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PREFACE

Two complementary analyses of the time-harmonic scattering by a penetrable wedge
are presented. The distance from the apex (appropriately scaled by the wavenumber in the
exterior region) of the exciting line source is the single length scale in this infinite-domain
boundary value problem The work summarized herein represents two mathematical ap-

proaches (among a series of candidates) to solve this important scattering problem and to
visualize the wave physics.
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Figure 1: Wedge Geometry
1 Introduction

Consider the two-dimensional scattering of a time-harmonic sound wave
generated by a line source and incident upon a penetrable wedge of angle
2« which, to simplify the presentation, is assumed in the main text to be
such that 7/a is an integer m (Figure 1). The wave speeds in the interior
and-exterior of the wedge are distinct and the radiation condition of only
outgoing waves at infinity is applied in all directions. At the boundary of
the wedge there is a pair of transmission conditions which ensure continuity
of the acoustic pressure and normal velocity. Additional simplification is
achieved by assuming that only one side of the wedge is directly ‘lit’ by

the source. Such a transmission problem can be formulated, by use of




the free space Green’s function in each region, in terms of a pair of coupled
integral equations for two unknowns, the pressure and normal velocity, over
the total boundary of the wedge. The details are given by Kleinman and
Martin (1988) for the finite transmitting body.

However, by using suitably modified Green’s functions and considering
separately the symmetric and antisymmetric parts of the pressure field with
respect to the center plane of the wedge, a pair of disjoint integral equations
of the first kind can be obtained for the two parts of the normal velocity
on just one face of the wedge. Transformation to equations of the second
kind is then achieved by using a technique for solving integral equations
with Hankel function kernels (Porter, 1983). The procedure described here
can be regarded as a perturbation from the case of the impenetrable hard
wedge and this context is adopted for the sake of extra simplification of the

presentation.




2 Formulation of the Transmission Problem

A sound wave generated by a z-directed source of period 27 /w is incident on
a penetrable wedge which, in terms of cylindrical polar coordinates (r, ¢, z),
occupies the region r > 0,—a < ¢ < « (Figure 1). With the time factor
e’ suppressed, the induced exterior and interior pressure fields, u. and u;

respectively, satisfy the wave equations
(V2 +k)ue=0, (/4] > a), 1)
(v + K =0, (4] <a) ©)
while the incident field, with the source at (R, ®), is given by

iH®[k.(r? + R? — 2r R cos(¢ — ®))'/?], (3)

W | =

Uinc

where @ < ® < m — @, in accordance with the assumption that only one
side of the wedge is directly ‘lit’ by the source. The transmission conditions

at the interfaces are

Bu 311,' _
El N vl 7Y (¢ = +a), (4)
where
U = Uy + Uine (5)

denotes the total pressure field in the exterior region. At infinity, all fields

contain only outgoing waves. The wavenumbers k., k; and the density




ratio p are given real, positive constants with k; > k.. Now introduce the

symmetric and antisymmetric parts of @, e, u; by writing, for each field

u®)(r,4) = 2lu(r,4) £ u(r, —4) (6
and, similarly, set
10ul® ‘
fOr) =~ a;é (ra) (r>0). (7)

Then the exterior and interior regions are reduced to @ < ¢ < 7 and
0 < ¢ < a respectively, with the differential equations (1) and (2) satisfied
therein and the transmission conditions (4) applicable at the sole interface

¢ = a. The additional hard and soft conditions are

)
a;g =0, =0 (g=1),
(+)
ag; =0, «?=0 (¢6=0). (8)

Let G®)(r,¢;1',¢") (@ < ¢,¢' < 7) be two Green’s functions defined
in the exterior region where they satisfy (1) except at the singularity in
the prescribed term iiH((,z)[lce(r2 + 2 — 271’ cos(¢ — ¢'))!/?]. Similarly, let
Gfi)(r, é;r',¢') (0 < ¢,4' < @) be two Green’s functions defined in the inte-
rior region where they satisfy (2) except at the singularity in the prescribed
term iz'H(()z)[k;(r2 + 2 — 2rr' cos(¢ — ¢'))/?]. These four functions satisfy
the respective hard and soft conditions (8) and all of them are required to

have zero normal derivative at the interface ¢ = & and only outgoing waves

at infinity.




Then when Green’s theorem is applied to u{*)(r, ) — [u*)(r, $)] =0 and
Gg*)(r,q&;r', @) in the external region @ < ¢ < =7 and to ugi)(r, #) and
Ggi)(r,é; ', a) in the interior region 0 < ¢ < a, the resulting pairs of

integral equations on the wedge boundary are

1 foo 1 Gul®)
w2 (r,a) = [, o = [ G, 5, ) 5 (7 @)
—P [T A et (£) [ I\ ol
L[ 0w ) f D (> 0)
and
1 foo 1 9ul*)
ugi)(r: a)=—;/o Ggi)(r) a; 7',) a); a¢1 (rl) a) dr’

—_l ® (3) e ! () (! !
= [T &0, a)f D (> 0),

after use of (4), (5) and (7). Now (4) and (5) allow the unknown functions
on the left hand sides to be eliminated to obtain a pair of disjoint integral
équations of the first kind for the symmetric and antisymmetric source

density functions f(*), namely
wiad(r, @) + [l (r, @)l =0 = [w(r, @)=

= —% /Ooo [Ggi)(r, a; ', a) + pGF(r, 057, a)] &) (r>0).
- (9)
This is the equation whose reduction to a suitable integral equation of the
second kind is the purpose of this work. Note that p = 0 for the hard wedge,
in which limit f becomes irrelevant to the scattering problem because no

transmission occurs in this case. However, the structure of the solution




procedure presented below may be regarded as a perturbation about this

limit. On writing
1O = 152+ o117 + 52137 + (10)
the integral equation (9) reduces to the system
u§E(r) = [u®(r, @)] =0 = —% /:o GE(r, ;1 Q) f$E (#)dr,

;lr-.[)w G (r, a; 7, a)f(f)l(r')dr' = —% /0°° Gf*)(r, o7, @) [P (r)dr’ (n21)
(r>0). (11)

Thus each term in the expansion (10) is determined from an interior prob-
lem while each forcing term, after the first, arises from an exterior problem.
In particular, this shows that the Green’s function Gsi), with wavenumber

k; plays the dominant role in the kernel of (9).

3 The Green’s Functions and Forcing Term

With the incident field defined by (3), it may be deduced from Jones (1986,
section 9.19) that the forcing term in (9) is given by

1 oo+t

=0 = 16(r — @) Joo—ri

u$(r) = [pWHr, a)] HP[k.(r*+R*~2rR cosh )2

x sinh i [ 1 (5= + 1 —51a } dr

2(7 — @) | cosh 2(:;) — €08 5 cosh 2(::a) + cos Z =0
1

= :iz'II(g"’)[ke(r2 + R? — 2rRcos(® — @))'/?)




