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Research Activities 

Under the current grant we have primarily investigated two classes of elec- 
tromagnetic problems. The first contains the quantitative description of mi- 
crowave heating of dispersive and conductive materials. Such problems arise, 
for example, when biological tissue are exposed, accidentally or purposefully, 
to microwave radiation. Other instances occur in ceramic processing, such 
as sintering and microwave assisted chemical vapor infiltration and other 
industrial drying processes, such as the curing of paints and concrete. 

The second class characterizes the scattering of microwaves by complex 
targets which possess two or more disparate length and/or time scales. Spa- 
tially complex scatterers arise in a variety of applications, such as, large 
gratings and slowly changing guiding structures. The former are useful in 
developing microstrip energy couplers while the later can be used to model 
anatomical subsystems (e.g., the open guiding structure composed of two 
legs and the adjoining lower torso). Temporally complex targets occur in ap- 
plications involving dispersive media whose relaxation times differ by orders 
of magnitude from thermal and/or electromagnetic time scales. 

For both cases the mathematical description of the problems gives rise 
to complicated ill-conditioned boundary value problems, whose accurate so- 
lutions require a blend of both asymptotic techniques, such as multiscale 
methods and matched asymptotic expansions, and numerical methods incor- 
porating radiation boundary conditions, such as finite differences and finite 

elements. 
We also began some preliminary work on computing the shape of a three- 

dimensional target from time dependent scattering data. The applications of 
inverse problems of this type are numerous in both industrial and biological 

applications. 
Finally, we began to develop efficient numerical algorithms for determining 

how incident pulses scatter from a variety of targets. 
Before summarizing our progress we note that four Appendices are in- 

cluded with this report. Appendix A contains references that are pertinent 
to our research summarized below and are noted in the text by Roman 
Numerals. Appendix B contains a bibliography of papers published or sub- 
mitted for publication that have been supported by this contract. Appendix 
C contains a list of presentations that have been made during the contract 
period. And Appendix D contains a list of recognitions obtained and other 
accomplishments made during this period. 



1. Optimal Power Absorption in Lossy Targets. 
When a time harmonic electromagnetic wave impinges upon a lossy target 

a portion of the incident wave is absorbed. This absorption is due to ohmic 
heating when the material is metallic, and is due to dipolar heating when 
the material is a dielectric. In either case the power absorbed by the target 

is given by 

(1) Q = ö       m   dxdydz 
* JD 

where a is the effective conductivity, E is the electric field within the tar- 
get, and D is the compact region occupied by the scatterer. An important 
question to biomedical researchers interested in heating tissue and industrial 
researchers interested in material processing is the existence and computa- 
tion of an optimal conductivity where the material heats most efficiently. 

For small a it is apparent from (1) and Maxwell's equations that 

(2) Q~ ^ /   \Eo\2dxdydz 
* JD 

where E0 is the electric field in the target when a = 0. Thus, Q approaches 
zero linearly with a. On the other hand as a -> oo, the electric field becomes 
exponentially small outside of a very thin boundary layer (a few skin depths 
in thickness) so that the absorbed power given by (1) approaches zero in 
this limit too [i-ii]. Since the functions appearing in (1) are differential with 
respect to a, a maximum absorbed power Q* occurs for an optimal a = a*. 

The functional dependence of a* and Q* upon the various electrical and 
geometrical parameters of the target will be complicated and, in general, ac- 
cessible only through extensive numerical scattering computations. In Ref- 
erence 1 we have presented a simple approximate method which explicitly 
gives this relationship and significantly reduces the number of computations. 
We have chosen the problem of TM scattering from a finite, homogeneous, 
and lossy dielectric slab to demonstrate the method, because we can compare 
the exact results with our approximations. 

Specifically, we have obtained large er and small a expansions of the solu- 
tions directly from Maxwell's equations and have computed the correspond- 
ing limits of (1). We have used a pade [iii] approximation to blend these 
results. This approximation has both limits built into it as well as a smooth 
transition between them. The validity, accuracy, and refinements of this ap- 
proach, as well as its extension to higher dimensions, are under investigation. 



