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The Sixth Clemson mini-Conference 

1:30 - 2:00 

2:00 - 2:05 

Accesion For on 

Discrete Mathematics 
Clemson, South Carolina 

October 3-4, 1991 

Schedule of talks 
(All talks given in Student Senate Chambers) 

Thursday, October 3 

Slgn-lnlReglstratlon 

Welcoming Remarks by R.D. Ringeisen, ST. Hedetniemi, and Dr. Bobby 
Wixson, Dean of College of Sciences 

NTIS    CRA&I 
DTiC    TAB E) 
Unannounced 0 
Justification 

Distribution / 

Availability Code 

Dtst 

'vv\ 

Avail  and/or 
Special 

2:05 - 2:50 

2:55 - 3:35 

Marc J. Llpman, Office of Naval Research 
Mathematical Science Division, Arlington, VA 

"Sphere-of-lnfluence Graphs" 

An introduction to a class of geometrically defined objects, sphere-of-influence 
graphs (SIGs), used by the computer vision community to capture the low-level 
perceptual structure of a scene, that is, for pattern recognition. The 
mathematics of SIGs isn't yet mature. 

Roger Entrlnger, University of New Mexico 
Dept. of Mathematics, Albuquerque, NM 

Two Extremal Problems In Graph Theory" 

Two specific instances of the following general problems are addressed: 

(i) How many edges can a graph G of order n have if G must have a specific 
property? 

(ii)   If G is to have order n and a given number of edges, how are the edges 
arranged if a specific property must be optimized? 

The instance of the second problem involves an attempt to shorten delivery 
time by the USPS. 

3:35-4:00 BREAK 
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400 - 4-40 EdwardR. Schelnerman, Johns Hopkins University 
4.UU   t.w Department of Mathematical Sciences, Baltimore, MD 

"Containment Orders and Planar Graphs" 

We will explore interesting relationships between the worlds of partially 
ordered sets (especially containment orders) and planar graphs. 

Given any graph G = (V, E), let its vertex-edge incidence order, P(G), be the 
partially ordered set whose ground set is V U E togeüier with relations,v<e 
Eactly when v e V, e e E, and v is an end point of e. What graph properties of 
G can we deduce from poset properties of P(G)? 

In this talk we will focus on order theoretic properties of P(G) which turn out 
£ te eaufvatent to G being planar. We will phrase these properties m terms 
of geometric containment orders, which we now define. 

- Given a family I of objects, we call a partially ordered set P = (X, 4 a 1- 
order provided we can assign to each x e X, an element Sx e I, so that x <> y iff 
S £ S . In particular, if I is the set of disks (circles with their interiors) in 
the plane, then I-orders are also known as circle orders. 

We will discuss a number of results, all of which have the following flavor. 

Theorem. A graph G is planar if and only if its vertex-edge incidence order, 
P(G), is a circle order.D 

Some of the theorems to be presented include joint work with Graham 
Brightwell, Ann Trenk and Daniel Ullman. 

4-45 - 525 Jean R.S. Blair, University of Tennessee 
Dept. of Computer Science, Knoxville, TN 

"On Finding Transmitter-Receiver Matchlngs" 

The Droblem of finding a maximum transmitter-reciever matching (TRM) in 
SmmSSSon neLorls is addressed. TRM remains ^-complete even for 
networks whose topologies correspond to chordal graphs. We address the 
SerTfOT .Tubdass of chordal graphs, namely those graphs whose clique 
EaplTare acVdic. Using several Interesting properties of these graphs, we 
devise a linear time algorithm to solve the problem. 

7.30 Social, Jordan Room 
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Friday, October 4 

8:30 - 9:10 «/. Chris Fisher, University of Regina, Canada 
(Visiting Clemson University, Dept. of Math. Sei.) 

The Jamison Method In Galois Geometries" 

In a fundamental paper Robert E. Jamison showed, among other things, that 
any subset of the points of AG(2,q) - the affine plane of order q - that 
intersects all lines contains at least 2q-l points. Here I shall discuss my recent 
work with Aiden Bruen in which we show that Jamison's method of proof can 
be applied to several other basic problems in finite geometries of a varied 
nature. These problems include the celebrated flock theorem and also the 
characterization of the elements of GF(q) as a set of squares in GF(q2) with 
certain properties. This last result, due to A. Blokhuis, settled an important 
conjecture due to J.H. van lint and the late J. MacWilliams. 

9:15 - 9:55 Fred S. Roberts, Rutgers University 
Dept. of Mathematics, Center of Operations Research (RUTCOR), and 
Center for Discrete Mathematics and Theoretical Computer Science (DIMACS) 
New Brunswick, NJ 

"Elementary, Sub-Fibonacci, Regular, Van Ller and Other Interesting 
Sequences" 

In the past five years, problems of the uniqueness of scales of measurement 
have been giving rise to a variety of interesting sequences of positive integers 
with fascinating combinatorial properties. Examples of such sequences are all 
non-decreasing sequences of positive integers x\, X£,..., xn so that xj - %2 = 1. 
Such a sequence is called elementary if all k £ n, xk > 1 implies that x^ = xj + 
XJ for some i * j. It is called sub-Fibonacci if x^ £ xj<_i + Xfc_2, k = 3,4,... It is 

called regular if XJ £ 1^ xj, j ■ 3,4,... A regular sequence is called Van Lier 
if for all j < k £ n, there is a subset A of {1,2,..., n) with j not in A and xk - 
XJ rs Jj6 A XJ. We discuss these and other sequences and some of their 
combinatorial properties. 

9:55 - 10:20 BREAK 

10:20 -11:00 Michael S. Jacobson, University of Louisville 
Department of Mathematics, Louisville, KY 

"Generating k-element Subsets of an n-element Set" 

In this talk, a generalization of the idea of De Bruijn graphs will be used to 
establish sequences which generate all k-element subsets of an n-element set. In 
the case when n is odd, by using a result of Good, these sequences are shown to 
exist When n is even, the technique shown will not generate an appropriate 
sequence. In fact the generalized De Bruijn graph is disconnected, and by a 
unique application of Polya's Theorem, the number of components of this graph 
is calculated. 
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11 -05 -11 45 E. Rodney Canfleld, University of Georgia 11.05   n.4ö Dept 0f computer Science, Athens, GA 

"Matchlngs In the Partition Lattice" 

IjM.    ..„,,,,      „l   A partition of [n] is a set of nonempty, pairwise 

Tenement of partition «% denoted *i ä *2. provided each block of *i « 
conS in a £ock of n Under this ordering the set of parofons P„ forms a 
fcttice. The subcollecuon of pardons TnX H, which have «** *_Mocks 
!: j- ,uh, Ci-« *) the Stirling number of the second kind.   The Stirling 

Kfe V in number, Sin, Kn) being max* Sin, * O« *J« «^ * 
for what ft is it possible to find a Mfefciu of P„,k mto Pn fc±i ? ™»* * 
La one-toWfunction 0 from Pn,k into Pn, fca with the property that * 
and 0 (*) are comparable under the refinement relation "<r. 

LUNCH 

1:15-1:55 Ronald C. Read. University of Waterloo 
5£ of Combinatorics and Optimization, Ontano, Canada 

"Algorithms for Small Graphs" 

used for large graphs. 

My talk describes some of tins work.    We shall « what graph theory 
algorithms look like through the wrong end of the telescope. 

200 - 240 Nathaniel Dean, Bellcore 
Morristown, NJ 

«Characterization of Generalized Blcrltlcal Graphs" 

A recent theorem of Thomas and Yu states ^^Jg^ffffi 

SS gTaphf^SifSedeletion of any pair of vertices yields a 
graph with a perfect matching. 

2:40 - 3:00 BREAK 
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3 00 - 3:40 Joseph Straight, SUNY at Fredonia 
Dept. of Mathematics and Computer Science, Fredonia, NY 

"Extremal Problems Involving Neighborhood Numbers and Other 
Parameters" 

Given a simple graph G ■ (V,E), a subset S of V is called a neighborhood set 
provided G is the union of the subgraphs induced by the closed neighborhoods 
of the vertices in S. The minimum and maximum cardinalities among all 
minimal neighborhood sets of G are denoted by n(G) and N(C), respectively; 
n(G) is call the neighborhood number of G. It is known, for instance, that y(G) 
£ n(G) £ a(G), where i(G) and a(G) are the (vertex) domination and covering 
numbers, respectively. 

My colleague, Y.H. Harris Kwong, and I have been investigating the problem 
of finding the maximum neighborhood number n(p) among all connected graphs 
of order p. Our work so far has lead us to conjecture that 

n(p)Zl9p/13} 

a result that holds for 2 £ p £ 15.   I will report on this work and, as time 
Ejrmits, a number of other extremal problems, including some recent work of 

avid K. Gamick, Kwong, and Felix Lazebnik on the maximum number of edges 
among all graphs of order p having girth at least 5. 

3:45 - 4:25 AndrzeJ Ruclnskl, Emory University 
Dept of Mathematics and Computer Science, Atlanta, GA 

"Random Graph Processes with Degree Restrictions" 

Suppose that a process begins with n isolated vertices, to which edges are 
added randomly one by one so that the maximum degree of the induced graph 
is always bounded above by d. We prove that if n approaches infinity with 
d fixed, then with probability tending to 1, the final result of this process is a 
graph with [nd/2] edges. For d = 2, the number of 1-cycles in this graph is 
shown to be asymptotically Poisson (1 > 2). 



"Sphere-of-Influence Graphs" 

Marc J. Lipman, Office of Naval Research 
Mathematical Science Division, Arlington, VA 
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"Two Extremal Problems in Graph Theory" 

Roger Entringer, University of New Mexico 
Department of Mathematics, Albuquerque, NM 



C.A Barefoot 
New Mexico Institute of Mining & Technology 

Socorro, New Mexico S7S01, USA 

AJ Depew». L.H. Clark'*. R.C. Entringer, A.A. Kooshesh*** 
'    ^ andL.A.Szekeiy" 

University of New Mexico, Albuquerque, NM 87131, US A 

* Probably in the Cayman Islands by now. 

**   Present       Department of Mathematics 
address:      Southern Illinois University 

Carbondale, IL 62901 

*♦* Should complete PhD in Computer Science this year - 
needs a job. 

*•* Permanent   Department of Computer Science 
* address:       Eötvös Lorand University 

'H- 10SS Budapest 
HUNGARY 

UNAVOIDAIJLE SUBGRAPHS OF SPARSE GRAPHS 

Q. How many edges can a graph of order n have if it doesn't 
contain a hamilton cycle? 

A. (Ore 1961) [""M+l. 

Q. What graphs have this many edges but don't contain a 
hamilton cycle? 

A. A',., with a pendant vertex, n * 5. 

Let P(n) be a property enjoyed by A'„. 

Generic Extremal Problem: Determine the rr^ximum number 
of edges, c.\(«;?(«)), a graph of order n car. I.jtve if it doesn't 
satisfy property P (n). 

The graphs of order n that have ex(n;P[n)) edges but do not sat- 
isfy property P{n) are called the exiiemalgiaphs for P(n). 

Q. Howmany edges canagraph of ordern have if itdoesn't 

contain any cycle? 

A. n-1. 

Fix the graph F. We define the subdivision threshold of F to 
ftÄL number of edges. «(n-/S). a graph of order „ be the maximum number of edges, ayi 

can have without containing a subdivision of F as a subgraph. 

