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ABSTRACT

INVESTIGATION OF
THE PASCHEN CURVE OF NITROGEN
VIA THE APPLICATION OF NANOSECOND

PULSED ELECTROMAGNETIC RADIATION

David W. Scholfield
B.S., Wichita State University, Wichita KS., 1980

M.S., University of New Mexico, 1990

In order to obtain lasing in microwave excited gases a
knowledge of the Paschen curve is required so that estimates
can be made of the required intensity of the electromagnetic
field for a given pulse duration. Data in the region below
10"® Torr-s with electromagnetic fields in excess of
10kV/cm/Torr had ©been unobtainable due to technical
limitations. If accurate lasing research via microwave
pumping is to be done in this region, experimental data must
be obtained to either validate or repudiate current theory
relating to this region: An investigation of the Paschen
curve of nitrogen from pressures of 0.336 Torr to 685 Torr via
the application of nanosecond pulsed electromagnetic radiation
has been investigated. Breakdown of the gas was achieved via

pumping by short electromagnetic pulses and verified through
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the use of an optical multichannel analyzer. Previous
investigations have utilized monofrequency . electromagnetic
signals. Adjustments for the short pulse nature of this
investigation have been derived and are applied to the Paschen
curve. Experiments have been conducted utilizing a pulser
with machine parameters of 1 J delivered during 1.375 ns FWHM
into a 50 Q coaxial line, at a peak power of 1 GW. By
investigating this previously unexplored region, data has been
acquired in the region of the relativistic Paschen curve as
hypothesized by Graham and Roussel-Dupré. Experimental
results yield no observable relativistic effects under the
conditions of this experiment. Additionally, the collisional

frequency limit has been experimentally identified.
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I. INTRODUCTION

Experiments at the Institute for Nuclear Science, Tomsk,
Siberia, in the former USSR have demonstrated an interest in
the ability to lase diatomic nitrogen via extremely short
microwave pulses. In these experiments, lasing was achieved
in N, at pressures less than or equal to one atmospherel 23,
Excitation of the gas was achieved with pulses which were
approximately between 16 and 50 ns in duration. The frequency

of the microwaves is reported to have been 3 GHz.

To lase gas with microwaves requires a knowledge of the
Paschen curve, which is a graphical representation of the
solution of the gaseous electrical breakdown equation.
Breakdown is that condition in which the final electron
density due to some form of excitation 1is 10® times the
initial electron density. Knowledge of the Paschen curve
allows estimates to be made of the required intensity of the
electromagnetic field for a given pulse duration. Data in the
region below 10°® Torr-s with electromagnetic fields in excess
of 10kV/cm/Torr had been unobtainable due to technical
limitations. If accurate 1lasing research via microwave
pumping is to be done in this region, experimental data must
be obtained to either validate or repudiate current theory

relating to this region. This document describes an




experiment preformed in this region.

Figure 1, see page 4, is a plot of the various Paschen curves
of previous researchers available in the literature. The
abscissa represents Pt,, which is the pulse duration
multiplied by the operational pressure, while the ordinate
represents E,/P, which is the applied electromagnetic field

divided by the operational pressure.

The first two lines on the upper right hand side of figure 1
are predications based on the theory of Ali and Coffey! for
monofrequency microwave excitations of the upper atmosphere at
10 GHz and 3 GHz respectively. For this study Ali and Coffey
assumed that the species from which ionization occurred was

oxygen, which has a first ionization energy of 12.5 eV.

The third line from the top of the upper right hand side
predicts that level above which breakdown must occur based on
data acquired by Sullivan et al.’> with monofrequency
microwaves excitation of air at 9.6 GHz. Sullivan utilized a

10 to 200 kW/cm? gyrotron'with pulses of between 3 and 30 ns.

The third line from the bottom left hand side is a prediction
based on the theory of MacDonald® for monofrequency microwaves

excitation air at 3 GHz.




The second line from the bottom left hand side is based on
data acquired by Felsenthal and Proud’ for a pulsed dc
experimental system utilizing nitrogen as the working medium.
The pulsed system was capable of generating a 4 to 30 kV pulse

with rise times a short as 0.3 ns.

Finally, the bottom line on the left hand side is based on
data acquired by Tetenbaum et. al.® which measured breakdown
due to a pulsed S-band microwaves with pulse durations of
between 100 to 600 ns. The pressure at which Tetenbaum

operated varied from 1 to 1000 Torr.

The variation in the placement of the theories and the data
over approximately two decades is due to the different media
and different frequencies of investigations. Generally,
higher frequencies reside closer to the upper right hand
corner of figure 1. This is due to the effect of freguency on
the calculation of the effective electric field. Higher
frequencies tend to transfer less energy to an electron.
Likewise, nitrogen gas tends to reside closer to the bottom
left hand side of figure 1 with air and oxygen residing closer

to the upper right hand side.
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Figure 2 on page 7 is a plot of pressure versus pulse length
compiled from a survey!?? of other research - R.F.,spark gaps,
etc. - relevant to this problem. The darkened areas are those
which have been investigated, the boxed region is the area of

interest to this investigation.

Utilizing a recently constructed pulse power device designated
H-Two, it was possible to produce the required field strengths
and pulse lengths necessary to perform this experiment. The
H-Two device is capable of producing a 1.375 ns FWHM pulse of
up to 720 kV across an open transmission line. Breakdown of
nitrogen was achieved via excitation by  broadband
electromagnetic pulses, with a peak frequency content at

approximately 200 MHz.

This investigation has examined the Paschen curve of nitrogen
from pressures of 0.336 Torr to 685 Torr via the application
of nanosecond pulsed electromagnetic radiation. This extends
the efforts of earlier researchers by investigating the region
in excess of 10 kV/cm/Torr for E,/P and less than 107° Torr-s
for P1,, which had been experimentally denied due to technical
limitations. An extensive literature search was unable to

uncover any experimental data in this region.

The previous efforts utilized monofrequency sources, whereas




this effort utilized a broad band source with a frequency
content peak at approximately 200 MHz. Since the results of
Felsenthal and Proud were obtained for a pulsed D.C.
experimental system, and the results of Ali and Coffey were
calculated for 10 GHz and 3 GHz, the broadband signal to be
bounded on the bottom by the work of Felsenthal and Proud, and

on the top by the results of Ali and Coffey.
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Investigation of the region in.excess of 10 kV/cm/Torr for
E,/P and less than 10°® Torr-s for Pt, has yielded data in the
regime of the relativistic Paschen Curve as theorized by
Graham and Roussel-Dupré?’, see figure 3 on page 9. Graham and
Roussel-Dupré developed the relativistic theory to describe
phenomenon due to lightning in the upper atmosphere. The
theory was developed assuming intense electromagnetic fields,
with electron flow both perpendicular and parallel to the

propagation of the electric field.

This document is divided into four sections. Section I, just
presented, was the introduction, which discussed the
motivation for this research, the previous investigations of
prior researchers, and the uniqueness of this experimental
investigation. Section II develops classical and relativistic
theories for broadband electromagnetic radiation, extending
previous classical theories for monofrequency electromagnetic
sources. Seétion III describes the pulse power device used to
generate the broadband electromagnetic pulse, the test
chamber, and the diagnostics used to monitor the pulse.
Section III continues with a discussion of the procedure to
acquire the data, the process used to reduce the data, and the
analysis performed on the data. Finally, Section IV presents
the conclusions derivable from the analysis performed on the

data.
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II A. CLASSICAL THEORY
This section develops classical theory . for broadband
electromagnetic radiation. This development represents an
extension to current theories, which have been developed

predominately for monofregquency electromagnetic excitation.

