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ABSTRACT 

The Arsenal Exchange Model (AEM) allocates weapons to targets using linear 

programs (LP) formulated by the model. In creating the LPs, the AEM generates weapon 

constraints, target constraints, and goal or hedge constraints. The current solution method 

uses a revised simplex algorithm to determine an optimal solution. In order to use this 

methodology, some of the original constraints are modified. Also, the current algorithm 

uses a computationally slow matrix inverter which introduces precision error and increases 

the overall solution time. The improved methodology uses a revised simplex algorithm to 

first solve a subproblem having only the weapon constraints generated by the AEM. 

Given this optimal allocation, hedge constraints and target constraints that are violated by 

the current solution are added to the original subproblem. A dual simplex algorithm is 

used to find the optimal solution for this new subproblem. By only adding the violated 

constraints, redundant and identical constraints are not included in any of the subproblems. 

This eliminates the need to alter the problem as before, and also allows the use of a faster, 

state of the art, matrix inverter. Additionally, since fewer constraints are used to find the 

overall optimal solution, fewer computations are necessary. This new methodology was 

used to solve five test cases. In four of the five test cases, the improved solution 

methodology produced an optimal integer solution. In all five test cases, it maintained 

damage expectancy and target coverage, and its solution achieved higher goal satisfaction 

than the current method. 

vn 



AN IMPROVED SOLUTION METHODOLOGY FOR THE 
ARSENAL EXCHANGE MODEL (AEM) 

I. Introduction 

Background 

The Arsenal Exchange Model (AEM) is an aggregated, two-sided, strategic 

exchange model used primarily for strategic weapon system analysis, strategic nuclear 

policy and arms control analysis, and general strategic calculations (2:4). It performs 

allocations of weapons to targets in an attempt to maximize the amount of damage done 

to targets. Since both the number of weapons and targets are integer values, the AEM 

formulates the problem as an integer programming (IP) problem. The variables of the 

problem represent weapon/target combinations that can achieve a desired level of damage 

expectancy. Often, more than a million variables are considered, and finding an optimal 

integer solution would require the use of too much time and resource. 

Fortunately, an optimal integer solution is not required by the users. The users 

prefer a good feasible integer solution quickly. Currently this is accomplished by solving 

the linear programming (LP) relaxation of the IP and using a heuristic to find a feasible 

integer solution (6). There are some problems, however, with the current LP solver used 

by the AEM. 

In creating the LP, the AEM generates weapon constraints, target constraints, and 

goal or hedge constraints based on user specified inputs. The AEM solver currently uses a 

combination of column generation, generalized upper bounding (GUB), decomposition, 
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Gauss-Jordan elimination, and compact tableau storage. Like all column generating 

techniques, the AEM solves a sequence of LPs. The AEM solves the original LP by first 

solving an LP with a subset of the strategies. When that subset has been solved to 

optimality, the AEM's column generator uses the basis inverse matrix of that solution to 

generate strategies that will improve the current objective function value. These columns 

are then incorporated into a new LP with the basis matrix, and the AEM solves this new 

LP to optimality. The AEM continues this iterative process until all possible columns have 

been generated, or until no new columns will increase the value of the current objective 

function. For large, complex AEM applications, precision and speed problems are 

noticeable (5:881). The AEM solver uses several techniques to alleviate the precision 

problems. Among these are re-inversion and backward pivoting. Although these 

techniques alleviate a large portion of the precision problems, those caused by redundant 

or identical constraints are not entirely corrected. 

The hedge constraints are used to ensure the solution meets certain force 

employment policies (2:30). Thus, hedge constraints are used to incorporate goals into 

the model. At certain points during the solution procedure, the hedge constraints can be 

identical to other constraints already generated by the AEM. These identical or redundant 

constraints cause singularity problems in the Gauss-Jordan elimination algorithm (see 

Chapter II). Since singular matrices cannot be inverted, the AEM multiplies the right hand 

side of the hedge constraints by 0.9995 (3). The new matrix, while nearly singular, can 

now be inverted. While the adjustment factor does eliminate the singularity problem, it 

adds to the precision problem in two ways. First, it changes the problem being solved. 

The LP will now solve a problem that ensures only 99.95% of force employment policies 

are met. Second, the near singularity of the new matrix causes mathematical precision 

problems during the Gauss-Jordan pivots. In addition, the Gauss-Jordan inverter 

algorithm also has speed problems. 
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The Gauss-Jordan inverter algorithm is used because of its robustness. Although 

the Gauss-Jordan routine can invert the matrix, it is not as efficient as other routines 

(9:25). That is, the robustness of a Gauss-Jordan inverter is at the expense of efficiency. 

Modern, state-of-the-art routines recognize the near singularity of the matrix and will not 

invert it (7:31). If a technique can be found to eliminate the identical constraints, then the 

correction factor can be eliminated and a more precise and efficient inversion routine can 

be used. 

Model Description 

This section gives a brief description of the AEM. It describes the user inputs to 

the model, and how the mathematical model is formulated. 

Inputs. There are two basic types of user inputs for the AEM. The first type 

consists of the resources available to each side. These include the weapons to be used and 

the targets to be attacked. The second type, a set of user controls known as hedges, set 

goals and requirements for the allocation of the resources. 

Weapons and Targets. The user is allowed to define up to 100 weapon 

types (2:39). Some examples of weapon types are B-52s, Minuteman Ills, and Trident 

D-5s. The user inputs the number of weapons of each type, as well as a number of other 

weapon characteristics, such as, the number of warheads delivered by each weapon, 

circular error probable (CEP), reliability, and availability. Similarly, the target set is 

broken up into classes. The limit on the number of target classes is 2500 minus the 

number of weapon types (2:39). The AEM assumes each weapon type is seen by the 

other side as a target class. Within each target class, the user sets the number of targets in 

that class and inputs a variety of target characteristics including hardness, size, and value. 

Hedges. Hedge constraints are input by the user to ensure the AEM meets 

certain force employment policies. The user also determines how the AEM will use these 
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inputs. The input can be used as a goal to be attained or as a requirement that must be 

met. In the first, the user does not associate a priority with the goal, and the AEM tries to 

minimize all of the deviations from the user's goals through goal programming techniques 

(see Chapter II). Failure to meet a goal affects the goodness of the allocation. In the 

second, the user specifies a priority with the requirement, and the AEM attempts to satisfy 

the user specified requirements in priority order using pre-emptive goal programming 

techniques (see Chapter II). In this case, failure to meet a requirement affects the 

feasibility of the allocation. 

Mathematical Model Formulation. The mathematical model formulated by the 

AEM is a linear program (LP), which is shown in Equations (1-1) to (1-4). In the LP, the 

objective function (1-1) maximizes damage expectancy subject to three sets of constraints. 

The first set of constraints (1-2) ensures that the number of weapons used from each 

weapon class does not exceed the number of weapons available in that class. The second 

set of constraints (1-3) ensures that the total number of targets attacked in each target 

class does not exceed the total number of targets in that class. Finally, the third set of 

constraints (1-4) specifies user input hedges. The hedge constraints are added to the LP 

using goal programming (see Chapter II). After formulating the model, the AEM uses a 

column generating algorithm to solve the LP. 