Q. What graphs have this many edges but don't contain a 

cycle? 

A. Trees. 

We denote by EX{n^S) the family of those graphs of order n 

2 ehS5S5)i4 - <°"«—*a subdms,on ofF 

Q. How many edges can a graph of order , have if it doesn't 

contain a subdivision of KJ 

A. tx(n-JCtf) = 2n-'S- 

A result of Mader shows «hat for any graph F there is a con- 

stant. ff. such that exiflfS) * <>"• 

Q. How many edges can a graph or order n have if it doesn't 

contain a subdivision of K?. 

Theorem (Mader 1967). If a graph has order n andsiu 

T""lbt then it contains a subdivision ofKt,,. 

Conjecture (Dirac 1964) alrJCf)« 3« -6. 

'i 



DO 
Theorem. (Erdös and P_6sa 1965) tx(p?S)-3n-6. G bin 

EX(nfS)iffG*Ki+K..y. 

Theorem. (BCDES) cxinlS)- 
2n-2,   n*l   mod3 
;n_3,   n*\   mod3" 

C is in EX'nISR) iff every W«i o/C u*A « »»» *'* op- 
tion ß ö isomorphic to K. end B = A', + A', or B = A „ or 
£ = A, x A'ä or £ is the nearly 3-rcgular graph of order 5. 

blem. Find all graphs with subdivision threshold less than Problem, 
3/1-6. 

Properties off when ex(nfS) < 3n - 6: 

(i)    W)<6. 

(ii)   F has at most one vertex with degree Z 6. 

(iii) F has at most mo vertices with degrees i 5. 

(iv)   F is planar. 

(v)    tfT is connected, ihi r. it has order < 7. 

(vi)   IfF is 2-conncctcd. lUr. it has oider < 6. 

(vii) F is a subgiaph o/A'5+A',.3. 

Certain subgraphs of 

+ pendant vertices. 

Candidates for 8raPhs G satisfyinj exfrfS) < 3» - 6. 

s 

A 
cockade is A'} or Xu. 

Theorem 
r.v(n/5A) 
ade. 

<K»«ns*n».H£w»»andToft »80) 

2 



MINIMUM TRANSMISSION SPANNING TREES 

oo 
Theorem. (Erdos and P_dsa 1965) rt^-iC^ 
EX(nfS)ifiG=Ki+K..y 

w/Kevin Bums University of New Me»» Albuquerque. NM »7l-H.uan 

;3447 3»w 

Theorem. (BCDEKS) «r(n/SR)-3«-6. G is.« 

8 3 4 4 7   Squirrel, Idaho 

3 344 7   Del Ray Beach, Florida 
ID 

'  „f.mtT is the number of paths 
* '"^let^ t«^ex. T* has also be 

in 
been 

t   «   * 

Supposerhas order, and *at»e branches ofratvhave», 

;v)=X«1«>-i2t
n-1)l-ii4 I(v)> 

,   ^mof.«reeTis«hes»mofthe>oadsofthevertices. 

The load, L\T)<m 8IW U 

The transmission, O(v), of a vertex v in a connected graph G is 
the sum of the distances from v to each of the remaining vertices 

ofG. 

IS    10     9    «     W .9     11     S 

15    14 

The transmission of a graph G is defined by 

0(G) «J   I   O(v) 

Observation. 

i.(7>o(r)-^j 
(since a path joining « and v contributes 1 to the load of each of 

d{u,v)-\ vertices.) 

The transmission center of a graph is the set of vertices with 
minimum transmission and consists of one vertex or wo adjacent 
vertices. The transmission center is the centroid (ZelinKa). 

I 
I 



Theorem.   Of all trees of order n with exactly k end vertices, 
S(n,k) lias minimum transmission. 

Theorem.  Of all trees of order n with exactly k end vertices. 
D (/i, k) has maximum transmission. 

O: 

S(n,k): 
D(n,k):      2 2 o-^p—0—O ••• 0—CH-0 2 

»1 

t  20 20 20 20  • 

Problem. Given a connected graph find a spanning tree with 
minimum transmission. For example, find a spanmng tree ofQ. 
with minimum transmission. 

Ouestion  What fraction of the vertices of a tree oforderjican 
^eZintumtod'lnpanicutor.doesthisfroatontendtoO? 

2lTlO    W    "I 

Question. Wtai/taato» «/"»• *»fc« ^fl'"' o/orAr " "" 
Aav* a relatively maximum load? 

Theorem. Let G be a k-partite graph with smallest port H. The 
soannine tree of C with minimum transmission contains n*> 

ofG not in H and v is adjacent to all vertices ofG in H. 

& /<* 





"Containment Orders and Planar Graphs" 

Edward R. Scheinerman, Johns Hopkins University 
Department of Mathematical Sciences, Baltimore, MD 
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OvtrvitvJ 
wt Circle Orders, and their relatives 

s-»- Building Posets from Graphs 

s» Graph Planarity <=> Poset Properlie 
"Triangle" Orders 
Circle Orders 
Poinl-Halfspace Orders 
Non-Planar Comments 

B+ Planar Maps & Circle Orders 

IH The Circle Order Problem 

Etlnwtl St liiiiicivuin 
Mm' II.-; i.i::> l!nii£i«ii) 

Definitions... 
Let Pbe a finite poset. 

We call Pa 
provided we can assign to each x e P 

a 
so that x < y iff 

circle order 

circle C, 
CxQCy 

Ul,0:5; t*«f«■*'■'visbil!linR!i 



parabola order space-time* order 

parabola Px (upwards, filled) 

P cP 
"event" Px in space-time* 

P precedes Py 

RS2PD* order 

real, symmetric, 2-by-2 matrix Mx 

A/ - Ms is positive 

(semi) definite 

AL 

M. [2 ll 

M     \52~ 

• real, symmetric, two-by-two positi\e ^"^^Ä.niw ir-strix OK 
(also, H2PD - complex Hermitiaa, t*o-by-twopos.nve dc.ime n.-m> ^ 

two spa.-c coordinates, one liir.: coordinate 

What's the connection? 
Theorem. The following statements about a finite 
poset Pare equivalent: 

• Pis a circle order 
• Pis a space*-time 
• Pis a parabola order 
• PisaRS2PDorder 

• two space coordinates 

Theorem. The following statements about a finite 
poset Pare equivalent: 

• Pis a sphere order 
• Pis a space*-time 
• PisaH2PDorder 

" three «pace cooid;7;ates 

Bui! Both stau-menis arc false for 'gw'fj™^ 

di« 



Why it works 
(Q/L Orders) 

f a quadratic fonn 

Q/L order on It' 

x<y 

n+] 

<=> { 
€K 

11+] 

Q(y-x)^0 

L(y-x)>0 

^ b linear fonn 

Theorem. The only possible Q/L orders on It     are: 
• anti-chain 
• disjoin union of chains n 

• space'-time order (balls in It ) 
,■    . 1^-liriticntir.iiI 

• n space cooidmalcs l 

Posets from Graphs 

G 
it 

4 f . 

D^ 
u v 

P(G) 
13    23    26    34    35    46    56 

12      3      4      5      6 

»t> 

What can you deduce 
about graph properties 
of G from order 
properties of P(G)? 

Graph-Theory w°rU 

Theorem: A graph G is 
planariffP(G)isa 
triangle* order, ischnyderi 
       .^itoeBliibnstaw* town, tide putkl» *« »»» 

Q ,2      13      23      34      KG) 

'IT]' «• K*14 
2**4 12        3        4 

Partially Ordered Sets ^ I* 



Theorem: A graph G is 
planar iff P(G) is a circle 
Order. [Scheinerman] 

(Actual Suicn.cnt: G i< planar iff dim P(G) < 3.)    ^ 

Key Ideas in the Proof 

=1 O.K. to work with the dual. 

3 • 

]     :    5    «    !    s 

CsT 

:3 13 se :-« si «e tc 

v\ 

Key Ideas in the Proof 
(continued) 

#2 Thurstcm's Theorem. 
Every planar graph has a representation by 
disks in the plane... 

'such that.. 

DCv) 

# -.fi;;** 

\__^/ disjoint   \6 



n 
G planar => P(G) is a circle ordt 

• Form Thurston circles for G. These wül be 
the circles for V(G). 

. Points of tangency will be the circles (of 
radius 0) for E(G). 

• Notice: Every edge circle is contained in 
exactly its endpoints' circles. 

tf 



G planar <= P(G) is a circle order 
Draw the dual of P(G) as a circle order... 

Why 2-step paths might be needed 

2\ 

...and this will give 
an embedding of G 
in the plane! 

Circle/Sphere Orders at their extreme... 

Polnt-Halfspace Orders 

A "bipartite" poset is called a 
point-halfspace order if... 

J*3 

Theorem. Let G be a graph. P(G) is a point-halfspace 
order in R3 if and only if G is planar or K5. 

ISchtr.ssnsn.T.tnt&l.'Ifcnsn) 



Summary 

For any graph G.. 

P(G) is a circle order 

P(G) is a 
triangle* order 

P(G) is a point-halfspace order 

What about non-planar graphs? 

Theorem. If G is any graph, 
then P(G) is a sphere order. 

iSclirii-rfnnan) 

Corollary. Let G be a graph. The 
least d such that G embeds in R 
equals the least d such that P(G) is 
representable by balls in R^.^, 

Theorem. If G is any graph, 
then P(G) is a point-halfspace 
order in R . 

|Si-1i:iiitni-.s-i.1inil- *■ i'1'""") 

»Equilateral triangles wiih bouom partHelto 
x-axis. (Equivalent lo dim P < .\) j^ JS 

f- Note: P(G) can have 
arbitrarily high posel 
dimension. 

2L 

PläSärlvIaps" 
(bounded faces only) 

faces 

edges 

vertices 

Double Thurston Theorem 
Theorem. (Brightwell £ Schemerman.PulUybUnk fc Rote) If G IS a 
3-connected planar graph and G* is itsAx*.1, then 
we can make "Thurston Circles" for G and G 
simultaneously so that... 

F(M) 

Theorem. For any planar map, 
dim P(M) < 3. (Brighwell & TVotter) 

/i°s 
\^ 

/# 
/1 \ 

■ u \ 
:   > /        1 
1   « \     \ 

I 

i 
\   C i 
\ <** s 
'■■ o 

"-H^ 

ro, 

er ,e\c s
3> 

...but is P(M) a circle order? And they 
cross at 90° 

VI 



& 

Containment of Positive 
and Negative Circles 

ADB 

•/A    \ 

Adjusting Time & 
Circles of Negative 

Radius 

**S!5f«;. 

Main Theorem 
Theorem. If M is a 3-connected planar map then 
P(M) iS a Circle Ordei". (Brichtwelli Schcinennan) 

Proof.. 
t&äsJsässAfit 

o\ 

31 



Why P(M) is a circle order 

Edge Circle. 
Zero Radius 

A Conjecture of Tutte... 

my/ ■' 
%w///i 

5~\ 

What about the 
unbounded faces? 

For example.. 

P+(M) 

o U.2.3.4}. 
2 is not a 

circle order (Jamison), 

which implies P+(M) 

is not a circle order. 

ßllt...X 



Theorem. If M is a 3-connected planar 
map, then P+(M) is a "cap order". 
(Brichtwell & Scheinennan) 

Note: P (M) is the face lattice of a convex 

polyhedra in R . 
3? 