For nanosecond pulsed electromagnetic radiation, minor
adjustments to monofrequency classical theory must be made.
As has been shown by previous authors®’-?¢, the equation which
governs the time rate of growth of breakdown is the continuity

equation,

@-vin—v‘,rwv2 (Dn) (1)

at

where: n = electron density
v;= ionization rate
v,= attachment rate
D = electron diffusion coefficient
When an electromagnetic pulse is short compared to the
diffusion time, the electron diffusion coefficient may be

neglected®. This allows equation 1 to be rewritten as

on _

10




Solving equation 2, assuming Av is not a function of time,

yields

InfaAvt (3)
n

final electron density

where: n;

initial electron density

n,

T,= pulse length

Gould and Roberts?® established the generally recognized

breakdown ratio of n;/n, as 10°.

1n10%=18.4=Avt (4)

For breakdown to occur it is required that v;>>v,. Thus

18.4 (5)

where: P = gas pressure

Following the development of Lupan?®, the functional dependence

of the ratio of v,/P to E./P can be derived.




The average value of this ratio. is

where:

v; '
<y e (m), | 2E> (6)
P p m, :
N = gas density
6 (E) = collisional cross section of the gas molecule

E = energy
m, = electron mass
<6 (E) *[2E/m ] V%> = average collisional rate

coefficient integrated over a distribution function.

Assuming a Maxwellian distribution for E,

where?®

\{ r N 2FE 2 E -3E dE
LT -—o(E)‘,I exp{—"} (7)
P Ef,P m, Jm _g_e 2e [%e]
2 e
278 2
mg8 e Vors

and k, = Boltzmann’s constant,
T = temperature,

Q = electron charge,

E. = effective E-field,

8. = effective fraction of energy transferred
from an electron to a molecule in a
collision,

v = effective collision frequency,

12~




Equation 7 can be rewritten as
N 2F 3F
< i>- ,' E.' L2 VE exp{—}dE (8)
2¢ ZBI.P o (E)

here E; is the first ionization potential of nitrogen. The
functional dependence of the first three terms contained in
the integral can be estimated®® for the field values of this
investigation based on data of the ionization cross section of
nitrogen, and assuming that ionization is a single event

process. For E £ 400 eV this estimate yields,

N I -6x107 - ~E 9
Po(E) m 6x10°a/E (E-E; — (9)

where?’: a=0.2 cm?! Torr™
By,=142.5 eV

Ei=15 . 5 eV

For E > 400 eV, the functional dependence of the first three

terms contained in the iﬁtegral are estimated to be

P m

7
Nog) | 2E _6X10VE ) g2 g 109 (10)
E

13




Substituting equations 9 and 10.into equation 8 yields,

400
<_1§> 6x107«| 27 ‘3/2[afE(E—E ) expl By~ }exp{ 3E}dE+

N2

102frexp( Ey de (11)

400

Performing the integration (refer to appendix A) and combining

with equation 5 yields

7| 27 -3/ 2af . 8 (Bye)? 4BN28E1 3E;
6x10 «l T {28+3BN2[ Gee3p)? * e3Py +E2]exp (——2 S 1)

_2aPyeE; 2B,z Ei

2e+3B,, 2e+3P,; )

+E;) exp (

+102«' —z—g—eexp( '6800) (—258-+800)} (12)

14




Which reduces to

-3E; ,1l6a e)? 4a 2
6X10741£7—8'3/2exp( 1)(16% (Brpe)® 4 (Byee) *E,
2m 28 (2e+3Py,)°  (2e+3By,)°

3E,-1200
+1oz.l 2TE oxp (4 ) (2€ 4800)}
3 2¢ 3

For €<<P,,, the above solution approximately yields

2
18.4 7 ' 27 .-3/2 -3E; [ 16ae® 40e°E;
=6x107\| 2= e3/2exp { +
Ptp 27 ( 2¢ ) 27 9

-1200+3F
2Te exp ( i

+102
2€

)(%&300))

For £=P,,, equation 13 yields

18.4 27 . -3E; [ 16ae® A 4Ge’E;
-exloul 2L g-3/2exp { +
P, 27 TR 25

-1200+3E
2Te exp ( 1

+102
2¢

)(j§5+800)}

15

(13)

(14)

(15)




For &>>B,, and E;, equation 13 approximately yields

18.4 ; l 27 __3/2 -3E; 3 o2
=6x107\| == ¢73/%¢ {2aBi, +aPiE;
P'cp o xp ( 2e ) Bxz Bz i

-1200+3E,
+1oai 2TE oy (=221 y (28 ,g00)) (16)
3 2¢ 3
Recall that,
2E2
e-—g—kBT+—-Q—if‘:— (17)
meaeffveff

This discussion will assume® that V=5.3x10°P where V. has
units of s! and P has units of Torr, and from Appendix B that
E.=0.310E, for the area of interest for this investigation.
Observing that the average electron energy in a microwave
discharge is much greater than (3/2)kT, that m.= 9.11x107%® gm,
and that?® §.,.=1.3x10%, equation 17 yields

= (0.310)2(1.602x107%) 107 QE,,)2
1.3x1072(5.3x10°)2(9.11x107%8) P

E
e=2.63x104(222)? (18)

16




Equation 13 1is plotted in figure 4 on Dpage 18 with the
substitution of equation 18, and the values: a=0.2 cm! Torr?,
B,=142.5 eV, and E;=15.5 eV. The ordinate represents E,/P
while the abscissa represents PT,. The graph of this Paschen
curve demonstrates a departure from the traditional
monofrequency curves of previous researchers. At
approximately 1x10~° Torr-s and 1000 V/cm/Torr the Paschen
curve reverses and transitions to the collisional frequency
limit. The features of reversal and transition to the
collisional frequency limit have not been addressed in the

Paschen curve investigations of previous researchers.

17
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II B. RELATIVISTIC THEORY

This section describes, in brief, the relativistic theory of
Graham and Roussel-Dupré and then develops a one dimensional
theory for intense electric fields, utilizing classical

scattering theory with relativistic corrections.

Scattering at classical energies allows the electric fields of
the incoming particles to be treated as isotropic fields (see

figure 5 below).

T, . /
—_— gy i }/\‘\\_
—N:
|
o I
—_— |
r
db-J

Figure 5. Classical Scattering.
Under the influence of intense electromagnetic fields a free
electron is capable of obtaining a velocity sufficient to
exhibit relativistic effects?. When this occurs, the electric
field of the incoming relativistic particle redistributes

itself, as seen by the scattering center (fixed frame).

19




The equation describing this redistribution is

Q
Ry (1-Blossin9) ¥

E=

Where: O = Electron charge (1.6x107*° C)
R = charge separation
Brel = V/C

Y= 11 - Bl
The field is in the radial direction, but the electric lines
of force are distributed isotropically only when B.,=0. For
B,..,#0, the electric force is reduced by a factor of Y2 when
viewed along the axis of motion, while when viewed
perpendicular to the axis of motion the electric field is
increased by a factor of Y. This effect is shown in figure 6
for y=1 and y=3 on page 21, with the magnitude of the electric
field represented by line length. Under this influence the

effective collision frequency has been shown® to be

A
T ™ e
" T

v

Noting equation B-1 of appendix B it is seen that the

effective E-field is a function of the effective collision

frequency.

E

2
[2 (1L+-2_y]2/2
2
Verf

Eogs

20
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Figure 6. Electric Field Distribution.

