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FOREWORD

Fast Antiship Cruise Missiles (ASCMs) represent one of the most severe threats to surface
ships of the Navy. The radar tracking of low-flying ASCMs is made difficult by the multi-
path phenomenon. The random nature of diffuse reflections from the sea surface and internal
thermal noise of the receiver produce errors that severely degrade the captured signal. The
diffuse reflections result in large errors in the monopulse measurements by the threat’s ele-
vation angle. This report describes a study of the effects of the various sources of noise on
angle measurements by monopulse radar. Quantifying the dependence of the accuracy of
the angle measurements on the noise is very important. The monopulse ratio is generally
a complex quantity because of arrivals of reflected signals from different directions. Thus,
the bivariate density distribution of the monopulse measurements along both the real and
imaginary axes is of interest.
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ABSTRACT

The accuracy with which the angular position of an object can be measured by monopulse
radar depends on the signal level relative to that of the various noise sources. The signals
captured in the sum and difference channels of a monopulse system are generally represented
by complex phasors because the returning signals can arrive from different directions with
different phases. The primary variables consisting of the four real quantities which define
these phasors are stochastic variables because of the noise. Consequently, the Monopulse
Ratio (MR), which is the difference phasor divided by the sum phasor, is also a stochastic
variable because it depends on these measured quantities. Gaussian noise in the sum and
difference channels does not usually produce a MR with a Gaussian distribution.

Straightforward statistical methods are used to obtain the joint density of the real and
imaginary parts of the MR for several cases under the assumption that the primary variables
have a multivariate Gaussian distribution. Three cases of noise correlation in the sum and
difference channels are discussed, and the corresponding joint MR densities are developed.
These represent a quantitative description of the effects of noise occurring in the primary
channels. The marginal density representing the real part of the MR, which has figured
prominently in the literature, is displayed in a few simple cases. The results of Monte Carlo
experiments are given to show consistency with analytically determined density functions
and to demonstrate empirical derivation of the density functions in cases where an analytical
approach is not feasible.

The variance of the MR determined by a single observation is calculable (i.e., finite) only
if the long tails of the density function are somehow limited. Density functions with finite
variance are obtained if a threshhold is placed on the magnitude of the sum phasor to discard
returns lying below the threshhold. The resulting variance is developed for two simple cases
where the primary mean values are zero. The dependence of the joint MR density on a
threshhold value is studied.
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CHAPTER 1

INTRODUCTION

An amplitude-comparison monopulse radar system measures target elevation (or azimuth)
by using two antenna lobes which are squinted (i.e., pointed in slightly different directions)
relative to each other. The system emits a pulse through both lobes, and combines the
returning signal received in the two lobes into sum and difference channels. A target situated
on boresight (i.e., midway between the two lobe axes) will reflect identical signals into the
two lobes resulting in zero output in the difference channel. For a target off the radar
boresight, the output in the difference channel will not be zero. The output of the sum
channel provides a reference to which the amplitude and phase in the difference channel can
be related. In the absence of glint, multipath, jammers and multiple targets, this relative
phase will be zero or 180 degrees depending on which side of boresight the target lies. The
amplitude of the difference-channel voltage relative to that of the sum channel determines
angular distance from boresight if the target is detected within the radar beam.

In practice, the relation of the difference signal to the sum signal is represented by means of
the Monopulse Ratio (MR), which is the ratio of the difference phasor to the sum phasor. In
the ideal situation described in the previous paragraph the MR is real, but in actual situations
the MR is complex because the returning signals often arrive from different directions with
different phases within the main beam of the radar. The MRs in the azimuth and elevation
directions are converted to angles in these directions, often considering only the real parts

of the MRs.

Several situations give rise to the directional spread of the arriving signals. The most
troubling and severe situation arises when a target is close enough to the sea surface that
both the target and its image lie within the main radar antenna beam. This is the well-
known multipath problem, which has received considerable attention over the years without
a sufficiently accurate method of determining target elevation having been found. Multiple
targets and jamming also produce signals arriving from different directions. Signals also
arrive within a significantly-wide cone of directions from a single extended target (e.g.,
glint), even in the absence of multipath. All these phenomena result in a phase difference
between the sum and difference channels of the monopulse radar that produces a MR which
is complex.

Originally, these phenomena were handled by determining target elevation and azimuth
from the real part of the MR only. The imaginary part, which arises because of the non-

1-1




NSWCDD/TR-94/97

vanishing phase differences of the arriving signals, was considered an unavoidable nuisance.
However, in recent years the imaginary part of the MR has been used to obtain more accurate

measurements of target angle.

The primary variables, consisting of the four real quantities which represent the phasors,
are stochastic variables because of random errors resulting from the noise. Consequently,
the MR, which depends on these measured quantities, is also a stochastic variable. It is of
interest to consider how the distribution of the empirically-determined MR depends on the
noise sources. The noise, particularly that component resulting from diffuse sea-reflection,
is difficult to quantify. The effects of noise having a Gaussian density with specified means
and variances are studied. This assumption permits the calculation of the resulting MR
density resulting from specific variance models. In view of the uncertainties, especially in
the mechanism of reflection from the rough sea surface, it does not seem worthwhile to treat

a more complete model.

The real and imaginary parts of the monopulse ratio can be expressed in terms of the real
and imaginary parts of the sum and difference phasors by the relation

zt (1.1)

prig= u + 1w

where p+1q is the complex MR, z+1y = D is the difference-channel phasor, andu+iv=Sis
the sum-channel phasor. The z and u are commonly referred to as the in-phase components,
and the y and v as the quadrature components. The analysis will be done exclusively in the

real domain. Accordingly, the relations

_rutyv

_ yu-—axv
u2+v2

and = 1.2
1= a1 (1.2)
define the stochastic variables p and ¢, whose distribution is sought, while the distribution of
the primary quantities z,y, u, v will be postulated to have a multivariate normal distribution
with specified means and covariance matrix. Accordingly, the z,y,u,v variables are allowed

to have nonzero means and a general covariance matrix.

Since the mapping is four (i.e., primary real quantities) onto two (i.e., secondary real
quantities), a multiplicity of density functions of the (x,y,u,v) variables will result in the
same density function for (p,q). The ratio (1.1) is not affected if both numerator and
denominator are scaled by the same complex quantity. Accordingly, the MR is determined
solely by the magnitude ratio and phase difference of D relative to 5. The formulation is
sometimes represented as a dependence of the MR on three primary quantities, which might
be chosen to be the D to S relative phase and the two magnitudes. It is usually not convenient
to reduce the number of primary variables further by replacing the two magnitudes by their
ratio because the magnitude of S is a useful indicator of SNR, which is often used as a

criterion for acceptance or rejection of a measurement.
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The relationship between members of the set of (z,y,u,v) distributions which result
in a given (p,q) distribution might be characterized as a “rotational” and a “magnitude”
ambiguity. This is because the (p, q) variables retain only the phase and amplitude relations
of D to S. This set contains many distributions that may appear unrelated to each other.

The statistical properties of the MR have been considered by Kanter [1], Tullsson {2], Seifer
[3] and [4], and others. Most of the previous studies have calculated the density function of
real(MR) and/or statistical parameters of the distribution. Kanter, in a remarkable study
[1], used sophisticated techniques to obtain the density function of p under quite general
conditions for partially-correlated isotropic noise, as is considered here in Chapter 5, but he
did not discuss the joint distribution of p and g. Tullsson [2] used the method of conditional
probabilities to obtain density functions of both p and ¢ for the same noise correlation model
under restrictive assumptions regarding the mean values of the sum and difference phasors,
but did not discuss the joint MR density. Both Kanter and Tullson studied the case where
the MR is obtained by averaging over n observations and demonstrated that the variance
exists only for n > 1. Seifer [3] and [4] in a remarkable achievement has been able to calculate
the mean value and covariance of the MR under various conditions.