"On Finding Transmitter-Receiver Matchings" 

Jean R.S. Blair, University of Tennessee 
Department of Computer Science, Knoxville, TN 



■■•*--■•* ■' ■-'■ 

On   Finding 

Transrvütter - Receiver PUcMny 

Unw«rsi"4*j cf Tennessee 

and 

S.S. Ravi* 

t psrhens rfWi nwwrcK were prfcrmed aiitK*;«^Ac«v-.«- 

* $ucmrt*cl V* fort bu HSF G~4s  WX-l«ftMf a~/ 
.CCK-tfOsa°i. i 

Gwien:   a communication netwocK | 
with  bioiftctWvA Kr>*S , 

Constraints: 

a\V oS the V**s em^ **«\« 

W a rf« cor^t * both ^^r 

Grofh G 

NP-Complete fee : 

Linear Time MyfHfenvs for-. 

- 1-Tites tc*-«.*«"~*4 

Q^Ara-^cTim« M^orHWn -Tor-. 

|    - Interval Graphs L»»*™^ 

At GfOfhS _ ,. 
- yjns uM etyt Qfa^ a« oafbC 

putt* dty< , ^f***»1 *** °lf 



Tfo   rnrff^A-^   f\\q^ qradg 

Ltmma 2.1 — ^ no«** c* an KC Grop'h.G, 
belongs to o* rnosV +wo c-Vi^ues. 

Ummo, 2..a - An»j induced sob^rx^ cfoflW Gn^ib 
is oJbo oin  ^C GcapW» 

Utnma 1.3 - Evoa^ Itaf cltyc Cocrtalro <* to»** 
one  ÄimpVt clal node. 

Lcntma a.'l - Evertj  KC Grofh is checdol,. 

G.= O-CH 

H» He- 

fonfKcfs 

TR-pal« :    S3 "«* ^ cr*1** "*.°* 1"°^ °r0f 

»o——*«■ 

interference o* € 

Lemma 2.S - Tuio distfnet «Jgtt (x;M.and ?uv 
con«* iff ■»< sefcamph &F 6 *1M« 
on  Ky,^*! CorvtaJftS a 3-o<cle 

wb      >o* 



A   rrA+chinq M is orientate. iff fner? exfsrs Oo 

fA —   (X match'i na 

Vw - the rates ths* Comprise N\ 

Gw - -fre Suba^H «P G "indufloi oft VM 

Lemma ax~ IA 5* oriertalafc W G* do« not 
ContaA a Cv^le tM uses QA ed^ .a N\. 

-   __—o        WaC* ^^ 
belona-fc fA 

Umma in - Tf no pa\r cf «da««* N0e°rflid; 
then   fA \S orteaVobw. 

(Both rteute reyi'r« +*o± G be chords^. 

k„,.„  n«*4 (Irier^* NUchlr 

Lemma i»     «{I u > »        ^ rf feWoa 
oriCA^oJote moichvftG N\. txacr^ o 3 
Is   "true "• 

to) 1-05 
gO  p«Jto »n I 

pjts Jn fA * ir> 
void oc*,c,k|'^': 

VibtJls ore 3*"" 

Lemma. 3-3- if ^^|^^^be^' 
at tnosV.e««  node *«n «ch^Ofy $*t,<-«n 

/Ö 

WfHi each ctowe Crated P?55^e%^ 0 f»niha\ value is TRUE; 

{Rod a maxltocm cardlf^i^ ocieoJalofc meichlrgj 

Until al\ nodes have been remcw«i -form G 

0) choose a leo-C cUye Cj 

Choose Q. "0000* poÄT "ffwiCj 

art- TtsB^e^vCCp^ ■*» PW56, 

el$e  remote C< "ft***) » 

fvi»n» the   erfQgs 

Chcoslr.n    a *aoo«i pa\r" 

Lemma 3.1 (b") •* no moAtar ushai- pair, no att«ec 
O0O86   »n Cj Can belooa -to V^ 

Lemma   3.1       "» if choose aou node -ftwt\CtriCp 
then   no  peuts Come frwtv Cp 

■*   if choose +AJO nodes -fiwrnCinC, 
then 00 othsr nodes C»ne -fcwwCf 

Stai^ aajOM fiw\ Cp as much as possible 

Lemma 3.2>    «* 2 at l««A- one sTrnpUcCajl 
node.  \n C$ 

// /* 



ExcmpW - "Pos^faWPaÄrfO -TRUE 

choo&e <x,uV!~ ärj  prvjtne S. 

"iSpzSV 
1.   Construct C,(VC.£«) (the clique graph of C) 

3. for each clique C, do PossibUPair&i) — tn»« 
4. while Ct contains two or more nodes do 

a. a «- a leaf node of Ce 
b. Cj —the corresponding leaf clique of C 
c. C, — the clique that intersects C, 
d. VPouibUPair(Ct)A*n 

i. 

Example  -■ "PossiblePfti'rfCtVTCoE 

«3 

Choose <x,ü> and. "prone &    (üernfO* ?>-3X 

Poii^UePair (CfV—1 FALSE V    ^1;;;; ^-^ "^-  ' 

Or;tn4Q.-K«n Step 

6*ivtn the «c* lA, and 6^ 

x •- a simplicial node in Cj 

7— a simplicialjtodejnj^j^*} 

»Itt. 
y «- a node in C< — {x) 
if A>j«iWW(C,)U>en . 

"   ■■ '|iffr^>- false 

Hi. Addfx.ritoM 

f _ { all nodes in C, except one from 
eachQ n C,. f*/and i*/») 

else /" —0 .  

Ivi Delete C, U f* from C and c, from Ce 

y.   tf IC.-f j - 1 «h«» Pe'et« f» lrom. Cf 
•lit 1 

vl Delete the simplicial nodes of C, from O 
,   .   vii. Delete ct from Cf 

5.  If G is not empty then ...... . -..   „ 
,.l i;^-"a simplicial node in Ct remaining clique 
bj y—.a simplicial node distinct from x in C : 

cj Add{x,y}«o" 
<   Orient th* «d>« nf M urin» AleOnent 

ir 



AlaOrieoi 

Ü) Find tVR connected Components ofGM 
{.1*1 3Kr;r>K «on-i»»»1eW«^ r»rKo^J •* »oeK comprott- 
CO Fferferm Bowd-th-PrsT-Sea.«*. en each 

Component labeling nodes on o^acen* 

l«\Kls opposite. 

Linear Time    oV    MaTRW 

|. f indict -tHe &rt e>? maximal eV^oes -«WidarA -tehri^oe:: 

2. certstructifta -the clu^ue £<tkfh " ose   ©ClelMvO »poce 

(i«Vs to 0 Cwl+ie|) time 

5. -for each \eac clique  choos* o. pair one) prune G o*d Gc 

• eoch cliaoe is "-the leaf cWjoe" at most cx\ce 

•each clique i* pruned as. a. porerrt cKaoc. 
j     oi morV  ewvee 

!   • time r«aoin?d *> process a taif cilfr« «V 
!      a parent cliche") is porporHiWoi -te -flve 

pumper eff nodes V\ "tKe cUcyJC 
■ i 

i   *s'ince G >s on   KC-ocapha each node of 6 
!      bdertas, -b o* «vos» TWO chapes 

i. oricni the edgf* So IA    — &\m\W te a-tAxir^ a. 

pi<-\n\    RemacVg 

TRIA   for ChoreU Graphs is' NP-Comptete 

17 

/<? 

it 

Determining   if € is an KC-gr< 

L«t  G be a  chorda! «graph- 

U+ Gc be «te cÜQue *Ärof^' 

Pfopcr+u: If there is o. cycle in Gc then -Üven? 
'    IS   a  Oode \o G Uo* belongs 1o 

at least 3 oAicvoes. > 

Umma Al: An«  node cf an   AC «graph G beJarOjS 
■b> "adr most 2 cltaues; 

0")   ChecX ftr chorciW*j oP G 

6)   -find nvxxi«val ctaues cff\G 

check to see ft onu node in 
G fc*l<x\aS "h> mere T>«n 2. 
C'lioues ■     - 

G"* 

Ö(IVI+IEO ticne" 

*ö 



"The Jamison Method in Galois Geometries" 

J. Chris Fisher, University of Regina, Canada 
Visiting Clemson University, Department of Mathematical Sciences 



lomt *irk »W hinert BBHGAJ 

_^^ (QPPM*. plane. 

V Blocks* THe uties gp 7f" * 

For e.ocry /fit ^77" 73«^ 

n BU>OCJA)6. Sfr of TT 
MUST CO/Um JA/  4T L£fr£T 
2.G—J   pojkts . 

arycfr "V 

~Zr>n^*r   -rue-  THZOKG& 4s # 

po/hts  m 7T. 
pry i**l du*L 

A    T^-TA , ■  £* has .24-3 *M»t 
P        foiktl '"•«   U t**>J 

one Z&g*   . 

S*  Jus   A<j-3 £rf/w  h»esikt[ 
Cooe.r fke- r^^iefo jmnts of If. 

OP   (nHe/t £ Conflins M> /;**. *) 

s>re? z- ^     ^ 

Terns oP ?Oiyi0dMA& OfeR &Kf 

Lit £'* Coiis/sr oP T»er Lj»ers 

TT\io\ *; ?* 

Or 

JT (i%q.9 ^0 =2>    ("*l *   -' / 
/      t'v 



key O'yte.rtKfir* ' »«■, 
TU cotW,hh,T >t ?h" = -Tty *^ 

Try %-' 2*'s   MJ %** ^^ &CJk#v. 

bi£> 
& 

\f\ flock /$ A Set o$ tomes "ft Jfirih^ 
oM but 7t*t> feints' '£ * Sfare. 

h#e -fleck /*  linear )f t&c J>IWT &F 
fkt C0hiLS  0.1 J frrtfouK ä <Äat«^v //** . 

bit* Ore (&r j cjj) 

Sty I    2^r^c. 
TroUdt fU SfUrc ®ro*o*i öf 1*£ 
u»£*ef*4 pit*) **° % se»J'«J 
-fkt. öfter uMtoOereA jx»'*r tö O 

TU vvfM p^tfüf * ****** 

Th? yinrk Theorem. 

GIVEN AN ELLIPTIC QUADRIC WKQ4) 
AND A SET OF q-1 DISJOINT CONICS 
^RTm^NINGqALL BUT.TWO OF ITS 
TW-ITMTS THEN THE q-1 PLANES OF THUbt, 
CONICS MUST CONTAIN A COMMON LINE 
THAT MISSES THE QUADRIC. 

Flrl'tlTi''^ Theorem. 
FOR q ODD.IFAq-ELEMENTSUBSETOF 

r-v:trP\ CONTAINING 0 AND 1 HAS THE 
PROVERTYTOATTHE DIFFERENCE OF ANY 
TWO OF ITS ELEMENTS IS A SQUARE OF 

GF(q2), THEN IT IS GF(q). 

Set   C^Z^La-ll-^-q 

(L 

Clan*!.: 0*h->%-' 

ftc}* 2?''-,   \U *)U* 
Us/ 

SMp3.GtW*ffc. farms vZJtiru] 
TT&*TT &•-*,*) trat** ' ; 



"Elementary, Sub-Fibonacci, Regular, Van Lier and 
Other Interesting Sequences" 

Fred S. Roberts, Rutgers University 
Dept. of Mathematics, Center of Operations Research (RUTCOR), and 

Center for Discrete Mathematics and Theoretical Computer Science (DIMACS) 
New Brunswick, NJ 



ELEMENTARY. SUB-FIBONACCI. REGULAR. VAN L1ER. 