1 o ‘
+—T:Zj-/ H(()z)[ke(,& + R? + 2r R cosh u)1/2] sinh m(u + i)

16( 2(r — )
[ 1 1 ]
X - + - du (12)
m(utnrs) m(®—a) m(utmi T o ’
I_cosh 2(;0) — €08 5oy cosh 2((1:0)) + cos 22:;; J :

in which only the first term contributes to the residue at 7 = 0 because of
the assumption ® + o < 7.

Similarly the external Green'’s functions are given by

G(+)(1. ¢ TI, a) — —__1_ oo+t H(()z)[ke(rz + 1.12 _ 21‘1" cosh T)I/Z] sinh ;fa dT
e '\ 8(m — a) Joomri cosh = + cos 1(:__%@ )

i.e.
G(e+)(1', a; ‘I", CY). = i-iH((JZ)[keIT - 7"”
1 o Hk(r? + 1 + 2rr’ coshu)/?]
* ./ ; du 13
§(r — @) J-oo tanh 12((% (13)
and

G(_)( bir' a) sin —-(—2;'(:::) /oo+m' H(gz)[lce(r2 + 72 — 2r1’ cosh 7)!/?] sinh 2(::‘1) P
e \n#THE "~ 4(r-a) ”"_'a+cos1(;"f—ﬂ i

co—mi cosh =

i.e.
e

G r, o'y 0) = ZiH[kelr = ']

+ 1 f°° HP [k (r? + r'2 + 2r¢' cosh u)'/?] du
8(r — ) J-o sinh J0tr) '

(14)

The assumption that a = 7/2m, for some integer m > 1, simplifies the
corresponding expressions for the interior Green’s functions which evidently

can be constructed by adding image sources and sinks to the prescribed




source. Thus

GH(r, ;7' a) = Zznin (£1)" {Héz)[lc (P2 + 7% = 2rr' cos[(2n — 1)a + ¢])1/2]'

n=1

£ HP [ki(r? + £ = 201’ cos|(2n — 1)a — ¢])/7]}

and, in particular,
G(r, a5,a) = i {HPlr = '] + (1) B k(s + 1)

+2 "—f:—l(il)"lf(z)[k (r? + 7% = 2rr' cos mr/m)l/z]} | (15)

n=l

4 Inversion of the Hankel Kernel

Consider the integral equation of the first kind

9r) = [~ vV EP ke = Nar’ (- >0) (16)

whose solution, which may have an integrable singularity at ¢ = 0, is

assumed to be bounded at infinity, and define the operator L; by

J1 [k,'(r - 3)] dr

r—s

(Lw)s) = —v'(s)+ki [ ¥(r)
) [T vtk - ol (20 ()

I
|
+
Rw
%)

Porter (1983) showed that application of this operator to (16) yields the
singular integral equation

i lk.(r —a)
(Ligs) = =2 [T w()=

dr' (s >0), (18)




whose solution is given by Muskhelishvili (1953). The complementary
function, e™*'/\/r', satisfies the outgoing wave condition and furnishes

a unique solution bounded at the origin, namely

pir) = —oyr [ ’” s)e% s (r20.  (9)

—p

Thus, on writing (15) in the form
E(r, o', 0) = 3i [EP(lr =)+ KD, (20)
the first of the integral equatibné (11) can be rearranged as
amisd?(r) = [ KD V6 = [T HD (ke ~ o) D,

which is of the type (16) when the left hand side is regarded as known.

Hence, from (19),

thi(s—r)

190) = vr [ S [0 + 5 [R50 ds

0
(r>0), (21)
which is an integral equation of the second kind for each zero order density
function. The two integrations introduced by the above inversion procedure
can be evaluated exactly when plane wave representations are used.
The inversion of the remaining integral equations in (11) can be achieved
similarly, except that the forcing terms also have a Hankel kernel, ‘with
wavenumber k., as given by (13) and (14) for the symmetric and antisym-

metric cases. On writing these equations in the form

G®(r,a;7,a) = %z [ HP (ke|r = ') + K, r')] , (22)

10




as in (20) for the interior Green’s functions, the sequence of integral equa-

tions in (11) can be arranged as
~ [T [E®(, FE) + K, 1) 1] drf
0
~ [T (B ke = #') = B e — D] S5k )ar
= [T B (ke - ) [£20) + 120 d'

which also can be regarded as of the type (16). Hence, on defining the
bounded kernel

K,(r,r) = B (kelr = #'l) = HO(klr =) (r,r'20), (23)
the inversion formula (19) yields

ir o ekl +), 1
$90)+ 80 = 2 7 s [ (R e

LK) (s, PV E() + (LK) (s, ) fB()] dr'ds (a21)  (r20),
(24)
which is an integral equation of the second kind for f&#)(n > 1) when f(*)
is already determined.
The expansion (10) enables equations (21) and .(24) to be combined to

show that the corresponding inversion of (9) is

(1 +p) D) = vr [ \/: - = [0 + 5 [T {EK) )
+p(LiKE) (s, 1) + p(LiK,) (s, )} B ()dr'| ds  (r20),  (25)

which is an integral equation of the second kind for &),

11




5 Evaluation of the Inversion Integrals

The two integrations .introduced by the above inversion procedure can be
evaluated exactly when plane wave representations are used. Consider the
inversion of e~*#" for real values of 4. First, it is readily shown from the
definition (17) that

iy s —FR (B <R)
(Eeem)e) = "Lt gy (oish) 9

Second, the evaluation of

o pikis—r) .
vr 0 \/es(s -r) e™ds
requires that of the integral I given by
)
I\ r)=/r A mds (r>0), (27)

a1
a

+» can be expressed in

which vanishes at A = 0 and, by consideration of

terms of the Fresnel integrals C; and §; defined by
2 =
Ci(z) +i8i(z) = V= / eV dy. (28)
m-Jo
Thus
I=—ny27 4 {C[(Ar)?] = iSi ()]} (A >0),
= —m/2e" GNP +iS (NN} (A <0). (29)
Hence it follows from (26) and (29) that
) e“‘i("")

r | ————(Lie ") (s)ds = m\/2e " M;(8, r
Vi [ S e T a)de = w2 MG, (30

12




where

(82 — k2)H2eiml4 {Cy([(8 — ki)r]?) +iS1([(8 — k)rIVD)} (B> k)
Mi(B,7) = { —(k? — g2)2e=i7/¢ {Cy([(k: — B)r]?) — iSu([(k: — B)r]*/2)} (18] < ky)
(82 — k2)H2e 14 { Oy ([(k: — B)r]H/2) — i ([(h: — ﬁ)r]”z)(} | (8 < —k:)