The joint distribution of p and ¢ is important in systems that use both the real and
imaginary parts of the MR to determine target position. This report considers the bivariate
density function of the monopulse ratio (i.e., of p and ¢) determined from one trial n = 1,
under somewhat more general conditions, and determines this density function in terms of
elementary functions using a straightforward, elementary method to be described.

The results of this report are consistent with Kanter’s and Tullsson’s general conclusions,
and in a few easily-checked special cases their expressions are shown to agree with those in
this report. Monte Carlo simulations were carried out to check some of the analytically-
determined density functions, and to obtain the density function in cases that are difficult
to examine by analysis. One notable feature is the presence of a “hole” or minimum in the
joint density, which occurs for some values of the means of the sum and difference phasors
and noise covariance.

The MR is a stochastic variable because of the presence of various types of noise: thermal
or electronic noise in the circuitry, thermal background radiation from the sky which is
often less important than the other sources, diffuse sea reflection noise, glint, atmospheric
variation, etc., all of which contribute to the variance in the distribution of the MR. Most
statistical studies of noise, including this one, assume that the effect of the noise on S and
D is modeled by adding a Gaussian error to the true value. This is a justifiable assumption
for many types of noise, while in other cases it is less appropriate but used anyway because
more detailed treatments are difficult or not feasible. Noise also can affect the mean values

S and D.
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Electronic noise and the diffuse sea reflections add many small random increments to
the received signals and thus are often taken to be Gaussian. Atmospheric variation and
glint are more complicated, and are not representable as an additive white Gaussian noise.
The well-known Swerling models specify the statistical distribution of the voltage amplitude
factors for either S or D, and their correlation in time. The distribution of phases depends
critically on the details of the glint model, and while studies of the effect of glint on the
amplitude of signals received have been reported, to our knowledge very little attention has
been given to the effect on the phases.

Seifer [3] has treated a uniformly-distributed phase uncertainty, which leads to the conclu-
sion that whatever values S and D would have in the absence of the phase uncertainty, these
values become zero if it is present. However, meaningful values of the Monopulse Ratio D/S
are obtained because the phase difference between S and D is not uniformly distributed and
in fact peaks at a definite value. This report describes cases in which S and D are allowed
to have arbitrary values, which correspond to cases where the phase uncertainty does not
dominate. One application of this more general approach would be the study of the MR
acquired from a fixed target.

The study in this report considers correlated Gaussian noise in the sum and difference
channels. It is clear that these assumptions are not valid in all possible noise environments.
While no claim is made as to the universal applicability of the Gaussian assumption, the
results obtained on this basis are useful in a wide range of noise environments. The statistical
method used in the study is outlined in Chapter 2. Monte Carlo methods of studying the
statistical distributions are discussed in Chapter 3. The results for uncorrelated isotropic
noise are treated in Chapter 4, while partially correlated isotropic noise is treated in Chapter
5. The results for arbitrary Gaussian noise are given in Chapter 6. The exclusion of mea-
surements when the magnitude of S is below a given threshhold is considered in Chapter
7. An overall discussion of the results is presented in Chapter 8. Note that the figures are

placed following the text at the end of each chapter.
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CHAPTER 2

A CONVENIENT TRANSFORMATION

The development of the MR density function is facilitated by a well-known theorem in
statistics, which states that the density distribution of a set of n variables functionally
related in a one-to-one manner with a primary set of n variables whose density function is
known is obtained simply by substituting the functional relations into the known density
distribution and multiplying by the Jacobian of the transformation (see, for example, [5]).
As the density function of only two variables, p and ¢, as defined in (1.1) and (1.2), is sought,
the immediate necessity is to define an additional pair of dummy variables in order to obtain
a transformation R* — R? that is one-to-one and onto. It is convenient to let r = u and
s = v be the dummy variables. The direct transformation is then

Tu + yv yu — v
Zm, q=m, r=u, S=1v (21)
while the inverse transformation is
z = pr — gs, y = ps+qr, u=r, v=s (2.2)

It is seen that this transformation is indeed one-to-one over the infinite four-dimensional
space. The Jacobian of the transformation is given by

oz yuo)_|s + ¢ p
z,y,u,v |8 r q P _ .2 2
= =r‘+s (2.3)
‘a 4.5 0o 0 1 of="
om0 0 o )

This formulation is convenient for the case where there is a threshhold Ry on the sum phasor
modulus. If the joint distribution of u and v is modified to exclude values u? + v? < R3
(which would require renormalization of the density function), the corresponding marginal
distribution of p and g is obtained by restricting r and s to values % + s? > R3.

Seven cases will be considered in order of increasing complexity. Chapter 4 considers the
first four cases in which the noise in the sum and difference channels is assumed uncorrelated
and isotropic. In case I the means of the sum and difference phasors are taken to be zero.
In case II the same assumptions are made, except that the sum channel is allowed to have
a specified nonzero mean. Case III is the same as Case 1I, except that only the difference
phasor is allowed to have a specified nonzero mean. Case IV is the same except that the
phasors of both channels are allowed to have specified nonzero means.
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Tullsson [2] has pointed out that it may not be reasonable to neglect the noise correlation
between the sum and difference channels and considered a correlation between the real parts
and between the imaginary parts of the two channels. Case V treats the simple case where
all the mean values are zero, while Case VI considers general means. Finally, Case VII
considers an arbitrary fourth-order covariance matrix as well as arbitrary means.

It is well known that the density function of the monopulse ratio has a mean value but
infinite variance. That is, the integral defining the variance diverges because of the long tails
of the density function. Of course, in any practical situation the monopulse ratio would be
bounded, and the variance could be computed. The essential consideration is the manner
in which the density function should be modified to incorporate such limitations on the
permissible values of the monopulse ratio in order to arrive at a satisfactory value for the
variance. Tullsson [2] suggests a “threshholding” idea, according to which measurements
having a sum-channel magnitude smaller than a given quantity are discarded. This is equiv-
alent to considering a modified Gaussian density where a circular region in the (r,s) plane
is excluded. The resulting monopulse-ratio densities are difficult to calculate in general, and

are presented only in a few simple cases.

Let Z,73,%, o be the mean values of z,y,u,v, and let 6y, 0zy... be the components of the
covariance matrix. “Isotropy”, as in Cases I through VI in Chapters 4 and 5, is understood

to mean that there are the relations
a-zz = ayy = 0’3, auu = O‘vv = 0'12‘ (2.4)

defining the quantities o, and oy. “Uncorrelated”, as in Cases I through IV of Chapter 4,
is understood to mean that

Uzyzdzuzazvzayu=ayv=auv=0 (2-5)
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CHAPTER 3

NUMERICAL GENERATION OF RANDOM VECTORS

It is useful to generate series of random vectors or linear arrays having a specified joint
probability density. The density function of interest here is the joint Gaussian distribution
of the four variables, z,y, u,v. However, the method to be discussed works for any number n
of dimensions. First, obtain n independent normal variates, a;,~ N(ai,1),7 = 1,...,n, and
construct the desired n-variate by a linear transformation

X =0QA (3.1)

where X = (21,22, ...,2,)T is the desired n-variate, A = (a1, a2, ..., @,)T, and Q is the n by
n transformation matrix to be determined. The « variables thus have specified means, unit
variance, and are independently Gaussian distributed. The desired covariance matrix of X
is

L=E[(X -X)(X-X)T)= E[XXT) - XXT = QE[AATIQT - X XT (3.2
* where the overbar indicates the mean or expected value. According to the stated statistical
properties of the a variables, it is seen that .

