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A Generalized Finite Element Method for 
Solving the Helmholtz Equation in Two 

Dimensions with Minimal Pollution 

Ivo M. Babuska Prank Ihlenburg 
Stefan A. Sauter 

Ellen T. Paik 

Abstract 

When using the Galerkin FEM for solving the Helmholtz equation in 
two dimensions, the error of the corresponding solution differs substantially 
from the error of the best approximation, and this effect increases with 
higher wave number k. 

In this paper we will design a Generalized Finite Element Method 
(GFEM) for the Helmholtz equation such that the pollution effect is mini- 
mal. 

1. Introduction 

Boundary value problems governed by the Helmholtz equation arise in many phys- 
ical applications, as for example the scattering of a wave from an elastic body. 
For this kind of problems the computational domain consists typically of the finite 
domain of the elastic body coupled with the unbounded exterior domain for the 
scattering field. In the unbounded domain the scattered wave is described by the  
classical Helmholtz equation with the Laplace operator as the principal operator.^ 
In the elastic body the equation is of the same so-called Helmholtz type with the &( 

Laplace operator replaced by the elasticity operator. 
In order to solve numerically such a coupled scattering problem, the finite -d 

element method is typically applied in the elastic body. For the approximation^ 
of the scattered wave, various approaches are used, such as the boundary element 
method, the method of infinite elements coupled with finite elements and the finite^-  
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element method where the unbounded exterior domain is replaced by a bounded 
artificial domain with suitable boundary conditions on the artificial boundary (see 

[8])- 
In this paper we will address the Helmholtz problem for the Laplace operator 

on a bounded domain as the model problem which characterizes the behavior of 
the finite element method for both the Helmholtz problem of elasticity and wave 
scattering. 

It is known and understood (see [5]) that the accuracy of the Galerkin-FEM 
deteriorates with increasing wave number. To be more concrete we have to intro- 
duce a norm to measure the accuracy of our FE solution. Let e be the accuracy 
we would like to achieve. Then there exists a number of elements n0 = no (e) 
such that, in the corresponding finite element space, there is a function called 
"best approximation" with an error less than or equal to e. Usually the FE so- 
lution needs more elements to get the same accuracy (say ngai (e)). For standard 
elliptic problems, the Galerkin method is quasi-optimal, meaning that the ratio 
rigai/no is a constant. For the Helmholtz equation the situation is different. In 
this case the ratio ngal/n0 goes to infinity with increasing wave number. We call 
this non-robust behavior with respect to the wave number the "pollution effect". 

A generalization of the FEM was introduced in [1] and is called Generalized 
FEM (GFEM). This method covers practically all modifications of the FEM which 
lead to a sparse system matrix. In [2] two of the authors have defined a GFEM 
called stabilized FEM for the Helmholtz equation in ID with the property that 
nstabaized/no is a constant independent of the wave number. However, in the same 
paper it was proved that in the two-dimensional case there exists no GFEM such 
that the ratio nGFEM/n0 is bounded with respect to the wave number. 

To explain the goal of this paper we consider the discretization of the Helmholtz 
equation separately from the discretization and incorporation of the boundary 
conditions, as with the finite difference method. In our paper we focus on the ap- 
proximation of the Helmholtz equation in the interior of the domain by a GFEM. 
The approximation of the DtN mapping for the definition of the boundary con- 
dition and the effect of its discretization is not the subject of our investigation. 
In matrix-algebraic terms, our task is to define the interior stencil of the system 
matrix in such a way that under an optimal modeling of the boundary conditions 
the ratio nstabiiized/no increases as slowly as possible. 

The importance of a proper approximation of the Helmholtz operator was 
worked out in [2], where it was shown that, if the interior stencils lead to a 



pollution, this effect cannot be countered by any discretization of the boundary 
conditions. 

Our paper is organized as follows: 
In the next section we will study a one-dimensional model problem. We will 

define the GFEM for the Helmholtz problem. We will show that the corresponding 
discretization error is directly related to the difference of the so-called discrete 
wave number jfc with the exact one. The difference k-k is called "phase lag". Using 
these results, we are able to construct a FEM with the property that k - k = 0 
which additionally satisfies the usual consistency conditions. We will prove that 
this GFEM, called "stabilized finite element method" (SFEM) has no pollution. 

In Section 3 we will define the GFEM in two dimensions and a 2-D analogy 
to the phase difference k-k. It will turn out that in 2-D every GFEM has the 
phase lag. We will prove that this phase lag leads to a pollution term in the error 
estimates. 

In Section 4 we will define and explain a measure of the approximation quality 
of the GFEM discretization for the Helmholtz equation. 

In Section 5 we will define a GFEM called Quasi-Stabilized FEM (QSFEM) 
which leads to the smallest possible pollution. 

In the last section we will present the results of a 2-D implementation, where 
we compare the quality of the quasi-stabilized FEM with the usual Galerkin FEM 
and a further GFEM called generalized least squares finite element method (GLS- 
FEM). The latter method was developed by Thompson and Pinsky (rf. [9]) based 
on a paper of Harari and Hughes ([4]). 

2. One-dimensional model problem 

In this section we will consider a one-dimensional model problem and explain why 
the accuracy of the Galerkin FEM deteriorates with increasing wave number k. 
This non-robust behavior with respect to k is called the pollution effect and will 
be defined formally in Definition 2.3. We will explain how the pollution effect 
is related to the underlying discretization method. By using that investigation 
we are able to construct a so-called generalized finite element method (GFEM) 
having no pollution. 

To fix the notation let us consider the following one-dimensional model prob- 
lem 

-u"-jfc2u = /inft:=(0,l) (2.1) 



with boundary conditions 

u(0)   =   0, 

iku (1) + v! (1)   =   0. 

To apply the finite element method to this equation we write (2.1) in a variational 
formulation, seeking u G V := {v G Ux (Q) \ v (0) = 0} such that 

a (u, v) := f1 u'v' - k2uvdx + iku (1) v (1) = / (v) (2.2) 
Jo 

is fulfilled for all v G V. Here and in the following we assume that / lies in the 
dual space V = U-l{Q). 

Further, let {zi}0<i<„ denote a set of grid points 0 = x0 < Xi < ... < xn = l. 
The finite element gfid r consists of the intervals {[xm-i,£m]}i<m<„- Tne steP 
size h is defined by 

h := max (xm - xm-i) • 
l<m<n 

We consider here only the h-version of finite elements and define Sh as the space 
of continuous functions which are linear on each interval. A study of the p-version 
of the Galerkin-FEM for the Helmholtz equation can be found in [7]. 

