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MULTIDIMENSIONAL SIGNAL CODING IN THE VISUAL SYSTEM 

The purpose of the research was to investigate the significance of natural images in 
understanding early image coding in the visual system. The main objectives were: 

1. To study the image processing capabilities in early vision and how they modify the 
space, time and color properties of an image and the efficiency of these image processing 
operations. 

2. To identify key attributes of natural image signals which are sensitive to modification 
and filtering in early vision and how these attributes are transformed for encoding beyond 
early vision. 

The research addressed a number of issues in early vision including the relationship 
between color, spatial and temporal properties of images and concentrated in three main 
thrusts. 

1. The match between neural pathways in early vision and their underlying retinal 
architecture and spatial and temporal properties of images was investigated.   Visual 
tracking was incorporated into the study as contributing important modifications to the 
incoming spectrum of the image. The results indicate that the combination of visual 
tracking together with specialized neural pathways in the retina makes the coding of the 
spatial and temporal features of images efficient. Bio-encoding of images in the early- 
visual system is optimal in the sense that the retinal neural pathways are tuned to intrinsic 
properties of natural image sequences. 

2. The multilayered retinal architecture and how it mediates signal propagation and 
prevents distortions as the signal propagates through retinal cell layers was investigated. 
The research incorporated anatomical and functional details of retinal architecture 
including different cell densities in different retinal cell layers, cell-to-cell variations, and 
how cell arrays sample and propagate the image. These properties were incorporated into 
a multi-stage signal processing model. Understanding of the hierarchical multi-layerd 
signal processing strategy of the retina revealed the role of various components of retinal 
anatomical architecture. Together with the optics of the eye, retinal architecture provides 
a means to preserve the image and prevent distortions in it. 

3. Color constancy, or the ability of the visual system to perceive color independently of 
the ambient illumination, was investigated in the context of a biologically-based neural 
network. In particular, the role of retinal adaptation and higher level visual operations in 
mediating color constancy was investigated. The study incorporated properties of 
individual cells and how they combine to make complex color and spatial operations. The 
neural network simulations indicate how early visual stages complement each other to 
compensate and maintain relatively constant color perception under conditions of varying 
illumination and spatial context in the image. 

The research was reported in papers published in scientific journals which are included 
as appendices A-H. The following pages include a list of the publications as well as other 
activities, and the personnel involved. 
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Appendix   A 

Efficient coding of natural time varying images in the 
early visual system 

MICHAEL P. ECKERT AND GERSHON BUCHSBAUM| 

Department of Bioengineering, School of Engineering and Applied Science, University of Pennsylvania, 220 S. 33rd Street. 
Philadelphia, Pennsylvania 19104-6315, U.S.A. 

SUMMARY 

We investigate the hypothesis that the early visual system efficiently codes natural time varying images, 
first by tracking part of the image, then bv matching the spatiotemporal properties of the neural 
pathway to those of the tracked image. A representation for the time varying image is formulated which 
consists of two spatiotemporal components, a velocity field component and a stationary component. We 
show, using digitized sequences of natural images, that the spatiotemporal spectrum and other attributes 
of the image markedly differ before and after tracking. The temporal frequency bandwidth and velocity 
distribution of the velocity field component are diminished in the region of tracking and broaden with 
increasing eccentricity from this region. On the other hand, the spectrum of the stationary component is 
unaffected by tracking. Comparison of the properties of the tracked image to those of the \I and P 
pathways suggests that each pathway transmits different attributes of the tracked image. A retinal 
architecture which varies with eccentricity also matches the properties of the tracked image. 

1.  INTRODUCTION 

Natural images contain spatiotemporal information 
comprised of motion and other time varying details 
such as flicker. Motion in the retinal image includes 
object motion in the visual scene, observer motion, 
and eye motion. Image motion presents a significant 
problem for efficient coding and representation of 
images in the visual system. The visual system must 
code and interpret the visual scene while accounting 
for objects moving at velocities which may exceed the 
temporal limitations of visual system processing. 

The visual system confronts this complex time 
varying signal with two spatiotemporal mechanisms: 
eye movements and the spatiotemporal filter arravs 
known as the M and P pathways. In this paper, we 
examine how eye movements and the M and P 
pathways conjoin to make an efficient coder of the 
time varying image. Eye movements limit the tem- 
poral bandwidth of images by reducing the range of 
velocities reaching the fovea. M and P pathways 
efficiently carry image components, modified by eye 
movements, for analysis at cortical levels. The spatio- 
temporal properties of ganglion and lateral geniculate 
cells which form the M and P pathways have been 
extensively investigated in recent years (Kaplan & 
Shapley 1982; Hicks et al. 1982; Derrington & Lennie 
1984; Blakemore & Vital-Durand 1986; Crook et al. 
1988; Lee el al. 1989a; Purpura et al. 1990), especially 
the role of these pathways in coding spatiotemporal 
image components (Shapley &  Perry  1986: Merigan 

" T o whom correspondence should be sent. 

1986; Merigan 1989; Merigan & Maunsell 1990: 
Merigan et al. 1991; and Schiller el al. 1990). Gener- 
ally, the M pathway is associated with fast temporal 
changes and the P pathway with high spatial acuity 
and colour, although there is considerable overlap 
across spatial and temporal frequencies. 

The idea that the visual system efficiently codes the 
visual scene is not a new one (Barlow 1961, 1981: 
Snyder et al. 1977; Srinivisan et al. 1982: Buchsbaum 
& Gottschalk 1983; Laughlin 1983: Field 1987: 
Tsukamoto et al. 1990: Watson 1990; Derrico & 
Buchsbaum 1991). Under the efficient coding hypoth- 
esis, the purpose of retinal processing is to transmit 
visual information as effectively as possible to higher 
visual centers. This means that the visual system 
optimizes its coding strategy, given the physiological 
constraints of limited dynamic range of nerves, noise, 
and limited spatial and temporal bandwidths. 

A general block diagram of the coding system under 
investigation is presented in figure 1. The coder is 
comprised of two components, the pre-retinal eye 
movements, modelled as a linear time variant filter, 
and the retinal spatiotemporal pathways, modelled as 
linear time invariant filters. Investigation of efficiency 
and other properties of the coder requires an under- 
standing of the signal environment in which it oper- 
ates. For the visual system, the environment is an 
observer freely viewing natural images. We begin by 
investigating the spatiotemporal spectrum of the time 
varying image (the input, I(u,t), in figure l'i and the 
effects of tracking on the spatiotemporal spectrum and 
other properties of the image (the signal at the retina, 
lriu.t), in figure 1). A representation of natural images 

B    )'.m"    339. 3P,r> 
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Figure 1. Block diagram ol the flow of visual information through the visual system. The original image, ftu.t), is 
filtered by eye movements. Eye movements are modeled as a linear time variant Alter. The image reaching the 
retina. Ir.u.t). is a filtered version of" the original image. The M and P pathways, which are time invariant filters, 
further process the image before it reaches the cortex for analysis. 

is formulated as a combination of a velocity field 

component and a stationary component which have 
markedly different spatiotemporal spectra. We then 

apply a tracking algorithm to natural image sequences 
to investigate how these two image components are 

affected. As expected, tracking reduces the temporal 
frequency bandwidth of the velocity field component 
at the point of tracking ;Jain & Jain 1981; Girod 

1987), but the temporal frequency bandwidth and 
velocity distribution broaden with increasing eccentri- 
city from the point of tracking. The spectrum of the 
stationary component is not affected by tracking. 

We discuss the properties of the M and P pathways 
and how they match the spatiotemporal components 
of images after tracking. We give special attention to 
calculating the effect of tracking in the region of 

tracking and at increasing eccentricities from it. This 

is needed to evaluate the advantage of a retinal 
architecture with a velocity tuning which changes 
with eccentricity. 

2. SPATIOTEMPORAL SPECTRUM OF TIME 
VARYING IMAGES AND THE EFFECT OF 
TRACKING 

(a) Spectrum and velocity distribution of images 

Spatiotemporal variations in a visual scene generally 
arise from motion. On the image plane of the retina, 
motion can be approximated with a two-dimensional 
velocity field. The velocity field assigns a translational 
velocity vector to each point in space, and character- 

izes time variations resulting from geometric motion in 
the scene, including rotation, dilation, and affine 

deformations commonly found with perspective pro- 
jections of three-dimensional motion. The velocity 

field serves as a basis for many computational models 
of human motion processing (Adelson & Bergen 1985; 
van Santen & Sperling 1985; Watson & Ahumada 

1985; Heeger 1987). However, the velocity field 
cannot account for spatiotemporal changes of the 
image such as flicker and the photometric effects of 
motion (Pentland, 1991). To include all spatiotem- 

poral changes, we model images as a combination of 

two uncorrelated components, a velocity field compo- 
nent and a stationary component. 

I:'u,t) = I u - \v<u,t')dt'. l0) + sjuj). 1; 

where Ku.tj is the intensity at spatial point u and time 
/, KuJoj specifies the initial image intensity, viu.t) is 

the velocity field assigning a velocity vector, 

v= U'x.iy;, to each point of space and time, and s,(u,t) 
is the stationary component. 

The stationary component can be formed by- 

removing local translational motion. Conceptually, 
this operation is analogous to filtering the image with 

a space-time variant filter which removes the velocity 
field component. The residual spatiotemporal inten- 
sity variations, the stationary component, will consist 
of flicker of the illuminant, the photometric effects of 
motion, and the occlusion and disocclusion at the 
edges of moving objects. These spatiotemporal effects 
are biologically relevant. For example, photometric 
motion provides depth and three-dimensional struc- 

ture information about the image (Pentland 1991), 
and occlusion effects provide information about the 
location of object edges and relative depth. While 

these effects are caused by object motion, they cannot 
be removed by translational shifts of image intensity, 
and thus cannot be incorporated into the velocity field 
component. 

The space and time variant spatiotemporal spec- 
trum derived from the model of equation ( 1) is 

S(u,t,k,f, = S(k)S(f- v[uf ■ k) + SJkJ), (2) 

where di ; is the Dirac delta function, k= (kx,ky) is a 
two-dimensional spatial frequency vector, f is tem- 
poral frequency, S(k) is the spatial power spectrum of 
I(u,to), and Ss(k,f) is the spatiotemporal spectrum of 
the stationary component. By definition, the velocity 
field and stationary component are uncorrelated, so 
the spectrum is the sum of the two components. In 

local spatiotemporal regions, the energy of the velocity 
field component exists on a plane in the three 

dimensions of frequency space (2 dimensions spatial, 1 
dimension temporal), where the local velocity deter- 
mines the orientation of the plane (Watson 1983; 
Watson & Ahamada 1985). A highly ordered struc- 
ture does not exist for the stationary component which 

is distributed throughout spatiotemporal frequency 
space. Figure 2 illustrates the differences between the 
spectra of these components in a local spatiotemporal 
neighborhood. 

The spatiotemporal spectrum (equation 2) can also 
be defined in terms of a velocity distribution, which is 

a probability distribution (histogram) of velocities. 
The velocity distribution is formed by sampling the 
velocity field  through time at every spatial point in 

I'hd   r, 
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Eye movements have the effect of shifting all 
velocities in the image by the eye velocity. In the case 
of tracking, eye velocity is set equal to the velocity at 
spatial point, UQ. 

Figure 2. The velocity field and stationary components of 
time varying images occupy different regions of" spatiotem- 
poral frequency space, (a) The energy of" translational 
motion lies along a line with a slope equal to velocitv in 
spatiotemporal frequency space ia plane when spatial 
Irequencv is two dimensional). This figure illustrates an 
idealized case where the velocity field component has a 
constant translational velocity of I in the appropriate spatial 
and temporal frequency units. ;b) The stationary compo- 
nent is modeled as the product of separable functions of 
spatial and temporal frequency which fall off inverselv with 
spatial and temporal frequencv. 

the image. The result is a set of distributions, each 
representing the velocity variability in a region of 
space. Formation of the velocity distribution removes 
the functional dependence of time from the spatiotem- 
poral spectrum, so it becomes a time averaged, but 
spatially localized, spatiotemporal spectrum. The for- 
mulation of the spectrum based on the velocity 
distribution is: 

Su.kJ   = n,.{u,v)Slk) + SJkJ), (3) 

where h^.u.v) is the distribution of velocity, v, at 
spatial point, u, and S(k) is the spatial power 
spectrum of the image. 

(b) Effect of tracking on the velocity field and 
spatiotemporal spectrum 

Eye movements can be modeled as a linear, time 
variant filter introduced between the image scene and 
the retina (figure 1). Inclusion of eve movements 
introduces a single time varying vector component to 
the velocity field. As eye movements are fully des- 
cribed by introducing a term to the velocity field, thev 
do not modify the stationary component. The spatio- 
temporal spectrum after eye movements is: 

Sr(u,t.kJ) = 

Sik)Sif - [v(u.l) - vv(t)\ ■ k) + SJkJ),     :'4) 

where Sr,u.t.k.f) is the spatiotemporal spectrum 
which has been filtered by eye movements, and zv.': is 
the eve velocitv at time, l. 

vc(t) =VlUQ,t). Pi 

Tracking has the effect of minimizing the spread of the 
velocity distribution, Av(«.»i, which decreases the 
temporal bandwidth of the signal in the neighborhood 
of the tracked point, uo- For perfect tracking, the 
velocity distribution becomes a delta function at 
point, MO, and we have the spatiotemporal spectrum. 

S(u0,t,kJ)=S(k)S{f)+S^kJ). (6) 

Because tracking compensates for the velocitv field 
component in the region of uo, the temporal variations 
are contributed by the stationary component, Ss(k,f). 

For points away from uo, the spectrum is weighted 
by the velocity distribution. 

S(\u — uoi.k.f) =hK.t.\u — uo\,v.S(k) +S<(k,f], il) 

where Av \u — u<\\,v) is a velocity distribution which 
broadens with increasing eccentricity, \U — UQ\. In the 
region around wo, tracking narrows the velocitv 
distribution, thereby reducing the variability of the 
spatiotemporal spectrum and the temporal frequencv 
bandwidth. With increasing eccentricitv from the 
point of tracking, the spatiotemporal spectrum will 
have a broader velocity distribution and larger tem- 
poral frequency bandwidth. The degree to which 
tracking narrows the velocity distribution away from 
the point u0 depends on the spatial correlation of the 
velocity field, which is a measure of the change of 
the velocity field across space. For a highly correlated 
velocity field which changes slowly through space, 
tracking can reduce the velocity distribution at rela- 
tively large distances from the point of tracking. 

Implementation of tracking invariably requires a 
feedback loop which estimates position and velocity 
from a time delayed input and past expectations 
(Stark et al. 1962; Lisberger et al. 1987; Steinman et al. 
1990). This means that eye velocity can be set only to 
an estimated value of image velocity, rather than the 
true image velocity. As a result, the velocity distribu- 
tion in the tracked region, hv(0,v), will have a spread 
related to the effectiveness of tracking. Tracking 
effectiveness is a signal related phenomenon, so that 
highly predictable motion will be more effectively 
tracked than unpredictable motion (Stark el al. 1962; 
Barnes & Lawson 1989). However, tracking of" 'real 
world' motion can be quite accurate (Steinman et al. 
1990), usually maintaining a foveal velocity of less 
than 1-2 deg s"1. 

3. THE EFFECT OF TRACKING ON 
DIGITIZED IMAGE SEQUENCES 

We calculated the velocity field, velocity distribution, 
and spatiotemporal spectrum of four real world image 
sequences before and after tracking objects in the 
sequences. The sequences (256 pixels x 256 pixels x 64 
frames at 8 bits per pixel. 30 frames per second with 
no scene cuts)  were  taken  from  a video disk which 

/'■■■■'   T,. R   v.     /■ 
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Table 1. Description of sequences 

sequence 
number        sequence description 

U10833        Jungle scene with some three-dimensional 
object motion and a small amount of camera 
motion 

IJ12426        Man walking. Some camera motion to keep 
man centred in visual field. The result is 
significant amounts of background motion 

IJ01300 Man talking while moving head occasionally. 
No camera motion. Some slight motion in the 
background 

IJ04454        Storm scene. Xo camera motion, but large 
amounts of non-rigid three-dimensional 
motion from waves. Intensnv changes from 
lightning 

contained scenes from movies. The frame rate of 30 
frames per second limits the maximum estimated 
temporal frequency bandwidth of the images to 

15 Hz. However, image energy drops off quicklv with 

temporal frequency, and we found that signal energy 

is concentrated below 10 Hz. This suggests that any- 

aliasing introduced by the sampling rate has little 
effect on the estimated spectrum. Each sequence was 

selected to contain varying levels of motion activity to 
form the broadest possible ensemble of images with 

the small sample size !see table 1). The velocity field 

for each frame was estimated by minimizing the 

squared difference between 24 pixel x 24 pixel blocks 

in two sequential frames of the sequence (Jain & Jain 

1981). The same method was used to track selected 
regions in the sequence (see figure 3). While this 

(minimization of sum of squared diferences) algorithm 
is unlikely to be the method used by the visual svstcm. 

frame 8 frame 15 frame 26 

frame 32 frame 38 frame 43 

time/ frames 

Figure 3. A typical image sequence over which the spatiotemporal statistics were anaivsed [sequence IJ12426!. The 
black box indicates a resion which was selected for tracking. The eraph illustrates the magnitude of the velocity of 
the tracked region as a function of time. 
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it tracks a region of the image and keeps it centred, as 
does smooth pursuit. 

We examined the effect of tracking on the velocity 
distribution in the region of tracking and at increasing 
eccentricities from that region. The velocity distribu- 
tion of each 64 frame sequence was calculated from 
the velocity field as the frequency of occurrence of the 
velocity magnitude. To calculate the change of the 
velocity distribution with eccentricity, a region of 
interest was selected and tracked by shifting the entire 
image for each frame to maintain the tracked region 
in the same spatial location .figure 3V The velocity 
distribution and average velocity for the tracked 
image were then computed as a function of eccentri- 
city from the point of tracking. The results are 
presented in figures 4 and 5. Before tracking, the 
velocity distribution and average velocity varv across 
the spatial extent of the image, but we found no trend 
from sequence to sequence. This is expected, as there 
is no reason why one part of the scene should 
experience more motion than any other part. When 
tracking is performed, the velocity distribution at the 
point   of  tracking   is   a   delta   function   (for   perfect 
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Figure 5. The average velocity in sequence IJ01300 before 
and after tracking (solid and dashed line respectively) as a 
function of eccentricity from the tracked point. The average 
was computed over the full 64 frames of the sequence. After 
tracking, the average velocity in the region of tracking drops 
to zero, and there is a regular increase in average velocity 
with eccentricity from the point of tracking. At large 
eccentricities, the average velocity after tracking can be 
larger than the average velocity before tracking. 
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Figure 4. The velocity distribution of sequence IJ12426 as a 
function of eccentricity from the point of tracking. The 
distribution was computed from a 64 frame sequence. The 
curves represent the distribution at eccentricities of 0, 16, 32, 
48, 64, 80, 96 pixels from the point of tracking, (a) Before 
tracking, the velocity distribution does not depend on 
eccentricity. The standard deviation for the curves is about 
1.5 pixels per frame at all eccentricities, li) After tracking, 
the distribution varies with eccentricity, from a delta 
function at the point of tracking, to a broad distribution at 
the largest eccentricity. The standard deviation increases 
with eccentricity and is 0, 0.51. 0.75. 1.6. 1.7. 1.71. 1.8 pixels 
per frame, respectively, for the eccentricities shown. 

tracking;, and broadens with eccentricity. Higher 
velocities occur more frequently with increasing eccen- 

tricity from the region of tracking. The increase in 
average velocity with eccentricity was accompanied 
by a corresponding increase in the standard deviation, 
reflecting the fact that the variability of the velocity 

distribution increases with eccentricity. This result 
was consistent across all four sequences examined, 
although the degree to which tracking reduced the 

velocity distribution away from the point of tracking 
varied depending on the spatial correlation of the 
velocity field in that particular sequence. At the 
largest eccentricities, the velocity distribution after 
tracking can exceed the distribution before tracking. 
This can occur because the velocity distribution at 
large eccentricities is the vector sum of two uncorre- 
lated velocity components, the image velocity and the 
velocity of eye movements. 

The changes in the velocity distribution as a result 
of tracking have corresponding effects in the spatio- 
temporal frequency spectrum (equation 7). In figure 6 
we compare the spatiotemporal spectrum of images 
before and after tracking. The spectrum was com- 

puted in spatially and temporally localized blocks of 
size 32 pixels x 32 pixels x 16 frames at the point of 
tracking for a viewing distance of four screen heights 

(1 screen height = 256 pixels). For purposes of com- 
parison, 1 pixel* 1/15 deg and 1 pixel per frame 

«2deg s-1 on a 256 pixel x 256 pixel image at a 
standard viewing distance of 4 screen heights with a 

frame rate of 30 frame per second. Most of the energy 
is concentrated below 10 Hz and 4 cycles per degree 
and diminishes quickly above these frequencies. After 
tracking, the temporal bandwidth of the spatiotem- 

poral spectrum is greatly reduced. This is consistent 
with the changes in the velocity distribution after 
tracking : figure 4i). A reduction in the velocity 
distribution decreases the temporal bandwidth of the 
spatiotemporal spectrum. 
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Figure 6. The spatiotemporal spectrum of the image before and after tracking computed for a 32 x 32 x 16 
spatiotemporal block from sequence IJI2426. The contour plots have lines at 0.01. 0.Ü5. 0.1. 0.5 of the maximum 
vaiucs. I'he bottom figures are surface plots of the corresponding spectra. ,a Before tracking, the image has a large 
temporal bandwidth due to occasional large velocities, b After tracking, spatiotemporal energy is concentrated in 
lower temporal frequencies. The units of cycles per degree for spatial frequency axis were determined bv using a 
viewing distance of 4 scene heights from the image. The range of spatial frequencies wiii vary tor different viewing 
distances, but the range of temporal frequencies will not vary with viewing distance. 

Figure 7 shows how tracking modifies the instanta- 
neous temporal frequency bandwidth in the region of 
tracking. The instantaneous temporal frequency band- 
width was computed from the frame to frame correla- 
tion, pT, using a correlation model of the form pr = e~a'r| 

: Jayant & Noll 1984; Eckert el al. 1992). For a frame 
rate of 30 frames per second, the temporal bandwidth 

can be computed as a= -30 log!pTi. Before tracking. 

time / frames 

Figure 7. The effect of tracking on temporal frequency- 
bandwidth for a 24 pixel x 24 pixel block from sequence 
IJ10833. The instantaneous temporal frequency bandwidth 
before tracking (solid line! and after tracking ;dashed line) 
is computed from the frame to frame correlation. Before 
tracking, the signal has a highly variable temporal fre- 
quency bandwidth, due to variable object velocity. After 
tracking, the temporal bandwidth is small and does not varv 
significantly. Temporal frequency variations remain after 
tracking due to motion within the tracking region and the 
stationary component. 

the signal has a highly variable temporal frequency 
bandwidth, due to variable object \ clocity. After track- 
ing, the temporal bandwidth is small and less variable. 
The temporal bandwidth is not zero after tracking, 
however, since tracking does not remove all time 
variations, only those which result from translational 
motion at the tracked point. Figure 7 highlights the 
two ways tracking affects temporal frequency band- 
width: iii tracking greatly reduces the temporal 

frequency bandwidth during high velocity motion, 
and (iii before tracking, the temporal frequency 
bandwidth fluctuates widely, depending on the velo- 
city, but after tracking, the temporal frequency band- 
width in the region of tracking has onlv small 
fluctuations. 

Tracking does not remove the velocity field compo- 

nent, but only shifts it to lower temporal frequencies. 
This shift will increase the energy share of the 

stationary component at high temporal frequencies. 
The relative share of the two components will varv 
from sequence to sequence and for different regions of 
tracking, depending on the amount of motion, and the 

degree to which time variations are represented by the 
velocity field component or by the stationary compo- 
nent. For the first three sequences in table 1, tracking 
ot an object in the foreground reduces the average 

temporal bandwidth in the tracked region by 59%, 

92°0, and 56%, respectively. For these sequences, the 
large decrease of the temporal frequency bandwidth 
after tracking signifies that the velocity field compo- 
nent accounts for much of the signal energy at high 
temporal frequencies of the untracked image. The 

average temporal bandwidth of the last sequence    a 

I'hil.   Trr 
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storm scene [J04454) was reduced bv onlv 22"0. As 
tracking had little effect on the temporal bandwidth of" 
this sequence, most time variations can be attributed 
to the stationary component. Large temporal intensity 
changes in this scene were due primarily to changing 
illuminant (lightning) and changing reflectance of 
light off ocean waves. 

4. CODING BY THE VISUAL SYSTEM IN THE 
CONTEXT OF TRACKING 

(a) Advantages of tracking 

The velocity field of natural time varying images is 
signal dependent and variable. A scene mav contain 
objects moving at high velocities, low velocities, or 
both. The corresponding spatiotemporal spectrum is 
also signal dependent and variable, with a large 
temporal bandwidth in the spatial regions which 
move at high velocities, and a small temporal band- 
width in slowly moving regions. A basic premise of 
coding theory is that a signal with a small bandwidth 
can be more efficiently coded than a signal with a 
large bandwidth (Jayant & Xoll 1984':. The coding 
efficiency is also affected by signal variability, because 
time-invariant coders isuch as the retinal pathwaysi 
can be optimized only for a particular spectrum 
Kassam & Poor 1983, 1985 . The most efficiently 

coded signal is one with a small bandwidth and little 
or no variability. This corresponds to an image with 
little or no velocity, and thus a small temporal 
frequency bandwidth. Tracking with eye movements 
compensates for motion by matching eye velocity to 
the expected value of the image velocity in a region 
around the fovea. After tracking, the signal which 
actually reaches the retina (at the fovea) has a narrow 
velocity distribution and, therefore, a reduced tem- 
poral frequency bandwidth. A direct corollary of 
minimizing the temporal frequency bandwidth is a 
reduction in blur due to motion when the image is 
coded by fixed bandwidth time invariant channels. 
The role of eye movements in reducing blur was 
suggested before (Miller & Ludvigh 1962: Murphv 
1978: Flipse et at. 1988) and follows from their role in 
the context of efficient coding. 

Field (1987) showed that the spatial spectrum of 
natural images is scale invariant. This enables the 
visual system to use fixed, scene invariant, spatial 
filters to efficiently code a scene regardless of scale. 
The temporal spectrum and velocity distribution of 
natural time varying images are not scale invariant, 
and depend on the distance of moving objects from 
the observer. However, tracking maps the tracked 
region into the same temporal frequency and velocity 
distribution range regardless of the velocity ! or scale) 
of the tracked region. Therefore, tracking provides a 
region of the retina with a virtually scale invariant 
signal in time and the coding advantages that accrue 
from the invariancy. 

In addition to increased coding efficiency, tracking 
accentuates the importance of the stationary compo- 
nent in the temporal frequency domain in the region 
of tracking. Before tracking, this component is difficult 

to detect and isolate because it cannot easily be 
separated from the velocity field component. Alter 
tracking;, the velocity field component is situated 
along the spatial frequency axis, and does not contri- 
bute to temporal variations, so the remaining tem- 
poral variations belong to the stationary term. Thus, 
perceptually important information associated with 
this component, such as flicker, photometric effects of 
motion, and motion edge effects, can be extracted 
more easily because of the removal of the velocity field 
component from high temporal frequencies. This 
argument does not hold in the periphery, however, 
because tracking only ensures reduction of the velocity 
field component in the region of tracking. 

(b) Retinal pathways and eccentricity dependent 
architecture are matched to the tracked image 

The second stage of the coder (figure 1) are the M 
and P pathways which operate on the tracked image, 
l,{u,l). These pathways and the underlying single cell 
units from which they are made have received con- 
siderable attention. Because of their significance in the 
present context, they are briefly reviewed here. The 
spatiotemporal filter properties of the M and P 
pathways are based on single cell properties of phasic 
and tonic cells from the retina and M and P cells from 
the LGN (Marrocco et at. 1982; Kaplan & Shapley 
1982: Hicks el at. 1982; Derrington & Lennie 1984; 
Blakemore & Vital-Durand 1986; Crook et at. 1988: 
Lee et at. 1989b; Purpura et at. 1990). P (tonic) cells 
respond   well   to   low   temporal   frequencies   (below 
5 Hzi, whereas M (phasici cells attenuate these 
frequencies. The spatial resolution of the P pathway is 
about three times higher than the M pathway at all 
eccentricities. This is due to receptive field center size 
and spatial sampling rates of the respective arravs 
(Merigan 1989; Merigan et at. 1991). The main 
characteristics of the pathways are summarized in 
table 2. The numbers in table 2 represent averages 
within the respective pathways rather than the res- 
ponse of any particular cell since there are large 
deviations among cells even in the same pathway 
(Hicks et at. 1982; Marrocco el at. 1982; Derrington & 
Lennie 1984). 

Figure 8 illustrates the spatiotemporal transfer 
function of the M and P pathways inferred from the 
specifications in table 2. To obtain these responses, we 
fitted a frequency transfer function with the form of a 
spatial and temporal difference of Gaussians (Rohalv 
6 Buchsbaum 1988; Rohalv 1988) and selected 
constants so as to meet the spatial and temporal 
frequency slopes and peaks in table 2. 

RF(|A|^) = [Cie- •''""*"'- 

5ie-!-'.-"*')»][Cje- r'/,2-S2e- TJ \    (8) 

where e is eccentricity, rc(e), rs(e) are the centre and 
surround sizes for receptive fields, and k and/are the 
spatial and temporal frequencies, respectively. Tc, 7*s 

are temporal constants selected so as to provide peak 
temporal response at a specified frequency, and C\, C'2, 
■S'i, 62 were selected so as to provide a specified 
response at low temporal and spatial frequencies. The 
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Table 2. Spatial and temporal characteristics of the M and P pathw ■ays 

M pathwav 

spatial structure 

spatial resolution 

foveal spatial resolution 

numbers of cells 

spatial sampling rate 

temporal frequency-peak 

response at low frequencies 

high frequency cutoff 

contrast sensitivity 

speed (latency of response to 
visual stimulation! 

suggested roles 

centre-surround ■: relatively powerful 
surround) 

one-third that of P cells (decreases with 
eccentricity) 

13 cycles per degree 

10°'o of cells 

one-third that of P cells 

20 Hz: large variance between individual 
cells 

highly attenuated: phasic response to a 
step increase in light intensity 

up to 80 Hz 

high: eight times higher than P cells 

fast: latency is about 24 ms at LGN for 
visual stimulation. Large variance 

carries information about quicklv moving 
images with a low degree of spatial detail, 
such as flicker 

P pathwa\ 

centre surround isurrounds often have 
little power) 

three times that of M cells (decreases with 
eccentricity] 

40 cycles per degree 

80°o of cells 

three times that of M cells (80 samples 
per degree at fovea) 

10 Hz: large variance between individual 
cells 

partially attenuated: tonic or sustained 
response to a step increase in light 
intensity 

20-40 Hz 

low: eight times lower than M cells 

slow: latency is about 28 ms at LGN for 
visual stimulation. Large variance 

carries slowly moving images with a high 
degree of spatial detail 

centre and surround sizes for the receptive fields, r,(e) 

and i\[e;, are assumed to increase in size with the 

inverse of the cortical magnification factor (Sakitt & 
Barlow 1982). 

(a) 

M«) (0) (1 4- 0.33«)', M«j = rs(0) (1 + 0.33«). (9) 

The spatiotemporal frequency the velocity re- 
sponses of M and P pathways can now be discussed in 
the context of the properties of images before and after 
tracking.  Before  tracking,   the image spatiotemporal 
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Figure 8. The spatiotemporal transfer function of the M and 
P pathways calculated from equation (8) with constants 
chosen to match details in table 2 (solid lines, M pathwav; 
dashed lines. P pathway). Contours are at 0.1, 0.5, and 0.9 
of the maximum value in the respective pathway. The P 
pathway is tuned to higher spatial frequencies and lower 
temporal frequencies than the M pathwav, though there is 
considerable overlap. 

velocity/(deg s:1) 

(b) 
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Figure 9. (a) The simulated response of M and P pathways 
at the fovea to a translating white noise stimulus as a 
function of velocity (solid line, M pathway; dashed line. P 
pathway). This is equivalent to integrating the frequency 
response over lines of constant velocity. The normalized 
peak response of the M and P pathways (arrows) is about 7 
deg s"1 and 1 deg s"1, respectively, (b) Peak velocity of the 
two pathways as a function of eccentricity. The peak 
velocity of the M pathway increases with eccentricity at a 
greater rate than the P pathwav. 
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spectrum is broadly distributed across frequency 
space, which results in large responses in both the M 
and P pathways. However, after tracking, the signal 
energy becomes concentrated at low temporal fre- 
quencies, and the P pathway which is more sensitive 
in the low temporal frequency region, will respond to 
a greater degree than the XI pathway. Figure 9a 
illustrates the response of the XI and P pathways to a 
translating image, found by integrating the spatiotem- 
poral transfer function (equation 8) over lines of 
constant velocity in frequency space. Figure 9b, com- 
puted using equations 8 and 9. illustrates the velocitv 
of peak response as a function of eccentricity for the 
two pathways. At the fovea. the XI and P pathwavs 
are predicted to have a peak response to images 
moving at velocities of 7 deg s""1 and 1 deg s~'. 
respectively. However, the velocity of peak response 
increases with eccentricity, with the peak velocity 
increasing faster for the XI than the P pathway. This 
change in peak velocity with eccentricity is a result of 
the increase in receptive field size (or decrease in 
spatial scale) described by equation 9. 

The P pathway is thought to carry information 
about slowly moving images with a high degree of 
spatial detail (Schiller el al. 1990; Xlerigan 1989: 
Xlerigan et al. 19911. Figure 9a illustrates that the P 
pathway will respond better to low velocity images. 
The P pathway matches the properties of the velocitv 
field component in the tracked region, and will carry 
the maximum amount of spatiotemporal information 
about this component. The XI pathway is thought to 
carry information about quickly moving images with 
a low degree of spatial detail (Schiller el al. 1990: 
Xlerigan 1989; Xlerigan & XIaunsell 1990). Figure 9a 
illustrates that the XI pathway is tuned to higher 
velocities than the P pathway. However, large image 
velocities will only rarely arise in the tracked region. 
When large velocities do arise, it is during tracking 
errors which occur for unpredictable motion, and for 
cases such as transparent motion when there are two 
velocity field components in the same spatial region. 
Because tracking is generally quite accurate for 
motion of'real world' stimuli (Steinman et al. 1990), 
the M pathway can be expected to carry only a small 
fraction of the velocity field component of image 
information in the region of tracking (the fovea). 
However, the stationary component is broadly distri- 
buted across spatiotemporal frequency space (figure 
2b), and contains a significant amount of energy in the 
region covered by the XI pathway. Therefore, in 
addition to carrying (infrequent) high velocity images, 
another role for the XI pathway at the fovea could be 
to earn,' the stationary component of time varying 
images. 

The change of the velocity tuning of the XI and P 
pathways with eccentricity (figure 9b) is consistent 
with the change in the velocity distribution of tracked 
images with eccentricity. The peak velocity of the two 
pathways increase with eccentricity, though at differ- 
ent rates, so a larger average velocity and larger range 
of velocities is covered with increasing eccentricitv. 
This can be compared with the velocity distribution 
alter   tracking     figure   4b'.   At   the   fixation   point 

fovea i, the image has a narrowly distributed velocity 
distribution and a small temporal bandwidth. With 
increasing eccentricity, the velocity distribution broa- 
dens .figure 4A), the average velocity reaching the 
retina increases (figure 5), and the range of velocities 
increases. The broader image velocity distribution in 
the periphery means that information is lost due to 
temporal blur because of the limited temporal fre- 
quency bandwidth of retinal pathways. This decreases 
the average spatial frequency limit of the peripheral 
retinal image. Because of this, larger receptive fields 
can be utilized in the periphery without significant 
loss of information. 

