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Abstract

This report is a tutorial for the State Delta Verification System (SDVS), an automated
system developed at The Aerospace Corporation for use in formal computer verification.
SDVS helps users write and check mathematical proofs of computer correctness at the hard-
ware, firmware, and software levels. Currently, SDVS is capable of verifying properties of
computer descriptions or programs written in three computer languages. These languages
are subsets of the hardware description languages VHDL and ISPS, and of the Ada pro-
gramming language. In addition, SDVS may be used to verify the validity of a large class of
formulas of first-order temporal logic. This tutorial contains a description of most, but not
all, of the proof capabilities of SDVS. (The SDVS 11 Users’ Manual [1] should be consulted
for a more comprehensive account.) The tutorial description is embedded in numerous

examples of proofs in SDVS.
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1 Introduction

The purpose of this tutorial is to introduce the reader, via examples, to the State Delta
Verification System (SDVS), an automated system developed at The Aerospace Corporation
for use in formal computer verification.!

SDVS is a prototype? of a production-quality verification system that may be used to for-
mally verify software from the microcode level to high-level applications programs, and
hardware from the gate-level to high-level architecture. This prototype is based on a formal
theoretical framework [2] and has a practical, interactive system for constructing math-
ematical proofs [1]. Currently, the software level of SDVS supports Ada [3] programs,
the microcode level supports either ISPS [4] or VHDL [5] hardware descriptions, and the
hardware level supports VHDL hardware descriptions.

In Section 2 of this tutorial, we present a brief overview of SDVS and its temporal logic.
We define the central concept of SDVS, the state delta, and provide several examples that
illustrate its syntax and semantics.

Sections 3 and 6 are the heart of the tutorial. The former is devoted to the most important
dynamic proof commands of SDVS and the latter to the static proof commands.

The SDVS integer, bitstring, and array data types are discussed in Section 4. Other types
are presented in Section 7.2.

In Section 5 we discuss the use of quantification in SDVS and prove a state delta that
contains existential and universal quantification over array indices.

In Section 7 we build on the previous sections and present proofs of correctness of Ada,
VHDL, and ISPS programs.

1For a more detailed account of SDVS, the reader should refer to the SDVS 11 User’s Manual [1].
2The work on SDVS is ongoing.
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2 An Overview of SDVS

The formal framework of SDVS relies on the language and techniques of mathematical logic.
SDVS is based on a specialized temporal logic whose characteristic formulas, called state
deltas, provide an operational semantic representation of computation. Our operational
model is discussed in more detail in the nmext section. Technically, SDVS checks proofs
of state deltas. SDVS can handle proofs of claims of the form “if P is true now, then @
will become true in the future.” Assuming P represents a program (perhaps with some
initial assertions) and @ is an output assertion, this is an input-output assertion about P.
SDVS can be used as well to prove a claim of the form “if P is true now, then @ is true
now;” assuming both P and @ represent programs, this claim asserts the implementation
correctnessof P with respect to @ [6]. This is a claim that one program correctly implements
another. Specifications of programs may be directly formulated in state deltas, or may be
programs that can be translated into state deltas.

User SDVS

Interactive
Theorem
Prover

Specification \
valid

Ada / VHDL / ISPS Domain Proof? < es/no
Program Knowledge

T

Proof Commands

Translators

Figure 1: SDVS User Interaction

Figure 1 gives a high-level view of how a user typically interacts with SDVS.

SDVS has a theorem prover (also referred to as a proof checker), knowledge about several
computer domains (data types), and a set of translators. A user inputs either an Ada,
VHDL, or ISPS program together with a specification for that program. Then the user
interacts with SDVS to construct a proof that the program satisfies the specification. A
proof may be developed interactively and then later executed in batch mode.




Figure 2: A Timeline

The user communicates with SDVS through several languages. The user interface language
is used for interactive proof construction. The proof language is used to write a proof for
the system to check. The state delta language is used to express claims to be proven and
to describe the relevant programs and specifications. Finally, the application languages
(currently, subsets of ISPS, VHDL, and Ada) are used to express the computational objects
to be verified. The translators function as SDVS’s interface to application languages by
translating them into the state delta language; the translator for each application language
is an implementation of a denotational semantics for the language in terms of state deltas.

SDVS has knowledge about domains used in the programs. A main component of the
theorem prover is the SDVS Simplifier, which implements these domains as theories with
complete or partial decision procedures (or solvers) [7]. The decision procedures are used to
deduce properties about domain objects. The complete decision procedures automatically
answer queries about propositions, equality, enumeration orderings, fragments of naive set
theory, and part of integer arithmetic. The partial decision procedures are part automatic
and part manual, with the user instructing the system to use various axioms to deduce
properties. The domain aziomatization is “hardwired” in SDVS, although we are currently
experimenting with a facility for user-defined domains [8] that is based on the Boyer-Moore
theorem prover [9]. Domains for which there are partial solvers include integer arithmetic,
bitstrings, arrays, VHDL time, and VHDL waveforms. The Simplifier handles combinations
of theories according to the Nelson-Oppen algorithm for cooperating decision procedures
[10].

2.1 The Operational Nature of SDVS

SDVS provides an operational approach to formal verification. Operational verification
systems equate a program with the class of all possible computation sequences® (executions)
of that program; a verification system is used to show that a program is correct for all
possible computation sequences. In SDVS a computation sequence is a model of a formula in
the language of a temporal logic. Thus, correctness properties of programs can be expressed
and proved in a temporal logic framework; a proof of program correctness is a mathematical
proof of a temporal formula.

Every program written in a computer language accepted by SDVS describes a class of
temporal structures that are possible executions of the program. For a program P with
program variables (or registers) z, y, and z, and for a set of initial values (fixed or symbolic)
for these variables, a possible execution of P generates a linear sequence of times ?, .., #;,

3 A computational sequence of a program is a temporal structure that is a model of the program. Temporal
structures and models are defined in Section 2.2.2.




<to, z(to), y(to), 2(t0), ~terminatedp(to)>,
ey <t,z(t), y(2), 2(t), terminatedp(t)>
where z(to) = 2,y(to) = 3, 2(to) = 20, z(t) = 2,9(t) = 3,2(¢) = 5

Figure 3: A Model of P

ey Ljy wney Where Tg is the initial time. We call this sequence a timeline; it is illustrated in
Figure 2. In our terminology, time is an abstraction that indexes the states of an execution;
it is not to be confused with the ticks of a clock. At each time ¢, the program variables have
fixed or symbolic values. For a variable z, let 2(¢) denote its value at time ¢. A state is an
ordered set consisting of a point of time ¢ in the timeline of the execution of the program,
followed by the values of the program variables at time . For example, <t,z(?), y(), 2(t)>
represents the state at time ¢ for an execution of the program P. A model of P is a sequence
of states representing a possible execution of P.

Assertions about the program P are, in effect, assertions about the models of P. For
example, if program P calculates the sum of z and y and stores the result in z, then a
correctness assertion about P is that “for every pair of initial values of z and y, P terminates
and, upon termination, the value of z is the sum of the initial values of z and y.” This may

be stated by the formula g;:
g = 3t(2(t) = z(to) + y(to) A terminatedp(t))

where z(to) and y(to) are symbolic values, and where terminatedp is false until P ter-
minates, at which time it becomes true. The formula ¢; is true in every model M of P.
Figure 3 shows an example of a model of P.

Just as assertions about a program P are assertions about all the models of P, proofs about
P are proofs about all the models of P. In SDVS, when one writes a correctness proof
about a program, the program is first translated into SDVS’s temporal language, and then
the proof is performed in that language, using the logic of SDVS. We use tr(P) to denote
such a translation of a program P. The translation process is akin to compilation, in that
the program is “compiled” into a temporal logic formula.

For our example program P with its specification g1, a proof that P is correct with respect
to gy is a proof that the formula tr(P) — g2 (where gz is a translation of ¢; into a temporal
formula) is a valid formula of temporal logic and hence is true in all temporal structures.

2.2 The State Delta Language

Statements involving time can be expressed in temporal languages and proved in tempo-
ral logics. Temporal languages have symbols, called temporal operators, that are used to




express such statements. The only temporal operator of SDVS is the state delta.? It is
a combination of the classical temporal operators always, eventually, and fragments of
until. In this section we briefly discuss its syntax and semantics.

2.2.1 Syntax

The language L of SDVS contains function, predicate, and constant symbols and two types
of variables, global and local.> The values of the global variables are constant throughout
a timeline (computation), whereas the values of the local variables vary with time. The
atomic terms are either constants (e.g. 0 and 1), global variables, or of the form .z or #z,
where z ranges over the local variables.

In a manner analogous to that for the predicate calculus, terms and atomic formulas are
defined from the atomic terms, the function symbols (e.g. + and #), and the predicate
symbols (e.g. gt and le). For example, 2% (#z — .y +a) is a term with local variables z and
y and global variable a, and 2 * (#z — .y + a) = .y is an atomic formula.

The set of formulas of SDVS is defined to be the smallest set that contains the atomic
formulas and that is closed under conjunction (“and”), disjunction (“or”), negation (“not”),
implication (“implies”), universal quantification over global variables (“forall a”), existential
quantification over global variables (“exists a”), and the state delta operator

[sd pre: p comod: ¢ mod: m post: qJ

where (1) the precondition p is a formula with the property that for every local variable z,
every occurrence of #z in p is an occurrence in either the precondition or postcondition of a
state delta subformula of p; (2) the postcondition g is a formula; and (3) the comodification
list ¢ and modification list m are lists of local variables.

For every local variable z and formula ¢, an occurrence of .z (#z) in ¢ is an upper level
occurrence if and only if the occurrence is not in the precondition or postcondition of a state
delta subformula of ¢. A formula ¢ is of precondition type iff for every local variable z, ¢
has no upper-level occurrences of #z. A precondition type formula is static (nontemporal)
if and only if it has no state delta subformulas. Here are some examples:

(i) The first occurrence of #z in the formula
#x le 2%.y and [sd pre: true comod: x,y mod: x post: #x=.x+1]

is an upper-level occurrence, whereas the second occurrence is not. This formula is
not a precondition type formula.

(ii) The formula

“State deltas were first introduced in [11].
®Global and local variables may be constrained to range over specific SDVS data types (see Section 4).
By default, they are usually of type integer.
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.x le 2%.y implies [sd pre: .x 1t .y comod: x mod: z post: #x=1]

is of precondition type but is not static.

(iii) The formula
exists a (.x+.y = 5 and a ge 3)

is a static formula.

2.2.2 Semantics

A temporal structure M consists of a first-order base structure (e.g. the integers), a timeline
T, and a valuation V, such that

(i) V assigns a function, predicate, and element of the base structure to every function,
predicate, and constant symbol of the language, respectively.
(ii) To every global variable a, V' assigns an element, V(a), of the base structure.
(iii) For every local variable z and every time ¢ of the timeline T', V' assigns an element of

the base structure, V(.z,t) [or simply z(%)], to the atomic term .z at time 2.

Let ¢ be an element of 7. Then for every term 7 in which # does not occur, V assigns
an element of the base structure, V(7,t), to the term T at time ¢. Furthermore, for every
static precondition formula ¢, V' assigns a truth value to ¢, V(4,?), at time ¢, in a manner
analogous to that for the predicate calculus.

For example, if V(a) = 2, V(.z,t) = —1, and V(.y,t) = 4, then
V(iy=3xa+2x*.z),t)) = true

and
V(@ b (b=a and .y=3+b+2%*.x),t) =true

We proceed to define V(¢,t) for every precondition formula ¢ and every ¢ in T. The
definition is by induction on the complexity of ¢.