31

Now in order to use (30), it is necessary to use plane wave representa-
tions ‘of the functions to be inverted on the right hand side of (25). The
standard representations of Jy and Y, (Abramovitz and Stegun, 1964) are

combined in the integral representation
1 (!
H(()Z)(klr _ rll) = ; A e-tk(r—r )cos‘rdT,’ (32)

where C is the contour from —ioo to 7 + ico drawn along the negative
imaginary axis, the real axis from 0 to 7 and a line parallel to the imaginary

axis. Equation (32), which allows (18) to be derived from (16), can be

generalized to

1 . ] "o

Hé2){k{(z _ zl)2 + (y _ yl)2}1/2] = ; ‘/(; e-:k[(a:—:: Yeos r+|y—y Iamr]d,’.‘ (33)

Similarly, the integral representation
H(z)(klr _ rll) — _i_ *® e—ik[r—r']coshvdv
0 mJ-
can be generalized to
1 ®  _ik[|c—z'| coshv+(y—y')sinh v
HOk{(z =o' = (y =y PP/ = —— [ emMlemsicoshorlumyuinhulgy
(lz — 2| >y - ¥). (34)

13




Now the forcing and kernel functions in (25) can be reduced, as follows,
. to single or rapidly convergent double integrals involving at most the Fresnel

integrals. The function u0 (r) given by (12), can be written in the form

Ug*)(r) = iiH((?)[ke(rz + R2 —9R COS(@ _ a))1/2]
+ % _Z HP[k(r* + R? + 2r R cosh u)2]h(*)(u)du
= L —tk,[r cos 7—R cos(®~a-+T]
47 ./ € dr

- 27m/ h(i)(u)du/w —l'kg[rcoshv+Rcosh(u+'u)]dv, (35)

by use of (33) and (34), and hence, from (30),

00 eik,'(l—f)

IR (i) —_ —tke[r cos T—R cos(®—a+7]
2\/r V(s = )( )(s)ds = /M(k cosT,T)e dr

+z\/2/ h(i)(u)du/ M,-(lce cosh v, r)e kelr coshvtReosh(utullg, — (36)

where M; is defined by (31). The contribution from the interior Green’s

function arises, according to (15) and (20), from

n=m-—1

K, o) = (1) EOf(r+r)+2 " 35 (1P Bk (r+77=2rv’cosnr/m) ]
n=1
n=m-1
(:El)m (2)[ (r+rl)]+2./ce—ik,-rcosf Z (:l:l)ne-ilw-'c:os(rz.'lrlrn-¥--i-)d,l_7
n=1 ’

by use of (33). The first term can be inverted by comparison with (18) and

hence, after further use of (30),

iy/r oo ethili) ()4 g ()™ r)e""-‘("f")
27 Jo \/s(s-r)(L'Ki (s, r')ds = T (r’ r+7

14




n=m-—1
+z'\/2/Ce""k""“"M;(k;cosr, r) S (Fl)remthircosna/min) gy (37)

n=1

The contribution from the exterior Green’s function arises from K*, given
by (13), (14) and (22), and K,, defined by (23). On using (34) and then
(30), it follows that

i\/r 0 eiki(a—r)
2 Jo /s(s—r)
/oo d—u /°° Mi(ke cosh v r)e—ike[r cosh v+r'cosh(u+v)}dv. (38)
- tanh m(utwi) [ o ?

2Ar~a)

K P (s, o' s‘=———-z:-————-—x
(LD Yo, ) = 5t

Similarly

i\/r 00 eik,‘(l—f)

2r Jo /s(s—r)

KCN(s. ¢ S=——_i-_——x
(L:K)(s,7')d 2y/2r(r—a)

oo du °° ; '
—_— M;(k.coshv,r ¢~ tkelr coshuts’ cosh(utv)] gy, 39
/—oo sinh 222 o, ( ) (39)

For the remaining term in (25), write
(L:K.)(s, ') = [LHG (kelr = #')](s, ') = (LG (kilr = (s, 7')

(L = LY HD (ke|r — #))] (5, 7')
2% eik,(r'—s) _ eihg(r’—n)

T r—3

— (e = LY EQ (kolr = #D)(s,#) (5,7 2 0), (40)

as in the derivation of (18). The contribution of the first term to

i\/r 0 eik,'(‘—r)

21 Jo \/s(s-r)(L"K’)(s'T')ds

15




is therefore

ki) [ ST 1
7r2 ./ V(s —r)(r' — )
1 etki(r'=r) P\ 1/2
= (ki keyr) = (;7) I(k; — ke, 7')],

where I is defined by (27). For the second term in (40), rewrite (32) as

!

1 rt —tk(r—r')v dv
HP(k|r — ')](s, ) = ;/_le Kr=r")

(1 - v2)1/2
i i ~ik(r—r')v ik(r—r')v dv
b [Tl e @)
and observe that the formula for (L. — L;) corresponding to (26) is

k(1 — v2)1/2 — (k2 — k20?)1/2 (vl <1)
[(L.—L;)e~*em](s) = e~ {  isgnuk,(v? — 1)/ — (k? — k20?2 (1 < |v| < kifke)
isgnulk.(v? — 1)1/2 — (k20? — k2% (o] > ki/k.)
, (42)
The factors on the right hand side of (42) effectively replace those in (26)

and account must be taken of this when adapting (30) in order to use the

function M; given by (31). Hence the above results imply that

2.\/1‘ o0 eiki(l—r) , 1 elk.(r -r)
Yy \/s(s—r)(LK)(s ,r')ds =

1
—lkg(f—'r v
1r\/2 / Mi(kev,r) [ k2u2)1/2 1- 02)1/2] dv

7r\/2/ [e“k("")"M (kev, 7)Y (v)+e"‘("'")"M( kov, r)y(—v)]dv, (43)

I (ki—ke, )= ( )llzI(k,-—k,,r’)]

where I is given by (29) and

¢(v) — (ké'i%?:zkfm - (u2_11)1/2 (1< l”l < ki/ke)
(kguztlg)m - (1;2—-11)1/2 (lv] > ki/ke)

(44)

16




Evidently the expression (43) is bounded at » = ', with the integral re-
maining convergent in this limit because the integrand is O(v™2%) as v — oo.