Psychophysical evidence also shows a gradual 
change in motion perception between the fovea and 
the periphery of the visual field. The fovea is sensitive 
to a lower range of velocities than the periphery and 
essentially becomes blind when this velocity range is 
exceeded (van de Grind et al. 1986; Baker & Braddick 
1985L As eccentricity increases, the visual system is 
better able to discriminate images with a higher 
average velocity, and over a larger range of velocities 
(McKee & Nakayama 1984). This is consistent with 
the change in velocity distribution and average velo- 
city with eccentricity (see figures 4 and 5' which 
results from tracking. 

Hughes 19771 argues that receptor packing 
matches the change in velocity across the retina for 
the case of an observer moving through a scene i ego- 
motion i. In some ways, this paper can be viewed as a 
generalization of Hughes (1977) original arguments, 
by showing that an eccentricity dependent velocitv 
distribution results for any scene rather than the 
special case of ego-motion, as long as the observer 
continually tracks with eye movements. This paper 
diverges from Hughes by matching the retinal velocity 
distribution to the velocity sensitivity of the XI and P 
pathways, rather than to the change in receptor 
packing. However, receptive field size and velocity 
sensitivity are linked so both arguments are compie- 
mentarv. 

5. CONCLUSION 

We examined the spatiotemporal spectrum and other 
attributes of natural time varying images in the context 
of efficient coding in the early visual system. The image 
is modeled as a combination of a velocity field 
component and a stationary component which have 
markedly different spatiotemporal spectra. Tracking, 
as implemented with smooth pursuit eye movements, 
decreases the average velocity and the variability of 
velocities reaching the fovea (tracked region). The 
result is a spectrum with minimal temporal bandwidth 
and variability in the tracked region, but which 
broadens with increasing eccentricity. Tracking does 
not affect the stationary component, which remains 
broadly distributed across temporal frequency space. 

An efficient coding strategy will be influenced by 
tracking because it changes the image spectrum. In 
the tracked region, the spectrum has minimal tem- 
poral bandwidth and variability. This enables efficient 
coding of the image with fixed  time invariant path- 

Phit.  Trans. Ä. S,.v. /..-. 



394     M. P. Eckert and G. Buchsbaum     Coding of moving images in early vision 

ways as found in the retina. The reduction in 
temporal bandwidth ensures that minimal informa- 
tion will be lost due to motion blur in the tracked 
region. The stationary component of time varying 
images is emphasized in the tracked region, enabling 
temporal information not attributed to translational 
motion to be analyzed effectively. Finally, since the 
average velocity of the image increases with eccentri- 
city from the tracked region, an efficient coding 
strategy should reflect this change with a correspond- 
ing change in velocity tuning with eccentricitv. 

The results suggest that the M and P pathways are 
matched to the tracked image. Both the M and P 
pathways are tuned to low image velocities at the 
fovea, where the image has consistently low velocities 
because of tracking. However, the M pathway, with 
the broader temporal frequency response, will respond 
better to the temporal changes of the stationary 
component. The M and P pathways are tuned to 
higher velocities and a broader range of velocities with 
increasing eccentricity from the fovea. This is matched 
to the change of image velocity after tracking, in 
which both the average velocity and range of veloci- 
ties increase. 

In conclusion, the visual system combines smooth 
pursuit tracking with specialized pathways and an 
eccentricity dependent retinal architecture to effi- 
ciently code time varying images. 
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We investigate the effect of different tracking strategies, such as local and full-field tracking, on the mean and 
variance of the image velocity field. We show that while local tracking reduces the velocity variability in an 
eccentricity-dependent manner, full-field tracking reduces velocity variability equally across the image. We 
test our predictions with digitized image sequences. 

INTRODUCTION 

It is well known that tracking actively modifies the spatio- 
temporal structure of the visual scene; it shifts image 
velocity and position, thus making the tracked image 
markedly different from the original image.1"6 In this 
Communication we examine and formalize how different 
tracking strategies affect the local and global velocity 
structures of image sequences. To describe the local ve- 
locity structure, we use the velocity field, which assigns a 
velocity vector to the image at each point in space and 
time and is specific to each scene. For a more global de- 
scription of image velocity, we calculate the variance of 
the velocity field, sampled through time. We focus on two 
strategies of tracking: local tracking, in which a small 
spatial region in the original image is pursued, and full- 
field tracking, in which the average image velocity is 
tracked. These two tracking strategies reduce the vari- 
ance of the velocity distribution in markedly different 
ways. Local tracking greatly reduces the variance at the 
point of tracking, but the variance increases with eccen- 
tricity away from the point of tracking in a manner depen- 
dent on the spatial correlation of the velocity field. 
Full-field tracking, on the other hand, reduces the vari- 
ance equally across the entire spatial extent of the image. 
We illustrate the analysis with examples by using image 
sequences. 

DEFINITION OF TRACKING 

We define the velocity of tracking as a space average of 
image velocity, in which different strategies of tracking 
are associated with the spatial extent over which image 
velocity is averaged: 

v,U) v(u,f)g(u)du, (1) 

where v,(t) is the velocity of tracking, v(u, t) is the velocity 
field of the original image, g(\i) limits the spatial extent 

0740-3232/93/071582-04$06.00 

over which velocity is averaged, and u is space in coordi- 
nates of the image plane. The integration is over the spa- 
tial extent of the image. 

For the purpose of analysis, we consider only two cases 
of tracking. The first, local tracking, sets the tracking 
velocity to the image velocity in a small spatial region of 
the image plane. In the limit, this represents tracking of 
a single point [g(u) •** 5(u - u0)]. The second case, full- 
field tracking, sets the tracking velocity to the average ve- 
locity in the image plane [g(u) «■*].]. 

VELOCITY FIELD OF THE TRACKED IMAGE 

The velocity field assigns a velocity vector to each point of 
the image plane to represent intensity variations resulting 
from geometric motion in the world. Types of motion 
that are adequately described by the velocity field include 
affine transformations such as translation, rotation, and 
dilation that are commonly found with perspective projec- 
tions of three-dimensional motion.7,8 

We write the velocity field as the sum of two compo- 
nents, 

x(u,t) =vd(u,t) + vmU), (2) 

where vra(£) denotes the time-varying mean velocity and 
vd(u, t) denotes differential image velocities that vary 
with both space and time. Each of these components can 
be associated with common physical sources of motion. 
Changes in the time-varying mean velocity occur during 
camera pans (or head and body rotation in the biological 
case). Vrf(u, t) represents differential velocities across the 
field of view, such as motion of objects or linear motion of 
the camera through the world (ego motion). 

Tracking introduces a single time-varying vector- 
velocity term to the velocity field. After tracking, the ve- 
locity field is simply the difference between the velocity 
field of the original image and the velocity of tracking: 

vr(u,<) = v(u,f) - v,(t), 
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where vr(u, t) is the tracked velocity field. This relation- 
ship is valid for any type of tracking strategy, including 
both full-field and local tracking. 

We consider the effect that the two cases of tracking 
have on the velocity field. Local tracking, in the limit, 
consists of tracking a single point, v.tt) = \(\x0,t). And 
using Eq. (2) gives 

v,U) = \d{u0,t) + \m(t). (4) 

Substituting Eqs. (2) and (4) into Eq. (3) shows that local 
tracking removes the mean velocity, leaving a tracked ve- 
locity field of 

vr(u,r) = vrf(u, r) - vd(u0,t). (5) 

Full-field tracking, with the definition from Eq. (1), 
amounts to setting the velocity of tracking to the time- 
varying mean image velocity, i.e., v,U) = vmit). Thus the 
velocity field after full-field tracking is simply that of the 
differential velocity term, 

vr(u. t) = vd(u,t). (6) 

VARIANCE OF THE VELOCITY FIELD AFTER 
TRACKING 

The velocity field provides an instantaneous and locally 
specific measure of image velocity. A more global mea- 
sure is produced by calculating the mean and variance of 
the original and tracked velocity fields. For this purpose, 
we consider the velocity field of an image sequence to be a 
realization of a three-dimensional (two-dimensional space, 
one-dimensional time) vector random field. The mean 
and variance are then calculated by sampling the velocity 
field across space, through time, or both.9 In this Com- 
munication, velocity samples are collected through time at 
every point in space. Conceptually, these samples form a 
velocity distribution or density function and represent a 
time-averaged measure of image velocity at that point in 
space.10 Since velocity is a vector quantity, the mean and 
variance of the horizontal and vertical velocity compo- 
nents are calculated separately and are considered inde- 
pendent and uncorrelated. We assume that v0(u, t) and 
vmit) have a zero temporal mean. The basis for this as- 
sumption is that, on average, there will be no long-term 
fixed mean-velocity bias in image sequences. 

After local tracking, the mean velocity will be zero, but 
the velocity variance will depend on distance from the 
point of tracking: 

err(u - u0)2 = o-/(u) + o-d
2(u0) - 2Bd(u u0J (7) 

where cr(u - u0)2 is the velocity variance of the locally 
tracked image as a function of distance from the point of 
tracking, <x0

2(u) is the variance of the differential velocity 
term, cr/liio) is the variance of velocity at point u0, and 
Bd(u — u0) is the spatial autocorrelation function of the 
differential velocity term. The key point to recognize 
here is that the variance approaches zero at the point of 
tracking and will increase regularly with distance from 
the tracked point for a monotonically decreasing velocity- 
field autocorrelation function. At the largest eccentric- 
ities, the velocity-field autocorrelation approaches zero, so 
the variance is simply the sum of the first two terms. 

Full-field tracking removes the time-varying mean from 
the original image. As a result, the full-field tracked 
image will have a zero mean and a variance equal to the 
variance of the differential velocity term, 

(TrivCi = <xrf
2(u). (8) 

The variance in Eq. (8) depends on the object velocity 
and is not a function of the spatial correlation of the veloc- 
ity field. 

Figure 1 illustrates the effect of local and full-field 
tracking, assuming constant variance for the differential 
velocity term and a spatial correlation of the velocity field 
that falls off exponentially with space. The variance of 
the velocity field after local tracking is greatly reduced 
in the region of tracking but increases with larger eccen- 
tricities. The reason for this is that the velocity field of 
the image is correlated with tracking velocity at the point 
of tracking but is almost completely uncorrelated at large 
distances from that point. Far from the point of track- 
ing, |u| » 0, the variance of the velocity approaches twice 
the variance of the object-velocity term in the original 
image. Between these endpoints, the variance of the ve- 
locity field depends on the spatial correlation of the veloc- 
ity field. Full-field tracking removes the mean velocity, 
vmU), causing a downward shift of the variance from cr2 

for the original image to cr0
2 for the tracked image. That 

is, the reduction in variance for full-field tracking is not 
dependent on eccentricity and amounts to removal of the 
variance contributed by the mean-velocity term. v„, iri. 
An implicit assumption is that the correlation between the 
differential velocity term and the time-varying mean ve- 
locity is small. In limiting cases, such as when a single 
object moves across a fixed background, the two terms are 
obviously correlated. However, the examples below, with 
the use of natural image sequences, suggest that the as- 
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Fig. 1. Predicted effect of local and full-field tracking on the 
variance of the velocity field as a function of eccentricity from the 
point of tracking. We use a spatial autocorrelation function for 
the differential velocity field of the form Bd(u) = exp(-a|u|/£ma»i. 
The dashed curves represent the variance of local tracking for 
different spatial autocorrelation functions of the velocity field 
when a = (1/4,2,4). The bottom curve (a = 1/4) illustrates the 
case in which the velocity field is highly correlated across space. 
The top curve (a = 4) represents the case in which the velocity 
field is relatively uncorrelated across space. The endpoint of the 
top curve asymptotes at twice the variance of the full-field 
tracked image. Full-field tracking reduces the variance from a' 
to <r,i2 and is independent of the correlation of the velocity field. 
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Table 1.    Description of Image Sequences 

Sequence Number Sequence Description 

IJ10833 Jungle scene with some three-dimensional 
object motion and camera motion. 

IJ12426 Man walking.    Some camera motion to 
keep man centered in visual field.    Result 
is considerable background motion. 

IJ01300 Man talking while moving head occasion- 
ally.    No camera motion.   Some motion in 
the background. 

sumption is justified. For another limiting case, that of 
purely full-field motion, in which there is only a single 
translational velocity in the image, the differential veloc- 
ity term, vd(\i, t), is zero, and local tracking decreases the 
variance at all eccentricities. For this case full-field and 
local tracking produce the same effect. 

sequence to sequence reflect the different levels of motion 
activity in each sequence. Figure 2 also shows that the 
variance of the original velocity field can vary signifi- 
cantly across space. This is not surprising since a short, 
2-s sequence will usually have different levels of motion 
activity in different areas of the scene. However, there 
was no systematic bias in motion activity across the scene 
in the different sequences. 

Local tracking removes the variance of image velocity in 
the region of tracking but at the expense of increasing the 
variance at large eccentricities. This feature is consis- 
tent for all sequences, independent of the level of motion 
activity in the sequence. The rate at which the variance 
changes with eccentricity depends on the spatial correla- 
tion of the velocity field in each image. At large eccen- 
tricities, the variance of the local tracked image is greater 
than the variance of the full-field tracked image. This is 
expected because of the diminishing correlation of the 
velocity field between the tracked point and points at large 

EFFECT OF TRACKING ON IMAGE 
SEQUENCES 

We simulated local and full-field tracking on three digi- 
tized image sequences and calculated the velocity field of 
the original image, the image after local tracking, and the 
image after full-field tracking. The sequences (256 X 
256 x 64 pixels at 8 bits/pixel, 30 frames/s with no scene 
cuts)11 were taken from a video disk that contained scenes 
from movies (see Table 1). Local tracking was initialized 
by selecting a 24 x 24 pixel block in the first frame of the 
sequence. This region was then tracked by minimizing 
the squared difference between 24 X 24 pixel blocks in 
each pair of sequential frames in the sequence.12 The 
frames of the sequence were shifted so as to maintain the 
tracked object in the same spatial location for the entire 
sequence. This algorithm was effective because the 
scenes generally consisted of rigid, moving objects. Full- 
field tracking was implemented by shifting each frame in 
the sequence by the mean velocity of the entire image 
rather than by the velocity in a small region. With full- 
field tracking, no region was guaranteed to remain static 
throughout the sequence. The velocity field was calcu- 
lated in a sparse array (every 16 pixels) by finding the dis- 
placement that minimized the squared difference between 
blocks in two sequential frames of the sequence.12 Thus 
the local velocity structure of each sequence was described 
by a 16 x 16 x 64 cube of velocity vectors. The original 
velocity field was calculated from the original image, and 
the local and the full-field tracked velocity fields were cal- 
culated from the scene after tracking. The variance of 
the original, the full-field, and the local tracked velocity 
fields were formed by sampling through time at each spa- 
tial location. The variance of each velocity distribution 
was then calculated at selected vertical and horizontal 
eccentricities from the tracked point. 

Figure 2 illustrates the variance of the velocity field for 
the original image (solid curves), the local tracked image 
(dashed curves), and the full-field tracked image (dotted 
curves). The variance represents samples collected from 
a horizontal or a vertical eccentric point from the point of 
tracking.   The different magnitudes of the variance from 
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Fig. 2. Variance of the velocity field of three sequences as a 
function of distance from the tracked point. The variances of 
the horizontal and the vertical velocity components were added 
together. The curves represent the variance of the original 
image (solid curves), the local tracked image (dashed curves), and 
the full-field tracked image (dotted curves). Full-field tracking 
reduces the variance at all eccentricities, but local tracking re- 
duces the variance primarily in the region of tracking. 
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eccentricities. As expected, the reduction in variance 
after full-field tracking is well described by a downward 
shift of the variance of the original image. Differences 
among the variance curves that are not accounted for by 
the downward shift can be attributed to the correlation be- 
tween the differential velocity field and the time-varying 
mean velocity and are small for all sequences. 

DISCUSSION 
Local or full-field tracking almost always reduces the vari- 
ance of the velocity field. Local tracking ensures that one 
area of the visual field will possess low velocities but at 
the expense of increasing image velocity at large eccen- 
tricities from the point of tracking. Full-field tracking 
reduces velocities across the entire field of view, but no 
area is assured of consistently low velocities. If velocity 
magnitude of the tracked image is averaged across the 
extent of the image, with equal weight given to all areas, 
then the full-field tracked image will have a lower space- 
averaged variability than the local tracked image. This 
effect can be seen by inspection of Fig. 2. However, if the 
primary constraint is to reduce image velocity maximally 
in a small area, then local tracking is obviously more suit- 
able. There are also other advantages of local tracking, 
which include regularizing high-level visual tasks such 
as structure from motion, wayfinding, and shape from 
shading.6 It remains to be seen whether full-field track- 
ing can provide similar benefits. 

An original motivation of this study was the significance 
of biological tracking strategies as implemented by various 
species using head and eye movements. Local tracking is 
a reasonable approximation of smooth-pursuit eye move- 
ments that are found in some vertebrate species, and full- 
field tracking is a good approximation of optokinetic and 
vestibulo-ocular eye movements that are found in most, if 
not all, vertebrate species.13"17 As illustrated in this com- 
munication, different tracking strategies result in differ- 
ent degrees of velocity variability across the visual field. 
This finding suggests that biological velocity sensitivity at 
various eccentricities in a given species should reflect 
the particular tracking strategy most common to that 
species.10 Determining whether this is so requires fur- 
ther comparative research into tracking capabilities 
and eccentricity-dependent velocity sensitivity in differ- 
ent species. 
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Appendix   C 

Separability of Spatiotemporal Spectra of Image Sequences 

Michael P. Eckert, Gershon Buchsbaum, and Andrew B. Watson 

Abstract— We calculated the spatiotemporal power spectrum of 14 
image sequences in order to determine the degree to which the spectra are 
separable in space and time and to assess the validity of the commonly 
used exponential correlation model found in the literature. We expand 
the spectrum by a singular value decomposition into a sum of separable 
terms and define an index of spatiotemporal separability as the fraction of 
the signal energy that can be represented by the first (largest) separable 
term. All spectra were found to be highly separable with an index of 
separability above 0.98. The power spectra of the sequences were well fit 
by a separable model of the form 

P(k.f) = 
u6/(47rsj 

((a/2*)* +/c2)3/2((fc/2r)2+/2) 

where k is radial spatial frequency, / is temporal frequency, and a,b 
are spatial and temporal model parameters that determine the effective 
spatiotemporal bandwidth of the signal. This power spectrum model cor- 
responds to a product of exponential autocorrelation functions separable 
in space and time. 

The spectra of 14 image sequences were calculated. The sequences 
represented a small ensemble of possible motion activity. The se- 
quences were selected for a range of motion activity. For example, a 

fast camera pan represents the maximum image motion activity, and 

a small moving object with a static background represents the least 
activity. Sequences with motion activity between these extremes had 
slight camera motion and some object motion. 

II. CALCULATION OF IMAGE STATISTICS 

We collected 14 image sequences (256 x 256x 64 @ 8 b/pixel. 30 
frames/s with no scene cuts) from a video disc that contained scenes 
from a broadcast TV source. Each frame was originally sampled at 
512 x 512 pixels/screen, but adjacent pixels were averaged, and the 
image was subsampled to 256 x 256 pixels/screen. The sample mean 
of each sequence was removed to reduce low-frequency bias in the 
calculations. 

The sample power spectrum P(ki,k2,f) of each sequence 
x(ni,ri2,t) is the squared magnitude of the discrete Fourier 
transform calculated as 

I. INTRODUCTION 

The statistics of images and image sequences have been extensively 
studied for image coding and compression applications [1], [2] as 
well as for the development of models of biological image processing 
[3], [4]. An exponential autocorrelation function has been shown to 
be a good model for temporal frame-to-frame correlations of image 
sequences, e.g., [5]-[8], and for spatial correlations within each frame, 

eg- [2], [3], [9], 
This paper focuses on the separability of the spatiotemporal sta- 

tistics of image sequences and on the validity of using a separable 
exponential autocorrelation model for the spatiotemporal statistics. 
The autocorrelation function is uniquely related to the power spectrum 

via a Fourier transform, and either is valid as a description of the 
statistics. 
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P(kl.k2.f) 
1 

256 ■ 256 • 64 

255      255      63 

Y, H X>(»i.»2.^) . -j2T(k1n1+k2n2 + ft) 

«1=0n2=0 (=0 

(1) 

where kuk2 are spatial frequencies, / is temporal frequency, nun2 

are spatial locations, and t is time measured in frame number. 
We converted the two spatial frequency dimensions k\ and k2 into 

one radial frequency dimension k by averaging in 32 annuli around 
the spatial frequency origin as illustrated in Fig. 1. In this manner, 
the spatial frequency range of 0-127 cycles/screen of Arx and k2 is 
represented by 32 annuli in bands of 4 cycles/screen. Averaging the 
spatial spectra in annuli is equivalent to assuming a circularly sym- 
metric spatial autocorrelation function. This autocorrelation function 
is not separable in the two spatial dimensions but is considered a 

better fit than the corresponding separable autocorrelation function 
for most images [9], 

The average magnitude of the power spectrum in each annulus can 
be obtained by summing over the power spectrum P(kl.k2,f) in 
the annulus indexed by k and normalizing by the number of sample 

0162-8828/92S03.00 © 1992 IEEE 
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IV. SINGULAR VALUE DECOMPOSITION AND INDEX OF SEPARABILITY 

A space-time separable spectrum is modeled as the product of a 
spatial and temporal spectrum (as in (8)). In this section, we define 
an index of separability for an arbitrary spectrum P(k. /) based on 
a singular value decomposition. 

Any m x n matrix D with m > n may be expanded into a sum 
of terms by a singular value decomposition [10], [11] 

D ■£■ HiViU, (9) 

Fig. 1. Conversion from two dimensions of spatial frequency to one dimen- 
sion of radial spatial frequency is done by averaging the spectrum in annuli 
around the spatial frequency origin. 

points A(k) within each annulus 

P(k.f) = 

where Ai > A2 > ... A„ are the real nonnegative eigenvalues of the 
nth-order symmetric matrix 5 = DTD.uuu2,... un are normal- 
ized, orthogonal row eigenvectors associated with the corresponding 
eigenvalues X, > A2 > ... An of S. vuv2....vn are normalized, 
orthogonal column eigenvectors associated with the corresponding 
eigenvalues Aj > A2 > ... An of the mth-order symmetric matrix 

A(k) Y] P(kuk2,f)   A; = 0,4.8, ...124 ^ _ DL>T' where Q can have a maximum of n nonzero eigenvalues 

where 
*2-U|c2<(t + 4)2 

A(k)= Y^ 1   k = 0.4. 8. ...124. 

(2) 

(3) 
*r+*|>*2 

The resulting 14 sample spectra were described in terms of a 33 
(temporal frequency) x 32 (spatial frequency) matrix P with the 
spatial frequency axis ranging from 0-127 cycles/screen in steps 
representing bands of 4 cycles/screen and the temporal frequency 
axis ranging from 0-15 Hz in steps of 15/32 Hz each. 

III.  MODELS OF SPACE-TIME STATISTICS 

The most commonly used statistical model for intraframe and 
frame-to-frame correlations is an exponential correlation model in 
both space and time 

R{v) = e 

R(T) = e 

-a|i/| 
(4) 

(5) 

where v represents a 2-D spatial lag, r represents temporal lags, 
and a,b are spatial and temporal parameters. A separable formulation 
for the spatiotemporal correlation of image sequences is found as a 
product of (4) and (5). An equivalent description of the statistics is 
the power spectrum, which for the exponential correlation function 
of (4) and (5) would be 

a/(2n) 
 ^77 * > 0 (6) S(k) = 

T(f) 

((a/(27r))2 + fc2 

V(2TT
2
) 

- OC o.   / < oo (7) (6/(2-))2 + /2 

where k is radial spatial frequency, / is temporal frequency, a is 
a spatial parameter with units of cycles/screen, and b is a temporal 
parameter with units of Hertz. The parameters a and 6 describe the 
effective spatial and temporal bandwidth of the signal. A spatial 
power spectrum (6) has 85% of its power in the frequency band 
k < a. The temporal power spectrum (7) has 90% of its power in the 
band / < |6|. A separable spatiotemporal power spectrum is formed 
as the product of (6) and (7). 

P(k.f) = 
ib/(4-3 

((«/2T l2 + fc2)3/2((i/2* + P 
(8) 

that are the same as those of S. In the case of duplicate eigenvalues, 
an orthonormal combination of eigenvalues can be selected. 

Approximating D by the first term of the decomposition 

D' - v/7i"I,i«i (10) 

gives the minimum mean squared error separable approximation to 
D, where the mean squared error is 

e=£E(«-<o;, (ID 
.=ij=i 

where dxj and d'l} are the elements of D and £>', respectively Noting 
that 

EE4--E-K (12) 
.=i j=i 

and 

E£*S = 7. 
.=i >=i 

the mean square error between the approximate matrix D' and the 
true matrix D is determined by the eigenvalues as 

e = 12 +73 + ...-in- (13) 

We define an index of separability a as the relative enerev share 
of D' &J 

71 + 72 + ■■■•!„ 
(14) 

Since Ai > A2 > ... A„ > 0, a will range from 1/n for the 
most inseparable spectrum to 1 for a completely separable spectrum. 
The eigenvalues represent the energy carried by each term of the 
expansion in (9). The index of separability a is simply the fraction of 
the total energy carried by the first and largest term in the expansion, 
which is the term that constitutes the best separable approximation. 

We applied the singular value decomposition to the spatiotemporal 
spectra by considering each spectrum as a matrix P of dimension 
33 x 32. As shown in (9), P can be expanded as 

t^t, (15) 

where  s,   are  now  orthonormal  row  vectors  representing  spatial 
spectra, and t, are orthonormal column vectors representing temporal 
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TABLE I 
DESCRIPTION OF IMAGE SEQUENCES AND RESULTS OF CALCULATIONS. 

Sequence Motior Index of Spatial Temporal 
Number Type Separability Parameter 

a 
Parameter 

b 
mse (%) 

1         U01300 l.a 0.999 14.33 0.59 0.01 
2         IJ04454 l.b 0.999 7.54 0.51 0.04 
3         U10833 2,a 0.993 9.45 1.08 0.09 
4         IJ10897 2,a 0.995 9.42 1.30 0.07 
5         IJ11907 l.c 0.999 6.91 3.50 4.70 
6         1J12100 l.a 0.999 15.80 0.41 0.03 
7         IJ12164 l.b 0.999 13.85 0.92 0.06 
8         IJ12426 2,b 0.998 8.10 0.92 0.04 
9           IJ14461 3,a 0.998 6.00 4.30 0.70 
10       IJ15300 3,b 0.997 8.93 2.99 4.10 
11       IJ17830 l.c 0.982 12.30 2.32 0.40 
12       1J07860 l.c 0.993 11.50 1.85 0.60 
13       IJ33960 l.a 0.999 10.20 0.24 0.005 
14       IJ30229 l.b 0.999 12.40 0.85 0.06 

a : Index of separability, un tless 
a  : Spatial parameter, cycles/screen 
b  : Temporal parameter, Hertz 

mse   : The mean squared error between the actual spectrum and the mode with the parameters 
a,bo(Eq. 8. The mse is expressed as the percentage of the average power of the 
sequence. 

1. No camera motion 
2. Some camera motion 
3. Much camera motion 
a. Uttle object motion 
b. Some object motion 
c. Much object motion 

spectra in each term of the sum. A separable approximation of the 

form 

P-      =      y/^tiSi (16) 

exists where si and f i represent the spatial and temporal components 
of the separable approximation. The normalized energy share of this 
term is a, which is the index of separability. Examination of a for 
the spatiotemporal spectra of the 14 image sequences (Table I) shows 
that for 13 out of the 14 sequences, a > 0.993, which constitutes 
a high degree of separability [10]. Although the separability was 
low for one sequence,(a = 0.982). This suggests that a space- 
time separable model such as (8) may adequately describe the 
spatiotemporal spectrum of image sequences since the assumption 
of separability is valid. The extraction of nearly all the energy with 
the separable term is also significant for perceptual reasons since 
small fractions of image energy can markedly affect the perception 
of some images [12]. 

V. CALCULATION OF MODEL PARAMETERS 

Since the spatiotemporal spectra of the image sequence P are all 
highly separable, we need only determine whether the model of (8) 
adequately characterizes the frequency distribution of the spectra and 
find the spatial and temporal parameters a and b. This will determine 
whether the commonly used model defined by a separable exponential 
autocorrelation in space and time is satisfactory. 

We find the model parameters a and b by minimizing the mean 
squared error between the actual signal spectra P of (2) and the 
analytical separable model of (8). 

\2l min {(P-P(k.f)) (17) 

The optimal parameters a,b for each of the sequences were calculated 

using the Nelder-Meade simplex algorithm [13]. The mean squared 
error between the analytical separable model (8) and the true spec- 
trum, which was expressed as a percentage of the average squared 
power of the spectrum, is small (0.03% < mse < 4.7%) and is given in 
Table I. The parameters a and b determine the effective bandwidth for 
the spatiotemporal power spectrum. Fig. 2 illustrates the relationship 
between the parameters a and b for all 14 sequences, and thus, the si- 
multaneous spatial and temporal bandwidths. All of the pairs of a and 
b are located within a well-defined range for this ensemble such that 
no sequence contains both high spatial and high temporal frequencies. 

6 8 10 12 14 16    o 
Spatial frequency Bandwidth (cycles/screen) 

Fig. 2. Scatter plot of the parameters a and b for all sequences. The 
parameters a and b are measures of the effective spatial and temporal 
bandwidths of the signal spectrum. No spectrum had both a large spatial and 
large temporal bandwidth within the spatial and temporal frequency spans of 
the sequences. 

Spatial frequency (cycles/screen) Spatial frequency (cydes/screeni 

101 10: 
Spatial frequency (cycles/screen) 

101 102 10J 
Spatial frequency (cycles/screen) 

Fig. 3. Magnitude of the spatial component of the spectrum derived by the 
singular value decomposition (stars) compared with the analytical model (solid 
line). (Note different ordinate scales.) 

The separable kernel in the model of (8) is based on theoretical 
considerations, mainly, statistical properties of Markov processes 
as models for image signals. It is interesting to investigate how 
this theoretical separable model captures the functional shape of 
the spectra in spatial and temporal frequency compared with the 
empirically derived separable kernels derived by the singular value 
decomposition. The empirically derived kernels are not constrained 
by a predetermined functional shape as is the theoretical model. 
We compare the spatial and temporal components of the analytical 
separable model to the corresponding components of the separable 
approximation (16). Four examples are shown in Figs. 3 and 4. 
The model provides a good fit for the sample signal spectra in all 
frequency ranges. (Note that the ordinate scale is logarithmic, and 
therefore, the contribution to the mean squared error is small at 
high frequencies.) This finding is consistent with the applicability 
of the models of (6) and (7) in earlier studies of spatial and temporal 
statistics [2], [5], [7]-[9], 
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Fig. 4. Magnitude of the temporal component of the spectrum derived by 
the singular value decomposition (stars) compared with the analytical model 
(solid line). (Note different ordinate scales.) 

VI.  DISCUSSION 

We calculated the spatiotemporal power spectra of 14 image 

sequences to investigate whether these spectra are separable in space 
and time. Using a normalized index of separability, we show that 
a separable approximation for the spectra derived from the singular 
value decomposition extracts over 98% of the signal energy (Table 
I). We also investigated whether the space-time separable exponential 
model commonly used in the literature provides a reasonable descrip- 
tion of the statistics of image sequences. This exponential model is 
equivalent to the space-time separable power spectrum model of (8). 
We show that this model provides a good analytical description of 
the spectrum of image sequences. 

For this ensemble of image sequences, no sequence possessed both 
high spatial and high temporal frequencies (Fig. 2). This property 
may be a result of spatial blurring caused by motion. If so, it is 
not an inherent property of the image sequence but rather is caused 
by the low-pass temporal filtering of the camera. The visual system 
also temporally low-pass filters images (mainly due to photoreceptor 
integration time); therefore, this property holds true for a signal 
perceived by the visual system as well. This limitation on signal 
spatiotemporal bandwidth may be useful for perceptually based image 
coding and processing applications [14]. 

Applications of the model to image processing accrues both 
the advantages and limitations of using autocorrelation and power 
spectrum methods. As descriptions of images, the autocorrelation 
and power spectra are global in the sense that they represent a 
calculation averaged over the entire image or image sequence. This 
averaging does not retain the phase spectrum of images and removes 

local nonstationarities and, hence, specific local details of images. 
In addition, the separable model may not apply to local sections of 
image sequences even though the global spectrum of the sequence 

is separable. In those cases where the autocorrelation and power 
spectrum methods are applicable, the assumption of separability 
enables considerable mathematical simplicity. Any methods of image 

processing developed for spatial-only or temporal-only processing 
using (6) and (7) can be extended in a straightforward manner to 
spatiotemporal processing with (8). 
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The retina is a multilayered structure. Each layer consists of one or more classes of cell, each at its own den- 
sity and with its own anatomic and physiologic properties. Signals converge from many cells in one layer onto 
single cells in another layer, and a signal from a single cell diverges to many cells in the next layer. In this 
methods paper we develop a general approach to retinal analysis and modeling that incorporates multiple cell 
classes, their densities, and related anatomic properties. The method is based on multirate filtering, a branch 
of signal processing in which signals of different sampling rates are manipulated. Bv drawing a correspon- 
dence between cell density and signal sampling rate, we define multirate models that incorporate different 
cell densities, convergence, divergence, variation in dendritic field shape, cell-to-cell variation in synaptic 
weights, and other anatomic features. We develop the multirate approach and apply it to the cat cone '=> cone 
bipolar CBb, => on-/3 ganglion cell pathway as an example. We calculate the spatial frequency responses of 
the CBb, and on-/3 cells based on the cone spatial frequency response and find that the attenuation of high fre- 
quencies in the cones prevents aliasing that would otherwise occur in CBb, and on-/3 cells. We compare the 
calculations with cat psychophysics. We show that the optics of the cat eye are insufficient in themselves for the 
prevention of aliasing in these cells; additional attenuation by the cone-cone gap junctions and the cone aper- 
ture is necessary. By including this postreceptoral filtering, we demonstrate that the highest spatial frequency 
that can be passed by the retina without aliasing is determined not always only by the densities of cones bi- 
polar cells, and ganglion cells but also by the synaptic and the dendritic weighting between these cells. 

1.    INTRODUCTION 

The retina is a multilayered structure. Each layer con- 
sists of one or more classes of cell, each at its own density 
and with its own anatomic and physiologic properties. 
Signals converge from many cells in one layer onto single 
cells in another layer, and a signal from a single cell di- 
verges to many cells in the next layer (Fig. 1). Recent 
studies of the cat retina have measured the detailed ana- 
tomic properties that are necessary to model this infor- 
mation flow for several classes of cells. Wässle et al. 
measured the convergences and the divergences between 
photoreceptors and type A and B horizontal cells.w Cohen 
and Sterling distinguished and modeled several classes of 
cone bipolar, their densities, and their convergences and 
divergences to cones and on-/3 ganglion cells.3"6 Other ap- 
plications that model retinal processing and coding and 
use actual convergences, divergences, and number of syn- 
apses can be found in Refs. 7-9. If explicit attention is 
paid to these and other properties, these models could ac- 
curately incorporate many anatomic details such as den- 
dritic field shape and the number of synapses between 
cells. All these properties are highly dependent on the 
different densities of cell classes. 

The purpose of this paper is to describe a method of 
retinal modeling that generalizes the multiple cell layer 
approach taken in these studies of the cat retina. Our 
motivation is to incorporate detailed anatomic proper- 
ties into multilayered retinal models that can be easily 
analyzed.   The method is based on a branch of signal pro- 

cessing known as multirate filtering. Multirate filtering 
concerns the manipulation, the filtering, and the analysis 
of signals in systems whose signals are not all at the same 
sampling rate. By drawing a correspondence between the 
density of an array of cells and the sampling rate of a sig- 
nal, we can incorporate into retinal models different cell 
densities, convergence, divergence, variation in dendritic 
field shape, cell-to-cell variation in synaptic weights, and 
other anatomic features. Multirate models are easily 
manipulated analytically in both space and frequency do- 
mains, have computationally efficient implementations, 
and allow for closed-form solutions.10"12 Multirate filter- 
ing permits an examination of the artifacts that result 
from a change in a signal's sampling rate. For this reason, 
it is particularly useful for the analysis of effects such as 
aliasing in a multilayered structure with different densi- 
ties, such as the retina, and for the modeling of postrecep- 
toral filtering. Some of the retinal properties that can 
be derived from this approach, such as the trade-offs in 
properties among parallel, hierarchic, and hybrid archi- 
tectures, are reported in an early form in Refs. 13-15. 
Among the benefits of the multirate approach used here is 
that the models display some of the variation and the ir- 
regularity seen in retinal anatomy. 

