics, Center of Operations Research (RUTCOR), and

Center for Discrete Mathematics and Theoretical Computer Science (DIMACS)
New Brunswick, NJ

“Elementary, 8ub-Flbonéccl, Regular, Van Lier and Other Interesting
Sequences”

In the past five years, problems of the uniqueness of scales of measurement
have been giving rise to a variety of interesting sequences of positive integers
with fascinating combinatorial properties. Examples of such sequences are all
non-decreasing sequences of positive integers x1, X2, ..., X 80 thatx; =x3 = 1.
Such a sequence is called elementary if all k S n, xi > 1 implies that xi = x; +
Xj for some i # j. It is called sub-Fibonacci if xx < x.1 + xk-2, k=3,4, ... Itis

called regular if x; < 2‘.‘)._;11 X, j = 3,4, ... A regular sequence is called Van Lier
if for all j < k < n, there is a subset A of {1, 2, .., n) with j notin A and xj -
xj = Tic A Xj- We discuss these and other sequences and some of their
combinatorial properties.

BREAK

Michael S. Jacobson, University of Louisville
Department of Mathematics, Louisville, KY

“Generating k-element Subsets of an n-element Set"

In this talk, a generalization of the idea of De Bruijn graphs will be used to
establish sequences which generate all k-element subsets of an n-element set. In
the case when n is odd, by using a result of Good, these sequences are shown to
exist. When n is even, the technique shown will not generate an appropriate
sequence. In fact the generalized De Bruijn graph is disconnected, and by a
uniqu:u?pt];lcilmtion of Polya's Theorem, the number of components of this graph
is calculated.
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LUNCH

1:15 - 1:55

2:00 - 2:40

2:40 - 3:00
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E. Rodney Canfleld, University of Georgia
Dept. of Computer Science, Athens, GA

»Matchings In the Partition Lattice”

Let [n] be the set {1, 2, .., n). A partition of [n] is a set of nonempty, pairwise
disjoint subsets of [n), called blocks, whose union is [n]. Partition 7z is a
refinement of partition 73, denoted mq < 7, provided each block of 77 is
contained in a block of mp. Under this ordering the set of partitions Py, forms a

lattice. The subcollection of partitions Py k S P, which have exactly k blocks
has cardinality S(n.k), the Stirling number of the second kind. The Stirling
numbers are unimodal, raising the question of decomposing Py into disjoint
chains, S(n, K,,) in number, S(n, K,;) being maxj S5(n, k). Our topic in this talk:
for what k is it possible to find a matching of Py, k into Py k41 ? Thatis, to
find a one-to-one function @ from Py, i into Py, k31 with the property that =
and @ (n) are comparable under the refinement relation "<".

Ronald C. Read, University of Waterloo
Dept. of Combinatorics and Optimization, Ontario, Canada

=Algorithms for Small Graphs”

The compilation of an "Atlas” of graph theory - a project that I am working on
with RJ. Wilson - has called for the computation of many invariants (girth,
connectivity, etc.) and properties (planarity, hamiltonicity, etc.) of large
number of graphs; but the graphs themselves are c‘;uite small. Thus the usual
concern about complexity of the algorithms is largely irrelevant, and the
methods that will be used are often quite different from those that would be
used for large graphs.

My talk describes some of this work. We shall see what graph theory
algorithms look like through the wrong end of the telescope!

Nathanlel Dean, Bellcore
Morristown, NJ

wCharacterization of Generalized Blcritical Graphs”

A recent theorem of Thomas and Yu states that every 4-connected projective
planar graph is hamiltonian and, as a corollary, has a 2-factor. We extend
this latter result by showing that the deletion of any vertex or two vertices of
such a graph leaves a graph with a 2-factor. This result is in fact only an
arplication of results we prove concerning f factors in graphs with removed
elements and generalizes several notions in matching theory including

bicritical graphs, i.e, where the deletion of any pair of vertices yields a
graph with a perfect matching.

BREAK
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3:00 - 3:40

3:45 - 4:25

Joseph Stralght, SUNY at Fredonia
Dept. of Mathematics and Computer Science, Fredonia, NY

»Extremal Problems Involving Neighborhood Numbers and Other
Parameters"”

Given a simple graph G = (V,E), a subset S of V is called a neighborhood set
provided G is the union of the subgraphs induced by the closed neighborhoods
of the vertices in S. The minimum and maximum cardinalities among all
minimal neighborhood sets of G are denoted by n(G) and N(G), respectively;
n(G) is call the neighborhood number of G. It is known, for instance, that ¥(G)
< n(G) < a(G), where Y(G) and a(G) are the (vertex) domination and covering
numbers, respectively.

My colleague, Y.H. Harris Kwong, and I have been investigating the problem
of finding the maximum nei rhood number n(p) among all connected graphs
of order p. Our work so far has lead us to conjecture that

n(p) S[9p/13]

a result that holds for 2 < p < 15. 1 will report on this work and, as time
Bermits, a number of other extremal problems, including some recent work of

avid K. Garnick, Kwong, and Felix Lazebnik on the maximum number of edges
among all graphs of order p having girth at least 5.

Andrzej Rucinskl, Emory University
Dept. of Mathematics and Computer Science, Atlanta, GA

»Random Graph Processes with Degree Restrictions”

Suppose that a process begins with n isolated vertices, to which edges are
added randomly one by one so that the maximum degree of the induced graph
is always bounded above d. We prove that if n approaches infinity with
d fixed, then with probability tending to 1, the final result of this process is a
graph with [nd/2] edges. For d = 2, the number of 1-cycles in this graph is
shown to be asymptotically Poisson (1 > 2).



"Sphere-of-Influence Graphs"

Marc J. Lipman, Office of Naval Research
Mathematical Science Division, Arlington, VA
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"Two Extremal Problems in Graph Theory"

Roger Entringer, University of New Mexico
Department of Mathematics, Albuquerque, NM




C.A Barefoot
New Mexico Institute of Mining & Technology
Socorro, New Mexico 87801, USA
AJ. Depew*, LH. Clark**, R.C. Entringer, A.A. Kooshesh***
and L.A. Székely****
University of New Mexico, Albuguerque, NM 87131, USA

& Probably in the Cayman Islands by now.

*% Present Department of Mathematics
address: Southern Llinois University
Carbondale, IL 62901

##* Should complete PhD in Computer Science this year -
needs a job. .

s« Permanent Department of Computer Science
*  address: Eotvds Lordnd University
“ H-1088 Budapest
HUNGARY

Q. How many edgescana graph of order n have if it doesn’t

contain any cycle?

A.n-1

Q. What graphs have this many edges but don’t contain a

cycle?

A. Trees.

Q. How many edgescana graph of order n have if it doesn't
contain a subdivision of K,?

A. ex(nKS)=2n-3.

Q. How many edges cana graph of order n have if it doesn’t

contain a subdivision of Ks?

Conjecture (Dirac 1964) ex(n:K,S)=3n~- 6.

UNAVOIDABLE SUBGRAPHS OF SPARSE GRAPHS

Q. How many edges can a graph of order n have if it doesn’t
contain a hamilton cycle?

A. Ore 1961)(";‘)+1,

Q. What graphs have this many edges but don't contain a
hamilton cycle?

A. K, ., witha pendant veriex, n # 5.

Let P(n) be s property enjoyed by X,.

Generic Extremal Problem: Dctermine the naximum nienber
of edges, ex(n;P(n)), a graph of cider n car Lave if it doesn’t
sarisfy properiy P{n).

Thc graphs of order n that hive ex(niP (n)) edges but do not sat-
isfy property P(n) are cilled the cawemal graphs for £ (n). -
~

Fix the graph F. We define the subdivision threshold of F 10
a graph of order n

be the maximum number of edges, ex(n:FS),
can have without containing 3 subdivision of F as a subgraph.

We denote by EX(n;FS) the family of those graphs of order n
that have ex(n.F §) edges and do not contain a subdivision of F

A result of Mader shows that for any graph F there isa con-

stant, ¢y, such that ex(n FS)Scpn.

Theorem (Mader 1967). If a graph has order n and size

‘)
-1 N S »
2(’ tn then it contains a subdivision of Ky

4




Prol;lem. Find all graphs with subdivision threshold less than

00 S

Properties of F when ex(n;F§)<3n~ 6:

LIRSS el e

Theorem. (Exdos and Pésa 1965) ex(niFS)=3n=6. G is in -;
EX(niFS)iff G=Ky+ K,y :
LG AF)S6

(i) F has a1 most one veriex with degree 2 6.

B

(iii) F has a1 most two vertices with degrees 2 5.

(iv) F isplanar.
~) IiF i:v connectid, thir it has order £7.