2.1. The GFEM for the Helmholtz equation in ID 

The Generalized Finite Element Method (GFEM) was first introduced by Babuska 
and Osborn (rf. [1]). The idea is to introduce local mappings which transform 
the usual finite element basis functions to another local basis. In the mentioned 
paper these local mappings were designed in such a way that the resulting method, 
applied to a differential equation with highly non-smooth coefficients, converges 
with optimal rate. 

For our purpose we define the GFEM in the following algebraic way. The 
GFEM is a method which defines a tri-diagonal matrix A G Cnxn and a linear 
mapping Q : %~x ->■ Cn. The solution of 

Au = b 

with b := Q (/) is then identified with a finite element function by the basis 
representation 

Ufe {x) :=  X) nrn<f>m 0*0 
m=l 



with the usual local nodal basis {</>m}i<m<„ of Sh. The function ufe serves as 
an approximation of the exact solution of {2.2). How the Galerkin FEM can be 
written in this notation can be found in the following 

Example 2.1. The Galerkin FEM is characterized by the tri-diagonal matrix 

Aij := a{<j)j,4>i) 

and the mapping Q deßned by 

bi :=(Q (/))<:=/(&)• 

2.2. Error analysis for the Galerkin FEM 

To measure the accuracy of the FE-solution we have to introduce suitable norms. 
We will consider the C2 and T^-seminorm defined by 

IMIo '■= I u (x)ü (x) dz 
•/is 

and 
Hi := IKHo 

From the approximation theory it is well known that for every function u G 
"H2 (ti) there exists it/, G Sh such that 

h-UhW^Ch^Wu'X 

for j G {0,1}. The dependency of the relative error on h and k is discussed in the 
following 

Theorem 2.2. Let the right-hand side f of (2.2) be in C2 [Q). We assume that 
the exact solution u of (2.2) is oscillating in the sense that for 0 < s < t < 2 

u ■(*) 

jfl- < Ch*-1 (2.3) 
uW|| 

is satisßed. For j G {0,1}, the best approximation u3^ G Sh with respect to the 
W-seminorm is deßned by 



The function u3^ satisfies 

^opt 

u — u: opt 

hi 
< C {hk) 2-j 

Proof.     Using (2.3) we obtain 

&opt — 

u — u: opt 

l<% ^c^ö-c("r 

Remark 1. From the Theorem 2.2 we see that the accuracy of the optimal ap- 
proximation depends only on the number of the elements in one wavelength of 
the solution, i. e., depends only on the value k • h. To relate this value to the 
accuracy of the solution is a "rule of the thumb" in engineering computations. 

We say that the GFEM has the pollution effect if it is possible that e^t is 
small but the error of the GFEM solution is arbitrarily large. The details are in 
the following 

Definition 2.3 (pollution effect). For j G {0,1}, let the error of the GFEM- 
solution Ufe be deßned by 

fe''~   IK-   * 
If this error can be estimated by 

ej
fe<C1{kh)2-i + C2k*(kh)t. 

with s > 0 and in addition, there exists right-hand sides for problem (2.1) such 
that the corresponding unite element error can be estimated from below by 

eje > C3k
r {khf 

with r > 0, then we say that the GFEM has the pollution effect. 



In view of the Theorem above it is obvious that the error of the best approx- 
imation is small if kh is small, while the condition s, r > 0 in the definition of 
the pollution effect has the consequence that for sufficiently large A; the quantity 
ks (khf can be arbitrarily large, i.e. the "rule of the thumb" mentioned in the 
Remark 1 does not lead to an accurate solution if fc is large. 

The following Theorem shows that the Galerkin FEM for our model problem 
has the pollution effect. 

Theorem 2.4. Let the exact solution of (2.2) be oscillating in the sense of (2.3). 
Let us assume that our grid is uniform, which means 

h = xm- xro_i = Xi - Xi-i   Vm, t € {1,2,..., n} 

Let the right-hand side of (2.2) / G £2 (£2) and ug(U be the Galerkin solution. 
Then for hk < 1 the error estimate 

el9<u := 
h^Jl < C (kh) + C2k (kh)2 

holds. The error in the C2-norm can be estimated by 

e0ai:=hz^<{C3 + c4k)(kh)\ 
\\u\\o 

Proof.     In the proof of [5, Theorem 5] it was shown that 

\\u-ugal\\1<(C1h + C2(kh)2)\\u"\\ 

holds. In conjunction with (2.3) we obtain the desired estimate of el
gal. 

The £2-estimate was proven in [6, Theorem 4]. 
■ 

Numerical computations in [5] shows that the error estimates are optimal, i.e. 
there are cases where egal and eQ

g(d are bounded from below by the same pollution 
term as from above. For a theoretical investigation see Theorem 2.6 together with 
Lemma 2.5. 



2.3. Relation of the finite element error to the discrete wave number 

In this section we will explain how the pollution effect is related to the difference 
of a discrete wave number and the exact one. Later, we will study this effect 
in two dimensions as well. We include here the one-dimensional investigation 
because the main ideas are more visible than in two dimensions. To avoid too 
many technicalities we consider the following model example with Robin boundary 
conditions on both sides . 

-u"-k?u   =   0   infl = (0,1) 
-u' (0) - iku (0)   =   -2ik, 

v! (1) - iku (1)   =   0. 

(2.4) 

If not stated otherwise, we assume throughout this chapter that ft is partitioned 
into intervals having constant length h. It is easy to check that the exact solution 
of (2.4) is given by 

u(x) = eikx. 

We consider a GFEM of the form 

Du = b (2.5) 

with the (n + 1) x (n + 1) matrix D 

D = 

£>!    N 
N   D2   N 

N   D2   N 

N   ••• 

D2   N 
N   Dx 

and the right-hand side vector 

b = (-2ik, 0,0,..., 0)T. 

We assume that the elements of the matrix D can be expanded in a Taylor series 
of the form 

A   =   h-1 (l - ikh + ta„ (kh)2n +1 (kh) J2 ßn (kh)2n + O ((kh)2p+2)) 
\ n=l n=l / 



(2.6) 

D2   =   h'l^ + j^(kh)^ + 0({kh)^ 

N    =    h-'Ll + f^SAkh^ + Ofoh^fj 

These assumptions are very natural in view of the underlying equations. Some 
comments for the first three conditions are given later in Remark 3. The impact 
of the last two equations will become clear in the proof of Theorem 2.6. 