In Subsection 2.A of this paper we develop the method 
of modeling with multirate filtering. In Subsection 2.B 
we apply this technique to the cat cone => cone bipolar 
CBbt => on-/3 ganglion cell pathway and demonstrate some 
of the types of analysis permitted by multirate filtering. 
We show how spatial aliasing is prevented in this path- 

0740-3232/93/071463-18506.00        © 1993 Optical Society of America 
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Fig. 1. Demonstration of multiiayered structure of the retina. 
Rows indicate cells of classes A. B. and C. each of a different 
density. Circles represent the cells. The arrows indicate the 
range of cells that synapse between different layers. The average 
number of presynaptic cells that synapse on a postsynaptic cell is 
the convergence. The average number of postsynaptic cells on 
which a presynaptic cell synapses ts the divergence. 

way and compare our result with psychophysical measure- 
ments. We also use the mode! to estimate to what degree 
the optics of the cat eye alone are responsible for the pre- 
vention of aliasing in this pathway. 

2.   THEORY 

A.    Multirate Model 

1.    One-Dimensional Case 
We draw a correspondence between anatomic and multi- 
rate signal processing parameters by equating the distance 
between signal samples to the average distance between 
cells. Table 1 lists the correspondences between anatomy 
and the model that we develop in this subsection and Sub- 
sections 2.A.2 and 2.A.3. Figure 2iai illustrates the gen- 
eral synaptic arrangement based on which we develop the 
model. Consider cells of class A presynaptic to cells of 

class B. The densities of the two classes (in cells/unit 
lengthi are dA and dB. respectively. The average distance 

between cells is the nearest-neighbor distance innd). For 
a one-dimensional arrav of cells. 

nndA = I'd ^ . Qi 

In the multirate model we define the signals xm) and 
vim with uniformly spaced samples so that they corre- 
spond to the one-dimensional arrays of A and B cells, 
respectively. The distance between samples in x(n) is the 
sampling period (7\).    If we set the sampling periods as 

T2 = nndA.        7", = nndB (2) 

then the sampling rates of * and v equal the densities of 
the A and B cells, respectively. Each sample in x\n) then 

corresponds to a different A cell, and each sample inyim1 

corresponds to a different B cell [Fig. 2(b>1- The image 
signals have different spatial variables because the rc0th 
sample in x does not correspond to the same location 
as that of the n0th sample in v, except at the origin 
[Fig. 2(b)]. We address the issue of irregular sampling in 
the retina in Section 3. 

To an excellent approximation, at a single adaptive 
state, many retinal cells sum their inputs linearly over 
both space and time.16"1" For these cells the voltage pro- 
duced in a B cell can be viewed as a weighted sum of the 
voltages in the presynaptic A cells, where the weights are 
determined by the number and the location of synapses, 

the details of the dendritic tree, the types of neurotrans- 
mitter. and the types of receptor. Since the cells sum 

linearly, one can simulate the operation of the synapses by 

convolving x\n i with a filter of the appropriate weights. 
This approach is taken in many signal-processing-based 
models. However, since xin) and vim' are at different 

sampling rates, standard convolution is inadequate, as 
standard convolution assumes the same sampling rates in 
all the layers. Convolution between signals with different 

sampling rates requires multirate filtering. The use of 
multirate filtering allows for different sampling rates 
■ densities) in different layers and hence arbitrary conver- 
gence/divergence ratios isee Subsection 2.A.lb. We now 
summarize the relevant basics of multirate filtering and 
use them to develop the model. 

The basic operations of multirate filtering are upsam- 
pling and downsamplmg.11'"12 Operating on a signal x[ir. 
an L-fold upsampler inserts L — 1 zero-valued samples be- 
tween adjacent samples in x( ) and decreases the sampling 
period of xi i by a factor of L. Combined with the appro- 
priate low-pass filtering, the upsampler increases the sam- 
pling rate of xt ■ by a factor of L while maintaining the 
signal's form [Fig. 3(a)], Operating on X<IT, an M-fold 
downsampler removes M - 1 of every M samples in xl) 
and increases the sampling period of x< i by a factor of M. 
Combined with the appropriate low-pass filtering, a down- 
sampler decreases the sampling rate of jr i J by a factor of M 

while maintaining the exact form of the signal ', Fig. 3ib>]. 
Of importance is that, without the appropriate filtering. 
either resampler may induce aliasing (technically called 
imaging for the upsampler).10"1" The insets in Fig. 3 dem- 
onstrate the anatomic situations that correspond to these 
resampling operations. 

Technically, one can avoid the resampling operations 
in the model by setting both T, and T, to the greatest 

common divisor of nndA and nndB- This small sampling 
period ensures that both x( ) and y( i have samples at the 
locations that correspond to every cell of classes A and B. 
However,  this  choice also results  in  artifactual  filler 

Table 1.    Anatomic Parameters and Their Analogs in a Multirate Model 

Anatomv Multirate Model 

Nearest-neighbor distance innd) 
Convergence C 
Divergence D 
Changes in cell densities 
Synaptic/dendritic weighting functions 
Dendritic field radius 
Dendritic fields and weights 
Neurotransmitter/receptor gain 

Sampling period T 
Model convergence C„ 
Model divergence D„ 
Downsamplmg/upsampling by MIL 
Direct-form filter/n») 
Circular filter radius iJr,rr 

Space-varying filters gmmi 
Filter gain A' 
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nndA = 4 /xm 

Cells of 
class A 

(a) onde =6/jn 

samples signal 
n(n) x(0) i(l) 1(2) x(3) 114) x(5) i(6) 

m m 
Tx 

y(2) y(m)        y(0) yd) y(3) y<«) 

GO 

Fig. 2. Idealized descripcion of synapses between two layers of 
cells and their depiction in the model, tai Cartoon view of cells 
of class A presynaptic to cells of class B. Class A cells synapse on 
various numbers of B cells and provide different numbers of 
synapses to each. Offshoots on the terminal branches of an A 
cell indicate the number of synapses that it provides to the B cells 
beneath it. On the average, A and B cells are separated by nndA 
and nndB, respectively. Here nnd* = 4 /im. and nndB = 6 /xm. 
(b) Signalsxm) andy(m) in the multirate model correspond to the 
arrays of A and B cells in (a). T, and T, are the sampling periods 
ofxin) andylmj, respectively. 

samples inxt) andy() that do not have corresponding cells 
in classes A and B. To prevent filler samples from inter- 
fering with the analysis and the interpretation of the 
model, we set the sampling periods of x() and y() so that 
the cells and the samples correspond. 

To model the synaptic weighting between the cell arrays 
in Fig. 2(a), we use the system shown in Fig. 3(c), an L-fold 
upsampler followed by a filter and then by an M-fold 
downsampler. This sytem is a cascade of the systems in 
Figs. 3(a) and 3(b) with the filters combined. The use of 
both an upsampler and a downsampler permits the sam- 
pling rates of x(n) and y(m) to be related by any rational 
number and provides for any change in densities between 
class A and class B cells.    In this case, 

Ty = T,M/L. (3) 

The resampling operations in Fig. 3 are the basic mathe- 
matical tools necessary for defining and manipulating 
multirate systems. There are several means by which 
one can implement these operations; for example, the 
three steps can be combined into a single-step operation 
that does not explicitly insert or remove samples.10"12 We 
show in Subsection 2.A.2 that such a combined operation 
is analogous to the synaptic weighting in Fig. 2(a). 

To derive M and L from anatomic parameters, we com- 
bine Eqs. (l)-(3) to obtain 

L 

nndB 

nndA d* 
(4) 

Equation (4) gives the ratio M/L in terms of the anatomic 
densities for the one-dimensional case. The actual values 
for M and L are given by the smallest pair of integers M 
and L that satisfy Eq. (4).   There is often flexibility in the 
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exact choice of M and L, since Eq. (4) can be exactly satis- 
fied only when djd* is a rational number. Provided that 
M and L are relatively prime,19 increasing M and L allows 
MIL to approximate a given djd^ better and causes the 
sampling rates Tz and Ty to match nndA and nndB more 
closely. We discuss other effects of an increase in M and L 
when we consider the two-dimensional case in Subsec- 
tion 2.A.3. 

In Fig. 3(c) h(u) is a discrete spatial filter with Nh 

samples that emulates the synaptic and dendritic weight- 
ing. In deriving h(u) from anatomic parameters, one 
must consider three aspects of the filter: (a) functional 
form, (b) spatial extent, and (c) gain. We now discuss 
the relevant anatomy and its correlate in the model for 
each aspect. 

a. Functional Form In Fig. 2(a) the number of off- 
shoots on the terminal branches of an A cell indicates the 
number of synapses that it provides to the B cells beneath 
it. The number of these synapses is characterized by the 
synaptic weighting function (swf ).8 Calculated from reti- 
nal data. swf(z, y) gives the average number of synapses 
between a B cell and an A cell that synapses at location 
cc. vj relative to the center of the B cell's dendritic field. 
Figure 4(a) shows the swf for the one-dimensional array of 
cells in Fig. 2(a). In this example swf(r) = 4 - 0.5|r|, 
where r is in micrometers. 

The change in voltage induced in a B cell by the A cells 
presynaptic to it is characterized by the dendritic weight- 
ing function (dwf). dwf(x. y) gives the average change in 
voltage in the soma of a B cell induced by a unit injection 
of current from a presynaptic A cell that synapses at loca- 
tion (x,y) relative to the center of the B cell's dendritic 
field. The dwf reflects branching in the dendntes, den- 
dritic diameters, and membrane and cytoplasmic charac- 
teristics.20 Though the swf and the dwf may be of any 
form, in practice they are often assumed to be on average 
circularly symmetric, such that swffx.y) and dwfix.y) are 
functions of the radius U2 With this assumption 
the weight between a presynaptic and a postsynaptic cell 
is a function of the distance between them. 

Assuming that all synapses of the same type contribute 
equally to the postsynaptic potential, the functional form 
of hiu) is proportional to both the swf and the dwf: 

h(u) = K dv/ttuTJDsv/ftuTJL), (o) 

where uTJL is the continuous distance that corresponds 
to discrete distance u at the filter's sampling rate. If we 
set dwf(r) = 1, the functional form of the filter that corre- 
sponds to the swf in Fig. 4(a) is given by h(u) = 4 - \u'\ 
[Fig. 4(b)]. 

By means of several mechanisms retinal cells adapt to 
the signals that they carry. They change their overall 
gains, alter the shape of their receptive fields, and adjust 
their chromatic and temporal properties according to pres- 
ent and past input.161821'22 The spatial components of 
these changes manifest themselves in the dwf's and the 
overall gains of the cells. In contrast, swf's are relatively 
constant. Our development below is for one level of adap- 
tation, so the gains and the dwf's remain constant. One 
can study different adaptive states by changing these com- 
ponents to match the different states or by using adaptive 
filters or nonlinearities.23"26 
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Fig.   3    Continues on facing page. 

b. Spatial Extent The number of class A cells that 
synapse on a class B cell varies from B cell to B cell. Simi- 
larly, the number of B cells to which an A cell is presynap- 
tic varies from A cell to A cell. The average number of A 
cells that synapse on a single B cell is the convergence (C) 
(Fig. I).2, In the early layers of vision, convergence re- 
flects the degree to which a cell gathers information over 
the visual field. The average number of B cells on which 
a single A cell synapses is the divergence (D) (Fig. I).27 

Divergence is one of the mechanisms by which a point of 
visual information spreads laterally among the cells.    In 

Fig. 2(a) C = 2.5 and D = 1.667. Clearly, 
and divergence are related. Freed et a/.2, 

that, for two arrays of cells as in Fig. 2(a), 

C/D = dJdB. 

convergence 
have shown 

(6) 

The filter's spatial extent Ni, is set so that the conver- 
gence and the divergence in the model match those of the 
anatomy. After the upsampler in Fig. 3(c) L - 1 of every 
L samples in v\u) are zero. In the model the convergence 
is the average number of samples from xint that h(u) 
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touches or the average number of nonzero samples in v(u) 
that h\u) touches.    Thus a filter length of iVA yields 

C„ = NJL, (7) 

where Cm is the convergence in the model. The divergence 
in the model. Dm, is the average number of samples my(m) 
that are calculated at least in part from one sample of x(n) 
and is given by 

Dm = NJM. (8) 

If anatomic measurements satisfy Eq. (6) exactly and if 
MIL satisfies Eq. (4) exactly, then Nh = CL yields C„ = C 
and Dm = D. This case holds for the example in Fig. 2(a), 
where setting Nh = 5 yields Cm = 2.5 and D„ = 1.667. 
When Eqs. (4) and (6) are not satisfied exactly, as is typi- 
cally the case given the precision of anatomic measure- 
ments, no value of Nh yields both Cm = C and Dm = D. As 
is shown in Subsection 2.B below, varying Nh results in 
trade-offs between the model's matching the anatomic 
convergence more closely and the model's matching the 
anatomic divergence more closely. 

c. Gain The gain of h(u) is represented by the coeffi- 
cient Kin Eq. (5). The gain depends on the types of neuro- 
transmitter and receptor in the synapse. When only one 
pair of cells is being modeled, K can generally be ignored 
except for its sign—excitatory synapses require positive 
K, and inhibitory synapses require negative K. When a 
model incorporates several sets of cells in parallel, the 
relative gains of the filters must be included. If it is in- 
tended that the values of x(n) and;y(m) match the voltages 
in A and B cells, respectively, then we can set K by com- 
paring the presynaptic and postsynaptic voltages for a 
spatially constant input to the A cells, using 

„ = L2 X (voltage in B cells)/(voltage in A cells) 

2 [dvfUuTJDswnuTJD] 
(9) 

where the summation normalizes for the dc component of 
the convolved dwf and swf. If we intend that the values of 
x(n) and y(m) relate only linearly to voltages in A and 
B cells, respectively, then Eq. (9) can be used or the K's for 
the parallel filters can be made proportional to the total 
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Fig. 4.    Plot of the synaptic weighting function (swf) for the 
synapses in Fig. 2ia> and its multirate model analog:    (a) swf, 
(b) corresponding direcl-form filter hiut. 

number of synapses on the postsynaptic cells. 
swf in Fig. 4(b) A' is set to unity. 

For the 

2. Space-Varying Filter Implementation 
The system in Fig. 3(c), in which the upsampler, the filter, 
and the downsampler operate separately, is known as the 
direct-form filter implementation. This implementation 
is a necessary and a standard tool for defining and analyz- 
ing multirate models.11 However, there are obviously no 
explicit resamplers in the retina. The multirate filter im- 
plementation that corresponds to the anatomy is the space- 
varying filter implementation.10"12 It performs the same 
operations as those of the direct-form implementation, but 
it combines the resampling and the filtering into one step. 
Also known as the time-varying or the polyphase filter im- 
plementation, the space-varying filter implementation is 
so named because it uses different filters along the spatial 
axis. Several filters are necessary because the sampling 
rates of xin) and y(m) differ. Samples of these signals are 
not always aligned [Fig. 2(b)], and different filters must 
be used in different locations for the direct computation of 
yim) from xin). Figure 5 demonstrates the space-varying 
implementation for the example used in Figs. 2, 3(c), and 4. 
We compute v(m) directly from xin). The implementation 
cycles between a three-weight filter g0(n) (which computes 
odd-numbered outputs) and a two-weight filter g\{n) 
(which computes even-numbered outputs). In the general 
one-dimensional case the space-varying implementation 
cycles between L different gm(n), which are given by 

gm(n) = hinL — mM mod L), (10) 

where a mod b is the remainder of a divided by b. The 
gm(n) vary in length and are composed of the samples of 
h(u) taken in a specific order.1112 

Though it is designed with average measures of anatomy 
(convergence, divergence, swf, and dwf), the space-varying 
implementation of the multirate model demonstrates 
variation reminiscent to that in the retina. Comparing 
the model in Fig. 5(a) with the simplified anatomy in 
Fig. 2(a), we see that the space-varying filters gmin) are 
analogous to the dendritic fields of varying sizes.    The 
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samples in xin) that compute a given sample in yim) corre- 
sponds to the class A cells that synapse on the correspond- 
ing class B cell. Not every B cell has the same convergence, 
just as not every filter gm(n) has the same size. The ana- 
tomic convergence C is the average convergence for all the 
B cells, and the model convergence Cm is the average size 
of all the filters gm(n). Different cells receive different 
number of synapses, and different space-varying filters 
have different weight values. We discuss this multirate 
variation more fully in Subsection 2.A.3. Table 1 sum- 
marizes the correspondence between anatomic properties 
and parameters in the model. 

3.    Two-Dimensional Case 
For a two-dimensional array of cells, dA is measured in 
cells/unit area, and the nnd is defined differently depend- 
ing on whether we consider the cells to be packed in a 
rectangular, a hexagonal, or other sampling array. Our 
development is for a rectangular array, though hexagonal 
and other sampling schemes can be incorporated into mul- 
tirate filtering.28,29 For rectangularly packed A cells the 
nnd is defined as 

nndA = l/VdA. (11) 

We can derive the two-dimensional model by performing 
the multirate operations separately along each axis. The 
input signal x(nx,n2) is upsampled by L along both axes, 
filtered by direct-form filter h(uuu2), and downsampled 
by M along both axes, which forms output yim,, m2). As 
in Subsection 2.A.1, Ty = TZM/L. We find M/L by setting 
the sampling rates Tx and Ty equal to the nnd's as in Eq. (2). 
Combining Eqs. (2), (3), (6), and (11) yields 

M_ 

L T, 

nndB 

nnd. 
(12) 

Equation (12) differs from the corresponding one-dimen- 
sional relations [Eqs. (4) and (6)] in that the densities, the 
convergence, and the divergence in Eq. (12) are for a two- 
dimensional arrav of cells.    As in Subsection 2.A.1, the 

signal samples 

(a) 

Sol» 8,(.] 

(b) 

Fig. 5. Space-varying filter implementation of Fig. 3(c) for 
L = 2, M = 3, and filter hiu) with five weights. The model 
shown here corresponds to the synapses and the signals in Fig. 2. 
(a) The samples are from input xin) and output y(mi. The lines 
show which samples from xin) are multiplied by filter weights for 
calculating samples in vim). A comparison with Fig. 2la) shows 
that the samples in xin) that compute a given sample in yim) cor- 
respond to the class A cells that synapse on the corresponding 
class B cell, (b) Space-varying filters gain) and g\\n) for (a). 
which correspond to the swf and the direct-form filter in Fig. 4. 
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Fig. 6. Examples of square direct-form and circular direct-form 
filters and their corresponding resulting space-varying filters for 
L = 2 and C = 20.25. The large dots indicate filter weights of 
any value, lai The square direct-form filter is 9 x 9 weight. 
The graticules show which samples are selected along each axis 
from the direct-form filter for constructing the space-varying fil- 
ters, i bi The space-varying filters that correspond to the square 
filter are 5 x 5. 5 x 4. 4 x 5, and 4x4 weights, (c) Circular 
direct-form filter. The small dots are zero-valued weights. 
Id) Space-varying filters that correspond to the circular filter. 

actual values for M and L are given by the smallest pair of 
integers that satisfy Eq. (12). 

The functional form of the filter is proportional to 
both the swf and the dwf. Extending Eq. (5) to the two- 
dimensional case leads to 

h(uu u2) = K dwf' 
U\TZ u2Tx 

swf 
«iT, u2Tx 

(13) 

If h(ultu2) consists of Nh x Nh samples, then the model's 
convergence and divergence are given by 

Cm = Nh-/L
2, 

Dm = Nh
2/M2, 

(14) 

(15) 
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respectively. We set N* to give the best match between 
the model's convergence and divergence and those of the 
anatomy. For two-dimensions there are L2 space-varying 
filters given by 

Anun2) 

= h(nxL + mxM mod L,n2L ~ m2M mod L), (16) 

which is the two-dimensional equivalent of Eq. (10). Each 
gmx.m2(nun2) is composed of a different selection of 
samples from h{uuu2). The filters vary in length along 
each axis, are square or rectangular in shape, and have an 
average of Cm samples. The number of samples along each 
axis is either the smallest integer greater than Nh/L or 
the largest integer less than NJL. For example, the four 
space-varying filters that result from a 9 x 9-weight 
k(uuu2) forZ, = 2 and any M are 5 x 5, 5 x 4, 4 x 5, and 
4X4 weights [Figs. 6(a) and 6(b)]. Their average number 
of weights is 20.5, which matches the convergence Cm, as 
one would expect. 

To obtain space-varying filters that match the shapes of 
dendritic fields more closely [Fig. 10(b) below], we can 
make the direct-form filter circular in shape [Fig. 6(c)]. 
This approach gives space-varying filters that are on aver- 
age circular [Fig. 6(d)] instead of rectangular [Fig. 6(b)]. 
The circular filter boundary is defined by 

h(uuu2) = Q    for    (uL
2 • u2

2)V2 > Rc ilT) 

where we set the radius R„„ for the best match between 
C„ and C and between D„ and D. For circular filters the 
model convergence and divergence are given by 

C„ = (number of nonzero weights in h)/L2, (18) 

D„ = (number of nonzero weights in h)/M2, (19) 

respectively. The two direct-form filters in Fig. 6 have 
the same convergence, but the circular filter is slightly 
larger in compensation for the zero-valued weights. 

When (di/dz)1'2 is irrational, we can set M and L to sat- 
isfy Eq. (12) with an arbitrary degree of accuracy. The 
consequences of a larger L are a larger filter size Nh x i\\ 
and a greater variety of space-varying filters gm,,m,. If 
h(uu u2) is square, the #„,,,„, will all differ in their weights 
but will never have more than four different sizes and 
shapes. If h{ux,u2) is circular, the gmim„ will be of a vari- 
ety of shapes and sizes depending on locations of zero- 
valued weights in h(uu u2). Thus changingM and L while 
keeping M/L approximately constant provides a means to 
improve the matches between the ranges of convergence 
and divergence in the mode! and those in anatomy. 

Other sources of flexibility in the matching of variation 
in the model with that in anatomy arise when one ensures 
that the space-varying filters completely tile the presynap- 
tic layer. Tiling refers to the degree to which filters touch 
every sample in their two-dimensional input array. The 
L filters, constrained to match average anatomic proper- 
ties, in some cases need additional variation to touch every 
input sample. Incomplete tiling corresponds to a situ- 
ation in which presynaptic cells are not synapsed on by 
any postsynaptic cells. We demonstrate incomplete tiling 
in Subsection 2.B. There are at least three methods that 
introduce the variation needed for complete tiling: 
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Fig. 7.    Block diagram of the cone => cone bipolar CBb, => on-/3 ganglion cell pathway in the multirate model; i„ 
the images in the cone, CBbi, and on-/3 cell arrays, respectively. 

„ icBb,. and i„„.D. refer to 

Table 2.    Densities and Nearest-Neighbor 
Distances of Cones, CBbi Cells, and on-ß Cells 

at 1° Eccentricity- 

Cell Class     Density (mm-2)      Nearest-Neighbor Distance (/im) 

Cones 
CBb, 
On-0 

24,200 
6,100 
1,860 

5.2 
10.2 
25 (est.: 

°Refs. 4 and 30. 

(1) Vary the M/L ratio within the anatomic range for 
measurements of (dA/dB)V2. If we change L and hence the 
number and the variety of space-varying filters, tiling may 
become more nearly complete. While it is easy to imple- 
ment, because of the limited range of (d^/d-e,)12 this 
method may not work in all cases. 

(2) Permit the direct-form filter to cycle among several 
asymmetric weighting functions that are on average sym- 
metric. The average symmetry ensures that the filters 
act isotropically. Methods (1) and (2) increase the range 
of nonzero weights (convergences) of the space-varying fil- 
ters and can make the filters better mimic the variability 
of retinal dendritic fields. Method (2) requires perform- 
ing a different analysis for each direct-form filter used. 

(3) Use different patterns of sampling in different layers, 
such as rectangular and hexagonal. 

We discuss examples of all these methods in Subsection 2.B. 

B.    Application:    Multirate Model of Cat Cone => Cone 
Bipolar b, => on-/3 Ganglion Cell Pathway 

1. Deriving the Model from Anatomy 
The cat cone => cone bipolar => on-/3 ganglion cell pathway 
is an ideal system for examination with multirate filtering, 
since much of its anatomy is known in great detail. The 
cone bipolars are of five morphological types, CBb,-CBb5, 
of which CBb! contributes more than half of the cone bi- 
polar input to the on-/3 cell.'1 Here we model the pathway 
involving CBb, at 1° eccentricity. The two-stage model is 
shown in Fig. 7. The model's input is the output of the 
cone array, which in our analysis is either the signal 
formed by cones, horizontal cells, and the eye's optics or an 
arbitrary test signal.    Other cells such as CBb2-CBb4 and 

amacrines also transmit signals from cones to on-/3 cells. 
These signals add to or may alter the CBb, signal after it 
has reached the on-/3 cells, but there is no difficulty in 
analyzing the CBb, path separately. Horizontal cells are 
partly responsible for generating the cone signal but do not 
have any influence on the signal once it has entered the 
bipolar cells. For clarity we will refer to the resampling 
factors in the model as M and L without subscripts, using 
the context to identify the particular synapse. 

The densities for these cells are listed in Table 2. For 
the two synaptic steps involved, Table 3 lists the anatomic 
convergences, divergences. C/D ratios, and density ratios. 
Since the C/D ratios are not especially close to the density 
ratios, we use the more reliable density measurements to 
set MIL. then find the circular filter sizes that best match 
the model to the anatomic convergences and divergences. 

a. Cone =5 CBb, Synapse For the cone => CBb, syn- 
apse ileft-hand side of Fig. 7), Eq. il2) gives M/L = 
V3.97. for which M = 2andL = 1 is a close match. Since 
L — 1. there is only one space-varying filter, which is iden- 
tical to the direct-form filter. Setting i?clrc = 1 results 
in a filter with five nonzero samples in a plus-shaped (-1 
pattern. Equations (18) and (19) yield Cm = 5 and Dm = 
1.25. which give a close match between model and ana- 
tomic convergences and divergences. For this synapse ob- 
servation of the anatomic convergence indicates that it 
ranges between 4 and 7, with an average of 5.1.3 Because 
there is only one space-varying filter, convergence in the 
model does not vary from 5.0. The anatomy has more 
variation than does the model for this synapse, though 
the choice of other values for M and L could provide varia- 
tion in the model's convergence while still matching the 
C/D ratio. 

This synapse also provides an example of the tiling issue 
discussed in Subsection 2.A.3. As Fig. 8(a) shows, a plus- 
shaped (-) symmetric filter with five weights and the ra- 
tio M/L = 2/1 does not completely tile the cone layer. 
One of four cone samples is missed. We do not demon- 
strate it here, but varyingM and L does not complete tiling 
for this synapse. Values of M/L close to V3.97 [Eq. (12)] 
yield tilings that are better than those provided by M/L = 
2/1, but they are still incomplete. One solution that re- 
sults in complete tiling is to cycle between two direct-form 

Table 3. Anatomic Properties for the Cone => CBb, and CBb, => on-/} Synapses at 1° Eccentricity" 

Synapse Convergence              Divergence              Convergence/Divergence              Density Ratio              Convergence Ranger 

Cone => CBb, 
CBb, => on-ß 

5.1                              1.2                                   4.25                                         3.97                                   4-7 
6-7                            3                                      2-2.33                                     3.28                                   6-7 

°Refs. 3. 5. and 6. 
*The convergence range refers to the observed minimum and maximum number of presynaptic cells that converge on a postsynaptic cell for lhat synapse. 
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filters, one plus shaped and one cross shaped (x) [Fig. 8(b)l. 
These filters are rotated and radially scaled versions of 
each other.    Since 1 = 1, the space-varying filters are 
identical to the direct-form filters.    Figure 8(c) shows a 
solution that introduces more variability in filter shape. 
Here we cycle among four different filters that are on av- 
erage symmetric.    Many other combinations of filters are 
possible.    Another solution is to change the sampling in 
the on-ß array to a slightly compressed hexagonal grid 
[Fig. 8(d)]."    In this case a single plus-shaped filter 
touches every cone.    These solutions show that varying 
from a single direct-form filter based on anatomic 
averages is sometimes needed for complete tiling of a pre- 
synaptic layer.    In the frequency-domain analysis in Sub- 
section 2.B.2 we use the tiling solution shown in Fig. 8(b). 

Neither the swf nor the dwf is known for the cone => 
CBb, synapse.    Since the CBb, dendritic field is so nar- 
row.0 we assume that both functions are constant.    From 
Eqs. (13) and 117 - the plus-shaped and cross-shaped direct- 
form filters are 

"cone=CBb, I i£ i, U _> •   = 

^con«=CBb.lWl,«2) 

K ur - u2
2 < 1 

0 otherwise 

K    u<[ = 1 and [u-^l 

K U,   =   Un  =   0 

0 otherwise 
(20) 

respectively.    These filters are shown in the insets of 
Fig. 9(a). 

b. CBb, => on-ß Synapse For the CBb! =• on-ß svn- 
apse (right-hand side of Fig. 7), Eq. (12) gives MIL = 
V 3.28 , for which M = 16 and L = 9 match well. Be- 
cause of the large difference in the C/D and density ratios, 
no value of Äclrc permits an exact numerical match of the 
model to both the anatomic convergence and the anatomic 
divergence. A value of Äclrc that gives a C„ within the 
range of C also gives a Dm that is significantly less than D. 
While an increase in Äc,rc will increase the model's diver- 
gence, it will also bring the model's convergence out of the 
anatomic range 6-7. We set ÄC]rc = 13.35. which yields a 
direct-form filter with 561 nonzero weights, a C„ of 6.93, 
and a £„ of 2.19. These values also permit complete tiling 
of the CBb, array by the space-varying filters. While the 
observed convergence for this synapse ranges from 6 to 7, 
the space-varying filters have between four and nine 
weights. For this synapse the model has more variation 
than does the anatomy. However, since the observed 
range is based on only three on-ß cells, it is likely that the 
actual anatomic convergence varies more widely than the 
range 6-7. Because the MIL ratios do not exactly match 
the density ratios for either synapse, the model sampling 
periods are not identical to the anatomic nnd's. We set 
T„„, = nndcon, = 6.43 /im. By Eq. (3), TCBb[ = 12.8 urn 
and T0„.fl = 23.2 /xm. These values and the corresponding 
model densities are listed in Table 4. 

Smith and Sterling argued that electrotonic decay along 
on-ß cell dendntes at 1° eccentricity is insignificant, and 
therefore the dwf for the CBbi => on-ß synapse is con- 
stant.8 The swf is not known in detail, but anatomic 
measurements show that CBbi cells near the middle of the 
on-ß dendritic field tend to give many contacts (12-33) 
and that cells near the edge of the field tend to give few 
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contacts (3-4).3 The radius of the on-ß cell's dendritic 
field is approximately 20 jim.3 Since, for this synapse, 
the variation in number of synaptic contacts is represented 

(a) 

o <► <>—• <► 

it „ ,(, 

(b) 

(c)   V 

Fig. 8. Demonstration of tiling issue and solutions for the 
cone =5 CBb! filter. Filled diamonds indicate the CBb, sample, 
and small open circles indicate the cone samples touched by the 
CBb, samples. The contacts are shown explicitly by the lines. 
The resampling operations give the CBb, array one quarter of the 
density of the cone array, (a) Cone and CBb, samples and filter 
as defined in the text. The five-weight, plus-shaped filters touch 
only three of every four cone samples, (bi Cycling among several 
direct-form filters that are on average symmetric completely tiles 
the cone array. Here two filters are used, (c) Same method as 
in (bi but here the cycling is among four different filters, (d) 
Changing from rectangular sampling to another sampling scheme 
(in this case, compressed hexagonal sampling for the CBb, arrayi 
permits tiling of the cone array by a single, symmetric filter. 
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for preventing aliasing,    lal /i™, = CBb, a™ inmsCBb, mien, un i J <"^ ^      ^„„,. 
(b) /iCBb, =on-s("l."2. 

ng.       IHI  Ucont = CBb,  «"'" '»cor>«=.i-DOi  • .  nor 
, DTFT along a 0° line; (c) rescaled /iCBb, =><m.«("i,"2), DTFT along a 0  line. 
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Table 4.    Densities, Sampling Periods, and Nyquist Rates for Cell Arrays in the Multirate Model 

1473 

Cell Class 
Density in Model                         Sampling Period in Model                         Nyquist Rates in Model 

(mm   )                                                       (ßm)                                                    i cycles/degree) 

Cones 
CBb, 
On-/3 

24,200                                                     6.43 
6,050                                                    12.86 
1.914                                                   22.9 

17.1 
8.56 
4.81 

Table 5. Filter and Resampling Parameters in the Multirate Model 

Synapse M L flnre                K               No. of Nonzero Weights             C„              Dm Convergence Range 

Cone => CBb, 
CBb, => on-/3 

2 
16 

1 
9 

1                 0.2                                     5                            5.00            1.25 
13.35            0.004                             561                            6.93            2.19 

5 
4-9 

by the variation in weight values of the 81 space-varying 
filters, the largest value corresponds to the peak of the 
direct-form filter. Assuming a circularly symmetric, 
Gaussian form for the swf, we set 

swfCBbl00„.fl(r) = 33 exp(-r2/132), (21) 

were r is in micrometers. Equation 121) implies that, on 
average, CBb, bipolars give 33 or fewer contacts when they 
synapse exactly at the center of an on-/3 cell and give ap- 
proximately 3.1 contacts at a 20-/xm dendritic radius. To 
derive the direct-form filter, we substitute L = 9 and 
Tz — 12.8 (im into Eq. (13) and set the circular boundary 
as in Eq. (17), which give 

^CBb|Oon-«(Ul> "2) 

K exp[-(u,2 ■>- u2
2)/83.6]    (u,2 + u2

2)m < 13.35 

0 otherwise 

(22) 

This filter is plotted on the left-hand side of Fig. 9(b). 
As we will show, AcBb, =*»,-« is not sufficiently low pass for 

the prevention of aliasing. One consequence is that the 
space-varying filters have slightly different zero-frequency 
gains, and an input consisting of a constant light level will 
yield an output whose samples cycle among several differ- 
ent but close values. One can easily solve this problem by 
rescaling the space-varying filters so that the sum of the 
coefficients in each filter is the same. The rescaled filter 
is plotted on the left-hand side of Fig. 9(c). A comparison 
of Figs. 9(b) and 9(c) shows that, for both the space and 
frequency domains (discussed in Subsection 2.B.2), this 
rescaling has little effect on the direct-form filters. 

Since the two synaptic steps being modeled are in series, 
the overall gains of the filters can be set arbitrarily. For 
computational convenience we set the gains so that a con- 
stant input gives a constant output 0* the same intensity. 
Thus K = 0.2 in Eqs. (20) and K = 0.004 in Eq. (22). 
Table 5 summarizes the parameters of this model. 

As Fig. 10(a) shows, the CBb, => on-/3 space-varying 
filters are of varying shape. In Fig. 10(a) four of the 
81 space-varying filters are drawn, where filled diamonds 
indicate the on-ß samples and small open circles indicate 
the CBb, samples touched by the on-/3 samples. To com- 
pare these filters with the on-/3 cell dendritic fields shown 
in Fig. 10(b), we rescaled the weight values, to show the 
number of synaptic contacts used by the model. As we 
can see, much of the type of variation in dendritic field 
shape and in the number of synaptic contacts is embodied 
in the multirate model.    Of course, retinal anatomic 

variation is much greater than the variation in the multi- 
rate model, but much of the flavor of the anatomy is repre- 
sented. Note that, though the contacts for each CBb, cell 
in Fig. 10(b) are spread over a small area, the model acts 
as if all the synapses from a CBb, cell occur at one point. 
The model does not represent the locations of the indi- 
vidual synapses between a CBb, cell and an on-/3 cell; 
rather it represents the total number of synapses between 
these cells. 

