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Preface

This thesis develops goodness-of-fit tests for the inverse Gaussian distribution
with parameters estimated from the sample. The complete critical value tables are
presented for Kolmogorov-Smirnov, Anderson-Darling, Cramer-von Mises, Kupier, and
Watson tests. These can be used to test whether sample data follows an inverse Gaussian
distribution. Additionally, the power tables are presented for the five empirical
distribution function (EDF) tests and sequential tests. Power comparison are made.
Finally the functional relationship between the critical values and the inverse Gaussian
shape parameter and sample size is determined.
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Abstract

Modified Kolmogorov-Smirnov (KS), Anderson-Darling (AD), Cramer-von
Mises (CV), Kupier (V), and Watson (W) goodness-of-fit tests are generated for the
inverse Gaussian distribution with unknown parameters. The inverse Gaussian parameters
are estimated by maximum likelihood estimation. A Monte Carlo simulation of 50,000
repetitions is used to generate critical values for sample sizes of 5 through 50 with an
increment of five, sample sizes of 60 through 100 with an increment of 10, and 24
different values of the inverse Gaussian shape parameter.

A 50,000-repetition Monte Carlo power study is carried out using data with
sample sizes of 5 through 100 from five alternate distributions for the five EDF tests for
significance levels of 0.01, 0.05, 0.10, 0.15, and 0.20. For sequential tests, power studies
are performed for the significance levels produced by combining two EDF tests. Power
studies corresponding two both cases are presented in tables and graphs. The power
studies showed that the tests are excellent in discriminating between the inverse Gaussian
and distributions such as the gamma, exponential and uniform that are very different in
shape. However, they are relatively unable to discriminate between the inverse Gaussian
distribution and distributions that are similar in shape such as the lognormal and certain
Weibull distributions with shape similar to the particular inverse Gaussian. The AD test
has the highest power in most cases studied.

A functional relationship is identified between the modified KS, AD, CV, V, and
W test statistics, sample size, and the inverse Gaussian shape parameter. The critical
values are found to be a non-linear function of the shape parameters and sample sizes for

the significance levels of 0.01, 0.05, 0.10, 0.15, and 0.20.
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MODIFIED GOODNESS-OF-FIT TESTS FOR INVERSE
GAUSSIAN DISTRIBUTION WITH TWO UNKNOWN
PARAMETERS

I. Introduction

1.1 Background

The Air Force depends on advance technology to perform its missions. However,
due to a shrinking budget, the analysis of complex systems, and the improvement of
systems’ reliability and maintainability are becoming more difficult. Economic pressures
have forced analysts and designers to derive more insight from limited test data through
simulation and statistical techniques. In developing a valid statistical model of the
observed data, they perform four basic steps:

1. Collect and plot the raw data to develop a histogram.

2. Hypothesize the underlying statistical distribution of the data by

comparing the histogram to probability density functions of known

distributions.

3. Use the observed data to estimate parameters that characterize the
distribution.

4. Test the distributional assumption and parameter estimates using

goodness-of-fit tests. If the hypothesis (that the data follow the assumed
distribution) fails, return to step 2 (‘assuming a different distribution) and
repeat the process. (3:332)
Goodness-of-fit tests measure the degree of agreement between the distribution of
an observed data sample and a postulated statistical distribution. Over the years, different

types of goodness-of-fit tests have been developed for statistical distributions. However,
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there are still some distributions which have not been examined fully. One such
distribution, which can be used in Air Force applications, is the inverse Gaussian
distribution.

The inverse Gaussian distribution is a well-known distribution with properties and
applications similar to those of normal distribution.(11) In the early 1970s, a number of
authors published documents describing the inverse Gaussian distribution and its uses in
reliability and statistical analysis.