‘Boolean operators and quantification over global variables are treated in the standard way.

Suppose that ¢ is the state delta formula
[sd pre: p comod: ¢ mod: m post: ql

and that .z1,...,.Zn and #u1,...#yr are the upper-level (local) atomic terms of g.
Then ¢ is true at time ¢ if and only if for every ¢; > ¢ such that every local variable in c is
constant in the closed time interval [t,#;] and such that p is true at time ¢;, then there is a




s 5 6 7 8 8
X 5 5 5 5 3
y 3 3 3 3 5
i 0 1 2 3 3

| | ! | |

Figure 4: A Temporal Structure M

time t5 > t; such that every local variable not in m is constant in the closed time interval
[t1,%2] and such that

qlV(-er,t)/ 21, s V(@nst1)] @n 5 yn/#yr,- -, Y/ #0k]

is true at time #,. The substitution of the value of the z;’s at time ; for the .z;’s is made
prior to the substitution of the .y;’s for the #y;’s in ¢q. In effect, the upper-level atomic
terms of g are evaluated at time ¢; if they are of the form .z, and at time ¢, if they are of
the form #y.

In the definition of the truth of the state delta ¢, a time with the properties of ¢; described
above is said to be a “precondition time” of the state delta (with respect to the “current”
time ¢ at which it is evaluated), and a time with the properties of £, is said to be a “postcon-
dition time” of the state delta (with respect to ¢;). A modification or comodification list of
“all” is an abbreviation for the list (set) of all local variables of the language. (modification)
list of a state delta is (modification) field delta. If the comodification list of the state delta ¢
is “all,” then every precondition time is, in effect, the same as the current time, i.e., t; = t.
Similarly, if the modification list of the state delta is empty, then every postcondition time
of the state delta is, in effect, equal to its corresponding precondition time, i.e. t; = t,.

Evidently, the state delta operator is complex. A few examples should clarify its semantics.
Suppose that z, y, s, and ¢ are the only local variables of the language, a and b are global
variables, and the base first-order structure is the set of integers with functions “47, “.”,
“*” and predicates “le”, and “It”.

Figure 4 depicts a temporal structure M with five points in its timeline. The base structure
is the set of integers with the usual functions and predicates. The numbers in each column
are the values of the local variables at each point of the timeline.

The discussion that follows refers to the structure M and to its timeline.

¢ An important fact about every precondition formula o of SDVS is that for every temporal structure, if
t <t are elements of the timeline of the structure such that every local variable of the language is constant
in the time interval [¢,?;], then the truth value of & is constant in [t,#,].

S
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(1)
(i)

(iv)

(vi)

The static formula .7 + .y + .z = .s + 3 is true at {;.

A state delta with comodification and modification lists of “all” and precondition
“true”, asserts that there is a time in the future (possibly now) such that the post-
condition is true. For example, the state delta

[sd pre: true comod: all mod: all post: #i=1]

is true at t; and ¢; and false at all other times.

The state delta
[sd pre: true comod: all mod: s,i post: #s=.s+1 and #i=.i+1]

is true at times %o, t1, and £y, but false at all other times. The comodification list “all”
denotes the list of all local variables. At any particular time 7 in the timeline of a
temporal structure, this state delta is true iff there is a time ¢ >  such that only s and
i may change their value in the closed time interval [r,#] and s(t) = s(r) + 1 Ai(t) =
i(r)+ 1.

The state delta
[sd pre: true comod: all mod: x,y post: #y=.x and #x=.y]

is true at #3 but false at all other times.

A state delta with a comodification list of “all” and an empty modification list asserts
that the precondition implies the postcondition at the current time. The reason for
this is that any precondition time is, in effect, equal to the current time, and any
postcondition time is, in effect, equal to the corresponding precondition time. Thus

the state delta
[sd pre: .i=0 comod: all mod: post: #s=5]

is true at time o. In fact, it is true at all other times as well, because its precondition
is false at every other time.

A state delta with empty comodification and modification lists asserts that at every
time ¢ in the future, the precondition at time ¢ implies the postcondition at time t.

For example, the state delta

[sd pre: true comod: mod: post: #i ge 1]

is true at time t;, since the value of % is greater than or equal to 1 at t; and thereafter.
However, it is false at fo.

(vii) The state delta




[sd pre:
comod:
mod:
post:

i1t .y

X,y
s,1
#s=.s+1

and #i=.i+1]

is true at 3. The precondition times with respect to the current time ty, are tq, t,
and ty; for these precondition times the corresponding postcondition times are t;, 1o,
and %3, respectively. Note that ¢3 and ¢4 are not precondition times with respect to
to, because the precondition is false at the former time, and the comodification list is
violated in the latter time (y is not constant in the interval [tg,4]). This state delta
is also true at ¢; and t5. It is true at {3 by default, because of its comodification list
and the fact that its precondition is false at ¢, and it is false at #4.

(viii) The “nested” state delta

[sd pre:
comod:
mod:
post:

true
all

i,s
#i=.i+1

[sd pre:
comod:
mod:
post:

and #s=.s+1 and

true

all

i,s

#i=.i+1 and #s=.s+1]]

is true at fy and ?;, but false at all other times. It is not true at ¢, because the state
delta in its postcondition is false at 3.

A precondition formula is valid with respect to the first-order structure A iff it is true at
the initial point of every temporal structure M whose first-order base structure is A. For
example, if the base structure A is the set of integers, then the state deltas

[sd pre: .x=1 and
[sd pre: true

comod: all
mod: y
post: #y=6]

and

[sd pre: .x=a and

[sd pre: true
comod: all
mod: x,y

post:

comod: all
mod: X,y

post: #x=b and #y=a]

comod: all mod: y post: #y =.x+5]

.y=b and

#x=.y and #y=.x]

10




D SR I N e S R BN BN SN e SN M mE Sm S my e mm

are valid with respect to A.

In SDVS the only formulas that may be proved (valid) are the state deltas. But this is not
an important limitation of the system, because for any precondition formula §, the state

delta
[sd pre: true comod: all mod: post: S]
is valid iff S is valid.

2.3 Model of Storage

Although we have used the local variables (places in SDVS terminology) as if they were
independent of each other (so that, for example, a change of one does not affect the other),
places were historically considered to be memory locations that could possibly overlap. Thus
in situations in which they are considered to be independent, SDVS must be explicitly
informed of that fact. Thus, for the above examples it would be necessary to add the
statement “covering(all,x,y,i,s)” in the precondition of every upper-level state delta. This
statement asserts that the local variables z, y, i, and s are independent of each other and
that they comprise the set of all local variables. The discussion of ISPS (Section 7.3) will
describe the possible overlap of places in greater detail.

2.4 Proofs in SDVS

A proof is a structured argument, using mathematical logic, that a formula is true. The
state delta language is used to write theorems (formulas) to be proved. Using the proof
language in SDVS, the user has access to axioms and rules with which to write interactively
a proof that the system checks. If a state delta is proved in SDVS, then it is true in all
temporal structures (computational models) with the appropriate base structure.

The underlying proof method used by SDVS is symbolic ezecution. Symbolic execution
essentially involves ezecuting a program or machine description from its initial state through
successive states, using symbolic values for the program variables or for the contents of
machine registers. Of course, the computation path is often conditional on specific values;
in these instances subproofs must be initiated to account for all possibilities. The correctness
claims that are proved are all of the form “At certain states some conditions are true.” Thus,
during a proof there are two kinds of tasks: to go from state to state, and to prove that
certain things are true in a given state. These are the dynamic and static aspects of the
proof system, respectively.

The dynamic proof language has three basic rules: straight-line symbolic execution (for
instances where the path is not data dependent), proof by cases (at branch points), and
induction (necessary when the number of times through a loop is data dependent, but could
also be used for a large constant number of iterations). There are other variations to handle
special cases, such as a command to handle general recursive procedures.

11




Once SDVS has “arrived” at a state that the user knows (or hopes) will satisfy the conditions
to be proved, SDVS must be convinced that these conditions are true. Thus, SDVS has
some explicit facts about the state listed in its database, which perhaps do not include
verbatim the required condition. The problem is then to prove the “static” theorem that
those facts imply the required condition. This is a theorem of ordinary mathematics. The
domains associated with these theorems frequently involve bitstrings, integers, arrays, and
the like. Also, a knowledge of basic propositional logic, equality, and some quantification
theory is often needed.

In these domains (and others) SDVS has a mix of automatic deduction capability and
axioms that may be invoked by the user when proving theorems. As mentioned above,
there are two reasons for such a mix: For theoretical reasons of impossibility or inefficiency,
some deductions cannot be done automatically, or else a totally nonautomatic deduction
capability would be too time-consuming for the user.

2.5 Installing SDVS

SDVS is available on magnetic tape in four different formats: source code; object code for
Franz Allegro Common Lisp (FACL); object code for Lucid Common Lisp (LCL); and as a
standalone executable utilizing the Franz Allegro Runtime package. Each format requires
its own procedure for creating or loading SDVS, as outlined below. However, the procedure
for reading the system files from the tape is the same for all formats.

SOFTWARE REQUIREMENTS

SDVS currently runs under Franz Allegro Common Lisp release 4.1 and Lucid Common Lisp
4.1. SDVS is also available as a standalone executable utilizing the Franz Allegro Runtime
package; users of this version of SDVS are not required to supply their own Common Lisp
environment.

DISK SPACE REQUIREMENTS

Table 1 gives the disk space requirements for SDVS 11. “Installed” represents the disk
requirements of the system after SDVS has been installed, and assumes that the tar archive
has been recompressed. The size of your installed executable image, if you are building
SDVS from the source or either binary version, will depend on the size of your (vanilla)

Common Lisp image. These numbers are therefore approximate. All numbers are in mega-
bytes (MB).

READING THE SYSTEM FILES

First, you should create a top-level directory to contain all of the files and subdirectories
associated with SDVS. In our system, this directory is called versys (for VERification SYS-
tem) and resides as a subdirectory under /u giving /u/versys. Although you can give your
directory any name, we suggest you use the same name for compatibility; yours can be
located anywhere, however. For example, you might put it as a subdirectory of fusr/lib,
giving /usr/lib/versys. For the examples below, we assume you have /usr/lib/versys as your
top-level directory.

12
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Table 1: Disk Space Requirements for SDVS 11

To Load From Tape Installed

Source (.lisp) 2.4 N/A
Lucid Object (.sbin) 2.7 315
Franz Object (.fasl) 3.7 48.1
Franz Runtime 8.9 38.9

Next, you will want to load the SDVS system tar file from the tape. To do this, create a
tmp directory in your top-level versys directory, connect (cd) to it, and extract (tar) the
system tar file as follows ([unix] is the system prompt):

[unix] tar zfmv zzz

where zzz is the device name for your tape drive, e.g. /dev/rst0. This will create a file
named sdvsnn-zzzz.tar.Z where nn is the current release number (e.g. 11) and zzzz is
1lisp (for source files), sbin (for LCL object), fasl (for FACL object), or runtime for
FACL Runtime. The file is compressed, so it must be uncompressed:

[unix] uncompress sdvsnn-zzzz.tar
replacing nn and zzzz appropriately.
Now, the system directories must be extracted from the tar file:

[unix] tar zfmv sdvsnn-zzzz.tar

This process creates a file structure containing the individual files from which the SDVS
system can be used or built. Once this process is complete, you may delete sdvsnn-zzzz.tar
if you feel you have no further need for it. An alternative is to recompress the file. Both

will save disk space.
[unix] compress sdvsnn-zzrz.tar

Before you can build and use an SDVS executable image or use the FACL Runtime exe-
cutable, you must define a UNIX environment variable as follows. This can be done directly
in the shell in which you plan to build or use SDVS or by adding the command to your

.cshrec file.
[unix] setenv SDVS_DIR “/usr/lib/versys/”

Of course, you will need to supply the correct path you have chosen for your top-level
directory. Please note the slash (/) character at the end; it is required.