E[AAT) = AAT + 1 (3.3)
where [ is the n by n identity matrix. Equation (3.2) then becomes

Y= QAAT + NQT - XXT = QAATQT + QQT — X X7

=XXT+QQT - XXT =qqT (3:4)

Since X is symmetric, a symmetric solution @ of (3.4) usually can be obtained by just taking
the square root of the matrix X. There is usually a multiplicity of solutions, from which any
one real square root matrix will provide the desired result. The means of the o variables are
given by

Some numerical computing packages (e.g., Matlab) have a matrix square root routine,
which in many well-behaved cases determines a real square root of a real square matrix. If
such a routine is not available, an eigenvalue routine can be used as follows. While there
may be more elegant or more general procedures, the following meets the immediate need
and is simple. Let A and v be an eigenvalue and eigenvector of Q. Then,

Qu=\v (3.6)
3-1
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Multiplying on the left by Q gives

QQv = Zv = AQv = A%y (3.7)
showing that the eigenvalues of Q) are just the square roots of the eigenvalues of ¥, and their
eigenvectors are the same. Let V be the n by n matrix whose columns are the eigenvectors
of £, and let L? be the diagonal matrix whose elements are the eigenvalues A2 of £. The
matrix L is diagonal and has elements A which are the square roots of the elements of L2.

Then

T2
YV=VL (3.8)
QV=VL
from which
Q=vLV! (3.9)

is the desired solution.

These results are used to generate Monte Carlo stochastic samples of the (z,y, u,v) space
having the desired density function, from which the resulting monopulse-ratio quantities
(p,q) are obtained from the relations (3.2) and plotted as a scatter diagram. Such diagrams
provide a useful demonstration of the validity of the density expressions obtained by analysis.
The method is also useful for empirical determination of density functions in cases where
analytic solutions are not available. It will be noted in subsequent chapters that the marginal
density function for p alone (or ¢ alone) is often difficult to obtain analytically, in which case
the Monte Carlo method can provide a useful estimate. However, analytic solutions are
preferable because their dependence on the various parameters is immediately visible.
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CHAPTER 4

UNCORRELATED ISOTROPIC NOISE

The simplest although not the most realistic case is where the noise covariance matrix is
diagonal. In accordance with the assumed isotropy the covariance noise matrix is assumed
to be

c2 0 0 0
0 o2 0 0
= g 4.1
: 0 0 o2 0 (4.1)
0 0 0 o2

9

where oy is taken equal to o, and o, equal to o,. Four subcases are considered by first

taking the means of all the primary variables (z,y,u,v) to be zero amd finally allowing these
means to have arbitrary values.

CASE I - Zero Means

The means Z, y, &, v are taken to be zero. The density distribution of the variables z,y, u, v
is accordingly given by

(4.2)

24,2 24 .2
_ Tty uc+v
Prusle,yuv) = in2o2q2 P {_ 202 202 ]

According to the statistical theorem stated in Chapter 2, the density function of the variables
p,q,T, s is given by

0(z,y,u,v)
P _ P _ 1JY Y
p,q,r,s(p,q,"',s) Z,y,“:v(pr gs,ps + g T’S) 8(p,q,r,8)
_ r2 4 s2 exp |- (pr — qs)? + (ps + qr)? _ r? 4 s (4.3)
4r2olo? 202 203

r? 4 s? 2, 2 [(P+& 1
4720202 exp{ = () [( 202 ) + 203] }

The marginal density of the p,q variables is found by integrating the above expression over
the entire (r, s) plane. The substitution

r= RKcosf

4.4
s= Rsinf (4:4)

gives
1 ® 03 o 2 (PP+ 1 .
Pp,q(p, q) = 47!'2020'12‘ A R dR/O exXp {*R (W + 2—0%) do (40)
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The result is
72
Ppq(pq) = T (4.6)
where « is written for the ratio 0 /0, of the standard deviations (see Appendix for details).
This result has been presented by Tullsson [2] under somewhat more general conditions. It
is noteworthy that the above joint density distribution depends not on the two individual

variances but only on their ratio.

The density function (4.6) can be expressed in more compact form containing no param-

eter by defining

P=p/7 d=4a/7 Piy=7"Pog | (4.7)
Then 1
P (v.¢d) = 4.8

Essentially the parameter v has disappeared through appropriate scaling. This function is
shown graphically in Figures 4-1 and 4-2 at the end of this chapter.

It is easy to find the marginal density of p by integrating (4.6) with respect to g. We have

2 poo
_7 dg
P”(p)——r_/_oo [p? + ¢% +72]2

(4.9)
= 1P+ 90

A similar compact form of the marginal density (4.9) is obtained through the scaling (4.7)
along with the definition

PI,’ =P, (4.10)
giving
1
P)=———= 4.11
p(p) W(p’2+ 1)3/2 ( )

This function is shown in Figure 4-3. There are similar expressions for the marginal density
of q. It is readily demonstrated that the integral of P,(p) in (4.9) over the entire p axis is
unity. The mean value, p, is zero because (4.9) is an even function of p while the integral
defining p converges. However, the variance of p is indeterminate as it is expressed by a

divergent integral.

CASE II - Zero Mean of the Difference Channel Phasor

The covariance matrix (4.1) and means z and ¥ of zero are assumed, while % and v can
be assigned. The density function for the primary variables is
1 2 +y?  (u—a)?+ (v-10)?

— 12
exp 202 202 (4.12)

P yup(2,y,u,0) = ar2o202

4-2
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The density function of the secondary variables is then given by

2 4 57 (or — g5+ (ps + ar)? _ (r = @)° + (s = 0)°
Pp:q,f,S(p, q,7, 3) = 47['20'20'2 €Xp [_ 20_2 - 20_2
z7u z u (4.13)
rl 4 s? P+eé 1 2, 2y Ur+us
= frrniog o [0 (o ) )+
where ) )
u“ 4 v
U= 4.14

To find the marginal distribution of (p,¢) the substitution (4.4) is again used to obtain

P ” RR _(Ptd R%| x
pa(p:0) = m o |~ (B + 52

x

21r :
/ exp [R(ucos& + vsm0)} &0
0

2
Ou

(4.15)

The details of the integrations are given in the Appendix. The inner integral is

2r _ - .
/0 exp [R(ucosi;{— 'USlna)] do = 2r I, (_U_R51 /112 + 52) (4_16)
u

u

where I is the Modified Bessel Function of zero order. The outer integral is then

/ R3dRexp[ (”2+q2+ 1)1?.2] 10<£\/52_+_52) (4.17)

22
27racr 2

which becomes 2( ) .
_ 1+ p)et”
Ppﬂ(p’ q) - 7rU2")’2 (4.18)

where y stands for the quantity

U~? _ U
p2+q2+72 —p12+q12+1

p= (4.19)

It is reasily demonstrated (see Appendix) that the total volume under the joint density

function (4.18) is unity, and it is seen that (4.18) reduces to (4.6) of Case I if U — 0. The

compact form of (4.18) is

pi(1 4 perY
nU?

with the definitions (4.7) and (4.19). This function is shown in Figure 4-4 for various values

of U.

PI',’q(p', q)= (4.20)

The marginal density of p is

e U ot
Fp(p) = W/ p*(1 + p)etdq (4.21)

4-3
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As p depends on g it is convenient to use g as the variable of integration. The details are
glven in the Appendix. After the transformation the density function is

—U U (P*+77) 14 p)etd
Po(p) = = pd 4 wetd (4.22)
”U 0 VU — (02 +92)u?
which finally leads to
(27 + 1)! U~? J
Fy(p) = 2 + 72)3/2 Z ( 2 4 2 )) (4.23)
or to ;
L (27 + 1)! U :
4.
B = iy Z P \IG7+D) (24
In terms of standard functions these expressions are equivalent to
2 2 4 A2
I A N s
Fele) = 2(p% +42)%? eXp[ 2 (p2+72 )} * (4.25)
[(+355)n (o) 7t (witm)]
2+72) '\ 20 7)) AR\ 20+ )
or to
1 U (207 +1
=gt 422
y 2 3/2 2
2(p'2 +1)% 2\p+l (4.26)

K” ,2111), (‘2(zf§]+1)>"zle:—1" (—-2-(1,—2(]-;7))]

where Iy and I; are Modified Bessel functions. This density function is shown in Figure 4-5

for various values of U.