(i) IfF is2-connecicd, thisi it has order €£6.

op=-2, nel mod3 ) -
Theorem. (BCDES) ex(nf5)= {'.-‘n -3 nel modd - (vii) Fisosubgraphof Ky+ Kooy

G isin EX(n;FSR) iff every black of G, with a1 most one excep-
tion, B, is isomorphic 1o K, and B = K,+K,orB=K; 0r
B =K,xK;orBisthe nearly 3-regular graph of order 5.

g
_ t

Certzin subgraphs of

(403
o

y=2n-3. Gisin

. Theorem. (Thomassen 1974) ex(ni.FSR
i EX(n;FSR)iffG isa (*2)-cockade where cack member * of the
' cockade is Kyor Ky

& &<

o
A
ZaS
GO

erna-Haferpm &nd Toft 1980)

+ pendani vertices.
Theorem. (Krusency) Tofl ]
Candidates for graphs G satisfying ex(nFS)< 3n -6 ex(n:FSR)y=2n-3. G is in EX(niFSR)if G is a (3,2)-cock-
ade.

R S



Theorem. (Erdts and Pdsa 1965) ex(n:FS)= 3n-6. Gisin

EX(niFS)iff G =Ky +Kuoy

Theorem. (BCDEKS) ex(unfSR)=3n-6.C is in
EX(n:FSR)iff G =Ks+ Koo 4

The load, L(v) ofa vcnex.v ofatree T isthe number of paths in
ning Vi i al verte

containing veriex v as an intemn

Ia!.led the cutting number by Harary and Ostrand.

s n §

2990

Suppose T has order n and that the branches of T at v have
~1) then

i
edges, 1 Sisk, (so that Eln,- n
L(v)= E‘n,nls -_'.-[(n -1) Eirl‘ .

The load, L(T), of a ree T is the sum of the loads of the verti

-.______———‘—’

. This has also been

n;

ces.

———

w/Kevin Bumns University of N

MINTMUM TRANSMISSION SPANNING TREES

ew Mexico
Albuguerque, NM §7131, USA

A

&

3 8.4

83447 Squirrel, 1daho

Florida

10

33447 Del Ray Beach,

The transmission, o(v), of a vertex v in a connected graph G is
the sum of the distances from v 10 each of the remaining vertices

of G.

s 10 8 12 W .9 N 5

osaliiesan

15
The transmission of a graph G is defined by

t:(G)=l T o)
2ve 14G)

Observation.
n
LM)=olT)- (,)
(since a path joining u and v contributes 1 10 the load of each of
d(u,v)~ 1 ventices.)

‘The transmission centcr of a graph is the set of vertices with
minimum transmission and consists of onc veriex or Iw0 adjacent
vertices. The transmission cenier is the centroid (Zelinka).

12




T

Theorem. Of all trees of order n with exacily k end veriices,
S(n, k) has minimum transmission.

S(n,k): S

I

e 20 20 20 20 6

Question. What fraction of the vertices of atree of order n can
have maximum load? In particular, does this fraction tend 10 07

21f 0 w2

Question. Wha: fraction of the vertices of a iree of order n can

have a relatively maximum load?

42 40 40 4D 42

Theorem. Of all trees of order n with exactly k cnd veriices,
D(n, k) has maximum wansmission.

1 1
D, k). 2 cee 2
Lwa2) . el

Problem. Given a connecied graph find a spanning tree with
minimum transmission. For example, find a 5 ing tree of O,

with minimum transmission.

Theorem. Let G be a k-partite graph with smallest part H. The
spanning tree of G with minimum transmission contains wo
adjacent vertices,u inH and v, where u is adjacent 1o all vertices
of G not in H and v is adjacent 10 all vertices of G inH.

1
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" Containment Orders and Planar Graphs"

Edward R. Scheinerman, Johns Hopkins University
Department of Mathematical Sciences, Baltimore, MD




Edward Schicinernian
Jode Heyp bizs University

Definitions...

Let Pbe a finite poset.
We call Pa
provided we can assign to each z € P

a
so that x <y iff

P
Y G A

Overview

-+ Circle Orders, and Atheir relatives

=+ Building Posets from Graphs

=+ Graph Planarity < Poset Propertie

“Triangle™ Orders
Circle Orders
Point-Halfspace Orders
Non-Planar Comments

=+ Planar Maps & Circle Orders

=+ The Circle Order Problem

2
circle order
circle C,
Ca: - Cy
(also: & hese Orders viz bzl in R L{




v - W Uh U Uh B am o8 e

parabola order

parabola P, (upwards, filled)
P.c P,

RS2PD* order

real, symmetric, 2-by-2 matrix M
M, - M, is positive

(semi) definite

w. 98]

o
; 211
M, (3]

* real, symmetric, two-by-two positive 8¢ finite matrix order

(also, HIPD = complex Hermitian, two-by-two positive 6¢

space-time* order

“event” P_1in space-time™

P, precedes P,

time

» 1w space courdinzics, Cne limis voeidinaie

Snite matrix o,)d\l

What's the connection?

Theorem. The following statements about 2 finite
poset P are equivalent:

« Pis a circle order

+ Pis a space*-time

« Pis a parabola order
+ Pis a RS2PD order

* two space coordinztes

Theorem. The following statements about 2 finite
poset Pare equivalent:

« Pis a sphere order
« Pis a space*-time
« Pis a H2PD order

* three space coordinales

Bui! Both starcments are false for infinite poscis.
[E-

sphwsl & Scheinerman)




Why it works
(Q/L Orders)

Q/L order on R /

¥
X<y R {Q()’-X)ZO
L(y-x)20

c le "\
& lincar form

a quadratic fonn

Theorem. The only possible Q/L orders on R™ are: [}

« anti-chain
« disjoin union of chains
» space*-time order (balls in RY

* pspace covidinates

|Ssheinemnan] |

What can you deduce
about graph properties
of G from order
properties of P(G)?

| Planarity

Graph Theory World
N

Posets from Graphs

[\

RG P(&)
N\ Vi

46
\/ °© 3 4 5 6
6

(=}
<

Theorem: A graph G 1s
planar iff P(G) isa

triangle® order. iscnysen

- pres——pus g
Partially Ordered Scts n

*equilateral wiangles with beitom side parailel 1o the A-anis

P(G)

G 12 13 23 M

o1 = B

114




(Actual Stztement: G is planar iff dim P(G) £3) \ 3

e

Key Ideas in the Proof

(continued)

#2 Thurston'’s Theorem.

' Every planar graph has a representation by
disks in the plane...

D(v)
' =

v

‘such that...

v w
‘_____?—————-‘
ad;acent)

{
D) Do)

OD( w)

disjoint \5

externally tangent

Theorem: A graph G is
planar iff P(G) is a circle
Ol’del‘. [Scheinerman]

Key Ideas in the Proof

#1 0.K. to work with the dual.

. . ANV
G
14
T




v

« Form Thurston circles for G. These will be

the circles for V(G).

G planar = P(G)is a circle orde

« Points of tangency will be the circles (of
radius 0) for E(G).

« Notice: Every edge circle is contained in

exactly its endpoints’ circles.

,.£nd tnis teinle
enrrespende to En
cdge.

i
- e By A S an e




G planar < P(G) is a circle order

Draw the dual of P(G) as a circle order...

...and this will give
an imbeiddixllg of G
in the plane:
A\
JA
i ' Circle!Sphere Orders .:.u their extreme...
Why 2-step paths might be needed : ]
Point-Halfspace Orders
A “bipartite” poset 18 called a
point-halfspace order if...
y

Theorem. Let G be a graph. P@G) is a point-halfspace
order in R3 if and only if G is planar or Ks.

[Sche imemman, Trenk: & Uitman) Py
2+

23

.. - - -




5 ummary

POsram- )

For any graph G...

P(G) is a circle order

P(G)isa

G is planar '
triangle* order

P(G) is a point-half: space. 9£Sler

*Equilatera! triangles with botiom parzllelto
x-axis. (Equivalent to dimP<3)

Planar Maps

(bounded faces only)
faces
edges
vertices
P (M) / FM)
€ EQ)
< VD

Theorem. For any planar map,
dim P(M) £ 3. (Brightwell & Trotter)

| s

...but is PQM) a circle order?
27

What about non-planar graphs?

Theorem. If G is any graph,
then P(G) is a sphere ordet.

{Sclieinennan]

Corollary. Let G be a graph. The
Jeast d such that G embeds in R
equals the least d such that P(G) 1s
representable by balls in RY.

{Sche iennan)

Theorem. If G is any graph,
then P(G) 1s & point-halfspace
order in R*. |

{Scheine s, Teenk & Ullman]

== Note: P(G) can have
arbitrarily high poset
dimension.

b

H—I_)ouble' Thurston Theorem

Theorem. erghtwell & Scheinerman, Pullerblenk & Pote) IfGisa

3-connected planar graph and G* is its dual, then
we can make “Thurston Circles” for G and G*

simultaneously so that...