BUILDING AN SDVS EXECUTABLE IMAGE

Once you have all of the system files available, you can build an executable SDVS image.
To do this, you must start up a (vanilla) Common Lisp session (either LCL or FACL) and
load the init-sdvs.lisp file found in your top-level directory. (If you don’t know how to start
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up a Common Lisp session, see your system administrator.) For example, to load the file,
type

> (load “/usr/lib/versys/init-sdvs”)

After the init-sdvs.lisp file has been loaded, you are ready to tell Lisp to build your SDVS
executable. Two functions will do this: make-sdvs builds from the object files; make-new-
sdvs builds from the source files and compiles the entire system. Each function takes one
argument, the name you wish to give the executable; the executable will automatically
reside in your top-level directory. You may give the executable any name you want; in the
following examples, we use the name sdvs!1 for our executable. Each of these functions will

produce a trace of what is happening. (NOTE: For these operations, you must have write
privileges to the appropriate directories.)

For creating an SDVS executable from source:
> (make-new-sdvs “sdvs11”)

For creating an SDVS executable from binary:
> (make-sdvs “sdvs11”)

You may safely ignore any warning message printed by the system. When you return to
the Lisp prompt, you can exit Lisp by

> (quit)
USING THE SDVS RUNTIME EXECUTABLE

If you have extracted the SDVS system files from a tape containing the “runtime” format,
the file /usr/1ib/versys/sdvs11 (assuming the appropriate top-level directory) contains
the executable image. This can be used to run SDVS directly, as noted below.

RUNNING SDVS

You have gone through this procedure and have created your executable. How do you run
SDVS? At the Unix shell, just type, for example

lunix] /usr/lib/versys/sdvs!1

or just sdvsll if you are connected (cd) to the top-level directory (/usr/lib/versys in our
example) or if your $PATH environment variable contains the path to the top-level directory.

RUNNING THE TEST SUITE

Included in the SDVS release is a set of tests that exercise the system. To run these tests,
you must first start up SDVS. (After building your SDVS executable, you should restart
SDVS so that the system is initialized properly.) When you get to the SDVS prompt, you
will want to evaluate the ezpression, invoking the tests as follows:

<sdvs.1> eval
expression:  (run-sdvs-test-proofs)
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A very long trace will appear. If the tests run successfully (this may take over two hours on
a Sun 4), you will return to the SDVS prompt. If something goes wrong, Lisp will “break,”
allowing you to examine the system; Lisp will print out some diagnostic information and
put you at a prompt. If this should happen, you may exit Lisp by typing (quit).

You may restart SDVS by first returning to the top level of Lisp and invoking the function
sdvs as follows:

> (sdvs)
From the SDVS prompt, you can return to Lisp by typing the SDVS command bye.




. . ;

3 Dynamic Execution

In this section we present most of the SDVS commands that advance the state of a compu-
tation or program execution. (Section 6 is devoted to those commands that do not advance
the state, but rather enlarge the set of facts known to SDVS about a specific state.) In
Section 3.1 we consider those commands that are most often used in proofs that involve
the translation of assignment statements, in Section 3.2 those commands that involve the
translation of “case” program segments, and in Section 3.4 the induct command that is
used in proofs that involve “loop” program segments. Finally, in Section 3.3 we consider
ways of proving state deltas that are assertions about the current state or about all future

states.

Henceforth, in the system-user dialogue, typewriter print is system output and stalic
print is user input. In the discussion of the examples, mathematical formulas and terms are

printed in TFX math mode.

3.1 Straight-line Proofs

In this section we present in a very leisurely fashion two simple examples that will introduce
the reader to an extensive part of the SDVS proof environment.

Example 1 In the first example we prove that the state delta translation of the program
P in Section 2.1 implies its specification, namely, that if the initial values of z and y are
2 and 3, respectively, and z is assigned the value of z + y, then there will be a time when
the values of z, y, and z will be 2, 3, and 5, respectively. Lest the reader be alarmed, we
note that the assignment of concrete values to the variables is only for pedagogic reasons:
in most of our examples, the values of the program variables will be symbolic.

We first create the state delta that corresponds to the assignment statement
z:=x+y
using the createsd command.

<sdvs.1> createsd
name: assign.sd
[SD pre: true
comod[J: all
mod[]: =z
post: #z=.z+.y
]

If assign.sd is true at time 7o, then there is a time ¢; > to such that 2(t) = z(to) + y(to)
and such that the values of z and y remain constant in the interval [to,?1] (because of the
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modification list, only z may change its value in this time interval). Hence z(t;) = z(%o),
and y(t1) = y(to).

The pretty-print command pp displays the state delta associated with a given state delta
name:

<sdvs.1> pp
object: sd
state delta name: assign.sd

[sd pre: (true)
comod: (all)
mod: (z)
post: (#z = .x + .y)]

We now create the state delta that asserts that the state delta translation of P implies the
specification of P.

<sdvs.1> createsd
name: ezamplel.sd
[SD pre: covering(all,z,y,z), .x=2, .y=3, formula(assign.sd)
comod[]: all
mod[]: =z
post: #x=2, #y=3, #z=5

Note that the proper way to include the state delta assign.sd in the precondition (or
postcondition) of examplel.sd is to include it with “formula(assign.sd)”. Also note that
commas at the top level of the precondition and postcondition of a state delta are interpreted
as “and”.

The initjalization command init should always be used prior to the beginning of a top-level
proof. The command clears any knowledge that the system has acquired in a given session
(apart from the already established association of names with formulas).

<sdvs.1> init
proof name[}: <CR>

State Delta Verification System, Version 11

Restricted to authorized users only.
SDVS has a list of flags that may be set by the user:

<sdvs.1> flags
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. abbreviationlevel = none
acceptfileproofs = on
autoclose = on

_. checkexistence = off
checksyntax = on

l displaympsds = on
ekltraceflag = off
enumerate = off

' invariance = off

_I‘ optimizeassignments = simp
ppdottednames = off

' pplinewidth =75
reportpropagations = on
showstats = off

l showstep# = off
strongcoverings © = off
stronglytyped = off

l\ traceflag = on
uniquenamelevel =1
weaknext.tr = off

' Type ’help flags’ for a description.

. If the autoclose flag is set to “off”, SDVS will not usually “close”” the proof of a state delta,

; even if the goal (the postcondition) of the state delta has been achieved (reached).

<sdvs.1> setflag
flag variable: autoclose
on or off[offl: off

setflag autoclose -- off
We are now ready to prove ezamplel.sd.

<sdvs.2> prove
state deltall: ezamplel.sd
proof[l: <CR>

open -- [sd pre: (covering(all,x,y,z),.x = 2,.y = 3,formula(assign.sd))
comod: (all)
mod: (2)
post: (#x = 2,#y = 3,#z = 5)]

7 A proof of a state delta is closed if the proof is complete.
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Complete the proof.

SDVS has now opened the proof of ezamplel.sd: it has advanced the state (subject to
the constraints of the comodification list “all”) to a time at which the precondition of
the state delta is asserted (to be true), and has placed the translation of the postcondition
at the top of its goal stack. It has also noted the modification list “z”; by doing so, any
advancement of the state must henceforth be made subject to this modification list, that
is, any advancement must be restricted to possible changes in the value of z only.

Since the precondition has been asserted to be true, the values of z and y must be 2 and
3, respectively. This may be checked by the simp (simplify) command. Recall that the
current value of a place a is denoted by .a and not by #a.

<sdvs.2.1> simp
expression: .z

<sdvs.2.1> simp
expression: .y

The value of z at this point is symbolic and indeterminate:

<sdvs.2.1> simp
expression: .z

z\5
Since assign.sd is in the precondition, it is now true. This may be ascertained by the

usable query which displays the state deltas (and the quantified formulas) that are true in
the current state.

<sdvs.2.1> usable
u(1) [sd pre: (true)
comod: (all)

mod: (z)
post: (#z = .x + .y)]

No usable quantified formulas.
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A state delta that is true at the current time may not be “applicable.” To be applicable,
its precondition must also be true at the current time. Since the precondition of assign.sd
is always true, assign.sd is now applicable. This may be checked by the nsd command,
which displays the most recent state delta that the system knows to be applicable.

<sdvs.2.1> nsd

[sd pre: (true)
comod: (all)
mod: (z)
post: (#z = .x + .y)]

At any point in the course of a proof the user may ask SDVS to list the goals of the most
current proof that it does not know to be true:

<sdvs.2.1> whynotgoal
simplify?[nol: <CR>

g(3) #z =65

The apply command is used to advance the state by “applying” an applicable state delta
whose modification list is a sublist of the modification list of the state delta to be proved.
If no argument is given, SDVS applies the most recent applicable state delta:

<sdvs.2.1> apply
sd/number[highest applicable/oncel: <CR>

apply -- [sd pre: (true)
comod: (all)
mod: (2)
post: (#z = .x + .y)]

SDVS executes the application of a state delta S by
e linking every upper-level dotted place a in the postcondition of 5 to any information

about a it currently has,

e removing any information about the current state whose truth depends on the values
of places in the modification list of 5, and

e asserting the postcondition of S.

Thus the application of assign.sd advances the state to a time at which and y have
retained their previous values and at which the value of z is asserted to be equal to the
sum of these two previous values. Furthermore, assign.sd is no longer known to be true in
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this state (because its comodification list did not allow anything to change) and is thus no
longer usable.

Let us check these facts:

<sdvs.2.2> simp
expression: .r

<sdvs.2.2> simp
expression: .y

<sdvs.2.2> simp
expression: .z

<sdvs.2.2> wusable

No usable state deltas.

No usable quantified formulas.

Thus our goal has been reached. SDVS has not automatically closed the proof because the
“autoclose” flag is off.

Let us check the goals once more:

<sdvs.2.2> whynotgoal
simplify?[no]l: <CR>

The goal is TRUE. Type ‘close’.
The command close will close the proof:
<8dvs.2.2> close

close -- 1 steps/applications
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Once a proof of a state delta is closed, the state delta becomes true (usable) but any
information gained during its proof is lost and any information that was lost after its proof
was opened is restored: the state is “popped” to the time before the “prove” command was

used to prove it:

<sdvs.3> simp
expression: .z

x\7

<sdvs.3> simp
expression: .y

y\8

<sdvs.3> simp
expression: .z

z\9

<sdvs.3> usable

u(1) [sd pre: (covering(all,x,y,2),.x = 2,.y = 3,formula(assign.sd))
comod: (all)

mod: (2)
post: (#x = 2,#y = 3,#z = 5)]

No usable quantified formulas.

Note that although ezamplel.sd is usable, it is not applicable, because its precondition is
not necessarily true:

<sdvs.3> nsd
No applicable state deltas.

A proof that has just closed may be given a name and stored temporarily in the system
(for the duration of the current session only) using the dump-proof command:

<sdvs.3> dump-proof
name: ezxamplel.sd.proof

Current proof dumped to examplel.sd.proof.
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This command must be given prior to an init command.