Each column in the LP is a strategy. A strategy is a weapon/target combination 

that achieves a certain damage expectancy. For example if two warheads of weapon type 

1 can be used against one target in target class A with a damage expectancy of 0.73, the 

strategy column in the LP would look like: 
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0.73* STRAT,.     Objective function 

2 * STRAT,.      Weapon constraint 1 

0 

0 

1 * STRAT,       Target constraint A 

0 

0 

where STRATy is the variable representing the number of times weapon/target 

combination j is used, and DEy = 0.73, Wjj = 2, and Ty^ = 1. The entire LP formulation 

then has the following mathematical representation: 

Max X STRAT. * DE, - ^; M g * DIFFS 

j 

Subject To   £ w,v * STRAT. < WEP, for / =  1,..., o 
j 

£STRAT,. * T., < TAR, for k = 1,...,p 
j 

]T HedgeÄ (...) + DIFFÄ = HEG0g for g = 1,..., q 
j 

STRAT;  >0 for/ =  l,...,n 

(1-1) 

(1-2) 

(1-3) 

(1-4) 

Where: 

m = the total number of constraints = o + p + q 

n = the number of allowable strategies 

o = the number of weapon types 

p = the number of target classes 

q = the number of hedges 

STRAT, = the number of times strategy j is chosen 
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DEy = the damage expectancy of strategy j 

Mg = the penalty amount for not achieving hedge g 

DEFFg = the amount by which hedge g was not achieved 

Wji = the number of type / weapons used in strategy j 

WEP; =   the total number of type / weapons 

Tjk = the number of type k targets attacked in strategy j 

TAR^ = the total number of type k targets 

HEG„g = the level to be achieved by hedge g 

Hedge^ (...)      = a linear function of the previously defined variables 

Problem Statement 

The AEM suffers from numerical and precision problems that increase solution 

time and degrade the possibility to meet policy specified goals (5:881). 

Purpose Statement 

The purpose of this research is to improve the LP solution methodology in the 

AEM. This new methodology should be computationally faster and contain less precision 

error than the current methodology. 

Scope 

The two most important factors associated with running the AEM are solution 

time and precision. To determine if the improved methodology is better than the current 

one, these two parameters are measured. Solution time is defined as the time required to 

solve to optimality all of the LPs generated by the AEM. Time is measured in CPU 

seconds. Precision is measured by comparing the damage expectancy and goal 

performance of the continuous solutions found by each methodology. 

1-6 



Format 

Chapter II provides an explanation of goal programming in general and its 

implementation in the AEM. Chapter II also presents an explanation of solution 

techniques that have been used to overcome problems similar to those encountered by the 

AEM. The improved solution methodology is presented in Chapter III. Chapter IV 

discusses implementation and test results. Chapter V presents conclusions and 

recommendations. 
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II. Literature Review 

Introduction 

This chapter first gives a brief description of goal programming, followed by a 

discussion of the AEM's implementation of goal programming. Then it examines some 

techniques to eliminate the problems associated with the current LP solution methodology. 

Goal Programming 

Goal programming is one technique that might be used when a decision maker 

faces multiple objectives, or goals. In general, LPs have only one objective function. 

Goal programming is one method that can be used to treat the multiple objectives in a 

fashion which permits the formulation of the problem as a linear programming model. 

There are two ways of implementing goal programming. In both methods, deviation 

variables are used to convert each objective into a constraint for the LP (11:189). 

The first method assigns a penalty per unit deviation from each objective and uses 

linear programming to minimize the total penalty incurred because of unmet objectives. 

This is illustrated in the following example. 

Example 2.1 A decision maker has to determine the optimal use of weapons against 

a group of targets while meeting fiscal and military objectives. There 

are 10 weapons and two groups of 5 targets each. Table 2.1 outlines 

the possible weapon/target combinations and levels of damage, and 

Table 2.2 lists the goals of the decision maker. 

NOTE: All costs are in thousands of dollars 
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Table 2.1 ] Possible Weapon/Target Combinations and Damage Expectancy 
Strategy 
Number 

# of Weapons 
Needed 

# and type of 
Targets Attacked 

Damage 
Expectancy 

Total Cost of 
Weapons 

STRAT/ 3 1 type A 0.6 $30 

STRAT? 2 1 type B 0.6 $20 

STRAT? 1 1 type B 0.3 $10 

Table 2.2 Goals 

Goal# Description 

1 Spend less than $100 

2 Attack at least 80% of target class A 

3 Attack at least 60 % of target class B 

Given the information in Table 2.1, the decision maker could base his objective function 

on either the cost of, or the damage expectancy of, attacking the two target sets. For an 

objective function minimizing the cost to destroy the target sets, the LP formulation is 

Min 30x1 + 20x2 + 10x3 

Subject To    3x1+    2x2+   1x3 < 10 

xl <5 

x2+     x3<5 (2-1) 

30x1+ 20x2 +10x3 < 100 (Goal 1) 

xl > 4     (Goal 2) 

x2+   x3>3     (Goal 3) 

xl,x2,x3>0 

where xi is the number of times STRATj is employed. 
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Regardless of the objective function, there is no point that will satisfy the weapon 

and target constraints and satisfy all three goals. The decision maker must now determine 

the penalties for not satisfying a goal. Table 2.3 presents these penalties. 

Table 2.3 Penalty Costs 

Goal# Penalty Cost 

1 $1 per unit short 

2 $60 per unit short 

3 $20 per unit short 

The new LP can be formulated to minimize the cost of deviating from the three goals. 

Each of the goal constraints in (2-1) must now be converted into equality constraints with 

variables which represent a deviation from the goals. Since it is not known if the solution 

will undersatisfy or oversatisfy a given goal, the deviation variables are defined in the 

following manner: 

= amount by which the solution numerically exceeds goal i 

= amount by which the solution is numerically under goal i 

The new LP can be written as: 

H 

Min 30x1 + 20x2 + 10x3 + Is* + 60s"2 + 20s3 

Subject To    3x1+    2x2+   1x3 < 10 

xl <5 

x2+     x3 <5 

30x1+ 20x2 + 10x3 + s;-s+=100 (Goal 1) 

xl +s2-s+ =4    (Goal 2) 
x2+     x3 + sj -s+ =3      (Goal 3) 

xl,x2,x3,s*,sr > 0 for« =   1, 2, 3 

(2-2) 
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An optimal solution to (2-2) is xl = 3, x2 = 0, x3 = 1, s, = 0, s2 = 1, s3 = 2, s* = 0, 

s+ = 0, S3 = 0, with an objective function value of 200. The first goal can be achieved, but 

the second and third goals are not achieved as the solution will only be able to attack three 

of the type A targets and one of the type B targets. This method only works, however, if 

the penalties for failing to reach each goal are known. Often, the penalty costs cannot be 

determined precisely, but it may be possible to rank order the goals according to 

importance. In this case, pre-emptive goal programming can be used. 