We have recently begun the study of an analogous problem in which a 
Debye medium absorbs microwave energy. The idea is to blend the low fre- 
quency and high frequency expansions of the electric field together, using 
pade [iii] and Galerkin [iv] approximations, to obtain an approximation that 
is uniform over a large bandwidth of frequencies. Preliminary calculations 
on the pade approximation are quite encouraging and refinements of these 
approaches, as well as its extension to higher dimensions, are under investi- 

gation. 

2. Microwave Heating of Ceramic Materials. 

We have modeled and analyzed the heating of a ceramic slab [2,4] under 
TM-illumination in the small Biot number regime. The temperature dis- 
tribution is almost spatially uniform in this limit and its evolution in time 
is governed by a first order nonlinear amplitude equation. This equation 
admits a time independent solution which is a multivalued function of the 
microwave power. The graph of this steady temperature as a function of the 
microwave power gives an S-shaped response curve when the electrical con- 
ductivity is modeled either as an exponential function of temperature or an 
Arrhenius law. The dynamics of the heating process are deduced, from the 
amplitude equation and the multivalued response, and are dependent upon 
the microwave power and initial conditions. For certain initial conditions and 
power levels the system evolves to the upper branch of the response curve 
which corresponds to thermal runaway. Other initial conditions and power 
levels force the system to evolve to the lower branch and a safe sintering 

temperature. 

This heating process can be controlled in some sense by varying the mi- 
crowave power in time at a rate commensurate with the thermal changes 
(v). Specifically, the power is allowed to changed in an exponential fashion 
from a higher to a lower power level. This relationship is turned into a dif- 
ferential equation which is appended to the amplitude equation to form an 
autonomous system of the second order. This system is analyzed using a 
phase-plane methods. The analysis shows the existence of a stable manifold 
which divides the phase plane into two parts: Trajectories in the region above 
this curve correspond to runaway heating while those below yield stable sin- 
tering. Various heating scenarios are presented and discussed in Reference 

2. 
We have considered a slightly more complicated control process [6] in which 

the rate of change of the microwave power in time is equal to the sum of 
two terms; the first is proportional to the power and the second to the 
temperature. When the second term is neglected the power is an exponential 



function of time that increases from a given initial value to a final value which 
is chosen to be consistent with the sintering temperature [2,4]. For a wide 
value of parameters the analysis shows that the system does evolve to the 
sintering temperature. Unfortunately, the trajectory of the system passes 
through temperatures which are above the melting point of the material and 
this fact suggests, in the context of the one-dimensional model, that the 
sample is destroyed. However, when both terms are present in the control 
equation and they are properly chosen, the analysis shows that the sintering 
temperature can be reached without such an overshoot. Improper choices 
give rise to temperature overshoots and even relaxation oscillations. 

3. Microwave Heating of Dispersive Media. 
We have recently extended are one-dimensional work [8] to study the heat- 

ing of a compact dispersive target by a pulsed, plane microwave. The disper- 
sive character of the medium is described by a Debye model and the conduc- 
tive nature is modeled by an ionic conductivity. The electrical and thermal 
parameters are allowed to depend upon temperature which gives rise to a 
highly nonlinear initial, boundary value problem. The governing equations 
are averaged in the limit as LOTH -» oo where TH is a characteristic time at 
which heat diffuses in the target and UJ is the microwave carrier frequency. A 
two-step algorithm is proposed for the numerical solution of these equations. 
When convection is weak, the algorithm converges very slowly. However, 
this problem is overcome by averaging the equations in the limit TH/TB —► 0 
where TB is a characteristic time describing energy loss by convection. This 
averaging yields a new theory from which a considerable amount of infor- 
mation can be deduced. Specifically, the temperature is spatially uniform in 
the target and evolves in time according to a first order, ordinary differential 
equation. The nonlinearity in this equation is a functional of the electric field 
within the target. This equation is solved for a number of specific examples 
and physical conclusions are drawn about certain heating processes. Finally, 
the problem of controlled heating is addressed where linear feedback is shown 
to be adequate in achieving a predetermined final temperature 