The system (2.5) can be solved explicitly. For this purpose, we will use the 
concept of the discrete Fourier transform to solve finite difference equations. Al- 
ternatively, one could employ the theory of fundamental systems for our one- 
dimensional model problem. We prefer the first method, because the discrete 
Fourier transform can be extended straightforwardly to the higher-dimensional 
case. In contrast to this, the theory of fundamental systems is applicable only 
in the one-dimensional case because the number of homogenous solutions of a 
second-order differential equation in 2-D without boundary conditions is infinite. 

We start by computing the discrete symbol of a difference scheme. For this 
purpose we introduce the discrete Fourier transform of a complex vector u = 

{uro}m6z={...,-i,o,i,-} by 

Ü (£) := (^u) (0 :=   E   ume**. 
m=—oo 

For a difference scheme with constant coefficients given by 
p 

(Au)m = Z! Aium+i 
I=-P 

the discrete Fourier transform can be computed as 

(Ai)(f)   =   ££=-oo£f=-pAjWm+,e«"* 

=   £?=_„ A« ESS-» W^ = Xl-p A<e~* ££=-00 "m+<ei(m+,)£ 

=   Ef=-P A*-« ££=_oo umj« = (£?=_p A,e-««) Ü (fl . 



The function a(f) := (£?=_p A/e_iif) is called the discrete symbol of the difference 
operator A. Let {6}_p<,<p denote the zeros of a in the interval [-7r,7r[, i.e. 

a(6) = 0 
vie{-p,-p + i,---,p} 

6€ [—7T, 7r[. 

By the theory of finite difference schemes it follows that the vector 

r}m := £ Cie*"»,    m G Z 
I=-P 

satisfies 
Ar? = 0. 

Simple computations yield that the discrete symbol of the difference operator 
which corresponds to the GFEM (2.5) is given by 

d(e) = D2 + 2iVcos£. 

The zeros of the symbol are given by 

£ = ±k 

With 1 f   D \ 
£ = -arccos(-^J. (2-7) 

The number k in this context is called the "discrete wave number". Consequently, 

satisfies equation (2.5) for indices 2 < j < n - 1, i.e. 

(Du)i = 0   Vj€{2,3,...,n-1}. 

The constants C\ and C2 are determined by the equations 

(Du)!   =   -lik, 

(Du)n   =   0, 

10 



in other words, by the boundary conditions. They are given explicitly by 

 ke-i'k(Di+ffei'kh) 

(2.8) 

C<1 ~ (D\ sinib+2DiNsin(fc(l-/i))+JV2 sin(*(l-2/»)) 

with h := 1/n. 
To summarize the explanations above, we state that the solution of our tri- 

diagonal system of linear equations (2.5) is given by 

u^dc^' + Cae-^,    0<j<n, (2.9) 

where the discrete wave number k is given by the zeros of the discrete symbol of 
the underlying difference operator and is independent of the boundary conditions. 
The boundary conditions then determine the constants C\ and C2. 

Now, we will study the relative error of the GFE-solution in the £2-norm given 
by 

e*x - ZU *ih (*) 
e0 := M  lie**! 

The functions tj>j are the usual linear nodal basis of the finite element space Sh- 
it turns out that the error e0 is directly related to the distance of the wave 

number A; from the discrete wave number k. Therefore, before we start to estimate 
e0, we will estimate k-k. The details are given in the following 

Lemma 2.5. Let kh be bounded and conditions (2.6) be satisßed. Then either 

k-k = 0 

or there exist constants q0,qi independent ofk and h but possibly dependent on 
7 and 6 of (2.6) such that 

\80 q0k (kh)80 < \k - k\ < qrf {kh) 

with s0 > 2. 
For the Galerkin-FEM the estimate above holds with s0 = 2. 

11 



Proof. The discrete wave number was given by (2.7). In view of that equation 
we compute the quotient |£. Using (2.6) we get 

_a._ 2+Ts.j.m'- .!+(i + A(khf+f A{khf. 
2N        2(-l+ES=1i(M)2") \2' JK S 

The modified wave number, given by 

k = i arccos (l + Q7i + *i) (fc/i)2 + £ p, (A:/*)2*] , 

can be expanded about kh = 0 as 

* = £ (V(-7i - ^)kh + £». (^)28+1) • 

Now it is clear why we imposed the fourth condition in (2.6). Under this assump- 

tion, the term J- (71 + 25i) = 1 and the discrete wave number converges towards 
k as h ->■ 0. The equation above can then be written in the form 

k-k = 0(k (kh)s°) 

with even s0 > 2. Only in the case of iB = 0 for all s > 1 we obtain 

* - k = 0. 

In [5] it was shown that for the Galerkin method k = k + O (k (kh)2} holds if kh 
is bounded. ■ 

In the sequel the number s0 is given by the Lemma above. 
Now, we will estimate the relative £2-error eo from above and below. The 

details are in the following 

Theorem 2.6. Let us assume that the considered GFEMhas the property k^k. 
This means that s0, defined above is unite. Let kh and k (kh)80 be bounded and 
k sufficiently large. 

Then, the error e0 of the GFE-approximation of the solution of (2.4), namely 
eikx, can be estimated by 

c \k — k <e0<C (khf + C k - k\. 

12 



Proof.     For the following analysis, we will use the interpolant ufnt of the func- 
tion e™*, i.e. 

3=0 

Using the fact that |eifcz| = 1, the error e0 can be estimated from above by 

eo   = 
eikx _ eikx + ei*x _ ^ + uknt _ En=Q Uj(j). (x 

eikx _ eikx\\ + e^-<t|| + Hnt-E^oUi^(a;)|| 
(2.10) 

We will now estimate the three terms on the right-hand side above separately. 
Considering the first term we get: 

ILifcx _ e»**|2 = ß (eikx _ eifej (e-ikx _ e-ifcxj dx 

= 2(1-^1). 
(2.11) 

By our assumption we know that k - k is bounded, thus the Taylor expansion 
about k — k = 0 results in 

eikx _ eikx 
\k-k\ 

< J—^ + 
v^ 

O (\k - fcQ . 

The second term on the right-hand side of (2.10) can be estimated by using a 
standard interpolation argument 

r\2 
Pikx _.k 
e uint <Ch2 (<**)"    =C(hk)\ 

Using k = k + O (k (kh)a°) (see Lemma 2.5), we obtain 

|^x-^L|<c(^)2- 
For the last term in (2.10) we proceed as follows: 

j=0 

£ (uL-u)iM,,m(uL-u)j 
J,m=0 

13 



with the mass matrix M defined by 

My := /   <f>i (x) <ßj (x) dx 

and (u£,f) := u\nt (hm). It is well-known that if the FE-space corresponds to a 
uniform grid, the £2-norm is equivalent to the weighted Euclidean norm, resulting 
in 

j=o 
<h±\{«i,-u)mf=: 

m=0 
"Sa - u 

The norm ||-|||3 is called the /2-norm. For a vector u, we introduce the convention 

||Um|ß:=Äi:|Um|a. 
m=0 

Using the definition of uk
nt and (2.9) we obtain 

< 
j=0 

Direct calculations yield 

e*jh _ Ci/kjh _ c2e-äjh 
P<\l-Ci\ 

Jkjh 
2+\c2 

,-ikjh 

Jkj 

j=0 

,ikjh = hJ2l = (n + l)h<2, 
j=0 

thus, 

u L-Y,MJ(X) 
j=0 

<2(|l-C1| + |Cb|). 