Again it is noted that p = 0 and the variance of p is infinite. The expressions (4.25) and
(4.26) reduce to (4.9) of Case I when U — 0 because Io(0) =1 and ;(0) = 0.

CASE III - Zero Mean of the Sum Channel Phasor
The covariance matrix (4.1) and means @ and ¥ of zero are assumed, while Z and ¥ can
be assigned. For this case the density function for the primary variables 1s

(z-2)2+(@y—§)° v+’
_ _ _ 4.2
Py yuo(z,y,u,v) _————4”20303 exp [ 202 202 (4.27)

The density function of the secondary variables is then given by
r? + s (pr—gs—3)% +(ps+qr—g)* r*+s°
Poars(p 4,7,8) = 3053 P [_ 202 T 7202
i i (r? + s2)(p? + ¢°) — 2p(rZ + sf) + 2q(sT — rg)  r?+s?
= _X — _
4r2olo? 202 207

(4.28)

4-4
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where X stands for the quantity
7 4 5?
X = 4.29
o (4.29)

The marginal distribution of p and ¢ is again found by means of the substitution (4.4), to

P [T RdRexp |- (EEL
paPr0) =pzonen f, BB ew |~B (Tt o )]

27
(2 + a7kosd + 55 — qalin)|

obtain

(4.30)

df exp [

0 z

The inner integral is evaluated in same way (4.17) was obtained from (4.15). The result is

e X [, 2(PP+d 1 R 2 4 -
Pog(p,q) = Smolol A R°dR exp [—R < 207 T 5—5)] Io [;g\/(pz +¢%)(z% + yz)]
(4.31)

This integration is performed in the same way that (4.18) was obtained from (4.17), giving

(1 + plerX

7
P = 4‘-v 2
P:q(paq) 7('X2(p2+q2)2 ( 3 )
or
2 -X
VN N U & (1+ pe* .
Poo(p'sq) = TX2(p? + ¢'2)2 (4.33)
where g is now defined
2 4 2 12 4 12
_PP+a)X (PP +dH)X (4.34)

p2+q2+72 _p12+ql2+l
Again, p = 0 because (4.32) is an even function of p and the integral defining p converges.
The integral defining the variance does not converge, so again no finite variance exists. The
expression (4.32) reduces to (4.6) of Case I when X — 0. The marginal distribution of p is
somewhat more cumbersome to obtain than in the previous cases, and has not been devel-
oped. Figure 4-6 shows this joint density function for various values of X. It is noted that
there is a minimum, or depression, at the origin for values of X greater than approximately
unity.

CASE IV - General Means

For this case the covariance matrix (4.1) is assumed while the means of all four primary
variables z,y,u, v are specified to be z,y, u,v. The density function of the primary variables
is accordingly given by

P z,9,u, v((L’ y,u, ’U) m €X
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The corresponding density function for the secondary variables is

7'2+32 ] (pr—qs_:‘i)2+(ps+q,,.__g)2 (,,._,a)2+(3_,l—))‘2
PP:‘I,T,S(p,qaras) = W exp | — 203 _ 203
r2 + s2 p2 + q2 1 9 9
A P _X-U
prEpy exp | ( 207 + 203) (r* + %) X
- B a . _
o[ (2520+ 5) v+ (4 )]
- Oz Tu Oz Oy

(4.36)
The integration can be carried out in the manner that was used to obtain (4.32) from (4.28).

The result is
Y21+ p) =X

= 4.
Pp,q([’,‘]) 71'(}72 +q2 +72)2 ( 37)
or ( =X~
T Y N 14 p)et=*~ .
Poy(psq) = T (@2 + ¢ + 1) (4.38)
where here u is redefined to be
X+ ) +7vWp+Z9)+7°U _ X(p?+d*)+Wp'+2¢' +U
= 21 g2 4 2 = 2 1 g2 (4.39)
e PP +qc+1
with the parameters o L
W=ux+vy, Z=uy—v:v (4.40)

which depend only on the density function of the primary variables, being defined for conve-
nience. When z = § = 0, (4.37) reduces to (4.18) of case II. When @ = o = 0, (4.37) reduces
to (4.32) of Case II1. The density (4.37) is not an even function because of the presence of p
and g to the first power in the expression (4.39) for . Consequently p and § do not vanish
as they did in previous cases. Figures 4-7 and 4-8 show the function (4.37) for the case

£=92 §=2 @=5 =0 o,=1, 0,=20 (4.41)

Figure 4.9 shows various perspectives of the same function. A Monte Carlo simulation was
carried out by selecting random values of the primary variables from the density function
defined by (4.35) and calculating the corresponding complex monopulse ratios. These are
plotted on the complex plane as a scatter diagram and shown in Figure 4-10 as an experimen-
tal validation of the derived joint density function (4.37). Thus, Figure 4-9 is an empirical
counterpart to the joint density function depicted in Figures 4-7, 4-8, and 4-9.




NSWCDD/TR-94/97

Cose | —— (radiclly symmetric obout p=0, q=0)

0.38

P(p,0)rgamma~2

p/gomma

FIGURE 4-1. JOINT MR DENSITY, UNCORRELATED NOISE, ZERO MEANS

FIGURE 4-2. JOINT MR DENSITY, UNCORRELATED NOISE, ZERO MEANS
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FIGURE 4-3. REAL MR DENSITY, UNCORRELATED NOISE, ZERO MEANS

Joint Monopulse Density, Cose Il, for U=0,1,2,...,8
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FIGURE 4-4. JOINT MR DENSITY, UNCORRELATED NOISE, ZERO DIFFERENCE MEAN
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FIGURE 4-5. REAL MR DENSITY, UNCORRELATED NOISE, ZERO DIFFERENCE MEAN

Monopulse Density for Cose Hl, X=0,1,...,8
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FIGURE 4-6. JOINT MR DENSITY, UNCORRELATED NOISE, ZERO SUM MEAN
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Exomple of Cose IV
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FIGURE 4-8. JOINT MR DENSITY, UNCORRELATED NOISE, GENERAL MEANS
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CHAPTER 5

PARTIALLY CORRELATED ISOTROPIC NOISE

Noise effects in the sum and difference phasors are correlated because they are linear
combinations of the same antenna lobe outputs. We shall consider the noise covariance
matrix suggested by Tullsson [2], according to whom the assumption of real antenna patterns
gives a correlation between the real parts and between the imaginary parts but not crosswise.
Accordingly, the covariance matrix can be represented

, 0(') 2 02 po (z) ow 0 %2 02 p07 0
= Oz POz0u | _ ;2 v Py 1
x POy 0 o2 0 Tu py 0 1 0 (5.1)
0 POz Oy 0 aﬁ 0 pv O 1

where p is a correlation coefficient. The determinant and inverse of (5.1) are

1 0 —-py O

- 1 0 1 0 —pv
S| = otol(l - gl — — 5.2
0 —-pv 0 A

CASE V - Zero Means

When the means z,y, @, o are taken to be zero, the density function of the primary vari-

ables is
1
Pz,y,u v( )y’ u ’U) 4120_20_2(1 _ p ) X
ex 023:2 — 2p0;0,2U + a’ﬁu2 + 0',2‘y2 — 2pogouyv + aiv2 ( B
’ 20203(1 - p?)