AND OTHER INTERESTING SEQUENCES 

BY 

FRED S. ROBERTS 

DEPARTMENT OF MATHEMATICS 

CENTER FOR OPERATIONS RESEARCH 

AXD 

CENTER FOR DISCRETE MATHEMATICS AND THEORETICAL 

COMPUTER SCIENCE 

RUTGERS UNIVERSITY 

NEW BRUNSWICK, NJ   USA 

MFitTTiirMr»fT THEORY: 

THE THEORY OP MEASUREMENT IS CONCERNED WITH 

UNDERSTANDING THE CONDITIONS UNDER WHICH 

MEASUREMENT PROCESSES TAKE PLACE, WHAT «CDS 07 

SCALES OP MEASUREMENT ONE GETS. AND WHAT KINDS OF 

STATEMENTS WE CAN MAKE USLNG SCALES OF 

MEASUREMENT. 

■irm"'^ TTnuY «vp rOMWATOMg: 

IN THE PAST FEW YEARS. PROBLEMS OF UNIQUENESS 

OF SCALES OF MEASUREMENT HAVE BEEN GIVING RISE TO 

A VARIETY OF INTERESTING SEQUENCES OF POSITIVE 

KTEGERS WITH FASONATINC COMBINATORIAL PROPERTIES. 

TpTS TtLK: 

. LN THIS TALK. 1 MENTION SUCH SEQUENCES AND 

DISCUSS THEIR COMBINATORIAL PROPERTY.    BECAUSE OF 

TEE SBORTNESS OF TIME. I CANNOT DESCrJBE TBE 

MEASUREMENT THEORY MOTIVATION EXCEPT IN ONE CASE 

AND I SHALL CONCENTRATE ON JUST ONI COMBINATORIAL 

PROBLEM:    COUNTING TEE NUMBER OF SEQUENCES OF 

DIFFERENT KINDS. 

- J - 

flffrnrvcES 

„SHBUR*. MARCUS-ROBERTS. AND ROBERTS. «. . 

m DIFFERENCE MEASUREMENT." SUM , DISCR- MATH.. 

1 (1HI), M4-S54. 

„SHBURN AND ODLYZKO. "UNIQUH «W*31« 
_«v rrvrrESETS" i- RAMAKWAN MATH. SOC, 

PROBABILITY ON FINITE SETS.       «""■ 

4 (IBM), 1-»- ' 

«no»   ODLYZKO. AND ROBERTS. TWO-SIDED 
SrUZEDFIBONACa SEQUENCES, FIBONACa QUART.. 

J1 (IMS). 35S-M1. 

m _OMMS  -AXIOMS FOR CSIQ« SUBJECTIVE 
nSEBURN AND ROBERTS.   A»0 

PROBABILITY ON FINITE SETS." 1- MATH. P* 

II:-IJO. 

nSHBURN AND ROBERTS. "ELEMENTARY SEQUENCES. 

^NAGCI SEQUENCES, TECHNICAL REPORT^. 

DIMACS CENTER. 

nSHBUP-N AND ROBERTS. OT HNITE CONJOINT 

MEASUREMENT, MATH. SOCSC... « (»«). — 

- « -  ' 

nSHBURN AND ROBERTS. "UNIQUENESS IN FINITE 

MEASUREMENT." IN TX ROBERTS (ED.). APPUCAT10NS OF 

COMBINATORICS AND GRAPH THEORY TO THE BIOLOGICAL 

A» SOCIAL SCIENCES. IMA VOL. 17. SPRINGER-VERLAG. 

NEW YORK, 1119. 10J-137.   (SURVEY) 

nSHBURN. ROBERTS. AND MARCUS-ROBERTS. "VAN UER 

SEQUENCES." DISCRETE APPL. MATH.. V (MM). «MM- 

VAN LIER. L. "A SIMPLE SUFFICIENT CONDITION FOR THE 

UNIQUE REFRESENTABWTY OF A FINITE QUALITATIVE 

PROBABILITY BY A PROBABILITY MEASURE." 1. MATH. 

PSYCH., SJ (MM). »!-*• 



jjtr rmnNACn SEQUENCE 

F.. F. ,. 'j.  - 

FK - 
FK-1 + FK-2-    K-'-4' 

Fj, Fj. „    IS THE SEQUENCE    1, 1, 3, 3, 5, I, H, ... 

nrMrrm ^OTT-NCES 

MOTIVATION:   -EXTENSIVE" MEASUREMENT 

TERM INTRODUCED BY FISHBURN AND ROBERTS (18S9). 

VARIATION ON TEE FIBONACCI SEQUENCE 

Xr X,. - 

POSITIVE, NONDECREASING INTEGER SEQUENCE 

x^ > ,'        XK - X, + Xj,     SOME   I * J. 

EXAMPLES:       1, 1, 2, 3, 3, 5 

1, 1, 1, 5, :,4, « 

«, - COLLECTION OF ALL ELEMENTARY SEQUENCES OF 

LENGTH    N 

«im-rmnvtCCI cgnirBKCES 

TERM INTRODUCED BY FISHBURN AND ROBERTS (IMS) 

X,, Xj, -. 

POSITIVE. NONDECREASING INTEGER SEQUENCE 

X, - X, - I 

XK - XK-1 + XK-S 

% . COLLECTION OF SUB-FIBONACCI SEQUENCES OF 

LENGTH   N. 

NOTE:    % J Jfc   FOR ALL   N. 

BY ENUMERATION,    ^. - JK     TOR   N < 6. 

THE SMALLEST SUB-FIBONACCI SEQUENCE WHCB IS NOT 

ELEMENTARY HAS LENGTH 7:      I, 1, S, 5. <. <. » 

THIS IS NOT ELEMENTARY BECAUSE   7   IS NOT TEE SUM 

OF ANT TWO PRECEDING TERMS.    (Ä   HAS SEVEN- 

SEQUENCES NOT IN    £.) 

mm>™ mwmni" AT »""»TS 1W0V 

W - ."Vow 
WHERE 

a . (J+JS)/2 - UJS03     (THE GOLDEN SECTION) 

AND   0(1)   IS A FUNCTION OF   N    THAT APPROACHES   0 

AS   N   APPROACHES   •• 

rn»ntT.ARY:   THE SAME ESTIMATE HOLDS FOR    |Jfcl, 

WHERE    J&   IS TEE SUBSET OF    %   WHOSE ELEMENTS 

STRICTLY INCREASE FROM   K - 2    ON. 

n?fv QUESTION:   FIND A SIMILAR RESULT FOR    I *|. 

THE FOLLOWING IS KNOWN: 

AND HENCE    1*1/1^1 —   °   AS   N —' 

cnvr COUNTS: 

16     I      I      I      I      I      " I      »       « 
,,, j       4       ,0     SI      1»    S7S WK MM    =«744 

, ' , ,4       W     »I      «'    "1 «:i «M9 10674»» 

^,       ,     i      s     •     «  »'   >es:-aoM  4sssss 

SO    IJJil    DOES NOT EXCEED    I ^-1    «TU   » - «• 

- I - 

Bf»""1 'FOTF.NCES 

MOTIVATION:   "SUBJECTIVE PROBABILITY" MEASUREMENT 

INTRODUCED BY:   FISHBURN AND ODLYZKO 1««» 

POSITTVE, NONDECREASING INTEGER SEQUENCE 

X, - X, - 1 
J-l 

X, <    I X,       3 - 3, 4, .. 
1     1-1 ' 

EXAMPLES: 

K - * 1, 1 

N - S: 1, 1. 1;     1. 1. S 

N - 4:      1, 1, I. 1: >. 1. «. J; »• >• >■ ,; 

l, i, s,:;      1.1. s. s;      >. >■ '■4 

5. - THE COLLECTION OF REGULAR SEQUENCES OF 

LENGTH    N. 

| a .|  . JNVOCI))/* 

crvt COUNTS     . 

K:     J       3       4       S       «       I       » 

)its.| 1        a       6       ST      182    »BO 47M7 



TEE 
FOLLOWING THEOREM WILL BE USEFUL LATER. 

-r1|rt fncpprBy |VT PIT'™0 1989V   5U??0SE   X>- 
f2""^^^^^ SEANCE 

STH   X   -X2-l-   «EN   XrX*-   ISA REGULAR 
^CE.LoNLV.rORE^V.THERE^ 

SET   St 0. «.-«-'    S0CHTBAT 

(+) 
X'"£Xl 

FOR EXAMPLE, IN    1. ». 5- ,: 

, jS 1 + 1   AND   S   K   * + *• 

B IS CLEAR THAT CONDIT.ON (+) IMPLIES REGULARITY 

SLXCE IT IMPLIES THAT    X, , £ X,.    TEE COKVERSE IS 

HARDER. 

- 10 - 

Yflf 1iTT.1T y™"*NCES 

MOTIVATION:    'SUBJECTIVE PROBABILITY" MEASUREMENT 

TERM INTRODUCED BY VAN L1ER (IMS), FISEBURN AND 

ROBERTS (1969), F1SEBURN, ROBERTS, AND 

MARCUS-ROBERTS (1990) 

Xj, X,, ... 

POSITIVE, NONDECREASING EttEGER SEQUENCE 

Xl - X, - 1 

X   < Vx.       J - S, 4, _    (REGULAR SEQUENCE) 
3 " 1-1 ' 

AND 

YJ < K < N.    3    A i (1, 2  N}    ST.    J I A    AND 

X„-X, -   I X,. 
K    J       l£A ' 

EXAMPLE:       1, I, 2, 4 

4-2-1 + 1 

4 - 1 » 1 + 2 

5-1-1 

EXAMPLE:    1, 1, 2, 3, S, 6     (- F,, F,, F,, F4, F,, F,) 

I _ 5 - 3,    8-3-5,    t - 2 - 1 + S,    8 - 1 - 2 + S, 

5-3-2,    ETC. 

IT IS EASY TO SEE THAT EVERY INITIAL SUBSEQUENCE OF 

THE FIBONACCI SEQUENCE IS VAN LIER. 

THE FOLLOWING RESULT IS QUITE A BIT EARDER: 

TBrnnrw ms™m,v nmnm 1- MARCUS-ROBERTS »WT= 

JC. c r-, LE., EVERY SUB-FIBONACa SEQUENCE IS VAN 

LIER. 

SOT EVERY REGULAR SEQUENCE IS VAN LIER.    THE 

SMALLEST REGULAR SEQUENCE WHICH IS NOT VAN LIER IS 

1. 1, 2, 4, S. 

J - J   IS NOT A SUM OF TERMS FROM    (1, 1, 4). 

K. - THE COLLECTION OF VAN UER SEQUENCES OF 

LENGTH    X. 

fpr* nrrnTlOK:    FIND AN ASYMPTOTIC TORMULA FOR 

rf>VTTPTWir ff]«rar»v   »vn lifffiSRTS IE??):     |Xj!/l^fl 

— 0   AS    K   — ■ 

WE HAVE SHOWN THAT    I »£1/1 %l *   X   r0R S0ME 

CONSTANT    A < 1       (A - 0.»   SUFFICES). 