The inverse Gaussian distribution was first described as the distribution of the
first passage time of a Brownian motion with positive drift. In 1828, Robert Brown
(1773-1858), a famous British botanist, observed some strange motion of pollen particles
when they were immersed in water. After further research, this motion was accepted as a
physical phenomenon rather than a biological one. In 1915, Schrédinger and
Smoluchowski separately obtained the distribution of the first passage time of Brownian
motion with positive drift. In 1941, Tweedie noticed the inverse relationship between the
cumulant-generating function of the time to cover unit distance and the cumulant-
generating function of the distance covered in unit time. Because of this inverse statistical
relationship, he named the first passage time distribution of the Brownian motion as
inverse Gaussian distribution in 1956.(35) In 1947, Wald obtained a special case of
inverse Gaussian distribution as an approximation of the sample size distribution in a
sequential probability ratio test. Therefore, the inverse Gaussian distribution is sometimes
known as the Wald distribution.(36)

The family of inverse Gaussian distribution is fairly wide. Its shape can vary from
skewed to almost symmetric. This characteristic offers promise for practioners who have
reluctantly relied on the normal distribution in evaluating skewed data.

Although the traditional distributions such as lognormal, gamma, and Weibull are

used extensively for skewed data, they cannot be applied for a wide range of statistical
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methods usually based on the normal distribution, such as ANOVA, two-sample t tests,

regression analysis, confidence intervals, and so on. Chhikara writes:

When confronted with skewed distributions, investigators usually resort to a
transformation in order to normalize the data. For example, the Box & Cox
transformation (1964) is put forward partially because of the desire to eliminate
skewness in data. Although it may be true, for example, that the reciprocal of the
response variable is better described by an experimental design model than the
response variable itself, there is still a major problem of interpretation involved
when we consider the data analysis using the transformed variable. If possible, it
is desirable to analyze the data as observed using statistical methods based on the
skewed distribution. The authors feel that the application of the inverse Gaussian
when appropriate can meet part of this need for skewed data analysis.(6:6)

In order to decide whether a data sample is distributed inverse Gaussian, a
goodness-of-fit test must be applied to the data. The chi-square and the Kolmogorov-
Smirnov (KS) tests are the most commonly used tests in goodness-of-fit studies. The chi-
squared test compares frequencies of the observed data with expected frequencies of the
hypothesized distribution. Although it is restricted to large sample sizes ( # =25 ), the
test is flexible enough to allow some parameters to be estimated from the observed data.
The Kolmogorov-Smirnov test compares the continuous cumulative distribution function
(CDF) of the hypothesized distribution against the empirical cdf of the observed data
sample. The test requires that the parameters of the distribution be specified. The
Anderson-Darling (AD) and the Cramer-von Mises (CV) tests are Empirical Distribution
Function (EDF) statistics similar to the KS test. They have the same limitations with KS
test. Because of these limitations, statisticians have sought new goodness-of-fit tests,
especially for frequently tested distributions.(7:357)

A significant breakthrough was made by David and Johnson in 1948. They found
that when the invariant estimators of location and scale parameters were used , the CDF

and EDF statistics would depend on the functional form of CDF, not on the estimated
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parameters.(9) Thus, critical values will depend only on sample size and significance
level for a completely specified CDF.
1.2 Problem Statement

Several authors have published papers on goodness-of-fit for the inverse Gaussian
distribution. However, power studies for these tests showed that their powers are low in
discriminating between the inverse Gaussian distribution and distributions that are similar
in shape such as the lognormal and certain Weibull distributions. This thesis effort aims
to develop tables for more powerful goodness-of-fit tests for the inverse Gaussian
distribution and to compare the power of the tests with previously developed ones.

1.3 Methodology

The thesis will consist of three basic phases.

1. A Monte Carlo Simulation procedure will be applied to produce critical value tables
for the modified goodness-of-fit tests for the inverse Gaussian distribution.

a) Critical value tables will be generated using Monte Carlo Simulation. To
evaluate the effect of sample size, sample sizes (n) of 5, 10, 15, 20, 25, 30, 35, 40, 45, 50
will be used. Since standard computer library packages ( e.g. IMSL ) do not contain
subroutines for the inverse Gaussian distribution, a computer program was written to
generate Inverse Gaussian random variates.

b) The » random deviates will be ordered in ascending order.