"~ 4=1 and y=3
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Thus the relativistic ratio P, is a function of E./P, which
itself is a function of V. ¢, which in turn is a function of
B,..- Thus an existential/transcendental set of equations must
be solved. This problem has been addressed via a numerical
approach by Graham and Roussel-Dupré®* for air. Figure 7, on
page 23, is a plot of the Paschen curve derived by Graham and
Roussel-Dupré based on their numerical approach. The ordinate
represents E,/P in V/cm/Torr while the abscissa represents PT,
in Torr-s. The solid line represents the relativistic Paschen
curve for air. Features of interest include the reversal of
the curve from 1x10* V/cm/Torr to 2x10* V/cm/Torr, and the
reestablishment of the curve above 3x10° V/cm/Torr. The
hypothesis put forth by Graham and Roussel-Dupré as to the
cause of this reversal is that as an electron achieves higher
velocities the electric field of the electron becomes
redistributed, as viewed in the laboratory frame, due to
Lorentz contraction. As the electron achieves velocities
approximately equal to the velocity of light the
redistribution becomes essentially fixed, that is to say that
additional energy added to the electron can no longer provide
as great an acceleration as before, and the Paschen curve

reestablishes the original behavior.
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The Paschen curve derived by Graham and Roussel-Dupré assumed
intense E-fields, B-fields, and electron flow 1in two
dimensions. The experimental configuration -of this
investigation only allowed intense E-fields with electron flow
in one dimension. This necessitated extension of the
classical theory into the relativistic domain. Appendix C
develops a relativistic derivation of the Paschen curve
beginning from first principles. The results of this
derivation are presented in figure 8 on page 25. The ordinate
represents E,/P in V/cm/Torr while the abscissa represents PT,
in Torr-s. The solid line represents the relativistic Paschen
curve for air, the long dashed line represents the classical
curve for nitrogen, the short dashed line represents the
relativistic curve for nitrogen as derived in Appendix C.
Note that all three theories produce a reversal in the paschen
curve. In the classically derived theory the reversal
transitions into a vertical barrier. In the relativistic
theory of Graham and Roussel-Dupré the reversal transitions
through yet another reversal to reestablish the Paschen curve
at a higher value of E,/P. The relativistic theory developed
in Appendix C produces a reversal which continues into the
upper right hand quadrant of the plot, which is attributed to
the one dimensional nature of the theory ( Refer to Appendix

C for details ).
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The H-Two device, to be discussed in the Experimental
Configuration section, has produced electromagnetic pulses as
part of this investigation capable of exploring the region
below 10°® Torr-s with electromagnetic fields in excess of

10kV/cm/Torr. The results of this investigation follow.
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IITI A. EXPERIMENTAL CONFIGURATION

Section III describes the H-Two pulse power device used to
generate the broadband electromagnetic pulse, the test chamber
in which the discharge occurred, and the diagnostics used to
monitor the event. This section continues with a discussion
of the data acquisition procedure, the process used to reduce

the data, and the analysis performed on the data.

The H-Two pulse power device was used to provide the transient

electromagnetic events. A schematic of this device is shown

in figure 9.

—— o - 3—
5 ° \L___j
| .5 nsec.
@ < 33,000 pF ',"F 12pF I
L 0.6 yH 300 pH
= k=0.6

Figure 9. H-Two Schematic
This device is capable of developing a 1 J, 1.375 ns FWHM
pulse of up to 360 kV into a 50 Q load, or 720 kV into an open
circuit. A typical osciiloscope trace is shown in figure 10
on page 28. The abscissa is time in nanoseconds while the
ordinate is volts. Visible is the rising edge of the pulse,
the occurrence of breakdown, the ringing of the circuit after

the arc, and the exponential decay envelope.
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Figure 11 on page 30 is a plot of a hypothetical 1 ns duration
triangular pulse with a peak amplitude of 1 MV at a pressure
of 10 Torr. The abscissa is Torr-s while the ordinate is
V/cm/Torr. The solid line represents the relativistic Paschen
curve while the dashed line represents the track of the pulse.
This plot demonstrates that a machine with H-two’s performance
can investigate the nose region of the relativistic Paschen

curve.

The high voltage power supply was a Hippotronics Labtrol
capable of 25 kV charge. Triggering was provided by a Maxwell
Laboratories, Inc. 40127-B Trigger Channel, which in turn
drove a Northstar Research Corp. Thyratron Driver, and an
Optical Multichannel Analyzer. The thyratron driver provided
the trigger to the thyratron switch between the capacitors and

the primary inductor as shown in the schematic.

A transparent test chamber capable of pressures from 100 mTorr
to 7600 Torr (gauge) was constructed, and clamped directly to
the H-Two device. The chamber was a 76 cm long, 30 cm I.D.
plexiglass tube with a thickness of 2.54 cm. The end through
which the transmission line entered the test chamber was
sealed with a 2.54 cm thick aluminum bulkhead. The end at

which the parallel plate transmission line terminated was
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sealed with a 4.78 cm thick plexiglass bulkhead and a 5.08 cm

plexiglass access panel. See figure 12.
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Figure 12. Test Chamber.

The chamber contained a section transitioning from the 50 Q
‘coaxial transmission line to the parallel plate transmission
line. The lower plate of the parallel plate transmission line
was the electrical ground. Two center conductors were
machined for the experiment. A 7.23 cm wide center conductor
was manufactured to produce a parallel plate transmission line
with an impedance of 50 Q at a 1 cm AK gap. A 1 cm wide
tapered center conductor was manufactured to produce a
parallel plate transmission line with an impedance of 50 Q at

a 0.14 cm AK gap.
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The data acquisition system (see £figure 13 on page 33)
consisted of a Zenith-248 286 computer equipped with a
National Instruments, Inc. PC2A GPIB board. The software used
to operate the data acquisition system was DCS01, version
2.05, by Tektronix, Inc. The 286 computer was connected via
the GPIB board to a Tektronix, Inc MUX 16 Multiplier. The mux
box was required so that the software could communicate with
three DCS01 cameras. The cameras were mounted on the front of
three Tektronix 7103 oscilloscopes. The 7103 oscilloscopes
were equipped with 7A29 preamps, and 7B10 time bases to
provide 1 GHz bandwidth and 0.35 ns risetime capability for

signal diagnostics.

Optical diagnostics were provided by an E.G.&G. Princeton
Applied Research Model 1460 Optical Multichannel Analyzer III.
The OMA was used to verify that a N, spectrum was being
produced by the discharge. The optical data was acquired via
two lengths of ultra violet rated Mitsubishi ST-U200D-FV fiber
optic cable. A 25 m long cable viewed the discharge
perpendicular to the arc while a 50 m long cable viewed the

discharge down the axis of the arc.
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The data lines consisted of five RG-214 cables, with N-type
connectors, running from the screen room to the experimental
area. Inside the screen room the cables transitioned to 152.4
cm long RG-141 cables with SMA connectors. At the
experimental area, additional lengths of RG-214 were attached
to the cables to provide a transition from the experimental
area patch panel to the experimental device. All data lines
were then measured for attenuation characteristics and
electrical length. Since the coaxial lines were operating in
TEM mode dispersion was negligible. The three data lines most
closely matched in electrical length, and with the best match
to the theoretical attenuation curve, were selected as the
primary data lines for the pulse power diagnostic,
transmission line sensor, and the tip sensor. Of the two
remaining data lines, one was utilized as a trigger line for
the thyratron drive while the other was left idle to provide

a backup in the event of a failure.

pressure inside the test chamber was sensed by two Granville-
Phillips 275 Convection ‘Gauges and by one Varian 865 gauge
equipped with a 0536 vacuum transducer. This duality provided
for a cross-check to ensure that the gauges were functioning

properly.
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The pulse power switch sensor consisted of copper clad RG-141

with the center conductor extending 0.165 cm radially inward

from the outside wall of the gaseous switch. See figure 14.