- 12 - 

SOME COUNTS 

1(2143671 

I Jfcl 1       2       6       26     164    1529 21439 

ASIDE:    DICTTNCTION BETWEEN 

REGULAR AND VAN LIER  SEPt'EVCES 

A BASIC STRUCTURAL PROPERTY THAT SEPARATES VAN 

UER SEQUENCES FROM REGULAR SEQUENCES IS CALLED A 

GAP. 

SUPPOSE   Xj, Xj, .., XK   IS A REGULAR SEQUENCE.   WE 

SAY THAT IT HAS A £A£ AT   Xj   IF 

J-l 
»u.i >    I   X, + 1. *J+1 1-1 

FOR INSTANCE, CONSIDER   1, 1, 2, 5, 8. 

THERE IS A GAP AT   X4 - 3   BECAUSE   6 > (1 + 1 + 2) 

+ 1. 

THEOREM mSSFURX. RPSIBTS. <VD \M TITS-ROBERTS 

1K2J: EVERY REGULAR SEQUENCE WITHOUT GAPS IS A 

VAN LIER SEQUENCE. 



- u - 

IBE2SEM_01£SBrBSJ£SIBIS-iSE-ilAaC5^=&Q2iaiS 

I.MV    SUPPOSE   Xv X,  XN   IS A VAN LIER SEQUENCE. 

THEN 

(1)    ENTRY ONE-TERM EXTENSION OF    Xj. Xj  XN    TO 

A REGULAR SEQUENCE IS VAN LIER IF AND ONLY IT    X,, 

Xj, _, XN    HAS NO GAPS. 

(5)   IF   X,. X,  XN   HAS A GAP AT   Xj    AND 

WITH 

N 
Y m X, + T +     I      X, J I-J+J    ' 

7   X. < T < XJ.J 
1-1    ' 

TEEN   Xj, XJ  XK, Y   IS A ONE-TERM REGULAR 

EXTENSION WHICH IS NOT VAN LIER. 

TYAMPLE:    1, 1, 5, S. «   IS VAN LIER AND THERE IS A GAP 

AT   Xj-3.    TEEN    J+jX,-<l.    TAKE   T"S   AXB 

Y-XJ + T+     *      X,- I 4 1 + 0 -I.   TEE SEQUENCE 

I, 1, s, J, 6, 6   IS REGULAR ECT NOT VAN LIER.    (NOTE 

THAT   I - 3   IS NOT A SUM OF OTHER TERMS.) 

- 14 - 

ii    irTin"TTiirnii"'"TTBE01tY 

ONE OF THE MOST INTERESTING PROBLEMS IN THE 

THEORY OF MEASUREMENT CONCERNS SUBJECTIVE 

JUDGEMENTS ABOUT PROBABILITIES.    LET     ^,    BE THE 

SET OF ELEMENTS OF THE FINITE BOOLEAN ALGEBRA 

CONSISTING OF AU SUBSETS OF    {1, 3, ... K).    SET    <I) 

IS CALLED AN AIQM 0F    ^T 

LET    >    BE A BINARY RELATION ON    ^   WITH    A > B 

INTERPRETED TO MEAN THAT   A   IS JUDGED 

SUBJECTIVELY MORE PROBABLE THAN   B.   WE SAY A 

(FINITELY ADDITIVE) PROBABILITY MEASURE   P    ON    ^ 

ftpBTTS WITH     >    IF 

A > B    IFF    P(A) > P(B) 

FOR ALL    A, B    IN    -*.    IT IS A VERY OLD QUESTION OF 

MEASUREMENT THEORY TO UNDERSTAND CONDITIONS ON- 

TO BINARY RELATION    Ufc»    VNDER WHICH IT 

AGREES WITH SOME PROBABILITY MEASURE.    THE 

MEASURE IS SAID TO AMU TOTOT * IT IS TEE ONLY 

AGREEING PROBABILITY MEASURE. 

- IS - 

«ftTAHO*    A - B   MEANS THAT NOT   A > B   AND   NOT 

B > A,   I.E.,   A   AND   B   ARE JUDGED SUBJECTIVELY 

EQUALLY LIKELY. 

rviVPlE i,    SUPPOSE   K - «    ANT)' >   IS DEFINED BY 

THE FOLLOWING: 

<3) - (W) 

M - 0,0 

AN AGREEING PROBABILITY MEASURE IS GIVEN BY 

■nw» ■ tf* p«s» " J/l°-nm "s/10, H{t))"4/10, 

m THE REST OF   P   DEFINED BY FINITE ADDITIVITY. 

THIS UNIQUELY AGREES BECAUSE IT IS TEE UNIQUE 

SOLUTION TO THE SYSTEM OF EQUATIONS 

P«J}> - *«>») + P«2» 

P«4}) - PUD) + *IW) 

P({5)) + W)> • '«'M + F!{<H 

-1« - 

EXAMPLE 1:   SUPPOSE   N - J   AND   P   IS DEFINED BY 

<»} - {l* 

THEN ONE AGREEING PROBABILITY MEASURE IS GIVEN BY 

P({1}) . 1/«. P({3}) - V«. P(pJ) - V«- 

BUT THIS IS NOT UNIQUE, SLNCE A SECOND AGREEING 

PROBABILITY MEASURE IS GIVEN BY 

P({1}) - J/10, P({S}) - J/10. P({J}) -5/10. 

EXAMPLE 3.    SUPPOSE   N • 2   AND   P   IS DEFINED BY 

{1} > {SI- 

THEN THERE ARE INFINITELY MANY AGREEING 

PROBABIUTY MEASURES   P,   WITH 

P«l}) • o.   P<{3» - >-«. 

FOR ANY    a   WITH   1 > o > 1/2- 



- 17 - 

mMPlE.   WE CAN TR»«"« * so COMMON 

0F POSITIVE INTEGERS   1. * ''       l NAT0R 10. 

„TECERS CAN BE «OUGHT OF « *     « ^ 

PHOBABLUTIES BV »»-*»*£ « THE SEQUENCE. 
^MESTBVTHESUM^^ rposm,x 

INTEGERS WITH NO       w „naso A wwcav 
,.A BINARY RELATION    > jj^ßBLESOBABttm 

AGBEEING PROBABIUTY ME^ ^££££7 

SEQUENCE «B»   1.*.'   ,SK0T- 

BOW-EVER, NOT ALL UN1«<- SQT JEGUAR: 

•      KEGVLAR.    FOR INSTANCE,    ».!.».«     "" 

WE DO NOT BAVE   Xj - »• 

X..   OF POSITIVE ft NONDECREASING SEQUENCE   Xj, Xj 

INTEGERS WITH NO COMMON DIVISOR IS A UNIQUE 

PROBABILITY SEQUENCE IF AXD ONLY IF IT IS THE 

SOLUTION TO    N-I    LINEARLY INDEPENDENT EQUATIONS 

OF THE FORM 

I   X, 
US    ' 

I    X,, 
JcT    J 

WHERE   S, T i (1, 2, ...S)    AND    SnT - *. 

FOR LNSTANCE, THE SEQUENCE   J, 2. 3, 4   B A UNIQUE 

PROBABIUTY SEQUENCE BECAUSE IT IS TEE SOLUTION TO 

THE    4-1-3    LINEARLY INDEPENDENT EQUATIONS 

x4 - x, + x3 

x, + x3 - x1 + x4 

ALSO,    1, 2, 2, 3   IS A UNIQUE PROBABIUTY SEQUENCE 

SINCE IT IS THE SOLUTION TO THE   4-1    LINEARLY 

INDEPENDENT EQUATIONS 

X, » X. 

- II - 

TB1S CORRESPONDS TO THE SUBJECTIVE PROBABILITY 

CONSTRAINTS 

P({2)) - P«3» 

P({lfl) - KW) 
,P«M» - W.3» 

THIS SEQUENCE 1.2,2,3 B AGAIN IRREGULAR SINCE X, 

,1 IT TURNS OUT THAT 1,2,3,4 AND 1.2.2.3 ARE 

THE ONLY IRREGULAR UNIQUE PROBABILITY SEQUENCES OF 

LENGTH 4. 

HOWEVER, THERE ARE l> IRREGULAR UNIQUE PROBABIUTY 

SEQUENCES OF LENGTH 5. INCLUDING    1, 1, 3. 3. 5   AND 

,3233.   THE FORMER IS INTERESTING.   IT B A 

UNIQUE PROBABILITY SEQUENCE SINCE II B THE SOLUTION 
TO THE   S-l-4   LINEARLY INDEPENDENT EQUATIONS 

Xj + Xj + Xj - x4 

Xj + X4 - Xj + Xj. 

IT IS NOT REGULAR SINCE 3 B NOT LESS THAN OR 

EQUAL TO THE SUM OF THE PREVIOUS TERMS IN THE 

SEQUENCE,   J + 1. 

-20- 

LET ifc BE THE COLLECTION OF UNIQUE PROBABIUTY 

SEQUENCES OF LENGTH N. RECAU THAT % B THE 

COLLECTION OF REGULAR SEQUENCES OF LENGTH    H. 

AS   K —' •• 

WE DO NOT KNOW MUCH ABOUT |*|. HOWEVER, WE 

HAVE THE FOLLOWING UPPER BOUND- 

TnTfM.™ msgflHt* flCT "™v?K0':   1^' '*'" ' 

W« r,o »mn IB IT v" TT" «"T™1" **1fE? 

TIE PROBLEM OF FINDING CONDITIONS UNDER WHICH 

THERE IS A FINITELY ADDITIVE PROBABIUTY MEASURE 

WHICH AGREES WITH A GIVEN BINARY RELATION 

•SUBJECTIVELY MORE PROBABLE THAN"   {.^-. >)   « AN 

OLD PROBLEM.   SOME NECESSARY CONDITIONS WERE 

STATED BY BRUNO DE FINETT1 IN W31.   DEHNE   A > B 

TO MEAN TEAT E1TEER   A>B   OR   A.B. 



mi nCTTT1 *Y10MS 

>TMM Al.    >    IS TRANSITIVE AND COMPLETE    (A > B 

OR    B >  A    FOR AIL    A, B    IN     ^,.) 

AXIOM A2.    {1, 2, .-, N) > 4 

*«"M  *»•    * > ♦ 

Arira A4.    B   (AuB)nC - *,   THEN 

A > B   IFF   AUC > BuC 

IT IS EASY TO SEE THAT THESE FOUR AXIOMS ARE 

NECESSARY FOR THE EXISTENCE OF AN AGREEING 

PROBABILITY MEASURE.    IT WAS SHOWN BY KRAFT, 

PRATT, AND SEIDENBERG IN ISS9 THAT THEY ARE NOT 

SUFFICIENT. 

VARIOUS CONDITIONS CAN BE ADDED TO TEESE AXIOMS 

TO GIVE SUFFICIENT CONDITIONS.    ONE SIMPLE CONDITION 

WAS ADDED BY KRAFT. FRATT, AND SEIDENEEP.G [KM].    IT 

SAYS THAT IF   A,, A2  Au, B,. Bj...., B„   ARE CHOSEN 

FROM    ^.,   IF ENTRY ATOM IS INCLUDED IN AS MAM- 

AS    B„    AND IF   Aj > Bj 

'M ? ^M- 

Aj      A3      Bj 

THEN   Bw > A 

FOR   J - 1, 2  M-l, 

THE NEXT QUESTION IS,   UND« WHAT CONDITIONS IS 

THERE A UNIQUE AGREEING PROBABILITY MEASURE. 