¢) The ordered random Inverse Gaussian deviates will be used to estimate the
parameters by Maximum Likelihood Estimation (MLE).

d) The n ordered inverse Gaussian deviates will be used to calculate the
hypothesized distribution function.

e) Based on the hypothesized and sample distributions the test statistics will be
calculated. (Each of these five steps will be repeated 50,000 times to generate 50,000

independent statistical values.)




f) The 50,000 statistics for each of the tests and for each sample size will be
ordered.

g) The 80th, 85th, 90th, 95th and 99th percentiles of the distributions of each test
statistic will be calculated by linear interpolation. These percentiles will be the critical
values for the modified test.

2. The powers of the sequential goodness-of-fit tests will be compared to determine
which test can best detect a false Inverse Gaussian hypothesis. The power of a statistical
test is the probability of correctly rejecting a false hypothesis.

Random deviates from several different distributions of sample size n will be
generated using IMSL subroutines. The goodness-of-fit test statistics will then be
calculated under the null hypothesis that the random deviated follow the inverse Gaussian
distribution with the estimated parameters. Then the calculated statistic for each test will
be compared to the corresponding critical value obtained in Phase 1. The number of times
each statistic exceeds the respective critical value will be counted for each sample size.
The power of the test for each alternative distribution will be the number of times the null
hypothesis is rejected divided by the total number of random samples of size n. The
resulting power values will be arranged in tabular form and analyzed to find out which
test performs best for a given sample size and distribution.

3. The final step will be to determine a functional relationship between the parameters of
Inverse Gaussian Distribution and the critical values generated. This relationship can then
be used to interpolate critical values.

1.4 Scope

This thesis will evaluate several sequential tests which are acquired by combining
some goodness-of-fit tests. Critical value tables for these tests will be generated and
documented. The power study will determine which test gives the best power in

identifying a false inverse Gaussian distribution data sample. The probabilities of
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correctly rejecting a false hypothesis will be calculated. A functional relationship
between parameters of the inverse Gaussian distribution and critical values of the test will

be determined.
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II. Literature Review

2.1 Introduction

This chapter briefly reviews the background literature for the inverse Gaussian
distribution, goodness-of-fit tests (GOFTs), Monte Carlo simulation, random deviate
generation, and the plotting positions technique since these subjects are crucial to the
conclusion of the thesis.
2.2 Inverse Gaussian Distribution

Suppose a particle moves with a uniform velocity v along a line and the particle is
also subject to linear Brownian motion which causes it to take a variable amount of time
to cover a fixed distance d. It can be shown that the time x required to cover the distance

is a random variable with probability density function

1 —(d-») x
) = ——==de” ™ M
2nfBx

where f is a diffusion constant. When the time x is fixed, the distance over which the

particles travels is a random variable with the normal distribution:

1 7
d) = e d-vx)'/(2Bx) )
g(d) TTT 2
o d a . . - . .
On substituting v=— and f = e into (1), we obtain the probability density function

of inverse Gaussian random variable x with mean y and variance u3/A, (17:137), which is

IG(x; 1, A) = f exp( '1(;” 5) ] 3)

where x>0, £ >0, and A >0.The density is unimodal and its shape is determined by

the shape parameter ¢ = A/u. (11)
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Figure 1 Pdf’s of Inverse Gaussian Distribution with pt = 1 for five values of A.
The Cumulative Distribution Function F(x) of the inverse Gaussian distribution

was given by Shuster (1968) in terms of the standard normal distribution, ®.