Now let us initialize the system once more to demonstrate that init will erase ezamplel.sd
from the usable list:

<sdvs.3> init
proof name[]l: <CR>

State Delta Verification System, Version 11

Restricted to authorized users only.

<sdvs.1> usable

No usable state deltas.

No usable quantified formulas.

The saved proof “examplel.sd.proof” may be run in batch mode by means of the init or
interpret commands.

<sdvs.1> init
proof name[]: ezamplel.sd.proof

State Delta Verification System, Version 11

Restricted to authorized users only.
setflag autoclose -- off

open -- [sd pre: (covering(all,x,y,z),.x = 2,.y = 3,formula(assign.sd))
comod: (all)
mod: (z)
post: (#x = 2,#y = 3,#z = 5)]

apply -- [sd pre: (true)
comod: (all)
mod: (2)
post: (#z = .x + .y)]

close -- 1 steps/applications

It may also be pretty-printed by the pp command:
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<sdvs.3> pp
object: proof
proof name: ezamplel.sd.proof

proof examplel.sd.proof:

(setflag autoclose off,
prove examplel.sd
proof:
(apply u(1),
close))

But this is true only during the current session. To store in a file the proof and the
state deltas created in this SDVS session, the user may write them by means of the write
command:

<sdvs.3> write
path name[testproofs/foo.proofs]: tutorial/ezamplel
state delta names[]: assign.sd, ezamplel.sd

proof names[]: ezamplel.sd.proof

axiom names[]: <CR>

lemma names[]: <CR>

formula names[]: <CR>

formulas names[]: <CR>

macro names[]: <CR>

datatype names[]: <CR>

adalemma names[]: <CR>

Write to file "tutorial/examplel" -- (assign.sd,examplel.sd,
examplei.sd.proof)

Furthermore the association of names with formulas in the current session may be severed
by the delete command:

<sdvs.3> delete
object type: proof
object name: ezamplel.sd.proof
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<sdvs.3> delete

object type: sd

object name: assign.sd
<sdvs.3> pp

object: sd

state delta name: assign.sd
The name assign.sd is not associated with a state delta.
Pp error: unknown state delta
<sdvs.3> pp

object: proof

proof name: ezamplel.sd.proof

The name examplel.sd.proof is not associated with a proof.

pPp error: unknown proof
In any new session with SDVS, these associations may be read from the file

<sdvs.3> read
path name[tutorial/examplell]: tutorial/ezamplel

Definitions read from file "tutorial/examplel"
-~ (assign.sd,examplel.sd,examplel.sd.proof)

and executed via the init command or the interpret command:

<sdvs.1> interpret
proof name: ezamplel.sd.proof

setflag autoclose -- off

open -- [sd pre: (covering(all,x,y,z),.x = 2,.y = 3,formula(assign.sd))
comod: (all)
mod: (z2)
post: (#x = 2,#y = 3,#z = 5)]

apply -- [sd pre: (true)
comod: (all)
mod: (2)
post: (#z = .x + .y)]
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close -- 1 steps/applications
The main difference between the init command and the interpret command in running a
batch proof is that the interpret command does not initialize the system prior to running
the proof. Thus in the cases in which we want to run a batch proof of a state delta within
the proof of another state delta, the interpret command is appropriate.

Example 2 This second simple example differs from the first primarily in that the local
variables have only symbolic values. Proofs of such programs are said to be done by symbolic
ezecution. The example is a proof that the state delta translation of the program segment

Q

temp := X;
X :=y;
y := temp;

implies that at the end of the execution of Q, = and y will have exchanged their injtial values.
The example also illustrates the translation of a program consisting of several statements
to a nested state delta. The translation of the assignment statement
y := temp
is the state delta assign.temp.to.y.sd:
[sd pre: (true) comod: (all) mod: (y) post: (#y = .temp)]
The translation of the assignment statement
X =y
with its continuation is the state delta assign.y.to.z.sd:
[sd pre: (true)
comod: (all)

mod: (x)
post: (#x = .y,formula(assign.temp.to.y.sd))]

The truth of assign.y.to.z.sd at a time ¢;, implies that there are times t;; > 7;, > t;, such
that

o z(t;,) = y(t;,) and y(t;,) = temp(t;,) and
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e only z may change its value in the interval {t; ,%;,] and

e only y may change its value in the interval [t;,,2,,].
The translation of the assignment statement
temp := x
with its continuation is the state delta assign.z.to.temp.sd:

[sd pre: (true)

comod: (all)

mod: (temp)
post: (#temp = .x,formula(assign.y.to.x.sd))]

This state delta is in fact the state delta translation of the program segment Q. Finally,
the assertion that the translation of Q implies the specification of Q is the state delta
ezample2.sd:

[sd pre: (covering(all,x,y,temp),formula(assign.x.to.temp.sd))
comod: (all)
mod: (all)
post: (#x = .y,#y = .x)]

Now let us open the proof of ezample2.sd:

<sdvs.1> prove
state deltall: ezample2.sd
proof[1: <CR>

open -- [sd pre: (covering(all,x,y,temp),formula(assign.x.to.temp.sd))
comod: (all)
mod: (all)
post: (#x = .y,#y = .x)]

Complete the proof.

The opening of the proof of ezample2.sd asserts its precondition at the initial state of the
computational model. At this state, the variables z and y are given symbolic values of the
form “variablename\number”, where “number” is a positive integer that is generated in
an indeterminate manner. These values are listed by the ppeq (pretty-print equivalence
class) command:

<sdvs.1.1> ppeq
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expression: .z
eqclass = x\21

<sdvs.1.1> ppeq
expression: .y

eqclass = y\20

<sdvs.1.1> ppeq
expression: .temp

eqclass = temp\22

The goal of the proof of ezample2.sd, which is the interpreted postcondition of ezample2.sd,
may be viewed by means of the goals query:

<sdvs.1.1> goals

g(1) #x
g(2) #y

y\20
x\21

Since the precondition of ezample2.sd has been asserted, the state delta assign.z.to.temp.sd
is usable (true), and moreover, since its precondition is also true at the current state, it is
also applicable. This latter fact may be ascertained via the query applicable, to which
SDVS responds with a list of all the state deltas that it knows to be applicable at the current

state:
<sdvs.1.1> applicable

u(1) [sd pre: (true)
comod: (all)
mod: (temp)
post: (#temp = .x,formula(assign.y.to.x.sd))]

This state delta may be applied via the apply command with the parameters u and 1:

<sdvs.1.1> apply
sd/number [highest applicable/oncel: u
number: I

apply -- [sd pre: (true)
comod: (all)
mod: (temp) '
post: (#temp = .x,formula(assign.y.to.x.sd))]
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The state has now been advanced to a time at which the symbolic value of temp is the
previous value of z, and z and y have retained their values:

<sdvs.1.2> ppeq
expression: .z

eqclass = x\21

<sdvs.1.2> ppeq
expression: .y

eqclass = y\20

<sdvs.1.2> ppeq
expression: .lemp

eqclass = x\21

Furthermore, at this new state, assign.z.to.temp.sd is no longer necessarily true, because its
comodification list has a nonempty intersection with the modification list of the state delta
that was applied. Thus, it is also not applicable, but assign.y.to.z.sd is applicable since it
was asserted to be true by the application and its precondition is always true. Let us note
this fact and apply the state delta by using another parameter for the apply command,
namely, the name of the state delta to be applied:

<sdvs.1.2> applicable

u(1) [sd pre: (true)
comod: (all)
mod: (x)
post: (#x = .y,formula(assign.temp.to.y.sd))]

<sdvs.1.2> apply
sd/number [highest applicable/oncel: assign.y.to.z.sd

apply -- [sd pre: (true)
comod: (all)
mod: (x)
post: (#x = .y,formula(assign.temp.to.y.sd))]

The state has been advanced once more. Let us check the symbolic values of the variables
in the computation:

<sdvs.1.3> ppeq
expression: .z
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eqclass = y\20

<sdvs.1.3> ppeq
expression: .y

eqclass = y\20

<sdvs.1.3> ppeq
expression: .temp

eqclass = x\21

As expected, one of the goals has been achieved: the current value of z is the initial value
of y. Once more, the goals are:

<sdvs.1.3> goals

y\20
x\21

g(1) #x
g(2) #y

The query whynotgoal will demonstrate that one of the goals has indeed been achieved
and will list the remaining ones:

<sdvs.1.3> whynotgoal
simplify?[nol: <CR>

g(2) #y = x\21
The query ps (proof state) will show the history of the proof:
<sdvs.1.3> ps

<< initial state >>

proof in progress of example2.sd <3>
apply u(1) <2>
apply assign.y.to.x.sd <1>
--> you are here <--

Had we erred in the course of the proof, we would want to go back to the point before the
error and start anew. This may accomplished via the pop command:

<sdvs.1.3> pop
number of levels[1]: 2

2 levels popped.
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We are now at the point before the first apply:

<sdvs.1.1> ps

<< 1initial state >>
proof in progress of example2.sd <1i>
-~> you are here <--

The command apply has another use: with a number n as the parameter, SDVS will try
to apply n state deltas, using at each point the first applicable state delta in its list:

<sdvs.1.1> apply
sd/number [highest applicable/once]: 2

apply -- [sd pre: (true)
comod: (all)
mod: (temp)

post: (#temp = .x,formula(assign.y.to.x.sd))]

apply -- [sd pre: (true)
comod: (all)
mod: (x)
post: (#x = .y,formula(assign.temp.to.y.sd))]

<sdvs.1.3> ps
<< initial state >>
proof in progress of example2.sd <3>
apply <2>

apply <1>
-=> you are here <--

So we are back to the state attained after two applications.

To illustrate another important way to advance the state of computation by the application
of state deltas, we pop back again

<sdvs.1.3> pop
number of levels[1]: 2

2 levels popped.
and get some help on the until command:

<sdvs.1.1> help
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with[all]l: wuntil

until <postformula>
Symbolically executes highest applicable state deltas until
<postformula> is TRUE, there are no more applicable state deltas, or the
‘autoclose’ flag is on and the current goal is satisfied.

Let us apply until the goal #z = .y has been achieved, and then check where we are in the
proof:

<sdvs.1.1> until
formula: #Fzr=.y

apply -- [sd pre: (true)
comod: (all)
mod: (temp)

post: (#temp = .x,formula(assign.y.to.x.sd))]

apply -- [sd pre: (true)
comod: (all)
mod: (x)
post: (#x = .y,formula(assign.temp.to.y.sd))]

until break point reached -~ #x = .y

One more application should close the proof, but let us first set the autoclose flag to “o .

<sdvs.1.3> setflag
flag variable: autoclose
on or off[on]: off

setflag autoclose -- off
We now check to ensure that assign.temp.to.y.sd is applicable and then apply it:
<sdvs.1.4> applicable

u(1) [sd pre: (true) comod: (all) mod: (y) post: (#y = .temp)]

<sdvs.1.4> apply
sd/number [highest applicable/oncel: <CR>

apply -- [sd pre: (true)
comod: (all)
mod: (y)
post: (#y = .temp)]
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The symbolic values of z and y should now meet the specification:

<sdvs.1.5> ppeq
expression: .y

eqclass = x\21

<sdvs.1.5> ppeq
expression: .z

eqclass = y\20

If the autoclose flag were “on,” SDVS would have automatically closed the proof after the
last application, because it knows that all of the goals have been met:

<sdvs.1.5> whynotgoal
simplify?[no]: <CR>

The goal is TRUE. Type ‘close’.
Let us look at the proof state:
<sdvs.1.5> ps

<< initial state >>
proof in progress of example2.sd <5>
apply (until #x = .y) <4>
apply (until ...) <3>
autoclose flag turned off <2>
apply u(1) <i1>
-=> you are here <--
Close the proof:
<sdvs.1.5> close

close -- 4 steps/applications
And see what ps has to say:
<sdvs.2> ps

<< initial state >>

proved example2.sd <1>
-=> you are here <--
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At this point ezample2.sd is usable but not applicable. We could dump its proof via the
dump-proof command or quit the proof via the quit command (which will end the proof
session and associate the proof with the name “sdvsproof”). The command dump-proof
does not end the proof session, i.e., after a dump-proof, the most recently proved state
delta is still usable. Furthermore, dump-proof may be used in the middle of a proof. But
quit may be used only at the end of a proof, and afterwards the state delta that was proved

is no longer usable:

<sdvs.2> quit

Q.E.D. The proof for this session is in ‘sdvsproof’.
State Delta Verification System, Version 11
Restricted to authorized users only.