Thus equations (36-39) and (43) furnish simplified forms of the integrals
on the right side of the integral equation (25). Additional similar terms will
be introduced on relaxation of either or both of the assumptions a = 7/2m
and ® + a < 7. Asymptotic estimates for large r show that f(*) must be
a linear combination of e~*# /\/r and e~ /\/r in this limit, as might be
anticipated. This information will facilitate a numerical solution for the

even and odd components of the normal velocities at the interfaces of the

wedge of angle 2a.

17
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ABSTRACT. A pair of coupled integral equations of the second kind are specialized to the even
and odd symmetry components for the scattering by the penetrable wedge. The unknowns
are both the scalar field and its normal derivative on the two wedge surfaces that separate
the interior and exterior regions of different wave speeds and constitutive parameters (den-
sity or dielectric constant, depending on the specific physical application). A discretization
and collocation procedure transforms the operator equations into coupled matrix equations,
which are solved numerically. Further extensions and plans to include anticipated asymptotic
behavior far from the line source and wedge apex are outlined.

I. ADAPTATION OF KLEINMAN AND MARTIN ANALYSIS

The transmission problem for the penetrable wedge of Figure 1 consists of appropriate
exterior and interior waves

(V2 + k) ue(r, 8) = —éé(r —r0)(¢ —do) (a<$<2m—a) (1)

(V? + &) ui(r, ¢) = 0 (~a<¢<a) (2)

subject to the two-dimensional Sommerfeld radiation condition plus the continuity bound-
ary conditions

ue(r, xa) = u;i(r, a) : (3)
0 9
%ue(r, +o) = pggu;(r, +a) (4)

where p = p./p; is the ratio of exterior to interior constitutive parameters (ambient density
or dielectric constant). A pair of integral equations derived by Kleinman and Martin [4]
for the scalar field 4 and its normal derivative du/dn on the boundary of a penetrable
obstacle, are adapted to the semi-infinite wedge faces of Figure 1 to effect an accurate
numerical solution of the scattering problem.

Typeset by ApmS-TEX




Fi1G.1. Penetrable Wedge and Line Source

Define the surface distributions

v (r) = u(r, @) £ u(r, —a) ' (5)

: 0 0
wi(r) = —u(r,a) £ —u(r,—«a 6)
+(r) = pou(ry0) £ ooulr, ~0) Q
in order to succinctly decompose the field into its symmetric and antisymmetric compo-
nents with respect to the wedge bisector (the z axis).

After careful algebra, the selected integral equations from [4] are written in a form de-
fined on a single semi-infinite domain (0 < r < oo) to account for the even/odd symmetry:

(14 p)vs(r /drvi(r) = [Ge(r, ;7" —a) — pGi(r, a;1', —a)]

dr' wy (r' ){[Ge(r, o;r',a) — Gi(r, o517, )] £ [Ge(r, ;7' —a) — Gi(r, a; 7', —a)]}

|
o3

= 208%(r) (7)

(1+ pwe(r) /drwi(r)a PGe(r 05", ~a) = Gi(r, s, —a)] + p

i 2
-/dr' vt (r') 65611' {[Ge(r, ;1" @) — Gi(r, ;7' @)) £ [Ge(r, 057, —a) — Gi(r, 057, —2)] }

= 2pwi(r). (8)




This arrangement ensures regular or (at worst) weakly singular kernels, which involve
the differences of the scaled interior and exterior free-space Green’s functions and normal
derivatives thereof:

0 (G (r o5+, —a) — pGi(r, air', —a)] = S22 [k HD (kR) — kB (kR)] (9
on' 2i R 1
Ge(r, 057", 0) = Gi(ra;7,0) = 2l [kl = 7)) = B ksl = 7))
p— ;lglnl,i—j (10)
Gelr, i1, =0) - Gir, 257", —0) = o= [HD (ke ) - HO(k: B) (11)
!

5‘3; [6G.(r, a; 7', —a) = Gi(r, 57", —a)] = s“;f"‘; [k H{ (ki B) - pk " (k.R)| (12)
s )G (ke B (el = 1) = b H{ e = /1)
g (Ce(n s e) = Gilr v, )] = 2ir — /|

1 (kzln ke|r — 7| T lc,-|r—-r'|)
r—r’ 27!' 2 2 (13)
62
EPr [Ge(r, ;7' —a) = Gi(r, 057, —0)]
1 2rr' sin? 20 1) (1)
= Ez—— { [COS 2c — ———R—z-——] [lc,-Hl (k,R) - keH1 (keR)]

rr' sin? 20
e [k?}{gl)(k,-.R) - kﬁHél)(keR)] } . (14)

The distance :
B =(r?++'" — 2rr' cos 2a)'/? (15)

between points on opposing wedge faces is zero only as both points coalesce at the apex
(r = r' = 0). Excitation from the line source of unit strength at (ro, #o) gives the forcing

terms

+H (ke\/r2 +rg — 2rro cos(¢o + 0‘))] (16)

3




H(l) (ke\/r2 + 1% — 2rrgcos(do — a))
V12 + rg — 2rrg cos(go — a)
H(l) (Ice\/r2 + 12 — 2rrgcos(go + a))

ik 1‘0

wi(r) = [Sin(% —a)

+sin(¢o + 17
(¢ +e) V12 + 12 — 2rrg cos(do + @) an
II. PIECEWISE CONSTANT APPROXIMATION WITH COLLOCATION
A moment-method expansion in terms of the pulse functions of width A in r,
1, (m—-1)A<r<mA
- = = 18
(r) { 0, otherwise (18)

proceeds formally, without regard to truncation or anticipation of asymptotic behavior, as

ve(r) = i vipm(r)’ wi(r) Z wiP (r). (19)
m=1 ) m=1

" Collocation at the center points of each pulse
| rn=(1-1/2)A (20)
yields the coupled matrix equations
(1 +p)[N[*] £ [A)[v*] ~ [B*][w*] = [£*] (21)
(1 + p)[N[w*] F [Clw*] + p[D*][v*] = plg™]. (22)

Upon discretization, the attractive feature of integral equations of the second kind is main-
tained in the form of diagonal dominance. The elements of the column vectors [f*] and
[g%] are the right hand sides of (7) and (8), respectively, evaluated at the collocation points

fE = 20i0%(m), 9= —wli'c("l), (23)

and [I] is the identity matrix.
Integral forms for the dimensionless coefficients are

mA
Alm = _/ dr' —8_?7.7 [Ge(rh a; T’, —a) - pG,-(r;, Qa; rli _a)] (24)
(m-1)A




mA
B,fn =k, / dr' {[Ge(rz,a; r,a) = Gi(r, o570, )]

(m-1)A

+ [Ge (7‘1, «; 1", _a) - G,’(?‘(, «, rls —C!)]} (25)
mA 6
Cim = _/ dr’ 57; [PGe(rly Q; rly —a) - G,'(Tz, @; 'I", —a)] (26)
. (m-1)A
ma
DE = 1 dr' & {[G (r, ;7 , @) — Gi(m, 057, )]
im =k, Ondn! VT T WhT o
(m-1)A '

£ [Ge (1‘1, a; 1", _a) - Gi (rla a; 7", —a)]}' (27)

111. COMPUTATIONAL DETAILS

Machine computation is facilitated by introducing the normalized parameters
z' = k.r' z; = kery o =k;/k.