R

2.2.1 Estimation of Parameters. The most commonly used invarient
estimation methods in modified goodness-of-fit tests are the maximum likelihood
estimator (MLE) and the best linear unbiased estimator (BLUE). This thesis uses MLE,
since “These estimators are computationally simple, complete, stochastically
independent, and jointly sufficient; they are uniform minimum variance unbiased for p

and A “.(25)(18) The MLEs of the mean u and the scale parameter A were obtained by

Schrodinger in 1915.
- I
u=r=1{3x) ©)
n\'iz
A= ©)

2.2.2 Some Useful Properties. The inverse Gaussian distribution has some

useful properties. We can order those properties as follows:
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1. The family of the inverse Gaussian distributions is closed under the change of

scale. For any number ¢ >0, cX is inverse Gaussian distributed with parameters cyt and

cA.
2. A linear combination Zc,.X ., ¢, >0, where X; ~ IG(u;,A ), is inverse

Gaussian distributed. Thatis, ¥ c,X, ~ JG(Z o (Zc,.#,.)z) if A, / (ulc,)=¢ for

all 7.
3. The family of the inverse Gaussian distributions was proven to be complete by
Wasan in 1968.(37)
4. The density function (1) can be written as
f(x;61,62)= 3—; exp M)x'eﬂ) exp[——;—(elx'l +92x)],
which represents an exponential family of distributions. More information can be
supplied from Barndorff-Nielsen and Blaesild.(6:13)
Some properties of the inverse Gaussian distribution are parallel to those of
normal distribution. These are:
e The sample mean ¥ from an inverse Gaussian is inverse Gaussian.

e The sample mean and Z (—1— - é) are independently distributed statistics.
X, X

i

« The term in the exponent of the distribution is (-1/2) times a chi-square variable.
o The uniformly most powerful unbiased test for the mean employs the student's t
distribution.(30)

2.2.3 Application as a Lifetime Model. Since the first passage time of a
Brownian motion has been proven to be distributed as inverse Gaussian, it is logical to
use the inverse Gaussian distribution as a lifetime model. For instance, as stated by
Chhikara and Folks in 1989, (6), it has been used to describe the interpurchase time for a
consumable commodity; to model the distribution of strikes in the United Kingdom; to

model the distribution of differences between prices at two different times at stock
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market; to model wind speed and energy flux; to model active repair times(hours) for an
airborne communication system. Many more examples appear in diverse fields such as
reliability, cardiology, environmental studies, finance, employment services, etc.
In reliability studies the failure mechanism determines the choice of distribution.

For example, for situations which aging or wearing-out processes occur, the life time can
be represented with an increasing failure rate ( IFR ) distribution. (6:156) When early
product failures or repairs are dominant in a lifetime distribution, its failure rate is
expected to be nonmonotonic, first increasing and later decreasing. In such a situation, the
inverse Gaussian distribution might provide a suitable choice for a life time model.
Suppose F denotes the distribution function of failure time for a unit. The reliability R(x)
of the unit at time x is the probability of its having no failure before time x; thereby,

R(x) =1 - F(x). For the inverse Gaussian distribution:

0o (=)o ({203

u} 0.5 1 1.5 2 2.5 3

Time
Figure 2  Reliability Function with u =1 for four different values of A.
The failure rate of a mechanism at time ¢ is defined by the conditional probability
that it fails during the infinitesimal time interval ( ¢, ¢ + &) given that no failure occurred

before ¢. The failure rate r(f) at time ¢ is given by
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r@)= % . 1>0 ®)

where f{¢) is the density function of the mechanism failure time. Thus the failure rate of

inverse Gaussian is (6:151)

(l 2wt )]/2 exp El (-py /2u2t]

r(t)=q)[ %[l_ﬁ_ﬂ_e”/“@[ %(Hﬁ))

€

Failure Rate
-]
tn

Figure 3 Inverse Gaussian Failure Rate with p1 =1 for four values of A.