The corresponding density function of the secondary variables is then

r2 4 s
P = X
P,‘I,T,S(pa q, 7‘,8) 47‘_20,:%0_12‘(1 _ P2)
o2(pr — qs)? — pogour(pr — qs) + o2r? + o2(ps + qr)? — 2po,045(ps + qr) + o
20203(1 — p?)

exp | —

After some rearrangement this becomes

rits? [P+ —2mp+9P)(r? + %)
4r20202(1 — p?) 202(1 — p?)

Ppquas(p'l q’ 'f', 8) =
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The marginal distribution of the variables (p, ) is obtained as in (4.6) with the result
72(1 - p2) (56)
p?+ % = 207p + 72)?

This function reduces to the joint density (4.6) if p is set to zero. Equation (5.6) is illustrated
in Figures 5-1 and 5-2 for various values of p. The compact form is

1-—p2

Pp,q(Pa q) = (

! I ®
Pp,q(p’q)— ﬂ_(p,2+q[2_2pp[+1)2 (0'7)
The marginal distributions are
00 2 2
741 — p%)
Py(p) = P, (p,q)dg = 5.8
and o 2 2)
7*1—p
Py(q) = P, 4(p,q)dp = 5.9
a(9) /_oo »a(P>q)dp T+ 20— P (5.9)
The corresponding compact forms are
1— 2
Plf) = 2= (5.10)

2(p? = 2pp +1)3/2
and

Fy

no_ (1 —Pz)
= 2 (- P 1)

The density functions (5.10) and (5.11) are illustrated in Figures 5-3 and 5-4 for various
values of p. It is seen that g = 0. If the substitution p = t + yp is made in (5.8), it is seen
that 7 = 0, which shows that p = py. The variances of both p and ¢ diverge as in the case

of uncorrelated noise.

CASE VI - General Means

When the means of the primary variables can be specified, the joint density function of

the secondary variables is

r? + 2 A(r’+ s+ Br+Cs+ D
P = e —_ i .12
piars(Pr 075 9) 4r20202(1 — p?) P 202(1 — p?) >-12)
where A, B, C, and D, and their primed counterparts are defined by
YA = A= (p* + ) — 207p + 7
yo,B' = B = =2(Zp + §q) + 2p7(Z + ap + bq) — 2774 (5.13)

y0:C" = C = 2(zq — p) — 2py(g — § — 9p) — 29°0
02D’ = D = (&% + 7%) — 2py(v§ + az) + 7*(@* + °)
5-2
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all being independent of r and s. A feature of (5.12) which facilitates further development
is the absence of a product rs either inside or outside the exponential factor. To get the
marginal bivariate density of p and ¢, the integration with respect to r and s is again carried
out with the aid of the transformation (4.4) to obtain

AR*+ D
3
2>/ e [ 202(1—p)]"“

27
R(Bcosf + Csinf)
| e [

The inner integration can be carried out in same way that (4.19) was obtained from (4.15).
The result is

1 © . AR+ D
Fralp ) = 2wa202<1—p>/0 R‘”‘p[‘zoz(l—m o

The last integration can be carried out in the same way that (4.18) was obtained from (4.17),
giving

,q (P, q) 47!'20'20'2
(5.14)

RVBZ ¥ (2
202(1 — p?)

} drR  (5.15)

(1 — p? B? + (C? 4AD — B? — C?

Foatp) = [1 * ATl = p?)] e (”‘ 3A02(1= 77) ) (310)
It can be shown that (5.16) reduces to (4.37) if p — 0. An example of this joint density func-
tion is shown in Figures 5-5 and 5-6 for the values (4.41) and p = .99. Various perspectives
of this function are shown in Figure 5-7. Comparing Figures 5-5, 5-6 and 5-7 for p = .99
with Figures 4-7, 4-8, and 4-9, for p = 0 reveals the effect of the correlation between the
sum and difference phasors on the resulting joint MR density. In particular, it is noted that
the correlated case has a deeper and flatter ‘hole’ or minimum. A Monte Carlo simulation
was carried out in the manner of Figure 4-10 and the results are presented in Figure 5-8.
Comparing the two scatter diagrams shows empirical confirmation that the correlation leads
to a deeper minimum in the joint density.

A compact form of (5.16) is obtained by defining

I =z/o,, Y =9ylos, @ =ulou, T =0/, (5.17)

With these definitions the primed quantities defined in (5.13) become
A=p?+q%—20p +1

B'=-2(z'p' +7'¢') + 2p(z' + ' +7'¢) - 24’

5.18
C'=2('¢ ~7'p) - 20(d'q' - - 'p') - ' (>19)
D = 3" + 37/2 _ 2p(1—)'y’ + ﬂ/xl) + u'? + 72
These, along with (4.7) allow (5.16) to be written in the form
1— ,02 B"? + cn 4A'D' — B2 — ("
P =— |1+ ———— - 5.19
pa(P0) = T [ TRy P 8A(1— p2) (5.19)

3-3
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FIGURE 5-1. JOINT MR DENSITY, PARTIALLY CORRELATED NOISE

Profile of Joing Density clong q=0 for rho=0,.1,...,.9, Cose V
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FIGURE 5-2. JOINT MR DENSITY FOR VARIOUS VALUES OF THE CORRELATION COEFFICIENT
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Density Functicn, Cose V, for rho=0,.1,...,.9

1.2

FIGURE 5-3. REAL MR DENSITY FOR ZERO MEANS, FOR VARIOUS VALUES
OF THE CORRELATION COEFFICIENT
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1.2 < T T T v Y v

0

q/gommo

FIGURE 5-4. IMAGINARY MR DENSITY FOR ZERO MEANS, FOR VARIOUS
VALUES OF THE CORRELATION COEFFICIENT
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CHAPTER 6

GENERAL CORRELATED NOISE

CASE VII - General Means

Here the basic assumption of gaussian density for the primary variables z,y,u,v is re-
tained, but the covariance and mean values are arbitrary. The general four-variate gaussian
density function is

el _

Pry,u,0(2,y,u,v) = W exp [—4(6 = &)'E7H(¢ = €)] (6.1)

where ¢ stands for the column vector containing the primary variables z,y,u,v. Let the
inverse of the covariance matrix be expressed by

a11 a2 a3 aiq

y-1_ | @12 a2 az ax (6.2)
a13 az3 asz as4 )
14 0G24 Q34 Q44

(The covariance matrix and its inverse are taken symmetrical without loss of generality.)

The transformation (2.2) is linear in r and s, and can be written as

é’ = ar+ lBs (63)
where a and f represent vectors
p —q
0 1

which are independent of r and s. With the help of these vectors the exponent in (6.1) can

be written
- %(aTE"la)r2 — (aTE"lﬂ)rs — %(ﬁTE’lﬂ)sz

+(@"E7E)r + (B7578)s — 4ETETE

= —(Ar? + Brs + Cs® + Dr + Es + F)
6-1




NSWCDD/TR-94/97

thereby defining the quantities

A= %aup2 + a12pq + a13p + %azzq2 + az3q + }ass
B = —anpq+ alz(!)2 - qz) — @139 + a14p + a22pq + az3p + az4q + az4
C = lang®* — a12pg — a14q + %a22P2 + az4p + ja44
D = —anZp — a1a(yp + 2q) — a13(p + 2) — a140p — azfq — azs(tg +y)
— a24Vq — a33U — A34V (6.6)
E = a11Z2q — a12(Tp — §q) + a13tq — a14(Z — 0q) — azyp — a3iip
— az4(Vp + ) — a34ll — a44®
F = la112% + a12%§ + a13%l + 01420 + Lagng® + a2yl + azyd

92 - =2
+ lazzu” + a3quv + Lagq®

which are independent of r and s. The joint marginal density function of p and ¢ will now
be developed. Since it is not convenient to integrate (6.1) by means of the substitution (4.4),
the integration will be carried out directly in the variables r and s.