Let us first estimate the constant C2 of (2.8): 

-Jfce* (Di + Mr**) 
Co = 

D\ sin ~k + 2Di AT sin (jfc (1 - hj) + N2 sin (k (1 - 2hj) 

Replacing k by k + e and inserting the formulae for Di and N (cf. 2.6) into the 
definition of C2 and expanding C2 as a Taylor series about e = 0 and hk = 0,we 
get 

Co = 
1 + 2 fa + ßl) kh + C(khf 

14 



In view of this representation it is clear why we imposed the fourth condition in 
(2.6). The constant C2 then can be estimated by 

C2<C{khf. 

Applied to |1 - Ci\, the same arguments results in 

|l-Ci| <C(A;/i)2. 

Combining all estimates above we conclude that the inequality 

(2.12) 

(2.13) 

c** - J2 {CiJijh + C2e~ikjh) <j>j (x) 
3=0 

<C{khf + C k-k 

is fulfilled, completing the proof of the upper estimate. 
For the lower estimate we proceed in the following way. The error e0 can be 

written in the form 

e0 = (eikx - de"* - C2e~iix) + [c^kx + C2e~ikx - £ urfj (x) 

By definition we have that £"=o VLJ4>J (X) is the interpolant of deikx + C2e 
ikx. 

Therefore, we know that 

C1e*x + C2e-iix-'Zuj<l>j(x)   <Ch? 

Using (2.12,2.13) we obtain that 

(de** + C2e~ikx)'  < C(khf (|d| + \C2\) 

CxJ
kx + C2e~ikx - Y, VLjh (x) \\ < CM (khf 

3=0 

eikx _ ueikx _ ve-ikx -CM (khf. 

Thus, eo can be estimated by 

e0 >   eikx - C^kx - C2e~ikx -CM {khf > min 
— u,v€C 

Let L := UU • y where [q\ denotes the largest integer less than or equal to q. 
Let ||-H^ be defined by 

||u||i:= /  u(x)ü{x)dx. 

15 



Using this norm, eo can be estimated by 

eo > min 
«,t;€C 

eikX _ uetkx _ ve-**\\ - cint (khy 

The computation of this minimum is easy in view of the orthogonality of etkx and 
e-i"kx on ^ L). Introducing e = k - k, we get that the minimum is achieved for 

«o 

v0 

L Jo 
ei€L -1 

ieL 

(zk+e)L 

L Jo i(2k + e)L      i [2k + e) 

We assumed that k is sufficiently large, therefore L = [±\ • \ > C [£\ • ^ is 
bounded away from zero and the minimum above can be computed to 

min 
u,i>eC 

eikx _ ueikx _ ve-ikx =   \M wo N 

1 1-2(1-COB (eL))(^ + p^) 

>   Ce. 

Combining the above estimates we obtain that 

e0 > Ce - Cint (kh)2. 

For sufficiently large k the term Cint (kh)2 becomes negligible compared to e = 
O (k (kh)"0), resulting in 

e0 > Ce = C k-k 

completing the proof. 
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2.4. A stabilized finite element method 

In view of Theorem 2.6 it is clear that a GFEM with no pollution term in the 
error estimates must satisfy 

k - k = 0. 

This is equivalent to 
*h =-2 cos (kh). (2.14) 
N 

Of course, the analysis of the model problem (2.4) guarantees that the arising so- 
called "stabilized finite element method" (SFEM) has no pollution only for this 
special example. However, two of the authors considered the more general problem 
(2.1) and showed that if (2.14) is fulfilled, it is always possible to discretize the 
boundary conditions and the inhomogeneous right-hand side in such a way that 
the GFEM has no pollution. The details are in the following 

Theorem 2.7 (stabilized finite element method). Let us consider the prob- 
lem (2.1). Let the interval (0,1) be partitioned using the grid points 0 = xQ < 
xi < ... <xn = l. Here, we do not require a uniform grid. Let thenxn system 
matrix Bstab be given by 

rinfrfo+i-^-i})  ifi =j<n 
fun(k(xi+i-Xi))Bin(k{xi-Xi-i)) J ' 

k2h ■Qstab _      K " 
,J       2tanf 

sin(k(i„-s„_i)) 

if \J ~ i\ = 1» mn(k\x{—Xj\) 

0 otherwise 

and the mapping Qsiab by 

h     "dn<*t1'B> tan fk^^A ff~ , / (x) dx 

^    h     2tan*£     A        xm-xm.i     {xm-xm-i)' 

The corresponding GFE-solution u is defined by 

Du = f, 
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while u denotes the exact solution of (2.1). 
Under the assumption that the right-hand side of (2.1) f £ M1 (0,1), tie error 

estimate 

IMIi 
J- < C (kh) 

is satis&ed. Obviously, this so-called stabilized unite element method (SFEM) has 
no pollution. 

Proof.     The proof of this Theorem can be found in [2, Theorem 2.3]. 

Remark 2. In the case of a uniform mesh, for the SFEM, the quotient D2/N 
satisßes 

-£ = -2 cos (kh). 
N 

3. The GFEM to the Helmholtz equation in two dimen- 
sions 

In this section we consider the Helmholtz equation on a square of side length 2L 

-Au-k2u = f   infi = (-L,L)2 (3.1) 

with boundary conditions 

asiku + ß8^ = 9s on Ts for s € {1,2,3,4}. (3.2) 
on 

The boundary pieces Ts are depicted in figure (3.1) where the symbol ^ means 
"outside normal derivative". 