Though the lognormal distribution, among others, is also applicable in such cases,
there are certain advantages in choosing the inverse Gaussian over the lognormal. First,
the inverse Gaussian addresses a wider class of lifetime distributions. The inverse
Gaussian is almost an IFR distribution when its slightly skewed, and hence is also
applicable to describe lifetime distribution which is not dominated by early failures.
Secondly, the failure rate r(f) is nonzero and constant as ¢ — oo for the inverse Gaussian,
but #(f) goes to zero as t — oo for the lognormal. The nearly constant failure rate after a
certain time period implies that after a time period, the occurrence of failure is purely
random and is independent of past life; this is a property of the failure rate of an
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exponential distribution which has been extensively used in reliability studies. On the
other hand, vanishing failure rate implies that eventually almost no possibility of failure
remains, which is hardly feasible in real life.(10)
2.3 Discussion of Goodness-of-fit Tests

Prior to using a probability model to represent the population underlying a
particular set of data, it is important to test adequacy of model.(38:113) Goodness-of-fit
tests measure the degree of agreement between the distribution of an observed data
sample and a theoretical statistical distribution.(7:189) Goodness-of-tests can be applied
either by using graphical methods or by using test statistics.

For years statisticians have attempted to find test statistics whose sampling
distributions do not depend on certain parameter values or on the explicit form of the
distribution of the population. Such tests are called non-parametric or distribution-free
tests.(22:68) Two of the oldest and best known non-parametric tests for goodness-of-fit
are the Chi-squared and the Kolmogorov-Smirnov tests.(7:189)

2.3.1 Chi-Squared Test. The Chi-squared test, introduced by Pearson in 1900,
is the first goodness-of-fit test. This classical test is an almost universal goodness-of-fit
test since it can be applied to discrete, continuous or mixed distributions, and with
grouped or ungrouped data. Further, the model can be completely specified or the
parameters can be estimated.(38:113) This test compares frequencies of the observed data
with expected frequencies of the hypothesized distribution. The test is flexible enough to
allow some parameters to be estimated from the observed data, but it has some
limitations. For example, it is restricted to large sample sizes.(2:73)

The Chi-squared test procedure can be summarized as follows:

Suppose we have a random sample X;, X,, ...X,, with the distribution F(x). The
range of the data sample is partitioned arbitrarily into & cells. Let O; be the observed

number of Xj's in the it" cell and let p; be the portion of observations that would be in the
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cell for the postulated distribution. Each O, has a binomial distribution and, thus, E; = np,
is the expected value of O, . Pearson reasoned that the difference between the observed
and the expected cell frequencies, O, - E;, expresses lack of fit of the data to F(x). He
suggested the chi-squared test statistics as a function of this difference. That is,

 (0,-E)
XZZZ(IE I)
i=1 i

The test has k-p-1 degrees of freedom, where p is the number of parameters estimated and
the parameters are estimated by minimizing the x2 statistic. (33:64-65) If ¥ > x%,,
(where y2,,, is the critical test value), the test results in rejection. The test is
approximate since the sample statistic is only asymptotically 2 distributed. It is shown
by several authors that the chi-squared test has lower power than other applicable tests.
Since statisticians may partition the data differently, test results may not be
consistent.(38:113)

2.3.2 The Empirical Distribution Function Tests. EDF tests are the
second class of goodness-of-fit tests. They compare an observed sample distribution
function and an hypothesized theoretical distribution function. EDF test statistics are
based on the empirical distribution function and in many cases are easily calculated and
competitive in terms of power. The Kolmogorov-Smirnov, Anderson-Darling, Cramer-
von Mises, Kupier, and Watson test statistics are all of the EDF type.(34:730)

The Kolmogorov-Smirnov (KS) test compares the cumulative distribution
function (CDF) of the hypothesized distribution against the empirical distribution
function (EDF) of the observed data sample. Although it is restricted to distributions
which are fully specified, the test can be used with small or large samples. There can be
no unknown parameters estimated from the sample.(7:357) Often, it is a more powerful

test than the Chi-squared test for any sample size.(20:399)(22:76)




When parameter estimates must be made from the sample, the existing KS critical
values are overly conservative and must be modified using Monte Carlo
techniques.(3:357) The term conservative means that the critical values are too large so
that the actual level of significance is smaller than the stated level of significance.(7:90)

The KS test statistic is the largest vertical distance between the completely
specified hypothesized CDF and the observed EDF.(12:204) Kupier test statistic (V) is
the sum of the largest vertical positive distance (D*) and the largest negative distance
(D").Thus, the test statistics are expressed as (33:101):

KS =max ( D*,D-) (10)
V=D*+D- (11)
D+=max ( F,(x)- F(x) ) =max (i/n - F(x)))

D-=max (F(x)- F(x) ) = max ( F(x;) - (i-1)/n)

Another way to measure the discrepancy between the hypothesized CDF and the
observed EDF is to use statistics of the Cramer-von Mises (CV) family, which are based
on the squared integral of the difference between the EDF and the distribution tested.