0ttt
.' e,

—,
0"8.“\_‘

‘Ot ave ro l-"

._..-" \‘0

L)
RS
SO

Rl

And they
eross at 80° \




Adjusting Time &
Circles of Negative
Radius
é\‘;\'ve Rad{.

N
L %

Zero
Radius

Containment of Positive Main Theorem

and Negative Cn*cles Theorem. If M is a 3-connected planar map then
P(M) is a circle order. (Brightwell & Scheinerman)

AD B Proof...

c C‘“c\e. Positive R ”
f N

Edge Circle,
Zero Radivs

. b . '
. \ 0
* . K
. . .

e,
R o’
sanesenser

Remember! When...

aonte e, /—\
o .,

& o

s kY

& S
& 3
H H
i H
P - +

S

,
.,

LA eonwinelin P
3~

-




- Why P(M) is a circle order

Edge Circle,
Zero Radius

———

A Conjecfure of Tutte...

LetGbea 3-connected planar gra h.
Can one properly draw G and its du

* with straight line segments for
edges, SO that dual edges cross at 90°?

What about the
unbounded faces?

For example...

..........................

11,2,34) .
2 isnota
circle order (Jamison),
which implies P'(M)

is not a circle order.

but...3:



Theorem. If M is a 3-connected planar

-+ -
map, then P (M) is a “cap order”.
(Brightwell & Scheinerman)

Note: P+(M) is the face latticé of a convex

polyhedra in R®,

L)
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"On Finding Transmitter-Receiver Matchings"

Jean R.S. Blair, University of Tennessee
Department of Computer Science, Knoxville, TN




On Finding
Transmittec - Receiver Materings

Jeon £.5. B!
Universily of Tenngssee

and

$.5.Ravi ¥
SUNY et Alvany

4 Partiens of this research were parf
...;-.:f:fs Secken F CoX Wideg Nesionad Ledsoveizou S
Ear‘hc..llj supported by T Eeolied Mothemchical Seionces

gse:.n:k ram, ce of Emrou Research, U.S. Deportme
ef Ener under ervdeact DE- RC 2e4ORZINO with
Merdin Moricta Encroy Sygers, Inc.

¥
Sugrorted in F .
e -ﬁ05;;94M_ by Ns Geerds TCT 8!:0331?0.«.4

foemed af the Methemesice

- Receivec Mdrching,

Tronsmuitec

Given: o communication Aetwoek

with biditectienad Knks

i
'u
Goal: to simultancosdy test as many links
as pqss'\b\e
i
Constraints® '
. |
Q) o transmitriog site sends s‘\sﬁlab olergy
- all ot the ks Qmohd‘(s Qﬁh‘\‘

@) o ste connoct be beth a transerer
ond o feceer ax +the Same timR

() lwo or more Si rals teoEt0g & se
’ ok 4he some Bme intectere

A

NP- Comnplete foc
= Gragns with mox. degree 3
~ Bipartte Groghs [cven, Godreich, MureTors |

= Chordd], Graghs [ewss puper)

Linear Time P\\Soci‘\\'\ms for:
o Trees [forey ,?murmn]

= 2-Trees [Cotoom ,Prastmskil

- AC-Grphs (amis peer)

Guadratic Time Algorithm Loc: .

! = Tatervol Graphs t""""‘]

| 3

[s\a‘kvvqeq\luim:{‘ :

Clichue Grq.?h Ge

- oM No
- 0N ed<§9. between 2 rodes iFT the co(resenf‘&mf

de for each moximal c‘i%ue nG

c\iooue intecsect

O0—0—-0—0-0—0

AL Grophs )
~ grophs whose cligue gfaphs o ocxcliC

-ﬁrMidoloSg o
'- — Teaf node of Ge, leaf clique of G,
parent clique, simplicial nede a?-l G




. . . RN el el
Q
L) .
0

Qe fol Propectys of AL Groois

LVemma 2.1 = Ang node of on AC Gragh,G,
be onas to of mest ‘wo cligues.

Lemmo. 2.2 == Any induced subgregh of an AC Gragh
is also an AC Gragh.

Lemma 2.3 == Evecy leaf cligwe contains ok least
one simplicial node.
Lemmo 2.4 == Every RC Gragh is ehocdal.

caohs that are not

g ;OnF icts

T .
TR-paics ¢ (x,gs and (w,2) Conflict W ot least one
of “the edaes {18} and fy,wd & in G

T R
o_—@,

»
: interfecence of ¢
- [ %

T R

Edaes * ix,;& ond fw3} conflict iff ewer
orfentation of the edges resw inoc

Lernrma 2.5 - Two distinct edaes ix, g} and fw,i
: contlick 1T the sulgraph 8F 6 induc
on fry,w,3) contais a 3-wcle




Qrientability
A retcking M is oriertcble . iFF ther2 exists an
orienticion & M with ro conflicts.
M - o malching
V), - the nedes that Compris M
Gy =~ the &:b&raphé‘ G wnduced onVy

Leenma 2.6 == M is orientable i Gy, does et
Ccortodn 0. Oele that uses an edR in M,

p HlacK edogs
; | I bzlans*o M
ol =

Lemma, 27~ TF no pa n M Qon?hd‘
then M is ecie \e :

(Both results recbufre thot 6 be. c\'nnda.l;\.

wﬂ

~ With each cligue C; store PossiblePair (€
: Ginwia) value is TRUE)
{fnd o moximem cc.rd‘mcliﬁ or‘\ex\’co!d: rm:’:chkss
Unfl all nodes haye been remosed Rvm G
0) creose o leaf c\icb.»e ]
@) i€ Pasideic(()) |

choose a“ﬁ' é’ ac From Cyp :

temove Yrem G gl
woould am® w

st PossiteRax (Cp) o FASE,
if pececsotly
elie remeve Cf fom G

P
2: ient 'ﬂ'\e‘ ﬁg
Lo

1

Nodes in QC“QUQ ond Qrcientabdle Mcd“c\m%;

| - Let 'I.=C..(WM $oc clique C; and

Lemma 3 .
oriantable mo&ch\t\s M. Exoc’c\:s o ofF -Fc\\w\cg
s *true:

) 1@ ..(b)farx (C)mj::tﬂl
fx,ul €M o.nd srgle AreES
I- Biv 'al = ?:1.?5 tn N\F?m
vmd o vordedic
\abfle are safr

Lemma, 33— I: for xécf‘ 2 5% s:M then
at mos* o node CJ\C& ?71 con be '

0

Chcosing o “sooa Pq'\('"

Lemma 3.1(b) = no moder what paic, no othec
rodes in (y Con \:2\0‘3 toVm

Lemma 31 = if cheoe any node fom CpNCe

then no pairs come from Cp
= {f choose o nNodes from G NG
then o other nodes Ceme fremCp
i
Stay oway frem Cp 0s much as possibtle

LQ"”"O 23 = J ot least
onR
: sxmphc\ai




VIR e,

Example — PocsiblePair (C) = TRUE

(o covtoing >3 simglicial cede

lg TKIN\
1. Construct G, (V, .E,) (the clique graph of G)
2 M<—0
3. for each clique C; do PossibleFPair (C;) o true
4. while G, contains two or more nodes do
a. ¢ «aleaf node of G,
b. C; = the corresponding leaf clique of G
c. C, «= the clique that intersects G
d. i PossiblePair (C;) then
i. [x — a simplicial node in
ii. | if.§_= {x} has a simplicial pode. thep
y «— a simplicial node in C, - {=}}

o

slee
y —anodein G —{x

if PossibleFair (Cp) thea .
<5l 1 o~ fals
P « { all nodes in C, except one from
exchC; N C,,iml andiwp)

else P =~
-jil, Add{s y}to M
iv, Delete C; U P from G and ¢; {rom G,
v. #{C,=P| =11then Deletec, from G,

sls

Example - Possitle Pair (C|3=TR\)E
{1 condains one smolicicd node

A cl'\oafg.d, y> _aoé,l’piréne G (Lemm 33}.-

 PossiblePuie (6 <= Fause=

vii. Delete ¢; from G,

S. It G is not émpty then

b)

%" =2 simplicial node in G's _r'gi:'giinih{‘clique'

‘o= a simplicial node dist

‘ . . .
vi. Delete the simplicial nodes of C; lro!m G

inct fromx in G !

el Add{xy}to M

6. Orien{ the edees of A using AleOrient
15

| e

sk}m"d\'m Step
Givtn the oct M, and Op




0), Find the connqc’reA ¢
ng perhons

(1) 3hrink non -motent

A\g Orient

@) Perforen B«ocH:k First = Scarch on ecxch

enmpancn‘t hbelms nedes on odjacent
levels opposi'lt.