§=k.A F=k.R= (242 - 22;2' cos 2a)1/2. (28)

The required matrix elements are now obtained by quadrature, with careful attention to
extract the removable and logarithmic singularities that occur in two species of the diagonal
terms (I = m):

mé
z;sin 2« 1
A = 22 / de' = [paﬂfl)(aF)—HP)(F)] (29)

(m-1)8
B, = Bi,) + B}

m (1) —2') — (1)0.2_21
o0 _ /6 L [ =) — B Gl 2] )

21

v

(m=1)8 ——1lnoasz'—z
mé
BR=y [ @ [BPF)- BP0 (31)
(m—1)6
. m$ )
Cm=222 [ 4 % [oH O (o) - pH{O(F) (32)
’ (m—1)8




b, = DY = D2

™S (1) ) (1) ,
o= | B oot =) )
2i|x; — '
(m 1)6 ~ o

zy—z! e|lzy—='
—-—’%;[h’l' '2 '-02111 ! '2 I] as ¢/ —z;

mé
() _ 1 , 1 222’ sin? 2o (1) 1)
D, = % / dz f{ [cos2a— — [aH1 (oF) - H; (F)]
(m-1)6
ziz'sin?2a [, (1) (1)
T o2 B (o F) - H (F)] . (34)
A Fortran program that implements the above analysis is included in Appendix A. A
sharp truncation of both the expansions (19) and the collocation points (20) at I,m = N
results in close (not large r) behavior of v(r) and w(r) that is surprisingly persistent.
However, an accurate solution must account for the infinite domain. A physically-based
approach is to include both cylindrical waves that Davis! extracts from an asymptotlc-
estimate:
N tk

vi(r)=2v P, (r)+vN+1\/_+vN+2\/_e__ (35)

m=1

1k.1' zker

ZwiP (r) +wN+1\/—+wN+2\/—'

wi(r (36)

The infinite-range, highly oscillatory integrals required by this modification are calculated
with the aid of a 7/2 rotation in the complex plane, resulting in exponentially decaying
integrands that are more suitable for direct quadrature.

IV. EXTENSIONS AND CONCLUSIONS

Accurate and efficient implementation of the above mathematics requires careful nu-
merical analysis. The proposed asymptotic ansatz to account for the far behavior of the
unknown surface distributions is best verified first for a simpler, known problem: the soft
(or hard) half-plane. Although the selected set of coupled integral equations does intro-
duce a pair of unknown functions, as opposed to some methods that require only a single
unknown, the attractive features are weakly singular kernels and second-kind structure.
Also, having direct access to both the scalar field and its normal derivative on the boundary
is a benefit to the techniques of far-field evaluation based on various Green’s functions.

1A.M.J. Davis, Acoustical Scattering by a Penetrable Wedge, 1994, p. 17, in this report.

6




o

REFERENCES

1. A.D. Rawlins, Diffraction by a Dielectric Wedge, J. Inst. Maths Applics 19 (1977), 261-279.
2. S. Berntsen, Diffraction of an Eleciric Polarized Wave by a Dielectric Wedge, SIAM J. Appl. Math.
43 (1983), 186-211.
3. V. Rokhlin, Solution of Acoustic Scattering Problems by Means of Second Kind Integral Equations,
Wave Motion 5 (1983), 257-272.
4. R.E. Kleinman and P.A. Martin, On Single Integral Equations for the Transmission Problem of Acous-
tics, SIAM J. Appl. Math. 48 (1988), 307-325.
5. K. Davey, An Integral Approach to Electromagnetic Scattering off a Dielectric Wedge, Electromag-
netics 7 (1987), 167-183.
6. G.D. Maliuzhinets, Ezcitation, Reflection and Emission of Surface Waves from a Wedge with Given
Face Impedances, Sov. Phys. Dokl. 8 (1958), 752-755.
7. W.E. Williams, Diffraction of an E-polarized Plane Wave by an Imperfectly Conducting Wedge, Proc.
R. Soc. London Ser. A 252 (1959), 376-393.
8. T.B.A. Senior, Diffraction by an Imperfectly Conducting Wedge, Commun. Pure Appl. Math. 12
(1959), 337-372. '
9. A.D. Pierce and W.J. Hadden, Jr., Plane wave diffraction by a wedge with finite impedance, J. Acoust.
Soc. Am. 63 (1978), 17-27.
10. R. Tiberio, G. Pelosi, and G. Manara, A Uniform GTD Formulation for the Diffraction by a Wedge
witk Impedance Faces, IEEE Trans. Antennas Propagat. 33 (1985), 867-873.
11. K. Hongo and E. Nakajima, Polynomial Approzimation of Maliuzhinets’ Function, IEEE Trans. An-
tennas Propagat. 34 (1986), 942-947.
12. M.I. Herman, J.L. Volakis, and T.B.A. Senior, Analytic Ezpressions for a Function Occurring in
Diffraction Theory, IEEE Trans. Antennas Propagat. 35 (1987), 1083-1086. '
13. T. Griesser and C.A. Balanis, Reflections, Diffractions, and Surface Waves for an Interior Impedance
Wedge of Arbitrary Angle, IEEE Trans. Antennas Propagat. 37 (1989), 927-935.
14. H. Uberall, Radar Scaitering from Imperfectly Conducting or Coated Perfectly Conducting Wedges
and Cones, Acta Physica Austriaca 22 (1966), 67-93.
15. T.S. Angell and R.E. Kleinman, Scattering of Acoustic Waves by Impedance Surfaces, Wave Phenom-
ena: Modern Theory and Applications (C. Rogers and T.B. Moodie, eds.), Elsevier, Amsterdam, 1984,
pp. 329-336.
16. J. Bach Andersen and V.V. Solodukhov, Field Behavior Near a Diclectric Wedge, IEEE Trans. An-
tennas Propagat. 26 (1978), 598-602.
17. S.Y. Kim, J.W. Ra, and S.Y. Shin, Edge Diffraction by Dieleciric Wedge of Arbitrary Angle, Elec-
tronics Letters 19 (1983), 851-853. ,
18. P.V. Tret’yakov, Integral Solutions of the Wave Equation and the Diffraction of an Arbitrary Acoustic
Wave by a Wedge, J. Appl. Maths Mechs 55 (1991), 201-205.
19. A.W. Glisson, An Integral Equation for Electromagnetic Scatiering from Homogeneous Dielectric
Bodies, IEEE Trans. Antennas Propagat. 32 (1984), 173-175.
20. E. Marx, Integral Equation for Scattering by a Dielectric, IEEE Trans. Antennas Propagat. 32 (1984),
166-172. .
21. E. Marx, Computed Fields Near the Edge of a Dieleciric Wedge, IEEE Trans. Antennas Propagat. 38
(1990}, 1438-1442.
22. E. Marx, Electromagnetic Scattering from a Dielectric Wedge and the Hypersingular Integral Equation,
IEEE Trans. Antennas Propagat. (1992) (submitted).
23. S.Y. Kim, J.W. Ra, and S.Y. Shin, Diffraction by an Arbitrary-Angled Dielectric Wedge: Part I-
Physical Optics Approzimation, IEEE Trans. Antennas Propagat. 39 (1991), 1272-1281.
, Part II-Correction to Physical Optics Solution, IEEE Trans. Antennas Propagat. 89 (1991),
1282-1292.
25. H.H. Syed and J.L. Volakis, Equivalent Current Formulation for an Impedance Wedge of Arbitrary
Included Angle, IEEE-APS Symposium Digest (Chicago) (1992), 1857-1860.
26. H.H. Syed and J.L. Volakis, An Approzrimate Skew Incidence Diffraction Coefficient for an Impedance
Wedge, Electromagnetics 12 (1992), 33-55.