Pre-emptive Goal Programming. In pre-emptive goal programming, the goals 

are ranked from most important to least important. In the objective function, the penalty 

coefficient for each goal is Pj, where it is assumed that for n goals (11:178) 

P,  » P2 »  ...  » Pn 

Using this notation, the pre-emptive goal programming formulation of Example 2.1 is 

Min 30x1 + 20x2 + 10x3 + P,s+ + P2s"2 + P3s3 

Subject To    3x1+    2x2+   1x3 < 10 

xl <5 

x2+    x3 <5 

30x1+ 20x2 +10x3+ s; -s+ = 100 (Goal 1) 

xl +s2 -s
+

2 =4     (Goal 2) 
x2+    x3 + s3 -S3 =3      (Goal 3) 

xl,x2,x3,s,+ ,sr >0 for z =  1, 2, 3 

(2-3) 

There are two approaches for solving (2-3). The first approach is to use the goal 

programming simplex algorithm (11:179). In practice, however, the P/s would cause 

computational problems and are usually not used. Instead, the pre-emptive goal 

programming approach uses the fact that higher priority goals must be optimized before 

lower priority goals can be considered (10:203). One way to accomplish this is to solve a 

series of problems where the objective function of each problem's linear programming 
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(2-4) 

model is the objective function which only includes the deviation variables associated with 

the highest-priority goal not yet optimized. Applying this approach to Example 2.1, and 

assuming the goals listed in Table 2.3 are in order of importance, the first LP solved is 

Min 30x1+ 20x2+ 10x3+ s+ 

Subject To    3x1+    2x2+   1x3 < 10 

xl <5 

x2+     x3 <5 

30x1+ 20x2 + 10x3 + sj-s^ =100 (Goal 1) 

xl +s2 -s+ =4     (Goal 2) 
x2+    x3 + s3 -S3 =3     (Goal 3) 

xl,x2,x3,s+,s7 > 0 for« =   1, 2, 3 

From the solution to (2-4) s* = 0. Therefore, goal 1 is satisfied. The next LP would 

minimize the deviation from the second goal, and would also contain a constraint to 

ensure that the first goal attainment is not changed. Its formulation is 

(2-5) 

Min 30x1+ 20x2+ 10x3+ s2 

Subject To    3x1+    2x2+   1x3 < 10 

xl <5 

x2+     x3 <5 

30x1+ 20x2 + 10x3+ sj-s* =100 (Goal 1) 

xl +s2-S2=4     (Goal 2) 
x2+     x3 + s3 -S3 =3     (Goal 3) 

s+        =0 

xl,x2,x3,s*,s7 > 0  for i =  1, 2, 3 

This process continues until all of the goals have been included in the model. 

Goal Programming in the AEM 

This section covers the aspects of goal programming that are unique to the AEM. 

First, it details the types of goals used by the AEM and explains how the AEM currently 
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solves the problem of duplicate rows in the constraint matrix. Then it outlines the current 

method used by the AEM to implement pre-emptive goal programming. 

Goals. The goals used by the AEM are all user specified. These goals are input as 

hedges.   There are five categories of hedges (2:144). 

1. Requirements pertaining to the total damage to a specified set of target classes 
with a specified set of weapon types. This hedge type is known as a "value 
hedge". An example of this is the value destroyed on target class A by weapon 
type 7 must be greater than 0.7 times the total value of targets in target class 
A. 

2. Requirements pertaining to the total number of weapon re-entry vehicles (RVs) 
allocated against a specified set of target classes by a specified set of weapon 
types. This hedge type is known as a "weapon hedge". An example of this is 
the number of RVs from weapon types 2 and 3 on target classes A and D must 
equal 1000. 

3. Requirements pertaining to the total number of targets within a specified set of 
target classes hit by a specified set of weapon types. This is known as a "target 
hedge". An example of this is cover all targets in class B with weapon types 2 
or 3. 

4. Requirements pertaining to how much damage must be inflicted on each target 
within the specified target class. This is known as a "CDEMIN hedge" 
(CDEMIN is the minimum allowable damage expectancy). An example of this 
is the CDEMIN for all targets in class A by an RV from any weapon type must 
equal 0.8. 

5. Requirements that all strategies for a specified weapon/target combination 
must satisfy a specified set of criteria. The set of criteria can specify the 
amount of damage obtained by the strategy, the number of RVs used in the 
strategy, the weapon types used in a strategy, or the presence of at least two 
legs of the triad in the strategy. 

In many cases, the user defined goals are similar to constraints already generated 

by the AEM. For example, a user goal might be to cover all targets in class A. 

Mathematically, this hedge constraint would look like: 
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£ STRAT\ * TjA + DJFF, = TAR^ (2-6) 
j 

where STRATy is the number of times strategy j is chosen, Tv^ is the number of targets in 

class A attacked by strategy j, DIFF7 is the deviation variable and represents the targets in 

class A not attacked, and TAR^ is the number of targets in target class A. The target 

constraint generated by the AEM for target class A is: 

£ STRAT, * TjA + Slack A = TAR A (2-7) 
j 

where STRATy is the number of times strategy; is chosen, Ty^ is the number of targets in 

class A attacked by strategy j, Slack A is the slack variable associated with this constraint, 

and TAR^4 is the number of targets in target class A. If the goal is met, both DJFF; and 

Slacks will be zero, and the AEM will remove those columns from the original tableau. 

Once the columns are removed, both Equations (2-6) and (2-7) are identical. This results 

in a singular basis matrix which is not invertible. To prevent this, the AEM multiplies the 

right-hand-side of all hedge constraints by 0.9995 (3). This causes the goals and 

constraints to differ by a small amount. The resulting nearly singular matrices are 

invertible by some matrix inverters such as Gauss-Jordan Elimination. 

AEM Pre-emptive Goal Programming. The AEM implements goal 

programming by solving a series of LPs. The first LP contains all of the weapon and 

target constraints generated by the AEM and the set of hedge constraints with the highest 

priority. Once this LP has been solved to optimality, the deviation variable associated 

with each goal is examined. If the deviation variable for a goal is zero, the goal was 

satisfied and the column associated with that goal's deviation variable is removed from the 

tableau. If the deviation variable is non-zero, the right-hand-side of that goal is adjusted 

to make the deviation variable zero. Once this adjustment has been made, the columns 

associated with these deviation variables are removed from the tableau. The removal of 
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the columns of the deviation variables ensures that the solutions to subsequent LPs will 

not deviate from the level of goal achievement reached in previous LPs. This process is 

continued until all of the user defined goals have been incorporated in the problem. 

Alternative Solver Routines 

There are several alternative techniques that can be used to eliminate the problems 

associated with redundant constraints. These techniques range from combinatorial 

comparisons of constraints to dual simplex algorithms using constraint selection rules. 

The simplest technique is to compare each constraint with all linear combinations of the 

other constraints and delete any that are redundant. For large problems, this can be 

computationally expensive. If the problem contains m constraints, the total number of 

possible linear combinations is given by ^T-;—™'    .,, which simplifies to 2m - m -1. 
■ _ 2v^      I)■ I- 

For a problem with only 30 constraints, this is over a billion comparisons. Although this 

approach would eliminate the precision problems, it greatly increases the time needed to 

solve the original LP. Insight into the specific problem may provide information to 

determine how the redundant constraints are being generated. 