<sdvs.1> usable

No usable state deltas.

No usable quantified formulas.
A proof may also be pretty-printed:

<sdvs.1> pp
object: proof
proof name: sdvsproof

proof sdvsproof:

prove example2.sd
proof:
(until #x = .y,
setflag autoclose off,
apply u(1),
close)

Let us turn the autoclose flag to “on” and prove ezample2.sd using the until command
with the postcondition of ezample2.sd as its goal:

<sdvs.1> setflag
flag variable: autoclose
on or offfon]l: on

35




setflag autoclose -- on

<sdvs.2> init

proof name[]: <CR>

State Delta Verification System, Version 11

Restricted to authorized users only.

<sdvs.1> prove

state deltal]: ezample2.sd

proof[]l: <CR>

open -- [sd pre: (covering(all,x,y,temp),formula(assign.x.to.temp.sd))
comod: (all)
mod: (all)
post: (#x = .y, #y = .x)]

Complete the proof.

<sdvs.1.1> unti

formula: #z=.y and #y=.z

apply -- [sd pre: (true)
comod: (all)
mod: (temp)
post: (#temp = .x,formula(assign.y.to.x.sd))]
apply -- [sd pre: (true)
comod: (all)
mod: (x)
post: (#x = .y,formula(assign.temp.to.y.sd))]
apply -- [sd pre: (true)
comod: (all)
mod: (y)
post: (#y = .temp)]
close -- 3 steps/applications

Now, quit will associate a different proof with “sdvsproof”:

<sdvs.2> quit
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Q.E.D. The proof for this session is in ‘sdvsproof’.
State Delta Verification System, Version 11

Restricted to authorized users only.

<sdvs.1> pp
object: proof
proof name: sdvsproof

proof sdvsproof:

prove example2.sd
proof: until #x = .y & #y = .x
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3.2 Proofs by Cases

During the course of a proof, a disjunction of two or more formulas may be true, and it
may be that the proof can proceed only by considering each disjunct separately, i.e., it may
be necessary to prove that each disjunct implies that the goal will be achieved. For this
possibility, SDVS has the cases and mcases commands. Qur next example will feature the
use of the cases command.

Example 3 Consider the following conditional statement R:

if x <= y then
Z =y - X;
else
Z =X -Y;
end if

At the end of the execution of this segment, the value of z should be the absolute value® of
the difference of z and y, or equivalently, it should be true that

z220AN(z=z-yVz=y-2)

The statement R may be translated in SDVS as the conjunction of the state delta i f.sd

[sd pre: (.x le .y)
comod: (all)
mod: (2)
post: (#z = .y - .x)]

and the state delta else.sd

[sd pre: (.y 1t .x)
comod: (all)
mod: (z)
post: (#z = .x - .y)]

Thus, the state delta case.sd

[sd pre: (covering(all,x,y,z),formula(if.sd),formula(else.sd))
comod: (all)
mod: (2)
post: (#z ge O,#z = .y - .x or #z = .x - .y)]

8SDVS has an absolute value function, abs, but in most cases, proofs that involve it require “reading”
and invoking axioms, a subject that will be covered in Section 6.
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asserts that the state delta translation of R implies its specification.

Let us initiate the proof of case.sd:

<sdvs.1> init
proof name[]: <CR>

State Delta Verification System, Version 11
Restricted to authorized users only.

<sdvs.1> setflag
flag variable: autoclose

on or off[off]: off
setflag autoclose -- off

<sdvs.2> prove
state delta[l: case.sd
proof[J: <CR>

open -- [sd pre: (covering(all,x,y,z) ,formula(if.sd),formula(else.sd))

comod: (all)
mod: (z)
post: (#z ge O,
#z = .y - .x or #z = .x - .y)]

Complete the proof.

The query ppl will display the symbolic values of the places = and y:

<sdvs.2.1> ppl
placesfall]: <CR>

x x\30
y y\20

The symbolic value of z is unimportant at this point, since .z does not appear at the top
level of the postcondition of case.sd.

The interpreted postcondition of case.sd is the goal of the proof:

<sdvs.2.1> goals

g(1) #z ge O
g(2) #z = y\29 - x\30 or #z = x\30 - y\29
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And the state deltas else.sd and if.sd are usable:

<sdvs.2.1> usable
u(1) [sd pre: (.y 1t .x)
comod: (all)
mod: (2)
post: (#z = .x - .y)]
u(2) [sd pre: (.x le .y)
comod: (all)

mod: (z)
post: (#z = .y - .x)]

No usable quantified formulas.
But they are not applicable:®
<sdvs.2.1> applicable
The query whynotapply shows why:

<sdvs.2.1> whynotapply
state deltal highest usable]: if.sd

Because the following is not known to be true -- .x le .y

<sdvs.2.1> whynotapply
state deltal highest usable]: else.sd

Because the following is not known to be true -- .y 1t .x

Neither is applicable because, at this state, neither precondition is true. But the disjunction
of their preconditions is surely true:

<sdvs.2.1> simp
expression: .zle.yor.ylt .z

true

%1f there are usable state deltas but none of which is known to be applicable by SDVS, the applicable
query gives no information, because under certain circumstances, it may be possible for the user to prove
that one of the usable state deltas is in fact applicable.
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Since SDVS knows that the disjunction of these two formulas is true, we may use the cases
command to split the proof of the goal to the case that .z < .y and to the case that .y < .z.
In the first case, if.sd will be applicable, and in the second case, else.sd will be applicable.
But in both cases, the goal will remain the same, and so will the modification list. The
comodification list will always be “all.”

<sdvs.2.1> cases
case predicate: .rle.y

cases -- .X le .y
open -- [sd pre: (.x le .y)
comod: (all)
mod: (2)
post: (#z ge O,
#z = y\29 - x\30 or #z = x\30 - y\29)l

The proof of the first case has been opened. The state has not been advanced (the “all” in
the comodification list assures this), but it is now assumed that .z < .y

<sdvs.2.1.1.1> simp
expression: .zle.y

true
As we already noted, the goal remains the same:

<sdvs.2.1.1.1> goals

g(1) #z ge O
g(2) #z = y\29 - x\30 or #z = x\30 - y\29

Furthermore, since the state has not been advanced, the same state deltas are usable:

<sdvs.2.1.1.1> wusable

u(1) [sd pre: (.y 1t .x)
comod: (all)
mod: (2)
post: (#z = .x - .y)]

u(2) [sd pre: (.x le .y)

comod: (all)
mod: (z)
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post: (#z = .y - .x)]

No usable quantified formulas.
But in this case, since .z < .y, if.sd is also applicable:

<sdvs.2.1.1.1> applicable

u(2) [sd pre: (.x le .y)
comod: (all)
mod: (2)
post: (#z = .y - .x)]

Let us see where we are in the proof, and then apply i f.sd:

<sdvs.2.1.1.1> ps

<< initial state >>
autoclose flag turned off <3>
proof in progress of case.sd <2>
case analysis in progress on: .x le .y or “(.x le .y) <1>
1st case: in progress
==> you are here <--

<sdvs.2.1.1.1> apply
sd/number [highest applicable/oncel: if.sd

apply -- [sd pre: (.x le .y)
comod: (all)

mod: (2)
post: (#z = .y - .x)]

We inquire if the goal is true and close the proof of the first case:

<sdvs.2.1.1.2> whynotgoal
simplify?[nol: <CR>

The goal is TRUE. Type ‘close’.
<sdvs.2.1.1.2> close

close -- 1 steps/applications
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open -- [sd pre

Complete the

comod: (all)
mod: (z)

: (7(.x le .y))

post: (#z ge O,
#z = y\29 - x\30 or #z = x\30 - y\29)]

proof.

SDVS has automatically opened the proof of the case .y < .z:

<sdvs.2.1.2.1

expression:

true

> simp
gylt.z

At this point there are several usable state deltas, but only one has a true precondition and
is applicable, else.sd:

<sdvs.2.1.2.1> usable

u(1) [sd pre

comod:
mod:
post:

u(2) [sd pre:
comod:

mod:

post:

u(3) [sd pre:
comod:

mod:

post:

: (.x le .y)
(all)

(2)

(#z ge O,

#z = y\29 - x\30 or #z

(.y 1t .x)
(all)
(z)

(.x le .y)
(all)

(z)

(#z = .y -

(#z = .x - .y)]

.x)]

No usable quantified formulas.

<sdvs.2.1.2.1> applicable

u(2) [sd pre: (.y 1t .x)

comod:
mod:
post:

(all)
()

(#z = .x -

Y1
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Note that the first usable state delta is the state delta that was just proved, i.e., the first
case state delta. We apply else.sd and close the proof of the second case:

<sdvs.2.1.2.1> apply
sd/number [highest applicable/once]: else.sd

apply -- [sd pre: (.y 1t .x)
comod: (all)
mod: (z)
post: (#z = .x - .y)]
After the proof of the second case, SDVS automatically “joins” the two cases into one state

delta and closes the proof of case.sd. (The “join” and close are automatic, even if the
autoclose flag is off.) Thus case.sd is now usable:

<sdvs.3> wusable
u(1) [sd pre: (covering(all,x,y,z),formula(if.sd),formula(else.sd))
comod: (all)
mod: (z)
post: (#z ge O,#2 = .y - .x or #z = .x - .y)]
No usable quantified formulas.
Let us quit and look at the proof:
<sdvs.3> quit
Q.E.D. The proof for this session is in ‘sdvsproof’.
State Delta Verification System, Version 11
Restricted to authorized users only.
<sdvs.1> pp
object: proof
proof name: sduvsproof
proof sdvsproof:
(setflag autoclose off,
prove case.sd

proof:
cases .x le .y
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then proof:
(apply if.sd,
close)

else proof:
(apply else.sd,
close))
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3.3 Proofs of Now and of Always

In this section, we will give some trivial examples of state deltas that assert that a formula
is true now and that a formula is true always (in the timeline).

Example 4 A state delta with a comodification list of “all” and an empty modification
list asserts that its precondition implies its postcondition at the current time. The reason
for this is that a comodification list of “all” does not allow any variables to change value
between now and the precondition time, and the empty modification list does not allow any
variables to change value between the precondition and postcondition times. Thus, if the
precondition implies the postcondition at the current state, the state delta is true.

Consider the state delta nowl.sd:

[sd pre: (covering(all,x),.x gt a)
comod: (all)
post: (#x ge a + 1)]

It asserts!® that z > a implies z > a + 1, which is of course true. The proof is trivial.