2. Analyzing the Model and the Effects of Aliasing 
We examine the model primarily in the frequency domain. 
Because the sampling rate in the model decreases from 
one array to the next, the Nyquist rate decreases in suc- 
cessive arrays (Table 4). To prevent aliasing, the filters 
must remove the high frequencies from the signal in one 
array before they can alias in the next array. In particu- 
lar, multirate filtering theory shows that direct-form fil- 
ters in systems like that in Fig. 3(c) must attenuate 
components above their Nyquist rate/max(M, L) to prevent 
aliasing.1112 The magnitudes of the discrete-time Fourier 
transforms32 (DTFT's) of the direct-form filters are shown 
in Fig. 9(a) and on the right-hand sides of Figs. 9(b) and 
9(c). Figure 9(a) shows DTFT cross sections for the plus- 
shaped and cross-shaped filters along a 0° line loi, axis) 
and along a 45° line (wz = a>v). Because these filters are 
simply rotated and scaled versions of each other, their 
DTFT's are also related by rotation and scaling. The 
DTFT's in Figs. 9(b) and 9(c) are essentially rotationally 
symmetric, and we show only their 0° cross sections. 
While all the filters in Fig. 9 are low pass, they pass with 
significant magnitude frequency components above their 
Nyquist rate/max(M, L) cutoffs (shown by the vertical 
lines in the figure). High-frequency components in the 
input will alias in both sets of synapses and introduce spu- 
rious frequencies. Figure 11 demonstrates examples of 
this aliasing for the plus-shaped cone => CBb, filter. In 
Fig. 11(a) the input ico„t is a sinusoid of 12.75 cycles/ 
degree. This sinusoid aliases in the CBb, and on-/3 cell 
arrays to 4.37 cycles/degree. Ac*on«=CBb, and hCBbl^on.g 

attenuate this frequency component, but they are insuf- 
ficient to prevent the input from being confused with 
4.37-cycle/degree input. In Fig. 1Kb) icone is a square 
wave of 6 cycles/degree. The CBb, image (not plotted for 
clarity) shows the square wave, but the on-/3 image is quite 
distorted and demonstrates aliasing of several frequency 
components in the square wave. In the retina irregular 
sampling would cause this aliasing to manifest itself 
partly as low-frequency sinusoids and partly as broadband 
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noise,33'34 both of which lead to significant degradation of 
the signal.35 

We characterize the degree of aliasing for all the fre- 
quencies with the frequency response functions in Fig. 12 
(f denotes the spatial frequency in units of cycles/degree). 
In Fig. 12(a) the dashed curve shows the response of CBbi 
cells to frequencies below the Nyquist rate of the CBb, cells 
(8.56 cycles/degree). Components of higher frequencies 
are aliased into the 0-8.56-cycles/degree baseband; the 
solid line shows the dashed-curve response plus the alias- 
ing. As indicated by the large difference between the line 
and the curve, the aliased components constitute a large 
part of the response of the CBbi cells. This difference 
is also large in Fig. 12(b); in fact, the situation for the 
on-/3 cells is even worse because much of the CBbi signal 
that acts as input to the CBbj => on-/3 synapse consists of 
the aliased frequencies shown in Fig. 12(a). Figure 12 
shows results for the plus-shaped filter. The cross-shaped 
filter displays a similar degree of aliasing. As we discuss 
in Section 3, the main anatomic reason that these filters 
are not sufficiently low pass is that their synapses have 
small convergences. 

The aliasing in the CBbi and on-/3 images would be a 
problem in the cat retina if not for several factors, which 

include il! the optic pointspread function. (2) the cone 
aperture, (3) cone-cone gap junctions, (4) temporal blur- 
ring from eye tremor, and (5) the low-pass nature of natu- 
ral scenes. Several authors have shown that the optics 
and the cone aperture remove frequency components that 
would otherwise alias in the foveal cones of primates and 
humans.1436"39 The cone-cone gap junctions and eye 
tremor also low-pass filter the image. The amplitudes of 
spectra of natural scenes generally drop in inverse pro- 
portion to spatial frequency.40'" In humans the high fre- 
quencies have so little energy as to make negligible what 
aliasing does occur.42 In cats it is unclear whether alias- 
ing occurs. The analysis in Fig. 12 considers the worst- 
case situation of viewing a sharp, narrow line, which, in 
the limit of being infinitely thin, has a Fourier transform 
with constant magnitude along the frequency axis perpen- 
dicular to the line. The influence of these factors in the 
cat eye can be seen in the optics-to-cone frequency re- 
sponse ic„„,v/"i [Fig. 13(a)], which we derive from the 
optics-to-cone spatial impulse response as calculated by 
Smith and Sterling." The term optics-to-cone indicates 
that the response includes all spatial processing that oc- 
curs from the cornea to the cone pedicle outputs, that is, 
the eye's optics, the cones and the cone aperture, the 

(a) ♦ On-ßcell 

d c 

0 
*9 

18    o20 

0  x©23 

12.8 \im 

/; 

  5/im 
(b) 

Fig. 10. Comparison of tvpical space-varvmg filters for the CBb, => on-0 synapse with on-/3 cell dendritic fields, la) Space-varying fil- 
ters gy g-, gy and 533. Filled diamonds indicate the on-£ samples, and small open circles indicate the CBb, samples touched by the on-0 
samples "The contacts are shown explicitlv bv the lines. The offset of the diamonds from the circles reflects the different alignments 
between samples in arravs of different densities. The numbers are the filter weight values rescaled so that they show the number of 
svnaptic contacts from each CBb, cell in the model, (b) Tangential projections of on-/3 cell dendritic trees at 1° eccentricity Different 
letters refer to different CBb, bipolars. Each occurrence of a letter indicates a svnaptic contact between that bipolar and the on-/3 cell 
lon-ß cells from Ref. 6). 
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Using the mathematics of multirate filtering, we can 
compute the CBb, and on-/3 cell frequency responses in 
terms of the optics-to-cone frequency response. The fre- 
quency response for the output of the one-dimensional 
system shown in Fig. 3<o is given by 

1 
y[exp(7cH =—2> exp 

x X exp 
M 

,M       M /_ 

M ) _ ' (23) 

where H[exp{jaj)} is the DTFT of h(u) and j = V-l." 

Applying Eq. [23) to Fig. 7, substituting for L and M. and 
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Fig. 11. Demonstrations of aliasing in spatial domain responses 
of CBb, and on-/3 cells in the model. The h^m, = CBb, filter is 
used. The lines are not continuous signal reconstructions but 
simply connect adjacent samples, (a) The cone signal (O) is a 
sinusoid of 12.75 cycles/degree, a frequency normally severely 
attenuated by the optics and the cone-cone gap junctions. 
The aliased CBbi (A) and on-/3 i-1-) outputs are sinusoids at 
4.37 cycles/degree and appear the same as they would if the cone 
image were a 4.37-cycle/degree sinusoid of lower intensity. ( A 
sinusoid at 12.75 cycles/degree is 4.19 cycles/degree above the 
CBb, Nyquist rate of 8.56; thus it aliases to 8.56 - 4.19 - 4.37 
cycles/degree.) Because of their lower sampling rates, the CBbi 
signal has one sample for every two cone samples and the on-0 
signal has nine samples for every 32 cone samples, (b) The 
cone signal (C) is a square wave of 6 cycles/degree. The on-/3 
output i - > shows aliasing of several frequency components in the 
square wave. The CBb, signal follows the square wave; it is 
omitted for claritv. 

cone-cone gap junctions, and the A and B horizontal cells. 
Smith and Sterling calculated the cat optics-to-cone spatial 
impulse reponse by deconvolving the on-/3 cell receptive 
field with a function based on the synaptic weighting be- 
tween cones and on-/3 cells. Frequency components above 
5.48 cycles/degree are attenuated to 1/100 of the maximum 

of !„„,(/"). Thus the 12.75- and 6-cycle/degree signals in 
Fig. 11 are lost to neural noise before they can alias. 
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Fig. 12. Demonstration of aliasing in spatial frequency re- 
sponses of CBb, and on-/3 cells in the model when there is no 
prefiltering. Each response is normalized so that the maximum 
nonaliased response equals unity. The frequency axis f is in 
units of cycles/degree. For each plot. / extends to the Nyquist 
rate for that cell array. The dashed curves show the response to 
input frequency components up to the Nyquist rate for that cell 
array. The solid lines show the dashed response plus the fre- 
quencies that alias, (a) Frequency response and aliasing of CBb, 
cell layer, (bi Frequency response and aliasing of on-/3 cell layer. 
The plotted results in (a) and lb> are for the plus-shaped filter. 
The cross-shaped filter demonstrates a similar degree of aliasing. 
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Fig. 13. Normalized spatial frequency responses in the model 
when prefiltenng is included, (a) Cone spatial frequency re- 
sponse at 1° eccentricity based on computations by Smith and 
Sterling (balance factor b = 0.9).6 (b) Frequency response of 
CBb, cell layer based on (a). Solid and dashed curves overlap. 
id Frequency response and aliasing of on-/3 cell layer based on (a). 
The results for the plus-shaped and cross-shaped filters are es- 
sentially identical for all three plots (see the text). 

converting radian frequency to spatial frequency gives 

1 1^ 
/cBb.t/"' - -H2,H„M=Wexp(./40.39/,-./iri)] 

x Icon,[exp(j40.39f - jiri)] (24) 

A,n.8*/"; 

16 

x /, 

£H, CBb,=x>n-fl 

CBb, 

expl/8.976/" - 
j-i 

expl/8.976/- - — (25) 

where #Con«=»cBb,[exp(,/<i>)] is the DTFT of 7icontoCBbl, 
HcBb.oon-stexpO'tü)] is the DTFT of ACBb,=on.«, and IcvbAP 
and h„.a\f) are the frequency responses of the CBb! and 
on-/3 images, respectively. Here ACot»=»CBb, refers to either 
the plus-shaped or the cross-shaped filter. For clarity we 
have presented the one-dimensional equations and de- 
fined each output in terms of the previous signal in the 
system. The two-dimensional results are similar. These 
frequency responses are plotted in Figs. 13(b) and 13(c) 
for the plus-shaped filter. 

As we can see in Fig. 13(b), the dashed and solid curves 
are identical for the CBbi image. There is no aliasing, 
since frequencies above the CBbi Nyquist rate are highly 
attenuated in the cone image. As Fig. 13(c) shows, there 
still remains a small amount of aliasing in the on-/3 image. 
Nevertheless, we regard this aliasing as insignificant for 
several reasons: 

(1) As indicated by the small difference between the 
curves, the aliasing forms a nearly insignificant part of 
the on-/3 output. 

(2) The gain for the aliased frequencies never exceeds 
1.69c of the maximum on-/3 frequency response and is 
likely at or barely above the level of neural noise. 

(3) Because the sampling of all three classes of cell is 
highly irregular,lAiZ the small amount of aliasing that 
may occur scatters into broadband noise.33,34 

Thus, for broadband images, the attenuation of high fre- 
quencies performed before or at the cone level prevents 
aliasing that would otherwise occur in CBbi and on-/3 
cells. These results are essentially identical for both the 
plus-shaped and cross-shaped filters. The root-mean- 
square difference for the images produced by the plus- 
shaped and cross-shaped filters is 0.0079 for the CBbi 
images and 0.0093 for the on-/3 images. These two filters 
produce such similar outputs because they are similar in 
those frequencies passed by the cones and differ signifi- 
cantly only in the frequencies attenuated by the cones 
[compare the attentuated region in Fig. 13(a) with the 
DTFT's in Fig. 9(a)]. 

We compare our calculations with results from cat 
psychophysics. Hall and Mitchell show that cats can both 
detect gratings and discriminate between vertical and 
horizontal gratings with equal ability up to between 8.5 
and 9 cycles/degree.44 Their results suggest that aliasing 
does not play a part in the detection of the gratings. On- 
ß and oH-ß cells have the same densities, and the Nyquist 
rate of each class of cell at the area centralis is approxi- 
mately 6.5 cycles/degree.45 Since the Nyquist rate of both 
classes considered as one array is 6.5V2 = 92 cycles/ 
degree,46 Hall and Mitchell suggest that the on-/3 and off-/3 
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Fig. 14. Normalized spatial frequency responses in the model 
when prefiltering consists of only the cat optics, (a) Frequency 
response of cat's optics for a 3-mm pupil.47'8 (b) Frequency re- 
sponse and aliasing of CBbi cell layer based on (a), (c) Frequency 
response and aliasing of on-/3 cell layer based on (a). The plots 
shown are for the plus-shaped filter. Results for the cross-shaped 
filter are essentially identical. 

cells are interpreted by the cat brain as a single sampling 
mosaic. 

We include both on-/3 and off-0 cells by doubling the CBb, 
and on-/3 cell densities. Mathematically, this step reduces 
the CBbi and on-/3 cell array sampling periods by a factor 
of V2, scales their frequency axes in Fig. 13 by the same 
amount, and doubles the cone => CBbi divergence to 2.4 
[Eq. (12)]. The maximum grating acuity in the cat is de- 
termined by the center of the retina, the region with the 
highest cell densities. To compare our analysis with that 
in Ref. 44, we assume that the convergences and the diver- 
gences of the on-/3 and off-/3 cell pathways are the same 
at 0° eccentricity as they are at 1° eccentricity (where 
the anatomic data are available). Cone density at 0° is 
typically 30,000/mm2, while in our model dmm = 24,200 
at 1°.43 The assumption permits us to reinterpret the 
frequency axes in Fig. 13 for 0° eccentricity by rescal- 
ing the axes by 30,000/24,200. Thus the abscissa of 
Fig. 13(c) is rescaled from its present value of 4.81 to 
(4.81)(30,000/24.200)(V2) = 8.43 cycles/degree. Fig- 
ure 13(c) then implies that frequency components up to 
approximately 8.43 cycles/degree are passed by the model 
with significant gain and without aliasing. Beyond this 
frequency, components are severely attenuated, and what 
aliasing remains is scattered into broadband noise. This 
cutoff is in agreement with Hall and Mitchell's measure- 
ment of 8.5-9 cycles/degree. 

It is of interest to determine to what degree the optics of 
the cat eye alone are responsible for protection of the cells 
from aliasing. The frequency response of the cat's optics 
is given by Fig. 14(a).47,48 If we substitute this response 
for I„unif), we effectively ignore the effects of cone aper- 
ture, cone-cone gap junctions, A and B horizontal cells, 
and blurring by eye tremor. Figures 14(b) and 14(c) show 
that the optics are adequate for the removal of practically 
all the aliasing in the CBb, cells but permit significant 
aliasing in the on-/3 cells. The plotted results are for the 
plus-shaped filter, but they are similar to those for the 
cross-shaped filter. Clearly the majority of the aliasing is 
removed by the optics, but additional attenuation of fre- 
quencies above 4.81 cycles/degree is necessary for its com- 
plete prevention. This attenuation is largely performed 
by the cone aperture and the cone-cone gap junctions. 
Owing to the irregular sampling, much of the aliasing in 
the on-/3 cell array would scatter into broadband noise, but 
the significant energy of this noise would still greatly de- 
grade the on-/3 signal. 

3.    DISCUSSION 

Many anatomic properties are a consequence of the differ- 
ent densities of cell classes. Models based on multirate 
filtering can incorporate these properties quite naturally. 
The efficient implementations that are possible with mul- 
tirate models permit rapid computation of the outputs for 
arbitrary inputs. The closed-form solutions in space and 
frequency domains provide a means of analyzing in detail 
how anatomic properties dictate the responses of cells. 
These features permit the derivation of generalized input/ 
output relationships for arbitrary anatomic densities, con- 
vergences, divergences, and other cell properties. In this 
paper we developed a means for the modeling of synapses 
between several cell layers that uses multirate filtering, 
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thereby introducing the opportunity for a model of the ef- 
fects of postreceptoral filtering. We discussed methods 
that ensure that a set of filters modeling synapses touches 
every sample in the presynaptic array. In applying the 
modeling technique to the cone =s CBbi => on-/3 cell path- 
way, we calculated the frequency responses of the CBbi 
and on-ß cells based on the cone frequency response, ex- 
amined how aliasing in these cells is prevented, and com- 
pared our results with cat psychophysics. We showed that 
the optics of the cat eye are insufficient to prevent alias- 
ing in these cells independently. Multirate analysis 
demonstrates that the highest spatial frequency that can 
be passed by the retina without aliasing is determined not 
always only by the densities of cones, bipolar cells, and 
ganglion eels but also by the synaptic and the dendritic 
weighting between these cells. 

Because of the detail with which spatial anatomic infor- 
mation is incorporated into multirate models, analysis of 
these models can potentially permit the study of several 
retinal properties. The propagation of noise along con- 
verging synaptic paths in multiple-cell layers can be 
modeled by the association of noise processes with each 
synapse. The influence of convergence, divergence, 
synaptic and dendritic weighting, and synaptic gain on re- 
ceptive fields can be examined by calculation of the appro- 
priate transfer functions. Trade-offs between the number 
of synaptic layers and the volume of dendritic trees can 
be calculated as an architecture varies among parallel, 
hierarchic, and various hybrids. The approach to these 
trade-offs is reported in an early form in Refs. 13-15. 

A distinct difference between the cat retina and our 
model is that retinal cells are usually laid out in a dis- 
ordered manner, whereas the samples in the model are in 
a regular array. The consequences of this irregular sam- 
pling depend on whether subsequent neural processing 
senses the locations of the cells and uses this informa- 
tion.354950 Ahumada described mechanisms whereby the 
visual system could determine the location of its photo- 
receptors and alter its processing accordingly.51 Hirsch 
and Miller showed that human-acuity measurements are 
matched up to 1.5° eccentricity by primate cone nnd data 
scaled to the human retina without any correction for 
sampling disorder.32 They conclude that cone positions 
are known to the visual system, at least within this range. 
We adopt this view for the cat retina. 

When sample locations are known for a finite array of 
irregularly spaced samples, signal processing theory 
shows that perfect reconstruction of a bandlimited input 
is possible, regardless of the degree of irregularity, pro- 
vided that there is no noise in the signal. Noise inter- 
feres with the reconstruction of signals sampled on either 
regular or irregular lattices; but the more the sampling 
deviates from a regular lattice, the more susceptible to 
noise is the reconstruction.23 Thus, in Fig. 2, irregularly 
spaced samples of xim can be regarded as an enhance- 
ment of the noise in vim) caused by noise in xinl 

Irregular sampling also has consequences in the imple- 
mentation and the design of the multirate model. We note 
an important distinction between irregular spacing of the 
photoreceptors and irregular spacing of postreceptoral 
cells. Photoreceptors sample a continuous light image, 
and their exact locations are given importance by virtue 
of the spatial content of the image.    Postreceptoral cells 

can be regarded as establishing patterns of connectivity 
from one layer to the next. Since the cell bodies can be 
shifted without a change in the patterns of connections, 
their exact spatial positions are not overly significant. 
The situation is analogous in the implementation of the 
model. Once the filters are designed, the samples can be 
mathematically irregularly displaced without any effect on 
their values or on the filters that connect them. The situ- 
ation is somewhat different for designing the model. The 
relative locations of samples in all the model's arrays are 
used in the design of the space-varying filters. While the 
sample locations are given importance in this manner, 
they can be regarded as average relative distances between 
the terminal branches of a presynaptic cell and the center 
of a postsynaptic cell's dendritic field. This approach 
matches the definitions of swfix.y) and dwfu. v as aver- 
age weights for class A cells whose terminal branches are 
located at ix.y) relative to the center of a class B cell den- 
dritic field. 

Even with regular sampling the multirate approach dis- 
plays some of the variation and the irregularity seen in 
retinal anatomy. The irregularity is unexpected, because 
multirate models are based only on average measures. 
Yet, given different presynaptic and postsynaptic cell den- 
sities, there is no choice but that of variety in dendritic 
fields, even if the cells are in a regular array. Since this 
variation [Fig. 10(a)] occurs with period L along each axis 
and is not so great as anatomic variation [Fig. 10(b)], 
it suggests that anatomic cell-to-cell irregularity in the 
retina has two components: (1) variation that is due to 
the different relative locations of cells in presynaptic and 
postsynaptic cell arrays as required by different cell densi- 
ties and (2) variation that is due to partly random branch- 
ing, direction, and length of cell growth. 

Multirate filtering provides a means of examining the 
amplification or the aliasing of frequency components that 
propagate through cell layers of different densities. For 
example, for the case of resampling as in Fig. 3ICJ. if the 
filter has the appropriate cutoff, then the maximum fre- 
quency that can be passed by the system is the lower of 
the two Nyquist rates of the input x(n) and the output 
vim). If the filter has a higher cutoff, as is the case in the 
cone => CBbi => on-/3 example, components in x<n> will 
alias in vim) unless they are attenuated before xm>. If 
the filter has a lower cutoff, a smaller range of frequencies 
is passed to y(m). Thus the highest frequency passed 
without aliasing is determined not only by the densities of 
the cell layers but also by the swf and the dwf between the 
layers. The present analysis suggests that the attenuation 
of high frequencies in the cones prevents aliasing that 
would otherwise occur in CBb, and on-/3 cells. The analy- 
sis also suggests that, while assuming responsibility for 
most of this attenuation, the cat's optics cannot indepen- 
dently prevent all the aliasing in these cells. 

The two filters in the cone => CBbi => on-/3 model per- 
mit aliasing primarily because their convergences are so 
small. As we showed in Subsection 2.A.2. convergence 
corresponds to the average number of weights in the space- 
varying filters. The fewer weights there are in a low-pass 
filter, the less well the filter approximates an ideal low- 
pass filter and the more it passes frequency components 
above the ideal cutoff. Two-dimensional space-varying 
filters with only five to seven weights cannot possibly act 
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sufficiently low pass for the prevention of most of the alias- 
ing in the model, and the prefiltering in the cone image is 
necessary. In this regard, it is of interest that the conver- 
gences of the cone => A and the cone => B horizontal cell 
synapses near the area centralis in the cat retina are of 
the order of 140 and 90, respectively.1 The ratios of pre- 
synaptic to postsynaptic cell densities between cones and 
either type of horizontal cell are much greater than those 
for either of the synapses in the cone => CBbt => on-/3 
pathway.2 These greater density ratios provide the po- 
tential for much more aliasing than that in our example, 
even with the cone prefiltering. The large convergences 
may be necessary for preventing the aliasing associated 
with low horizontal cell densities. 
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Conversions Between Parallel and Hierarchic 
Architecture Analysis Multirate Filter Banks 

Bennett Levitan and Gershon Buchsbaum 

Abstract— We derive general conversions between equivalent parallel 
and hierarchic analysis multirate filter banks (MRB's) as well as suf- 
ficient conditions for existence and uniqueness of the conversions. We 
use MRB's with arbitrary, rational number changes in sampling rate 
between successive outputs and arbitrary LTI filtering for each output. 
Conversion consists of commuting sampling rate expanders, sampling 
rate compressors, and filters to turn one MRB into the form of the 
other. For a class of MRB's we call "well-formed," the conversions 
between architectures are one to one. 

I. INTRODUCTION 

An analysis multirate filter bank (MRB) consists of a set of filters 
that produces several different sampling rate, or spatial scale, ver- 
sions of a signal. MRB's can operate very efficiently by allowing 
differential allocation of processing and storage resources to the 

spatial scales [2], [6], [11], [14]-[17], [19], [20]; however, these 
advantages depend heavily on the architecture. In a hierarchic ar- 

chitecture, the nth output is computed by operations on the n-lst 
output; the first output is computed directly from the input. In a 
parallel architecture, all outputs are computed directly from the 
input. If the corresponding outputs of two MRB's (with the same 
or different architectures) are equal for all inputs, the MRB's are 
equivalent. Compared to a parallel architecture, an equivalent hi- 
erarchy has the advantages of: i) smaller filter sizes, ii) lower sam- 
pling rates for most computation, and iii) a smaller total number of 
connections between processing elements, a feature important for 

"hardwired" implementations [1], [5], [9], [12], [15]. The hier- 
archy's disadvantages include: i) slower operation in hardwired im- 
plementations, ii) less flexibility in choosing filters, iii) less 
straightforward design, and iv) susceptibility to noise and errors 

propagating through successive outputs. 
To benefit from these and other tradeoffs between equivalent 

hierarchic and parallel analysis MRB's requires a method to con- 
vert between the parallel and hierarchic architectures and means to 
determine when such conversions are allowed. These issues have 
been examined for some MRB's [2]-[4], [12], [18] but not for the 
general case. In this correspondence, we develop equations and 

conditions for the conversions. 

II. THEORY 

A.  Definitions of Multirate Filter Bank Architectures 

In the parallel multirate filter bank, each output y„ (*„) is com- 
puted from the original input y0(x0) in three steps: i) sampling rate 
expansion by factor L„, ii) filtering by arbitrary, linear time-in- 

variant (LTI) parallel filter h„{u„), and iii) sampling rate compres- 
sion by factor M„. These basic operations of multirate filtering are 
described extensively in [5], [17]. Fig. 1(a) shows the parallel MRB 
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Fig. 1. Multirate filter bank architectures, (a) Parallel MRB: Output >•„ is 
produced by expanding, filtering, and compressing input y0. TL, and iM, 
indicate sampling rate expansion and compression by Z-, and Mt, respec- 
tively, (b) Hierarchic MRB: Output y„ is produced by expanding, filtering, 
and compressing y„ _ ,. Parallel MRB variables are boldface versions of the 
corresponding hierarchic MRB variables. The spatial variables for the fil- 
ters and outputs are indexed to differentiate between coordinates on differ- 
ent levels. 

in the z domain, where H„(z) is the z transform of h„(u„). To dis- 
tinguish between parallel and hierarchic MRB variables, all par- 

allel MRB variables are in boldface type. 

The hierarchic multirate filter bank successively produces out- 

puts vi(JC|) through yN(xN) in N stages. The nth stage computes \„ 
from >>„_ i in three steps: i) sampling rate expansion by factor L„, 

ii) filtering by arbitrary, LTI hierarchic filter h„(u„), and iii) sam- 
pling rate compression by factor M„. Fig. 1(b) shows the hierarchic 

MRB in the z domain, where H„(z) is the ; transform of h„(un). 
The sets of parallel and hierarchic MRB's can be partitioned into 

equivalence classes [10]. Each parallel equivalence class contains 
an infinite number of equivalent MRB's whose resampling factors 
satisfy Mn/L„ = K„, where K„ is a rational number. From elemen- 
tary properties of prime numbers, it follows that each class contains 
one and only one MRB whose resampling factors satisfy 

M„ and L„ are relatively prime (have no common divisor 

other than one), n = 1- • -N. (1) 

Similarly, each hierarchic MRB class contains an infinite number 
of equivalent MRB's whose resampling factors satisfy M„/L„ = 

K„, where K„ is a rational number. In each class there is one and 
only one MRB whose resampling factors satisfy 

M„ and L„ are relatively prime, ■N. (2) 

We call MRB's satisfying (1) or (2) "well formed." As shown 
in the next section, compared to equivalent non-well-formed 
MRB's, well-formed MRB's are more likely to satisfy the conver- 
sion conditions derived below. Because each equivalence class is 
uniquely identified by one well-formed MRB, for well-formed hier- 
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Fig. 2. Adjacent-pair commutation. The expanders and compressors of adjacent stages are commuted to form a single stage, 
(a) Two hierarchic stages form output y„ from y„-2- (b) The result after commuting expander L„ to the left and compressor 
M„_ | to the right. We assume L„ and M„_ , are relatively prime, (c) The result after the filters are joined, (d) The final result 
after gcd, the greatest common divisor of L„ _ , ■ L„ and M„ _ , • M„ is removed from the factors. 

archie and parallel MRB 's that satisfy the conversion conditions, 
the conversions are one to one. 

B.  Relations between Multirate Filter Bank Architectures 

I) Conversion from Hierarchic MRB to Parallel MRB: 
a) General conversion: The basic step for MRB conversion 

is the "adjacent pair" commutation (Fig. 2). Adjacent pair com- 
mutations convert two adjacent stages into a single equivalent stage. 
Using rules for commuting multirate operations with filters [4] 
(these rules are also referred to as the "noble identities" [17]), the 
L„-fold expander is commuted to the left and combined with the 
first expander. Similarly, the Af„_,-fold compressor is commuted 
to the right and combined with the second compressor (Fig. 2(b)). 

The filter system functions are expanded by the factors of the re- 
samplers commuted with their filters. The filters are then joined 
(Fig. 2c). If the resulting resampling factors are not relatively 
prime, their greatest common divisor can be removed if the com- 
bined filter is also downsampled by the common divisor (Fig. 2d). 
This method is similar to that used in [4], [7], 

Adjacent pair commutations are not always possible, since an 
L-fold expander and an M-fold compressor can commute if and 
only if L and M are relatively prime [7], [17]. By removing the 
greatest common divisor of the resampling factors in adjacent pair 
commutations, the reduced factors are more likely to be relatively 
prime to the factors of other stages during subsequent commuta- 
tions. For this reason, removing common divisors in each stage by 
converting a hierarchic MRB to its well-formed equivalent [10] in- 
creases the likelihood of its conversion. 

n — 1 adjacent pair commutations turn the first n stages of a 
hierarchic MRB into a single stage computing output yn directly 
from y0. The stages can be commuted in any sequence. The set of 
relatively prime conditions for a particular commutation sequence 
is the "hierarchic to parallel commutation condition" for that se- 
quence. If a particular sequence requires commuting factors that 

are not relatively prime, conversion in that sequence is not possi- 
ble. A hierarchic MRB can be converted into an equivalent parallel 

MRB if at least one sequence of commutations is possible for each 

output. The final adjacent pair commutation in a sequence insures 
that M„ and L„ are relatively prime. Thus, the parallel MRB derived 
from a hierarchic MRB satisfies (1) and is well formed. 

Conversion with any sequence of commutation gives equivalent 

parallel factors 

n /    n n \ 

L„ =  IT   Z.,/gcd ( II   Lh U   M,)       n = 1- • -N      (3) 

and 

M„ = n Mi/gcd { n L„ n M, n =  1- ■N     (4) 

where gcd (A, B) denotes the greatest common divisor of A and B 

[10]. The equivalent Hn (z) is the product of multiply resampled 
hierarchic filters H{ through H„ and depends on which of the po- 
tential (n — 1)! possible sequences of conversion is used. Each 
sequence has a different commutation condition and removes com- 
mon divisors in a different manner. 

b) Relatively prime factors case: We can derive closed-form 
equivalent filters for a less general case. Let all resampling factors 
commuted in the conversion be relatively prime; that is, 

Mi and Lj are relatively prime, 1- •N,j = i + 1- ■N. 

(5) 

For example, M„ = 3 and L„ = 2 for all n. This condition sets all 
gcd terms in adjacent pair commutations (Fig. 2) to one making all 

sequences of conversion possible. Fig. 3 shows the conversions for 
outputs two and three in the relatively prime factors case where 
H] (zL:) is the z transform of A, (xt) expanded by L2. For arbitrary 



IEEE TRANSACTIONS ON SIGNAL PROCESSING. VOL. 40. NO.   II. NOVEMBER  1992 2839 

(a)    yo- rLlL2 -Hi(zLi) z^l- H2(z
Ml) 4.M]M2 72 (a) n>- '^-i hE '«n-1 

-vn-l. 
Ln-Hn(-)hiMn—vn 

(b) y0-[tL1L2L3[-H1(^
L3) -^(i»^) -JH3(Z

M
'
M
Z) - tMlM2M3[-y3 

Fig. 3. Conversion of hierarchic MRB into parallel MRB for relatively 
prime factors case, (a) Result of using z-domain identities on Fig. 1(b) for 
y2. (b) Result fory3. 

n, the parallel MRB can be written in terms of the hierarchic MRB 
as 

(b) 

(d) 

TO— 'I-n-1-Ln 

(C) y0—      tL,, 

ycr 

H^tz^.^^-l, 

5K ■Cn 

"n<*> 

Hn(z) 

l«n 

-      iMn K 
M„ = I!   Mit   L„ = I!   Lt      n = \---N      (6,7)     (e)       y0— tVCn Hn(zCn) 

Hn(z) = n   Hj(zw'-n)       n = \---N. (8) 

where 

;-i 
t; «v. = i, w]n = n M, • n Lj 

n = 2 • • ■ N,j = 1  • • • n. (9) 

Equations (6) and (7) result from dropping the gcd terms in (3) 
and (4). Equation (8) states that the j-domain filter for level n of 

the equivalent parallel MRB is the product of expanded versions of 
hierarchic filters //, through H„. It is valid for all sequences of 
conversion since, in any sequence, filter //, commutes with all ex- 
panders to its right and all compressors to its left. Ws■„ is the prod- 

uct of factors of all expanders and compressors that commute with 
H,. 

The relatively prime factors case is often satisfied in practice. 
The sampling scheme most often used in hierarchic MRB's is re- 
ducing the sampling rate by an integer factor from y„ _ , to y„ for 
alln [1], [2], [11], [12], [15], [16], [19]. This scheme corresponds 
to setting M„ = constant and L„ = 1 for all n and trivially satisfies 
(5). 

2) Conversion from Parallel MRB to Hierarchic MRB: The 
parallel MRB definitions of y„ _, and y„ precisely define the nth 
hierarchic stage. To convert a parallel MRB into a hierarchic MRB, 
consider a system in which y„ _ , is calculated by the parallel MRB 
and then filtered by a hierarchic stage to yield y„ (Fig. 4(a)). We 
perform an adjacent pair commutation on Fig. 4(a), but do not re- 
move gcd (L„_, • L„, M„_ , • M„) (Fig. 4(b)). This commutation 
is possible only if L„ and Mn _, are relatively prime. To increase 
the likelihood of conversion, many potential common divisors can 
be removed by making the parallel MRB well formed before the 
commutations. The resulting stage (Fig. 4(b)) is similar to the par- 
allel MRB fory„ (Fig. 4(c)); however, because it may have non- 

relatively prime resampling factors, they cannot be directly com- 
pared. To compare the two, we insert C„-fold expanders and 
compressors in the parallel MRB (Fig. 4(d)) and commute them to 
get a stage whose coefficients may not be relatively prime (Fig. 
4(e)). Comparing Figs. 4(b) and (e) gives 

L, = L,,   L„ = C„ ■ L„/Ln-!       n = 2- ■N 

A/,=A/,,    M„ = C • MJMn.t       n = 2---N 

W,(z) = ff,(z),   Hn(z) = 
H„(z c„/,w„- ') 

H„ .t(zu/M"-') 
■N. 

(10) 

(11) 

(12) 

We can write the "parallel to hierarchic commutation condi- 
tion" as: A parallel MRB can be converted into an equivalent hier- 

Fig. 4. Conversion of parallel MRB into a hierarchic MRB. (a) Calcula- 
tion ofy„ in two steps: The parallel MRB calculates y„ _ ,; a hierarchic stage 
calculates y„ from >>„_,. (b) Result after performing an adjacent pair com- 
mutation on (a) without removing the resampling factors' greatest common 
divisor. We assume L„ and Af„ _ , are relatively prime, (c) Well-formed 
parallel MRB. (d) Insertion of C„-fold expander and compressor. Together, 
they do not affect the output, (e) Result after commuting and joining the 
resamplers. 

archie MRB if all M„ _ , and L„ are relatively prime for n =2- ■ -N. 

L„ is calculated from the given parallel resampling factors using 
(10). By setting 

C„ = L„_, • A/„_,/[gcd (L„, L„_,) • gcd (M„, M„.,)]     (13) 

M„ and Ln can be made relatively prime. Thus, the hierarchic MRB 
derived from a parallel MRB satisfies (2) and is well formed. 

A second condition arises from the practical requirement that the 
filters H„{z) in (12) be stable. H„(z) is stable provided its ROC 
includes the unit circle. The given parallel filters H„(z) are stable. 
Hence, H„(zc"/M"-') and //„_ , (-W«»-.} in (12) are also stable, be- 
cause raising z to a constant does not cause poles or zeros to move 
on or off the unit circle. However, H„(z) = 
Hr,(z

c"/M"-')/Hn_l (zu/M"-') may still not be stable, since 

#*-|0(zWM""') may have zeros on the unit circle which would 
exclude the unit circle from Hn(z)'s ROC. Hence, A parallel MRB 

can be converted into a hierarchic MRB with stable filters if and 

only if the ratios of parallel filters H„(zc"/M"~ ')///„_, (zu,M"~') 
are stable for 2 < n < N. 