RG-141 Center Conductor

P

i
=
T d

Ground Plane

1
1L

mjim |
- Brass Housing

_.:/__1

Figure 14. Pulse Power Switch Sensor.
The outside wall represented electrical ground and was 1in
electrical contact with the copper outer conductor of the
probe. This allowed the sensor to function as a half wave
dipole antenna at a frequency of approximately 45 GHz.
Equipment to provide a rigorous calibration of the pulse power
switch sensor was not available. Therefore an estimate of the
sensor’s signal coupling.ability was calculated based on the
geometry of the gasedus switch. The gap from the switch
channel to the grounded wall containing the sensor was 8.839

cm in length.
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Attenuation due to geometrical considerations is

201092822

=34.5dB
165

Attenuation due to a mismatch between the transmission line
impedance and the pulse power switch sensor radiation
resistance, R,, must also be accounted for. The radiation

resistance for an infinitesimal dipole antenna has been

calculated to be?

R,=807? (% )2

which for the geometries and wavelengths under consideration

yields

0.065
R.=8072(—2)2a0. 960
a 8072 ( £3.0 )4=0.000

Since the transmission line and the data cable are both 50 Q
it is necessary to account for reflections at both interfaces.

The voltage reflection coefficient, I', is

_0.00096-50 __; 99996
0.00096+50

This yields a functional attenuation of 0 dB at each
interface. The total estimate for the attenuation of the

pulse power switch sensor is 34.5 dB.
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The transmission line sensor consisted of a capacitative probe
of approximately 2200 pF, constructed with a 2.54 cm diameter
disk of silver coated 0.0005 cm thick mylar (see figure 15
below). The probe was recessed 0.737 cm into the wall of the
50 Q coaxial transmission line. Equipment to provide a
rigorous calibration of the transmission line sensor was not
available. As this sensor was used as a qualitative health
check of the pulse power device, a rigorous attenuation

estimate was not pursued.

Silver Coated
0.0005 Mylar Film
" Ill| Brass
H H Housi
— — fp TR Ground Plane
l : N AN/
RG-141
=l=

Figure 15. Transmission Line Sensor.
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The tip sensor consisted of an SsMA bulkhead feedthrough jack
receptacle. A fiper optic port, for the optical verification
of an N, spectrum, consisted of a gMA jack to jack bulkhead

adapter which had the insulator and center conductor bored out

(see figure 16) .

yavaia' //
A Ground Plane
N/ S

L_.‘

11
1

Fiber Optic Port

-

Tip Sensor

Figure 16. Tip Sensor.
The tip sensor was mounted at the tip of the ground plane of
the 50 Q flat plate transition. The sensor was mounted such

that its open end was flush with the upper surface of the

ground plane.

The assembly with the 7.23 cm wide center conductor and 1 cm
wide center conductor was then calibrated for coupling and
phase effects with an HP 8510 vector network analyzer.
overall, the coupling coefficient had an attenuation of
approximately -25 dB (see figures 17 and 18 on pages 39 and 40

respectively) .
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The attenuation characteristics of the fiber optic cables are

shown in figure 19 on page 42, a plot of attenuation versus

wavelength. The abscissa is wavelength in nanometers while

the ordinate is attenuation in decibels.

The spectrograph of the OMA was a Jarrell-Ash MonoSpec 27

Spectrograph with an entrance slit of 25 M, and a grating of

150 g/mm blaze. The output of the Spectrograph was detected

by an E.G.&G. Model 1254 SIT CCD.

The sensitivity curve of the CCD is shown in figure 20 on page

43, a plot of sensitivity versus wavelength. The abscissa is

wavelength in nanometers while the ordinate is sensitivity in

counts per photon.

The CCD was controlled by an E.G.&G. Model 1216 Multichannel

Detector Controller and was triggered by and E.G.&G. Model

1211 High Voltage Pulse Generator.
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III B. EXPERIMENTAL PROCEDURE

The experimental procedure utilized the pulser’s natural pulse
length of 1.375 ns FWHM. The charge voltage was set at 18 kV
yielding a peak signal of approximately 320 kV on the 50 Q
coaxial transmission line leading to the test chamber. Upon
reflection of the pulse at the open circuit termination of the
50 Q parallel plate transmission line, the voltage of the
pulse doubles to 640 kV across a 1 cm gap. NoO seed ionization

was employed in this experiment.

Table 1 shows the pressure, number of shots, and number'of
shots yielded by the experimental procedure. The annotation
in the table of an evacuation indicates that the test chamber
was evacuated to approximately 100 mTorr and then backfilled
with dry nitrogen to the desired pressure. The test chamber
was reconfigured with the narrow center conductor and the AK
gap adjusted to 0.14 cm to provide a 50 Q parallel plate
transmission line for the 0.336 Torr shots. The number of
shots yielded indicates the number of shots in which an arc
has been detected. The procedure for detecting an arc is

discussed in the next section, Data Reduction.
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pPressure (Torx) 4 Shots Yield Charge (kV)

Evacuated

0.930 35 11 18"
Evacuated
685 12 10 18
295 14 10 18
150 10 10 18
73 12 10 18
29.5 11 10 18
19.5 22 7 18
1.07 13 5 18
0.506 19 5 18
0.506 21 7 20.125
Evacuated
2.08 15 9 18
1.22 11 6 18
1.01 10 6 18
0.890 10 6 18
0.790 12 3 18
0.700 13 10 18
0.590 12 8 18
Evacuated
3.4 33 18 18
4.8 23 5 18
7.0 33 7 18
Evacuated
0.336 44 24 20

Table 1. Pressure versus Number of Shots

685 Torr toO 0.336 Torr

* Transformer rebuild after this shot seguence
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IIT C. DATA REDUCTION

The data was acquired as described in the experimental
procedures section. The data was stored by the DCS01 software
in log files which allowed the DCs01 software to maintain
large amounts of data on files of no greater than 2200 bytes.
These files had to be converted to ASCII files by a DCS01
software utility before data analysis could begin. After
conversion to ASCII the data files were uploaded to a Sun
SparcStation for analysis. The proper time base was added to
the data files, and then the oscilloscope traces contained
within the data files were transformed into frequency domain
via a discrete Fourier transform so that corrections for cable
and probe attenuation could be made. The oscilloscope trace
data was then discrete inverse Fourier transformed back into
the time domain, plotted, and examined for data quality. Data
from shots in which the pulse power device did not perform
properly, and data in which the oscilloscopes did not trigger

properly, were eliminated from the data set.

Circuit modelling software had been used to estimate the
rising and falling voltage slew rates to be expected for a
circuit of this nature. Data which did not exhibit falling
voltage slew rates in the neighborhood of these estimates were

eliminated from the data set since a falling slew rate of
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insufficient magnitude indicated that a discharge had not

occurred.

The problem of establishing the beginning of the pulse had to
be addressed. For the purposes of this investigation the
beginning of the pulse was defined to occur when the
electromagnetic field exceeds the dc breakdown value of 15.54
v/cm/Torr. This definition is due to the pulse width of the
applied electromagnetic field, since the conditions necessary

for dc breakdown are never achieved.