<sdvs.4> setflag
flag variable: autoclose
on or off[on]: off

setflag autoclose -- off

<sdvs.5> init
proof name[]l: <CR>

State Delta Verification System, Version 11

Restricted to authorized users only.

<sdvs.1> prove
state deltal[l: nowl.sd
proof[l: <CR>

open -- [sd pre: (covering(all,x),.x gt a)
comod: (all)
post: (#x ge a + 1)]

Complete the proof.

19Recall that in SDVS, integeris the default type of local and global variables.
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Since the precondition has been asserted and the precondition implies the postcondition,
the goal is true, and we may close the proof.

<sdvs.i.1> simp
expression: .zgla

true

<sdvs.1.1> simp
expression: .z ge a+l1

true

<sdvs.1.1> close

close -- 0O steps/applications

Example 5 A more interesting example of an implication posing as a state delta is now2.sd
[sd pre: (covering(all,x),formula(event.x.gt.5.sd))
comod: (all)
post: (formula(event.x.ge.6.sd))]
where event.z.gt.5.sd is the state delta
[sd pre: (true) comod: (all) mod: (x) post: (#x gt 5)]
and event.z.ge.6.sd is the state delta

[sd pre: (true) comod: (all) mod: (x) post: (#x ge 6)]

Clearly, event.z.gt.5.sd implies event.z.ge.6.sd, which is the assertion of now2.sd.

Let us open the proof of this implication:

<sdvs.2> init
proof name[l: <CR>

State Delta Verification System, Version 11

Restricted to authorized users only.
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<sdvs.1> prove
state deltall: now2.sd
proof[]: <CR>
open -- [sd pre: (covering(all,x),formula(event.x.gt.5.sd))
comod: (all)
post: (formula(event.x.ge.6.sd))]

Complete the proof.

and look at the goals and the state deltas that are applicable:

<sdvs.1.1> goals

g(1) [sd pre: (true) comod: (all) mod: (x) post: (#x ge 6)]

<sdvs.1.1> applicable

u(1) [sd pre: (true) comod: (all) mod: (x) post: (#x gt 5)]

We really do not want to apply this last state delta right now, because

<sdvs.1.1> whynotapply
state deltal highest usable]l: <CR>

Applicable, but must lead to a contradiction, because modlist too large.

The problem is that the state delta that we are proving, now2.sd, has an empty modification
list that does not allow us to advance the state under normal circumstances. To illustrate
a point, we nevertheless proceed with the application:

<sdvs.1.1> apply
sd/number [highest applicable/oncel: <CR>

apply -- [sd pre: (true)
comod: (all)
mod: (x)
post: (#x gt 5)]

Warning: the modlist of the last applied state delta mentions places (x)

outside of the modlist of the state delta to be proven. The current
proof can only be closed by contradiction.
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SDVS will not allow us to close the proof unless we can prove that our application will
eventually lead to a contradiction, i.e., an inconsistent state. If the postcondition of
event.z.gt.5.5d did lead to a contradiction, for example, if the postcondition were #z =
#z + 1, then we could close the proof. But since in this case the postcondition is not
inconsistent, we must pop back one step.

<sdvs.1.2> ps

<< initial state >>

proof in progress of now2.sd <2>
apply u(1) <i>
--> you are here <--

<sdvs.1.2> pop
number of levels[1]: <CR>

One level popped.

The only way to proceed with the proof is to open the proof of event.z.ge.6.sd:

<sdvs.1.1> goals
g(1) [sd pre: (true) comod: (all) mod: (x) post: (#x ge 6)]

<sdvs.1.1> prove
state deltall: ¢
number: 1
proof[l: <CR>

open -- [sd pre: (true)
comod: (all)
mod: (x)
post: (#x ge 6)]

Complete the proof.

<sdvs.1.1.1> applicable

u(1) [sd pre: (true) comod: (all) mod: (x) post: (#x gt 5)]

At this point the modification list of the state delta to be proven, event.z.g.6.sd, is z, and
this list is a sublist of the modification list of event.z.gt.5.sd. That is why we may apply it
without having to reach a contradiction:
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<sdvs.1.1.1> whynotapply
state delta[ highest usable]: <CR>

Quite applicable.

<sdvs.1.1.1> apply
sd/number [highest applicable/once]l: <CR>

apply -- [sd pre: (true)
comod: (all)
mod: (x)
post: (#x gt 5)]

To complete the proof we have to close twice, since we opened the proof of two state deltas:

<sdvs.1.1.2> close
close -- 1 steps/applications
Complete the proof.
<sdvs.1.2> usable
u(1) [sd pre: (true) comod: (all) mod: (x) post: (#x ge 6)]

u(2) [sd pre: (true) comod: (all) mod: (x) post: (#x gt 5)]

No usable quantified formulas.

<sdvs.1.2> close

close -- 1 steps/applications

<sdvs.2> usable

u(1) [sd pre: (covering(all,x),formula(event.x.gt.5.sd))

comod: (all)
post: (formula(event.x.ge.6.sd))]

No usable quantified formulas.
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Example 6 A state delta whose comodification and modification lists are both empty
asserts that, at every time in the future, the precondition implies the postcondition. The
reason for this is that since the comodification list is empty, no constraint is made between
the current time and any future time at which the precondition may be true. Thus, if at
any future time the precondition is true, then — because the modification list is empty —
the postcondition must be true at that very time. In particular, if the precondition is true,
then the postcondition must be true now and at every future time.

To illustrate these remarks, we provide a simple example. The state delta always.sd
[sd pre: (true) post: (#x gt #y)]

asserts that the value of z is always greater than the value of y. Thus, always.sd in
conjunction with the state delta eventuallyl.sd

[sd pre: (true) comod: (all) mod: (all) post: (#y = 100)]
implies the state delta eventually2.sd
[sd pre: (true) comod: (all) mod: (all) post: (#x gt 100)]
This implication is asserted by always.ex.sd
[sd pre: (covering(all,x,y),formula(eventuallyi.sd),formula(always.sd))
comod: (all)
post: (formula(eventually2.sd))]

which we proceed to prove.

<sdvs.3> init
proof name[]: <CR>

State Delta Verification System, Version 11
Restricted to authorized users only.

<sdvs.1> prove
state deltal]l: always.ez.sd
proof[1: <CR>

open -- [sd pre: (covering(all,x,y),formula(eventuallyl.sd),
formula(always.sd))
comod: (all)
post: (formula(eventually2.sd))]

Complete the proof.
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<sdvs.1.1> usable
u(1) [sd pre: (true) post: (#x gt #y)]

u(2) [sd pre: (true)
comod: (all)
mod: (all)

post: (#y = 100)]

No usable quantified formulas.
<sdvs.1.1> goals

g(1) [sd pre: (true)
comod: (all)
mod: (all)

post: (#x gt 100)]

There is only one efficient way to proceed:

<sdvs.1.1> prove
state deltal]: g¢
number: I
proof[]: <CR>

open -- [sd pre: (true)
comod: (all)
mod: (all)

post: (#x gt 100)]
Complete the proof.
Because the comodification list of eventually2.sd is all, eventuallyl.sd and always.sd are

still usable (always.sd will always be usable, because its comodification list is empty, and
it will always be applicable, because its precondition is true and its modification list is also

empty.)

<sdvs.1.1.1> usablesds

u(1) [sd pre: (true) post: (#x gt #y)]
u(2) [sd pre: (true)

comod: (all)
mod: (all)
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post: (#y = 100)]

We must now apply eventuallyl.sd and then always.sd, because the reverse order of appli-
cation would not reach the goal. To illustrate this point, let us first apply always.sd:

<sdvs.1.1.1> apply

sd/number[highest applicable/once]:

apply -- [sd pre: (true)
post: (#x gt #y)]

<sdvs.1.1.2> simp
expression: .z gt.y

true

<sdvs.1.1.2> apply

sd/number [highest applicable/once]:

apply -- [sd pre: (true)
comod: (all)
mod: (all)

post: (#y = 100)]

<sdvs.1.1.3> simp
expression: .z gl.y

x\51 gt 100

always.sd

eventuallyl.sd

Because the modification list of eventuallyl.sd included z, the application of eventuallyl.sd
erased the assertion .z > .y from the data base of facts. So let us pop back, apply in the

right order, and then close the two proofs.

<sdvs.1.1.3> pop
number of levels[i]: 2

2 levels popped.

<sdvs.1.1.1> apply

sd/number[highest applicable/once]: eventuallyl.sd

apply -- [sd pre: (true)
comod: (all)
mod: (all)

post: (#y = 100)]
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<sdvs.1.1.2> apply
sd/number [highest applicable/once]:

apply -- [sd pre: (true)
post: (#x gt #y)]

<sdvs.1.1.3> close
close -- 2 steps/applications
Complete the proof.
<sdvs.1.2> close

close -- 1 steps/applications
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3.4 Proofs by Induction

If a state delta is applicable at a certain point in a proof, and if its modification and
comodification lists are disjoint, then the state delta may be applicable a number of times.
For example, this is the case of the state delta

[sd pre: .i 1t .y
comod: X,y
mod: s,i
post: #s=.s+1 and #i=.i+1]

at time %o in the temporal structure M in Section 2.2.2. In certain situations it is possible to
proceed with a proof by applying the state delta a fixed number of times, but in other cases
the number of times that the state delta must be applied is not fixed but is data-dependent.
For these instances, SDVS has a special proof command, induct. In this section we first
present a simple and then a more complicated example illustrating this type of induction.

Example 7 Consider for example the state delta z.increases.sd:

[sd pre: (.x 1t 100)
mod: (x)
post: (#x = .x + 1)]

If, at some point in a proof, z.increases.sd is true and the value of z is less than 100, then
at this point z.increases.sd is not only true but applicable as well. In fact, from this point
on, it may be applied repeatedly until the value of z reaches 100. Of course, the number of
times that it must be applied for z to reach the value of 100 depends on the initial value
of z itself. We will illustrate the induct command by giving a proof of the state delta

inductionl.sd:
[sd pre: (.x le 0,formula(x.increases.sd))
comod: (all)

mod: (x)
post: (#x = 100)]

<sdvs.3> init
proof name[l: <CR>

State Delta Verification System, Version 11
Restricted to authorized users only.

<sdvs.1> prove
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state deltall: inductionl.sd
proof[]l: <CR>

open -- [sd pre: (.x le 0,formula(x.increases.sd))
comod: (all)
mod: (x)

post: (#x = 100)]
inserting -- pcovering(all,x)

Complete the proof.

The value of z is now symbolic and less than or equal to 0. In fact, let us give a name to
this symbolic value by using a useful naming device in SDVS, the let command.

<sdvs.1.1> let
new variable: a
value: .z

let -- a = .x

It should be pointed out that the name of the “new variable” must be new and that the
value assigned to it must be a term of type precondition (no # ’s). For example,

<sdvs.1.2> let
new variable: b
value: 2%z

let - b =2 % .x

<sdvs.1.3> simp
expression: b=2%

true
We can verify that a is the current value of 2 and list its range of possible values:

<sdvs.1.3> ppeq
expression: .z

eqclass = a
x\54

<sdvs.1.3> range
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expression: .z

Range -infinity ... O

The state delta z.increases.sd is certainly applicable:

<sdvs.1.3> applicable

u(1) [sd pre: (.x 1t 100)
mod: (x)
post: (#x = .x + 1)]

We are now ready to induct.

<sdvs.1.3> induct
induction expression: i
from: a
to: 100
invariant list[]: .z=¢
comodification list[]: <CR>
modification list[d: =z
base proof[1: <CR>
step proof[]: <CR>

induction -- i from a to 100
open -- [sd pre: (i = a)
comod: (all)

post: (.x = i)]

Several comments are in order:

(i) We are inducting from 7 = a to ¢ = 100.