STARTLNG WITH THE DE FLNETT1 AXIOMS?    RATHER 

COMPLICATED COND1T.ONS FOR UNIQUE AGREEMENT WERE 

GIVEN BY LUCE U«H AND BY ROBERTS PR*    THE 

FOLLOWING MUCH SIMPLER AXIOM WAS GIVEN BY 

F1SEBÜRN AND ROBERTS I18S9]. 

>v,Wt ci:   SUPPOSE   X   IS AN ATOM SUCH THAT   X > Y 

> 4   FOR SOME ATOM    Y.   THEN THERE B AN EVENT 

A(X)   IN    ^   SO THAT   X - A(X)   AND   X > Y   FOR 

EVERY ATOM   V   IN   A(X). 

(PUT ANOTHER WAY. THE CONCLUSION OF THIS AXIOM 

SAYS THAT THERE ARE ATOMS   Y,. Y,. .-, YK   SO THAT 

X - Yj U Ya U AND    X > Y,.    I - I. S. -. K.) 

THIS IS RELATED TO THE F1SBBVRN-ODLYZKO 

CEARACTER12AT10N OF REGULAR SEQUENCES AS 

NONDECREASNG SEQUENCES OF POSITIVE INTEGERS SUCH 

TEAT   Xj-Xj-l    AND SUCH THAT EACH   Xj   ISA 

SUM OF OTHER   X,.   I * J- 

TTTf^r, mtircriw «VP BOOSTS »SSV   GIVEN   (^-. », 

THE DE F1NETT1 AXIOMS PLUS AXIOM Ul IMPLY THAT 

THERE IS AN AGREEING PROBABILITY MEASURE AND IT IS 

UNIQUE. 

-21 ■ 

TffrnsrM mraaiTN *NP «"^rBTS IMW:   A 

NONDECREASING SEQUENCE OF POSITIVE INTEGERS WITH 

KO COMMON DIVISOR DEFINES A REGULAR SEQUENCE IF 

AND ONLY IF IT IS A UNIQUE PROBABILITY SEQUENCE 

AGREEING WITH A BINARY RELATION   (-%. »   WHICH 

SATISFIES AXIOM til. 

ANOTHER AXIOM IS DUE TO VAN UER (IMS). 

AyiOM TO.    FOR EVERY   I, J t {I, 2. •••. *).   *   W > <J>- 

THERE IS    C I «fc   SUCB THAT   {1} - <J} U C. 

Tnrntrv "■•»« "»» iwsv GIVEN (^.. ». THE BE 

FINETTI AXIOMS PLUS AXIOM DJ IMPLY THAT THERE IS AN 

AGREEING PROBABILITY MEASURE AND IT IS UNIQUE. 

Tyrntrv mmn" ^ »™™T« '«"'   A REGULAR 

SEQUENCE IS A VAN LIER SEQUENCE IF AND ONLY IF IT IS 

A UNIQUE FROBAE1UTY SEQUENCE AGREEING WITH A 

BINARY RELATION   (.«,, »   WBCH SATISFIES AXIOM US. 

fTYPE ki TWO-STOCT CENWUHTEP FIBONACCI SEQUENCES 

MOTTVATION:   "DIFFERENCE- MEASUREMENT 

INTRODUCED BY FISHBURK. MARCUS-ROBERTS. AND 

ROBERTS (IMS) AND nSHBURN, ODLYZKO, AND ROBERTS 

(IS!!). 

THIS IS A SEQUENCE OF POSITTVE INTEGERS WHICH, D» 

CONTRAST TO ALL THE TYPES OF SEQUENCES SO FAR. 

MAY BE DECREASING. 

START WITH A PAIR OF ADJACENT I"S. 

CONSTRUCT THE SEQUENCE INSIDE-OUT BY ADDING ONE 

TERM AT A TIME WHOSE VALUE IS A SUM OF ONE OR 

MORE CONTIGUOUS TERMS IMMEDIATELY ADJACENT TO 

THE NEW TERM. 

EXAMPLE:   J, 4. 1, I, 2, 4 

THIS IS BUILT UP AS: 

1, 1, 2 

4, 1, I, 3 

5, 4. 1, 1. 2 

S, 4, 1, 1, 2, 4 



*# m THE COLLECTION OF (TYPE A) TWO-SIDED 

GENERALIZED FIBONACCI SEQUENCES OF LENGTH    N. 

THEOREM fflfflWi   vl.HCt"HiOrBT«   »*" ROBERTS 1?» 

^VT> nSHBCTK   OPLVZKO.  <VT) BPBFRTS 1?S?V 

|.N| - »«»«»)>. 

IN FACT, FISHBURN, ODLYZXO AND ROBERTS SHOW THAT 

K Tt ^(y-w 
"N • 7 i? -vl/<    ■ 

WHERE 

K . r1 - / [ocpfjirVd-VJldY - 0.1««S... 

TYPE n TO-n-miffl BEKflM"**" WBOV AfTl SEQUENCES 

MOTIVATION:    "DIFFERENCE" MEASUREMENT 

SAME AS TYPE A TWO-SIDED GENERALIZED FIBONACCI 

SEQUENCES WITH THE NEW TERM BEING A SUM OF ONE 

OR MORE CONTIGUOUS TERMS, BUT NOT NECESSARILY OF 

TERMS IMMEDUTELY ADJACENT TO THE NEW TERM. 

EXAMPLE:    6, I, 1, 3, 4 

THIS IS BUILT UP AS: 

1. 1. ' 

1. 1. 3. * 

t, 1, 1, S, 4 

THIS IS NOT ATTAINABLE IF WE INSIST TEAT EACH NEW 

TERM IS A SUM OF TERMS IMMEDIATELY ADJACENT TO 

TEE NEW ONE. 

fi. . THE COLLECTION OF TYPE B TWO-SIDED 

GENERALIZED FIBONACCI SEQUENCES OF LENGTH    N. 

■penury men,?™*  vmrrs-pnyrBTS  ^T? BOKHiTS If» 

ftvn T-KBBrRv   nmv7KO   AND BPBFRT5 1SKJ: 

riTr r m ^™ ««muiiaaLnnn^rn TOTTEHCES 

MOTIVATION:   -DIFFERENCE" MEASUREMENT 

SAME AS TYPE A TWO-SIDED GENERALIZED FIBONACCI 

SEQUENCES WITH THE 
NEW TERM BEING A SUM OF OSE 

OR MORE PREMOUS TERMS. BUT NOT **»»«» 

CONTIGUOUS TERMS AND NOT NECESSARILY OF TERMS 

JMMEDIATELY ADJACENT TO THE NEW TERM. 

EXAMPLE:   S, 1, 1. ». • 

THIS IS BUILT UP AS: 

I, 1. J 

S, 1. 1. ' 

J, ». J. »• • 

TT CANNOT BE BUILT UP BY ADDING CONTIGUOUS TERMS 

LB TIME, SINCE . CAN ONLY BE OBTAINED AS S + I + 

7. 

,    . TEE COLLECTION OF TYPE C TWO-SIDED 

GENERALIZED HBOSACCI SEQUENCES OF LENGTH   X. 

THE FOLLOWING COUNTS ARE KNOWN: 

K      7      »      «      »      • 

l«fcl 1       J      14       «     «» 

|tf,j| I       J     '«     ITS   MM 

1-rs-l       is»1« 

AU OTHER VALUES ARE STILL OPEN. 



«rarnm.ATi SEQUENCES 

MOTIVATION:    "CONJOINT" MEASUREMENT 

INTRODUCED BY F15HBÜRN AND ROBERTS (MSI) 

TEESE ARE TWO-BLOCK SEQUENCES OF POSITIVE INTEGERS 

X,, X,, ... XM / Y,. .... r. N 

TEH' ARE BUILT UP BY STARTING WITH    I   IN EACH 

BLOCK AND ADDING ONE TERM AT A TIME (TO EITHER 

BLOCK) THAT IS ADJACENT TO THE TERMS ALREADY 

SPECIFIED FOR THE BLOCK AND WHOSE VALUE EQUALS A 

SrM OF TERMS ALREADY SPECIFIED FOR THE OTHER 

BLOCK. 

EXAMPLE:    J, 3, 1, 1, 7 / 6, I, 2, 10 

BUILT UP AS: 

/ 1 

1 / 1 

1 / 1. S 

1. 1 / 1, 2 

3, 1. 1 / 1, S 

3, 1, 1 / 6, 1, 3 

3, J, 1, 7 / 6, 1, t 

3, 1, 1, 7 / 8, 1, S, 10 

G (MJI) - THE COLLECTION OF BIREGULAR SEQUENCES OF 

LENGTHS    M    AND    K. 

K    M(l+o(l)) 
|CB(M,N)I - (SN-1) 

Tfi-rfRytt-BrmuCTm wniEnirLAii SEQUENCES 

MOTIVATION:   "CONJOINT" MEASUREMENT 

SAME AS BIREGULAR SEQUENCES BUT ADD THE 

REQUIREMENT THAT EACH TERM IS A SUM OF 

mvnCTOPS TERMS ALEADY SPECIFIED IN THE OTHER 

BLOCK. 

NOTE THAT THE LAST EXAMPLE WORKS UP UNTIL THE 

LAST STEP. IN THE LAST STEP. 10 CANNOT BE ADDED. 

HOWEVER, 14 COULD BE, GIVING US 

S, J, I, 1. T / «, 1. i, M 

CMX) - THE COLLECTION OF INTERVAL-RESTRICTED 

BIREGULAR SEQUENCES OF LENGTHS   M   AND   N. 

TfTfwrM ff|gmr»v «NP BOPERTS 1858): 

v. , M(l+o0)). 
|CB(M,N)| - I*?1) 

NOTE THAT    |GB(M,1)| - ICgPUjI - 1   rOR ALL   M. 

ONE CAN ALSO SEE THAT    |GB(M,J)| - ICjtM^I      FOR 

AU   M.   THE FOLLOWING VALUES ARE KNOWN: 

II 1       3      4       J       I       7       I 

|CB(M,i)| »       1»     M     MS    Ml    M59 »5JJ. 

|GB(»,J)|    B ALREADY NOT KNOWN. 



"Generating k-element Subsets of an n-element Set" 

Michael S. Jacobson, University of Louisville 
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Generating k-element subsets 
of an n-element set 

with DeBruijn Graphs 

M. S.Jacobson, 
E. Kubicka, 
G. Kubicki, 

Department of Mathematics 
Universit) of Louisville 
Louisville, KY  40292 

and 
A. Schwenk 

Department of Mathematics and Statistics 
Western Michican University 
Kalamazoo, Michifan «9008 

A^ctrart 

This tour is brought to you 

by 

the following problem: 

Find an efficient* way to 

generate all k-element 

subsets of an n-element set.!! 

•What does efficient mean? 

Generate all subsets of an n-element set 

Binary representation of 0-(2n-D 

yields a "computer understandable- 

way to generate these sets. 

BUT 

An excessive amount of work 

for the computer to go from 

2,._1 = on...i to2- = ioo...o 

Proceed thru the subsets with exactly one 

"bit" changing, either 0 to 1, or 1 to 0. 