24.




27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47,

48.

49.

50.

51.

52.

53.

54.

C. Bergljung and L.G. Olsson, A Comparison of Solutions to the Problem of Diffraction of a Plane
Wave by a Dielectric Wedge, IEEE-APS Symposium Digest (Chicago) (1992), 1861-1864.

E. Marx, The Hypersingular Integral Equation and the Dielectric Wedge, IEEE-APS Symposium
Digest (Chicago) (1992), 1865-1868.

L.B. Felsen, Diffraction of the Pulsed Field from an Arbitrarily Oriented Electric or Magnetic D:pale
by a Perfectly Conducting Wedge, SIAM J. Appl. Math. 26 (1974), 306-312.

J.B. Keller and A. Blank, Diffraction and Reflection of Pulses by Wedges and Corners, Commun.
Pure Appl. Math. IV (1951), 75-94.

T.W. Veruttipong, Time Domain Version of the Uniform GTD, IEEE Trans. Antennas Propagat. 38
(1990), 1757-1764.

J.M. Arnold and L.B. Felsen, Rays and local modes in a wedge-shaped ocean, J. Acoust. Soc. Am. 73
(1983), 1105-1119.

A. Kamel and L.B. Felsen, Spectral theory of sound propagation in an ocean channel with weakly
sloping bottom, J. Acoust. Soc. Am. 73 (1983), 1120-1130.

J.M. Arnold and L.B. Felsen, Intrinsic modes in a nonseparable ocean waveguide, J. Acoust. Soc. Am.
76 (1984), 850-860.

J.M. Arnold and L.B. Felsen, Coupled mode theory of intrinsic modes in a wedge, J. Acoust. Soc. Am.
79 (1986), 31-40.

A.P. Ansbro and J.M. Arnold, Calculation of the Green’s function for the wedge-shaped layer, J.
Acoust. Soc. Am. 90 (1991), 1539-1546.

J.M. Dunn, Lateral Wave Propagation in a Wedge Shaped Region, IEEE Trans. Antennas Propagat.
85 (1987), 947-955.

M.A. Biot and 1. Tolstoy, Formulation of wave propagation in infinite media by normal coordinates
with an application to diffraction, J. Acoust. Soc. Am. 29 (1957), 381-391. .
I. Tolstoy, Diffraction by a Hard Truncated Wedge and a Sirip, IEEE Trans. Oceanic Eng. 14 (1989),
4-16.

L. Tolstoy, Ezact, ezplicit solutions for diffraction by hard sound barriers and seamounts, J. Acoust.
Soc. Am. 85 (1989), 661-669.

R.S. Keiffer and J.C. Novarini, 4 Wedge Assemblage Method for 3-D Acoustic Scattering from Sea
Surfaces: Comparison with a Helmholtz-Kirchhoff Method, Computational Acoustics - Volume 1 (D.
Lee, A Cakmak, and R. Vichnevetsky, eds.), Elsevier, Amsterdam, 1990, pp. 67-81.

H. Medwin, Skadowing by finite noise barriers, J. Acoust. Soc. Am. 69 (1981), 1060-1064.

A.L Papadopoulos and C.G. Don, A study of barrier attenuation by using acoustic pulses, J. Acoust.
Soc. Am. 90 (1991), 1011-1018.

C.G. Don, Application of a hard truncated wedge theory of diffraction to wide barriers, J. Acoust. Soc.
Am. 90 (1991), 1005-1010.

D. Chu, Impulse response of density contrast wedge using normal coordinates, J. Acoust. Soc. Am. 88
(1989), 1883-1896. :

G.B. Deane and C.T. Tindle, A three-dimensional analysis of acoustic propagation in a penetrable
wedge slice, J. Acoust. Soc. Am. 92 (1992), 1583-1592.

E.K. Westwood, Broadband modeling of the three-dimensional penetrable wedge, J. Acoust. Soc. Am.
92 (1992), 2212-2222.

D.S. Jones, Methods in Electromagnetic Wave Propagation, p. 718, Clarendon Press, Oxford, 1979.
D.S. Jones, Acoustic and Electromagnetic Waves, pp. 585-590, Clarendon Press, Oxford, 1986.

W.R. Smythe, Static eand Dynamic Electricity, pp. 70-72, McGraw-Hill, New York, 1968.

K. Atkinson, The Numerical Solution of Laplace’s Equation on ¢ Wedge, IMA J. Num. Anal. 4 (1984),
19-41.

L.C. Andrews and B.K. Shivamoggi, Integral Transforms for Engineers and Applied Mathematicians,
pp. 245-273, Macmillan, New York, 1988.

N.N. Lebedev, I.P. Skalskaya, and Y.S. Uflyand, Worked Problems in Applied Mathemattcs, p- 192,
Dover, New York, 1965.

B. Davies, Integral Transforms and Their Applications, pp. 195-213, Springer-Verlag, New York, 1985.




55

56.