Let ft be partitioned into squares of side length h = ^ forming the finite 
element grid r. The space of finite element functions Sh is defined by continuous, 
piecewise-bilinear functions corresponding to the grid r. The grid points are 
defined by xSjt := h(t-l,s- 1) . The local basis functions are denoted by 

{&,t}i<«,t<n> and satisfy tüe relation 

fl      if M) = (s',0 
(f>8,t i^s'.t')  =   \ 

[ 0 otherwise. 
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(-L.L)      *3 (L.L) 

Figure 3.1: Domain Q with boundary and normal directions 

A finite element function u € Sh can be identified with a vector {us>t} l<s,t<n by 

(3.3) 

the basis representation 
n 

U(x)=  Y, us,t<l>s,t (x) . 
s,t=l 

The GFEM is a method which defines an n2 x n2 matrix A and a linear mapping 
Q which maps the right-hand sides of (3.1,3.2) onto the vector of the right-hand 
side b, i.e. 

b:=<2(5,/). 

The solution of the linear system 

Au = b 

is identified with a finite element function by (3.3) which serves as an approxima- 
tion of the exact solution of (3.1,3.2). 

The dimension of the system matrix is n2 thus, each grid point x8,t can be 
associated with one equation. If the grid point xs>t is an interior grid point, i.e. 
not lying on the boundary, then the corresponding equation can be written in the 
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form 
Asj'

1us.1>t+1     +A°sju8tt+i     +Asltut+i,t+i 
+   A-l>°ua„1>t        +<'NM        +A]$u8+l>t 

+   AJi'-^-ut-i   +A%1ut,t.1   +A\>>t
1us+1,t-1   =   ba,t. 

If the grid point is lying on the boundary T, then those elements of Aay which 

are multiplied with values of up,q with h (q - l,p - 1)T i Ü have to be set to zero. 
This means that the system matrix of a GFEM is set up by defining all interior 
"stencils" 

* interior .  
As,t -~ 

all edge stencils 

A edge _ 
As,t    — 

4-1.1 

4-1,0 
A°,'l 

AO',O 
As,t 

0 

AStt 
4-1,0 

Asy 

41,1 

41,0 

A°A 
A°''° As,t 

40,-1 

Aa't 
41,0 

As',t 

Al -1,1 
t 

4-1,0 AS.t 

Aa,t' 

A0'1 As,t 
40,0 
A8,t 

A*\l 

0 
0 
0 

etc. 

and all corner stencils 

A corner   
As,t        — 

A0'1 As,t 
40,0 
As,t 

A8\t 
41,0 As,t 

Aa,t 
A~lfi 

40,1 
As,t 0 

0 
0 

etc. 

The quality of our GFEM approximation depends on the coefficients Aay and the 
definition of the right-hand side vector. We impose the following restrictions on 
the stencils A8)t and mapping Q. 

Al The interior stencils A™frior, which depend on k and h, satisfy the following 
symmetry condition 

Atnt 
As,t 

interior .  
A2 Ai A2' 
Ai Ao Ai 
A2 Ai A2 

(3.4) 

and have the same values for all s and t. 
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A2 Let us assume that the right-hand side / of (3.1) is zero. Then, the lin- 
ear operator Q is local in such a way that if xa>t is a grid point satisfying 
dist (xa,t, r) > 2/i then the corresponding entry bt>t of the right-hand side 
vector is zero. 

A3 We assume that the interior stencils of the finite element matrices Amter%or 

can be expanded as a Taylor series of the form 

(iMo = ££=0(M„<*2m> 
(iiMi = E£=o04i)ma2m> 

(iii) A2 = E~=0(^L«2m. 
with a = kh and (At)m independent of k and h for all t G {0,1,2}, m € 
{0,1,2,...}. 

A4 We assume that the principal part of A, i.e. 

|"(M>   Mo   Wo 
^principal '■=       (Al)0    (^o)o     (^l)o 

L(M>   (Ai)0   (A2)0\ 
is an approximation of the principal part a0 {u, v) = /n (Vu, Vü) dx of con- 
sistency order 2, implying 

(4>)o   >   0, 

(Ao)0 + 4((A1)0 + (A2)0)   =   0, (3.5) 

-(Al)0-2(A2)0   =   1. 

These restrictions are very natural considering linear finite elements. Some 
comments are given in the following 

Remark 3. Condition Al reflects to the rotational and translational symmetry 
of the Helmholtz equation and the mesh r. 

Condition A2 reßects the fact that the discretization of the boundary condi- 
tions has local influence to the right-hand side vector. 

Condition A3 reßects the fact that the Laplacian and the identity operator are 
of even order. 

Condition A4 is the usual consistency condition if "- A" is discretized by linear 
elements. 
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4. Approximation of the Helmholtz equation by the GFEM 

In this section we will investigate the dependency of the accuracy of the GFEM 
on the matrix stencils. To measure the accuracy, or the difference between the 
GFE solution and the exact solution, we introduce a weighted £2-norm defined 

INI2 - / Vj^*x. 

This weighted norm reflects the fact that in this paper our aim is not the modeling 
of the DtN boundary conditions and their discretization but to discretize the 
Helmholtz operator in the interior of the domain in an optimal way. 

To specify the quality of our GFE discretization we will use some tools of the 
theory of the (integral) Fourier transform and the discrete Fourier transform. We 
give here only a short summary of the theory presented in [2]. The symbol of the 
Helmholtz operator is given by 

*(0 = ll£ll2-*2 

where £ G R2 and ||f||2:=f2 + £2. 
In Condition Al of the previous section we assumed that the interior stencils 

of the GFE-matrix have constant coefficients, i.e. 

/(interior _ 

where At only depends on k and h.  The discrete symbol of the corresponding 
difference operator is given by 

0stencil (0 := ^0 + 2^X (COS f 1 + COS &) + 4A2 COS f 1 COS f2. 

Let Jfkh be defined as the scaled roots of the operator symbol a: 

Nkh := {f <E R2 | a (h-1^) = 0} ; 

in other words jVk/l is a circle centered at the origin with radius kh. 
Further, let Nstencu be defined as those roots of attenca lying in the square 

(_fc/i -e,kh + e) x (-kh -e,kh + e) where e > 0 has to be chosen sufficiently 
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small such that Nkh is a simple connected line. The maximal distance between 

these curves defined by 

i L / cost \ 
V(stencil) := V(Nkh,Matencu) := J^^J^j, kh{smt)- 

(4.1) 

can be considered as a measure of the approximation quality of the GFEM for the 
Helmholtz equation in the interior by the GFEM difference operator. The details 
can be found in the following 

Theorem 4.1. Let Ainterior be the interior stencil of a GFEM to solve the Helmholtz 

problem ,    x 
- Au - k2u = f in QL := (-L, L) x (-L, L) (4.2) 

with boundary conditions 
Bu = g (4-3) 

which should imply existence and uniqueness of the solution. 
a) Then there exists L < oo, a right-hand side /, and boundary data g such 

that the error of the GFE-solution ufe can be estimated from below by 

rD (stencil) 
II« - u/e||_ > Ciy 1—• 

On the other hand there exists a function u^t in the unite element space which 

satisfies 
||«-«opt||_<C2A;2/i2, 

where the constants C\ and C2 are independent ofk and h. 
b) The function V (stencil) can be expanded accordingly: 

V (stencil) = rlo (fc/i)2'0+1 + O (khf0+3 

with constants rt depending on the stencil coefficients (At)m fort e {0,1,2} ,m£ 
N0 (cf. Condition A3) but not on k and h. Further, l<l0<ooand the coefficient 

c) Asymptotically (i.e. for sufficiently small kh) the error \\u - u/e||_ can be 

estimated by 
\\u-ufe\\_>CiCauncaVk(kh)10. 