In the AEM, the hedge constraints can be redundant. If the deviation variables are 

not removed from the basis, and constraints setting these deviation variables to the best 

value obtained in previous LPs are added to the problem, redundancy can be eliminated. 

Since there will be no redundancy, use of an adjustment factor is not necessary. Although 

precision would be increased by eliminating the correction factor, solving time could also 

be increased due to the potential introduction of a large number of new constraints. The 

speed problem caused by these new constraints could be overcome by using more efficient 

inverter algorithms such as LU factorization. The efficiency of these algorithms should at 

least maintain current solution times (9:37-38). A solution technique which eliminated the 
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redundant constraints while making the original LP smaller would decrease the solution 

time and increase precision. 

One way to make the original problem smaller is to note that for most LPs only a 

small percentage of the constraints are binding at optimality (8:177). Therefore, most of 

the computational effort can be avoided if these binding constraints are identified before 

running the solver routine. Although the redundant constraints may be binding, only one 

instance of the constraint is needed. After solving a portion of the problem which does 

not contain redundant constraints, a selection algorithm can be used to iteratively select 

groups of constraints that are violated by the current solution. These violated constraints 

can then be added to the current subproblem so a new subproblem is created. This new 

subproblem can be solved quickly using a dual simplex algorithm. For example, given the 

following LP, there are several constraint selection rules that can be used. 

MAX     c'x 

s.t. Ax<b 

x>0 

where c and x are elements of Rn, b is an element of Rm and strictly greater than 0, and A 

is an m x n matrix of coefficients a,,-. Let V^ = { i :X"=ia.v * x; > h< } where x/ is tne/h 

element of the solution vector x at iteration k. Thus, V^ is the index set of violated 

constraints at iteration k.   Three of the most common violated constraint selection rules 

(8:178) are described below. 

1.   Largest Summation Rule (LS). Divide each constraint by its right-hand-side to 

transform the constraint into the form X"=i a</x/ - *' wnere a,-,- equals ay- 

divided by b(. For each !'eVt, let 

2-9 



s,=XN 

and calculate 
max fn i ri max 

^,„i — 'ml {S,}    and   SB2 = .e v   ^ml{S,} 
»eVt ^ »t! 

Select those constraints with indices ml and ml to add to the current problem 
at each iteration. 

2. Most Violated Constraint Rule (MV). For each i e Vk, select the constraints 

that yield the two largest values for ^T"  ay * x* - b;. Since at the first 

iteration, these values cannot be calculated, the first two constraints must be 
chosen randomly. 

3. Random Selection Rule (RS). Two constraints are selected at random from 
V£. Note this rule will not work for the AEM as it might choose a redundant 
constraint and maintain the current precision problem. 

Using these selection rules and a dual simplex algorithm, Myers attained, on average, a 

90% reduction in the time required to solve randomly generated linear programming 

problems that were 300 x 500 and 300 x 320 (8). 

Conclusion 

Since the AEM performs pre-emptive goal programming in its solution process 

and since adding two constraints at a time could add redundant constraints, Myers 

algorithm cannot be directly implemented in the AEM. It does, however, suggest a 

solution approach for improving the AEM. The solution methodology developed in this 

thesis is similar to Myers in that it uses a constraint selection algorithm and dual simplex 

pivots to update the solution at each iteration. It, however, also incorporates the goal 

programming of the AEM and uses algorithms resident in the AEM. Chapter III presents 

the improved solution methodology and its algorithm. 
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III. Methodology 

Introduction 

In this chapter, the improved solution methodology is developed. Then, the model 

formulation and solution procedure are presented. 

Improved Solution Methodology 

Although the current solution methodology does solve the allocation problem, 

there is room for improvement. The first area where improvement is needed is the 

required adjustment of the right-hand side of all hedge constraints. The deletion of this 

requirement increases the precision of the solution and allows the use of a more efficient 

matrix inverter. As mentioned before, this can be done if any redundant hedge constraints 

can be identified and not included in the LP. The second area which would improve the 

model is reduction of the size of the LP. This can be done in two ways. First, redundant 

hedge constraints can be eliminated. Second, non-binding constraints can be eliminated. 

Redundant constraints occur when hedge inputs are the same as the AEM generated 

constraints. A non-binding constraint would be any constraint that, if removed from the 

LP, would not affect the optimal solution. To identify the redundant and non-binding 

constraints, the improved methodology first solves a subproblem of the original LP. 

By solving a subproblem consisting only of the weapon constraints (3-2), a 

bounded super-optimal solution to the original LP (3-1) can be found. The weapon 

constraints were chosen for two reasons. First, the AEM is designed to allocate all input 

weapons. If weapons are not used, a warning is given to the user. For this reason, users 

commonly install a target that is easy to attack and results in a very high payoff. This 

"sink" will have weapons allocated to it that are not necessary to satisfy the goals the user 

has specified. Second, the weapon constraints guarantee a bounded solution since every 

strategy must contain a usable weapon. Once the super-optimal solution is found using a 
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revised simplex algorithm, the remaining constraints of (3-1) can be checked for 

violations. After it has been determined which constraints are violated, they must be 

incorporated into the LP. This creates an updated LP. A dual simplex algorithm can be 

used to find a new feasible, optimal solution to the updated problem. With this new 

solution, the remaining constraints can be checked again to determine if any are violated. 

This iterative procedure continues until no constraints are violated by the current solution. 

Determining which violated constraints to incorporate at each iteration of this 

process is difficult. Myers suggests incorporating two constraints at each iteration (8). 

However, this could add identical constraints to the problem. Testing revealed adding 

only one violated constraint to the problem at each iteration resulted in a large number of 

dual simplex pivots and iterations. To decrease the number of pivots and iterations, and 

ensure that identical constraints are not added to the problem, up to two violated non- 

hedge constraints can be added, or a violated hedge constraint is added by itself. When 

both non-hedge and hedge constraints are violated, only a hedge constraint is added. 

Improved Solution Algorithm 

This section presents the step-by-step algorithm used to implement the improved 

solution methodology. First, the general AEM formulation presented in Chapter I is 

shown. This is followed by a presentation of the algorithm. Figures 3.1 through 3.3 show 

the algorithm's flowchart. 
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The original LP as formulated by the AEM and discussed in Chapter I is written below. 

Max ^ STRAT;. * DE . - £ Mg * DIFF^, 
j 

Subject To ]T W;7 * STRAT. < WEP, for I =  1,..., o 
j 

^STRAT. * T/t < TAR, for k = l,...,p (3-1) 
j 

^Hedge^(...) +DIFFg =HEG0i, for g =l,...,q 
j 

STRAT;. >0 for;= l,...,n 

Where: 

m = the total number of constraints = o + p + q 

n = the number of allowable strategies 

o = the number of weapon types 

p = the number of target classes 

q = the number of hedges 

STRAT/ = the number of times strategy j is chosen 

DE; = the damage expectancy of strategy j 

Mg = the penalty amount for not achieving hedge g 

DIFFg = the amount by which hedge g was not achieved 

Wji = the number of type / weapons used in strategy j 

WEP/ =   the total number of type / weapons 

Tjk = the number of type k targets attacked in strategy j 

TAR*. = the total number of type k targets 

HEG„g = the level to be achieved by hedge g 

Hedgeg(...)      = a linear function of the previously defined variables 
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The improved algorithm is presented below. 