(i) The invariant list of the induct command must be true now. In general, the invariant
list of the induction command is a precondition formula that must be true at every
step of the induction, but not necessarily at every intermediate state.

(iii) If ¢ does reach 100 and the invariant list is true, then our goal will also be true, namely,

the value of £ must then be 100.

(iv) The comodification and modification lists for the induct command must be disjoint.

(v) The modification list to the induct command must be included in the modification

list of the state delta to be proven.
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Upon the invocation of the induction command, SDVS automatically opens the proof of the
base case state delta and then, upon the completion of this proof, the proof of the step case
state delta. The base case proof is a proof that if 7 is equal to the initial value of .z, then
the invariant is true now. The step case proof is the proof of the state delta that asserts
that if 4 is somewhere between the specified limits of the range, i.e., a < 7 < 100, and the
invariant is true for ¢, then there is a future time when the invariant will be true for 7 + 1,
and in the meantime, only £ may change its value. Since the autoclose flag is “off,” we have
to close the base case proof.

<sdvs.1.3.1.1> close
close -- 0 steps/applications
open -- [sd pre: (i ge a,i 1t 100,.x = i)
mod: (x)
post: (#x = i + 1)]

Complete the proof.

The proof of the state delta that was automatically opened is the step case proof. In order
to complete this proof, we have to advance the state, and this can be done only by applying
z.increases.sd (which, of course, is still applicable):

<sdvs.1.3.2.1> applicable

u(1) [sd pre: (.x 1t 100)
mod: (x)
post: (#x = .x + 1)]

<sdvs.1.3.2.1> apply
sd/number [highest applicable/oncel: z.increases.sd

apply -- [sd pre: (.x 1t 100)

mod: (x)
post: (#x = .x + 1)]

Let us look at the proof state and then close the proof by induction:

<sdvs.1.3.2.2> ps

<< initial state >>

proof in progress of inductionl.sd <5>
let a = .x <4>
let b = 2 % .x <3>
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induction in progress on i from a to 100 <2>
base case: complete
step case: in progress
apply x.increases.sd <i>
--> you are here <--

<sdvs.1.3.2.2> close

close -~ 1 steps/applications
join induction cases -- [sd pre: (a le 100)
comod: (all)
mod: (x)

post: (#x = 100)]

Complete the proof.

Finally SDVS joins the two proofs. The goal should now have been reached.

<sdvs.1.4> ppeq
expression: .z

eqclass = 100

<sdvs.1.4> close

close -- 3 steps/applications

Our next example of induction in SDVS differs from the last one in that the invariant list
for the induction and the comodification and modification lists is more complex.

Example 8 Suppose that at some point in the execution of a program, the value of the
program variable y is greater than or equal to zero and the program segment to be executed

is S:

sum:= X;

ctr:= 0;

while (ctr < y) loop
sum:= sum + 1;
ctr:= ctr + 1;

end loop;
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At the end of the execution of S, the value of sum should be the sum of the initial values
of z and y.

The loop portion of S cannot be translated into state deltas of the form that we have so
far discussed. The semantics of a loop requires the concept of a circular state delta, which
is defined as the greatest fixed point of an operator on predicates and is beyond the scope
of this tutorial. But for another illustration of induction, we collapse the two assignment
statements of the loop into one statement and translate the program segment S as the fol-
lowing series of nested state deltas:

assign.z.to.sum.sd:

[sd pre: (true)

comod: (all)

mod: (sum)
post: (#sum = .x,formula(assign.0.to.ctr.sd))]

assign.0.to.ctr.sd:

[sd pre: (true)

comod: (all)

mod: (ctr)
post: (#ctr = 0,formula(loop.sd))]

loop.sd:

[sd pre: (.ctr 1t .y)
comod: (x,y)
mod: (sum,ctr)
post: (#sum = .sum + 1,#ctr = .ctr + 1)]

The first two state deltas are assignment statements with a continuation. But loop.sd is the
test for the loop (its precondition) and the collapsed loop body itself (its postcondition).
Note that it is the only state delta without an “all” in its comodification list. When this
state delta first becomes true, it will be applicable as long as z and y do not change their
values and as long as the precondition is true. This is the state delta that will allow us to
proceed with the induction.

Finally, the state delta sum.sd

[sd pre: (covering(all,x,y,ctr,sum),.y ge O,formula(assign.x.to.sum.sd))
comod: (all)
mod: (sum,ctr)
post: (#sum = .x + .y)]
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X 5 5 5 5 5 5
y 3 3 3 3 3 3
sum sum(to) 5 5 6 7 8
ctr ctr(to) ctr(ty) O 1 2 3
! | | | | |
T to t1 tz tZ_’, 1;4 t5

Figure 5: A Model N of the Precondition of sum.sd

asserts that if the initial value of y is greater than or equal to zero, and if asstgn.z.to.sum
is true, then eventually the value of sum will be equal to the sum of the initial values of
and y. Furthermore, because of its modification list, in that interval of change = and y will

remain constant.

For an example of a model N of the precondition of the state delta sum.sd, refer to Figure
5. In N the initial values of z and y are 5 and 3, respectively. The value of sum is symbolic
at 1o, and the value of ctr is symbolic at to and £;. The state delta assign.z.to.sum. sd
is applicable (true with a true precondition) at fo; assign.0.to.ctr. sd is applicable at %j;
and loop.sd is applicable at iy, t3, and 4. The precondition time of sum.sd is tg, and its

postcondition time is 5.

Let us open the proof of sum.sd, check the symbolic values of z and y, and then check the
goal of the proof:

<sdvs.3> init
proof name[]: <CR>

State Delta Verification System, Version 11
Restricted to authorized users only.

<sdvs.1> prove
state deltall: sum.sd
proof[1: <CR>

open -- [sd pre: (covering(all,x,y,ctr,sum),.y ge O,
formula(assign.x.to.sum.sd))
comod: (all)
mod: (sum,ctr)
post: (#sum = .x + .y)]

Complete the proof.
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<sdvs.1.1> ppl

places[all]l: <CR>

x x\62
y y\61

<sdvs.1.1> goals

g(1) #sum = x\62 + y\61

We now use until to advance through the first two assignment statements:

<sdvs.1.1> until
formula: #ctr=0

apply -- [sd pre:
comod:

mod:

post:

apply -- [sd pre:
comod:

mod:

post:

(true)
(all)
(sum)
(#sum = .x,formula(assign.0.to.ctr.sd))]

(true)
(all)
(ctr)
(#ctr = 0,formula(loop.sd))]

until break point reached -- #ctr = 0

As we expected, the assignments have been executed and the goal remains the same:

<sdvs.1.3> ppl

places[all]l: <CR>

sum x\62

everyplace UNDEFINED

ctr O
x x\62

y y\61

<sdvs.1.3> goals

g(1) #sum = x\62 + y\61

The state delta loop.sd is now usable but not applicable because if the value of y happens

to be 0, then its precondition is not true.
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<sdvs.1.3> wusable

u(1) [sd pre: (.ctr 1t .y)
comod: (x,y)
mod: (sum,ctr)
post: (#sum = .sum + 1,#ctr = .ctr + 1)]
No usable quantified formulas.

<sdvs.1.3> applicable

<sdvs.1.3> whynotapply
state delta[ highest usablel: loop.sd

Because the following is not known to be true -- .ctr 1t .y

We are thus forced to do cases on .ctr > .y. If this case is true, then y = 0 and our goal is
trivially true:

<sdvs.1.3> cases
case predicate: .cirge.y

cases -- .ctr ge .y
open -- [sd pre: (.ctr ge .y)
comod: (all)

mod: (sum,ctr)
post: (#sum = x\62 + y\61)]

<sdvs.1.3.1.1> close
close -- O steps/applications
open -- [sd pre: (“(.ctr ge .y))
comod: (all)
mod: (sum,ctr)
post: (#sum = x\62 + y\61)]

Complete the proof.

SDVS has now opened the case of .ctr < .y. Since this is the precondition of loop.sd, it is
now applicable and we use it in our induction.

<sdvs.1.3.2.1> applicable
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u(2) [sd pre: (.ctr 1t .y)
comod: (x,y)
mod: (sum,ctr)
post: (#sum = .sum + 1,#ctr = .ctr + 1)]

In this example the use of the induct command is less trivial. A little thought shows that
sum = z + ctr is true at the current state, and that it will continue to be true after each
application of loop.sd. Furthermore, when the value of ctr is equal to the value of y, our
goal will be true. It follows that we should induct from .ctr = 0 to .ctr = .y, with the
invariant being .sum = .z + .ctr. The comodification list should consist of z and y, since
they must remain constant during the induction, and the modification list should consist of
sum and ctr, since they must be allowed to change. Note that these two lists are disjoint,
as they must be. So, let us proceed with the induction.

<sdvs.1.3.2.1> induct
induction expression: .ctr
from: 0
to: .y
invariant 1list[]: .sum=.z+.ctr
comodification list[]: zy
modification list[]: sum,ctr
base proof[]: <CR>
step proof[l: <CR>

induction -- .ctr from O to .y
open -- [sd pre: (true)
comod: (all)
post: (.sum = .x + .ctr,.ctr = 0)]
SDVS has opened the proof of the base case which is trivially true, and we close it.
<sdvs.1.3.2.1.1.1> close

close -- O steps/applications

open -- [sd pre: (.ctr ge 0,.ctr 1t .y,.sum = .x + .ctr)
comod: (x,y)
mod: (sum,ctr)
post: (#sum = #x + #ctr,#ctr = .ctr + 1)]

Complete the proof.

For the step case proof, the invariant is assumed to be true now, and we have to reach the
state at which it will continue to be true and the value of ctr will be incremented by 1. Let
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us check the proof state at this juncture:

<sdvs.1.3.2.1.2.1> ps

<< initial state >>
proof in progress of sum.sd <5>
apply (until #ctr = 0) <4>
apply (until ...) <3>
case analysis in progress on: .ctr ge .y or “(.ctr ge .y) <2>
1st case: complete
2nd case: in progress
induction in progress on .ctr from 0 to .y <1>
base case: complete
step case: in progress
--> you are here <--

Since at this state ctr < y, and z and y have remained constant, loop.sd should be applicable:

<sdvs.1.3.2.1.2.1> applicable

u(1) [sd pre: (.ctr 1t .y)
comod: (x,y)
mod: (sum,ctr)
post: (#sum = .sum + 1,#ctr = .ctr + 1)]

Before applying this state delta, let us check the symbolic values of the places and the goal:

<sdvs.1.3.2.1.2.1> ppl
places[all]l: <CR>

sum sum\70
everyplace UNDEFINED

ctr ctr\69
x x\62
y y\el

<sdvs.1.3.2.1.2.1> goals

#x + #ctr
ctr\69 + 1

g(1) #sum
g(2) #ctr

Now we apply loop.sd and check the symbolic values once more:

<sdvs.1.3.2.1.2.1> apply
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sd/number [highest applicable/once]: loop.sd
apply -- [sd pre: (.ctr 1t .y)
comod: (x,y)

mod: (sum,ctr)
post: (#sum = .sum + 1,#ctr = .ctr + 1)]

<sdvs.1.3.2.1.2.2> ppl
places[alll: <CR>

sum (1 + x\62) + ctr\69
everyplace UNDEFINED
ctr 1 + ctr\69

x x\62

y y\e1

The values of sum and ctr have increased by one, and the invariant should remain true for
these new values.