Consequently, ifkh is small enough, the error of the best approximation could be 
small, but for sufficiently large k the error of the GFE-solution could be arbitrarily 

large. 
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Proof.     The proof of this Theorem is given in [2, chap. 3]. ■ 
The theorem can be interpreted as follows. Let a GFEM be given. Then the 

following situation can arise for given right-hand side / and boundary data g. 
We want to compute the solution of (4.2,4.3) with an accuracy of e. Then by the 
approximation property of our finite element space Sh we know that if the number 
of elements is larger than n0 there exists a function u^t £ <Sfc satisfying 

\\u-Uopt\\<e. (4.4) 

Then, the number of elements UGFEM to guarantee that the GFE-solution also 
fulfills (4.4) has the property that the ratio nGFEM/n0 behaves asymptotically 
like _, , nGFEM ^C'Vke1-*. 

n0 

Obviously the ratio "fif,ffAI goes to infinity with increasing k. We conclude that 
the function V (stencil) is a well-suited measure of the approximation quality of 
the GFE discretization to solutions for the Helmholtz equation. 

5. A generalized finite element method having minimal 
pollution 

Based on the theoretical results of the previous section we are now able to con- 
struct a GFEM having minimal pollution. To be more concrete we will define an 
interior stencil such that V (stencil) is asymptotically minimal. 

By Assumption A3 of Section 2, A0 # 0, therefore the quotients Oi and a2 are 
well-defined by 

«i =4£>      °s = 4^. 
Using A4, a\ and a^ can be expanded as 

2ro 

m=0 

and oo 
\2m a2 = £ im (kh)2m. (5.1) 

m=0 
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Note that condition (3.5) implies that 

1 + Ao + to   =   0 

Ao + 2i0   ±   0. 
(5.2) 

In view of the definition of V {stencil) (cf. 4.1) we introduce the function dist (-7T, n) 
Itfby 

dist {ß) :=    min 
«€A/,tenctJ 

kh 
/cos/?\ 

The function dist can be expressed explicitly by the expansion 

dist (ß) := E r™ (ß) (kh) 
2m+l 

ro=l 

Before we define the coefficients rm = rm {ß) we introduce «„, rn and p2„>m by 

Kn — 
(-C06V)" 

(2n)! 

P2n,m = < 

-ill 
(2n)! 

^0,m 

(/C * r)n — X/m=0 KmTn-m 

if n = 0, 

r • r *... * r 
^2n-/oM convolution/ m 

) 
otherwise 

with <5„,m denoting the Kronecker delta. 
Formally we set r0 = 1. Then, all other coefficients rm (ß) are given by the 

condition 

£ f (*n,m (A,-„_m^4^ + *--». (« * r)n) = 0   VZ > 1.        (5 
n=0m=0 \ Z / 

.3) 

We state that condition (5.3) can be written in the form 

(5.4) 

The abbreviation l.o.t. denotes the remaining sum of (5.3) containing only func- 
tions rj with j < I-1. In view of (5.2), relation (5.4) serves as a recursive formula 
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for the functions r> The proofs and development of these formulae can be found 
in [2, Appendix]. 

In the mentioned paper it was further proved that, for bounded kh < a0, 

V (stencil) :=   max  dist (ß) < C (kh) 2Zo+l max  r^iß) (5.5) 

where the largest possible value of IQ is 3. 
To summarize this section, we state that the quality measure V (stencil) can 

be explicitly computed by formulae (5.3) and (5.5) for each generalized finite 
element method. 

By the consideration above it is clear that an asymptotically optimal interior 
stencil has to be designed such that rx (ß) = r2 (ß) = 0. According to condition 
A3 (cf. Section 3), we had assumed that the interior stencil Ainterior can be written 
in the form 

Ainterior _ 
A2    Ai    Ai 
Ai   A0   AI 

A2   Ai   A2 

00 
\2m 

Am,2    Amyi    Amp 

Am,1    Am 

Am,\   Amfi   Amji = ^ (khf Azterior = E (kh) 
m=0 m=0 A„o    Am<i    Am,2 J 

(5.6) 
where the interior stencils A%Urior in the expansion above are independent of k 
and /i.i.e., Am>t are in general complex numbers. In the following we will use 
a := kh. 

We define the interior stencil A^pff~M of the quasi-stabilized   FEM (QSFEM) 

by 
A0   =   4 

Ai   =   2 
Ci(a)si(a)-C2(a)s2(a) (5.7) 

Ai   = 

C2(a)«2(a)(ci(a)+si(a))-ci(a)8i(o)(c2(a)+«2(a)) 

_     C2(a)+S2(a)-ci(a)-8i(a)  
12    —    C2(a)s2(a)(ci(a)+«i(a))-ci(a)*i(a)(c2(a)+S2(a))' 

while the auxiliary functions cx, si} C2, and s2 are defined by 

ci (a) := cos (a cos ^)       Si (a) := cos (a sin ^) 

c2 (a) := cos (a cos ff)      s2 (a) := cos (a sin ff) . 

The function Ai and A2 be expanded according to (5.6) because cos is an even 
function. The first terms of this expansion, i.e. the stencils ^terior for m < 4, 
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are given by 

A interior   
•IQ — 

1 _4 

1 * 
5 4 

"5 5 

•*? 
interior   

17 29 17 

3P 125 

0 
29 

3P 

250 125 250 

interior   
«Aj 

yi interior _ 

801 

50000 

76313 21«° 
"45^00 

22500000 

jtinterior __ 

826713271 
'lißsoopoopopo 

5094901033 
23' ■fflffliBW 00 
1188000000000 

2549 
"50000 

0 
2549 

"50000 

473849 
45000000 

0 
473849 
45000000 

5094901033 
'2376000000000 

0 
5094901033 

" 2376000000000 

801 

889° 
50000 

76313 

mm 
'"WS0 
'22500000 

826713271 
' 1188000000000 

5094901033 
23 mm 00 

1188000000000 

The properties of this stencil can be found in the following 

Theorem 5.1. Let A%g$?M be deßned by (5.7). This stencil has the property 
that the functions rm iß) deßned by (5.3,5.4) satisfy 

ri iß) = r2 iß) = 0 

r, (ß) - £2SM 
'3 (P) —  774144 * 

Tie quantify V {Ä$%fi) can be estimated by 

V (A%&7M) < 1.3 • 10-6 ikh)7 + O (ikh)9) . 