On a more intuitive level, this condition requires that any fre- 
quency component required in output y„ of the parallel MRB be 

retained in output y„_,. Clearly, this component need also be re- 
tained in outputs y, through y„_2. This point highlights an inherent 
difference between the two architectures: The nth filter in a hier- 
archy of stable filters has access only to frequency components rep- 
resented in signal y„_,, while parallel MRB filters have access to 
all components in the input y0. 

In practically every MRB we have encountered in the hierarchic 
processing literature, the outputs are indexed in order of decreasing 
sampling rate. In such MRB's, the filters tf„(aj) are nonzero for 0 

< |u| < T/max (L„, M„) and negligible at higher frequencies. 
These filters satisfy the stability condition, because the cut-offs de- 
crease sufficiently from level n - 1 to n. In the subband coding 
literature, however, filters are generally not of this form and will 

often not satisfy the stability condition. Subband coding analysis 
MRB's generally cannot be converted to a hierarchic equivalent; 
however, they could be implemented with difference-pyramid type 
hierarchies [1], [2], [12], [14], [15]. For MRB's with at least one 
output whose sampling rate is above that of y0, the stability con- 
dition does not apply to any u, such that it ■ MJL„ < U < TT. 
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Since these frequency components cannot be represented in y0, they 
always contribute nothing to y„. 

III. SCALED PARALLEL FILTERS 

Many MRB applications use scaled, or self-similar, parallel fil- 
ters [1], [2], [11], [12], [19]. These filters are of the same shape 
but scaled differently in height and width on each level. To incor- 
porate scaled filters into an MRB, we define the parallel filters as 

scaled, sampled versions of function fc(t) where t is a continuous 
variable: 

hn(u„) = A, • fc(un/B„), ■N. (14) 

We assume the MRB's satisfy the commutation conditions. A„ and 
B„ are positive, real-valued coefficients that allow arbitrary vertical 

and horizontal scaling of fc. fc must have a continuous argument 
since the B„ are arbitrary. If we define discrete function f„(x) = 

fc(x/B„) and F„(z) as its z transform, the z transform of (14) can 
be written 

H„(z) = An ■ F„(z), n = 1- • -N. (15) 

To solve the hierarchic filters, we substitute (15) into (12) yield- 

H„{z) = 
F„(zc 

|(,w«„-r 
n = 2- ■N. (16) 

I 
I 

i 

1 
I 

I 

Equation (16) gives the hierarchic filters for scaled parallel filters 
based on/r(;). 

VI. DISCUSSION 

This correspondence presents relations between parallel and 
hierarchic implementations of analysis MRB's. Fig. 5 summarizes 
the theory. The theory gives closed-form equations and conditions 

for converting a parallel MRB into an equivalent well-formed hier- 
archic MRB with stable filters. It gives a method and conditions to 
convert a hierarchic MRB into an equivalent well-formed parallel 
MRB and closed-form equations for the relatively prime factors 
case. Since MRB's of either architecture are members of equiva- 
lence classes containing an infinite number of MRB's, the conver- 
sions are obviously not unique. However, for well-formed MRB's 
satisfying the conversion conditions, conversion is one to one. For 

conversion in either direction the commutation conditions are suf- 
ficient but may not be necessary, since other methods not based on 
commutation might still be able to give an equivalent MRB. 

MRB conversion allows taking advantage of the property 
tradeoffs between hierarchic and parallel MRB architectures. If 
speed is the primary' consideration, a hardwired parallel architec- 
ture can be used. If the hardware is limited, a hardwired hierarchic 
architecture is a better choice. On serial computers, the hierarchy 

is both faster and requires less storage for filter coefficients than 
the parallel architecture. The conversions are easily extended to 
image signals if rectangular sampling is used. The conversions are 
also useful in the modeling of naturally occurring systems, such as 
parts of the nervous system [8]. 

In practice, many practical MRB's easily satisfy the commuta- 
!tion and stability conditions. MRB's in the hierarchic literature 
commonly use low-pass or Gaussian filters and have relatively 

.prime factors. These MRB's always fulfill the commutation and 
stability conditions. Other MRB's normally use either low-pass or 
bandpass filters. MRB's with low-pass filters will satisfy the sta- 
bility condition, since the filter cutoffs typically decrease with de- 
creasing sampling rate. Parallel MRB's with bandpass filters do not 

* Satisfy the hierarchic- 

tc-oaraJlel commutation 
condition 

Hierarchic MRBs 

Satisfy the paralleMo- 
hterarcnic commutation 

condition 

Parallel MRBs 
Fig. 5. Graphic summary of conditions for conversion. The spaces of all 
hierarchic and parallel MRB's are represented by the large ovals. Example 
MRB equivalence classes are indicated by the small ovals. The dot within 
a small oval represents the single well-formed MRB within that class. 

satisfy the condition, but could be implemented with difference- 
pyramid type hierarchies [1], [2], [12], [14], [15]. 
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Scaled Gaussian analysis multirate filter banks (MRBs) are 
analysis MRBs whose filters are Gaussians scaled differently in 
width and height. They are frequently employed in image process- 
ing and visual systems modeling. We define generalized scaled 
Gaussian analysis MRBs for both parallel and hierarchic architec- 
tures and derive closed-form equations for conversions between 
them. The MRBs have arbitrary rational number changes in sam- 
pling rate between successive outputs, and arbitrary vertical and 
horizontal scaling of the Gaussian filters for each output. We 
calculate the number of multiplications, number of additions, and 
total number of filter coefficients to compare the parallel and 
hierarchic architectures as implemented with direct form and 
time-varying filters. In all cases, the parallel MRB requires con- 
siderably more multiplications, additions, and filter coefficients 
than the equivalent hierarchic MRB. However, the relative differ- 
ences are far less severe in the time-varying case. We also derive a 
useful approximation for the discrete time Fourier transform of a 
GaUSSian.      £ 1993 Academic Press, Inc. 

INTRODUCTION 

To detect and manipulate image features, many image 
processing systems operate on several spatial scales. For 
example, image recognition systems apply the same de- 
tection algorithm to small and large versions of the same 
objects [1-4]. It is often beneficial to distinguish between 
spatial scales. The technique of subband coding, for in- 
stance, operates efficiently by differentially allocating 
processing and storage resources to the scales [ 1, 5-9]. In 
many cases, multispatial scale processing is performed 
with analysis multirate filter banks (MRBs) [1, 5, 8, 10- 
15], Analysis MRBs consist of a set of filters and resam- 
plers that produce several different sampling rate ver- 

1 This work supported by Grant AFOSR-91-00-82 from the Air Force 
Office of Scientific Research. B. Levitan was also supported by a Na- 
tional Institutes of Health fellowship under Grant 5-T32-GM07170. 

sions of an image. They attain great computational 
savings by manipulating large spatial scale features in low 
sampling rate outputs. Analysis MRBs can be imple- 
mented with parallel, hierarchic or other architectures. In 
the parallel architecture, each output is produced by fil- 
ters and resamplers acting on the input image. In the 
hierarchic architecture, the nth output is produced by 
filters and resamplers acting on the n - 1st output. 

An analysis MRB often used in image processing is the 
scaled Gaussian analysis MRB [5, 10-14]. These are 
MRBs all of whose filter impulse responses are Gaussians 
scaled differently in width and height. Reasons that 
scaled Gaussian MRBs are popular include: (i) Two- 
dimensional Gaussians are separable and hence easily 
implemented, (ii) As shown below, filters of the MRB 
equivalent to a given scaled Gaussian MRB of the other 
architecture are always Gaussian, (iii) As also shown be- 
low, provided the Gaussians of a parallel MRB increase 
sufficiently in width between successive outputs, the 
equivalent hierarchic filters are real. With arbitrary fil- 
ters, the hierarchic equivalent filters may be IIR, com- 
plex, or unstable, (iv) The V2G operator commonly used 
in image processing can be well matched by taking the 
difference between appropriately Gaussian-filtered im- 
ages [16]. (v) Gaussians are very useful in modeling the 
receptive fields of cells in mammalian visual systems [17- 
21]. Parts of the visual systems can be modeled as an 
MRB with Gaussian or related filters [13, 14, 21, 22]. 

In this paper, we derive conversions between scaled 
Gaussian hierarchic and parallel MRBs and calculate 
some of their properties. Conversions and properties 
have been derived for some MRBs, but not for the gen- 
eral case [5, 10-12, 15, 23, 24]. The MRBs that have been 
examined downsample by the same factor between out- 
puts and change the sampling rate only by integer factors. 
Conversions and properties for more general cases were 
derived in [25, 26]. In this paper, Gaussians have arbi- 
trary vertical and horizontal scaling for each output, and 
the sampling rate may change by a different rational num- 
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ber between each output. We compute number of multi- 
plications, number of additions and required filter storage 
for both direct form and time-varying filter implementa- 
tions. 

THEORY 

Conversion between Architectures 

In this section, we derive the conversions for the 
scaled Gaussian case. For simplicity, the derivations be- 
low will be for one-dimensional signals. Generalization to 
two-dimensional signals with separable filters, like Gaus- 
sians, is straightforward, and we give results and proper- 
ties for both types of signals. To distinguish between par- 
allel and hierarchic MRB variables, all parallel MRB 
variables are in boldface type. In the parallel MRB. each 
of the N outputs y„(x„) is computed from the original 
input yoUo) in three steps: (i) sampling rate expansion by 
factor L„, (ii) filtering by LTI parallel filter h„(u„), and (iii) 
sampling rate compression by factor M„ (Fig. la). In the 
hierarchic MRB, outputs yi(xt) through >',vU,v) are pro- 
duced successively in N stages. The nth stage computes 
y„ from y„-i in three steps: (i) sampling rate expansion by 
factor Ln, (ii) filtering by LTI parallel filter h„(u„), and (iii) 
sampling rate compression by factor M„ (Fig. lb). 

Parallel to Hierarchic Conversion. To incorporate 
scaled filters into a parallel MRB, the filter impulse re- 
sponses are defined as scaled, sampled versions of proto- 

type function fc(t) where / is a continuous variable [26], 

h„(u„) = AJc(uJBn)    n = 1, iV, (1) 

where A„ and B„ are positive, real-valued coefficients 
that allow arbitrary vertical and horizontal scaling offc;fc 

must have a continuous argument since the B„ are arbi- 
trary. From [26], provided basic conditions for conver- 
sion are met, if we define discrete function fn(x) = 
fc(x/Bn) and Fn(a>) as its discrete time Fourier trans- 
form (DTFT), the hierarchic filters are the inverse DTFT 
of 

Hn(co) = 
AJ,((üC,/M,.|) 

A„_|F„_|(wL,,/M„_i)' (2) 

where Cn = L„_, Mn_,/[gcd(L„, L„.,) gcd(M„, M„_,)] and 
gcd(a, b) is the greatest common divisor of a and b. L„ in 
(2) is the equivalent hierarchic upsampling factor for 
stage n. It and the equivalent downsampling factors are 
given by 

L| - L|,      L„ = C„L„/L„_i,      n = 2, 

Af, = M,.    M„ = C„M„/M„_,,    n = 2. 

N,    (3) 

N.    (4) 

For scaled Gaussian filters, fc(t) is defined as /,(/) = 
exp(-r2/cr2). Substituting fc into (1) gives the parallel fil- 
ters h„(uj = An exp(u2J(T2B2

n), n = 1, . . . , N. To solve 
for the equivalent hierarchic filters, we note that the 
DTFT of/„(*) = exp(-x2/o-2B;) is 

(a) 

t Li hifUi) I   Mi  Vl(xi) 

Yo(xo)- 
t L2 h2(u2) I   M2  y2(x2> 

t LN hN("N) i MN —VN(
X
N) 

(b) 
yi(xi) 

YO(
X

Q)——' t LX hit"l) i M1 

o p 

Y2(x2) 
t L2 h2(u2) 1 M2 

Fn(co) = VTT er B„   2   exp 
-a2B'n (w — 277m)2 

(5) 

In the Appendix, we show that (5) can be excellently 
approximated in the interval — TT :£ w < 77 by F„(w) ~ 
VTT a B„ exp(-cr2B>2/4) for aBn > 1.8981 to within 
0.1%. Substitution into (2) gives hierarchic filters 

H„(a>) 
A„B„ 

iB„ 
exp 

a2(B2„C2
n - B2„-,L2

n) w- 

4M2 

. , N.    (6) 

With the DTFT approximation, we can consider (6) as a 
constant multiplied by the approximated DTFT of a 
Gaussian with variance o-2(B^C^ - B^_|L^)/M^_i. The 
inverse transform is 

hN("N>        —     '   % -YN(
X

N) 

FIG. 1.    Multirate filter bank architectures: (a) parallel MRB and (b) 
hierarchic MRB. 

h„(u„) 

exp 

A„B„M .nDnVHn-\ 

A„_,Bn_, VTT^B^C^-BLI^)"
2 

Ml-,u2
n 

o-2(B2C2-B2_,L2) 
N.    (7) 
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Equation (7) gives the n > 2 filters for the hierarchic 
MRB equivalent to a given parallel MRB with scaled 
Gaussian filters. For n = 1, h\(u\) = h|(«i). 

Because H„((o) has no poles, the h„(u„) are FIR and 
stable. The hierarchic filters are Gaussian, since they 
result from the convolution of two Gaussians. Examples 
of filters from equivalent parallel and hierarchic MRBs 
are shown later in Fig. 3. If B„ < B^L^L,,-,, then 
Bid - Bi-tLl in the denominator of (7) is negative or 
zero, and the equivalent hierarchic filters are undefined 
or complex. In practice, this situation can be avoided by 
proper choice of B„ or reordering the outputs. 

Hierarchic to Parallel Conversion. As in the parallel 
case, to incorporate scaled filters into a hierarchic MRB. 
the filter impulse responses are defined as scaled versions 
of a continuous prototype function fc(t); 

hn(un) = AJMJBn),    n = 1, N, (8) 

where again An and B„ are positive, real-valued coeffi- 
cients that allow arbitrary vertical and horizontal scaling 
of/c. From [26], defining discrete function/„(.r) = f,(x/ 
Bn) and Fn(w) as its DTFT, Hn(oj) = AnFn(u>), and the 
equivalent parallel filter is 

where 

wu = i. Wj.n = Y\M,■ nL- 

(9) 

(10) 

and M, and L; are relatively prime, / = 1, . . . , N, j = 
/ + 1, . . . , N. The constraints on M, and Lj are suffi- 
cient to satisfy the basic conditions for hierarchic to par- 
allel conversion and allows us to easily write the 
closed-form solutions given in (9) [26]. For scaled Gaus- 
sian filters, we set/,.(/) = e~'lla\ Substituting this into (8) 
gives h„(un) = An e-""1^8", N. From the 
Appendix, the DTFT of the Gaussian f„(x) for Bna > 
1.8981 is Fn(oj) = 
(9) gives 

IT a Bn e 74. Substitution into 

h„(uj ~ <T"-'5rlTr'""": E w],„ 
J'l 

n Akj exp \-u-n «2Bl  1   W].n ■    (12) 

Equation (12) gives the filters for the parallel MRB equiv- 
alent to a given scaled Gaussian hierarchic MRB. The 
equivalent resampling factors derived in [26] are 

(13) 
L„ = ru.-/gcd ru.-. UM,), 

M„ = n M/gcd n u, u M,). 

Example Conversion. We demonstrate the conver- 
sions by implementing a four-output scaled Gaussian par- 
allel MRB and its equivalent hierarchic MRB as derived 
above. Table 1 lists the factors and filter lengths used. A„ 
were chosen so each Gaussian has volume equal to L„. 
These values maintain the DC value of the input signal in 
each output, a and B„ were chosen to make H„(w) negligi- 
ble beyond 7i-/max(M„, LJ, the largest frequency that can 
be passed without aliasing or imaging [27]. M„ = 3" and 
L„ = 2" for all four outputs. Parallel MRB filter lengths 
were selected so the equivalent hierarchic filters included 
greater than 99.9% of the area they would occupy if infi- 
nitely extended. 

Figure 2 shows the input image and outputs of the 
MRBs. Visually, the corresponding outputs are identical. 
All root-mean-square error differences between corre- 
sponding outputs are very small, and are caused mostly 
by edge effects. However, successive outputs show an 
increasing rms difference. We attribute this trend to a 
problem fundamental to hierarchic processors: Since the 
images and filters are quantized and the filters are of finite 
length, each output has a small amount of quantization 
error and aliasing error. In a hierarchic processor, these 
errors propagate from level to level and accumulate. 
While parallel processors also have quantization errors 
and aliasing, the errors do not propagate. For this reason, 

H„M - a"B7"1 m Ak:   exp   - 
o-2Blc 

lwj,n 

(11) 

Using the approximation, (11) can be regarded as a con- 
stant multiplied by the DTFT of Gaussian with variance 
cr2B2

n 2"=i W/„. Its inverse transform yields the parallel 
filters and completes the conversion: 

TABLE 1 
Factors and Filter Lengths Used in the Example of Scaled 

Gaussian MRBs (a = 2) 

n A„ B„ L„ M_ L„ Mr t„ t„ 

1 0.06577 2.2 2 3 2 3 21 21 
2 0.01989 8.0 4 9 2 3 101 21 
3 0.01052 22.0 8 27 2 3 345 17 
4 0.00513 63.0 16 81 2 3 540 17 
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, 
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FIG. 2.    Input and outputs of equivalent parallel and hierarchic MRBs: (a) Input image (256 x 256 pixels), (b) outputs of parallel MRB (171 
171, 114 x 114, 76 x 76, 51 x 51 pixels), and (c) outputs of equivalent hierarchic MRB. 

successive images in the hierarchic and parallel MRBs 
may increasingly differ. 

Figure 3 shows the filters used to make these outputs. 
Each filter (h„ or h„) is plotted against its own spatial axis 
(u„ or un). While h\ and h2 are similar as are /z3 and hi,, 
there is in general no reason for the hierarchic filters to be 
similar. hx is identical to hi. The other hn differ from the 
h„ in several respects: (i) Their peak amplitudes are 
larger; (ii) Their energy is much more tightly compressed 
about the origin; (iii) While the parallel filters are succes- 
sively more low pass, the hierarchic filters do not become 
more or less low pass in any order. These differences are 
due to the incremental nature of the hierarchy. 

Properties of Architectures 

The computational complexity of a system is the num- 
ber of multiplications and additions it requires. In this 
section, we calculate the computational complexity and 
total filter storage required for the parallel and hierarchic 
MRBs as computed by a serial (single instruction stream, 
single data stream) machine. We give results for both 
one-dimensional MRBs and two-dimensional MRBs us- 
ing separable filters. As in many applications, the "paral- 
lel" architecture, in which each output is computed di- 
rectly from the input, is actually implemented on a serial 
computer; only one output is calculated at a time. The 
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FIG. 3.    Filters from equivalent scaled Gaussian MRBs. Each impulse response is plotted against its own spatial axis: (a) parallel filters and (b) 
hierarchic filters. 
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complexity for the parallel architecture is thus the sum of 
the complexities for each output. In a true parallel imple- 
mentation, in which the N outputs are computed simulta- 
neously, the complexity is the maximum of the complexi- 
ties for each output. 

The properties are based on MRB filter lengths. Since 
parallel filter h„ is the convolution of sampling rate-ex- 
panded versions of hierarchic filters h\ through h„ (9) [26], 

U = 1 + 2 Wjjtj - 1). (14) 
y'=i 

where tn is the number of coefficients in h„, t„ is the 
number of coefficients in h„, and the W,,„ are as defined in 
(10). Since the Gaussian filters are FIR, we can use (10) 
to solve (14) for finite /„, giving 

tn = 
t„ - L„(t„-, - 1) - 1 

Wn_„ + 1. (15) 

Parallel MRBs that can be converted to equivalent hi- 
erarchic MRBs yield integer /„ in (15). For simplicity in 
the derivations, we consider filter impulse responses of 
odd length and later show the substitution necessary for 
even-length filters. 

We define 5„ as the number of samples in signal y„. 
From [27], in the parallel MRB 

S„ = rs0L„/M„l, (16) 

and in the hierarchic MRB, 

Sn = [S„-lLn-1/Mn-{] = \\Sn-2Ln-2IMn^Ln-\IMn-^ 

= ••■=["■■■ n\S0Z,|/M|lZ.2/M2l • • • L„_,/Mn-,1, 
(17) 

where fxl indicates the smallest integer greater than or 
equal to x. Though L„/M„ = L{L2 ■ ■ • LJM]M2- • • M„ 
(Eq. (13)), Eqs. (16) and (17) do not always give the same 
results. However, the differences are always small or 
zero for typical resampling factors. To compare proper- 
ties and results in different architectures, we truncate the 
outputs at the smaller of the two sizes« those given by 
(16). The two-dimensional nth outputs contains S2

n sam- 
ples. 

Direct Form Filters. To calculate the computational 
complexity of the MRB, we total the number of multipli- 
cations and additions in all the stages. In the nth stage of 
a parallel MRB, v0 is first expanded by L„ and filtered by 
hn. With direct form filters, the stage performs a total of 
S0L„t„ multiplications, or L„t„ multiplications per input 
sample (with appropriate padding of the input signal at 

the edges). Taking advantage of symmetry in the odd- 
length Gaussian filters, there are only L„[(t„ - l)/2 + 1] 
multiplications per input sample. Thus, the total number 
of multiplications per input sample in the parallel MRB is 

"idf.t J L*[(t* - l)/2 + 1]. (18) 

In this notation, "df' or "tv" stand for direct form or 
time-varying filters, and "p" or "h" stand for the parallel 
or hierarchic architectures. The number of additions in a 
filter is one less than the number of filter coefficients, 
thus the total number of additions is 

fldf.i = E L,(t, - 1). (19) 

As discussed below, the number of filter coefficients de- 
pends only on the architecture (parallel vs. hierarchic) 
and not on whether the filters are direct form or time- 
varying. The total number of coefficients is the sum of the 
number of independent coefficients in all filters; 

-P Zu 
(t* - 1) 

(20) 

where again we have taken advantage of filter symmetry. 
For two-dimensional signals, the results are similar. 

Since the filters are separable, the 5nL„[(/„ - l)/2 + 1] 
multiplications for the one-dimensional signal are re- 
peated So times along one axis and S0 times along the 
other. This gives 2SoL„[(t„ - l)/2 + 1] multiplications 
for the nth stage, or 2L„[(t„ - l)/2 + 1] multiplications 
per input sample. Thus, for two-dimensional signals, the 
number of multiplications and additions (Eqs. (18) and 
(19) are doubled. However, since the same filter is used 
along each axis, the number of filter coefficients (20) re- 
mains the same. 

For the one-dimensional, hierarchic MRB, the nth 
stage performs S„-\L„[(t„ - l)/2 + 1] multiplications. To 
normalize by the number of samples in v0, we approxi- 
mate (16) with S„/S0 = L„/M„. This approximation dif- 
fers from (16) by at most l/50 and is excellent, since S0 > 
1. For the first stage, dividing out S0 gives L|[(/| - 1)/ 
2+1] multiplications per input sample. For all other 
stages, there are (L„_|/M„_i)Ln[(/n - l)/2 + 1] multipli- 
cations per input sample. Thus, the total number of multi- 
plications and additions per input sample in the one-di- 
mensional hierarchic MRB is 

^df.h — L\ 
1 

+ 1 + 2 -*-i 

Mk 
U tt- 1 + 1 

(21) 
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TABLE 2 
Properties for Direct form the Time-Varying Implementations of Equivalent Parallel and Hierarchic MRBs (N 

Two Examples Are Shown; the Signal Is One-Dimensional 
4): 

M / Architecture 
No. of 

Coefficients 

Direct form Time varying 

L 
No. of 

mults/sample 
No. of 

adds/sample 
No. of 

mults/sample 
No. of 

adds/sample 

2 

3 

3 

4 

9 

9 

Parallel 
Hierarchic 
Parallel 
Hierarchic 

364 
20 

884 
20 

4,886 
24 

61,080 
41 

9,712 
39 

121,920 
66 

19.65 
7.22 

15.93 
6.15 

18.05 
5.62 

13.88 
4.10 

N  L _ 
fldf.h = L\(tk - 1) + 2 sr L^k ~ 1).        (22) 

The total number of independent filter coefficients is 

ch 2 (h - i) 
+ i (23) 

For even-length filters, (19) and (22) remain un- 
changed, and Eqs. (18), (20), (21), and (23) can be used if 
(t* - l)/2 + 1] is replaced by tkll and (tk - l)/2 + 1] is 
replaced by tkl1. For two-dimensional signals, the results 
are slightly more complex than in the parallel case. The 
nth filter performs 2S\-\Ln\(tn - l)/2 + 1] multiplica- 
tions, or 2(L„_,/M„-1)

2L„[(/,, - l)/2 + 1] multiplications 
per input sample. The results for the entire two-dimen- 
sional, hierarchic MRB are 

wdf.h.2D —  2L| 
U - 1 

+ 1 

+ 2 f (hzi u h- 1 
+ 1 (24) 

N  /L _ \2 

fldf.h.2D = 2Utk - 1) + 2 2 \^L)  Uitk - 1)   (25) 

where the "2D" indicates the result is for two-dimen- 
sional signals. As in the parallel case, the number of filter 
coefficients is the same for one and two-dimensional sig- 
nals. 

Table 2 shows these properties for two example 
MRBs. In all cases, the MRBs are based on a hierarchic 
MRB having t„ = t, Ln = L, and M„ = M for n = 
1, . . . , N, the most common type of hierarchic MRB 
used. As shown in the table, wdfp and adf-p exceed mdfh 

and adf.h by several orders of magnitude, because the par- 
allel filters are so much larger than the equivalent hierar- 
chic filters. The ratios of cdf,p to cdfh also reflect this dif- 
ference. The parallel values are larger because the 
parallel MRB does in single steps the same filtering that 
the hierarchic MRB does incrementally. Table 3 shows 
that the relative values for the two-dimensional MRB 
properties are similar to those for the one-dimensional 
case. 

Time-Varying Filters. Direct form filters can be use- 
ful since they are easy to design and require little over- 
head computation. However, they are highly inefficient 
for multirate filtering. Because the filtering in each stage 
is performed after the sampling rate expander, where the 
sampling rate is highest: (i) the Ln - 1 zeros inserted be- 
tween input samples by the expander (in a parallel-type 
stage) are multiplied by the filter weights, even though 
the zeros do not influence the outputs, and (ii) M„ - 1 of 

TABLE 3 
Properties for Direct form and Time-Varying Implementations of Equivalent Parallel and Hierarchic MRBs (N = 4): 

Two Examples Are Shown; the Signal Is Two-Dimensional 

M / Architecture 
No. of 

Coefficients 

Direct form Time varying 

L 
No. of 

mults/sample 
No. of 

adds/sample 
No. of 

mults/sample 
No. of 

adds/sample 

2 

3 

3 

4 

9 

9 

Parallel 
Hierarchic 
Parallel 
Hierarchic 

364 
20 

884 
20 

9,772 
35 

122,160 
62 

19,424 
55 

243,840 
99 

39.31 
10.38 
31.85 
9.26 

36.10 
5.92 

27.75 
4.61 
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every M„ outputs h„ calculates are ignored by the com- 
pressor. 

Time-varying filters are much more efficient [8, 27]. At 
the cost of some overhead computation, they ignore the 
inserted zeros and only calculate the samples passed by 
the compressor. They achieve these savings by cycling 
among L„ different impulse functions, each composed of 
different samples from the direct form filter h„. These 
impulse responses are either Ft„/L„l or Lt„/Lj samples in 
length, where UJ indicates the largest integer less than or 
equal to x. Their average size is t„/L„, which we use 
below as filter length. Thus, the number of multiplica- 
tions in the nth stage is (50Ln/M„)(t„/Ln), or t„/Mn multi- 
plications per input sample, where 50L„/M„ is the number 
of output samples computed. Because the hn is asymmet- 
rically broken into L„ functions, it is not possible to take 
advantage of its symmetry. The number of additions for 
the nth stage is (50L„/MJ(t„/Ln - 1), or (L„/M„)(t„/L„ - 
1) additions per input sample. For the time-varying, one- 
dimensional, parallel MRB, the total number of multipli- 
cations and additions per input sample is 

itv.p = 2 VM* 

■*tv.p -I.Ä (",L'-"- 

(26) 

(27) 

For two-dimensional parallel MRBs, the number of mul- 
tiplications and number of additions are double the one- 
dimensional values. Since the L„ impulse functions are 
composed of samples from the direct form filter, for both 
the one- and two-dimensional time-varying filter, parallel 
cases, the total number of independent filter coefficients 
stored is the same as for the direct form, parallel case. 
For the time-varying, one-dimensional hierarchic MRB, 
the nth stage performs (Sn-\LJM„)UnILn) multiplications 
and (Sn-\LnIMn)(t„ILn - 1) additions. Thus, the number 
of multiplications and additions per input sample are 

w.v.h = tJM] + 2 (U-i/Mk-ÖUk/Mk) (28) 
k=2 

a,v.h = (Lt/MMti/Li - 1) 

+ 2 {U-JMk-\){UIMk){tkILk - 1).     (29) 

ötv.h.2D = 2(L,/M,)(r,/L, - 1) 

s 

22 ,e:vM k-\ 
(LkIMk)(tklLk- 1).   (31) 

The total number of filter coefficients stored for both the 
one- and two-dimensional time-varying, hierarchic cases 
is the same as for the direct form, hierarchic case. 

Table 2 and 3 show these properties for the same 
MRBs as used in the direct form case. As shown in the 
tables, mtv,p and atViP exceed mtv,h and atvh, but by a much 
smaller factor than in the direct form case. While the 
parallel filters are still much larger than the equivalent 
hierarchic filters, the efficient time-varying implementa- 
tion lessens the significance of this difference. 

CONCLUSION 

This paper gives closed-form conversions between par- 
allel and hierarchic scaled Gaussian MRBs and calculates 
properties of these architectures. We have shown that 
the hierarchic architecture always requires fewer multi- 
plications, additions, and coefficients than the equivalent 
parallel architecture. The hierarchy's advantages are 
much smaller for time-varying filters than for direct form 
filters. However, hierarchic MRBs can suffer from the 
propagation and accumulation of quantization and alias- 
ing error in successive stages. Additionally, in hardwired 
implementations, while the hierarchic MRB requires far 
fewer hardwired multiplications, the parallel MRB oper- 
ates more rapidly [25]. Thus, despite its greater complex- 
ity, there are applications for which the parallel architec- 
ture may be more useful. Conversion allows taking ad- 
vantage of these and other differences between the archi- 
tectures. 

APPENDIX 

Approximation of Discrete Time Fourier Transform of 
a Gaussian 

The Discrete Time Fourier Transform of the Gaussian 
exp(-*2/cr:) is 

V73- o-   2   exP 
-a2(cj — 2irm)2 

(32) 

For two-dimensional signals, the results are 

™lv.h.2D = 2f|/M, + 2 2 (zr1)  hlMk (30) 

Equation (32) is the sum of an infinite number of Gaus- 
sians displaced by ±2TT. We are interested in the mini- 
mum a such that the predominant contribution to (32) in 
the region R = {-IT < w < TT) is the n = 0 Gaussian. To 
simplify the derivation, we drop the coefficient V-n- er. 
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Let Vi be the area under the center Gaussian in R 

V, = T  exp(-o-2o)2/4) dw = 2 Vn erf(77o72)/o-   (33) 

where erf() is the error function and V2 be the area in R 
due to the other Gaussians 

Vi = 3.735. The contribution of the n = 1 Gaussians to V2 

is 4.634 x 10~5. For n > 1, the contributions are even 
more negligible. This approximation is quite useful, since 
a Gaussian with standard deviation 1.8981 drops to below 
0.001 its peak value only five samples from the origin. 

V2=   2   I'  exp r^" 7 WW       (34) 

We define V2 = V2
+ + V2 where V2 is the sum in (34) 

over n = 1 to =», and V2 is the sum over n = -1 to -=. 
Due to symmetry, V2 = 2 ■ V2. The problem can be re- 
stated as finding the minimum <x such that 

(V, + v2)/v, = (V, + 2 • V7)/v, = l + 2 ■ VT/Vi 

= 1 + 5,    0 < 8 <U. (35) 

For n > 0, the exponents in (34) are maximized in R at 
o) = IT and -77. Thus, an upper bound for V2 is 

V2 < ITT 2 exp 
-<T\TT - iTrnf- 

= 2TT exp(-o-27T:/4)2 (exp(o-27r2)r(|-">.    (36) 

Since cr and ~ are both positive, exp(<x27r2) > 1. Noting 
that 2*=, ^«"-«) = i + 2*=2 x«n-n> < 1 + £*=, *-", since 
^-n > xn(\-n) for x > i and n > 2, substitution into (36) 
gives 

V2 < 2TT exp(-o-27T2/4) 1 + 2 (exp(cr2772))-" 

Applying the identity S"=0 x" = 1/(1 - x) for |;t| < 1 to 
(37) gives 

V2 < 277 exp(-<T2772/4) 

1 
1 - exp(-o"77 

^-^- - exp(-o-77-) 

Finally, substituting for Vi and V2 in (35) and simplifying 
gives 

2cr VTT 

erf(o-77/2) 
1 

1 - exp(-cr-7r-) 
exp(-cr277-) 

For 8 = 0.001, a must be greater than approximately 
1.8981. Thus, the approximation to (5) is excellent when 
crBn > 1.8981. By way of example, when a = 1.8981, 
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Network Simulations of Retinal and Cortical 
Contributions to Color Constancy 
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A biologically-based neural network simulation is used to analyze the contributions to color perception 
of each of several processing steps in the visual system from the retina to cortical area V4. We consider 
the effects on color constancy and color induction of adaptation, spectral opponency, non-linearities 
including saturation and rectification, and spectrally-specific long-range inhibition. This last stage is 
a novel mechanism based on cells which have been described in V4. The model has been tested with 
simulations of several well known psychophysical color constancy and color induction experiments. 
We conclude from these simulations the following: (1) a simple push-pull spectrally specific contrast 
mechanism, using large surrounds analogous to those found in V4, is very effective in producing general 
color constancy and color induction behavior; (2) given some spatio-temporal averaging, receptor 
adaptation can also produce a degree of color constancy; (3) spectrally opponent processes have spatial 
frequency dependent responses to color and brightness contrast which affect the contribution of the 
V4 mechanism to color constancy in images with nonuniform backgrounds; and (4) the effect of 
the V4 mechanism depends on the difference between center and surround while the effect of adaptation 
depends on the total sum of inputs from both center and surround and therefore the two stages 
cooperate to increase the range of stimulus conditions under which color constancy can be achieved. 

Color constancy    Color induction    V4    Adaptation 

INTRODUCTION 

Human color perception is not a simple function of the 
wavelengths of light reflected from a small area on a 
single surface. Instead, color depends on the spatial 
distribution of the wavelengths of light present in the 
entire image. The two most common phenomena which 
demonstrate this dependence are color constancy and 
color induction. Color constancy is the tendency of the 
colors of surfaces to remain more constant than would 
be suggested by the physical composition of the reflected 
light under changing illuminance conditions. It is 
thought that color constancy contributes to object recog- 
nition by allowing more reliable judgments about the 
object's surface properties regardless of the ambient 
light. A related phenomenon, color induction, is the 
change in the color of a surface due to its juxtaposition 
with other colored surfaces. Color induction enhances 
the color contrast in a scene and probably aids in object 
detection and surface segmentation. 

Color constancy has been the subject of investigation 
for  many  years  and  a  large  variety  of approaches 
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have been attempted. Some were based on learning 
and judgment (e.g. Helmholtz, 1866; review by 
Jameson & Hurvich, 1989). Others have attempted to 
explicitly separate the reflectance from the illuminant 
by either computational theory (e.g. Buchsbaum, 
1980; Maloney & Wandell, 1986; Rubin & Richards, 
1982; D'Zmura & Lennie, 1986; Gershon & Jepson, 
1989; Brainard & Wandell, 1991; D'Zmura & 
Iverson, 1993a, b) or linear filter theory (Faugeras, 
1979). Additional well known theories include 
Land's Retinex (Land & McCann, 1971), various 
adaptation mechanisms (e.g. Hering, 1878; Helson, 
1938; Judd, 1940; Brill & West, 1986; Brainard & 
Wandell, 1992), and spectrally-specific contrast based 
algorithms (Lucassen & Walraven, 1993). Most of these 
approaches attempted to identify one particular mechan- 
ism for achieving color constancy, or emphasized the 
importance of the contribution of one mechanism over 
another. 