One element difference from subset to 
subset. 

np A V CODES 

0 0 0 0 
0 0 0 1 
0 0 1 1 
0 0 1 0 
0 1 1 0 
0 1 0 0 
1 1 0 0 
1 0 0 0 
1 0 0 1 
1 0 1 1 
1 0 1 0 
1 1 1 0 
1 1 1 1 
1 1 0 1 
0 1 0 1 
0 1 1 1 



Utilize the power of the computer!! 

Can we generate all binary sequences 

of length n by a "shift"?? 

001011101 
"01011 1010 
"101110101 
"011101010 
"l1 1010101 
"l 10101011 
"lOlOlOl11 

noes there exist a sequence of length 2n so 
SaVach sequence o? length n occurs «J 
consecutive subsequence exactly once 
(wrapping allowed) ?? 

r 

Efficient way »store all subsets of an n 
JJ element set. 

Efficien, way to generate all subsets. 

Effirie,,, way to generate all subsets tnany 
JJ times. 

Efficients to generate a nod** «**»- 

rnmK;nofnrial Tools 

Directed Graph 
Graph 

fpnnecled 

f V]*r\™ nigrj-ph (CTRTih) 

Starting at any poini. trace thru the digraph (graph) 

trav ,-ersing each edge exactly C1K£- 

rHimm^'w»lf D is a conwc,cd digr:;?b wi,h 

id(x) = od(x. for all venices x then D is Eulcrian. 9, 



and now a message from the sponsor 

"But we only want the k element 
subsets!!??" 

•Ml) el' i       i IV!"'       } 

I:' I 

Tr'    " 

- . . ~s' 

Generate all the subsets, and use only the 
ones you need. 

Can we use shift recisiers ?? 
/6 

Double Shift EegiSi^ 

110100101000 

"lOOOl 10100U1 

IMt-t 

6'ri- 
^ 

I tic-rt 

I «till 

I H\f'9 

Ic-pn 

D0eSlhe,cexiS, a cUcula, „«nee of «der 

„.JsoO^bvaoub^^ga^*^ 

subsets are generated? 

\l U 



For each vertex x in this digraph, either 

id(x) = od(x) = 2 (# l's is k-1) or 

id(x) = od(x) = 1 (£1 's is k or k-2). 

Euler (1736^ Good (1946) If D is a 

connected digraph with id(x) = od(x) for all 

vertices x then D is Eulerian. 

Good's Thm says Eulerian provided it is 
connected ... 

\-h 

Hamiltonian     , .     Eulerian 
cycle ^      circult 

Connected 

n odd 

->     Connected 

ai a2 33 .  .  . aiaH) 

a3a4a5 •     •     • ai+3 

«i ai+i ... a„ai 
ai+i ai+: •    •    • 

aio ai-i ai 

a] a2 a3 Kl 3i \€ 

Consider a different graph 

...—^ouT") 

/ / 'mop?. 

a; 0|P 

/ - Oiiiq) 
!    \ 

/     \     Is. 

A    J ■■'. lOlloV- "•  IO!OI 

^iJSSJy   "'   (11010/ 

01011 \H 

Hence, for n odd, both graphs are connected 

and the graphs are Eulerian and 

Hamiltonian, respectively. 

n even 

1100000000 
000000001 1 

0000001 100 
00001 10000 

001 1000000 
1 100000000 

iu> 



Cycle thru from component to component 

Count the components: 

Polya's Thm (Bumside) Let G be a group of 

permutations acting on A, and let S be the 

equivalence relation on A induced by G 

#E.C. = i^S^(n) 

G = Z* • 

A = "family" of k element subsets 

with (10 = 01), 

Equivalence Classes = Components of G. n 

Fvamnle 

3-element subsets of an 8-element set. 

a,a2    a3a4    a5a6    a7ag 

One pair =11     and one pair = 01 

or 

Three pairs = 01 

|A I = (12 + 4)=16. 

# Components = ^(l6+0 + 0 + 0) = 4 

A final message from our sponsor.. What's really the story ?? 

\% 

" We need the k - element subsets 

of an n-element set!!" 

Good's result is an existence Theorem. 

men n is odd, find the cycle, and generate 

the sets... 

When n is even, find the k element subsets 

of an n+1 element set, 

ihrow out the subsets with n+1. | C| 

How do you find the Eulerian Circuit ?? 

£b 



ForDeBruijn Sequences... 

Fredrickson has given a "linear" (in n) 

algorithm to generate the sequence. 

UPDATE!! 

Hochberg, Huribert and Isaak have also 

discovered the idea of multiple shifting. 

For these generalized DeBruijn Sequences, 

worst case o(n^) 

average case o(logn) 

Best Possible ?? 

4\ 

Carla Savage uses this idea to generate 

"new" Grey Codes... 

The idea "works" to generate the n! 

permutations of an n set. 
& 



"Matchings in the Partition Lattice" 

E. Rodney Canfield, University of Georgia 
Department of Computer Science, Athens, GA 
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1   1 

13    1 

17    6    1 

1    15    25    10    1 

1    31    90    65    15    1 

1    63    301    350    140    21    1 

1    127    966    1701    1050    266    28    1 

1    255    3025    7770    6951    26<6    <62    36    1 

1    511    9330    3«0S    42525    22627    5660    750    45    1 

Stilling markers of the second kind 
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&„ * *•(.-*>* v/v 
D 

.. Lo+s) V/VJ" 

(r) r;)* «.j/a &*< 
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Graphs with 7 vertices (continued) 
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Trees with 12 vertices (continued) 
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Homeomorphieally irreducible trees (continued) 
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4-regular graphs with 11 vertices (continued) 
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Stif.eompi«vnentBry digraphs (continued) 
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Spedal Graphs 

• Elementary Graph: 
Has a p.m.. and the edges contained in a 
p.m. form a connected subgraph. 

« Bfcritical Graph: 
G-u-v has a p.m. for all vertices «, v. 

2 



What Is a bicritical graph? 

• Loväsr G b bicritical Iff 

S C V(G) and \S\ > 2 =» «*(C-S) < \s\~2- 

« Bicritical =» 2-connected with 6 > 3. 

• G Is blcritlcal Iff 
each splltgraphGj of G is bicritical. 

<?.y 

• Coronary (Nishizeki-1978) 
Every even, ^-connected, projective-planar 

graph has a perfect matching. 

• 3 even. 4-connected. toroidal graphs which 

ar« not bicrltica!. Example: C2m * C2n- 

Examr»»"*- LovaV and Plummer 

• Fvefv even Hatin_graph is bicritical. 

^ /? w r?rp^^<  even, yor^r-transltlve 

=*• G Is elementary bipartite or blcritlcal. 
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ABSTRACT 

Given a nmple graph 0 - (V, B), a subset $ of V b called a »• if Mernees' sat provided 

0 b the union of the subgraphs induced hjr the cloeed neighborhood! of the verticee 

in 5. The minimum cardinality among all minimal neighborhood eett of C ie denoted 

by »(C) and ie called the mifUork—i aumse r of C. It ie known, for inilance, that 

7(G) £ »(C) ^ «(C) for any C without iaolated verticn, where 7(C) and o(C) are the 
(vertex) domination and covering numbere, respectively. 

My colleague, Y.U. Uarrie Kwong, and I have been investigating the problem of finding 
the maximum neighborhood number »(») among all connected graph« of order p. Our work 

eo far haa lead us to conjecture that 

MP) < 1-I-/13J 

a reeult that hold» for 2 S p £ 15. I will report on thi» work and, a« lime permits, eome 

recent work of David K. Qarnick, Kwong, and Felix Latebnik on the maximum number of 

edgee among all graphi of order p having girth at Watt 6. 

Given a aimple graph G - (V,£), the eet N(v) - {» 6 K | nr 6 £} u oil 
the m,i,H,rk~i of * and W|») - W(v) U (•) b Us <UiU »aiaaesraaei. A subset £ 
V b called a ncieaaeraeea' JI! provided O b the union of the eubgraplu induced by t 

cloeed neighborhood! of the vertices in S. The minimum cardinality among all miuin 

neighborhood eela of G b denoted by n(C) and b called the asiyAseraeec' aamser of 

and wai introduced by E. Sampathkumar and P.S. Neeralagi |The neighborhood numl 

of a graph, Iniin 1. Part A„L Uttk. It (l»aS), 120-132]. 

Two related parameter! are the (vertex) domination and covering numbers. A sub 

S of V b a deminatint ssf provided every vertex not In S b adjacent to a vertex in 

it b a cevsriny ttt provided every edge of G has at least one of its incident vcrlkea in 

Let 7(0) denote the minifimifn cardinality of a dominating aet and bt o(C) denote t 

minimum cardinality of a covering set; if G haa no iaolated vertices, then any covering - 

b alao a neighborhood aet and any neighborhood aet b alao a dominating aet. Thus, . 

•*/ f r»ph G without ieoiatad vertices, 

7(C) £ «(C) < o(C) 

Observe that if C b the dbjoint union of graphs Ci and G%, then 

7(C) -7(C,)+ 7(C),   »(G)« «(C) + «(C).   «(C) -o(C,) + o(C) 

We thus assume henceforth that 0 - (V,E) b connected. Now, if » and » are nonadjacent 

verticee of C, then 

It b natural to wonder whether these parameters are independent, in eouie sense, 

b eaay to see that 7(C) — 1 if and only if »(C) «• 1; the complete graph K, of ordei 
haa t{Kr) m n[Kt) m 1 and a(Kr) «■ p — 1. It was also obaerved in the above mention 

paper that »(C) as o(0) if C b mnnrcled and ha* girth at least 4. Uowever, Jeyara 

Kwong, and Straight (Neighborhood aeU in graphs, India* J. Pm AppL Jsala., to apo» 
gave, for positive integers r,< and ( with 2<r<s<(, an example of a graph C havi 

7(0) - r, »(C) - «, and a(C) -1. 

1 

To begin, we End that n(2) - »(J) - I and »(4) - Z Next, n(5) - 3, with the uni<|> 
extremal graph being the t-cyde. At this point we make the following observation: 1 
0 be formed from the dbjoint union of G\ and Q, by addiug a singb edge that joins 

vertex of Ci with a vertex of Ca. Then »(C) > n(Ci) -I- »(Ci). Ae a consequence, let 
b« a rational number between 0 and 1 and suppose there exbta a graph Cs of order ; 
having n(C*) « rp». Then there exbt infinitely many values of p for which »(p) > r 
Since w« have a graph of order I with neighborhood number 3, we tentatively conjeclu 

that *4» < 3p/8 (for all p > 1). 

Two more useful observations. The first b that 

»U»+1)S»(») + 1 

7(C + »»)S7(C)   and   o(C + »») i «(C) Secondly, suppose G, b a connected graph of order p and C, b the complete graph 
order 7. Form the graph O ae above. Then C hae order a>+2 and »(C) - n(C,) +1. Th 

However, 
»(.) . ni, +1) -. »(p + 2) - M, + 1) + 1 

»(C) -1 £ «(0 + »•) < »(C) +1 
Continuing, we find that «(8) - 3 and »(7) - 4. But now consider the following graj 

of ordert: 

For example, consider the graph 0 ■» ({u,e,•,»,»}, {m.m.m,a*,«»)). Note that C b 

a t-cyde, »(0 + »») - 2, »(C) - 3, and »(C - ») - X 

Thb leads us to consider the fostering extremal problem: find the maximum ueigh- 

borhood umber »(p) among all connected graphs of order». 