STEP 1.    Obtain columns for problem (3-1) from the AEM. Initialize the sets 

G = {indices for hedge constraints.   1,2,..., q} 

K = {indices for non - hedge constraints.   1,2,..., p}. Let r be the 

number of times (3-2) is updated and solved. Initialize r to 1. If no 

columns exist, skip to STEP 15. 

STEP 2.    Solve problem (3-2), using a revised simplex algorithm (1:294). 

Max ]TSTRATy. *DE, 
j 

Subject To      £ W,7 * STRAT; < WEP;     for / = 1,2,... o (3-2) 
j 

STRAT? >0   for; = 1,2,...,n 

Let STRATr be the solution vector obtained. 

STEP 3.    Determine the type of goal programming required to solve user 

specified goals. If pre-emptive goal programming is required, skip to 

STEP 8. 

STEP 4.    Generate the set 

i.-y T.. * STRAT" > TAR. for ieK, and 
yr = 

./■=1 

i:£ Hedgei(...)*STRAT; ± HEG„. for i e G 

where STRAT" is the/*1 element of the solution vector at iteration r. 

Thus, Vr is the index set of violated constraints at iteration r and 

IVI = a. If a = 0, then the solution is optimal so return to STEP 1. 

Otherwise continue. 

STEP 5.    If V;
r e G, for i = 1,2,...,a, determine which violated hedge constraint 

to add to (3-2) using the largest summation selection rule, remove the 
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index of this constraint from the set G, set r = r + 1, and skip to STEP 

7. 

STEP 6.    No hedge constraints are violated, so V[ eK, for i = 1,2,...,a. If 

a = 1, add constraint V,r to (3-2) and remove this index from the set K. 

Otherwise add two violated non-hedge constraints to (3-2) using the 

largest summation selection rule, and remove the indices of the added 

constraints from the set K. Set r = r + 1. 

STEP 7.    Solve the updated problem (3-2) using a dual simplex algorithm to 

obtain STRATr (1:329). Return to STEP 4. 

STEP 8.    Initialize s to 1, where s is the priority level to be optimized. 

STEP 9.    Generate the set 

i.-XTi/ *STRA17 > TAR<  for  ' e K> and 

V = ./=! 

i:£ Hedge,(...)*STRATJ ?t HEG o;  for  i e G 
7=1 

where STRATJ is the/*1 element of the solution vector at iteration r. 

Thus, V is the index set of violated constraints at iteration r and 

IVI = a. If a = 0, then the solution is optimal so return to STEP 1. 

Otherwise continue. 

STEP 10.  Determine s. 

STEP 11. For each V,.r eG,i= 1,2,...,a, determine the priority of the constraint. 

For the first violated hedge constraint V/ with priority s, update 

problem (3-2), remove the index of this hedge from the set G, set 

r = r +1, and skip to STEP 14. 

STEP 12.  No hedge constraints of the current priority level are violated. If 

V;
r e K,for i= l,2,...,oc, determine which violated non-hedge 

constraints to add to (3-2) using the largest summation selection rule. 
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Update problem (3-2) with two violated non-hedge constraints if 

available, otherwise use one, remove the indices of these constraints 

from the set K, set r = r +1, and skip to STEP 14. 

STEP 13.  For each V.eG, i = 1,2,..„a, the priority is not s and V,r £ K. Thus, 

no constraints can be added to (3-2). Examine the solution of (3-2). 

For all priority 5 hedges in (3-2) with non-zero deviation variables, the 

right-hand-side is adjusted until the deviation variable associated with 

them is zero. Next, delete the column associated with each deviation 

variable of a hedge with priority s, and pivot each deviation variable out 

of the basis as necessary, set s = s + 1, and return to STEP 10. 

STEP 14.  Solve the new subproblem using a dual simplex algorithm to obtain 

STRAT. Return to STEP 9. 

STEP 15.   Current solution is the optimal solution for original LP. Produce output 

and stop. 

STEP1 ties the LP solution algorithm to the column generator (refer to Chapter I) 

in the AEM. At STEP 2, a problem consisting of only the weapon constraints is solved. 

Before the improved solution methodology can continue, the type of goal programming to 

implement, standard or pre-emptive, must be determined. This is done at STEP 3. If 

standard goal programming is to be implemented, the algorithm proceeds to STEP 4. 

Here, a set consisting of the indices of the constraints that are violated by the current 

solution is generated. If the set is empty, the solution to the LP is optimal, and the 

algorithm returns to STEP 1 and adds all newly generated columns the LP. If the set is 

not empty, the algorithm determines if the set contains the index of a hedge constraint. If 

hedge constraints are violated, the problem at STEP 2 is updated with the constraint with 

the largest summation (see Chapter II) at STEP 5, and at STEP 7 a dual simplex algorithm 

finds the optimal solution of this updated problem. If no hedge constraint was violated, 
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then at STEP 6 the set must contain the indices of non-hedge constraints. In this case, the 

problem is updated with two of the non-hedge constraints using the largest summation 

rule, unless only one non-hedge constraint is violated, and again STEP 7 solves the 

updated problem. The solution obtained at STEP 7 is then used to generate a new set 

containing the indices of violated constraints not yet incorporated in problem (3-2). 

STEPs 4 through 7 are repeated until all constraints have been incorporated in problem 

(3-2) or until no more constraints are violated. If pre-emptive goal programming was 

indicated at STEP 3, STEPs 8 through 14 would have been implemented. 

At STEP 8, the priority level to be optimized is initialized to 1. STEP 9 is similar 

to STEP 4. It generates the set containing the indices of violated constraints. Again, if 

the set is empty, the solution is optimal, and the algorithm returns to STEP 1 where new 

columns are generated. If the set is not empty, STEP 10 determines the value of the 

priority to be optimized at this point in the solution process. STEP 11 determines if the 

set of violated constraints contains the index of a hedge constraint with the same priority 

value as in STEP 10. It updates the problem with the first violated hedge constraint it 

finds with this value , and goes to STEP 14 to solve the updated problem using a dual 

simplex algorithm. If no such hedge is found, STEP 12 checks for any violated non-hedge 

constraints. It determines the summation values for each violated non-hedge constraint. 