The inarginal density function of the variables p,q,r is

1

o0
— / (r* + 5) exp[-Cs? — (E + Br)s — (Ar? + Dr + F)]ds (6.7)
4n2|8|? Jeoo

Prgr(p,q;r) =

which becomes

(rC)~3/2e=G

Pyor(p,g,7) = 1+2C(r? 4 #2 6.8
where the substitutions
P = E;CBT, G = Ar? + Dr 4+ F — C#? (6.9)

have been made for convenience.

Equation (6.8) is meaningful only if C > 0, the validity of which is evident from (6.5),
according to which

C = %ﬂTE—lﬂ (6.10)

As ¥ (and consequently also £7!) is positive definite in any significant situation, (6.10) must
be positive for any nonvanishing 3, and in particular, for the 3 given in (6.4).

The shape of the three-dimensional density function (6.8) can be counterintuitive. Con-

sider the case where

3.0 —05 1.0 0.5 2
| -05 50 —05 1.0 - | 9
=1 10 -05 40 00]" £=1_3 (6.11)
0.5 1.0 00 5.0 1
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It is difficult to display this three-dimensional function by means other than presenting
two-dimensional sections accross it. Figures 6-1 through 6-4 illustrate a few of such sections.

The integration of (6.8) over r, to obtain the marginal density function of p and ¢, gives

KeM

Pyolprq) =
palPd) = o A

(6.12)

where
A = B* —4AC
M =F + A~Y(AE? — BDE + CD?) | (6.13)
K = B?D? + B?E* —4BCDE + 4C*D* — 4ABDE + 4A’E? + 8A*C '
— 2B%C + 8AC? — 2AB?

The steps are outlined in the Appendix. It is of interest to consider the form of the depen-
dence of P, 4 on p and ¢. The quantities A and K are polynomials of order four and six in
(p,q), while M is a rational expression of order four over four.

Equation (6.12) is meaningful only if A < 0. The following discussion does not pretend
to be a rigorous proof that this is always the case, but tries to make it seem reasonable. In
the same way that C was expressed as the quadratic form (6.10), A and B can be similarly

expressed by
A=1al's e, B=aTx71p (6.14)

The quantity A is now expressible in terms of the vectors a and 3, giving
A= B? —4AC = (aT2718)? — (T2 1a)(BTE71B) (6.15)

The matrix £~! is expressible as the square of a symmetric real matrix in many, perhaps all
meaningful cases. Thus, we set

»1=0? (6.16)

The requirements for the existence of the matrix ) are not developed here, but assuming
that such an (2 is available the vectors

a = Qea, g=Qp (6.17)
are defined. Then (6.15) can be written as

A=algaTqg—alagTy (6.18)
This is equivalent to a relationship between inner vector products

A=(a-g)—la’|g (6.19)
which according to the Schwarz inequality cannot be positive.
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6-4

I axis

JOINT DENSITY OF (p,q,7) ON A ¢-SECTION, GENERAL CASE

FIGURE 6-1.
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CHAPTER 7

THRESHHOLDING

Let us now consider threshholding the sum-channel phasors to include only those values
(r,s) which obey the condition r% 4 s? > R3. Applying this condition is cumbersome unless
the density function has a rather simple form. In particular, it is straightforward to apply if
the means are zero. Consider first the density function of Case I. The threshholding condition
is applied by changing the limits on the outer integral of (3-5) from (0 to co) to (Rp to o0).

The result is - ) )
! / RdRexp [— (p 4 +L) R2J (7.1)

2020l Jp, 202 202

Performing this integration gives

YRE +¢*+797) +1

e 22 4 g2 4 A2 .
T (P2 + ¢ +12)2 exp [—h*(p° + ¢° +77)] (7.2)

where h is written for the quantity Rp/(0zv/2). This expression needs to be normalized,
because as it stands it will contain less than unit volume. The normalization can be applied
to the modified density function of the primary variables, or directly to (7.2). The latter
is more convenient, and accordingly it is found that the integral of (7.2) over all p and ¢ is
exp(—h?%4?). Dividing by this gives the final result,

PR+ ¢+ +1
T (PP+q+1P)?

Ppg(p,q) = exp [—hz(p2 + qz)] (7.3)

Here also, the parameter v can be hidden by appropriate scaling of (4.7) along with the
definition k' = vh to give

R2(p% + 4% +1)+1
oo SR (14)

Ppg(P'sd) =

This radially-symmetric joint density function is illustrated in Figures 7-1 and 7-2 for various
threshhold values. Note that A’ = 0 corresponds to the case without threshholding for which
the variance is infinite. As the threshhold value k' increases, the tails become shorter and
the variance decreases. It is rather complicated to obtain the marginal distribution of p or
q. However, it is seen that the means p and g are zero, while the variance is readily obtained

from

A=Elp-=E0= [ di [ FRads (75)
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Substituting (7.3) into (7.5) gives the variance

2 22
0]% = 12—eh T B (R%4?) (7.6)

where E; is the exponential integral defined by

v ¢] e-—t
Ey(z) = / t‘” (jarg 2] < ) (1.7)

(see Abramowitz and Stegun [3]). This is also the variance of ¢, as can be seen from the
symmetry of (7.3). Figure 7-3 shows the variance as function of the threshhold value.

The same procedure is applied to the integral of (5-5) in the case of partially-correlated
isotropic noise with zero means. After the integration of (5.5) from 0 to 27 with respect to

df, the unnormalized result is

2 2 _ 2
PPt =20+ (7.8)
202(1 - p?)

1 o0 3
dR
Gro2 3 (1= ) Jp, 1 X [

which is equal to

2 2(2 2 2
v [R*(p° + ¢° + —2p7p)+1] 2,2, 2, .2
— —h -2 7.9
7, [ Tt E T2 2pp)? exp [—h*(p* + ¢* +7° — 2p7p)] (7.9)

where h is now given by
Ry

h= ———— (7.10)
ozy/2(1 = p)
The integral of (7.9) over all p and ¢ is
exp[—h?*(1 — p°)]
T (7.11)

The normalized density function is (7.9) divided by (7.11), giving

7(1 - p%) [h2(p2 + 2 +7% —2p1p) +1

exp[—h2(p? + ¢ + p242 — 2p7p
1= 2pp)? ] p[—h*(p* +q¢*+p pp)]

(7.12)

Pp,q(p’ q) = T

or

1_2 hlZ I2+12+1_2 I+1 ‘
Pl q) = p [ (P +q pp') “exp[_hIZ(pl2+ql2+p2___2ppl)] (713)

m (P +¢% +1-2pp')?

This joint density function is illustrated in Figure 7-4. It is seen by inspection that g = 0.
To obtain the mean value 5 the substitutions t = p—pyort' =t/y =p' —p and t = Rcos¥,
g = Rsin @ are made in (7.13). Thus,

/ 1—p? [R2(t% + ¢ +1 - ) 12042 4 12
= —h'(t 7.
Frg T (12 + ¢ + 1 — p2)? exp] (t* +q°) (7.14)
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or
P _1—p? [W2(R?+1—p%) +1
. - (R2 +1— p2)2

This function is shown in Figure 7-5. The mean value t' is zero, and hence p = pv, because

exp(—h'2 R?) (7.15)

(7.14) is an even function of # and the integral defining its mean converges. It may seem
somewhat surprising that p is independent of A.