“poneﬁts of Gpm

R T
T R
|
|

ino Qactxe

TRM for Chordal Graghs is NP-Compicte

19

r

Lincar Time of A TRMWM

I finding the set of maximol cki%ues --stardard technigues

2. eanstructing the clique 3m.9h o= use © (W) space
to eanstrut odyes )
lisys an © (WI+1ED) time

5. for each \eof °“ﬂ"e cheese @ e ond prune G end Ge
- each clique is "the leaf Cligue” at mast once

*each cligue is pruned os o prem elgue
ok most once

|« fime rquired > process o laf’ c(\m loc
! o parent cl‘»%ue) is porpoctioval &
fumb2r of nodes in the cligue

ssince G s on kt-a:.:l-\,md\ rlndeaFG
belengs o of most cligpes i

[, ecient the edses WM =-simlar a-cdcThs a "

b\pn..rﬂt groeh

| ' 1%

Proper'hl: IS there is o

De"rermining if G is an AC’%F&@

Let G be a chorda! graph.
ket Ge @ s clique groph.
cle in Ge then there

is a Node n G that belogs o
ot least 3 c,\iebues. .

Lemma al: A“S nede of on AC ?nth' belongs

| of most 2 c.hooue

H

) Check For cbcro.li-’:s of G
G) $ind moximal c@cbuu P S

'l ©Y check to see i ony node in
G be.lmssbmore 2
h oligues™ - - - - l
© POV 1ED Hme - !
0




"The Jamison Method in Galois Geometries"

J. Chris Fisher, University of Regina, Canada
Visiting Clemson University, Department of Mathematical Sciences




Jamson)’s MeTHOD
Tomt work with’ A)DE)J Epuen

AfFine th&

7'T :ﬁ@(&%) over 6FG)

De-léln,ﬁpn. .
W\ N y
,S_IBLDC!:S THE LINES OF TT " *

For every hwe REJT THere
1S a Pe S witi Peld.

THEBREY (Tnmicon, 1977)
BLock NG Se7°pF T

z‘g —) po»i?;s _
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PavoF

Suppose 1o The m#"g Faat /,5’/5-2?—,1

Srep |
RepHRRSE TH
RELATION SHIP N

- THEORG? A4S 7
YoLyikN & SETS o

pomts In 7TT.
on;mel dual
cos aaz S has 2g-3 aféime
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oF Jeast one Pe§ on at kas?
) one Reg'* |

].€. —
1 8* has 29-3 alfine hnes Tat
Cover The ron2erd ;Dw'ﬂ‘s ot T.

CF. Projective plares . &
(s17ce each pair

]SI/=%+/ of hres meel)
ovr (When S contrins no /m,e)
)S/} = %-t"\f%-* )

Facts needed for tThe provk
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© feld antomorphisn 08 GFGY) oF
Pg(‘;éd a! é': 21 (rea)/ Z'%- 3)

i @/QMCZ 2+az+b=0 (=ZZ+QE-+A)

STEP & @
ForRMULATE THE THEORED) 10
Terms of PoLywdmisls OVER Y
Let S Consist oF THE LIWES

L =2%a2+h=0 43D
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key Observatinmn : L
The coellicient of 2 = =74 ¢ O

. Try @ 2%'s owd g-3 ofer Fretocs
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Try &- 2% awd g-2 other factors

i =2Vt ()

' Eng:nen‘)‘ 7‘}5
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The Flock Theorem.

GIVEN AN ELLIPTIC QUADRIC IN PG(3,9)
AND A SET OF g-1 DISJOINT CONICS
PARTITIONING ALL BUT TWO OF ITS
POINTS, THEN THE q-1 PLANES OF THOSE
CONICS MUST CONTAIN A COMMON LINE
THAT MISSES THE QUADRIC.

FOR q ODD, IF A ¢-ELEMENT SUBSET OF

GF(q2), THEN IT IS GF(Q).

2

| Step 2. Relormwlate
]
Set ¢= Z”—a,j Zt-ef’z -1

Cavm: . Jg'o"')z”
-t ‘. = Z%\_/ '
oo y - -1 ]ﬂil a}/ajzo
Step 3. Caleulate
. & ’ r " 2
TTe, = TT @142 +f;:;,:f W
SR b i (‘gﬂ)(‘z-z) +1 }

: ;g,-guafc g a-€ déjnee >(g§-|)@‘->)+;

il [z“(a-aj)] IFCVYIN. =0

Jeg-»

18 TTGay=2° ¥ allgo

L
JAc‘f‘aFr%z&%}k ’:[n«.alh ?Mg




"Elementary, Sub-Fibonacci, Regular, Van Lier and
Other Interesting Sequences"

Fred S. Roberts, Rutgers University
Dept. of Mathematics, Center of Operations Research (RUTCOR), and
Center for Discrete Mathematics and Theoretical Computer Science (DIMACS)
New Brunswick, NJ




ELEMENTARY, SUB-FIBONACCL REGULAR, VAN LIER,

AXD OTEER INTERESTING SEQUENCES

BY
FRED §. ROBERTS

DEPARTMENT OF MATBEMATICS
CENTER FOR OPERATIONS RESEARCE

AXD

CENTER FOR DISCRETE MATEEMATICS AND THEEORETICAL

COMPUTER SCIENCE
RUTGERS UNIVERSITY
XEW BRUNSWICK, X} TSA

REFERENCES
BERTS, AND ROBERTS, "UNIQUE

FISEBURN, MARCUS-RO
SIAM J. DISCR. MATE,

FINITE DIFFERENCE MEASUREMENT,”
1 (1088), 34354

«UNIQUE SUBJECTIVE

FISEBURN AND ODLﬂKO,
SETS,” 3. RAMANTIAN MATE. soC.,

PROBABILITY ON FINITE
& (29%9), 323 '

LYZKO, AND ROBERTS, *TWO-SIDED

FISEBURN, OD
FIBONACCI QUART,

GENERALIZED FIBONACCI SEQUENCES,”
21 (1989), 352-361

*AXIOMS FOR UNIQUE SUBJECTIVE

FISEBURN AND ROBERTS,
MATS. PSYCE., 33 (1989),

PROBABILITY ON FINITE SETS," 3.
117-10.

FISEBURN AKND ROBERTS, SELEMENTARY SEQUENCES,

SUB-FIBONACC] SEQUENCES,” TECENICAL REPORT 9051,

DIMACS CENTER

*UNIQUE FINITE CONJOINT

FISEBURN AXD ROBERTS,
{1988), 307143

MEASUREMENT.” MATE. SOC.SCL., 16

THEE TEEORY OF MEASUREMENT 15 CONCERNED WITH
UNDERSTANDING TEE CONDITIONS VI\.’DER WHICE
MEASUREMENT PROCESSES TAKE PLACE, WEAT KINDS OF
SCALES OF MEASUREMENT ONE GETS, AND WEAT KINDS OF
STATEMENTS WE CAN MAKE USING SCALES OF
MEASUREMENT.

TEEQRY AND COMEINATORICS:

ME ASIREMENT

IN THE PAST FEW YEARS, PROBLEMS OF UNIQUENESS
OF SCALES OF MEASUREMENT BAVE BEEXN GIVING RISE TO
A VARIETY OF INTERESTING SEQUENCES OF POSITIVE
INTEGERS WITE FASCINATING COMBINATORIAL PROPERTIES.

TEIS TALK:

“IN THIS TALK, 1 MENTION SUCE SEGUINCES AND
pISCUSS THEIR COMBINATORIAL PROPERTZS. BECAUSE OF
THE SEORTNESS OF TIME, 1 CANNOT DESCAIBE TEE
MEASUREMENT TEEORY MOTIVATION EXCZIPT IN ONE CASE
AND 1 SEALL CONCENTRATE ON JUST ONE COMBINATORIAL
PROBLEM: COUNTING TEE NUMBER OF SIQUENCES OF

DIFFERENT KINDS.

-d =

.

FISEBURN AND ROBERTS, *UNIQUENESS IN FINITE
MEASUREMENT,* IN F.5. ROBERTS (ED.), APPLICATIONS OF
COMBINATORICS AND GRAPH THEORY TO THE BIOLOGICAL
AND SOCIAL SCIENCES, IMA VOL. 17, _SPRINGtR—\’Em.AG.

NEW YORK, 1089, 103-137. (SURVEY)

FISHBURN, ROBERTS, AND MARCUS-ROBERTS, "VAN LIER
SEQUENCES," DISCRETE APPL. MATH,, 27 (1990), 208-220.

VAN LIER, L, "A SIMPLE SUFFICIENT CONDITIOX FOR TEE
UNIQUE REPRESENTABILITY OF A FINITE QUALITATIVE
PROBABILITY BY A PROBABILITY MEASURE, J. MATB.

PSYCE., 38 {1989), §1-98.