If only one non-hedge constraint is violated it incorporates that constraint in problem 

(3-2); otherwise, it updates problem (3-2) with two of the violated non-hedge constraints 

using the largest summation selection rule. A solution to this new problem is found at 

STEP 14. STEP 13 is used when the set of violated constraints contains neither a hedge 

constraint with the current priority value nor any non-hedge constraints. If this happens, 

the right-hand side of any hedge constraints in problem (3-2) with the current priority level 

and a non-zero deviation variable are adjusted until the deviation variable associated with 

the constraint is zero. Next, the columns associated with the deviation variables of the 

hedges with the current priority level are deleted. Deviation variables that were basic are 
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pivoted out of the basis. Finally, the priority value is incremented by one, and the 

algorithm returns to STEP 10. Whenever a new solution is found at STEP 14, the 

algorithm returns to STEP 9 to determine if there are violated constraints. Finally, when 

there are no more columns to be added to the LP at STEP 1, STEP 15 produces the 

output of the optimal solution to the original LP. 

Figure 3.1 represents the flow for STEPs 1 through 3 and STEP 15 of the 

improved solution algorithm. Node 1 is the input to the standard goal programming 

algorithm in Figure 3.2, while node 2 is the output from that algorithm. Nodes 3 and 4 are 

the input and output of the pre-emptive goal programming algorithm shown in Figure 3.3. 
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Figure 3.1 Flow Chart of Improved Solution Algorithm 
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Figure 3.2 shows the flow of STEPs 4 through 7 of the improved solution algorithm. 

Figure 3.2 Flow Chart of Goal Programming Sequence 

Solve sub-problem 
using dual simplex 
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Figure 3.3 shows the flow of STEPs 8 through 14 of the improved solution algorithm. 

Figure 3.3 Flow Chart of Pre-emptive Goal Programming 

Adjust 
hedges with 
priority level 

sand 
increment s 

Initialize 
s=1 

0 
Generate V M 

Solution is 
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solve next LP 

Attach 2 violated 
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Note: attach one if that 

is all that is available 

Attach 
hedge V; 

I 
Solve sub-problem 
using dual simplex 
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Conclusion 

The improved solution methodology should decrease the size of the problem 

solved in order to find the optimal solution of the original LP. It will also solve the 

original problem without adjusting the hedge constraints with the 0.9995 correction 

factor. By decreasing the size of the problem and removing the correction factor, this 

methodology should decrease overall solution time while improving the precision of the 

solution. Chapter IV describes the implementation and testing of the improved solution 

algorithm. 
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IV. Implementation And Testing 

Implementation 

The improved solution methodology (ISM) presented in Chapter III was coded in 

FORTRAN using double precision mathematics. The revised simplex and dual simplex 

algorithms are from Best and Ritter (1). The basis matrix was inverted using the standard 

IMSL real matrix inverter. The IMSL inverter, subroutine name DLINRG , uses LU 

factorization to compute the inverse of a real square matrix (7:31). The subroutine 

DLINRG will not invert nearly singular matrices. To determine if a matrix is nearly 

singular, DLINRG approximates the condition number of the matrix. DLRING uses the 

fact that ill conditioned matrices, i.e. nearly singular matrices, have a very large condition 

number (4:265). If the condition number is greater than 1/e (where e is machine 

precision), DLINRG outputs an error and the matrix is not inverted (7:31). 

Testing 

The methodology was tested on five test cases provided by Mr. William L. 

Cottsworth, President of AEM Services Incorporated. For each test case, two solutions 

were produced. Solution 1 is the continuous solution found by the AEM. Solution 2 is 

the continuous solution found by the improved methodology. 

Test Case 1. The first test case had 6610 weapons divided into six weapon types 

and 5388 targets divided into 11 target classes. There were two target hedges specified in 

a priority order. Table 4.1 shows the results from the application of the two methods. 

The very slight decrease in Goal 2 performance experienced by the improved solution 

methodology can be attributed to the higher priority goal being satisfied at a higher level 

by the improved methodology. Table 4.2 shows the solution vectors from both solvers. 
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While the solution produced by the AEM was continuous, the improved solution 

methodology produced an optimal integer solution. 

Table 4.1 Solution Parameters, Test Case 1 
Parameter Solution 1 Solution 2 

Damage Expectancy 0.5664 0.5667 
Value Destroyed 5411.84 5414.54 
Targets Attacked 4375 4288 
Goal 1 Performance 99.95% 100% 
Goal 2 Performance 35.08% 35.07% 
Solution Time (CPU sees) 1.5* 10-6 3.5* 10-9 

Table 4.2 Solution Vectors, Test Case 1 

AEM 
Strategies 

Times 
Strategy 
Chosen 

Value 
Attacked 

AEM 
Value 

Destroyed 

Improved 
Solution 

Strategies 

Times 
Strategy 
Chosen 

Value 
Attacked 

ISM 
Value 

Destroyed 

1 384.00 768.00 613.79 1 372.00 744.00 594.60 
2 752.10 1504.20 676.14 2 752.00 1504.00 676.05 
3 136.00 272.00 217.38 3 148.00 296.00 236.56 
4 197.90 197.90 89.06 4 198.00 198.00 89.10 
5 36.00 180.00 159.02 5 36.00 180.00 159.02 
6 314.00 628.00 383.96 6 314.00 628.00 383.96 
7 649.00 1298.00 793.60 7 352.00 704.00 430.43 
8 501.90 1003.80 612.82 8 154.00 308.00 188.03 
9 506.00 1012.00 770.50 9 482.00 964.00 733.96 
10 187.00 374.00 267.62 10 472.00 944.00 675.48 
11 108.00 324.00 258.81 11 108.00 324.00 258.81 
12 12.00 96.00 88.23 12 0.00 0.00 0.00 
13 4.00 296.00 293.59 13 0.00 0.00 0.00 
14 500.00 500.00 134.85 14 500.00 500.00 134.85 
15 0.10 0.10 0.03 15 0.00 0.00 0.00 
16 87.00 87.00 52.46 16 0.00 0.00 0.00 
37 0.00 0.00 0.00 37 4.00 296.00 293.60 
42 0.00 0.00 0.00 42 12.00 96.00 90.53 
65 0.00 0.00 0.00 65 384.00 768.00 469.56 

Totals 4375.00 8541.00 5411.84 4288.00 8454.00 5414.54 
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Test Case 2. The second test case had 6610 weapons divided into 6 weapon types 

and 5388 targets divided into 11 target classes. There were five target hedges specified in 

a priority order. Table 4.3 shows the results from the application of the two methods. 

Table 4.4 shows the solution vectors from both solvers. The AEM solution was better 

only in one category, Goal 5 Performance. The higher goal achievement for Goal 5 can be 

attributed to the AEM solution not meeting previous goals at the same level as the 

improved solution. While the solution produced by the AEM was continuous, the 

improved solution methodology produced an optimal integer solution again. 