4. Microwave Processing of Thin Ceramic Rods. 
When a thin cylindrical ceramic sample is heated in a single mode waveg- 

uide applicator an interesting thermal phenomenon often occurs. A localized 
hot spot forms near the center of the sample and spreads outward from this 
point raising the entire ceramic to an elevated temperature (v-vi). This oc- 
curs even though the electric field intensity is essentially constant along the 

axis of the cylinder. 



We have constructed a simple mathematical [9] model based upon the 
small Biot number limit which gives a plausible explanation of the forma- 
tion, propagation, and growth of these hot-spots. Our model is simpler and 
easier to analyze than the one used in (v) because the variations of the 
temperature in the cross-section have been averaged out and this yields a 
reaction-diffusion equation in only one spatial variable. The dimensionless 

diffusion coefficient is given by 

where a is the radius of the rod, L is its length, and B{ is the Biot number. 
This constant can be quite small especially when one is interested in sintering 
ceramic fibers. Thus, the problem reduces to a singularly perturbed reaction- 

diffusion equation of which much is known. 
We have recently extended this work along two lines. In the first [14] we 

have allowed the thermal conductivity, the heat capacity, and the density 
of the ceramic to depend upon temperature. Although these dependencies 
are usually neglected when compared to the orders of magnitude change 
that occurs in the electrical conductivity, they are significant in affecting 
the velocity and ultimate character of the hot-spot dynamics. A complete 
description of this mechanism is contained in Reference 14. 

We have also analyzed this heating problem when the sample is rotated 90° 
in the cavity [16]. The model now takes the form of a nonlinear parabolic 
equation of reaction-diffusion type, with a spatially varying reaction term 
that corresponds to the spatial variation of the electromagnetic field strength 
in the waveguide. The equation is analyzed and a solution is found which 
develops a hot spot near the center of the cylindrical sample and which then 
propagates outwards until it stabilizes. The propagation and stabilization 
phenomenon concentrates the microwave energy in a localized region about 
the center where elevated temperatures may be desirable. Thus, we offer a 
plausible explanation for the experiments described in (vii) where localized 

fields are used to assist the joining of two ceramic rods. 
Finally, we have modeled and analyzed the microwave heating of a carbon 

coated ceramic fiber [15,17]. Since the electrical conductivity of the carbon 
is much greater than that of the ceramic at room temperature, the coating 
rapidly heats and transfers thermal energy to the ceramic by conduction. 
This raises the average temperature of the material, on the convective time 
scale, and affects the initial condition of our small Biot theory. The results 
predicted by the theory qualitatively agree with experiments (viii) and give 
a new mechanism for reaching hitherto inaccessible portions of the s-shaped 
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response curve.   A complete discription of this mechanism is contained in 

Reference 17. 

5. Asymptotic/Numerical Hybrid Methods:   An Example from 
Acoustic Scattering Theory. 

We have developed a hybrid method [3], based upon the method of matched 
asymptotic expansions, to study the scattering of a plane acoustic wave from 
a large finite diffraction grating. The inner problem of an infinite grating 
is solved by a well-posed numerical method from which the modal ampli- 
tudes are determined. The outgoing scattered plane waves do not satisfy the 
Somerfeld condition so that this approximation becomes nonuniform in the 
far field. The outer problem of a finite strip of unknown sources is approx- 
imated by the method of stationary phase and the results are matched to 
those of the inner problem. The matching determines the amplitudes of the 
unknown sources. We have presented an explicit formula for the scattering 
cross section which blends both numerical and analytical results. It shows 
a highly localized scattering pattern whose maxima coincide with the Bragg 
angles of the infinite periodic structure. This localization as well as the mag- 
nitudes of the maxima clearly demonstrate the effects of the grating's finite 

size. 