The theory upon which this investigation is based assumes that
a triangular shaped pulse excites the nitrogen to breakdown
(refer to appendix B). Data which exhibited waveforms other
than triangular in nature were eliminated from the data set.
For this purpose the criteria used required that no localized
minima exist between the beginning of the pulse and the point
at which breakdown occurred. The resulting data yield after

elimination of suspect shots was approximately 48 .6 percent.

Two channels of optical data were acquired to provide a
verification of the N, spectrum produced by arcing. A cable
25 m long viewed the discharge perpendicular to the arc while
a cable 50 m long viewed the discharge down the axis of the

arc. The optical data was acquired by the E.E.&G. O.M.A. and
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stored to data files in a format peculiar to the O.M;A. The
data files were converted to ASCII by a software program
developed at the Phillips Laboratory, and then uploaded to a
Sun SparcStation. The data was adjusted for fiber optic cable
attenuation and geometrical effects of probe placement, and
then plotted and examined for the characteristics of the N,
spectrum. The data was not adjusted for CCD sensitivity since

the effects of the sensitivity were equal in both optical data

channels.
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III D. DATA ANALYSIS

The data which was acquired as described in the experimental
procedures section is presented in figure 21 on page 50, a
plot of E,/P versus PT,. The ordinate represents E./P in
V/cm/Tofr while the abscissa represents PT%, in Torr-s. The
solid line is the theoretical relativistic estimate of Graham
and Roussel-Dupré, while the dashed line is the classical
estimate as discussed in the classical theory section. The
symbols represent the breakdown points acquired during the
course of experiment which survived the data reduction

process.

The data from each pressure setting exdept for 0.336 Torr to
0.790 Torr, and 0.930 Torr was averaged to obtain mean values
and standard deviations for E,/P and PT. Only the Pt, values
obtained for 0.336 Torr to 0.790 Torr, and 0.930 Torr were
averaged. The E,/P values obtained for 0.336 Torr to 0.790
Torr, and 0.930 Torr were not averaged as the data at this
pressure establishes the lower limit of Pt, under the

prevailing experimental conditions.
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The mean values of E,/P and PQ,With their standa

rd deviations

shown in brackets are presented below in table 2 for each

.operational test pressure.

Mean Pt (Torr-s)

press. (Torr) Mean E_/P (V/cm/Tor;L
685 0.337x103(0.060xloﬁ 0.145x107°
295 0.638X103(0.056x103) 0.706x107°
150 0.112x104(o.007x104) 0.421x107°
73 0.160x104(o.011x104> 0.216x107°
29.5 0.165x10% (0.018x10%) 0.794x1077
19.5 0.162x10% (0.037x10%) 0.589x107’
7.0 0.304x10 (0.028x10%) 0.211x107’
4.8 0.623x10% (0.100x10%) 0.134x1077
3.4 0.923x10% (0.313x10%) 0.983x107°®
2.08 0.135x10* (0.045x10%) 0.516x107®
1.22 0.201x10* (0.072x10%) 0.286x107®
1.07 0.228x10* (0.063x10%) 0.239x107®
1.01 0.189x10* (0.072x10%) 0.200x10°®
0.890 0.165x10*% (0.039x10%) 0.207x107®
0.790 0.200x107®
0.700 0.176x107®
0.590 0.150x107®
0.506 (18kV) 0.119x10°®
0.506 (20.125kV) 0.118x107
0.336 0.162x107®
0.930 (Transformer Rebuild) 0.102x1078
Table 2. Mean E,/P and PT,.

(0.
(0.
(0
(0.
(0.
(0.
(0
(0
(0
(0.

.009x10"

030x107
O48x10i

)
)
)
003x107°)
065x1077)
046x1077)

.023x1077)
.025%x1077)
.086x1078)

018x107%)

.040x107®)
.012x10°%)
.040x107°®)
.023x107°%)
.007x107%)
.010x10°%)
.008x107®)
.008x107%)
.002x107%)
.012x1078)

.006x107°)

Data which did not lie within * 3 standard deviations of the

mean values was regarded as suspect and el

population. The data

on page 52, a plot of E,/P versus PT,.

E,/P in V/cm/Torr,

the abscissa represents PT, 1

which remained is presented in figur

n Torr-s.

iminated from the

e 22

The ordinate represents

The

solid line represents the estimate of Graham and Roussel-

Dupré, while the dashed line is the
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The mean values, with error hars representing +1.5 standard
deviations, and the edited 0.336 Torr to 0.790 Torr, and 0.930
Torr data are presented in figure 23 on page 54, a plot of
E /P versus PT. The ordinate represents E,/P in V/cm/Torr
while the abscissa represents Pt, in Torr-s. As in figure 22,
the solid line is the relativistic estimate while the dashed
line is the classical estimate. The symbols represent the
mean breakdown points or edited data, calculated as described

above.

The discontinuity in the region of approximately 3x10°° Torr-s
to 4x10°® Torr-sS is suspected to be due to multichanneling of
the discharge. It has been observed in the WFX experiment33
that at approximately 30 to 40 Torr arcing phenomenon
transitions from single channel arcing through multichannel
arcing to a symmetric aural discharge, and then transitions
back to single channel arcing at approximately 3 to 4 Torr.
The WFX experiment was an investigation of the utilization of
hydrogen gas as a working fluid for the production of plasma,
with the multichanneling effect behaving as a smooth

transition from 40 Torr to 4 Torr.
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The multichanneling effect would be physically limited by the

number channels available. The arc diameter of this
experiment as measured from polaroid photographs of single
arcing events jndicates a maximum of 0.5 cm per channel. The
width of electrode available for arcing is 7.23 cm, which
allows approximately 14 simultaneous channels. Assuming that
each channel has the same resistance yields an equivalent
resistance for an aura discharge which is one fourteenth that
of the single channel resistance. This is illustrated in
figure 24 (A) ‘and (B). Note that V. the multichanneling

voltage, is the square root of one-fourteenth V.

y

o

L—‘LH—;_‘ Tip Sensor

%%%%%%% %%%%ié

\\\1\1\\\;,.

"Tz E"’ Tip Sensor

Figure 24. Multichanneling Geometries
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For a one ns RF pulse this would indicate a transition region
on the paschen curve from approximately 3x10° Torr-s tO
approximately 4x10°® Torr-s. A transition region such as this
is supported by the experimental data, which shows a drop in
the E,/P values in the transition region by roughly one order

of magnitude.

The data was corrected for the multichanneling effect by
graphically selecting an E,/P value, and the corresponding PT,
value, of greatest magnitude above 4x10® Torr-s and
graphically selecting the most comparable E,/P value, and the
corresponding pt, value, below 4x10°® Torr-s. The lowest value
of E,/P, and the corresponding Pt, value, in between these two
boundary values was assumed to approximately be the location
of the symmetrical aural discharge. These assumptions were
made due to the uncertainities introduced because of the
difference in the working fluids of each experiment, hydrogen
and nitrogen. The PT, values selected for the upper and lower
bounds were 7.94x107® Torr-s and 2.39x10°° Torr-s respectively.
The symmetrical aura was assumed to occur at 2.11x10°® Torr-s.
A straight line was visually fit to the data lying between the
aural discharge and the lower bound via a log-log graph. The
data was then adjust by a logarithmic amount to compensate for
the multichannelling effect. V18 was selected as the maximum

scaling factor since a symmetrical aura could support a
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minimum‘of the equivalent of 18 simultaneous channels.
Likewise, a straight line was visually fit to the data lying
between the aural discharge and the upper bound via a log-log
graph. The data was then adjust by a logarithmic amount to
compensate for the multichannelling effect again scaling the

result to yield a value of V18 at 2.11x10°® Torr-s.