These statistics are generated from
0=n [[.6)-FE) v )] @ G) (12)

where y(x) is the weight function. When y(x) = 1, the CV statistic is obtained. (34:731)

The more practical computational formula for the CV statistic is:
. ( 2i - 1) ?
CV=—~+ 13
12n ,z:l: n (13)
A modification of CV is the Watson (W) statistic defined by

W=n J{F (x)-F(x)- I V(x)-F (x) dF (x)} dF(x).

The more practical computational formula for the W statistic is:
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W=CV- n[(z; F(x,)/nj - 0.5]2 (14)

Another member of the Cramer-von Mises family is the Anderson-Darling (AD)
statistic. When wyw(x) = 1/{F(x)(1-F(x))} the Anderson-Darling statistic is
obtained.(1:767) The test allows more flexibility in goodness-of-fit tests. In a more

practical computational way, the AD statistic is:
l n
2 o, P _
AD" = -n-- Zl;(zz 1)[1nF(x,)+1n(1 F(xm_i))] (15)

In 1948, a significant breakthrough was made by David and Johnson in goodness-
of-fit. They found that if a distribution can be completely specified by a single parameter
for location and a single parameter for scale, then goodness-of-fit tests based on the
probability integral transformation are independent of the true parameter values when
invarient estimators are used.(9:184)

Based on the studies of David and Johnson, critical value tables for the KS and
related tests have been modified to allow their use in several cases where parameters are
estimated from observed data. In a modified test, the form of the test statistic itself
remains essentially the same, except that estimates are used in place of exact parameters.
However, the critical values for the modified test are considerably different. The critical
value tables are no longer the same for all distributions. Instead, they are different for
each hypothesized distribution function. A modified test is still non-parametric since the
level of significance is still independent of any untested assumptions regarding the
distribution of the underlying population. In fact, the form of the hypothesized
distribution is the hypothesis being tested.(7:357)

In the literature, there are numerous studies on modified goodness-of-fit tests,
each using different estimation techniques, different test statistics, different methods in
calculating critical values, and different postulated distributions. For instance, Lilliefors

developed a modified KS test for the normal and exponential distributions; Ream
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developed another set of modified tests for the normal distribution; Woodruff, Moore and
Cortes developed a modified KS test for the three-parameter Weibull distribution; Bush
modified the AD and CV tests to expand the goodness-of-fit tests for the Weibull
distribution; Viviano modified the KS, AD, and CV tests for the Gamma distribution; and
Yoder developed a modified KS, AD, and CV tests for the logistic distribution. The
modified KS, AD, and CV tests have also been developed for the uniform, normal,
Laplace, exponential, Cauchy, and Inverse Gaussian distributions. In 1980, Daniel
prepared a bibliography on goodness-of-fit tests. The bibliography goes back to 1900
(when Pearson first introduced the %2 test) and covers all the major studies up to 1980.(8)
The efficiencies of the tests and the asymptotic theories of the test statistics are also
discussed.

Moreover, there exist three important resources in the literature on the goodness-
of-fit. The first is the book entitled Goodness-of-Fit Techniques by Stephens and
D'agostino.(33) The authors refer to numerous studies and present various kinds of
goodness-of-fit tests, giving examples for different distributions. The second book is
Smooth Goodness-of-Fit Tests by Rayner and Best.(27) The third resource, which is
Goodness-of-Fit Statistics for Discrete Multivariate Data by Read and Cressie, d