6. Large Finite Dielectric Gratings. 
The problem of plane wave scattering by a finite, but electrically large, 

periodic dielectric grating on the interface between semi-infinite dielectric 
media is an important model of a microwave energy coupler. When the grat- 
ing parameters fall in the resonance regime, i.e., the height and period of 
the grating are comparable to the wavelength of the incident wave, then nu- 
merical methods become inappropriate because of the disparate length scales 
present. We have applied the Method of Matched Asymptotic Expansions 
to construct a hybrid numerical/asymptotic method for efficiently analyzing 

this problem [18]. 
Appropriate scalings of the independent variables have resulted in inner 

and outer problems, whose respective solutions are obtained by a numeri- 
cal and an analytical method, respectively. The approach has provided an 
alternative method to lengthy numerical calculations and has made the char- 
acterization of scattering by finite gratings whose length is of the order of 
tens of wavelengths. A closed form expression for the scattering pattern 
has been derived in terms of the Rayleigh reflection and transmission modal 
amplitudes which have been obtained from the numerical approach used to 
solve the inner problem. The details of these calculations and results are 

contained in Reference 18. 
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7. Large Membrane Array Scattering. 
We have extended the above techniques to study the scattering of a plane 

acoustic wave from a large array of baffled membranes [10]. The structure 
is a simple model of an acoustic antenna. The far field pattern again is 
highly localized about the Bragg or mode angles of the inner representation. 
The maximum value of this function is directly proportional to the reflection 

. coefficient determined numerically from the inner problem. Several numerical 
examples are presented illustrating these features. Moreover, it is observed 
that the asymptotic theory agrees quite well with the exact answer (obtained 
by using a finite difference scheme) when there are only three membranes 

present. 
We have also developed a new numerical method for solving the inner prob- 

lem (infinite grating) when many Bragg modes are present. The method is 
based upon a finite difference scheme used in conjunction with a new radi- 
ation boundary operator. This operator is local in character and effectively 
allows the Bragg modes to radiate out of the computational domain (funda- 
mental cell). A full description of the method is given in Reference 13. 

8. Acoustic Target Reconstruction Using Geometrical Optics Phase 

Information. 
A simple algorithm, which uses the phase information from the geomet- 

rical optics limit, to construct the shape of an object has been presented 
in Reference 5. Essentially, the phase in the back scattered direction was 
shown to determine the equation of the tangent plane at the unique, but 
unknown, specular point. This plane depends upon the two spherical angles 
6 and <f>, which describe the incident wave direction. The observation that 
the tangent plane envelopes the obstacle as 0 and <f> are varied, allowed the 
derivation of an explicit formula for the equation of the surface in terms of 
the measured scattered phase. An analogous two-dimensional formula has 
also been presented. A full description of the method is given in Reference 

5. 

9. Rapid Pulse Responses for Scattering Problems. 
We have recently considered the numerical computation of the field scat- 

tered from a body in two dimensions due to an incident plane pressure pulse. 
In particular, we have examined the process of inferring the scattered field 
due to one incident pulse given the scattered field due to another incident 
pulse. The objective is to develop an indirect method that avoids the poten- 
tially expensive direct solution of the problem. Our approach is based on a 
formula expressing the scattered field as a convolution of a kernel with the in- 
cident pulse profile. The most straight forward generalization of this formula 



to the discrete version of the scatter problem used in numerical computations 
does not allow the kernel to be inferred from a single numerical experiment— 
a difficulty we have called the multi-source problem. Preprocessing the inci- 
dent pulses using simple interpolation formulas overcomes the multi-source 
problem giving an exact algorithm for computing the kernel. Selection of 
a sharp incident pulse (the Kronecker pulse) for the primary numerical ex- 
periment assures stability of this algorithm and permits extremely accurate 
prediction of the scattered fields for secondary incident pulses. A complete 

description of our results can be found in Reference 11. 
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