Proof.      The proof is purely technical but simple, therefore we give here only 

an outline of it. (A^^) (AM&I,) 
First one has to expand the quotients 4}.g^£f(l and 4   gf according 

\AQSFE\i)o \AQSFEM)0 

to (5.1) to obtain the coefficients Am and tm.  The proof then is completed by 
computing the functions rm iß) using the recursive formula (5.4). ■ 
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6. Numerical Results 

In this section we will present the results of an implementation of different GFEM 
to approximate the following problem 

- Aw - k2u = 0 in Ü := (0,1) x (0,1) 

with boundary conditions 

iku + — = g on T := dQ. 
on 

The function g depends on the parameter 9 and is given by 

«(Jb - k2) e*lXl if x e Ti := (0,1) x (0,0), 

i{k + k1)e
i^+k2X2) 

i {k + k2) e*<*i*i+*»> 

i (k - jfei) e*2X2 

(6.1) 

(6.2) 

g (x) := * 
ifi€rs:=(0,l)x(l,l), 

ifxer4:=(o,o)x(o,i) 

with (fa ,k2) = k (cos 6, sin 6). 
The exact solution of this problem is 

uex {x) ._ ^i(kiXi+k2X2) 

6.1. Discretization techniques for the Helmholtz equation 

We discretize the domain Q by squares of side length h = ^ and use bilinear 
elements. Consequently the system matrix has dimension n2. We implemented 
the following three discretization methods. 

1 Galerkin Finite Element Method 
Writing (6.1) in a variational formulation and incorporating the boundary 

conditions results in the following problem. 
Find u^U1 (ß) such that 

/ VuVu - k2uvdx + ik I uvdTx = I gvdTx 
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is satisfied for all v £ Ux (ft). Replacing the infinite-dimensional space H1 (ft) by 
the finite element space Sh of bilinear elements and introducing the usual local 
basis results in a system of linear equations for the coefficients u of the basis 
representation (3.3). This method can also be described in terms of stencils. The 
interior stencil for the Galerkin method is given by 

r _L    i 

-   (khf Ainterior 
AgaX 

1 

'! 
1 

3  J 

_1_ -\ 
316 

? 

A similar computation as explained in the proof of Theorem 5.1 yields the fol- 
lowing estimate for the quantity V (stencil) which describes the approximation 
quality of this method for the Helmholtz equation. 

V (AST-) = <*tf _»£.2±f^ + o (ikHf) = ®£ + o ((*Af). 

2 Generalized Least Squares Finite Element method (GLS-FEM) 
In [9], Thompson and Pinsky have generalized the GLS-FEM, originally intro- 

duced by Harari and Hughes in [4] for a one-dimensional model problem, to the 
two space dimensions. Applied to problem (6.1) discretized by bilinear elements 
this method can be written in the form: 

Find uG Sh such that 

j VwVu - ruvdx + ik    uvdTx = / gvdTx 

is satisfied for all v G Sh. The parameter r = r [k, h) is given by 

4 - cos (kh cos f) - cos (kh sin f) - 2 cos (kh cos f) cos (kh sin f) 
T (A:' ^ = 6 (2 + cos (khcos f)) (2 + cos (jfcftsin f)) h2 * 

The interior stencil for the GLS-FEM can be written in the form 

Ainterior .  
■^GLS-FEM •— -h?r{k,h) 

316 

I 
36 

I 
36  J 

To compare this method with the standard Galerkin-FEM we state that 

-h2r = - (kh)2 - j- (hk)4 + O ((kh)6) 
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which means that the GLS-FEM for bilinear elements is a higher order modifi- 
cation of the interior stencil of the Galerkin FEM. The approximation quality of 
this method to the Helmholtz equation in terms of V (stencil) is given by 

^ [^GLS-FEM) — (*") max 
7T</3<7r 

cos {Aß) 
96 

(khf 
+ 0((kh)5) = ^ + 0((hh)5) 

and hence the pollution is essentially the same as for the Galerkin FEM. 
3. Quasi-Stabilized Finite Element Method (QSFEM) 
The interior stencil of this method was already presented in Section 5. Here 

we describe only the modeling of the boundary conditions and the assembling of 
the vector of the right-hand side. This is done analogously to the finite difference 
method by replacing the normal derivatives by a difference formula centered at the 
edge points and then eliminating the fictitious points. This technique is described 
together with an error analysis in [3, Section 4.7.2]. 

We recall that the approximation quality of this method was proved to be 

V (A%&%^ = (kh)\mBx 
ir</3<7r 

cos Sß 

774144 
+ i 

cos 8/? 
°(w9) = S+0(w9)-(6-3) 

6.2. Numerical evaluation of the GFE methods for the Helmholtz equa- 
tion 

In order to measure the accuracy and compare the presented methods we have to 
introduce suitable norms. A natural measure of the approximation error of (6.1) 
is the energy norm, i.e. the usual 'H1-seminorm 

ei := 
\Uex ~ tt/elli 

with 
||u||; := / Vu (x) • Vü (x) dx. 

Alternatively we will measure the accuracy of the solution in the £2-norm 

eo := 

with 

ll««llo 

IMIo := / u(x)ü(x)dx. 
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Recalling the one-dimensional results (cf. Section 2) we expect that the error 
of the best approximation behaves like 

VUgX U^ 

Fes || x 
1 < Chk, 

and 
ties - U° 

P°<C(hkf 
Ihexllo 

In the one-dimensional case, the error of the Galerkin-FEM could be estimated 
by 

ei < C (kh) + Ck?h (kh) 

and 
eo<C(hk)2 + Ck{kh)2. (6.4) 

Obviously, the pollution of the T^-error becomes negligible if k2h is small, but in 
the pre-asymptotic range we expect that the Galerkin solution differs substantially 
from the best approximation. 

For the £2-error the pollution term is the dominant term in the error estimate 
for all values of h. We expect that, with increasing value of k, the distance of the 
graph of the Galerkin error from the best approximation error increases. 

The error of the GFE solution depends on the direction 0 of the wave vector 
k, where 

k = (ki, k2)
T = k (cos 0, sin0). 