F Fy o

F,-anl )
Fy = Fgy + Fg K=3 4

FI' Pz, .. 15 THE SEQUENCE 1,1, 2, 3, s, 8 13, ..
ELEMENTARY. SEQUENCES

MOTIVATION: “EXTENSNE® MEASUREMENT
TERM INTRODUCED BY FISEBURN AND ROBERTS (1989).
VARIATION ON TEE FIBONACCI SEQUENCE

Xy Xg -

POSITIVE, NONDECREASING INTEGER SEQUENCE
xx = Xz -1
Xg>1 — XK-XI+XJ. SOME 14 J.

EXAMPLES: 1,123,438
1,113,223 46

& = COLLECTION OF ALL ELEMENTARY SEQUENCES OF
LENGTHE N

RN _AXN :
1% = Nso()/2

WEERE

o = (14/5)/2 = 16803 (THE GOLDEX SECTIOK)

AND o{1) IS A FUNCTION OF N TBAT APPROACERES ©
AS N APPROACEES w.

COROLLARY: TEHE SAME ESTIMATE BOLDS FOR 1%,
WEERE % 1S TEE SUBSET OF % WEOSE ELEMENTS
STRICTLY INCREASE FROM K = 2 ON.

QPEN OUESTION: FIND A SIMILAR RESULT FOR &l
THE FOLLOWING IS KNOWN:

M (FISERLRN ERTS 1600} &I — ©
AXD BENCE |&|/1%1 — 0 AS N .

[Tow -~

N 3 L3 H ] 7 3 1 10 1
ll‘\l 2 4 10 31 120 578 27 63 l anevd
|."‘\| 2 4 I 3 121 I 3021 &4ME 1063599
|-§“l b} 1 2 [} 27 177 2683 23500 458388

SO || DOES NOT EXCEED jgg| LSIL N =1L

SUB-FIBONACC] SEQUENCES
TERM INTRODUCED BY FISHBURN AXD ROBERTS (1985)
Xy X o
POSITIVE, NONDECREASING INTEGER SEQUENCE
Xy = X =1
Xg € Xga * Xx2

L COLLECTION OF SUB-FIBONACCI SEQUENCES OF
LENGTE N.

NOTE: & £ N FOR ALL N.
BY ENUMERATION, & = % FOR N ¢ 6

TEE SMALLEST SUB-FIBONACCI SEQUENCE WEICH IS NOT
ELEMENTARY BAS LENGTE . 1, 1,2, 2.4, 4 7

TEIS 1S NOT ELEMENTARY BECAUSE 1S NOT TEE 5UM
OF ANY TWO PEECEDING TERMS. (% BAS SEVEN
SEQUENCES NOT IN &)

MOTIVATION: "SUBJECTIVE PROBABILITY" MEASUREMENT
INTRODUCED BY: FISEBURN AND ODLYZKO 1886

Xy Xy

POSITIVE, NONDECREASING INTEGER SEQUENCE

xl-x,-x

X, ¢ Tx 1=34
-J, & -

RIS

EXAMPLES: .
Ne2 1,1
N=% LLk 1,12
KRemd¢ 1,13, ) 1,112 ,14,1,38

LL,2% L1423 L1214

= TEE COLLECTION OF REGULAR SEQUENCES ‘oF
LEXGTE N.

A (FIESEUEN AND ODLYZY <)
S
ol = (1-0l1))/2

SCuE COUNTS
X: 2 3 4 5 6 1 8
] £A\I 1 2 6 27 152 2280 4T097
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TEE FOLLOWING THEOREM WILL BE USEFtL LATER
ODLYZKO 1080} SUPPOSE X,

G INTEGER SEQUENCE
1S A REGULAR

xEFORE\( (FISEBURN AND
Xg o 1S A POSITIVE, NONDECREASIN!

WITE X, = X = 3 TEEN X Xp o
ONLY IF FOR EVERY J, THEREIS 4

¥} - 3 SUCE TBAT

SEQUENCE IF AND
SET S ¢ {1, 2, =

XJ = 3 x].

(&) 165

FOR EXAMPLE, IN 1, 1,2 %
215141 AND 3 15 1+ 2

T CONDITION (4) IMPLIES REGULARITY

31 -
SINCE IT IMPLIES TEAT Xj ¢ 131 Xy TEE CONVERSE 1S

IT 1S CLEAR THA

EARDER.

. -0 - -
YAN LIER SEQUENCES
MOTIVATION: *SUBJECTIVE PROBABILITY™ MEASUREMENT
TERM INTRODUCED BY VAN LIER (1985), FISEBURN AND

ROBERTS (195¢), FISEBURN, ROBERTS, AND
MARCUS-ROBERTS (1990)

Xy, Xy o
POSITIVE, NONDECREASING INTEGER SEQUENCE

xl - Xz =1
1
X; ¢ TX =34 ~ (REGULAR SEQUENCE)

VW<K¢N 3 AgL{L2.,N ST. JEA AND

X=Xy = I X;.
K™ % a3

EXAMPLE: 1,1, 2 4

{-2=14+1
{-1=142
2~1=1

EXAMPLE: 1,1,2,3, 86 (= Fy, Fp Fy T Py, Fy)

$8-5=3 ¢-31=3, §-2=] <+ g-31=2+ 3,
§s-3=2 ETC

——————

-1 -

IT IS EASY TO SEE THAT EVERY INITIAL SUBSEQUENCE OF
TBE FIBONACCI SEQUENCE 1S VAN LIER.

TEE FOLLOWING RESPET IS QUITE A BIT BARDER:

LYR 1E., EVERY SUB-FIBONACCI SEQUENCE IS VAN
LIER

XOT EVERY REGULAR SEQUENCE 1S VAN LIER. TEE
SMALLEST REGULAR SEQUENCE WHICEH IS NOT VAN LIER IS

1,1, 24,5
§ =2 1S NOT A SUM OF TERMS FROM {1, 1, 4.

3; = TBE COLLECTION OF VAN LIER SEQUENCES OF
LENGTE X. .

OFEX OUESTION: FIND AN ASYMPTOTIC FORMULA FOR
b5l ‘

NIT {FISEEURN AN 3-3% 1£30): | ,g_'ll %,l
o &

-0 A§ N ==&

WE BAVE SZOWN TBAT |Jl/i%l ¢ % FOR SOME
CONSTANT A <1 (A= 09 SUFFCES)

N 2 3 ¢« 5 8 1 13
1%l 12 6 2 164 1520 2U43

STINCTION WEEN

A BASIC STRUCTURAL PROPERTY THAT SEPARATES VAN
LIER SEQUENCES FROM REGULAR SEQUENCES IS CALLED A
GAP.

SUPPOSE X}, X5, .., Xy 1S A REGULAR SEQUENCE. WE
SAY THAT IT BAS A GAP AT X; IF

X, >3 %

+1
341> 2 M
FOR INSTANCE, CONSIDER 1, 1, 2, §, 6.

THERE IS A GAP AT X‘ w3 BECAUSE 6> (1 +14+2)
+ 1 ’

\ (FI€ Uy 333 \" N\ g *C.)
1882): EVERY REGULAR SEQUENCE WITEOUT GAPS IS A
VAN LIER SEQUENCE.

BTN




. -1

A SEBURN ND N CS-ROR
1880): SUPPOSE X;, Xg oo Xx IS A VAN LIER SEQUENCE.
THEN

(1) EVERY ONE-TERM EXTENSION OF X, Xg, «n Xy TO
A REGULAR SEQUENCE')S VAN LIER IF AND ONLY IF X,
Xg1 Xn HAS NO GAPS.

(2 I Xl, Xgi e Xy EAS A GAP AT X, AND

N
Y-xj-x-'r-r T X
InJ+2

WITB
FxeTex
< <
LN 341

TEEN X;, Xy oo Xn Y 1S A ONE-TERM REGULAR
EXTENSION WEICE IS NOT VAN LIER.

ENAMPIE: 1, 1,23, ¢ IS VAN LIER AND TEERE If A GAP

x
AT X, = 3. TEEN T X, =0 TAKE T =3} AND
3 sz )

X = J <+

\'-XJ+T+ I Xl-3+5#0-5. TEE SEQUENCE

1=J+2

1,1,2 3,6 8 IS REGULAR BUT NOT VAN LIER. {NOTE

TEAT & -3 IS NOT A SUM OF OTHER TERMS.)

-18 =

.

NOTATION: A - B MEANS THAT NOT A > B AND NOT
B>A 1E, A AND B ARE JUDGED SUBJECTIVELY

EQUALLY LIKELY.