<sdvs.1.3.2.1.2.2> simp
expression: .sum=.z+.ctr

true
<sdvs.1.3.2.1.2.2> applicable

<sdvs.1.3.2.1.2.2> close
close -- 1 steps/applications
join induction cases -- [sd pre: (0 le .y)
comod: (all,x,y)
mod: (sum,ctr)

post: (#ctr = .y,#sum = #x + #y)]

Complete the proof.

SDVS has now joined the two case of the induction proof. Let us check the proof state:

<sdvs.1.3.2.2> ps

<< initial state >>
proof in progress of sum.sd <5>
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apply (until #ctr = 0) <4>
apply (until ...) <3>
case analysis in progress on: .ctr ge .y or ~“(.ctr ge .y) <2>
1st case: complete
2nd case: in progress
proved via induction, then applied
[sd pre: (0 le .y)
comod: (all,x,y)
mod: (sum,ctr)
post: (#ctr = .y, #sum = #x + #y)] <1>
--> you are here <--

The goal of the second case of the cases true has now been reached.

<sdvs.1.3.2.2> simp
expression: .sum=.z+.y

true

We thus close the second case proof and then the proof of sum.sd itself.
<sdvs.1.3.2.2> close
close -- 1 steps/applications
join -~ [sd pre: (true)
comod: (all)
mod: (sum,ctr)
post: (#sum = x\62 + y\61)]
close -- 3 steps/applications
<sdvs.2> ps
<< initial state >>
proved sum.sd <1>
--> you are here <--
<sdvs.2> quit
Q.E.D. The proof for this session is in ‘sdvsproof’.

State Delta Verification System, Version 11

Restricted to authorized users only.
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4 Declaration of Types

In our previous examples we did not declare the type of the variables. SDVS assumed
that they were integers. However, it is possible to declare explicitly the types of the local
variables by the declare statement. The SDVS types accepted by the declare statement
may be listed with the help query:

<sdvs.1> help
with[alll: types
<<<SDVS Help>>>  Types <<<SDVS Help>>>
type(boolean) Boolean
type(character) Ada characters
type(bitstring,n) bitstring of length n
type(polymorphic) polymorphic (any type)
type(fn,exp) a function defined by the expression exp
type(float) floating point
type(integer) integer
type(integer,1lb,ub) bounded integer, that is, lb<=i<=ub

type(array,lb,ub,type) array with lower bound 1b, upper bound ub, and
specified element type

type(record,fieldi(typel),...,fieldj(typej)) record with field names of
specified types

type(time) VHDL time
type(waveform) VHDL waveform
type(integerwaveform) VHDL integer waveform

type(bitwaveform) VHDL bit waveform

type(bitstringwaveform,n) VHDL bitstring (length n) waveform
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The last five types are peculiar to VHDL. The “record,” “character,” and “float” types are
for Ada, and the bitstring type is for ISPS and VHDL. If @ is an array, then origin(a)
is its initial index, range(a) is its length, and for ¢ and j such that origin(a) < i < j <
(origin(a) + range(a)), afi : 7] is the slice (subarray) of a from the i’th to the j’th index.
If b is a bitstring, then [h(b) is the length of b, the zeroth bit is the low-order bit, and the
[h(b) — 1 Dbit is the high-order bit. The integer value of b is denoted by |b|. If ¢ and j are
such that 0 < j and 0 < ¢ < 27 — 1, then i(j) is the bitstring of length j and integer value
i. Thus, if b = 10(4), then b =< 1010 >. If 0 < i < j < lh(b) — 1, then b < j : i > is the
substring of b of length 7 — ¢ + 1 whose bits are the bits of b from the i’th to the j’th bit.
Some bitstring operations are addition (++), subtraction (-), multiplication (**), bitstring
“or” (usor), bitstring “and” (&&), and concatenation (@). Some bitstring inequalities are:
“uslt,” “usle,” “usgt,” and “usge” (the “us” prefix means unsigned). Here is an example
of a few declarations:

<sdvs.1> pp
object: sd
state delta name: {ypes.sd

[sd pre: (declare(a,type(array,-1,5,type(integer))),
declare(abit,type(array,1,10,type(bitstring,4))),
declare(p,type(boolean)) ,declare(q,type(boolean)),
declare(r,type(boolean)),declare(cbit,type(bitstring,6)),
covering(all,a,abit,p,q,r),.p,”.q,.r,.a[1] = 2,.a[2] = 100,
.abit[1] = 9(4),.abit[2] = 8(4),.abit[3] = 7(4),

.cbit = 12(6))
comod: (all)
mod: (p,q)
post: (#q)]

Note that the initial values of abit[1], abit[2], and abit[3] are < 1001 >, < 1000 >, and
< 0111 >, respectively. Also, initially, p and r are true, and ¢ is false. The above state
delta is, of course, not provable, but if we open its proof we can then use the simplifier to
illustrate some notation:

<sdvs.1> prove
state deltall: types.sd
proof[}: <CR>

open -~ [sd pre: (declare(a,type(array,-1,5,type(integer))),
declare(abit,type(array,1,10,type(bitstring,4))),
declare(p,type(boolean)),declare(q,type(boolean)),
declare(r,type(boolean)),
declare(cbit,type(bitstring,6)),
covering(all,a,abit,p,q,r),.p,”.q,.r,.a[1] = 2,
.a[2] = 100, .abit[1] = 9(4),.abit[2] = 8(4),
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.abit[3] = 7(4),.cbit = 12(6))

comod: (all)
mod: (p,q)
post: (#q)]

inserting -- pcovering(all,cbit)

Complete the proof.

<sdvs.1.1> simp
expression: .q

false

<sdvs.1.1> simp
expression: .q implies (.p and .r)

true

<sdvs.1.1> simp
expression: .q or (.q implies (.p and .r))

true

<sdvs.1.1> simp
expression: .af1]+.a[2]

102

<sdvs.1.1> simp
expression: origin(a)

-1

<sdvs.1.1> simp
expression: range(a)

7

<sdvs.1.1> simp
expression: range(a[2:3])

2

<sdvs.1.1> simp
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expression: .af2:3][2]
100

<sdvs.1.1> simp
expression: |.abit[2]|

<sdvs.1.1> simp
expression: .abit(2]

8(4)

<sdvs.1.1> simp
expression: [h(.chit)

<sdvs.1.1> simp
expression: .abit[1]++.abit[2]

17(5)

<sdvs.1.1> simp
expression: .chit<2:0>

4(3)

<sdvs.1.1> simp
expression: .chit<3:3>

1(1)

<sdvs.1.1> simp
expression: .abit[1] usor .abit[2]

9(4)

<sdvs.1.1> simp
expression: .abit[1] @ .abit[2]

152(8)
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5 Quantification in SDVS

Quantification and proof rules involving quantifiers have been implemented in SDVS, but
not in a very general way. The universal quantifier V is “forall” and the existential quantifier
3 is “exists.” Both of these quantifiers may be used, untyped, over values of program
variables (places), but only the existential quantifier may be used over the program variables
themselves. In this section we illustrate two of the most important quantification proof rules,
instantiate, and provebyinstantiation, by using a simple example.

Example 9 Consider the state delta quant.sd

[sd pre: (declare(a,type(array,1,10,type(integer))),
forall i (1 le i & i 1le 10 --> .a[i]l = 1),
exists j ((1 le j & j le 10) & formula(increase.aj.sd)))
comod: (all)
mod: (all)
post: (exists k (#a[k] = 3))]

where increase.aj.sd is the state delta

[sd pre: (true)
mod: (aljl)
post: (#aljl = .a[j] + 1)]

The precondition of quant.sds declares @ to be an array variable of ten integers such that,
initially, all the indexed values of a are equal to 1. It also asserts that for some index j in
the range of indices of a, increase.aj.sd is initially true. Because the comodification list of
increase.aj.sd is the empty list, increase.aj.sd asserts that from now on, for this index 7
and for whatever value a[j] has, there will be a future time when this value will increase by
1. Thus, quant.sd asserts that if its precondition is now true, then there will be a time in
the future at which the value of some a[k] will be equal to 3. Of course, one of these k’s
will be j.

The proof of quant.sd requires both of the quantification proof rules mentioned above;
moreover, it requires the use of instantiate in two different contexts.

<sdvs.1> prove
state deltall: quant.sd
proof[d: <CR>

open -- [sd pre: (declare(a,type(array,1,10,type(integer))),

forall i (1 le i & i le 10 --> .a[i] = 1),
exists j ((1 1le j & j le 10) &
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formula(increase.aj.sd)))
comod: (all)
mod: (all)
post: (exists k (#a[k] = 3))]

Complete the proof.

<sdvs.1.1> setflag
flag variable: autoclose
on or off[on]: off

setflag autoclose -- off

<sdvs.1.2> wusable

No usable state deltas.

q(1) exists j ((1 1le j & j 1le 10) &
([sd pre: (true)
mod: (al[j])
post: (#a[j]l = .a[j] + 1)1))

q(2) forall i (1 le i & i le 10 --> .a[i] = 1)
<sdvs.1.2> goals

g(1) exists k (#alk] = 3)

Notice that the query usable lists two quantified statements, one of which involves the state
delta increase.aj.sd, and that the goal of the proof is an existentially quantified statement.
The quantified assertion g(1) can not be applied because it is not a state delta: we must
first instantiate the j in ¢(1) by some variable that has not appeared outside of g(1); in
fact, we will use j itself for the substitution. (This technique is similar to a technique in
predicate logic that consists of substituting a new constant in a formula for an existentially
quantified variable of the formula). The proof command instantiate allows us to perform
this substitution and delete the existential quantifier from g(1). Note that, in this case, we
are “instantiating” a usable formula to remove the existential quantifier. Later in the proof,
we will use instantiate to prove the existentially quantified goal.

<sdvs.1.2> nstantiate
existential formula:
number:
existential variable[]:
instantiated by:

T N V)
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existential variable[]: <CR>

instantiate in q(1) -- j for j.

<sdvs.1.3> usable

u(1) [sd pre: (true)
mod: (aljl)
post: (#a[j] = .aljl + 1]

q(1) exists j ((1 1le j & j 1le 10) &
([sd pre: (true)
mod: (al[jl)
post: (#al[j]l = .alj]l + 1)1))

q(2) forall i (1 le i & i le 10 --> .alil = 1)

In this case the parameters to the instantiate command are the usable existential formula
q(1), the existential variable, and the variable by which it will be replaced in the matrix of
¢(1), followed by a carriage return to the last query.

If the formula ¢ to be instantiated has a series of existential variables in its prefix, i.e., if ¢ is
of the form (3z;,)(32i,) . . . (3, )¥, then only one invocation of the instantiate command
is needed to instantiate all of the z;’s. The parameters to the instantiate command would
be the formula to be instantiated, followed by the first existential variable and the variable
by which it will be replaced, followed by the second existential variable and the variable by
which it will be replaced, etc. The input to the command terminates with a carriage return
to the query “existential variable[]”.

Note that the instantiated formula increase.aj.sd is now usable and, of course, applicable.
We will apply it twice. But first we must establish that, at this point, a[7] = 1. This follows
logically from ¢(2), but SDVS is not automatically aware of it. It may be established by the
provebyinstantiation command. If in the course of a proof a formula of the form (Vz)¢(z)
is usable, provebyinstantiation may be used to assert ¢(c/z), for any term c. More
generally, if (Vz;,)(Vzi,) . . .(VZi, )¢ is usable, then one invocation 