The E./P values and their standard deviations were rescaled

yielding a Paschen curve as shown in figure 25 on page 59, a
plot of E,/P versus PT,. The ordinate represents E,/P in
V/cm/Torr while the abscissa represents PT, in Torr-s. The
solid line is the theoretical relativistic estimate of Graham
and Roussel-Dupré, while the dashed line is the classical
estimate as discussed in the classical theory section. The
symbols represent the breakdown points corrected for

multichanneling.

Having corrected for the multichannel effects the data
conforms most precisely to the classical theory developed in
this investigation, with the exception of a shift in the
magnitude of E,/P. This shift in magnitude is indicative of
an incorrect value for v.;. Estimation of an appropriate Ve
yields a value which is approximately 6 times that classically
assumed. The classical theory developed in this investigation

was adjusted to account for the greater value for V. and
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recomputed. The results of this reevaluation are shown in
figure 26 on page 60, a plot of E,/P versus P1;. The ordinate
represents E,/P in V/cm/Torr while the abscissa represents PT,
in Torr-s. The solid line is the theoretical relativistic
estimate of Graham and Roussel-Dupré, the long dashed line is
the classical estimate as discussed in the classical theory
section, while the short dashed line is the classical estimate

corrected V. The symbols represent the breakdown points

corrected for multichanneling.
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A tabulation of the mean pulse length to breakdown at each
pressure is presented in table 3. Also presented is the
number of points which constitute the mean. The overall mean

pulse length to breakdown was 2.373 ns.

Pressure in Torr I, in ns # of pts.

0.930 1.103 11
685 2.117 10
295 2.393 10
150 2.807 10

73 2.959 10
29.5 2.692 10
19.5 3.201 7

7.0 3.014 7

4.8 2.792 5

3.4 2.891 18

2.08 2.481 9

1.22 2.344 6

1.07 2.234 5

1.01 1.980 6

0.890 2.326 6

0.790 2.532 3

0.700 2.513 10

0.590 2.551 8

0.506 2.304 5

0.506 2.332 7

0.336 1.638 24

Table 3. Breakdown Pulse Length

Comparing the experimentally obtained spectra acquired by the
spectrograph during a discharge to the spectra for nitrogen
from the CRC Handbook suggests that the light pulse produced
by the electrical discharge 1is due to electron energy
transitions in nitrogen. No aluminum lines were evident in

the spectra.
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A discrete Fourier transform was perform on the data to
compensate for the attenuation of the cables and probes. A
typical Fourier transform of an electrical discharge is shown
in figure 27 on page 63, a plot of freguency versus amplitude
after compensation for cable and probe attenuation. The
ordinate represents frequency 1in Hz while the abscissa
represents amplitude in V/Hz. The localized maxima in figure
27 represent the maximum probe attenuation at those
frequencies, refer to figure 17. The overall peak frequency
component - neglecting the localized maxima - occurs at

approximately 100 to 200 MHz.

The previous efforts utilized predominately monofrequency
sources. The results of Felsenthal and Proud were obtained
for a pulsed D.C. experimental system, and the results of Ali
and Coffey were calculated for 10 GHz and 3 GHz. Thus the
broadband signal should be bounded on the bottom by the work
of Felsenthal and Proud, and on the top by the results of Ali
and Coffey. This is graphically presented in figure 28 on
page 64, a plot of E,/P versus Pt,. The ordinate represents
E,/P in V/cm/Torr while the abscissa represents PT, in Torr-s.
The boundary limits apply between approximately 4x10™° Torr-s
to 5x107 Torr-s, where departures from the limiting values
occur. These departures are attributed to the broadband

nature of this investigation.
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CONCLUSIONS

The data suggests that multichanneling occurs between 2.39x10°°
Torr-s and 7.94x10°® Torr-s. This implies that gaseous switch
design may be modified to take advantage of the
multichanneling effect to produce switches which close at a
lower E, /P value by allowing for multiple channels or
symmetric aura. This further implies that gaseous switch
design may be modified to take advantage of the
multichanneling effect to produce switches which can close at

selectable E /P values for a set Pt,value.

The data corrected for multichanneling suggests that the V.
assumed for classical monofrequency Paschen curve
investigations underestimates the v, for broadband Paschen
curve investigations by a factor of approximately 6. This

would imply that the v, is frequency dependent.

The reversal feature of the Paschen curve has not been
observed in the experimental results. The relativistic
Paschen curve of Graham and Roussel-Dupré may not have been

noted below 4x10°® Torr-s for the following reasons:

The relativistic theory has been developed to

describe phenomena in the upper atmosphere. This
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implies a theory based on fixed pressure and
variable pulse length. The experimental data
acquired in this investigation is based on variable
pressure and fixed pulse length. It has been
proposed® that the divergence from the relativistic
theory to the classical theory at approximately
4x10® Torr-s could be a transition region from
fixed pressure and variable pulse length physics to

variable pressure and fixed pulse length physics.

The relativistic theory of Graham and Roussel-Dupré
naturally requires that the electrons achieve
relativistic velocities. This issue been examined
in the context of this investigation®. A velocity
estimate had been obtained by dividing the
acceleration of a free electron in a 1x107 V/m field
by the classical estimate for Ve at 1 Torr,
yielding a P of approximately 1. To calculate the
collisional velocity of this investigation requires

a knowledge of the mean free path length3?.
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A "
N, A% - (25)
N,

where: Ay = debye length
N, = Density of nitrogen

Referring to equation C-25 it is recalled that

23.8x10%PQ \ Q

).d-J & RoT E (26)

Using the classical physics equation x = ¥%at?,
recalling the Lorentz force equation ma = gE¢jeq €O
calculate acceleration, and setting x equal to the
mean free path length yields an equation for the
mean collisional time, t.;. Numerically solving
for t.,;, and then calculating the electron velocity
at the time of collision yields an estimated
maximum electron velocity of B = 1.7x10°®. This is
insufficient for the observation of relativistic

effects.

The theory of Graham and Roussel-Dupré has been
developed assuming intense E-fields, B-fields, and

propagation vectors. The experimental setup of
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this investigation reflected an RF pulse off of an
open transmission line, effectively canceling the
incident B-field and propagation vector with the
reflected B-field and propagation vector, see
figure 29. The relativistic £fluid equations?
collapse to <classical equations wunder these
conditions. For relativistic effects to be
observed requires either a B-field or electron flow

in the direction of the propagation vector.

&

= VN N
Q‘ J DG (7%
LJ

Fiber Optic Port

1
|

Tip Sensor

Figure 29. Field Geometries at Tip

Classical theory and experimental data suggest that

a

collisional frequency limit of approximately 1x10° Torr-s

exists. This implies that an intense electrical pulse may be

created in a gaseous medium without breakdown occurring if the

parameter of pulse length multiplied by pressure does not

exceed 1x10° Torr-s.
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. APPENDIX A

Evaluation of the Ionization Rate

Integrals




Evaluation of integral 11 as listed in the main text

400
ﬁ - 7 ﬂ _3/2 -
< > >=6x10 «‘ > € [aE[E(E El)exp{ B }exp{ }E +
1

f f_exp{ }dE] a-1

400

may be performed in the following manner.
77 £, 400
—>-617.‘ €32 [gexp{-2 2expl- [+ +—-] BdE-
<‘p x10 S [eexp }fEexp[B+ 18

400

£y 1. 3 .
aEiexp{—B—}E/; Eexpl{- [T3-+§] EME

f VE exp{ }dE'] A-2

400 |

Evaluate each integral Separately. The strategy to be used
will begin with the evaluation of the second integral in
equation A-2, continue with the first integral, and conclude

with the evaluation of the last integral.
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First evaluate the second integral in equation A-2.

defining k, = 1/B + 3/2e = [2e+3B]/ (2Be) .