57.

58.

59.
60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

72.

73.

74.

75.

J. Van Bladel, Singular Electromagnetic Fields and Sources, pp. 149-154, Clarendon Press, Oxford,
1991.

User’s Manual, IMSL Math/Library: Fortran Subroutines for Mathematical Applications, pp. 767-769,
IMSL Customer Relations, Houston, TX, 1989,

A.M.J. Davis and R.W. Scharstein, Electromagnetic Plane Wave Ezcitation of an Open-Ended, Finite-
Length Conducting Cylinder, . Electromagn. Waves Applications 7 (1993), 301-319.

R.W. Scharstein, Acoustic scattering by an open-ended hard circular tube of finite length, J. Acoust.
Soc. Am. 92 (1992), 3337-3342.

D. Colton and R. Kress, Integral Equation Methods in Scattering Theory, Wiley, New York, 1983.
Se-Yun Kim, Diffraction Coefficients and Field Patterns of Obtuse Angle Dielectric Wedge Illuminated
by E-Polarized Plane Wave, IEEE Trans. Antennas Propagat. 40 (1992), 1427-1431.

R.W. Scharstein, Acoustic or Electromagnetic Scattering from the Penetrable Wedge, BER Report
No. 583-162, Naval Research Laboratory - Stennis Space Center Contract No. N00014-92-C-6004, The
University of Alabama, Tuscaloosa, AL, 1993.

R.W. Scharstein, Mellin Transform Solution for the Static Line-Source Ezcitation of a Dielectric
Wedge, IEEE Trans. Antennas Propagat. 41 (1993), 1675-1679.

M.E. Ermutlu, I.V. Lindell, and K.I. Nikoskinen, Two-dimensional Image Theory for the Conducting
Wedge, Technical Report (1992), Helsinki University of Technology, Electromagnetics Laboratory,
Espoo, Finland.

G.B. Deane and M.J. Buckingham, An analysis of the three-dimensional sound field in a penetrable
wedge with a stratified fluid or elastic basement, J. Acoust. Soc. Am. 93 (1993), 1319-1328.

L.B. Felsen and N. Marcuvitz, Radiation and Scattering of Waves, pp. 674-675, Prentice-Hall, Engle-
wood Cliffs, NJ, 1973. '
L.B. Felsen, Electromagnetic Properties of Wedge and Cone Surfaces with a Linearly Varying Surface
Impedance, IRE Trans. Antennas Propagat. 7 (1959), S231-5243. :
N. Latz, Electromagnetic Diffraction by Imperfectly Dielectric Wedges, J. Math. Anal. Appl. 43 (1973),
373-387.

E.E.S. Sampaio and 1.T. Fokkema, Scatfering of Monochromatic Acoustic and Electromagnetic Plane
Waves by Two Quarter Spaces, J. Geophys. Res. 97 (1992), 1953-1963.

V. Rokhlin, Rapid Solution of Integral Equations of Scattering Theory in Two Dimensions, J. Comput.
Phys. 86 (1990), 414-439.

C. Bergljung and S. Berntsen, Diffraction of an E-polarized Plane Wave by Two Right-angle Dielectric
Wedges with Common Edge, J. Electromagn. Waves Applic. (in review).

R. Kittappa and R.E. Kleinman, Acoustic scatfering by penetrable homogeneous objects, J. Math.
Phys. 16 (1975), 421-432.

G.F. Roach, On the Commutative Properties of Boundary Integral Operators, Proc. AMS 73 (1979),
219-227.

D. Porter, On Some Integral Equations with a Hankel Function Kernel, IMA J. Appl. Math. 33 (1984),
211-228. .

D. Porter and K.-W.E. Chu, The solution of two wave-diffraction problems, J. Engineering Math. 20
(1986), 63-T72.

C. DeWitt-Morette, S.G. Low, L.S. Schulman, and A.Y. Shiekh, Wedges I, From R.S. Keiffer (1985),
459-497.




APPENDIX A. FORTRAN PROGRAM FOR COUPLED INTEGRAL EQUATIONS




aaoaa

FILE "COUPSEQ FORTRAN A" - COUPLED INTEGRAL EQUATIONS FOR

DIELECTRIC WEDGE SCATTERING.
15 MAY 1994 R.W.SCHARSTEIN  UNIVERSITY OF ALABAMA EE DEPT.

PARAMETER (NN=50) :
EXTERNAL FA,FAREAL,FAIMAG,FBI,FBlREAL,FBlIMAG,FBZ,FBZREAL,FBZIMAG

EXTERNAL FC,FCREAL,FCIMAG,FD2,FD2REAL,FD2IMAG

EXTERNAL FD1A,FD1AREA,FD1AIMA,FD1B,FD1BREA,FD1BIMA

COMMON /COM/XL,ALPHA,RHO,SIGMA

COMMON /SOURCE/X0,PHIO,ALPHA1

COMPLEX A(NN,NN),B1(NN,NN),B2(NN,NN),C(NN,NN),D1(NN,NN),D2(NN,NN)
COMPLEX B(NN,NN),D(NN,NN)

COMPLEX Q(2*NN,2*NN),Y(2*NN) ,VINC,WINC,V,W

COMPLEX CROUT(2#%NN,4*NN) ,TEMP,DET,BIG,ERROR

DIMENSION LP(2%NN)

INTEGER P

DATA PI/3.1415927/

CHOOSE EVEN (P=2) OR ODD (P=1) SYMMETRY

P=2

QUADRATURE PARAMETERS
EREL = 0.01
EABS = 0.

PHYSICAL CONSTANTS
ALPHA = PI/6.
ALPHA1 = ALPHA
RHO = 0.1
SIGMA = SQRT(10.)
SOURCE COORDINATES
X0 = 2.
PHIO = PI/2.
MORE INTEGRATION PARAMETERS
XPMAX = 25.
DELTA = XPMAX/FLOAT(NN)

DO 10 L=1,NN

XL = (FLOAT(L)-0.5)*DELTA

DO 10 M=1,NN

X1 = FLOAT(M-1)*DELTA

X2 = FLOAT(M)*DELTA

CALL QDAG(FAREAL,X1,X2,EABS,EREL,6,AR,EREST)
CALL QDAG(FAIMAG,X1,X2,EABS,EREL,6,AI,EREST)
A(L,M) = CMPLX(AR,AT)*XL#*SIN(2.*ALPHA)/CMPLX(0.,2.)
WRITE(6,100) L,M,A(L,M)

CALL QDAG(FBIREAL,X1,X2,EABS,EREL,6,B1R,EREST)
CALL QDAG(FB1IMAG,X1,X2,EABS,EREL,6,B1I,EREST)
B1(L,M) = CMPLX(B1R,B1I)