Table 4.3 Solution Parameters, Test Case 2 
Parameter Solution 1 Solution 2 

Damage Expectancy 0.5246 0.5246 
Value Destroyed 5012.30 5012.44 
Targets Attacked 5388 5388 
Goal 1 Performance 100% 100% 
Goal 2 Performance 99.9% 100% 
Goal 3 Performance 99.95% 100% 
Goal 4 Performance 99.95 100% 
Goal 5 Performance 72.42% 72.39% 
Solution Time (CPU sees) 3.2*10-5 7.3* 10-7 

Test Case 3. The third test case had 6610 weapons divided into 6 weapon types 

and 5388 targets divided into 11 target classes. There were four target hedges and one 

weapon hedge specified in a priority order. Table 4.5 shows the results from the two 

methods. Table 4.6 shows the solution vectors from both solvers. Again, the AEM 

solution had a better damage expectancy for Goal 5 at the expense of not meeting higher 

priority goals. The improved solution methodology also produced an optimal integer 

solution for this test case. 
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Table 4.4 Solution Vectors, Test Case 2 

AEM 
Strategies 

Times 
Strategy 
Chosen 

Value 
Attacked 

AEM (DE) 
Value 

Destroyed 

Improved 
Solution 

Strategies 

Times 
Strategy 
Chosen 

Value 
Attacked 

ISM 
Value 

Destroyed 

1 3.30 6.60 5.60 1 3.00 6.00 5.09 
2 384.00 768.00 613.79 2 384.00 768.00 613.79 
3 1552.60 3105.20 837.47 3 1552.00 3104.00 837.15 
4 256.00 512.00 409.19 4 256.00 512.00 409.19 
5 197.90 197.90 53.43 5 198.00 198.00 53.46 
6 99.90 99.90 18.41 6 100.00 100.00 18.43 

999.50 999.50 198.50 7 1000.00 1000.00 198.60 
8 0.50 0.50 0.22 8 0.00 0.00 0.00 
9 0.10 0.10 0.04 9 0.00 0.00 0.00 
10 4.00 296.00 293.38 10 4.00 296.00 293.38 
11 36.00 180.00 152.82 11 36.00 180.00 152.82 
12 0.00 0.00 0.00 12 0.00 0.00 0.00 
13 199.40 398.80 243.83 13 200.00 400.00 244.56 
14 474.70 949.40 661.68 14 361.00 722.00 503.20 
15 204.10 408.20 310.79 15 205.00 410.00 312.16 
16 241.30 482.60 367.44 16 355.00 710.00 540.57 
17 114.60 229.20 174.51 17 0.00 0.00 0.00 
18 108.00 324.00 275.07 18 108.00 324.00 275.07 
19 12.00 96.00 90.37 19 12.00 96.00 90.37 
20 500.00 500.00 305.70 20 500.00 500.00 305.70 
21 0.10 0.10 0.06 21 0.00 0.00 0.00 
61 0.00 0.00 0.00 61 114.00 228.00 158.90 

Totals 5388.00 9554.00 5012.30 5388.00 9554.00 5012.44 

Table 4.5 Solution Parameters, Test Case 3 
Parameter Solution 1 Solution 2 

Damage Expectancy 0.5397 0.5398 
Value Destroyed 5156.26 5157.40 
Targets Attacked 5388 5388 
Goal 1 Performance 100% 100% 
Goal 2 Performance 99.9% 100% 
Goal 3 Performance 99.95% 100% 
Goal 4 Performance 99.95% 100% 
Goal 5 Performance 49.11% 49.07 
Solution Time (CPU sees) 5.7*10-5 1.6*10"v 
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Table 4.6 Solution Vectors, Test Case 3 

AEM 
Strategies 

Times 
Strategy 
Chosen 

Value 
Attacked 

AEM 
Value 

Destroyed 

Improved 
Solution 

Strategies 

Times 
Strategy 
Chosen 

Value 
Attacked 

ISM 
Value 

Destroyed 

1 264.00 528.00 421.98 1 372.00 744.00 594.60 
2 1052.90 2105.80 567.93 2 1052.00 2104.00 567.45 
3 256.00 512.00 409.19 3 148.00 296.00 236.56 
4 99.90 99.90 18.41 4 100.00 100.00 18.43 
5 500.80 500.80 99.46 5 500.00 500.00 99.30 
6 0.10 0.10 0.04 6 0.00 0.00 0.00 
7 0.10 0.10 0.05 7 0.00 0.00 0.00 
8 197.90 197.90 53.43 8 198.00 198.00 53.46 
9 500.00 500.00 255.75 9 0.00 0.00 0.00 
10 12.00 96.00 84.81 10 12.00 96.00 84.81 
11 36.00 180.00 152.82 11 36.00 180.00 152.82 
12 0.00 0.00 0.00 12 0.00 0.00 0.00 
13 163.10 326.20 227.35 13 0.00 0.00 0.00 
14 150.90 301.80 184.52 14 314.00 628.00 383.96 
15 311.90 623.80 434.76 15 225.00 450.00 313.63 
1 224.30 448.60 229.46 16 226.00 452.00 231.20 

17 827.10 1654.20 1011.38 17 664.00 1328.00 811.94 
18 179.80 359.60 273.79 18 373.00 746.00 567.98 
19 108.00 324.00 258.94 19 0.00 0.00 0.00 
20 4.00 296.00 293.60 20 4.00 296.00 293.60 
21 499.20 499.20 178.59 21 500.00 500.00 178.88 
23 0.00 0.00 0.00 23 56.00 112.00 85.27 
32 0.00 0.00 0.00 32 108.00 324.00 258.81 
51 0.00 0.00 0.00 51 500.00 500.00 224.75 

Totals 5388.00 9554.00 5156.26 5388.00 9554.00 5157.46 

Test Case 4. The fourth test case had 6610 weapons divided into 6 weapon 

types and 5388 targets divided into 11 target classes. There were three target hedges, one 

weapon hedge, and one value hedge specified in a priority order. Table 4.7 shows the 

results from applying the two methods. Table 4.8 shows the solution vectors from both 

solvers. Again Goal 5 performance was lower for the improved solution methodology due 
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to higher priority goals being satisfied at a higher level than the current solution. The 

improved solution methodology did not produce an optimal integer solution for this test 

case, but it did provide almost twice as many integer valued variables in the optimal 

solution. 

Table 4.7 Solution Parameters, Test Case 4 
Parameter Solution 1 Solution 2 

Damage Expectancy 0.5406 .5406 
Value Destroyed 5164.44 5164.67 
Targets Attacked 4887.9 4891.41 
Goal 1 Performance 100% 100% 
Goal 2 Performance 99.95% 100% 
Goal 3 Performance 99.95% 100% 
Goal 4 Performance 99.95% 100% 
Goal 5 Performance 1.05% 0.75% 
Solution Time (CPU sees) 4.3* 10-7 2.08*10-9 

Test Case 5. The fifth test case had 8691 weapons divided into 34 weapon types 

and 5774 targets divided into 122 target classes. There were a total of 33 hedges listed in 

a priority order. Table 4.9 shows the results from the application of the two 

methodologies. Due to the large size of the solution vectors, they are not included in this 

section. However, the improved solution methodology again produced an optimal integer 

solution. The improved solution had the same or better goal satisfaction in 28 of the 33 

goals. Out of the first 23 goals the improved solution only had two goals with a lower 

satisfaction level. That is for Goal 4, the current solution attacked 1442.7 targets, while 

the improved solution attacked 1442 targets. Likewise, for Goal 5 the current solution 

attacked 1718 targets and the improved solution attacked 1717 targets. The other three 

goals had a lower level of satisfaction in the improved solution due the limiting of 

weapons and targets caused by the improved solution's higher goal satisfaction of higher 

level goals. 
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Table 4.8 Solution Vectors, Test Case 4 