EXAMPLE 1: SUPPOSE K = & AND > IS DEFINED BY
TEE FOLLOWING: ’

»

{1 - 02)
) - (13
{23) - (19)

AN AGREEING PROBABILITY MEASURE 15 GIVEN BY
TIPHY) = 1120, P2)) = 210, P({3)) = 30, P({4}) = 429,

WITE THE REST OF P DEFINED BY FINITE ADDITIVITY.
TEIS UNIQUELY AGREES BECAUSE IT IS TEE UNIQUE
SOLUTION TO TEE SYSTEM OF EQUATIONS

Pi{3)) = PHID + P2
P(is]) = P({1)) + P({3D
Piiz)) + PUID = PAID) + FikéD

- 14 -
NN N

ONE OF TEE MOST INTERESTING PROBLEMS IN TBE
THEORY OF MEASUREMENT CONCERNS SUBJECTIVE
JUDGEMENTS ABOUT PROBABILITIES. . LET 4y BE TBE
SET OF ELEMENTS OF THE FINITE BOOLEAN ALGEBRA
CONSISTING OF ALL SUBSETS OF {1, 2, - N} SET {1}

IS CALLED AN ATOM OF .

LET > BE A BINARY RELATION OX 4. WITE A> B
INTERPRETED TO MEAN TBAT A IS JUDGED
SUBJECTIVELY MORE PROBABLE TBAN B. WE SAY A
(FINITELY ADDITIVE) PROBABILITY MEASURE P ON

AGREFS WITR > IF
A>B IFF P(A) > P(B)

FOR ALL A, B IN 4 ITISA VERY OLD QUESTION OF
MEASTREMENT TEEORY 10 UNDERSTAND CONDITIONS ON
THE BINARY RELATION (A, >) UNDER WEICH IT
AGREES WITH SOME PROBABILITY MEASURE. THE
MEASTRE 1§ SAID TO AGREE_TNJOUELY 1F 1T IS TEE ONLY

AGREEING PROBABILITY MEASURE.

. -18-
EXAMPLE 22 SUPPOSE N = 3 AXD P 1§ DEFINED BY
3} - {12}
THEN ONE AGREEING PROBABILITY MEASURE IS GIVEN BY

P({1)) = 1/6, P({2)) = 2/6, P({3)) = 3/6.

BUT TEIS IS NOT UNIQUE, SINCE A SECOND AGREEING
PROBABILITY MEASURE IS GIVEN BY

P({1}) = 2/10, P({2}) = 3/10, P({3}) -,3/l°-
EXAMPLE 3. SUPPOSE K = 2 AND P IS DEFINED BY

{1} > {2).

THEN THERE ARE INFINITELY MANY AGREEING
PROBABILITY MEASURES P, WITH

P({1}) = o, P({2}} = 1o,

FOR ANY o WITE 15 0> 1/2
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LET US TAKE THE UNIQUE SOLUTION (*) IX TEE FIRST
EXAMPLE. WE CAX TRANSLATE TEIS INTO A SEQUENCE
OF POSITIVE INTEGERS 1, % 3, 4 (WITE XO COMMON
DIVISOR) BY MULTIPLYING BY THE D.E.\'O!\ﬂ.\'ATOR 10.
‘CONVERSELY, AKY FINITE SEQUENCE OF POSITIVE
INTEGERS CAN BE TROUGHT OF AS A SEQUENCE OF

PROBABUJTES BY NORMALIZING, LE., BY DIVIDING EACH

ELEMENT BY THE SUM OF ELEMENTS IN 7EE SEQUENCE.
LET US CALL A NOSDECSZASLN'G SEQUENCE OF POSITIVE

INTEGERS WITE XO COMMON DIVISOR \WEICE ARISES FROM
.A BINARY RELATION > BY FINDING A UNIQUELY
AGREEING PROBABILITY

SEQUENCE- TRUS, L 23

SEQUENCE WEHILE 3, 2,3 1§ NOT.

MEASURE A
4 1S A TNIQUE PROBABILITY

FISEBURN AXD ODLYZKO L1989} PROVE TEAT ALL REGULAR

SEQUENCES ARE UNIQUE PROBABILITY SEQUENCES.
EOWEVER, NOT ALL UNIQUE PROBABILITY SEQUENCES ARE

REGULAR. FOR INSTANCE, 1,2 3,4 15 NOT REGULAR:

WE DO NOT BAVE X3 * 1

. -1 -

1HIS CORRESPONDS TO TEE SUCBJECTIVE PROBABILITY
CONSTRAINTS

P({2)) = P13}
P({12)) = P({4))
JPH{an) = P({23)

THIS SEQUENCE 1,2, 2,3 1S AGAIN TRREGULAR SINCE X,
¢ 1. 1T TURNS OUT TEAT 1,2 3,4 AND 1, 2,23 ARE
THE ONLY IRREGULAR UNIQUE PROBABILITY SEQUENCES OF

LENGTH 4

BOWEVER, TEERE ARE 78 IKREGULAR UNIQUE PROBABIUITY
SEQUENCES OF LEXGTB §, INCLUDING 3,1, 3, 3, 8 AND
2,223 3 THE FORMER IS INTERESTING. IT IS A
TNIQUE PROBABILITY SEQUENCE SINCE IT IS TEE SOLUTION
T0 TEE §=~1=4 LINEARLY INDEPENDENT EQUATIONS

xln'xz
Xy = X
X 4 X+ Xy =Xy

x3+x‘-x1+xs.

IT IS NOT REGULAR SINCE 3 1S NOT LESE TEAN OR
EQUAL TO TBE £UM OF THE PREVIOUS TIRMS N TEE

SEQUENCE, 1 + 1

N JRN_AN 0 _1089): A
NONDECREASING SEQUENCE  X;, X5, Xy OF POSITIVE
INTEGERS WITE NO COMMON DIVISOR 1S A UNIQUE
PROBABILITY SEQUENCE IF AND ONLY IF IT 1S THE
SOLUTION TO N-1 LI.\’EAi!.\' L\'DEPE!\'DE.\"'I EQUATIONS
OF THE FORM

T X =3 X
s 1 g ?

WHERE §, T g {1, 2 X} AXD SnT = ¢.
FOR INSTANCE, TBE SEQUENCE 1, 2, 8, ¢ 1S A UNIQUE

PROBABILITY SEQUENCE BECAUSE IT 1S TEE SOLUTION TO
THE 4 -1 = 3 LINEARLY INDEPENDENT EQUATIONS

X3-Xl+x2
x‘-x,+x3
x,+x3-x,+x4

ALSO, 1, 2,2, 3 IS A UNIQUE PROBABILITY SEQUENCE
SINCE IT 1S TEE SOLUTION TO THE 4 -1 LINEARLY
INDEFENDENT EQUATIONS

X, =X,

LET % BE THEE COLLECTION OF UNIQUE PROBABILITY
SEQUENCES OF LENGTE N. RECALL THAT 2y B TEE
COLLECTION OF REGULAR SEQUENCES OF LENGTH N

N RN AN v og0Y: |:.‘\.|/|rs|—-6

AS N—s

WE DO NOT KNOW MUCH ABOUT 191 HOWEVER, WE
BAVE TBE FOLLOWING UPPER BOUND:

150 % F20+o(1).

WEERE DO REGUIAR AND VAN LIER SEQUENCES ASISE?

TBE PROBLEM OF FINDING CONDITIONS UNDER WEICE
THERE IS A FINITELY ADDITIVE PROBABILITY MEASURE
WEHICE AGREES WITE A GIVEN BINARY RELATION
*SUBJECTIVELY MORE PROBABLE TEBAN" (.4, >) 15 AN
OLD PROBLEM. SOME NECESSARY CONDITIONS WERE
STATED BY BRUNO DE FINETT] IN 1631. DEFINE A 2 B

T0 MEAN TEAT EITEER A > B OR A.B
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DE_FINETTI AXIOMS
AXIOM A1 > 1S TRANSITIVE AND COMPLETE (A > B

OR B> A FOR ALL A B IN &)

AXIOM AZ {32, .- N} > ¢
AXIOM A} A >4

Azicm A4 If (AuB)AC = ¢, THEN

A>B IF AKC > BX

IT 1S EASY TO SEE THAT TEESE FOUR AXIOMS ARE
NECESSARY FOR TEE .msrx:xcz OF AN AGREEING
PROBABLILITY MEASURE. IT WAS SEOWN BY KRAFT,
PRATT, AND SEIDENBERG IN 1959 TEAT TEEY ARE NOT
SUFFICIENT.

VARIOUS CONDITIONS CAX BE ADDED T0 TEESE AXIOMS
10 GIVE SUFFICIENT CONDITIONS. ONE SIMPLE CONDITION
WAS ADDED BY KRAFT, PRATT, AND SEIDENEERG [e3¢] 1T
SAYS TBAT IF Ay, Agy - Ay, By, By By ARE CBOSEN
FROM o, IF EVERY ATOM IS INCLUDED IN AS MANY
Ay AS By, ASDIF Ay> By FOR J=1,2 .M

TEEN By > Ay

: -

N 020): A
NONDECREASING SEQUENCE OF POSITIVE INTEGERS WITH
NO COMMON DIVISOR DEFINES A REGULAR SEQUENCE IF
AND OXLY IF IT IS A UNIQUE PROBABILITY SEQUENCE
AGREEING WITE A BINARY RELATION (4. >} WEICE
SATISFIES AXIOM UL

ANOTHER AXIOM IS DUE TO VAN LIER [1969].