It turns out that for special values of 9 the GFE solutions effectively coincide 
with the best approximation, where for other values of 0 the GFE solution differs 
substantially from the best approximation. Unfortunately, the direction 0 is not 
known a priori. In order to guarantee that the error of the GFE solution is under 
control (i.e. the solution is reliable) one has to assume that the error is sufficiently 
small even if the solution would correspond to the value of 0 with the largest error. 
Therefore for j G {0,1}, we have computed the quantity 

e*?** =   max  e,- (u). 
3 -Jr<W<7T    J 

Here, e, (a;) denotes the error of the GFE solution of problem (6.1,6.2), where the 
parameter 0 for the right-hand side g is chosen as u. The exact solution in this 
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case is given by 
u   (x) = e**(Xl "^ U+X2 8in "^. 

We approximate the maximum above by choosing the set of upvalues 

7T    7T   Sir   7T   37T „        f       7T    7T   37T   7T   37Tl 
a= I '16' 8' 16' 4'Ti 

Due to the rotational symmetry of our problem we know that the error corre- 
sponding to a direction 6 is the same as for 0 + mf for integers m. The maximum 
above is approximated by 

ef"« <=* max e,- (a;). 

We restrict the step size h to 
hk<\. 

This assumption is natural because it guarantees at least four elements per wave 
length (see Fig. 6.1). 

Approximation of sin(x) by linear elements with 4 elements per wave length 

Figure 6.1: Approximation of sin(x) by the piecewise linear interpolant with four 
elements per wave length. 

For larger values of h the error of the best approximation would be too large 
for practical applications. 

Figure 6.2 and 6.5 show the T^-error, resp. £2-error of the three discretization 
schemes and of the best approximation for k = 30,100,150. The plots consists 
of groups of four lines, where the lowest line always corresponds to the best ap- 
proximation, the next one corresponds to the QSFEM, the third belongs to the 
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GLS-FEM and the highest line always corresponds to the Galerkin solution. We 
see that the error of the Galerkin solution behaves as expected. The terror 
differs substantially from the best approximation in the pre-asymptotic range, 
while this range increases for larger values of k. On the other hand the pollution 
becomes negligible if h is sufficiently small, since. k2h is small. The situation for 
the £2-norm is different. Here, the pollution does not vanish as h -» 0. The lines 
becomes parallel (in our log-log plot) for small values of h whereas the distance 
from the best approximation increases with higher wave number k for all h in 
accordance with the theoretical estimate (6.4). 

The improvement of the QSFEM is obvious. The size and range of the pol- 
lution even for k = 150 is very small and remains nearly constant for different 
values of k. For the £2-norm this behavior can be observed from the constant 
(w.r.t. the wave number k) distance between the graph of the best approximation 
and the QSFE-solution. 

The GLS-FEM shows nearly no improvement over the Galerkin FEM for rel- 
atively large values of hk ~ 7r/2, while the pollution decreases faster with respect 
to h than for the Galerkin FEM. These numerical results are in accordance with 
the different sizes of the theoretical quality measure V (stencil) computed above. 
The pictures (6.2-6.5) can also be interpreted as follows. Let us assume that we 
want to approximate the solution of our model problem with an relative error of 
e in the £2-norm. Then we can ask how many degrees of freedom (DOF) are 
necessary to get this accuracy. The following table shows this dependency for 
some values of e. 

DOF necessary to obtain an accuracy of e in the £2-norm 
fc = 100 Jfc = 150 

e BA QSFEM GLSFEM FEM BA QSFEM GLSFEM FEM 

30% 45^ 632 1422 279* 68* 972 2582 512* 

10% 712 1002 2482 485* 105^ 1482 449* 879* 

5% 92* 1402 3572 685* 140* 209* 634* 1240* 

As mentioned above the error of the GFE-solution depends significantly on the 
wave direction 9. In the following plots we illustrate the pollution effect depen- 
dent of the parameter 6. For constant kh we know that the error of the best 
approximation in the T^-norm is of order kh. We have chosen kh = 1.5,0.7,0.3, 
where kh = 1.5 « n/2 corresponds to four elements per wave length, kh = 0.7 
to eight and kh = 0.3 to 16 elements per wave length. In Figures 6.6-6.14, we 
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have plotted the difference of the GFE-errors from the best approximation error. 
We see that the Galerkin FEM is relatively independent of the parameter 9 but 
the difference from the best approximation is significantly for all considered cases. 
The difference of the GLS-FE solution from the best approximation is practically 
zero for 9 = §, f, where for 9 = 0, f, § it is especially for kh = ?r/2 practically as 
bad as the Galerkin FEM. The scaling of the axes of the GLS-FEM plots and the 
QSFEM plots is always the same. We see that for the considered range of k the 
QSFEM has practically no pollution. The difference from the best approximation 
is small for all considered values of 9 and is fairly steady with the wave number 
k. In contrast to, e.g. 9 = 0, the difference of the GLS-FE-solution from the best 
approximation increases with higher wave number k which means for this method 
it is not sufficient to restrict the quantity kh to get a small error. Figures 6.15- 
6.23 shows the dependency of the pollution on kh and 9 in the £2-norm. One can 
observe that the pollution of the QSFEM is even smaller than in the T^-norm, 
where the behavior of the GLS-FEM and Galerkin FEM is quite similar. 

6.3. Conclusions and Remarks 

In this subsection we summarize and comment on the numerical results and relate 
them to the theory presented in the previous sections. In Section 2 we had ana- 
lyzed a one-dimensional example which shows the typical pollution effect for the 
GFE-approximations. We have seen that if we are able to design a GFEM which 
has no pollution for this example it will also have no pollution for more general 
cases (cf. Theorem 2.7) if we treat the boundary conditions and an inhomogenous 
right-hand side in an appropriate way. On the other hand we have proven that if 
the discrete wave number and the exact one are not the same, then the pollution 
cannot be avoided by any treatment of the boundary conditions. 

In the two-dimensional case we have seen that a necessary requirement to get a 
small pollution is to minimize the maximal distance V of the zeros of the discrete 
symbol and of the operator symbol. We were able to design a GFEM called 
QSFEM such that V is minimal. On the other hand we have not investigated a 
special treatment of the boundary conditions. Nevertheless, from the numerical 
results presented above it follows that even a straightforward treatment of the 
boundary condition (centered differences) results in a GFEM with a negligible 
pollution effect for moderate wave numbers. We conclude that on the one hand the 
pollution effect for the FE treatment of the Helmholtz equation is not avoidable 
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in principle, while on the other hand it is possible to design the QSFEM having 
a pollution which is not visible in practice. 
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