This emphasis has resulted in a retina vs cortex debate. 
Many researchers point to the need for two types of 
processing, one slow and one fast, one multiplicative and 
one subtractive (e.g. Hayhoe, Benimoff & Hood, 1987) 
to explain color constancy and color induction data. 
However, the different computational properties of these 
biological processes with regard to their effects on color 
constancy and color induction were not extensively 
studied, nor has much been said about the interactions 
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of these retinal and cortical processes. This paper at- 
tempts to examine these issues and to determine what 
advantage this multistage system has for producing color 
constancy. 

Receptor adaptation and retinal spectrally opponent 
processes have been studied in depth, psychophysically, 
physiologically, and computationally, for their contri- 
butions to color processing and color coding. Interest in 
the cortical color mechanisms, particularly V4, has 
developed relatively recently and the results are more 
controversial. The first physiological evidence for the 
importance of the cortex in color constancy was reported 
by Zeki (1983) who recorded from individual cells in V4 
whose responses, unlike those in VI, appeared to follow 
human color perception rather than wavelength. Several 
V4 lesion studies have had mixed results concerning the 
apparent effect of such lesions on color perception 
(Walsh. Kulikowski, Butler. & Carden. 1992; Heywood. 
Gadotti, & Cowey, 1992). Schein and Desimone (1990) 
reported that there are regions quite distant (up to 
16 deg) from the classically-defined receptive fields of V4 
cells which can influence a cell's response if the center of 
its classical receptive field is also stimulated. They called 
these regions silent surrounds. The existence of long- 
range lateral  connections  in  V4 (Yoshioka.   Levitt & 

Lund. 1992) and the dramatic reduction in ipsilateral 
surround suppression after section of the corpus callo- 
sum (Desimone, Moran, Schein & Mishkin, 1993) 
suggest that these large surrounds may be mediated by 
a mechanism within V4. The silent surrounds in V4 are 
sensitive to nearly the same wavelengths as the center of 
the receptive field, creating a spectrally-specific response 
which is functionally akin to "cone-specific contrast" 
(see Lucassen & Walraven, 1993). "'Cone-specific con- 
trast" appears, from psychophysical experiments, to be 
a necessary component of human color constancy 
(Tiplitz Blackwell & Buchsbaum, 1988b; Lucassen & 
Walraven. 1993; McCann. McKee. & Taylor. 1976). 
However, because of modifications to the cone inputs 
preceding cortical stages it is difficult to quantify the 
response of the V4 cells directly in terms of "cone- 
specific contrast". 

Two psychophysical experiments, one using a split 
corpus callosum patient (Land. Hubel, Livingstone. 
Perry & Burns, 1983) and the other using binocularly 
fused stimuli (Shevell. Holliday & Whittle, 1992). 
demonstrate a significant influence from cortical process- 
ing in constancy and induction phenomena. In addition, 
regions significantly separated from the test area have 
been demonstrated by psychophysical experiments to be 
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FIGURE 1.—Caption on facing page. 
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FIGURE 1. (a) Overview of entire model. Note the multiple, hierarchical stages of the network. Shaded regions show the 
connection fields of a single unit at each stage; lighter regions are excitatory connections, darker regions are inhibitory. The 
off-center spectrally opponent connection field, which is not shown, is the inverse of the on-center opponent connections. Units 
without silent surrounds in the spectrally-specific contrast stage receive only excitatory connections from on-center opponent 
units, (b) Proposed V4 push-pull mechanism. Detail of the cortical stages of the simulation. Open circles represent on-center 
cells, solid circles are off-center cells, and striped circles are interneurons. Synapses are shown in white for excitatory, black 
for inhibitory. The silent surrounds have an exponential synaptic weighting function as is shown at the bottom of the figure, 
(c) Spatial structure of the receptive fields of the spectrally opponent and spectrally-specific stages. The figure shows only units 

with R centers, as an example. 

very    influential    in    determining    perceived    color structures. In addition, the speed with which a signifi- 
(Tiplitz  Black well  &  Buchsbaum.   1988a;  Valberg & cant   portion   of   this   effect   occurs,   rules   out   the 
Lange-Malecki,    1990;    Wesner    &    Shevell,    1992). combination  of receptor  adaptation  and  eye  move- 
The   spatial    dimensions   of   these   phenomena   are ments  as   the  sole   mechanism   for  long-range  color 
too   large   to   be  easily  explained  by   known   retinal induction. 
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In order to explore the effects of both retinal and 
cortical processing on color constancy and color induc- 
tion, we simulated a multi-stage neural network which 
includes three processes: receptor adaptation, spectral 
opponency, and spectrally-specific long-range inhibition. 
Each stage includes a saturating and rectifying nonlinear 
response function. Neural networks have been used 
before for implementing a variety of color constancy 
algorithms:   lightness   algorithms   similar   to   Retinex 
(Hurlbert & Poggio, 1988; Moore, Allman & Goodman, 
1991), a color categorization method using double op- 
ponent cells (Dufort & Lumsden, 1991), and an algor- 
ithm which uses contrast across boundaries to fill-in 
enclosed regions (Grossberg, 1987). In these simulations, 
as in other color constancy studies, the emphasis has 
been on describing a specific mechanism for achieving 
color constancy.  In  the current network  simulation, 
which   includes  a  new  mechanism  for  cortical   level 
processing, the specific effects of each processing stage 
and the interactions between processes were controlled 
and observed. We will show that a system which includes 
both  retinal  and cortical  processes can  produce  the 
general behavior of both color constancy and color 
induction. In addition, we will demonstrate that while 
the differences between the spatial and chromatic prop- 
erties of these processes sometimes leads to complex 
interactions between stages, all of these processes co- 
operate so that together they can produce greater con- 
trast sensitivity and color constancy in a larger range of 
stimulus conditions than can any of the stages alone. 

NETWORK ARCHITECTURE 

An overview of the model is shown in Fig. 1(a). 
The cortical mechanism is shown in greater detail 
in Fig. 1(b). The network was simulated using NEXUS, 
an interactive neural simulator designed for large scale 
models (Sajda & Finkel, 1992). The complete network 
consists of over 11,000 cells and approx. 1.65 million 
connections. Below we will describe how each stage 
was implemented in the simulation. Table 1 
summarizes the most significant parameters in the 
model. 

(i) Input 

The first stage corresponds to the cone responses. The 
input image is a 27 x 27 array, in which each entry 
defines the color at that location. The array is converted 
to three 27 x 27 arrays of cone activation levels: R, G, B. 
Therefore, an input image unit has a corresponding set 
of three units (analogous to one cone of each type) in the 
first layer of the network. Each entry in the input image 
is specified either by a Munsell reflectance spectrum and 
an illuminant spectrum, or in CIE notation (x, v, Y). 
When the reflectance and illuminant spectra were 
specified, the image was converted, at each point, to the 
three normalized cone activation levels by using the 
Vos-Walraven (Vos & Walraven, 1971; Vos, 1978) cone 
action spectra [r(X),g(/.),b(Ä)], in steps of 10 nm: 

700 

R= I *,/-(;.)#(;.)/(;.)A;. 

i. = 400 

700 

5= X M(;.)i*(;.)/(;.)A;. (i) 

where 3t().) is the reflectance spectrum, a fixed property 
of the surface, and /(/) is the illuminant. which may 
change with the particular viewing condition and, there- 
fore, may change the (perceived) color of the surface. 
(Because inputs are computed from the reflectance and 
no other surface properties are considered, we will refer 
only to the reflectance spectra, not to a real or simulated 
surface.) The coefficients k]23 are constants which nor- 
malize the sensitivity spectra so that all cone types in the 
simulated array have the same peak sensitivity. There- 
fore, the three types of first layer units ("cones") have 
responses of the same order of magnitude and we 
designed the matching procedure to depend upon the 
relative responses of the three simulated, color pathways 
[Section (vi)]. For those cases in which the image was 
specified in CIE notation, the image was converted to 
cone activation levels by applying the transformations 
for Vos-Walraven action spectra (Vos, 1978: Wyszecki 
& Stiles, 1982, p. 615) and then normalizing using the 
same coefficients Ar,-,,. 

TABLE I. Each of the most significant parameters in the simulation is presented along with the criteria used to determine that parameter's 
 value (in parentheses are the specific values used and the range of possible values) 

Parameter Description 

Connection strength between cells 

Threshold of cell / 

Slope of linear portion of cell's response function 

Width of adaptation weighting function 

Fraction of total long term adaptation achieved 
Coefficients for push-pull mechanism 

Factors in choice of parameter value 

Chosen to create receptive field shapes found physiologically, different 
for each cell type 
Chosen so that most inputs fall in middle of response range, different 
for each cell type, cone threshold changes with adaptation state 
Chosen in combination with a, to give the appropriate dynamic range 
for each processing stage, different for each cell type 
Small value for fixation or very short presentation time experiments, 
large value for experiments with free eye movements (0 = 3.0. relatively 
small compared to cortical silent surrounds, large compared to center 
of spectrally opponent receptive fields 0 < I) < diameter of image) 
Dependent upon length of viewing time (a = 0.2; 0 < -x $ I) 
Chosen together with y. to give a total average constancy shift of 20% 
in accordance with  psychophysical data (c, = c, = 0.25; 0$r, $1; 
0 Vessel) 
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(ii) Cell responses and nonlinearities 

In the simulation of the network model, the total input 
to cell, Qj, is determined by a weighted sum of the 
activities of all cells connected to cell ;': 

a=I QJijAj (2) 

where Aj is the activity of cell j, a>tJ is the connection 
strength from cell j to cell /. The cells of the network 
corresponding to the cone layer have a Naka-Rushton 
response function (Naka & Rushton, 1966): 

Ql A, = - (3) 

where x is a constant from 0.7 to 1.0. In the simulation 
results shown here x = 0.9. The general behavior of the 
system was not very sensitive to the value of this 
parameter. <r, is the threshold of cell /. The input, Qh for 
a cone is the cone activation level R, G, or B calculated 
from the input image as described above in equation (1). 

In all other stages, cell activity is determined by a 
sigmoidal response function of the input: 

A,• = (max — min)( —— I + min (4) 
l+exp[-(Ö,-<7,)/J,] 

where A, is the activity of cell /, max and min are the 
maximum and minimum possible activity levels for cell 
/', a, is the threshold of the cell, and /?, is proportional to 
the slope of the linear portion of the curve (see Fig. 2). 

(Hi) Adaptation 

We assume an initial long-term adaptation to a uni- 
form neutral background [see Walraven, Enroth-Cugell, 
Hood, MacLeod, and Schnapf (1990) for a review of 
psychophysical and physiological studies on adaptation]. 
The amount of threshold shift Aer, is determined by the 
difference between the cone activation level for the 
neutral background stimulus and the cone activation 
level for the new stimulus. Because adaptation is depen- 

max 

min 

sum of input activities 

FIGURE 2. Nonlinear response function of each cell. The parameters 
are set for each stage so that most stimuli produce responses in the 
linear range of this function. The slope of the linear portion of 
the curve is proportional to ß. Each cell's input is the weighted sum 
of the activities of all the cells connected to it. a is the "threshold" 
which is defined for mathematical clarity to be at the center of the 
linear portion of the response. Saturation and rectification occur when 
the cell's output nears its maximum and minimum outputs respectively. 
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FIGURE 3. Response curves for cones in the simulation under a range 
of values for the adaptation threshold, (a) Shows the sigmoidal limits 
of the adaptation range. The luminance level of the adapting stimulus 
was increased linearly, but the threshold values reach an asymptote at 

both ends of the range, (b) Same as (a) in log-linear coordinates. 

dent on the temporally weighted average of its input, the 
adaptation shift for a cone is dependent not only on the 
point in the image directly corresponding to that cone 
position, but also on the surrounding area to which the 
cone may be exposed during eye movements, or from 
optical blur. We approximated this temporal effect by a 
two-dimensional Gaussian spatial weighting function, 
because for the psychophysical experiments we were 
interested in studying, there was generally either a 
fixation point, or a central test patch around which one 
could assume eye movements were centered. In the 
simulation, the amount of the shift follows a sigmoidal 
function of the difference between the neutral and the 
current stimuli and is proportional to the length of 
viewing time. These constraints are incorporated into the 
simulation by calculating the threshold shift for the 
receptor adaptation by using the equation: 

<?ncw - ffneul = <* < 2M l+exp[-(Ö,-ßncul)ß] 
-M 

M = \YJ(Qi-QrKUM —p   exp 
1 -(x' + y2) 

262 (5) 
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where a is the threshold; ß is the proportional to the 
slope of the linear portion of the function; Qt is the cone 
activation level (i.e. R, G, or B) due to current image 
pixel /; Qmul is the cone activation level due to standard 
neutral at image pixel /'; n is the number of pixels in the 
image; x, y is the horizontal and vertical distances from 
pixel / to the center of the cone's receptive field when 
fixated on the center of the image; 9 is the width of a 
Gaussian weighting function which varies with the de- 
gree of fixation required for the experiment; a is the 
fraction achieved within the stimulus presentation time 
of the total difference in long-term adaptation states 
between the neutral state and the state for the new 
stimulus. 

a is proportional to the time of exposure. As a 
increases, the size of the threshold shift increases, follow- 
ing a sigmoidal curve ranging from —M to +M where 
M is the difference between the weighted average acti- 
vation level for the current image and the activation level 
for a uniform neutral background (see Fig. 3). In the 
current study, a was held fixed at 0.3 and 0 was held fixed 
at 3.0. However, we wished to include this flexibility in 
the model because eye movements do affect the adap- 
tation state. With longer exposure time, the cell will be 
able to better adapt (larger a) to its new stimulus. Under 
certain experimental conditions, longer exposure time 
may also allow for more eye movements. The spatial 
extent of the weighting function broadens with more eye 
movements. In the extreme case of very long exposure 
time and completely random eye movements over the 
entire field of view, the weighting function would be flat 
and the cone would adapt to the field average. This 
dependence of the parameters 9 and a on eye movements 
and viewing time, allows the effects of the adaptation 
stage of the simulation to vary with the experimental 
conditions being considered. This is important because 
the extent of eye movements in psychophysical exper- 
iments has been shown to affect color perception 
(Cornellissen & Brenner, 1991). 

(if) Spectral opponency 

For the purpose of studying the effect of spectral 
opponency. we include only a single stage for this 
process, instead of the hierarchy of opponent cell types 
observed physiologically between the retina and V4. We 
wished to study the effects of spectral opponency as a 
mathematical operation rather than attempt to simulate 
the specific anatomical implementation. Opponency can 
occur at many levels of the visual system from cone gap 
junctions to the cortex (see review by Lennie & 
D'Zmura, 1988). We avoid the term "color opponency", 
because it has often been used in reference to psycho- 
physical phenomena which may not necessarily be the 
result of spectrally opponent cells in a specific visual 
stage. 

Opponent processing is achieved in the simulation by 
subtracting responses of spectrally opponent cone types 
and is generally based on the properties of LGN parvo- 
cellular type I receptive fields. In the simulation, each 
'"cell" receives excitatory input from a single cone in the 

center of its receptive field and inhibitory input from 
several cone types surrounding the center using a differ- 
ence of Gaussians synaptic weighting function (Lennie & 
D'Zmura, 1988). The surrounds receive input from all 
cones in  their receptive fields,  however the synaptic 
weights are different for each cone type. The surround 
input is most heavily weighted toward the cone type(s) 
opponent to the center cone type. For example, op- 
ponent cells whose centers receive excitatory input from 
R cones receive inhibitory surround input from both R 
and G cones, but the amplitude of the synaptic weighting 
function for the G cones is twice that for.the R cones. 
The opposite ratio was used for the G center cells. The 
R and G centered cells, thus, do not differ from each 
other just by a negative sign, but have linearly indepen- 
dent cone input combinations.  B center cells receive 
inhibitory input which is equally weighted between the 
R and  G cones.  Altogether there are three linearly 
independent combinations. Off-center cells were created 
by using the same weighting functions, but with opposite 
sign, and their thresholds were lower than those of the 
on-center cells, giving them a higher spontaneous ac- 
tivity level. Therefore, the off-center cells responses were 
greatest when the magnitude of the stimulus in the center 
of the receptive field was less than that in the surround. 
The off-center cells of course do not add additional 
independent combinations to the three resulting from the 
on-center cells. In addition, primate retinal and LGN 
cells do not have perfectly balanced centers and sur- 
rounds (Derrington & Lennie, 1984). Rather, the center 
strength  (volume of two-dimensional Gaussian sensi- 
tivity profile) is roughly twice that of the surround, 
allowing these cells to have a significant response to 
homogeneous fields as well as to edges. Likewise, the 
spectrally opponent stage in the simulation has a 2:1 
center/surround sensitivity ratio. 

(v) Higher cortical processing 

The next stage in the network is designed to respond 
according to the primary chromatic properties of the 
analogous cells in V4 (Schein & Desimone, 1990). These 
cells have large, suppressive surrounds each of which has 
a wavelength sensitivity similar to that of the center of 
the receptive field [see Fig. 1 (b, c)]. These large surrounds 
had little or no effect on the cell's activity unless the 
center was also stimulated, and were therefore termed 
"silent surrounds". In the simulation, the "classical 
receptive field" (Schein & Desimone, 1990) receives 
excitatory input from a single class of spectrally op- 
ponent cells. These same type cells provide inhibitory 
input to the "silent surround" outside the classical 
receptive field. The "silent" behavior of the surrounds 
could be explained either by shunting inhibition (a 
multiplicative suppression of the excitatory input to a 
cell) or by rectified inhibition (the absence of effective 
inhibition in the resting state because of a very low 
spontaneous activity level). We chose to use rectified 
inhibition in the simulation because it is often found in 
cortical neurophysiological measurements while shunt- 
ing inhibition appears to be rare in the cortex (Berman, 
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Douglas, Martin & Whitteridge, 1991). This is achieved 
by setting the thresholds of the silent surround cells so 
that the resting levels are very low. The effect of this 
rectification, together with the 2:1 center:surround 
weighting of the spectrally opponent cells, is to make the 
V4 cells in the simulation primarily dependent on the 
spectral sensitivity of the centers of the opponent cells 
which provide input to the cell. In this sense, the 
responses of the V4 cells in the simulation are measuring 
the difference in activity between the contributions of 
cones of the same type in the center and the surround. 
Therefore, we refer to the response of the V4 cells in the 
simulation as measuring spectrally-specific contrast. 

Desimone, Schein and their colleagues (Moran, 
Desimone, Schein, & Mishkin, 1983; Desimone & 
Schein, 1987) reported that the effect of stimulation in 
the silent surround decreases with increasing distance 
from the classical receptive field. Psychophysical results 
also show a decrease in the effect of inducing regions 
with increasing distance (e.g. Tiplitz Blackwell & 
Buchsbaum, 1988a; Valberg & Lange-Malecki, 1990; 
Wesner & Shevell, 1992; Zaidi, Yoshimi, Flanigan & 
Canova, 1992). To incorporate these observations into 
the simulation, the inputs to the surround are weighted 
according to distance from the center by a negative 
exponential function [see Fig. 1(b)]. 

The strengths of the centers and silent surrounds of V4 
cells appear to be well balanced; stimulation of the 
surround can completely inhibit the response to stimu- 
lation of the center (Schein & Desimone, 1990). Because 
the silent surround cells in V4 respond only when there 
is a difference, either in wavelength or luminance, be- 
tween the center and the distant surround, these cells are 
particularly well suited for carrying information about 
contrast. However, for those images that have little 
spectrally-specific contrast, or an unknown or non-gray 
average chromaticity (e.g. blue sky, green forest), the d.c. 
(or local average chromaticity) information is also im- 
portant. It is significant, therefore, that approx. 10% of 
the cells found in V4 did not have silent surrounds. The 
cells without silent surrounds have the same classical 
receptive field response as those cells with silent sur- 
rounds. These cells have the capacity to carry the 
(spatial) d.c. portion of the signal, i.e. to respond to 
homogeneous fields as well as edges and small spots. 
These center-only cells have been included in the net- 
work and we refer to them as "local reference cells" 
because they provide the normalizing reference infor- 
mation for the contrast cell responses. 

The responses of analogous V4 stage "cells" in the 
simulation were created directly using the outputs of the 
spectrally opponent stage. A positive contrast cell re- 
ceives its input, excitatory from the center and inhibitory 
from the surround, from on-center spectrally opponent 
cells. Therefore, the positive contrast cells respond to 
images for which the input to its classical receptive field 
is greater than the input to its silent surround. We have 
also included negative contrast cells which receive input 
from off-center cells, and therefore respond when the 
center input is less than the surround input. While, to 

our knowledge, there has been no systematic study of 
off-center cells in V4, given the symmetry of on- and 
off-populations of cells in earlier stages and the common 
observation that color constancy and color induction are 
seen in negative as well as in positive contrast stimuli, it 
seems reasonable to propose a negative contrast cell 
analogous to the positive contrast silent surround cells. 
Alternatively, the functions of both the negative and 
positive contrast cells in the simulation could be 
achieved by the V4 cells, also described by Schein and 
Desimone (1990), which had silent surrounds with both 
spectrally-specific inhibition and spectrally opponent 
excitation. 

In order to combine the physiological information 
from the local reference and contrast cells into a simple 
set of outputs which could be compared to human color 
perception, we combined the outputs of these V4-like 
cells into a simple push-pull mechanism. [This stage is 
shown in Fig. 1(b).] We used one reference cell for every 
pair of positive and negative contrast cells. The output 
of this final network stage is determined by the response 
of the local reference cells, enhanced by the positive 
contrast cells, or inhibited by the negative contrast cells. 
This is given by the equation: 

O =B +c,P -c,N (6) 

where O is the output. B is the local reference response, 
P is the positive contrast response, N is the negative 
contrast response, and c, and c\ are constants. The 
constants c, and c: were chosen, together with a to give 
an average constancy shift of 20% of the distance 
between the color of the reflectance under the standard 
illuminant and the color of the reflectance under the test 
illuminant. This is consistent with psychophysical data 
(Tiplitz Blackwell & Buchsbaum, 1988b). 

(vi) Matching procedure 

After the image was processed by these three model 
stages, we needed to assess the input-output relationship 
in a manner similar to the psychophysical experiments. 
We, therefore, used a process analogous to the psycho- 
physical  matching  paradigm  (see   Fig.  4).  The  final 
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FIGURE 4. Block diagram of the matching procedure. Paths (I) and 
(2) are the storage procedure and take place simultaneously. Repeating 
this process results in the storage in memory of a lookup table of 
input/output pairs for 2625 evenly spaced colors under standard 
background and illuminant conditions. Once this is complete, the 
output of the network for a test image is compared to the outputs for 

the standard images and the closest match is determined (path 3). 
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output is a single set of three cells whose receptive fields 
are centered on the middle of the input image. (Because 
the sizes of the receptive fields increase with each sub- 
sequent stage in the network model, the dimensions of 
the network layers decrease progressively in order to 
reduce edge effects.) If the outputs for two different 
images are equal, then the centers of the two images are 
said to "match". 

In order to do this matching efficiently, for each set of 
simulation parameters, outputs were determined for 
2625 colors [from Table 1(6.6.1) of Wyszecki and Stiles 
(1982) which lists CIE coordinates for Munsell colors] 
using a standard background and illuminant. Unless 
otherwise indicated, reported matches were made using 
calculated input images corresponding to a single small 
square (3x3 input units) of a Munsell reflectance 
against a uniform gray (Munsell N6.0) background 
under CIE standard illuminant C. These standard out- 
puts are then stored with their corresponding input 
values in a look-up table. Then, when the test image is 
shown to the network, its output is compared to the 
stored outputs for the standard images. The standard 
input color which corresponds to the stored output 
closest to the test image output is reported as the 
"match". 

SIMULATION RESULTS 

(i) General constancy and induction abilities 
We tested the network with various stimuli to deter- 

mine how well it would follow human perception in the 
primary aspects of color constancy and color induction. 
The first simulated experiment tested brightness con- 
stancy and brightness induction. The center of the image 
was a single small patch (3x3 units) of the gray Munsell 
reflectance N6.75. The background of the first test image 
was Munsell reflectance N6.0. Constancy was tested 
using several different luminances of a spectrally flat 

illuminant. Matches were made using a N6.0 back- 
ground and CIE standard illuminant C which gives a 
luminance of approx. 43 cd/nr for the N6.75 reflectance. 
Therefore, for the N6.75 center reflectance under other 
illuminants, perfect luminance constancy would be 
achieved if the matches also had a luminance of 
43 cd/nr. 

The results are shown in Fig. 5. Because the chromatic 
changes under these conditions were small, only the 
luminance results are shown. The input luminances are 
shown by the black columns. The gray columns rep- 
resent matches to the center of the first test image under 
the different levels of illuminant. For the N6.0 surround 
condition (the same surround used for the match con- 
dition), the match luminances were equal to the physical 
luminance (43 cd/nr) of N6.75 under tjie standard illu- 
minant for all the different test illuminants, demonstrat- 
ing brightness constancy. For the second test image a 
lighter background, N7.5, was used. The matches for 
this image are shown by white columns. Again, all 
illuminant conditions produce matches of the same 
luminance, demonstrating brightness constancy. How- 
ever, the presence of the lighter surround shifts the 
luminance matches to a smaller value, the correct shift 
direction for brightness induction. 

For color constancy, 10 different colored reflectance 
patches were used with three different illuminants. The 
reflectances were chosen, one of each Munsell hue, as a 
representative sample of Munsell chips of moderate 
luminances. One illuminant peaked at 440 nm, one at 
560 nm and one at 660 nm. Again CIE standard illumi- 
nant C was used for the match condition. For both the 
match and test images, the background was Munsell 
reflectance N6.0. For most of the reflectance-illuminant 
pairs (25 out of 30), some degree of color constancy was 
obtained by the network. Figure 6 shows results for two 
of the 10 reflectance patches under the three colored 

80% 90% 100% 

luminance of test illuminant as a percentage 
of the luminance of the match illuminant 

135% 

input I   I  N6.0 surround I   I N7.5 surround 

FIGURE 5. Demonstration of the network's ability to do both brightness constancy and brightness induction. The luminances 
of the illuminants used are given as a percentage of the luminance used for the matching condition. When the surround 
reflectance is the same as in the match condition (N6.0) the luminances of the matches are all equal to the physical luminance 
of the test patch under the standard illuminant, demonstrating brightness constancy. When the surround reflectance is a higher 

luminance, all of the matches shift to a lower luminance, demonstrating brightness induction. 
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Blue-Green Reflectance Input Blue-Green Reflectance Matches 

FIGURE 6. Two examples of the network's color constancy ability. The left two graphs show input values (cone activation 
levels: R. G. B) for two reflectances under four different illuminants (peaking at 440, 560, and 660 nm, and illuminant C ). The 
right two graphs show the matches to those inputs. If the network showed perfect color constancy, all the matches for a single 
reflectance would be at a single point. If the network showed no color constancy, the matches would be identical to the inputs. 

(Note that in some graphs, plotted points superimpose.) 

illuminants and illuminant C. A match is considered as 
"achieving some degree of color constancy" if the differ- 
ence (in color space) between the color of the match and 
the "true color" is less than the difference between the 
"true color" and the "physical color". Both "true color" 
and "physical color" are defined by their computed 
coordinates in the RGB space described earlier. "True 
color" is the computed coordinates of the reflectance 
under standard illuminant conditions, and "physical 
color" is computed coordinates of the reflectance under 
the test illuminant. A "shift toward constancy" is a shift 
of the match toward the true color and away from the 
physical color. In the color constancy tests, the matches 
made by the network are somewhat color constant, but 
do not completely compensate for the illuminant change. 
The size of the constancy shift is different for each 
reflectance-illuminant pair and the amount of compen- 

sation can be varied by changing a, c,, and c:. However, 
we were not able to achieve perfect color constancy for 
all stimuli with any of the parameter combinations that 
we tried. This is not unexpected since human color 
"constancy" is also imperfect (see review in Beck, 1972; 
Tiplitz Blackwell & Buchsbaum, 1988b). 

In a second test of color constancy, we simulated the 
McCann Mondrian experiment (McCann, McKee & 
Taylor, 1976). The experimental set-up is shown in 
Fig. 7(a). Two identical Mondrians were simulated, one 
under a standard neutral illuminant (CIE illuminant C) 
and the other under a combination of illuminants chosen 
so that the center colored patch [purple-blue in the 
example shown in Fig. 7(b)] under that illuminant would 
have the same R, G, B as a gray (N7.5) patch under the 
standard illuminant. Matches were made using the 
Mondrian as the background rather than the neutral 
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(a) 

(b) 
McCann Mondrian Simulation with 

Purple-Blue Center Reflectance 

30     40     50     60 
G 

70 

FIGURE 7. (a) McCann Mondrian set-up for the psychophysical 
experiment (McCann el at.. 1976) and for the present simulation. The 
two Mondrians are identical except for the reflectance of the center 
patch. The first one is under a neutral illuminant (illuminant 1). The 
second is under a combination of three illuminants whose luminances 
have been adjusted so that the R, G, B values (cone activation levels) 
of the center patch in that Mondrian are equal to the R, G, B values 
for a gray reflectance under the neutral illuminant (illuminant 2). The 
central patch in the first Mondrian (under the neutral illuminant) is 
then chosen to '"match" the (perceived) color of the center patch in the 
Mondrian under illuminant 2. (b) The modefs results for the simulated 
Mondrian constancy experiment. The network demonstrates a shift 
toward constancy in both color and brightness by moving away from 
the "physical color" (input under illuminant 2) and towards the "true 

color" (input under white reference illuminant 1). 

uniform field used in the other simulations [see Fig. 7(a)]. 
The color chosen for the center patch of the Mondrian 
under the standard illuminant to match the center of the 
Mondrian under the second illuminant. again, showed a 
tendency toward constancy, but not perfect compen- 

sation. For perfect constancy, the match would have to 
be identical to the color of the test patch under neutral 
illumination. For no color constancy, the match would 
have been equal to the color of the gray patch under 
neutral illumination. 

Next, to test the spatial properties of color induction, 
we used small (3x3 units) reflectance patches sur- 
rounded by an annulus the width of which varied from 
0 to 4 input units. The center patches and the surround- 
ing annulus were separated by a neutral gap of 0 to 4 
units in width. The diameter of the V4 surrounds in the 
simulation was 11x11 input units. Beyond the annulus, 
the background was the same neutral as the gap. The 
stimulus is shown in Fig. 8(a). As the width of the gap 
was increased, the amount of induction decreased [see 
Fig. 8(b)]. When the gap was 4 units wide, the annulus 
was outside the receptive field of the V4 cells and there 
was almost no induction. The induction effect did not 
disappear in the presence of a small gap as it would with 
a contrast mechanism which was highly localized. In 
addition, if the gap width is fixed and the width of the 
annulus is increased, the amount of induction increases 
[see Fig. 8(c)]. These results agree with those presented 
for the analogous psychophysical experiment by Tiplitz 
Blackwell and Buchsbaum (1988a). 

The observation that induction is still noticeable when 
a neutral gap separates center and annulus. suggests that 
this same, large, spatially distributed spectrally-specific 
contrast mechanism could also account for the color 
context effects in psychophysical experiments by Wesner 
and Shevell (1992) in which they demonstrated that local 
contrast alone could not entirely account for color 
appearance. Wesner and Shevell used monochromatic 
lights to test color context effects, using the color 
cancellation method for a unique yellow center. The 
results for a simulation of these experimental conditions 
are shown in Fig. 9. The stimulus is shown in the figure 
inset. The stimulus used for the simulation consists of a 
central test spot (3x3 input units), an adjacent sur- 
rounding annulus (1 unit wide), and a distant surround- 
ing annulus (3 units wide) immediately outside the 
adjacent annulus. The simulation was done using 
matches instead of cancellation, but the general results 
are the same. The results show that both areas adjacent 
to the test spot and distant areas affect the predicted 
color match. Green in either the adjacent or distant 
surround shifts the appearance of the yellow center 
toward red. Red in the distant surround shifts the 
appearance of the center toward green. Increased lumi- 
nance of the test spot relative to the surround luminance 
decreases the induction effect. 

(ii) The roles of V4 and adaptation 

To understand what each stage contributes to color 
constancy and color induction, we repeated several of 
these simulated experiments with various stages in the 
network eliminated or modified. By eliminating the 
adaptation stage, we found that many of the general 
properties of color constancy could be achieved by the 
cortical spectrally-specific push-pull mechanism alone. 
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FIGURE 8. (a) Simulation image used to measure the spatial properties of color induction. Width of the gap and of the 
surround can be varied. The center patch is 3 x 3 input units, the same size as the centers of the V4 receptive fields, (b) Results 
for one example of color induction. The center reflectance is blue-green. A blue surround increases the G B ratio for the matches 
(circles), while a green surround decreases the ratio (diamonds). As the gap between center and surround is increased, the 
induction effect decreases. At 4 units separation, the surround of the stimulus is outside of the silent surrounds of the V4 cells, 
(c) With no gap. the width of the surround is varied. As the width of the surround increases, the amount of induction increases. 
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Likewise, for most reflectance-iliuminant pairs, adap- 
tation alone also results in some degree of constancy. An 
example is shown in Fig. 10. However, each of these 
stages works best in different situations. 

The size and direction of the color shift depends on 
stimulus conditions. An illuminant which causes a larger 
shift in the color signal (reflectance times illuminant) for 
the center test patch than for the surrounding back- 

ground, such as a red test spot on a neutral background 
under red illuminant, causes an adaptation shift in the 
direction of constancy. However, the V4 stage for 
this stimulus increases the illuminant's influence rather 
than decreasing it because the R cone contrast is posi- 
tive. On the other hand, an illuminant which causes a 
larger shift in the background than in the test spot, such 
as a blue illuminant on a yellow test spot with a neutral 
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FIGURE 9. Results for the simulation of a color context stimulus, shown at the top right. The test spot is yellow, the adjacent 
surround is green (540 nm), and the distant surround is either green, red, or white. The figure shows the change in the (R'G) 
ratio from the neutral surround condition to the match for the yellow spot with the various colored surrounds. The results 
show that both areas adjacent to the test spot and distant areas affect the predicted color match. Green in either the adjacent 
or the distant surround increases the R/G ratio of the match, while red decreases the ratio. Increased luminance of the test 

spot relative to the surround luminance decreases the induction effect. 

Input 

Matches, Adaptation Only Matches, V4 only 

FIGURE 10. Color constancy simulation results plotted as in Fig. 5. The left graph shows the matches obtained when the 
V4. spectrally-specific contrast stage is eliminated and, therefore, only adaptation contributes to color constancy. The right 
graph shows the matches when adaptation is eliminated and, therefore, only the cortical spectrally-specific contrast mechanism 

contributes. 
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background, results in a large shift toward constancy at 
the V4 stage. In fact, the V4 stage overcompensates, 
causing color induction. The adaptation stage contri- 
bution depends on the degree of localization. Highly 
localized adaptation (perfect fixation) in this case results 
in almost no constancy shift, while less localized adap- 
tation does cause a shift toward constancy. 

The main reason for the difference in the color con- 
stancy contributions of these two stages can be seen in 
the spatial sensitivity profiles of each mechanism (see 
Fig. 11). The adaptation stage sums its input across both 
the test spot and the background; it is not spatially 
opponent. Whether most of the contribution is from the 
test spot or the background depends on how localized 

the adaptation is. The cortical contrast cells, on the other 
hand, receive antagonistic inputs from center and sur- 
round. Therefore, the effect of the V4 mechanism will 
depend on the difference between center and surround 
while the effect of adaptation will depend on the sum of 
inputs from both center and surround. 