Amu,_nz.~ron EVERY LJ ¢ {2 X IF {1} > {3

TEERE IS C € 4 SUCB TEAT a-Mmue

IHEEOSEM [VAX LIFR 1655 GIVEN (4 >) TEE DE

FINETTI AXIOMS PLUS AXIOM U2 IMPLY TEAT TEERE IS AN .
AGREEING PROBARILITY MEASURE AND IT IS UNIQUE.

JEEOREM (FISKEUEN AND ROEERTS 196} 4 REGULAR

SEQUENCE 1S A VAN LIER SEQUENCE IF AXD ONLY IF IT IS
A UNIQUE FROBAEILITY SEQUENCE AGREEING WITE A
BINARY RELATION (& 5) WEICB SATISFIES AXIOM r2.

-dd -

TBE SEXT QUESTION 1S: UNDER WEAT CONDITIONS 15
THERE A UNIQUELY AGREEING PROBABILITY MEASURE.
STARTING WITE THE DE FINETTI AXIOMS? RATEER
COMPLICATED COXDITIONS FOR UKIQUE AGREEMENT WERE
GIVEN BY LUCE {1967] AND BY ROBERTS fae79). TEE
FOLLOWING MUCE SIMPLER AXIOM WAS GIEX BY
FISEBURN AND ROBERTS [1859).

AXIOM TI: SUPPOSE X 15 AN ATOM SUCE TEAT X > Y
> ¢ FOR SOME ATOM Y. TEEN TEERE IS AN EVENT
AX) IN 4 §0 TEAT X - A(X) AND X > Y FOR
EVERY ATOM Y IN A(X).

(PUT ANOTEER WAY, TEE CONCLUSION OF TEIS AXIONM
§AYS TEAT TEERE ARE ATOMS Yy, Yo - Yy SO TEAT

X-’x’lUqu...YK ANXD X > Yy 1=1,2 ., K)

TEIS 1S RELATED TO TBE FISEBURN-ODLYZKO
CEARACTERIZATION OF REGULAR SEQUENCES AS
NONDECREASNG SEQUENCES OF POSiTI\I INTEGERS SUCH
TEAT X, = X, =1 AXD SUCH TBAT EACE Xy 15 A

stM OF OTEER X; I+ J.

A\ CERLRN AN )
TEE DE FINETT] AXIOMS PLUS AXIOM U1 INPLY TBAT
THEERE IS AN AGREEING FROBABILITY MEIASURE AND IT I8

UNIQUE.

1956 GIVEN (A4 >k

. - -

MOTIVATION: "DIFFERENCE® MEASUREMENT
INTRODUCED BY FISHBURK, MARCUS-ROBERTS, AND
ROBERTS (1988) AND FISEBURK, ODLYZKO, AND ROBERTS
(1959).

TEIS IS A SEQUENCE OF POSITIVE INTEGERS WEICH, IN
CONTRAST TO ALL TEE TYPES OF SEQUENCES SO FAR,
MAY BE DECREASING.

START WITE A PAIR OF ADJACENT )'S.

CONSTRUCT THE SEQUENCE INSIDE-OUT BY ADDING ONE
TERM AT A TIME WEOSE VALUE IS A $TM OF ONE OR

MORE COXTIGUOUS TERMS IMMEDIATELY ADJACENT TO
TEE NEW TERM.

EXAMPLE: 5, 4,1, 1,2 ¢

TEIS IS BUILT UP AS:
12
L, 42
54112
43124




ey = THE COLLECTION OF (TYPE A) TWO-SIDED
GENERALIZED FIBONACCI SEQUENCES OF LENGTB N.

logl = NN,

IN FACT, TISEBURN, ODLYZKO AND ROBERTS SEOW TEAT

WHERE

1
Kael- I, fexs(glp)01-Y)J6Y = 0.1¢5185...

MOTIVATION: *DIFFERENCE" MEASUREMENT

SAME AS TYPE A TWO-SIDED GENERALIZED FIBONACCI
SEQUENCES WITE THE NEW TERM BEING A SUM OF ONE
OR MORE PREVIOUS TERMS, -BUT NOT NECESSARILY OF
CONTIGUOUS TERMS AND NOT NECESSARILY OF TERMS
IMMEDIATELY ADJACENT TO TEE NEW TERM.

EXAMPLE: 3, 1,126

THIS 1S BUILT UP AS:
3,42
L2
3,1,13,2¢6

IT CANNOT BE BULLT UP BY ADDING CONTIGUOUS TERMS
D AS 3414

EACE TIME, SINCE & CAN OXNLY BE OBTAINE!

2.

OF TYPL C TWO-SIDED

ay = TEE COLLECTION
C1 SEQUESCES OF LENGTE X

GENERALIZED FIBONAC
TOREN < N M *C TRTS

ngl = SN2 /2)1+ol1))

. - v -

MOTIVATION: "DIFFERENCE" MEASUREMENT

SAME AS TYPE A TWO-SIDED GENERALIZED FIBONACCI

SEQUENCES WITE THRE NEW TERM BEING A SUM OF ONE
OR MORE CONTIGUOUS TERMS, BUT NOT NECESSARILY OF
TERMS IMMEDIATELY ADJACENT TO THE NEW TERM.

EXAMPLE: 6,1, 1,2, 4

TEIS IS BUILT UP AS:
1,1,2
1,124
611,24

TEIS 1S NOT ATTAINABLE IF WE INSIST TEAT EACE NEW
TERM 1S A SUM OF TERMS IMMEDIATELY ADJACENT TO

TEE NEW ONE.

A= THE COLLECTION OF TYPE B TWO-SIDED
GENERALIZED FIBONACCI SEQUENCES OF LENGTE N.

Y TS )65

<D FISEBURN, {0, AN 080):

8] = ‘\.2.\'(14-0(1))‘

THE FOLLOWING COUNTS ARE KNOWN:

X 2 3 4 8 8
layl 103 M85 8%
18l 108 18 1 u
Tyl 108 . 1

ALL OTHER VALUES ARE STILL OPEN.
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BIREGULAR SEQUENCES

MOTIVATION: "CONJOINT" MEASUREMENT
INTRODUCED BY FISEBURN AND ROBERTS (1988)

TEESE ARE TWO-BLOCK SEQUENCES OF POSITIVE INTEGERS
Xy Xgo o Xy 4 Yy Yo o Yy

TEEY ARE BUILT UP BY STARTING WITE 1 IN EACE
BLOCK AND ADDING ONE TERM AT A TIME (TO EITHER
BLOCK) TBAT IS ADJACENT TO TBE TERMS ALREADY
SPECIFIED FOR THE BLOCK AND WEHOSE VALUE EQUALS A
StM OF TERMS ALREADY SPECIFIED FOR THE OTEER
BLOCK.

EXAMPLE: 2,8,1,1,7/6,1,2 10

BULLT TP AS:

171

L1/1

1,1/1,2

3 1,1/12
L1, 17,2
,1,1/61,2
1,1, 7/61,2
L 1,1, 7/61,210

2,3
2,3
2,3
2,3

“ -n -
MOTIVATION: *CONJOINT* MEASUREMENT
SAME AS BIREGULAR SEQUENCES BUT ADD TEE
REQUIREMENT THAT EACE TERM IS A SUM OF

CONTIGUOUS TERMS ALEADY SPECIFIED IN THE OTHER
BLOCK.

'

NOTE TEAT THE LAST EXAMPLE WORKS TP UNTIL TBE

LAST STEP. IN TBE LAST STEP, 10 CANNOT BE ADDED.

ROWEVER, M4 COULD BE, GNING US
2,%14,3,7/6L2, K

CB(M,X) = TEE COLLECTION OF INTERVAL-RESTRICTED
BIREGULAR SEQUENCES OF LENGTES M AND K.

N X £8):
oy M(1+0{1))
1egoex)l = 73 :

. -30-

GB(M,N) = THE COLLECTION OF BIREGULAR SEQUENCES OF
LENGTES M AND N
W g N AN ogs):

M(1+o{2))
[GgaN) = (N-1)

NOTE TEAT |Gg(MJ)| = ICg041)] = 1 FOR ALL M.

ONE CAN ALSO SEE THAT {Gp(M2)| = [Cp(M2)| FOR
ALL M. THE FOLLOWING VALUES ARE KNOWN:

M 2 3 4 5 ¢ 1 3
165042)1 5 19 & U s 2859 9573

IGp(9:2)] IS ALREADY NOT KNOWN.
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Generating k-element subsets

o

{ an n-element set

with DeBruijn Graphs

M. S. Jacobson,
E. Kubicka,

G. Kubicki,
Department of Mathematics
University of Louvisville
Louisville, KY 40292
and
A. Schwenk

Dzpanment of Mzthematics and Saristics
Western Michigan University
Kalamazoo, Michigan 49008

Abdrac

.