400 400

-0 _
E[‘ Eexp{-k_ EldE % Ef, exp (-k, E) dE

0 exp(-k,E) oo_ 9 [exp(—400ko) -exp (-E;k,)

"3k, k, ™ Bk, k ]

Thus

400
f Fexp (-k_E) d=- [ =X (400k,) 2Texza (-E;k,) :
Ey %

o [200exp (-400k,) +E,exp (~E,k,)
k

o

]

However E; << 400 eV and 1/k, = 2PBe/[2e+3B], therefore
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400
f Eexp (-k E) dE=
Ey

and

400

1. 3 _
EfEexp{—[F+Eg]E5dE

2Pe 2Pe ' ___Ei -3E;
2e+3PB ( 2e+3PB +Ey) exp ( B )exp(

) A-7
2e
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Evaluation of the first integral in equation A-2 is best

accomplished by taking the partial with respect to k, of the
second integral in equation A-2. Thus, the partial with

respect to k, of equation A-6 will yield the solution.

- 400
-0 -3 exp(-E;k,) . 1
2 _ - _ - 1 '
Eij exp (-k E) dE akOEj;Eexp( ko) dE= - ko [+ Ed)
. 2exp(-E;k,)  2E.exp(-E;k,) N Ejexp (-E,k,)
k; k3 k,
cexp(-Ejk,) [+ 2E1, Fi
TR Kk
Thus
400
- E
sze}(p(-ka.E) dE,e= exp( Eikc) [i.’_ 2 1+Ef]
k, k: kK,
Ey o
and finally
400 1 3
2 3 - — —— -3
fEeXD{ [B+28]EidE
Ey
2fe 8 (Be)? | 4BeE, -E, —3Ei) A-8

+EZ] exp ( B )exp (——

2e+3B ~ (2e+3p)2 2e+3P
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Finally evaluate the third integral in equation A-2, with the

definition of k = 3/2¢, and the substitution of x = EY2.

f \/Fexp{——%}dE-fxexp (-kx?) dx?
400 20

- 2 - 2 S, A - 2 -
zfxexp( kx?) dx zak exp (-kx?) dx zakI
20 20
Now note that
@ o - 27
IZ-ffexp[—k(x2+y2)]dxdy- f frexp(—krz)drdﬁ
2020 V800 0

I%=2mn f rexp(—krz)dr-'n:fexp(—krz)dr2
V800 800

IZ-__]:rexp (-kr?) l;oo-%exp (-800k)

I-.’ % exp (-400k)
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Thus

f\/Fexp{-:%:E}dE-—za—iI-— -a%«l exp (~400K)
400

ffexp{ E)dp- 'E -Z—exp(—emozc) +aoo~‘ %exp(-400k)'
400

ultimately yielding

fJ_exp{ E\dg- ~l 2;‘8 exp (-600/¢) [_+aool A-9
40
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The evaluation of the integrals in equation A-2 therefore

become

Vy 27 __ 2afe 8 (Be)? 4BeE; -3E;
<—Z>=6 107,‘— 3/ + +E{l exp
P * 2m © 2e+3P [ (2e+3p)2 2e+3P il ( 2¢ )

- E))e
2e+3P 28+3[3+ 1) exp(

)

+102 ——27;8 exp ( _6800) (-%5+800)} A-10
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Appendix B

Derivation of the Effective E-Field

for Short Electromagnetic Pulses
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Consider the effective electromagnetic field for continuous

wave phenomenon®.

E

2
[2(1+-2)]2/2
2
Verr

Eogsm

It is desired to obtain the effective electromagnetic field
for a short electromagnetic pulse, which contains a spectrum
of frequencies. For simplicity  assume that the

electromagnetic pulse is a sawtooth waveform as shown in

Figure B-1.

Figure B-1. E-field vs. Time
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This waveform is described by

t

E(t)=E,— . B-2
&y
where:
E, = Peak electric field
t = time
t, = pulse duration
for
O<tg tp
and zero elsewhere. The Fourier series of this sawtooth
. waveform is
= 2E_ .
E(t) =Y (-1)m1Z2egin (ARE B-3
= nw l:p

where nmn/t, is the component frequency, and (-1)™!2E,/nxm is the
E-field due to each frequency component. The effective E-
field at each frequency component is obtained by substitution
of the E-field due to each frequency component of equation B-3

into B-1l. This operation yields,

B ((.)- Il‘l't)_ (_1)n+1 2Eo
off nm néx2 B-4
P [2 (1+—2—2——) ] 1/2
tpvaff
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To obtain the total effective E-field it is necessary to sum

over all frequencies.

- (_1)n+1
Eeff-‘/z_Eoz nin? B-5
a=1 mt(1+——2 : y1/2
tpveff

Recalling once more?® that v, .=5.3x10°P yields

‘/2_(_1)n+1
2.809x10%°¢2p?

E@ﬁ’EQE:
2"l nm(1+

The summation of the first 100 terms contained in equation B-6
is plotted in Figure B-2, on page 81; as a function of pulse
length multiplied by pressure. The asymptotical value for the
summation is approximately 0.310 for the region of interest of
this investigation. Therefore, equation B-6 may be rewritten

as

Eeffgo '310EO B"7

At higher pressures this value is achieved for shorter pulse
lengths, while at lower pressures a longer pulse length is
required. Figure B-2 indicates that: a large applied E-field
can be scaled into an appropriately small effective E-field
with the selection of an adequately short pulse, and as

pressure decreases so does the effective E-field.
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Appendix C

Relativistic Derivation of the
Paschen Curve

for Short Electromagnetic Pulses
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Consider relativistic scattering by a central force, as shown
in figure C-one below.

Figure C-One.

Scattering by a Central Force.

where: b = impact parameter
dQ = differential solid angle for a unit
radius sphere ( 27rsinfdf, with r=1 )
I';,,= incident particle flux
= particle flux scattered into dQ at 6
do = particle flux scattered into dQ at 0, divided
by T,

Following the method of Cherrington®, the differential cross
section can be defined as

do _ particle-flux-into-dQ/dQ b= routb
dQ Tin

P:ln
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Conservation of particles requires that

T, (2nbdb) =T, (2nsinfdo)

Therefore via substitution,

do _Tous)__2mbdb _ b |db
dQ T,,° 2mnsinbd® sinO 4o

The relationship between b and 0 is

where: u = 1/R
E = kinetic energy
V = potential energy

The electric field for a relativistic particle is

= Q
ame ,R2y? (1-P2sin?¢) 3/2

where: Q = electron charge ( 1.602x10°* Coul.)
g, = electric permittivity
B = v/c
Y= (1_ﬁ2) —1/2.
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The potential energy for a repulsive interaction then becomes

02
V= R, Q)= Cc-3
9 (R, ) ane Ry? (1-P2sin?¢)3/2

Noting from figure C-1 that sin®=b/R, equation C-3 may be

rewritten as

V- o* =
dme aRYz [1- (_91_2_)2] 3/2

For compactness of notation the quantity k is now defined as

QZ
4rne

so that

k uk

Ve -
y:R(1- (BR)213/2 ¥2[1-(Bbu)?]>/2
R

Equation C-2 may now be written as

n-0 du
f 1 uk(v) 1 -u2p/2 c-4

e [1- 2
b v2E (1- (Bbu) 2) 3/2
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To evaluate the integral in equation C-4 it is necessary to
determine u,,. This is accomplished by beginning with the law

of conservation of momentum.