In situations where both stages, separately, would be 
effective in producing color constancy, their effects are 
sometimes antagonistic. Localized adaptation can de- 
crease the contrast of the inputs to the center and 
surround of the V4 cells, making the V4 stage less 
effective. In some such cases, the size of the constancy 
shift with both stages is actually less than for either 
stage alone. However, the multi-stage system is more 

/Ok 
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response of R cone layer response of B cone layer 

A 
adaptation sensitivity profile 

A 
adaptation sensitivity profile 

positive contrast sensitivity profile negative contrast sensitivity profile 

FIGURE 11. Two stimulus conditions, each of which favors a different mechanism in the network for achieving color 
constancy, (a) A red spot will reflect a red illuminant more strongly than will a gray background of equal lightness. Therefore, 
the adaptation mechanism, which is most sensitive to the test spot will respond well to the red illuminant and provide good 
color constancy. The spectrally specific contrast mechanism, on the other hand, has a positive contrast response, and therefore, 
enhances rather than diminishes the effect of the illuminant. (b) The opposite stimulus condition. The blue illuminant is reflected 
best by the background. This leads to little response from the adaptation mechanism but a good response from the negative 

contrast cells in the final layer of the network. 
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consistent than either stage alone, because for the cases 
in which one of the stages alone would fail to produce 
constancy, the other stage can generally compensate. We 
tested the network with 10 colored test spots on a neutral 
background under 3 illuminants, as described earlier. 
Without the V4 stage, the system shifts the match toward 
constancy for 20 of 30 stimuli. Without the adaptation 
stage (but with V4) the system succeeds for 22 out of 30. 
With all stages included, the system achieves some 
degree of constancy for 25 out of 30 stimuli. For four out 
of the five stimuli for which the complete system does not 
achieve constancy, neither adaptation alone nor the V4 
mechanism alone could produce constancy. The com- 
plete system is capable of producing color constancy in 
a broader range of stimulus conditions than can be 
handled by either stage alone. The complete system, 
therefore, also has a slightly better average color con- 
stancy performance. 

We wanted to have some quantitative measure with 
which to compare the amount of constancy achieved by 
each of the stages in the model. Although 
(R2 + G2 + B2)'2 (where R, G, and Bare the normalized 
cone activation levels) cannot be considered a true 
measure of "color distance" because R, G, and B are not 
orthogonal and also because the "distances" do not 
correspond to perceptual distances, it is a good intuitive 
measurement and incorporates both color and bright- 
ness. CIELUV color differences, A£*, is a less intuitive 
measure, but one which does correspond to perceptual 
distances (Wyszecki & Stiles. 1982, p. 166). AE* was also 
computed for each input-match pair and these numbers 
gave similar results. Figure 12 shows histograms of the 
(R- + G2 + B2Y 2 "distances" from the actual matches 
under various colored illuminants to the ideal constancy 
match. The combination of both adaptation and V4 
results in both a slightly smaller mean distance and a 

o 
input 

adapt only 
V4 only 

all stages 

FIGURE 12. Histograms of the distances of each of the matches from 
perfect constancy. Distances are plotted separately for input, and for 
the network matches with adaptation only. V4 stages only, and all 
stages active. The plots show that while adaptation alone and V4 alone 
are each effective in reducing the largest color differences, all of the 
stages working together are able to achieve a lower average distance, 

and therefore "better" color constancy, than either stage alone. 

smaller range of distances than either stage alone. 

(Hi) Spectrally opponent vs spectrally-specific stages 

The spectral sensitivities and center-surround organiz- 
ation of receptive fields in the opponent stage modify the 
inputs to the spectrally specific cortical stage. The effect 
that this intermediate stage has on the final output 
depends on the spatial structure and spectral compo- 
sition of the input image (i.e. the segment sizes, spatial 
frequency content, number of edges, amount of chro- 
matic and luminance contrast at the edges). In the 
following section we examine the effects that the op- 
ponent stage has on the input signal that it provides to 
the final stage of the network, and the effect that these 
modifications have on the output of the network. 

Responses to high and low spatial frequency stimuli. If 
a low spatial frequency input (such that center and 
surround of the receptive field receive approximately the 
same input) to a spectrally opponent R-G cell changes 
in color, from yellow to red, without changing in lumi- 
nance, the cell will receive both an increase in excitation 
and a decrease in inhibition. Spectral opponency. there- 
fore, results in a high gain for low spatial frequency 
purely chromatic signals. On the other hand, the re- 
sponse to a low spatial frequency luminance stimulus 
will be attenuated because the increase (or decrease) in 
excitation will be offset by the increase (or decrease) in 
inhibition. At high spatial frequencies, this response 
relationship is reversed for cells which are spatially as 
well as spectrally opponent. A cell whose inhibitory 
surround falls partially on the darker side of a luminance 
edge will receive less inhibition than a cell which has 
both center and surround receiving input entirely from 
the higher luminance region (see Fig. 13). This cen- 
ter-surround receptive field structure, therefore, leads to 
enhancement of the cells responses to luminance edges. 
This is shown by the response of the spatially opponent 
cells in the network simulation. 

On the other hand, at an equiluminant chromatic edge, 
a spectrally and spatially opponent cell may receive more 
inhibition from a surround which receives input partly 
from the other side of the color edge, if the surround is 
more sensitive to that color. As the response of the 
spectrally and spatially opponent layer of the network 
shows, this increase in inhibition results in a blurring of 
the chromatic edge response, an attenuation of high 
chromatic spatial frequencies (see Fig. 13). Because the 
V4-type spectrally-specific contrast cell has a very large 
receptive field, both the high and low spatial frequency 
responses of the spectrally opponent cells, which com- 
prise the input to the V4 cell, are linearly summed. 

The effect on color induction There has recently been 
some discussion in the field regarding the effect of the 
image spatial structure on color induction. Valberg and 
Lange-Malecki (1990) presented evidence that the color 
induction shift caused by a Mondrian background was 
the same as the induction caused by a homogeneous 
background whose chromaticity and luminance were 
equal to the spatially weighted average of the Mondrian 
background. This homogeneous background was termed 
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FIGURE 13. (a) Response of the R on-center spectrally and spatially opponent network layer to a light gray square on a dark 
gray background. The response to luminance contrast shows edge enhancement, unlike the response to an equiluminant color 
edge, shown in (b). Response of the R on-center spectrally and spatially opponent network layer to a red square on an 
equiluminant yellow background. The response to color contrast shows blurring at the edges, demonstrating low pass filter 
behavior, (c) The location of a cell's receptive field relative to a color or luminance edge affects its level of response. In the 
luminance contrast stimulus a cell with its receptive field at location 2 would have a greater response than a cell at location 
1 because cell 2 would receive less input to the inhibitory portion of its receptive field. Similarly, a cell at location 3 would 
have a smaller response than a cell at location 4 because cell 3 would receive more inhibition. In other words, for luminance 

contrast resp2 > respl > resp4 > resp3, while for color contrast respl > resp2 > resp3 > resp4. 

the "equivalent surround". Two additional psychophysi- 
cal studies have since shown that perhaps the equivalent 
surround calculation must include some edge enhance- 
ment before the spatial average is computed (Brown, 
1993; Wesner & Shevell, 1993). Because the opponent 
stage of the network causes luminance edge enhance- 
ment and the silent-surround stage calculates a spatially 
weighted average, we expected the simulation to show 
similar behavior. 

We tested this hypothesis with the current simulation 
by using several input images whose surrounds had 
identical average color and luminance properties, but 
had an increasing number of high frequency edges. The 
stimuli and the results are shown in Fig. 14. The 
equivalent surround hypothesis predicts that such sur- 
rounds would have identical induction effects on the 
center test patch. The simulation outputs showed only 
very small changes with increased number of edges in the 
surround if the edges were purely chromatic. As ex- 
plained above, a chromatic edge is not enhanced by the 
spectrally opponent cells. There was also no significant 
change when the luminances and saturations of all 
recions  in   the  surround   were  such   that  all  of the 

opponent cells were operating in the linear range of their 
response functions. However, there was a change in the 
output when some of the regions in the image produced 
responses outside the linear range of the opponent cells. 
For these images, the edge enhancement caused by the 
opponent cells was not symmetric across the edges. 
Therefore, the spatially weighted surround calculated by 
the silent-surround cells was different for each of the 
different images. 

The effect on color induction of high spatial frequen- 
cies in both color and luminance has also been shown 
psychophysically in a different paradigm. Zaidi et al. 
(1992) showed an attenuation in the magnitude of color 
induction when an equiluminant surround included high 
spatial frequencies. Shevell and Wesner (1990) found a 
larger decrease in the magnitude of color induction when 
a thin white ring, equiluminant with the surround color, 
was placed in the surround, than when a black ring was 
placed in the surround. Zaidi et al. (1992) argue that this 
could also be explained by an attenuation of color 
induction by high spatial frequency chromatic signals in 
the inducing surround. However, neither Zaidi et al. 
(1992)   nor   Wesner   and   Shevell   (1990)   found   this 
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these stimuli, however, are not always identical. The sum of the squares of the outputs is shown for each of the four stimulus 
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inputs (R, G. B) = (24.2, 17.9, 9.8) and (24.2, 17.9, 79.8)] and for red-green surrounds [shown by diamonds, inputs = (44.2^ 
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However, when the surround was gray and black [shown by circles, input = (51.3, 41.85, 29.7) and (0, 0, 0)] there was a 

significant difference in output for different surround spatial structures. 

attenuation when the high spatial frequencies in the 
inducing surround were due to luminance changes. 

This behavior is also shown by the current network. 
Although the V4 stage linearly sums, its inputs from 
spectrally opponent cells, those inputs depend non- 
linearly on the spatial frequency properties of color and 
luminance variations in the image. High spatial frequen- 
cies in color cause an attenuation of the color signal at 
the spectrally opponent layer, while high spatial frequen- 
cies in luminance are enhanced. Therefore, if the color 
regions within the inducing surround are equiluminant, 
the presence of high spatial frequencies will attenuate 
the input to the spectrally specific contrast stage and 

subsequently will reduce the amount of induction 
relative to that induced by a homogeneous surround. 
To test this, we used an input image similar to that used 
by Wesner and Shevell (1990), a yellow test spot with 
either a red surround or a green surround. The red 
surround was either spatially homogeneous, or con- 
tained a thin ring around the test spot which was either 
black or a white which was equiluminant with the 
surround. 

The results are shown in Fig. 15. The presence of the 
thin white ring in the surround significantly diminishes 
the color induction effect on the yellow center. However, 
the thin black ring, causes much less decrease in the color 
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induction. The equivalent surround hypothesis (Valberg 
& Lange-Malecki, 1990) implies that the black ring 
would cause a greater decrease in induction than the 
white ring. The chromaticities of spatially averaged 
surrounds in the two cases are identical, but the lumi- 
nance of the surround with the white ring is higher. 
Psychophysical experiments have shown that, in general, 
higher luminance surrounds have greater induction 
effects than lower luminance surrounds (Jameson, 
Hurvich & Varner 1979). However, the presence of the 
spectrally opponent stage before the spatial integration 
and induction of the spectrally specific contrast stage, 
results in the opposite effect. The luminance contrast of 
the black ring causes an enhancement of the response to 
the red surround in the area surrounding the black ring 
(see Fig. 15). The chromatic contrast of the white ring, 
on the other hand, causes a decrease in the response of 
the spectrally opponent cells to the red surround near the 
white ring. 

The frequency dependent responses of the spectrally- 
opponent cells provide the inputs to the final stage of the 
network. Therefore, the surround is spatially integrated 
only after the stimuli have been altered by the spectrally 
opponent stage. The net effect of the increased contrast 
response  at   the  opponent  stage  in  both  color  and 
luminance is to enhance the contribution of the spec- 
trally-specific contrast stage which uses that contrast 
information  in  the push-pull  mechanism.  These en- 
hancements are most significant when the positive and 
negative changes in  inputs occur in cells which  are 
operating in different parts of their response curves, and 
which, therefore, have different gains. In these cases, the 
changes caused by the opponent cells on either side of 
an edge do not cancel each other when the V4 cells sum 
these inputs. Because the opponent stage increases con- 
trast under certain conditions, it can sometimes contrib- 
ute to color and brightness induction via the V4 stage of 
the network. However, color induction decreases with 
increasing distance between center and inducing sur- 
round (e.g. Tiplitz-Blackwell & Buchsbaum, 1988a). The 
color opponent stage works in the opposite direction of 
these observations for high spatial frequency stimuli by 
decreasing color contrast. This property, combined with 
the lower sensitivity, compared to other stages, to global 
luminance changes and to spectrally-specific contrast, 
preclude  consideration  of the  color  opponent  stage 
as a direct contributor to color constancy and color 
induction. 

(iv) Nonlinearities 

With limited adaptation, high or low luminance inputs 
can cause the cells to respond in the nonlinear portion 
of the response curve, saturating or rectifying respect- 
ively the cells" responses (see Figs 2 and 3). Allowing 
time for adaptation to take place prevents this to some 
degree, but if the luminance change is too large even long 
term adaptation will not compensate enough. The pre- 
dicted color matches then move toward neutral (Fig. 16). 
This is analogous to surfaces appearing either "washed 
out" in very bright light or "muddied" in very dim light. 

However, this situation makes matching difficult because 
very different inputs (stimuli) can give very similar 
outputs (percepts). 

The luminance levels of the images used for testing this 
system and the values for the slope and threshold of each 
cell type were chosen to prevent the cell responses from 
being significantly saturated or rectified under most 
circumstances. The nonlinearities were nonetheless im- 
portant to the behavior of the network, however, be- 
cause even at mid-range luminance levels saturated 
colors can cause individual color channels to respond 
outside of their linear range. The effect is that the gain 
of the induction shifts in each color channel will be 
different for different input images. For example, the 
gain of the induction in the B cells of the network is 
much less for a saturated yellow input than for a blue 
input. The effects of the nonlinearities on the spectrally- 
opponent stage responses were described in the previous 
section. However, the qualitative effects of the nonlinear- 
ities on the general behavior of the network were usually 
small. 

DISCUSSION 

We have described a model of color constancy and 
color induction which is based on aspects of the anatomy 
and physiology of the primate visual system. In a 
number of simulations, the model demonstrates a degree 
of constancy and induction which is similar to that 
shown by human psychophysics in previously reported 
experiments. The color constancy literature has generally 
been a retinal vs cortical mechanism debate. Although 
many have argued for a two-stage process (e.g. 
Walraven, 1976; Werner & Walraven. 1982; Arend & 
Reeves, 1986; Shevell et al, 1992), the emphasis has 
often been on determining which stage is most import- 
ant. The results of this simulation emphasize the import- 
ance of both retinal and cortical mechanisms in a 
cooperative multi-stage system. By systematically adding 
or eliminating each processing stage during the simu- 
lations, we could draw several conclusions about the 
contributions and interdependence of these stages. 

We have shown that a simple push-pull contrast 
mechanism which uses V4 silent surround cells can. 
alone, accomplish a significant amount of both color 
constancy and color induction effects. Given some 
amount of spatio-temporal integration, adaptation alone 
can also achieve a degree of color constancy. We found 
that the effects of receptor adaptation and the V4 
mechanism both depend on the particular stimulus 
conditions and that when one stage cannot achieve color 
constancy another stage can often compensate. There- 
fore, a system which combines both adaptation and 
cortical processing can achieve color constancy in a 
greater range of stimulus conditions than can either 
stage alone. 

The approach taken here is quite different from many 
of the previous approaches to color constancy. Recently, 
much attention has been given to computational theories 
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the need for adaptation under changing luminance conditions. 

for color constancy which estimate the surface reflec- 
tance by mathematically separating the illuminant from 
the reflectance. This is generally done by describing the 
reflectance and illuminant each as a sum of three basis 
functions (see review by Lennie & D'Zmura, 1988). The 
resulting set of equations is underdetermined. In order to 
solve this set of equations, these models require either 
restrictions on the reflectances, such as a gray average 
chromaticity, some a priori knowledge of the illuminant, 
or assumptions about the mathematical structure of 
reflectances and illuminants (Buchsbaum, 1978, 1980; 
Brill, 1978; Maloney & Wandell, 1986; D'Zmura & 
Lennie, 1986; Gershon & Jepson, 1989; Rubin & 
Richards, 1982; Dannemiller, 1989; Troost & de Weert, 
1991a; Brainard & Wandell, 1991). A comprehensive 
mathematical analysis of the problem, generalizing the 
earlier approaches and using multiple surfaces 
and/or illuminants, is given by D'Zmura and Iverson 
(1993a, b). 

There are additional restrictions which allow solutions 
to the reflectance-illuminant separation problem. 
One solution is to require the number of photoreceptors 

to be greater than the dimension of the reflectance 
space: (Maloney & Wandell. 1986). This solution 
enables simple reflectance-illuminant separation algor- 
ithms. However, this implies that either one must 
severely limit the reflectances that the algorithm can use 
or that more than three photoreceptor types be involved. 
Another attempt was made by Faugeras (1979) who 
developed a filter to separate the reflectance and illumi- 
nant by taking the logarithm of the reflec- 
tance-illuminant product, thus turning the product into 
a sum which may be separated by a linear filter. How- 
ever, the algorithm encounters difficulties when both the 
illuminant and the reflectance vary so that their spatial 
Fourier spectra overlap. The current approach does not 
try to explicitly calculate the reflectance or illuminant 
spectrum, and so does not require any of these assump- 
tions or restrictions. 

Several "lightness" algorithms which have been pre- 
viously proposed for color constancy, including the 
Retinex (Land & McCann. 1971), have been shown to be 
mathematically equivalent to a local spatial derivative 
plus a normalization term (Hurlbert,  1986). Similarly. 
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some have argued that the Retinex is essentially the same 
as Von Kries adaptation in that each is a renormaliza- 
tion of color channel activities relative to some white 
reference (see review by Jameson & Hurvich, 1989). In 
this sense, the adaptation stage and the spectrally- 
specific contrast stage in the simulation are also similar, 
as are the multiplicative adaptation and the subtractive 
adaptation mechanisms for color constancy described by 
previous researchers (Hayhoe et al., 1987; Hayhoe & 
Wenderoth, 1991). However, there are several important 
differences in the operations described here which allow 
them to cover different stimulus conditions and, there- 
fore, to cooperate in their contributions to color con- 
stancy. 

First, the cone adaptation stage has a permanent white 
reference which is set by the midpoint of the range of 
possible threshold values. The adaptation stage also has 
a long-term adaptation reference which is usually close 
to neutral because it is established through exposure to 
many different stimuli over a long period of time. Faster, 
more localized adaptation effects are deviations from 
this long term reference. The reference for the spectrally- 
specific contrast stage is the activity of the "local refer- 
ence" cells. The spectrally-specific contrast reference is 
not fixed, but instead changes with each new image. This 
reference is not usually neutral. The spectrally-specific 
contrast mechanism described here is also different from 
most  "lightness"  algorithms in  that the normalizing 
reference is measured locally, rather than globally. In 
addition, the spatial profiles of the two constancy mech- 
anisms are different. The effect of localized adaptation 
depends more heavily on the central test spot, while the 
effect of the large surrounds in the spectrally-specific 
contrast operation are more affected by the background 
stimulus. 

The effect of the spectrally-specific contrast operation 
can be increased by the spectral and spatial opponency 
of the preceding stage which enhances color and bright- 
ness contrast for low spatial frequencies. The simulation 
results regarding the effects of image spatial structure on 
color induction are in agreement with the psychophysical 
results of Wesner and Shevell (1990). The simulation 
results confirm the assertion of Zaidi et al. (1992) 
that the psychophysical results could be explained by 
a mechanism which selectively attenuates high frequency 
chromatic stimuli before color induction takes place. 
The spectrally opponent cells reduA the effectiveness 
of high frequency chromatic inputs in the surround 
prior to spatial integration and induction by the 
spectrally-specific mechanism. This agreement of the 
model with the psychophysical data lends support to 
the idea that at least part of the color induction 
mechanism must lie beyond the stage which gives a 
low-pass response for color stimuli and a band-pass 
response for luminance stimuli. In other words, there are 
color induction mechanisms beyond the retina. If there 
are additional post-retinal contrast enhancing processes, 
these will also alter the equivalent surround of a complex 
image if these processes take place before the spatial 
integration in V4. 

Another difference between the retinal and cortical 
stages which has not yet been incorporated into the 
current model is the existence of more than three distinct 
color channels in the cortex. This paper addresses the 
processing of color information in terms of color con- 
stancy and color induction, but does not address the 
more complex problems of image representation. Spec- 
tral sensitivities of cortical cells have been shown to have 
peaks at many different wavelengths (Zeki, 1980; Lennie, 
Krauskopf & Sclar, 1990; Schein & Desimone, 1990) 
indicating a more distributed representation of color 
information in the cortex. There are also questions 
remaining about how the processed color information is 
then integrated with information about image segmenta- 
tion and object perception. The output of the simulation, 
which represents color information at a single point in 
the image is, most likely, highly simplistic. 

Our goal was to examine the effects and interactions 
of color processing mechanisms rather than specific 
cellular mechanisms. We cannot rule out other possible 
implementations of the processing stages used in this 
network because many anatomical substrates can ac- 
complish very similar processing tasks. We intentionally 
abstracted some of the anatomical details so that the 
emphasis would be on the information processing mech- 
anisms themselves. The model is robust enough that the 
primary results do not depend on any particular par- 
ameter value or anatomical implementation. Eventually, 
we would like to make the simulation and our predic- 
tions for psychophysical and physiological experiments 
more quantitative. This will require more anatomical 
detail and more indepth parameter optimization. There 
are many parameters in the simulation which are not 
directly determinable from current physiological data. 
As a first step, however, we wished to address more 
general questions regarding color information process- 
ing in the visual system, independent of the specific 
anatomical implementation. 

The implementation of the adaptation stage in the 
simulation was particularly difficult because it is a 
dynamic process in an otherwise static model. In order 
to calculate what the adaptation state should be, as- 
sumptions had to be made regarding the previous stimuli 
presented to each cone during the adaptation period. 
This depends on the conditions of the experiment being 
simulated. The results will be different for different types 
of viewing conditions (e.g. haploscopic, simultaneous 
match and test stimuli, or memory matches). We as- 
sumed in these simulations that prior to each stimulus 
presentation, there was long-term adaptation to a mod- 
erate luminance neutral uniform field. We calculated the 
adaptation shift (away from the neutral adaptation 
state) each time a new stimulus was presented, whether 
that stimulus was the test stimulus or the match. A 
gaussian weighting function was used because each 
image had a central region of interest and was either 
symmetrical about that central region, or had a 
Mondrian background which had a random distribution 
of color patches. As has been discussed in numerous 
psychophysical studies, the experimental conditions can 
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greatly affect the adaptation state of the visual system. 
The same is true with our simulation. 

One possible extension of this model involves solving 
the problem of image scale invariance which, in the case 
of human color perception, means that the color of an 
object does not change significantly with size, provided 
that the regions surrounding that object are scaled in the 
same proportion. In other words, this is the common 
observation that objects don't change color as we walk 
toward them. One possible solution is dynamic receptive 
fields which adapt to match the spatial scale of the 
stimulus. Pettet and Gilbert (1992) have recently found 
physiological evidence for stimulus-dependent dynamic 
receptive fields in cortical area VI. In addition, Moran 
and Desimone (1985) reported cells in V4 and inferior 
temporal cortex whose responses depended on the state 
of attention of the animal. While evidence for very rapid 
stimulus dependent receptive field changes is still pre- 
liminary, if such mechanisms do exist then these dynamic 
properties could be incorporated into the V4 mechanism 
described here to allow for image scale invariance. 

There are also additions that could be made in order 
to include other aspects of color perception. For 
example, it is known from psychophysics that there are 
contributions to brightness induction from binocular 
depth information (Schirillo & Shevell. 1993) and sur- 
face segmentation (White. 1979). There are also task 
dependent surface/illuminant segregation influences 
(Arend & Reeves, 1986; Troost & de Weert, 1991b; 
Craven & Foster, 1992). There are many interacting 
processes involved in color perception and no single 
mechanism can be credited with achieving "color con- 
stancy". In addition to color constancy and color induc- 
tion, the stages of the network described here are rather 
basic processes and each stage is likely to serve many 
other roles in the visual system as well. The present study 
provides a different perspective in the debate as to 
whether retinal or cortical mechanisms have a greater 
contribution to color constancy and color induction. 
Although others have suggested the need for both retinal 
and cortical visual color processing, this paper empha- 
sized the distinct roles of each stage and the interactions 
between the stages. The two levels of processing have 
important but different effects on color constancy and 
color induction, not necessarily greater or smaller effects. 
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A biologically-based multi-stage neural network is presented which produces color constant responses to a 
variety of color stimuli. The network takes advantage of several mechanisms in the human visual system, 
including retinal adaptation, spectral opponency, and spectrally-specific long-range inhibition. This last 
stage is a novel mechanism based on cells which have been described in cortical area V4. All stages include 
non-linear response functions. The model emulates human performance in several psychophysical 
paradigms designed to test color constancy and color induction. We measured the amount of constancy 
achieved with both natural and artificial simulated illuminants, using homogeneous grey backgrounds and 
more complex backgrounds, such as Mondrians. On average, the model performs as well or better than the 
average human color constancy performance under similar conditions. The network simulation also displays 
color induction and assimilation behavior consistent with human perceptual data. 

INTRODUCTION 

Color perception can contribute to object recognition if the perceived color is a 

fixed attribute of the object surface. However, the color signal which reaches the eye, or 

any other detector, is the product of the surface reflectance and the incident illuminant. 

Therefore, this signal changes as the illuminant changes, from noon sunlight to hazy 

sunset, or from incandescent to fluorescent artificial lighting. The term "color constancy" 

has been used to describe the ability of humans and other animals [25, 30] to discount a 

portion of the illuminant in order to make more reliable judgments of surface color. Color 

induction, a related phenomenon, is the change in the perceived color of a surface due to 

its juxtaposition with other colored surfaces. Color induction enhances the color contrast 

in a scene and probably aids in object detection and surface segmentation. Color 

constancy and color induction demonstrate that human color perception depends on the 

spatial distribution of the wavelengths of light present in the entire image. Cameras and 

most artificial vision systems, on the other hand, are not color constant. Photographs 

taken in fluorescent light often look green. 

We would like both to understand how the human visual system accomplishes the 

task of discounting the illuminant, and also to build a practical artificial vision system 

which has color constancy. These are not necessarily distinct tasks. A logical way to 

design an artificial color constant system is by reverse engineering of the existing 

biological design, the human visual system. An ideal color constant system should show 

the following characteristics: 



1) Accurate object reflectance color determination 

2) Flexibility, i.e. good color output for a large variety of images. 

3) Few assumptions about the image and little a priori knowledge. 

The human visual system, as will be explained in what follows, seems to favor flexibility 

and fewer assumptions over complete accuracy. The color constancy achieved by the 

biological system is thus only approximate, but it is able to handle a large variety of 

scenes under very different lighting conditions. Depending upon the application, one may 

want to design a system which has perfect color constancy, one which more closely 

mimics the human visual system, or one which is a compromise between the advantages 

and disadvantages of each. An example of an application which would require more of an 

emphasis on accurate color discrimination would be quality control of textiles in multiple 

factories which have different lighting conditions. An application which would emphasize 

the duplication of human color perception would be catalogue printing in which the color 

of a picture of an item as perceived by a human looking at the catalogue should be the 

same as the color perceived by a human looking at the actual object being sold. 

Most previous computational algorithms for color constancy [3, 8, 13, 14, 15, 17, 

37, 42] have favored accuracy over flexibility. Most of these try to explicitly recover the 

reflectance spectrum from the reflectance illuminant product. Because the resulting set of 

equations is underdetermined, assumptions regarding either the reflectances or the 

illuminant must be made in order to find a solution. When these assumptions are not met, 

the algorithms can make color predictions far from those reported by humans. 

One algorithm for achieving color constancy which has received much attention is 

the retinex theory developed by Land [31-34]. The retinex calculates the relative 

"lightness" of each area of a scene within three separate channels, each sensitive to a 

different region of the visual spectrum. A variety of algorithms have been suggested for 

computing the lightness values. (For example [31-34], [38], [23]) The most recent 

method of calculation [33] bears a resemblance to the receptive fields of cells recorded by 

Schein and Desimone [44] in cortical area V4 in that it effectively subtracts a large 

"surround" region from a very small "center" with similar wavelength sensitivity. 

The retinex theory successfully predicts many of the basic properties of human 

color perception, but there are limitations in the algorithm in certain situations as has been 

demonstrated by Brainard and Wandell [2] and in a neural network by Moore, Allman, 

and Goodman [39]. Because the retinex records only contrast, the interior of large 

uniformly colored areas become grey. In addition, in order for the contrast information to 

be converted to color and luminance information, one of two assumptions must be made. 

Either the average chromaticity of the reflectances in a scene must be constant for all 



images (known as the grey world assumption) or the brightest region in an image must be 

a white reflectance. In addition, the retinex must assume that the illumination varies 

slowly in space while reflectances have sharp chromatic borders. Some of these 

assumptions were also used by many of the separation of reflectance and illuminance 

theories. There are many examples of images that do not fit these conditions (such as 

scenes with shadows or simple images which contain a strongly colored object). In such 

cases the retinex will predict colors far from those perceived by humans. 

Neural networks have been used for implementing the Retinex and a variety of 

other color constancy algorithms. As mentioned above, Moore et al. [39] implemented 

Land's retinex algorithm within a neural network structure. They also incorporated a 

modification in order to eliminate the color washout problem described above by 

multiplying the surround factor by the "edginess" of the area. Hurlbert and Poggio [24] 

demonstrated that, using a number of different "learning" methods in a neural network, 

including least squares gradient descent and back propagation, a linear operator could be 

found which is similar to that proposed in the Retinex algorithm. 

Grossberg [ 18] also developed a neural network simulation which obtains color 

information from the contrast at boundaries and then fills in the color into each segment of 

the image. It successfully demonstrates many aspects of brightness and color perception. 

However, because only the contrast information is preserved, the system must rely on the 

"grey world" assumption to determine the mean level to which the contrast refers. 

Therefore, as with all theories which use this assumption, the predictions of the network 

can be inconsistent with psychophysical results in scenes that have a non-neutral average 

chromaticity. Also, because it fills in each segment with the average color determined 

from the surrounding boundaries, it loses information about subtle variations in the 

reflectance within a segment. 

The network model developed by Dufort and Lumsden [12] uses double opponent 

cells and features output cells which behave qualitatively like the "color constant" cells 

reported by Zeki [58] in V4. The parameters of the network were optimized to create 

output response curves which correspond to color naming categories developed by 

psychophysical studies. The network design directly incorporates several aspects of color 

psychophysics. At present, however, the network addresses only hue constancy. The 

saturation and lightness dimensions of color signals are also affected by changes in the 

illuminant, and require a constancy mechanism as well. 

This paper describes a system which is based on the primate visual system, from 

the retinal to cortical area V4. Each stage contributes both to producing better color 

constancy and to the flexibility of the system. No assumptions are made about the 



mathematical structure of the reflectances and illuminants, the average chromaticity of the 

reflectances in the image, or about the existance of chromatic or luminance gradients in 

either the reflectances or illuminants. 

NETWORK ARCHITECTURE 

An overview of the processing mechanisms in the network is shown in figure 1. 

The network was simulated using NEXUS, an interactive neural simulator designed for 

large scale models [43]. The complete network consists of over 11,000 cells and 

approximately 1.65 million connections. Below we will describe the properties of each 

stage of the network. Table 1 summarizes the most significant parameters in the model. 

/. Input 

The first stage corresponds to the cone responses. The input image is a 27x27 

array, in which each entry defines the color at that location, specified in either Munsell 

color notation or in CIE (Commission Internationale de l'Eclairage) notation (x, y, Y). 

The array is converted to three 27x27 arrays of cone activation levels: R,G,B. Therefore, 

an input image unit has a one-to-one correspondence with a set of three units (analogous 

to one cone of each type) in the first layer of the network. For example, an image defined 

using Munsell spectra would be converted, at each point, to the three normalized cone 

activation levels by using the Vos-Walraven [51, 52] cone action spectra (r(X),g(Pi),b(^)) 

which are shown in figure 2. 
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where %jX) is the reflectance spectrum and 1(1) is the illuminant. The coefficients it 1.2.3 

are constants which normalize the sensitivity spectra so that all cone types in the simulated 

array have the same peak sensitivity. Therefore, the three types of first layer units 

("cones") have responses of the same order of magnitude, and we may use the same 

dynamic range for all chromatic cell types in subsequent stages. For those cases in which 

the image was specified in CIE notation, the image was converted to cone activation levels 

by applying the transformations for Vos-Walraven action spectra [51, 52, 56] and then 

normalized using the same coefficients, £1,2.3: 
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where x' and y' are the Judd modified [24] 1931 CIE chromaticity coordinates. Y is the 

luminance in cd/m2 of the stimulus and is used here to scale the cone responses for 

luminance. 

ii. Cell Responses and Nonlinearities 

In the simulation of the network model, the input layers of the network correspond 

to the three cone types of the human retina. These cells have a Naka-Rushton type 

response function [41]: 

A-=—^- (3) 
Qi+(Ji 

where Qi is the total input to cell /, a; is the threshold of cell i, and x is a constant from 

0.7 to 1.0. In the simulation results shown here x=0.9, but the general behavior of the 

system was not very sensitive to the value of this parameter. In all other stages, cell 

activity is determined by a standard sigmoidal response function of the input: 
1 

Ai = (max - min) 
l   +   g-lQ-Oß.; 

+ min. (4) 

///. Adaptation 

(a) Motivation 

The nonlinear response function of both the cones and the cells in higher layers of 

the network, gives the system a limited dynamic range. However, the light level varies in 

our daily environment from 10"   to 10+   cd/m . In order to keep the cell responses in all 

stages within the linear range of their response functions, the cones must be able to shift 

their thresholds to accomodate the overall level of incoming light. Although there may 

also be mechanisms for adaptation in later stages of the visual system, individual primate 

cones are known to change their sensitivities according to the amount of light available 

[46]. 

Adaptation was recognized early on as a probable contributor to color constancy in 

humans, (e.g., [21], [50]) Although adaptation alone, defined as a multiplicative gain 



change of individual photoreceptors, has been mathematically proven to be incapable of 

achieving perfect color constancy [6, 11], it can produce some degree of color constancy if 

the mechanism includes integration across space and time. In human psychophysical 

experiments, color constancy has been shown to depend on length of presentation time [4, 

19, 20] and eye movements [9]. This implicates receptor adaptation because it depends on 

the temporal integration of activity in spatially localized mechanisms. Therefore, the 

inclusion of adaptation in our simulation allows us to better mimic human perception by 

incorporating the differences in color perception under different viewing conditions. 

(b) Implementation 

In the simulation, we assume an initial long-term adaptation to a uniform neutral 

background, (see [53] for a review of psychophysical and physiological studies on 

adaptation) The amount of threshold shift is determined by the difference between the 

cone activation level for the neutral background stimulus and the cone activation level for 

the new stimulus. Because adaptation is dependent on the temporally weighted average of 

its input, the adaptation shift for a cone is dependent, not only on the point in the image 

directly corresponding to that cone position, but also on the surrounding area to which the 

cone may be exposed during eye movements, or from optical blur. 