Again, the marginal distributions of p and of g are rather cumbersome, and are not
developed here. The variances of p and of ¢, on the other hand, are easily obtained. Thus,

2(1 _ 2\ ror o0 20D2 4 ~2(1 _ 2
E[t2]=1—(-Lre—Z /0 cos?0df /0 R3dR[h [[’;2:';2((11 hig))]]j Ll exp[—h2R?]) (7.16)

which is given by
2 1 — 2
B = T el 221 - (221 - o) (7.17)

The same result is obtained for E[¢?]. The variance of p is then

E[(p*) = (t*) + p*+*, or E[(p—p5)] = E[t’] (7.18)

The effect of threshholding can be evaluated by analysis only in the simplest cases. When
analytic solutions are not available or are not feasible to obtain, Monte Carlo methods can
be used in the manner described in Chapter 3. Rather severe threshholding, with Ry = 36,
was applied to the example of Case IV presented in Figure 4-10. The result is shown in
Figure 7-6. The effect of threshholding is seen quite dramatically by comparing the two
figures. Not surprisingly, the spread of points in the threshholding example appears much
reduced, and in fact, a variance exists and can be estimated.

A similar study of threshholding with the rather high value of By = 36 was done on
the example of Case VI presented in Figure 5-8. The result, shown in Figure 7-7, displays a
noteworthy ring structure. These examples may be somewhat atypical, as they were selected
in order to exhibit such curious features. The marginal distribution of p corresponding to
Figure 7-7, obtained by 330,000 Monte Carlo experiments, is shown in Figure 7-8. It is noted
that the deep hole, quite conspicuous on the bivariate distribution, is much less prominent
on the marginal distribution.
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Joint Density with Threshholding, h'=0,1,....8

30

e

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4

sart(p~2+g~2)/gomma

FIGURE 7-1. JOINT MR DENSITY WITH VARIOUS THRESHHOLDS
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FIGURE 7-2. JOINT MR DENSITY WITH VARIOUS THRESHHOLDS
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Effect of Threshholding on Vorionce
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CHAPTER 8

CONCLUSIONS

The joint density function of the real and imaginary parts of the monopulse ratio have
been developed for various models of the Gaussian joint density of the sum and difference
phasors of a monopulse radar. The resulting functions have been reduced to a particularly
simple form by introducing alternative parameters defining the joint density of the primary
variables (i.e., the parameters X, U, W, and Y of Chapter 4). It was shown that the
dependence on the noise level in the sum and difference phasors is usually representable in
terms of a single parameter, v, equal to the ratio of the two standard deviations. A further
simplification in form was achieved by scaling with factors dependent on ~ to eliminate this
parameter from the expressions defining the joint densities.

In a few cases it was possible to obtain simple expressions for the marginal density of the
real (or imaginary) part of the MR. Results were presented for the cases of uncorrelated,
isotropic noise with zero means of the primary phasors (Case I), and zero mean of the
difference phasor (Case II), and for partially-correlated isotropic noise with zero means of
the primary phasors (Case V). The term “partially-correlated” is used here to denote the
case where the covariance matrix contains some zero elements, and does not refer to the
degree of correlation or to the value of the correlation coeflicient. Marginal densities of the
real part of the MR have been obtained in other contexts by [1,2,3,4].

Generally, the marginal density functions of a sole component of the MR are more com-
plicated and in many cases less interesting than the complete joint density. An expression
for the mean value of the MR was obtained in most of the cases. The MR variance, known to
be infinite usually for an observation consisting of a single pulse, was obtained only for the
cases resulting in a finite value, namely, where a threshhold on the sum-phasor magnitude
was imposed (in Chapter 7). Any positive threshhold value results in a finite MR variance.

Some of the most interesting solutions are those resulting from non-vanishing means of
the primary variables. Although scintillation and phase uncertainty tend to produce zero-
mean density functions of the primary variables, the consequence of non-zero means may be
applicable to some situations. One such case is that of observations on a target located at a
specific point. Of course, the analysis is much simpler if the mean value of either the sum
or the difference phasor is zero.

Three basic models of noise covariance were studied: uncorrelated isotropic noise (Chapter
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4), partially-correlated isotropic noise (Chapter 5), and a general noise covariance matrix
(Chapter 6). The effect of the correlation coefficient on the joint MR density was studied.
Monte Carlo simulations were used to corroborate the analytically-obtained density functions
in a couple of cases. A feature that has not been previously noted in the literature is a
prominent minimum or ‘hole’ in the joint MR density that occurs under some circumstances.
Such a minimum has been observed in cases of non-zero means of the primary phasors (as
in Figures 4-7 through 4-10 and 5-5 through 5-8). Some new definite integrals that may be
useful in other studies were evaluated and are given in (A.33), (A.35), and (A.36).

In carrying out this study it became apparent to the authors that a better understanding
of noise processes in monopulse radar systems is needed. The various noise sources affect
the statistical properties of the density functions in different ways. To our knowledge, the
existing literature lacks a simple and direct description of the noise processes. Development
of a noise model which is based on the particular features of each noise source is planned to
establish a small number of parameters which characterize the complete noise environment

with sufficient accuracy for practical work.

8-2
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APPENDIX A

EVALUATION OF INTEGRALS

A-1
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The integration of (4.5) is carried out by the substitution w = RZ, which gives

1 ® P+¢ 1
Poq(p,q) = 4#0303/0 exp [—( 202 + 202 w| wdw (A.1)

. which gives (4.6).

The integral (4.9) is evaluated by Abramowitz and Stegun ([3], equation 3.3.24) who give
: the indefinite integral

dx 1 x z
/———-——(xz e 2—a—3—arctan (;) + “_“—2(12(:1:2 ) (A.2)

By setting a2 = p? + 42, the last term vanishes at both limits yielding the result indicated
in (4.9).

The integration of (4.15) is carried out by a translation along the 8 axis by expressing the
integrand in the form

exp[Ccos(f + «)] = exp|[C(cosa cosd — sina sinf)] (A.3)

where C' and «a are to be determined. Evidently they must satisfy the relations

Ccosa = Rii/o?

A4
Csina = —R5/o? (4.4)
which determine the value of C to be
572 52
o Bvui+o® (A5)

o3
A transformation is now made to a new variable of integration,
d=0+a (A.6)

The angle o can similarly be determined, but its value is irrelevant as the integration is over
a complete cycle of either 8 or ¢. The result is

2T
/(; exp|[Ccos¢|de (A.7)

which has the value

(A.8)

/12 52
2r1y(C) = 2r 1y <E—-—%—2—TL>

x

as given by [3] (equation 9.6.19).

The authors are indebted to John E. Gray for giving direction in the evaluation of this
integral. The integral of (4.17) is carried out by expressing the integral in the form

o0
/ R 4R’ I(BR)dR (A.9)
0

A-3
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where A and B are constants with respect to the integration, and are readily evaluated in
terms of the parameters in (4.17). Equation (9.6.10) of [3] gives the following series expansion
for the Modified Bessel Function,

o
Io(z) =Z [k, (A.10)
k=0
Substitution into (A.9) gives
o~ 27 B 2k+3 —AR?
> P /0 R¥*+3e-AR R (A.11)
k=0 :

The integral in the above expression can be evaluated by making the substitution z = AR?,

which gives

/ R2k+3e—AR2dR=2A£+2 / ZFtle2dy (A.12)
0 0

The integral part of (A.12) is just (k + 1)!, as can be found in any standard integral table.
Substituting back into (A.11) gives

9-2k B2k (f 4 1)! k+1 ¢
Z 2k 2 AR+2 2A2Z
k=0
1 [/B2\ & 1 B\*1 =1 /B2\*
R (zz);(k_l)z(a) > (1)
=942 “P\a1a ) |\1a

Considering (4.18) to show that the integral over all p and ¢ is unity, first make the

substitution

(A.13)

p=Rcos#

A.l4
g = Rsind ( )

Thus,
oo 0 00 27 00
/ dg / Ppq(p,q)dp = / RdR [ Ppq(p,q)dd = 27 / RdR Ppq(p,q) (A.15)
—00 —0o0 0 0 0
To facilitate the integration with respect to R, u is used as the variable of integration, where
RdR = —2X_dyu (A.16)

The integral then becomes

eV (U
——/0 (14 p) etdu (A.17)
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which is unity.