2 

J-({«,(,»,»,«,»,»,»),{j(,»w,s«,h.,ta,u.,iu,»w,»»,«»,»»,»«}) 

It b not difficult to show that »(J) «a i. It follows that a(t) - t, and wo are forced 

mien our teataiive conjecture, namely, w« now conjecture that ■(•) £ tp/8. 



Ul , b< fixed UJ .uppo« the «lu. of »Ü.) i. known.   A. . cou-u»««« of lUc 
.b.«.«-.. »MU « th. ,.«~din, p.««. " »« <Ui». '»»' n(, -,-1) - nt,) + 1, th.. « | 
mu,t ,i.. - ««npU of . »r.Ph O of order P * 1 ta*. »(C) - «W ♦ I. On th. otU« 

uri, a ... «w» ih.i.(,+«)- -0'). "»■ — »"'«""",h" "*rT M"«c,«a i"""11 I 
.1 order p + 1 b». neixbborhood .amber »I u>o«l n(p). I 
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W. «. .ho« th- ««7 «»«««'» «''P» ot °"1" 9 b" ~«llb«1»od n,""lKr "' 
„.•.. TU., «...ik« -in. »<«) -«. » «•« -(•) - »• M*.i- *** &-e'elM 

with « «i«. IM* * «o«»'«» •»»* •' "d"10 u,at "i^botiuxi w"ub", * *'""' 
„(10) - t. At thi.poi.li«.« i«~ti,..». " wer. .bU to 0*1 . «r.ph of order II 

.ith «i.hb..hood «mb.t 7. Thi. dUproee. o« i«uti» «»>««• Ik« «(,) < »P/81 

How...r, if on. -rile. 0«. . UbU of »I«, .t»(,) «o. 2 S 1- < " '»• ""•* """a 

conjecture nronfly i«B»u iUllt 

Th« other «tuiu I wi.h to report on Me in the fouowuij. 1»«P": 

Bttnnul Qr.phe without Thr.«-Cycl« or Four-Cycl.« 
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Conjecture. For p > 2. 
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Thi. p^ri.»-ti«rt« the nku.ce-/(.), Ik. >ui«-»—k«<*«U« » »t»P» 
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Now w« dem« a low« bound for /(»). Let tf be a prime power, end let «v * y1 + e+I. 

aad e( ■» (« + 1)»,. By S, we denote the point-line incidence bipartite graph of the 

projective plane /T?£(2,d). More precisely, the partite eete of Bt repreecnt the act of 

poiati and the eet of lines of PCL(2,i), and the «diet of B, corrcapond to the pain of 

incident points and lines. Then B, is a (e -r Irregular bipartite graph of order 2vf and siee 

«f. Aleo $(B,) i. i: being bipartite B, has no J-crcUi, and the existence of a 4-eycle in 

£, would mean that in PGL(i, a) there are two distinct lines passing through two distinct 

points. 

Theorem 2.4. Let 0 be aa extremal graph of order • and 

prime power such that 2*v £ v. Then 

sixe e. Let q be the largest 

We nut define a restricted type of tree; many of the proofs in in the Kelt section rely < 

the presencs of these trees in extremal graphs. Consider a vertex « of maximum degree A 

a {C„C,J-free graph 0. Let the neighborhood of e be W(e) - (i|,«i «a). Cteail 

W(e) is an independent set of verliest. Furthermore, the sets of vertices fV(.j) - (• 

1 < ■ < A, arc pairwise disjoint; otherwise there would be a quadrilateral in G. Tl 

molWatci the notion of an (m,n)-aisr 5.,., which is defined to be the tree in wbi 

the root (center) has m children, and each of the root's children bat n children, all 

which are leaves. The subtree containing a child of the root and all its n children 

called a treat* of S_,.. We will make use of the following eaeily established facts: ( 

1^(5«,.)! «» 1 +m + mnand |£(S»,.)| - m + mn; (2) Every (Ct.CM-frec g»P>> 0 •> 

at beat 6 vertices, A(C) at A, and <(C) - I, contains 5a.i-i; (3) In any {Ci,C«)-fi 

graph G containing an (m, n)-ttar 5, no lertex in 0 - 5 can be adjacent to two siblings 

S. In fact, every set of tibbngi in S has a unique common neighbor, namely, their parei 

/(.)-«>«,+ 2(. - 2.,) - 2» + (. - 3)., 

Proof. Consider the graph obtained from B, by adding to V{B,) a eel of » - 2«, isolated 

vertices and connecting each of these to two nonadjacent vertices of B, taken from different 

partite sett (euch two vertices always exist, since B, ie not a complete bipartite graph). If 

the chosen pairs of vertices of B, are distinct for distinct isolated vertices, then we obtain a 

graph If of order», sixes,+2(»-2»,) and girth at least 5. There are e3«, pairs of disjoint 

lertices of B, in which two vertices in the pair belong to different partite sets. We claim 

that «'», > > - 2»,. Indeed, if it ie not the case and e > 2, then »>(«*■(• 2)», > »»,. 

According to Bertrand's Postulate, for any integer n > 1, there is at least one prime 

number p auch that n < p < 2n. Let n m e, and let p be a prime aatiefying the inequality 

« < • £ 2e. Then 

2v, < 2«, < BV +4f + 2 < S», < * 

which coatrndicte our choice of f in the etaiement of the theorem. For f ■» 2, 2*s ■ 14 £ 

• < 2s, - 28 implies that v-2v,.v-14<l2<M» 21«,. Therefore, for all prime 

powers f, e^vc > v — 2«,, and the construction of H described above ie possible, 

Theorem 2J stet« that /(.) < L«>/»^"i72J. For 1 £ . £ 10, .. ha.« eonatructedl 

{Cs.O-free graph, »ilk l.,/»"="I/2] edgee. The« graph, are shown in Figure I. Thi. 

yields the following theorem. 

Proposition 2.0. For all {C, C,)-fr.« graphs O, . > 1 + A< > 1 + P. 

Theorem 3.1. For I £ » £ 10, /(.) - l.vC^t/2J. 

JU 
-II 1 «• - 

O & O.A 

3A Tfce value« of /(.) far 11 £ . S 2" — » ■«*«« 
/(«.)*>••  /(B)-I»  /(«)-»   A")-»  A«)-» 
/(ie)-» A»T)-3i /I«)-34 A»)-* A»)-« 

10 

Proposition 2.T.   For all {C|,C,)-free graphs 0 oo v > 1 vertices and e edges, S 

e-/(.-l)andA> |2e/»l. 

Proposition 2*. For all ■ > 1, we have . > 1 + f2/(»)/»l(/(») - A» - !))• 

Proof. We look at several specific caaes to illustrate the techni<|ues involved. 

/(14) - M. The graph Cis demoneuatee that /(H) £ 33. Aseuwe there exieu a 

exueeaal graph G with 24 edgee. Propositions 7.» and 2.7 imply that < - 3 and A - -l 

Te^ O has I vertices e< degree 3 aad « vertices of degree i. Further, G cannot contain 

pair of adjacent vertices a and > each having degree 3, since O- {», t) would have 111 edgei 

contradicting /(12) « It. We may then conrliiile Ihm every edge of O joins a degree 

vortex with a degree 4 vertex. B for each degree 3 vertex we represent its aoigkborlswod • 

a triple, than the ---—~ of C implies the exieleare of n design of I triples on 6 «lemeui 

(the ail vertices of degree 4), where each slomoal occurs in 4 triples and each distinct pa. 

of oloiasalt occurs in at most 1 triple. But since t elements constitute U distinct pain 

aad each triple specifies 3 pairs, euch ( triples will specify t x 3 - 24 paus, and Iherefoi 

at. Tan«, /(14) < 24. 

/(It) m M aad /(SO) - 41. The graph C„ show, that /(M) 2 3>. Siacs Ik. < 

3 vertices (the verlies« outside tk* Jnilsrtgo«) are mutually ditnara 3 apart, we cm 

ma.trart Cnv by addaag a vertex to CM that ie ndjsr.nl la the 3 outer varticaa. (li 

the figure, dashed haut en aead to thaw the edgee from tha 20tk surtax la C„.) Tkui 

A») i |«(C)1 - 4L The upper bound, era «bl.iaad by apaljpiag Proposilioa 2A 

U 



It can b« noted that 0|« *• Ibe Aobcrtaon graph - the unique (4,6)-cage. ll follows tU*l 

On and CM ar« tbe unique extremal graphs of orders 1U and 20, respectively. 

Theorem 3.1. The values of /(*) for 21 < » S 34 ere e* follow« 
/(21)-44    /(22)-47    /{23)-M   /(24) - 64 

Proof. Again, to illustrate the techniques involved, we give lb« proof that /(22) - 47. . 

. First of ill, a {CitC«).free graph of orUcr 22 and «i 47 is constructed, «bowiug that 
/(22) > 47. Suppose there exist« a {C,,C,)-frec graph C with * - 22, • - 4«. Dy 

Proposition 2.7, • i 4 end A > S. Tbca A » 5, for otherwise tb«r« u a (0,3) «tar in C, 

and auch aIre« haa nor« than 23 vertices; lbtr«forc, 0 contain« 14 vnrlicc« of dcgicc 4 end 

I varticea of dcgre« ft. Tbie in turn iiuplica that tb«r« are at Uart o edge« among tbc dcgicc 
4 verticec. Sine« any graph with 14 vertices and at Wast 8 «ige» luuel contain a path of 
length 3, tbere uwat ba at tuet one degree 4 vertex adjacent to two other degree 4 vertices; 
tbua tbere ia a P» in Q eacb of whose vertices baa degree 4. However, if tbere ia a path 
P oo 3 vertices of degree 4, tben O — K(P) ia Ute iloberteou grapb. Kadi of tbe pendant 
varticee in P, ■ and y, baa 3 acigbbo» in tbe Robertson grapb tbat are mutually diatance 
3 apart. But tba Itobcrteoa grapb baa only one suck act of 3 varticee. Tbcreforc, G cannot 
contain a P, of degree 4 vertical, giving us a contradiction. Therefore, /(22) < 47. 

Tbia paper give« exact value« of /(») for 1 < « < 24. It is alao noted tbat /(SO) - 175, 

tba extremal grapb being tba ilofhuaa-Siaglelon grapb. The paper alao give« coualrucliva 

lower bound« for /(*) for 24 £ * £ 200; theee are found uaing an algorithui tbat coiubiucs 

kill-ctiinbing and backtracking technique«. For inetauce, at one point a (Ca,Ct)-free grapb 
of order OS and eise 31)7 waa found; adding an iaelalad vertex gave a {C|,C«)-frce graph 
of order 07 and aiaa 3S7. Oacklrackiag appUed to tbia grapb yielded a (C«, C'«)-free graph 
of tbe «now order with 403 edg«. lliU-chuibing from tbat point ruullad ia tba addition of 

one nor« «df«, giving s (Ci, C.J-fre« graph C of order 87 and aiie 404. Tbu, /(S7) > 404. 

Further hiU-dinbiag rearranged lb« edge* of C so that BOOK vertex bad degree 6; removing 

tbia vertex tba» gave a [C,,C,\-if grapb of order 116 and «tec 308, thereby improving 

I for /(M). 

12 



"Random Graph Processes with Degree Restrictions" 
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