We approximated this temporal averaging effect by a two-dimensional Gaussian 

spatial weighting function, because for most viewing conditions which have been tested 

psychophysically, there is either a fixation point, or a central test patch around which one 

can assume eye movements were centered. In the simulation, the amount of the shift 

follows a sigmoidal function of the difference between the neutral and the current stimuli 

and is proportional to the length of viewing time. These constraints are incorporated into 

the simulation by including one adaptation cell for each receptor. The adaptation cell 

shifts the threshold of its corresponding receptor according to the following equation: 

<W = a\ 2G 
1 

\ + e-(Q,-Q„eu,)ßi 

202 
(5) 



where 
a        - threshold 

ß = proportional to the slope of the linear portion of the function. 
Q;       = cone activation level (i.e. R, G, or B)due to current image pixel i 
Qneut   = cone activation level due to standard neutral input at image pixel i 
n = total number of matrix entries comprising the image, 
x ,y     = the horizontal and vertical distances from entry / to the center of 

the cone's receptive field when fixated on the center of the image 
0 = the width of a Gaussian weighting function which varies with the 

degree of fixation required for the experiment 
a = the fraction achieved within the stimulus presentation time of the 

total difference in long-term adaptation states between the neutral 
state and the state for the new stimulus. 

a is proportional to the time of exposure. As a increases, the size of the threshold shift 

increases, following a sigmoidal curve ranging from -G to +G, where G is the difference 

between the weighted average activation level for the current image and the activation 

level for a uniform neutral background. (See figure 3) In the current study, a was held 

fixed at 0.3 and 8 was held fixed at 3.0. However, we wished to include this flexibility in 

the model so that in future studies of the current network, we could make closer 

comparisons with human psychophysical data. With longer exposure time, the adapting 

cell will be able to better adapt (larger a) to its new stimulus. Under certain experimental 

conditions, longer exposure time may also allow for more eye movements. The spatial 

extent of the weighting function broadens (larger 9) with more eye movements. In the 

extreme case of very long exposure time and completely random eye movements over the 

entire field of view, the weighting function would be flat and the cone would adapt to the 

field average. This dependence of the parameters 6 and a on eye movements and 

viewing time allows the effects of the adaptation stage of the simulation to vary with the 

type of viewing conditions being considered. (See Table 1 for additional information on 

parameter values.) 

iv.  Spectral opponency 

Spectrally opponent cells are excited by one region of the spectrum and inhibited 

by a different region. In the network spectrally opponent cells are obtained by subtracting 

responses of spectrally opponent cone types and are generally based on the properties of 

LGN parvocellular type I receptive fields, which are spatially opponent as well. [22] This 

means that the excitatory and inhibitory regions are spatially segregated into center and 

surround regions. The spectral opponency gives the cell a high gain for low spatial 

frequency color changes, i.e. a color change which is spatially homogeneous across both 
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center and surround regions. The reason for this high gain is that such a color change will 

result in the combination of either an increase in excitation and a decrease in inhibition or 

a decrease in excitation and a increase in inhibition. For example, for a cell which is 

excited by red light in the center of its receptive field and inhibited by green light in its 

surround, a color change of the stimulus from green to red will result in increased 

excitatory input to the center and decreased inhibitory input to the surround. 

High spatial frequency stimuli, such as edges, for which the center and surround 

regions receive different inputs, result in a different type of response. In the case of high 

spatial frequency stimuli which differ only in luminance, spatial opponency results in 

enhanced cell responses, because the excitatory regions may receive input from the higher 

luminance portion of the stimulus while the inhibitory regions receive input from the 

lower luminance portion of the stimulus, or vice versa. High spatial frequency stimuli 

which differ only in color, however, may result in diminished responses. For example, a 

red-green edge stimulating a red excitatory center, green inhibitory surround cell, will 

result in a smaller response than would a homogeneous red stimulus, because the green 

portion of the stimulus will inhibit the surround region of the receptive field, even though 

the center may be receiving excitation from the red side of the stimulus edge. This will 

result in the blurring of purely chromatic edges (i.e. edges with no luminance difference). 

A layer of spectrally and spatially opponent cells contributes to the color constancy 

abilities of the current system in two ways. First, the increased chromatic gain enhances 

the overall sensitivity of the final stage of the network. Second, the additional 

enhancement of luminance edge responses acts in a way analogous to the "edginess" 

factor used by Moore et al. [39] to eliminate the washout of the color response to large 

homogeneously colored regions seen in the Retinex algorithm [33]. In their improved 

color constancy network, the main calculation was 

output = center - (surround * edginess) (6) 

where the edginess was determined by the average of the absolute values of the local 

spatial derivatives. The spatially opponent second stage of the current network 

accomplishes something similar in that the responses of this layer are enhanced in regions 

with luminance edges. One difference between the current operation and the Moore et al 

edginess factor is that the Moore et al. operation enhances both color and luminance 

edges. The spectrally and spatially opponent cells enhance luminance edge responses, but 

diminish responses at equiluminant color edges. In real images, however, equiluminant 

edges are rare. These are mostly laboratory color stimuli designed to control effects of 

luminance. The enhanced response provides the input to the final stage of the network, 

described in the next section, which is also a center-surround operation. Therefore, the 
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final stage will produce larger color shifts in "edgy" regions and smaller shifts in large 

homogeneously colored regions. 

To produce these cells in the simulation, each "cell" receives excitatory input from 

a single cone in the center of its receptive field and inhibitory input from both R and G 

cone types surrounding the center [35]. No inhibitory surround in the network receives 

input from B cones because physiological recordings show no significant B cone input in 

LGN cell inhibitory surrounds [35, 60] The surround input is most heavily weighted 

toward the cone type(s) opponent to the center cone type. The number of R and G cells 

providing input to the surrounds are equal for all cell types. However, for R center cells, 

the amplitude of the synaptic weighting function for the G cone input to the surround is 

twice that of the R cone input to the same cell. The center strength (volume of 2D 

Gaussian sensitivity profile) is twice that of the surround, allowing these cells to have a 

significant response to homogeneous fields as well as to edges. 

v. Higher Cortical Processing 

(a) Motivation 

The next stage in the network is similar to the Retinex and related color constancy 

algorithms in that it measures and uses spectrally-specific contrast [36, 48], what Land 

called "lightness" [31]. However, the method of normalizing contrast responses relative to 

a reference level is handled differently in the current system. In this simulation, the final 

stage is designed to respond according to the primary chromatic properties of cells in V4 

[44]. Most cells in V4 have large, suppressive surrounds which have approximately the 

same wavelength sensitivity as the center of the receptive field. (See fig. 1)   These large 

surrounds are called "silent surrounds" because they had little or no effect on the cell's 

activity unless the center was also stimulated. Desimone and Schein and their colleagues 

[10, 40] reported that the effect of stimulation in the silent surround decreases with 

increasing distance from the classical receptive field. Psychophysical results also show a 

decrease in the effect of inducing regions with distance, (e.g., [47], [49], [54], [57]) 

The strengths of the centers and silent surrounds of V4 cells appear to be well 

balanced; stimulation of the Surround can completely inhibit the response to stimulation of 

the center [44]. Because the cells in V4 with silent surrounds respond only when there is a 

difference, either in wavelength or luminance, between the center and the distant surround, 

these cells are particularly well suited for carrying information about spectrally specific 

contrast. The significance of spectrally specific contrast in the visual system has been 

demonstrated psychophysically [36, 38, 48]. However, for those images that have little 

spectrally specific contrast, or an unknown or non-grey average chromaticity (e.g. blue 



sky, green forest), the DC (or spatial average) information is also important. It is 

significant, therefore, that approximately 10% of the cells found in V4 did not have silent 

surrounds. The cells without silent surrounds have the same classical receptive field 

response as those cells with silent surrounds. These cells have the capacity to carry the 

(spatial) DC portion of the signal, i.e. to respond to homogeneous fields as well as edges 

and small spots. These center-only cells have been included in the network and we refer 

to them as "local reference cells" because in the network they provide the normalizing 

reference information for the contrast cell responses. 

(b) Implementation 

To incorporate these observations into the simulation, the responses of analogous 

V4 stage "cells" in the simulation were created directly using the outputs of the spectrally 

opponent stage. A positive contrast cell receives its input, excitatory from the center and 

inhibitory from the surround, from a single type of on-center spectrally opponent cell. 

Therefore, the positive contrast cells respond to images for which the input to its classical 

receptive field is greater than the input to its silent surround. We have also included 

negative contrast cells which receive input from off-center cells and, therefore, respond 

when the center input is less than the surround input. The inputs to the surround are 

weighted according to distance from the center by a negative exponential function. (See 

figure 1.) The "silent" nature of the V4 cell surrounds was implemented in the simulation 

by rectified inhibition, which was achieved by giving the V4 cells in the simulation, like 

those recorded physiologically, very low levels of spontaneous activity. Therefore, 

inhibitory input from the surround was only effective when there was also excitatory input 

from the center, "classical" receptive field. 

In order to combine the physiological information from the local reference and 

contrast cells into a simple set of outputs which could be compared to human color 

perception, we combined the outputs of these V4-like cells into a simple push-pull 

mechanism. (This stage is shown in figure lb.) This is the output of the final network 

stage and it is determined by the response of the local reference cells, enhanced by the 

positive contrast cells, or inhibited by the negative contrast cells, as given by the equation 

Ox = Bx + C]Px - c2Nx x - R.G.B (7) 

where O is the output, B is the local reference response, P is the positive contrast 

response. TV is the negative contrast response, and cj and C2 are constants. The constants 

C] and C2 are chosen, together with a (in equation 5), to increase or decrease the size of 

the constancy shift. In the simulation, we used a- 0.3 and cj -C2 - 0.2. This choice 
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enabled a minimum of 20% constancy (measured as distance in R G B space, see below) 

for all stimuli. In addition, these parameter values resulted in network behavior which was 

similar to the corresponding psychophysical data [48] 

RESULTS 

/. Measuring Constancy 

An output to a particular reflectance in an image is considered as "achieving some 

degree of color constancy" if the difference (in color space) between the network's 

predicted color of the reflectance (the output) and the "true color" (the color under neutral 

illumination with a neutral background) is less than the difference between the "true color" 

and the "physical color" (the color as calculated from the power spectrum of the 

reflectance times the illuminant). "Physical color" is what would be expected in a 

completely non-color constant system, such as a camera or photometer. A "shift toward 

constancy" is a shift of the output toward the true color and away from the physical color. 

When evaluating the behavior of the network the "true color" response is defined 

as the output of the network for a reflectance under standard neutral illuminant and 

background conditions. We call the "true color" of a reflectance an "eigencolor" of the 

system because it is an internal reference which is not altered or "corrected" by the system 

in the way that those inputs which have non-neutral backgrounds or illuminants are. The 

"eigencolor" response represents "perfect constancy". A reference was also needed for a 

non-constant response, which would correspond to the "physical color" reference, 

reflectance times illuminant. 

In human perception, stimuli which are viewed "in isolation", either with a 

completely black background or viewed at a distance through a hole or aperture in a grey 

barrier, result in a close correlation between the physical color and the perceived color. In 

other words, in "aperture viewing mode" color constancy disappears. ([29], also called 

"void viewing mode" in [59], similar to "film colors" reviewed in [1]) Without a surround 

which also reflects the illuminant change, the visual system cannot determine whether a 

change in the color signal from the test spot is due to an illuminant change or a reflectance 

change. 

Stimuli analogous to the aperture viewing condition were created for the network 

by simulating a change in the illuminant on only the center test spot, leaving the 

background as a neutral reflectance under a neutral illuminant. (See figure 4) As with a 

human viewing a color in aperture mode, the outputs to these stimuli could be considered 

essentially non-color-constant, because there is no change in the surround color signal to 

indicate that the change is due to a different illuminant and not to a change in reflectance. 
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The "aperture colors" will not be perfectly non-constant because of a small amount of 

compression from the adaptation of those receptors directly on the test spot. Therefore the 

method underestimates slightly the contribution of adaptation in the simulation, but the 

effect is minor compared to the size of the color constancy shifts under natural viewing 

conditions. Simulation stimuli for "natural viewing conditions", in which the illuminant 

was applied to the entire image, are the test stimuli. 

The Euclidean distance in output space A(OR 
2 + OG 

2 + OB 
2)1/2 was calculated 

between each aperture color response and the corresponding eigencolor response. This 

distance was then compared to the distance between the test stimulus output and the 

eigencolor output. The percent constancy achieved by the network is calculated by: 

D   -D ~] 
-& a-  xlOO (8) 

D \ ea / 

where Dea is the distance from eigencolor to aperture color response, and Det is the 

distance from eigencolor to test stimulus response. In this way, a quantitative measure 

was obtained for the network's ability to discern the "true" color of the center reflectance 

by using information about the illuminant from the surround. We will use this measure to 

assess and compare the effectiveness of the network in different simulated stimulus and 

background conditions. Obviously, the end points with 0% andl00% correspond exactly 

to their psychophysical counterparts. Correspondence of computed values between 0% 

and 100% cannot be taken as numerically equivalent to psychophysics. Psychophysical 

color space is not Euclidean nor linear in R G B along the curve from 0% to 100% and the 

computed distance measures may not exactly match. 

//.  Color Constancy with a Homogeneous Neutral Background 

(a) Natural Illuminants 

Because of the importance for practical applications, and for evolutionary 

significance, we begin by looking at the color constancy abilities of the network under 

natural illuminants, such as the various phases of daylight. The power spectra used are 

from tabulations of the CIE standard illuminants, A, B, C, D55, D65, and D75 [56]. We 

will refer to them here by qualitative descriptions of their sources: incandescent light (or 

full radiator), direct sunlight, average daylight (averaged over all times of day from dawn 

to dusk), overcast daylight, natural daylight (a single phase of daylight), blue skylight. 

These spectra are shown in figure 5. The natural illuminants vary primarily in the short 

(blue) and long (red) wavelength regions with very little change in the middle (green) 

wavelengths. 
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The network outputs for three Munsell reflectances (2.5yr7/10, 10b6/10, and 

2.5bg6/10,) under these illuminants are shown in figure 6. The stimuli consisted of a 

single small square reflectance patch (the "test spot") in the center of an homogeneous 

grey background reflectance. The figure shows the ratio of the network outputs in a 

ternary plot. The plots shown are sub-spaces of the full graph in which the ratios between 

each of the outputs and the sum of all three outputs range from 0 to 1. Each of the three 

corners of the full triangular graph represents activity in a single channel only, as would 

result from a monochromatic light stimulating one color channel exclusively. Because we 

are using broadband reflectances and illuminants and because the cone spectral sensitivity 

functions overlap significantly, the network outputs are concentrated in the center of the 

graph. In particular, the OR/(OR+OG+OB) and OG/(OR+0"G+OB) ratios are usually close 

to 0.5 because of the large amount of overlap in the R and G cone sensitivities. 

The squares mark the eigencolor outputs. The outputs to the aperture colors are 

shown with solid circles. As explained in the previous section, these are almost 

completely non-constant, and represent the physical change in the color signal. The open 

circles represent the test stimuli outputs, the responses to each of the reflectances under 

each of the illuminants under natural viewing conditions. The network responses to the 

test stimuli are significantly closer to the eigencolor outputs than the aperture color 

outputs are to the eigencolor outputs, demonstrating color constancy. 

(b) Larger Illuminant Changes 

Because natural illuminants are relatively similar to each other, the constancy 

shifts required in the previous sections were rather small. To see how the network would 

handle larger shifts, more strongly colored illuminants were tried. These illuminants were 

a linear combination of a spectrally flat illuminant and one of three illuminants with 

Gaussian spectral distributions which peaked at 440nm, 560nm, and 660nm. Some 

examples are shown in figure 7. Solid black circles represent aperture color outputs, and 

open circles represent test stimuli outputs. Eigencolor outputs are shown by squares. 

To see the difference in the system's color constancy abilities in natural versus 

artificial illuminants, compare figure 6 to figure 7. Although the percent constancy 

achieved with natural and artificial illuminants is similar (average shift for all stimuli was 

approximately 50%), the total distances, caused by the physical color change, for which 

compensation is needed, are much smaller for the natural illuminants than for the artificial 

illuminants. Therefore, the variance in the test stimuli outputs is much smaller for the 

natural illuminant conditions. Because the biological system evolved to deal with natural 
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illuminants, it should not be surprising that the amount of constancy achieved in 

laboratory conditions with artificial illuminants and viewing conditions is relatively small. 

Hi. Color Constancy with Complex Backgrounds 

The network implementation of this color constancy algorithm allows complex 

backgrounds to be handled as easily as simple backgrounds. This is not to say that the 

response to a complex background is the same as the response to a spatially weighted 

average of the background (the equivalent surround hypothesis: [49]). As has been 

demonstrated in psychophysical experiments [7, 27], local features in the background 

region of the image, such as low contrast edges, can affect the constancy and induction 

results for the test spot. In the simulation, color and luminance edges in the background 

influence responses of the local operations in the retinal layers of the network. For 

example, the spectrally opponent cells enhance luminance edge responses. These 

enhanced responses are then spatially integrated and used by the spectrally specific 

contrast operation in the final stage of the network. 

The network was tested using Mondrian images, in addition to the grey 

homogeneous background condition described in the previous section. Some examples 

are shown in figure 8. Again, solid circles represent aperture color outputs and open 

circles represent the test stimuli outputs. Sqaures represent the outputs for those 

reflectances with the Mondrian background and a neutral illuminant. Therefore, the 

squares represent the color constant output, but do not eliminate color induction effects 

from the Mondrian background reflectances. 

The triangles mark the eigencolor outputs for these two reflectances. These 

outputs represent each of the reflectances under neutral illumination with a homogeneous 

neutral background. The shifts from the neutral background, eigencolor outputs to the 

square symbols, show the color induction due to the Mondrian background. The colors of 

the patches in the Mondrian used for the results shown here were chosen at random and 

had a yellow average chromaticity. Therefore, independent of the influence of the 

illuminants, there is a shift in the outputs away from red and green and toward blue. The 

amount of induction depends on the amount of color contrast between the center test spot 

and the background. Color induction will be discussed in more depth in section v. 

iv.  Gradients in Illumination 

Most previous computational algorithms for color constancy required that the 

illuminant be constant across space (e.g., [5], [8], [14]) or at least that the illuminant vary 

slowly relative to the reflectance changes [15, 31, 42]. This assumption was necessary in 
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order to make the computations tractable and to distinguish changes in illuminant from 

changes in reflectance. However, nearly all natural scenes have gradients in the 

illumination from multiple light sources, varying distance to the light source, and 

shadows. The neural network's distributed representation of the input image does not have 

this requirement. We tested the network using simulated images (test spot plus uniform 

grey background) with chromatic gradients in the illuminant. 

There is little psychophysical data on the effects of gradients, either in luminance 

or color, on the perception of color. Therefore, we tested our network on simple stimuli 

which would have an easily predictable perceptual effect. We chose to use circularly 

symmetric images with symmetric illuminant gradients. The linear gradients were either 

horizontal or vertical across the image and were pivoted about the center of the image so 

that the gradient was positive on one side of the central test spot and negative on the other 

side. Such a stimulus would be expected to have no net effect on the perception of the 

color at the center of the image. 

The spatially homogeneous illuminants used above are simulations of a illuminants 

passed through spatially homogeneous filters. The illuminant gradients were effectively a 

simulation of these same illuminants, but passed through one or more filters whose density 

increases linearly across the image. The gradient filter has the same average density as the 

spatially homogeneous filter used above. The activation levels of cones of one type were 

multiplied by (1 + (a * d)), where a is the "amplitude" of the gradient and d is the 

distance (either positive or negative) from the center of the image along either the 

horizontal or vertical axis. The distance was measured as the distance from the center of 

the image to the center of the cone's receptive field as a fraction of the distance from the 

center of the image to the edge of the image. A constant value was added or subtracted 

uniformly across the entire image for some of the stimuli to accomodate a DC offset. 

The results are shown in figure 9. Each group of data points represents a different 

offset value. The horizontal axis shows the color channel that contained the gradient, and 

the amplitude of the gradient multiplication factor at it's highest point (the outer edge of 

the image). As the figure shows, the offsets produced a shift in the R/G ratio of the 

outputs, but the gradients showed no effect at all on the output of the network, either for 

chromatic or luminance gradients. This result would be expected intuitively for human 

perception as well because the background was uniform and the gradients were 

symmetric. The increase in activity on one side of the image is canceled by the decrease 

in activity on the other side of the image when the large surrounds of the V4 network stage 

integrate their inputs. Had this image contained a more complex background, which was 

not spatially symmetric in the chromaticities of the reflectances, then a chromatic or 
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luminance bias could have been introduced by the gradient. The important point here is 

that the network enables the computation of color in the presence of gradients. 

v.  Color Induction 

In their implementation of the retinex algorithm, Moore et al. [39] were concerned 

about the existence of color induction in their output images. Indeed, if the induced shift 

in color output is too great, or in the wrong color direction, then color induction is 

undesirable. However, if we wish to imitate human color vision, our system must have 

color inducing behavior. In addition, color induction is helpful if we wish to take 

advantage of the increase in contrast that color induction creates in order to do object 

detection or surface segmentation. 

The current network simulation produces color induction through the same 

mechanisms which produce color constancy. Color induction results are shown in figure 

10. The size of the induction shift increases as the size of the surround increases and 

decreases as the width of the gap between the inducing surround and the center test spot 

increases. The size of the induction shift also depends on the color difference between 

center and surround as can be seen in the different induction amplitudes for the bluegreen 

center, blue surround stimulus and the purple center, red surround stimulus. This 

difference in amplitude is because of the dependence of the final stage of the network on 

the spectrally specific contrast between center and surround. If the contrast between 

center and surround is small, then the push-pull spectrally-specific contrast mechanism 

will not be activated. On the other hand, if the difference between center and surround is 

large, then one or more of the color channels for either the center, the surround, or both, is 

likely to be responding in the nonlinear region of its response curve where the gain is 

small, making the induction ineffective. 

vi. Color Assimilation 

Another practical consideration for color applications is color assimilation, which 

is the opposite of color induction. Assimilation results in the blending of colors, a 

decrease rather than an increase in color contrast. Assimilation is usually seen when a fine 

pattern is placed on a colored background. For example, thin white stripes over a colored 

background will make the background appear lighter. Thick white stripes, however, will 

cause induction and make the background appear darker. 

Color assimilation occurs in the simulation as a result of the spectrally and 

spatially opponent cells in the second layer of the network. As explained in section iv of 

"Network Architecture", the opponent stage enhances luminance edges, but diminishes 
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chromatic edges. This is caused by the difference in spectral sensitivities between the 

center and surround of these cells' receptive fields. All three cone types have responses 

which are highly correlated to a change in luminance, so the spectrally opponent 

sensitivity of the cell is not a factor at a luminance edge. A high spatial frequency change 

in color, however, often causes decorrelated responses between cone types, leading to the 

decrease in cell responses near a chromatic border when the excitatory center receives 

different input than the inhibitory surround. For example an R+G- cell whose center is 

stimulated by a red region in an image will have a smaller response if its receptive field is 

close enough to the edge of a green region so that the green inhibitory surround is 

stimulated by the green region in the input image. 

The response of the R on-center opponent layer to an assimilation stimulus is 

shown in figure 11. In this example, a red spot and an open red square are shown with a 

yellow background. When the spot is large and the lines of the square are wide so that 

both the excitatory center and the inhibitory surround portions of the opponent cell 

receptive fields are stimulated by the same color region, the color gain of the network is 

high. However, when the spot is small and the lines of the square are narrow so that the 

center and the surround regions of the opponent cells each receive different color inputs, 

the color gain of the network is low. The difference between the network response to the 

pattern and the response to the background is greater for the low spatial frequency 

stimulus than for the high spatial frequency stimulus. This is consistent with human color 

perception. As with color induction, color assimilation must be considered if one wishes 

to make a system which predicts human color perception. 

DISCUSSION 

We have shown that by using mechanisms similar to those found in the human 

visual system, one can create an artificial system which has good color constancy, 

flexibility in the types of images that it can handle, and very few assumptions about the 

images. Both simple and relatively complex backgrounds can be used and the color 

constancy behavior of the network simulation is not affected by gradients in the 

illuminant. In addition, because the network calculates its own reference level, it does not 

require the "grey world assumption", which is that the average reflectance chromaticity is 

the same for all images. As is true with the human visual system, the network does not 

produce perfect color constancy but only a shift towards constancy. Exact imitation of the 

human visual system, however, will require consideration of additional complex features, 

as will be discussed below, and necessitate more complex neural circuitry and processing 

stages not available in the present network. 
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Color induction is produced by the network in addition to color constancy. 

Although this could be interpreted as undesirable for some systems because it affects the 

accuracy of the color output, in many applications this could be an advantage because it 

enhances color contrast and therefore aids in object detection. In addition, because the 

magnitudes and directions of the color shifts are consistent with human color 

psychophysical data, the color induction behavior of the network would be needed in a 

system intended to mimic human color perception. Another aspect of human color 

perception, color assimilation, is also produced by the simulation in the spectrally 

opponent layer of the network. The human visual system also displays luminance 

assimilation, although the magnitudes and spatial scales of color and luminance 

assimilation are somewhat different [1]. Luminance assimilation is not produced in the 

current network because of the enhancement, rather than diminishment, of high spatial 

frequency luminance edges. In the biological system, luminance assimilation may be 

caused by factors not included in the current simulation such as light scatter and excitatory 

lateral neural connections such as cone-cone gap junctions. 

This model has several benefits in overcoming restrictions associated with the 

computation of color constancy. The concept of spectrally-specific contrast, included in 

the current model, is similar to the independent "lightness" channels of the Retinex 

algorithm [31, 36, 38, 48]. Several "lightness" algorithms which have been proposed for 

color constancy, have been shown to be mathematically equivalent to a local spatial 

derivative plus a normalization term [23]. Some have argued (see review [26]) that the 

Retinex is similar to Von Kries adaptation in that each is a renormalization of color 

channel activities relative to some white reference. In that sense, the adaptation stage and 

the spectrally specific contrast stage in this simulation are also similar. However, there are 

several important differences which allow the operations described here to each cover 

different stimulus conditions and to cooperate in their contributions to color constancy. 

First, the cone adaptation stage has a permanent white reference set by the 

midpoint of the range of possible threshold values. The adaptation stage also has a long- 

term adaptation reference which is usually close to neutral because it is established 

through exposure to many different stimuli over a long period of time. Faster, more 

localized adaptation effects are deviations from this long term reference. The reference 

for the spectrally specific contrast stage is the activity of the "local reference" cells. The 

spectrally specific contrast reference is not fixed, but instead changes with each new 

image. This reference is also not usually neutral. The cone specific contrast mechanism 

described here is also different from most "lightness" algorithms in that the normalizing 
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reference is measured locally, rather than a globally. The local reference is used in a push- 

pull mechanism with a spatially weighted global measure of spectrally specific contrast. 

Second, the spatial profiles of the adaptation and V4 mechanisms are different. 

The effect of localized adaptation depends more heavily on the central test spot, while the 

effect of the large surrounds in the spectrally specific contrast operation are more affected 

by the background stimulus. The effect of the spectrally specific contrast operation is 

increased by the spectral and spatial opponency of the preceding stage which enhances 

color and brightness contrast. 

There are several improvements to be made to the network. An obvious next step 

is to use "real world" images. There are two additions that need to be made to the network 

in order to allow it to handle real images appropriately. The first is spatial scale 

invariance. In the human visual system, the color of an object does not depend on the size 

of that object, provided that the surrounding objects are also scaled proportionately. In the 

current network simulation, however, the size of the test color patch must be appropriate 

for the size of the receptive fields of the cells in each of the network layers. One possible 

solution would be to incorporate dynamic receptive fields into the network which would 

change to match the size of each uniform color region in the image. 

Another possible solution to the scale invariance problem would also incorporate 

the second aspect of real world imagry which remains to be addressed, that of surface 

segmentation and depth perception. Color and brightness perception are known to depend 

on the perceived depth plane of the object of interest relative to its surrounding surfaces, 

with color constancy and induction effective only within a single depth plane [45, 55]. 

Feedback from a surface segmentation process which assigns a relative depth to each 

surface, such as that described by Finkel and Sajda [16] could enhance or inhibit the color 

inducing effects of each region within the final stage of the network. 

Each of the stages in the network contributes to the overall color constancy 

behavior. The final stage is a novel mechanism based on the chromatic properties of cells 

found in cortical area V4. The explicit calculation of a local reference and the use of a 

push-pull mechanism to incorporate the contrast responses in the final output, in addition 

to producing color constant responses for most images, allows the network to give 

accurate color responses for images which contain little chromatic contrast. The 

adaptation stage increases the dynamic range of the system, increases its flexibility to 

incorporate different viewing conditions, and also enhances the color constancy abilities of 

the system. The middle stage, the spectrally and spatially opponent mechanism, serves to 

enhance contrast, and therefore constancy, particularly at high spatial frequency luminance 
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edges. Together, the stages of the model comprise a system which produces good color 

constancy while maintaining flexibility. 
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Figure Captions 

FIG 1 Detail of the cortical (top) and retinal (bottom) stages of the simulation. White 

triangles represent on-center cells, shaded triangles are off-center cells, and large circles 

are interneurons. Synapses are shown by small ovals, in white for excitatory, black for 

inhibitory. The silent surrounds in the cortical layers have an exponential synaptic 

weighting function as is shown inside the interneuron providing input to each contrast cell. 

In the retinal layers, the adaptation mechanism receives Gaussian weighted input from 

nearby cones. The adaptation cell then provides feedback to the cone at the center of its 

receptive field, changing that cone's threshold. On- and off-center cells in the retina have 

a difference of Gaussians synaptic weighting profile, as is shown inside each cell. 

FIG 2 The Vos-Walraven cone spectral sensitivity functions. Figure adapted from [52]. 

FIG 3 Response curves for cones in the simulation under a range of values for the 

adaptation threshold, (a) Shows the sigmoidal limits of the adaptation range. The 

luminance level of the adapting stimulus was increased linearly, but the threshold values 

reach an asymptote at both ends of the range, (b) Same as (a) in log-linear coordinates. 

FIG 4 Illustration of the simulated method for producing "aperture colors". The aperture 

color illuminant condition has the standard neutral illuminant on every part of the image 

except the test spot. The test spot is illuminated exclusively by the test illuminant, 

"illuminant 2". In the natural viewing condition, there is a single source which illuminates 
the entire image. 

FIG 5 The power spectra of several natural illuminants [56]. The solid line is a full 

radiator of color temperature 2856K, similar to incandescent lighting. The others are all 

phases of daylight. Long dashes represent direct sunlight; short dashes, natural daylight 

averaged over all times of day; dotted line, overcast skylight; long odd dashed, natural 

daylight; and short odd dashed, clear blue sky. The illuminants are all very similar in the 

middle wavelengths but vary in their relative amounts of power in the long and short 

wavelengths. *&i 

FIG 6 Color constancy shifts made by the network for three Munsell reflectances 

(2.5yr7/10, 10b6/10, 2.5bg6/10) with the illuminants shown in figure 6. The axes show 

the relative proportions of each of the three network outputs. The plots shown are sub- 
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Spaces of the full graph in which the ratios between each of the outputs and the sum of the 

other two range from 0 to 1. Each of the three corners of the full triangular graph 

represents activity in a single channel only, as would result from a monochromatic light 

stimulating one color channel exclusively. The squares represent the eigencolors of the 

reflectances, the response of the network with neutral illumination. The solid circles are 

the non-constant responses to aperture colors as explained in "Results: i. measuring 

constancy". The displacements of these symbols, from the square in each graph, represent 

the physical change in the color signal as the illuminant is changed. The aperture color 

closest to the OB corner of the graph is for the blue skylight illuminant, and the aperture 

color closest to the OR corner of the graph is for the incandescent illuminant. Responses 

for all other illuminants fall between these two extremes. The open symbols show the test 

stimulus responses of the network in natural viewing conditions. The open symbols show 

a shift toward constancy, away from the aperture colors and toward the eigencolors. 

Arrows show the direction of the shift. 

FIG 7 Color constancy shifts for Munsell reflectances 2.5bg6/10, 2.5g7/6, 2.5yr7/10, and 

5.0r5/12. The illuminants used here are the combination of a spectrally flat illuminant and 

one of three illuminants with Gaussian spectral distributions peaking at 440nm, 560nm, 

and 660nm. The physical color shifts produced by these illuminants (distance from 

eigencolor to aperture color) are larger than those produced by natural illuminants in 

figure 7. Therefore, although the percent color constancy shifts are similar for the natural 

and artificial illuminants, the variances for the test stimuli outputs are smaller for the 

natural illuminants. As in figure 7, solid symbols mark aperture colors and open symbols 

mark test stimuli responses. Eigencolors are shown by the squares. Arrows are shown to 

indicate the direction of shift the reflectance-illuminant pairs. 

FIG 8 Color constancy with a complex background, a Mondrian, for two reflectances, 

10gy7/10 and 10b6/10 which were placed at the center of the Mondrian. Responses are 

shown for incandescent light (A, shown in fig. 5) for both reflectances, for direct sunlight 

(B) with reflectance 10gy7/10? and for blue skylight (D75) with reflectance 10b6/10. 

Solid and open symbols are as in figs. 6 and 7. The squares are the neutral illuminant, 

Mondrian background outputs and so represent the color constant response, but do not 

eliminate the color induction effects of the Mondrian background. The triangles mark the 

eigencolors, the responses of the network under neutral illumination with a neutral 

homogeneous background. The differences between the neutral illumination, Mondrian 

backgound outputs and the eigencolor responses show the induction effect of the 
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Mondrian background, independent of illumination changes. Because the test responses 

were obtained with the Mondrian background, the constancy shifts are toward the neutral 

illuminant, Mondrian background responses. 

FIG 9 Change in output ratios of the network with various offsets and gradient 

amplitudes in the input image. The results show a shift toward R0ut for a positive R offset 

and a shift toward G0ut for a positive G offset, as expected. Because all operations in the 

network are circularly symmetric, there is no effect from the addition of a symmetric 

linear illuminant gradient to the stimulus. 

FIG 10 (a) Simulation image used to measure the spatial properties of color induction. 

Width of the gap and of the surround can be varied. The center patch is 3x3 input units, 

the same size as the centers of the V4 receptive fields, (b) Results for two examples of 

color induction. The y-axis shows the size of the induction shift measured as a change in 

the ratio of two of the outputs due to the presence of the inducing surround. For the 

circles, the center reflectance is blue-green and the surround is blue. For the diamonds, 

the center is purple and the surround is red. As the gap between center and surround is 

increased, the induction effect decreases. At 4 units separation, the surround of the 

stimulus is outside of the silent surrounds of the V4 cells, (c) With no gap, the width of the 

surround is varied. As the width of the surround increases, the amount of induction 

increases. The amplitudes of the induction shifts for the two images are dependent upon 

the contrast between the center and surround colors. 

FIG 11 Demonstration of color assimilation in the spectrally opponent layer of the 

network. The input stimulus for each plot is a red spot and a red square with a yellow 

background. The two stimuli vary only in the width of the lines comprising the square and 

the size of the central spot. On the right, the coarse pattern (the wider lines and larger 

spot) results in a higher contrast in the response of the network layer cells. With the fine 

pattern (left), the contrast is reduced. This can also be seen in the cross-sectional profiles 

of the response of the network layer. The fine pattern is shown by the dashed lines and the 

coarse pattern by the solid lines. The background near the square has a higher R response 

(looks more red) and the pattern itself has a lower R response (looks more like the yellow 

background). 
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Table 1: Each of the most significant parameters in the simulation is presented along 
with the criteria used to determine that parameter's value. In parentheses are the values 
used for the results presented here and the range of possible values. 

parameter 

CO, V 

<*i 

ßi 

a 

C], c2 

description 
connection strength 
between cells 

| factors in choice of parameter value 

threshold of cell i 

slope of linear portion 
of cell's response 
function 

width of adaptation 
weighting function 

fraction of total long 
term adaptation 
achieved 
coefficients for push- 
pull mechanism 

J 

spatial weighting chosen to create receptive 
field shapes found physiologically, amplitude 
chosen to keep all stages within linear range of 
response function 
chosen so that most inputs fall in middle of 
cell's response range, cone threshold changes 
with adaptation state  

chosen in combination with o-/ to give the 
appropriate dynamic range for each 
processing stage 
small value for simulation of fixation or short 
presentation time of image, large value for 
viewing conditions with free eye movements 
(0=3.0, relatively small compared to cortical 
silent surrounds, large compared to center of 
spectrally opponent receptive fields; 
0<6 <diameter of image) 
dependent upon length of viewing time 
(a=0.2;0<a<l) 

chosen together with a to give a total average 
constancy shift of 20% or greater for nearly all 
reflectance-illuminant combinations 

| (ci=c2=0.25; 0<c] <1; 0<c2 <1)  
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Cortical mechanisms 

positive contrast 

Interneurons 

Spectrally 
and 
spatially 
opponent 
cells 

negative contrast 

on-center cells off-center cells 

Retinal mechanisms 

Spectrally and 
Spatially 
Opponent Cells 

on-center 

Cones 

Change of Threshold (Adaptation) 

off-center 
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