AEM 
Strategies 

Times 
Strategy 
Chosen 

Value 
Attacked 

AEM 
Value 

Destroyed 

Improved 
Solution 

Strategies 

Times 
Strategy 
Chosen 

Value 
Attacked 

ISM 
Value 

Destroyed 

1 240.00 480.00 383.62 1 240.00 480.00 383.62 
2 256.00 512.00 409.19 2 256.00 512.00 409.19 
3 69.70 69.70 62.29 3 67.41 67.41 60.24 
4 500.80 500.80 99.46 4 500.00 500.00 99.30 
5 197.90 197.90 53.43 5 198.00 198.00 53.46 
6 4.00 296.00 293.60 6 4.00 296.00 293.60 
7 36.00 180.00 152.82 7 36.00 180.00 152.82 
8 0.00 0.00 0.00 8 0.00 0.00 0.00 
9 108.00 324.00 258.94 9 108.00 324.00 258.94 
10 314.00 628.00 321.22 10 314.00 628.00 321.22 
11 716.00 1432.00 732.47 11 716.00 1432.00 732.47 
12 136.60 273.20 190.41 12 130.00 260.00 181.21 
13 90.00 180.00 92.07 13 90.00 180.00 92.07 
14 978.00 1956.00 1195.90 14 978.00 1956.00 1195.90 
15 676.80 1353.60 608.44 15 690.00 1380.00 620.31 
16 22.60 45.20 12.19 16 16.00 32.00 8.63 
17 499.20 499.20 178.59 17 500.00 500.00 178.88 
18 12.00 96.00 92.13 18 12.00 96.00 92.13 
19 30.30 30.30 27.67 19 32.59 32.59 29.76 
40 0.00 0.00 0.00 40 3.41 3.41 0.92 

Totals 4887.90 9053.90 5164.44 4891.41 9057.41 5164.67 
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Table 4.9 Solution Parameters, Test Case 5 
Parameter Solution 1 Solution 2 

Damage Expectancy 0.5406 0.5406 
Value Destroyed 5164.44 5164.67 
Targets Attacked 4887.9 4891.41 
Goal 1 Performance 98.94% 99.44% 
Goal 2 Performance 100.00% 100.00% 
Goal 3 Performance 100.00% 100.00% 
Goal 4 Performance 99.36% 99.31% 
Goal 5 Performance 86.20% 86.15% 
Goal 6 Performance 99.62% 100.00% 
Goal 7 Performance 99.51% 99.89% 
Goal 8 Performance 99.32% 99.79% 
Goal 9 Performance 100.00% 100.00% 
Goal 10 Performance 98.89% 100.00% 
Goal 11 Performance 100.00% 100.00% 
Goal 12 Performance 100.00% 100.00% 
Goal 13 Performance 100.00% 100.00% 
Goal 14 Performance 98.06% 100.00% 
Goal 15 Performance 92.67% 99.87% 
Goal 16 Performance 99.49% 100.00% 
Goal 17 Performance 100.00% 100.00% 
Goal 18 Performance 100.00% 100.00% 
Goal 19 Performance 99.40% 100.00% 
Goal 20 Performance 100.00% 100.00% 
Goal 21 Performance 4.50% 4.50% 
Goal 22 Performance 124.98% 126.41% 
Goal 23 Performance 112.21% 115.77% 
Goal 24 Performance 116.17% 115.77% 
Goal 25 Performance 118.90% 120.35% 
Goal 26 Performance 107.12% 108.36% 
Goal 27 Performance 98.18% 101.15% 
Goal 28 Performance 99.58% 99.23% 
Goal 29 Performance 99.08% 100.49% 
Goal 30 Performance 90.35% 91.39% 
Goal 31 Performance 87.27% 90.08% 
Goal 32 Performance 87.13% 86.83% 
Goal 33 Performance 71.63% 72.59% 
Solution Time (CPU sees) 750 631.2 
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V. Conclusions and Recommendations 

Conclusions 

In all of the cases tested, the improved solution methodology maintained damage 

expectancy and target coverage. The improved solution methodology found the optimal 

solution in less time than the current methodology in all test cases as well. By removing 

the 0.9995 adjustment to the right-hand side of the hedge constraints, the improved 

solution methodology provides the possibility of a truly optimal integer solution. In fact, 

four of the five test cases provided an optimal integer solution. And in test case four, 

where an optimal integer solution was not found, there were three and one-half times 

fewer variables with non-integer values in the improved solution methodology's solution. 

Finally, the improved solution methodology reduced the number of constraints needed to 

solve the original LP to optimality by an average of 17%. This resulted in a reduction in 

size of the basis matrix on average of 30%. Users would benefit greatly by having the 

improved solution methodology incorporated into the existing AEM. 

Recommendations 

There are several areas for potential improvement in the improved solution 

methodology. The AEM can also be improved. This section will outline some of these 

improvements. 

Implementation in the AEM. When implementing this methodology into the 

AEM, some modifications in the algorithm would decrease solution time. After an LP has 

been solved to optimality, its basis should be used as the starting basis for the next LP. 

Likewise, any hedge constraints incorporated into the previous LP should remain in the 

first subproblem of the new LP. This should reduce the number of simplex pivots needed 
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to solve the new LP subproblem to optimality. To also possibly reduce the solution time 

on large problems, more than 50 constraints, additional violated constraints can be added 

to the subproblems to reduce the number of dual simplex pivots required to update the 

optimal solution. This could incorporate non-binding constraints in the final problem, but 

will not add redundant constraints. 

Alternate Optimals. The basic columns are not the only columns that should be 

kept from one LP to the next. Any columns that have a dual variable equal to zero or near 

zero should be kept. These columns could provide alternate optimal solutions to the LPs. 

By exploiting these alternate optimal columns, higher priority hedges may be able to 

maintain their levels of satisfaction, while not over-constraining lower priorities. As seen 

with the five test cases, these alternate optimal columns could allow the solver to find truly 

optimal integer solutions. That is, even if the optimal solution found was not integer, 

there may exist an equally optimal solution that is. These alternate optimal solutions may 

also have different goal performances. A fast way to generate alternate optimal solutions 

might benefit users. One run of the AEM could generate several optimal allocations from 

the same inputs. From these alternate optimal solutions, users can determine which 

optimal solution is best for a given scenario. These alternate optimal solutions can be 

generated after the initial solution procedure by pivoting a column with a zero or near zero 

dual variable into the current basis. The simplex solver algorithm can then be applied to 

the last LP with this new basis. This procedure can be done as many times as the user 

specifies, or until all alternate optimal solutions have been explored. 

Exploring all alternate optimals would likely be too time consuming. In the five 

test cases run, there was an average of 12 columns with zero or near zero dual variables. 

This implies that there are at least 12 alternate optimal solutions to the original problem. 

For large problems this number could quickly reach into the hundreds and even possibly 

the thousands. 
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