To evaluate the integral (4.22) the exponential is expressed as a power series and the
integration is performed term by term. For convenience a change of variable is made so that
the quadratic term in the radical will have a coefficient of unity. Thus,

z=pVpt++2 (A.18)

Evaluation of each term in the resulting series requires the integral

24
"d
24 (A.19)

0 V2Az - 22
for n = 1,2,.... The integral exists even though the denominator in the integrand vanishes
at both limits. The result is (2n— 1)1

m(2n — 1)!A"

A2
2n=1(p — 1)!n! (4.20)

When the exponential factor is included, the result can be expressed in series form. Thus,

24 meBzg, _ X, Bk 24 yntkg,
0 V2Az-— 22 o k' Jo 24z — 22

(A" (2n+2k— DYAB)
=27 (§> > ontkkl(n + k — 1)!(n + )!

(A.21)

k=0
With this result the integral (4.22) can be readily evaluated.

To show that the density function P,(p) of (4.23) encloses unit area, the integral

00
| 2= (4.22)
~oo (p? +92)"+3

is needed. With the substitution

p=rtané, dp = v sec’0 df (A.23)

the integral can be written

/2 2 /2
2/ 7y sec”f df — 27“2"/ cos®~19 df (A.24)
0 42ntl(tan2d + 1)tz 0

The definite integral occurring in (A.24) is found in any standard table of definite integrals,
with the final result being

27_% [2 4.6 (2n - 2)] 3 22n—1[(n _ 1)!]27—211 (A,25)

1-3:5---(2n—=1)] ~ (2n —1)!

A-5
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The expression (4.23) can be written

/oo vy ? eV i (2] +1 (U7 ) /_‘: = +jgj+l+% (A.26)

-0

When (A.25) is substituted into (A.26) the integral can be written

[ore] B 00 U]
| mtip =y = (4.27)
- k=0 7'

An alternative formulation in terms of standard functions is obtained with the help of formula
No. 3.364.1 of [4], which states that
2 eridy
0 Vz(2—1z)

It can be demonstrated that the restriction on p can be relaxed to include all real values.
With the substitution g = 2 — z the integral (A.28) becomes

=me Ply(p) for p>0 (A.28)

2
ePhd
—2p [ _C W _ erg
e =me Ply(p) for p>0 (A.29)
0 VH2—p)
or
2 I
_ MR retlp(p) for p >0 (A.30)

0 Vu(2-p)
Since Iy is an even function this result essentially shows that (A.28) is valid for negative as
well as positive p, while the value p = 0 can obviously be included for continuity reasons.

(Skeptics can note that p = 0 gives a standard integral found in elementary tables, which is
consistent with (A.28) and (A.30).)

The next step is to further generalize (A.28) by making the substitutions

_ 2(p—A) —a(B — A)
= A and p= 5 (A.31)
where A < B, whereupon the integral becomes
B ap — —_
oA e*!dp = 7 exp (M) I (_E@_‘ﬂ) (A.32)
4 /(u—=A)(B-p) 2 2

or

Integrals contammg powers of g in the integrand can be obtained from (A.33) by differenti-
ation with respect to a. Derivatives of the Modified Bessel Functions are

I‘iz) (A.34)

Io(z) = Ii(z), Ii(z)=1Io(z) -

A-6
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which give the result

B

pe*tdy — rex a(A + B)
A VE-AB-p p( 2 )X

(4520 (2572)-(554)s (=:2)

|, 7= = e () (55 = ()
s (Bz—aA_ B2;A2) 11 (_a(B2—A))] |

These formulas are used to obtain the expression (4.25) by setting A = 0, B = v2/(p? +~?),
and a = 1.

(A.35)

(A.36)

To show that the joint density function (4.32) contains unit volume, first make the trans-
formation (A.14), whereupon the integral over all p and ¢ becomes

0o 00 00 27 0o
/ dp/ Pp,q(P,Q)dq=/0 RdR/O Pp,q(P,Q)d9=27T/O Fpq(p,q)RdR (A37)

Next, transform the variable of integration in (4.32) by letting

2
_ B
a_”_X_—__RZ—-I-'yZ (A38)
and the integral becomes
0
e / (14X +a) e%da (A.39)
X J-x

which is readily integrated and is equal to unity, as required.

The normalization of the expression (7.2) is carried out by the transformation (A.14),
which gives

/ / Py q(p,q)dpdg = 272/ ( 5 72)2 exp[—h%(R? + 4%)|RdR (A.40)
—00 J =00 0 (R + )

With the substitution

2 2
1= ;;7 (A41)
this becomes
*® 212
/ (VPR2Y 4t He T Mgt (A.42)
1
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These integrals are expressible by the exponential integral functions described in [3], which

in terms of (A.42) becomes
¥R E1(v*h?) + Ez2(7*h?) (A43)

There is the recursion relationship
Ey(z) =e™* —zEq(2) (A.44)

which allows the E; function of (A.43) to be expressed in terms of the E; function, which
cancels with the first term and gives the result exp(—y?h?) as indicated in Chapter 7.

The variance o2 is given by (7.6), which is transformed by the substitution (A.14) giving

2 2( R2 2
_r / cos?0 df / R [h ((’;2:7 ))“] exp(—h?R?)dR (A.45)
0

With the substitution (A.41) this becomes

2 [ole]
%ehz'yz / (A2 + (1 = A2yt — t"z]e_hz'yztdt (A.46)
1

The second and third terms of (A.46) are again evaluated in terms of the exponential integral

functions to obtain
2
o2 = Zzeh"’vz [e=7'7" 4+ (1 = h292) By (h%42) — Ea(h?4%)] (A.47)

And again the E, function is expressed in terms of the E; function by (A.44) to give the
result indicated in (7.7). The same steps are used in the evaluation of (7.20).

Integration of (6.7) is facilitated by the substitutions of (6.9) giving

r? + s%)exp[—C(s + #)%]ds (A.48)

P, y 4
pq,(Pq 42\/|—i_/

with # as defined in (6.9). Now, change of integration variable from s to w via the substitution
s+r=w ‘ (A.49)

gives

[w? — 27w + (72 + r2)]e %" duw (A.50)

R e /
'@, T) = 07—
P:q,'l‘(p q ) 47"2\/IE_| o
The middle term vanishes because it is an odd function. The result, (6.8), is obtained from

any standard table of definite integrals. Then representing G in powers of r,

G= (A-%) +<D—%)r+(F—%)=H(r+L)2+M (A.51)
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defines the new parameters,

A = B? - 4AC
2
H=A_B;=_%
40 4 (A.52)

L =A"YBE -2CD)
2
M=F—-HI?— 4E—c = F 4+ A™Y(AE? — BDE + CD?)

The marginal density P,, then can be obtained by integrating the expression (6.8) with
respect to r to obtain

_ (xC) ™M [ [(B? 2, EB (B _ 2

Ppq(p,q) = W i 20-{-26’ it 2C’+1 exp[—H(r + L)*|dr
—3/2g—M oo 2

-7 LGB ea] e

2C
where a change of variable

(A.53)

w=r+1L (A.54)

has been made. (The term that is linear in w has been omitted since it contributes nothing
to the integral.) The result is

(NA — B2 —4C%)e M

Py q(p,q) = A.55
M(P q) 1CTAN—IZIA ( )

where
N = A™%2B?CD? + 2B?CE?* - 8BC*DE +8C®D? — 8ABCDE (4.56)

+ 8A2CE? + B* — 8AB?C + 16A%C?]
with A as defined in (6.12) and (6.14). Finally, (A.55) reduces to (6.11).
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