Generate all subsets of an n-element set.

Binary reprcsentalion Qf 0-2"-1)

yields 2 "computer understandable”

way 10

generate these sets.

BUT

An excessive amount of work

{for the

computer 10 20 from

o .1=011...1 10 o~ =100...0

Is there a sequence W
bset without many elements

subset 10 sU
b

hich proceeds from

eing exchanged?

This tour is brought to you
by

the following prdb]em:

Find an efficient” way 10
generate all k-element

Sy subsets of an n-element set.!!

“What does efficient mean?

Jo

Proceed thru the subsets with exactly one

"bit" changing, either Oto1,or11t00.

One element difference {from subset to
subset. '

i GRAY CODES

00 0O
: 0 0 01
o 0 11
? 0010
' 0110
o100
1100
; 1 000
; 1 00 1
@ 1 0 1 1
' 1 01 0
1 11 0
11 11
1 1 01
01 01
01 11




' l Utilize the power of the computer!!

Can we generate all binary sequences

of lengthn by a "shift" 77

o
oo
[ —
o000
Pt b b
|—a.—av—l-du—o-—a
|-n—-n-do—-»—'-—-.—a
— et b bk b bt b
OO0
—t b bk et e
OO0
et b ped
—

OO0 0O
e

that each sequence of length n occurs as @
consecutive subsequence exactly once
(wrapping allowed) n

lDoes there exist a sequence of length 2" so

Efficient way 10 store all subsets ofann
element set.

Efficient way 10 generate all subsets.

l Efficient way 10 generate all subsets many

fimes.

I Efficient way 10 generale a random subset.

"I

]
i
b
. !
‘.

|

)

!

1

1

! i
. '
: :
:

:

1 ]

i :

[}

] ;

mbinatorial Tool:
Directed Graph Graph
Connected
Eulerin Digraph (G n

Starting 3 any poinl. trace thru the digraph (graph)

wraversing each edge gxactly once.

Euler (17361 Good (1946) M D is » connected digrzph with

' jd(x) = od(x) for all verices x then D is Eulcrian.




: ‘_—D o ‘ CL .
RIS o, = > L e oAz ™
o troie otek dvod ey Seqloaes
V R Ry ‘.‘) - -
o el OF 0y '

& kE.,.,\(.S{{;‘ 2w l\‘\"\'. ce .\ ceoteric . and now a message f

N ‘ (_ ! s ge from the sponsor

= 5 V-\‘\ - G “ g “

&L \-’a L O—C\\Lé' evel .
| But we only want the k element
subsets!!??"

. Generate all the subsets, and use only the
ones you need.

e

Can we use shifi registers 72

7; :
' 16

01001010 0
QlOOlOlOOOll .
QQ1010001101 '
lQlOOOllOlOO 3
J__QOO]]O]OOO] ‘ \
0 Get Tl
\“.Othl
1 {J\l )
{' 1eo
. Q(:-;
\_../'
Does there exist a circular sequence of order
2{\’[) SO that by double shifting all K element
subsets are generated ?
W\
LA




l For each vertex x in this digraph, either

lEu]er (1736) Good (1946) If D is a
~ connected digraph with id(x) = od(x) for all
vertices x then D is Eulerian.

idx)=o0d®)=2 @ 1'sisk-1) or
id(x) = od(x) = 1 (#1's is k or k-2).

|
|

Good's Thm says Eulerian provided it is
connected .

1%

Eulerian

Hamiltonian AR
circuit

cycle 7

lConnectcd &—————>  Connected

"

2,23, . .- i, .. &

a;a,a, . . - a,.5 a,
al ai*l all al ai']
anﬂ an" . e al ] al‘l al
a,a,a, 404 3

- - ; J
" v -

H 7

Consider a different graph ...

$
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/ r/ N
/ '/""‘1/ kO‘H*C;l ‘.
el VAR
g” A e \
N /
/ \ 7 . - / w
!I (.”_Of_l UIC'IO' _
v O!Oll . ’Ll
Hence, for n odd, both graphs are connected
and the graphs are Eulerian and
Hamiltonian, respectively.’
n even
1100000000
0000000011
0000001100
0000110000
0011000000
1100000000
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Cycle thru from component to component

Count the components:

Polya's Thm (Burnside) Let G be a group of
permutations acting on A, and let’S be the

equivalence relation on A induced by G

-1 ,
#E.C.= 'lz.)—l z Inv(TD) )

r.ah

G = Zg -
A = "familv" of k element subsets
with (10 = 01),

Equivalence Classes = Components of G. 1

A final message from our Sponsor. . .

» We need the k - element subsets

of an n - element set- 1! "

When n is odd, find the cycle, and generate

the sets...

When n is even, find the k element subsets
of an n+1 element set,

throw out the subsets with n+1. H

Example

3.element subsets of an 8-element set.

a,a, 2,3, &8 &8

One pair=11 andone pair = 01
or
Three pairs = 01

A |=(12+4)=16.

#Componems=%(16+O+0+0)=_-1_

1 g

What's really the story 7?7

Good's result is an existence Theorem.

How do you find the Eulerian Circuit ??




————— -

For DeBruijn Sequences ...
Fredrickson has given a "linear” (in n)

I algorithm to generate the sequence.

; l For these generalized DeBruijn Sequences,

' ' worst case o(nK)
average case o(logn)

Best Possible 7?

a

= Es o e o En mr s ma e e

UPDATE!!

Hochberg, Hurlbert and Isaak have also

discovered the idea of multiple shifting.

Carla Savage uses this idea to generate

"new" Grey Codes...

The idea "works" to generate the n!

permutations of an n set.




"Matchings in the Partition Lattice"

E. Rodney Canfield, University of Georgia
Department of Computer Science, Athens, GA
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Knowledge about Da

1928 Sperner: The subset lattice is Sperner

1967 Rota: 1511, Sperner 7

1967 Harper: Asymplotic normabity, Ke ~ n/logn

1968 Lieb: Leg concavity
1969 Mullin: K., is tbe eritical part
via Phittip Hall quotient reduction

1969 Gralam, Hasper : Map— Thas
> £0,000 dlements)

Greene : geometric ¢ Sperner (

19N Dilworth,
Lubell : Antichains are fymmetsic

1671 Kleitman, Edelbers,
1674 Harper: TaisLYMforn <19
1974 Spepeer: I, is oot 1YMforn220

1971 Pudlak, Thums ¢

1977 Cusficid: Tla 36 not Sperner, ne £ (nesx 107
<€39x 10

Every lattice can be embedded in 1], for some B

1979 Shewser: 11, is not Sperner, o

1950 Cazfeld: Kom oo

Waxizmum antictains intersect Do fork2 Q=én logé/ g ®

1980 Shearer :
1984 Jiang, Kleitman : Ta is pot Sperner,

1955 Harper: a2 m (1-3J5/5)-'I’$(n.x.)

g: Man = Nap for k> nf2

ne $34 x 10

1990 Kusn
3991 Cunfield : L, and Ra




" Algorithms for Small Graphs”

Ronald C. Read, University of Waterloo
Department of Combinatorics and Optimization, Ontario, Canada
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"Characterization of Generalized Bicritical Graphs"

Nathaniel Dean, Bellcore
Morristown, NJ
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Special Graphs

Has a p.m., and the edges contained in a _
p.m. form a coanected subgraph. '

o Bicritical Graph:
G —~ u —v hzs a p.m. for 2ll vertices u,v.
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What s a bicritical graph?

Examples - Lovdsz and Plummer,

e Lov&: Gk 'blcrmcal iff

scv(G)and|s|22= co(G-5)<1S1=2. | | ; || @ Every even Hafin oraph Is bicritical.

« Bicritical = 2-connected with §23. ' e G s connected, even, vertex-transitive
’ = G Is elementary bipartite or bicritical.
e G ls bicritical HT ’
each split graph G; of G is bicritical. e Gis cyclically (k+1)-edge connected, even,
' k-regular

| = G Is elementary blpértite.or bicritical.

e Corollary (Nishizekl-1978)
Every even, &-connected, projective-planar

graph has a perfect matching.

e 3 even, 4-connected, toroidal graphs which
are not bicritical. Example: Com % C2n-

W(&-8) > S| = P 4

N | TR _




S =~ T Characterization A

A___) A Z¢7' 6 AL i"u»me-.&'l"u( an‘.;{ eﬂ‘d/Jz‘/@ g
of in He forus sr Be Klom bitle. Then '
G is bieritical i 6 is even and

\ '- 0) G s pre )'er,f:'r& - f/anzl‘ or
| (2) 6 has no seT S £ V(6) 3 |
6-3 Aas ns even comperenls and

Gﬂﬂf;‘uf;;y “cl Cpnfm&nf 7L 6-S L

I= ;queJron

grelds o graph