Ym,vb=Yy oy R (RP) =y R¢m°R2<b

which may be rewritten as

Solving for the time derivative of ¢ yields

yvb

7oy 1+(1B2): °‘5

which reduces to the classical answer when v<<c, such that B=0

q',-

and yY=1. The law of conservation of energy requires that

k
(Y-1)myc?= (Y g-1) m %+ (Ype—1) m c2+
(-] o R o -YZR(l—— Ezb2)3/2 C-6
RZ

where

Y&~

alw.
e

1-(
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and

Yre .
1-( B2,z

The quantity of interest, u,,, is evaluated at that point in

space at which the radial velocity is zero.

1
uma.x-ilk'-o

This drives the first term on the right hand side of equation

C-6 to zero. Thus equation C-6 may be rewritten as

k
(y-1)m,c?=(ype-1)m c2+
] R$ o YZR(]_-— ﬂzbz)B/z
RZ

2 2
Ym,C2=Y pem,c?+

k
YZR(l— EZI:Z ) 3/2
R

Combining C-5 and C-7 into the above equation yields

l b k

ymyc2=m, c?\| 1+ ( 4 )2+ -

o o R .YZR(]___ 9222)3/2 c-8
R
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It is noted that the classical solution for u,, goes to 1/b as
velocities increase. This implies that. a relativistic
solution should yield approximately the same answer. To
simplify the solution of equation C-8, the second term on the
right hand side is approximated for R=b and P=1 as

yr(1- B2 )37 Y2R(1-p*)*? y?R R c-3
RZ

Therefore equation C-8 becomes
Ymocz'mocz‘\l 1+ (1%1—)) 2 +1‘R_k

Solving for 1/R yields

2y7k, | (2Y2K)2 g [ (XK )2 (ypp) 2] (v2-1)

1 m,c? \ m,c? m,c
uma.x-_IR-
2[ (XK )2 (ypb) 2]
m,c
kg | (K22 (v2-1) [(=55)%- (BD) 2]
_ e \ mc 'y m,c c-10

[(

k)2 (pp)2)

(=]
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Noting that

_Y}2_ (y2-1) =p2

Equation C-10 becomes

k k 2_R2 k 2. 2
| () L) (B0
U™ =
[(—)2-(pb)2]
m,C

o

which can be rewritten as

k + | k 2, 1
m,c2B2b? \  ym,c?p2b? b2

k42
(o)™

The denominator is functionally equal to minus one. Thus

k k 1
-— + | ( )2+ — c-11
Unax mcczpzbz J .YmOCZszz b2

which yields the classical solution for v<<c, and yields

U,..,=1/b for v=c.
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It is also possible to obtain the critical impact parameter,
b..;., and hence calculate the inelastic collisional cross
section. b, is defined to be the solution for b when Ry, is

negative or complex. Recalling the equation prior to C-11

[(—K )21

m,c?Bb
Rpin= 1 - o c-12
uma.x k + ( k 2+i
moczﬂzbz Ymoczpzbz b2
which yields a b.;. of
b k -—X c-13

;<
crit moczpz ﬂmocz

Thus the inelastic cross section becomes

2 Tk?
o (B) inelascic-“bcrit-(m_ocz')'z_ﬂz c-14

Rewriting in terms of energy

nk?

(m,c?)? [1-—2 ] c-15
1+—E

m,c?

2
o (E) inelas tic-“bcﬂ ™
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U,., having been obtained, the integral C-4 may now be
evaluated.
Upax
n—ﬂ_f du
2 1 uk
o {—[1- ] -u?jr/2
b2~ y2E(1-(Pbu)?)3/?
Recall from equation C-9
k k ky3
~ - -Yk
Y2(1_.‘32b2uz)3/2 Y2(1_32)3/2 Yz
therefore
o_ T d
T~ u
- c-16
2 l{_l____‘{_k_u_uz)uz
b? Eb?

This equation is merely the classical equation for a repulsive
coulomb interaction with the second term of the denominator

modified by the relativistic Y. Immediately utilizing the

classical results, and replacing the classical "k" with the
relativistic "yk" yields the solution
[-2u-XX ]
l.:;_e_-—sin‘l Eb lgmx c-17
2 [-4 4 (XK 27272
b2 Eb?2
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At relativistic velocities u,,, = 1/b. Therefore

(240K - (XK,
2 2
0-n =sin-l b _Eb -sin™? Eb Cc-18
[+ (K22 [+ (2K )22
b2  Eb? b?  Eb?

The term contained by the first arcsin on the right hand side

of C-18 goes to -1 as v—=c. This allows C-18 to be reduced to

(XX )
0 . i Eb?
—=81n
2 [2 4 (2K )22
b?  Eb?

which can be written more compactly as

e-ztan—l-é'% c-19

Equation C-19 reduces to the classically obtained result when

Y—1. Solving for b yields,
- Yk 8 c-20
b 2Ecot(z)
Recalling C-1

do __ b ICﬂH-E;(Yk)Z 1
dQ sin® d® 4 2E

. 4,0
sin (Ef)
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The integral for the collisional cross section then becomes

n

do 1,vk,2 dQ
o (6) dQ (2= ) —_— c-21
which yields
o (YK 2gorz (Onin c-22
o_.(0) n(zE) cot?( > )

where 0,,, is 0 evaluated at b set equal to the species debye

length A,.

The solutions for o, and O; are also desired, where O, is the
forward momentum transfer cross section, and O; is the energy

cross section. These parameters are defined as followed.

. (0) = f 99 11 _cos (8) ] 2nsin (8) dO

0,8~ [ 9% a- cos (8)] (2 °)21tsin(6)d6

emi.n
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The classical solutions immediately show that

_ vk zq.  2EAg c-23
0,(E)=16=n( 4E) In( YK )
2m
o.(E)= M°om(E) c-24

Thus, the solutions for all three collision cross sections
contain the species debye length. The species debye length is

itself subject to relativistic effects. The debye length is

€ KT € kpT
A= —oB eyi/2, | _~o B-ey1/2
a= n.0° ) ,l 7.0 (———Q )

where: n, electron density in particles per cubic meter

defined to be

Boltzmann’s constant

=
w
]

T. = electron temperature

kyT. = electron kinetic energy in eV

The relativistic kinetic energy is

E=(y-1)mc?
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Thus,

At breakdown the ratio of the final electron density to the
initial electron density has been determined® to be 10°. At
approximately standard temperature and pressure the free
electron density has been estimated®® to be between 0.1 to 10
electrons per cubic meter. This investigation will assume a
free electron density of one electron per cubic meter.
Utilizing the ideal gas law, PV=n,,.R,T where: P is pressure in
atmospheres, V is volume in liters, n,,. is the number of
moles, R, is the gas law constant of 0.08205 atm*l/mole/°K, and
T is the temperature in degrees Kelvin, the initial electron

density n, may be estimated as

P
R,T

n
n,-=23. ax1o°-’"§£€-z3 .8x10°

where the factor of 23.8x10%® in the numerator is in units of

electrons*liters per mole*ms®. Substituting in for n,

23.8x10%PQ \ Q

Am € aRoT E c-25
d
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Substituting equation C-25 into equation C-19 yields a 0,;, of

6min- 2 ta.r].—l

vk | 23.8x10%0%P
2E e R,IE

Therefore equation C-22 evaluates as

o - e R, T E c-26
23.8x1080%P

which, except for the energy term, is independent of Y.

Equations