WRITE(6,100) L,M,B1(L,M)

CALL QDAG(FB2REAL,X1,X2,EABS,EREL,6,B2R,EREST)
CALL QDAG(FB2IMAG,X1,X2,EABS,EREL,6,B2I,EREST)
B2(L,M) = CMPLX(B2R,B21)/CMPLX(0.,2.)
WRITE(6,100) L,M,B2(L,M)

CALL QDAG(FCREAL,X1,X2,EABS,EREL,6,CR,EREST)
CALL QDAG(FCIMAG,X1,X2,EABS,EREL,6,CI,EREST)
C(L,M) = CMPLX(CR,CI)*SIN(2.*ALPHA)/CMPLX(0.,2.)
WRITE(6,100) L,M,C(L,M)

IF(L.EQ.M) GO TO 20

CALL QDAG(FD1AREA,X1,X2,EABS,EREL,6,D1R,EREST)

COU00010
COU00020
COU00030
COU00040
COU00050
COU00060
COU00070
COU00080
COU00090
COU00100
COU00110
COU00120
COU00130
COU00140
COU00150
COU00160
COU00170
COU00180
COU00190
COU00200
COU00210
COU00220
COU00230
COU00240
COU00250
COU00260
COU00270
COU00280
COU00290
COU00300
COU00310
COU00320
COU00330
COU00340
COU00350
COU00360
COU00370
COU00380
COU00390
COU00400
COU00410
COU00420
COU00430
COU00440
COU00450
COU00460
COU00470
COU00480
COU00490
COU00500
COU00510
COU00520
COU00530
COU00540
COU00550
COU00560
COU00570
COU00580
COU00590
COU00600



CALL QDAG(FD1AIMA,X1,X2,EABS,EREL,6,D11,EREST)
D1(L,M) = CMPLX(D1R,D1I)
GO TO 30
20 CONTINUE
CALL QDAG(FD1BREA,X1,X2,EABS,EREL,6,D1R,EREST)
CALL QDAG(FD1BIMA,X1,X2,EABS,EREL,6,D11,EREST)
D1(L,M) = CMPLX(DIR,D1I) + DELTA*((1.-SIGMA#%2)%*(ALOG(DELTA/4.)
& -1.) - SIGMA**2%ALOG(SIGMA))/6.2831853
30 CONTINUE
C WRITE(6,100) L,M,D1(L,M)
CALL QDAG(FD2REAL,X1,X2,EABS,EREL,6,D2R,EREST)
CALL QDAG(FD2IMAG,X1,X2,EABS,EREL,6,D2T,EREST)
D2(L,M) = CMPLX(D2R,D2I)/CMPLX(0.,2.)
C WRITE(6,100) L,M,D2(L,M)
10 CONTINUE

C BOTH EVEN (+) AND ODD (-) SYMMETRY PROBLEMS
DO 40 L=1,NN
DO 40 M=1,NN
B(L,M) = B1(L,M) + (-1)**P*B2(L,M)
40 D(L,M) = D1(L,M) + (-1)**P*D2(L,M)
C THE BIG SUPER-MATRIX Q
DO 42 L=1,NN
DO 42 M=1,NN
Q(L,M) = (-1)**P*A(L,M)
IF(L.EQ.M) Q(L,M) = Q(L,M) + 1.+RHO
Q(L,M+NN) = -B(L,M)
Q(L+NN,M) = RHO*D(L,M)
Q(L+NN,M+NN) = (-1)**(P+1)*C(L,M)
IF(L.EQ.M) Q(L+NN,M+NN) = Q(L+NN,M+NN) + 1.+RHO
42 CONTINUE
C THE BIG RIGHT-HAND COLUMN VECTOR
DO 44 L=1,NN
XL = (FLOAT(L)-0.5)*DELTA
Y(L) = 2.*VINC(XL,P)
44 Y(LANN) = 2.*RHO*WINC(XL,P)
¢ INVERT THE MATRIX Q AND SOLVE THE SYSTEM OF LINEAR EQUATIONS
C USING CROUTC (INCLUDED)
DO 46 L=1,2%NN
DO 46 M=1,2%NN
46 CROUT(L,M) = Q(L,M)
CALL CROUTC(2*NN,2*NN,0,CROUT,1.E-7,DET,IERR,LP)
WRITE(6,700) IERR
700 FORMAT(//,7X,'SUBROUTINE: "CROUTC" IERR = ',I3)
C CHECK MATRIX INVERSION
BIG = CMPLX(0.,0.)
DO 57 K=1,2%NN
DO 57 L=1,2*%NN
TEMP = CMPLX(0.,0.)
DO 58 M=1,2%NN
58 TEMP = TEMP + CROUT(K,M+2*NN)*Q(M,L)
ERROR = TEMP
IF(K.EQ.L) ERROR = TEMP - CMPLX(1.,0.)
IF(CABS(ERROR) .GT.CABS(BIG)) BIG = ERROR
57 CONTINUE
WRITE(6,710) BIG
710 FORMAT(/,7X, 'BIGGEST ERROR IN MATRIX INVERSION = ',2(E12.5,2X))
C RESULTANT COLUMN VECTORS
WRITE(6,200)
200 FORMAT(//,4X,'N',14%,'V",22X,"'W',/)
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210 FORMAT(2X,13,2(2X,E12.5,2X,F7.2))
DO 60 L=1,NN
V = CMPLX(0.,0.)
W = CMPLX(0.,0.)
DO 62 M=1,2%NN
V = V + CROUT(L,M+2*NN)*Y(M)
62 W = W + CROUT(L+NN,M+2*NN)*Y(M)
WRITE(6,210) L,CABS(V),CDEG(V),CABS(W),CDEG(W)
60 CONTINUE
100 FORMAT(2X,13,2X,I3,2X,E14.7,2X,E14.7)
STOP
END

FUNCTION FA(XP)

COMMON /COM/XL,ALPHA,RHO,SIGMA

COMPLEX FA,H1,H2

F = SQRT(XLA*2+XP#¥*2-2 . *XL#XP*COS(2.*ALPHA))
H1 = CMPLX(BSJ1(SIGMA*F),BSY1(SIGMA*F))

H2 = CMPLX(BSJ1(F),BSY1(F))

FA = (RHO*SIGMA*H1-H2)/F

RETURN

END

FUNCTION FAREAL(XP)

COMPLEX FA

FAREAL = REAL(FA(XP))
RETURN

END

FUNCTION FAIMAG(XP)

COMPLEX FA

FAIMAG = AIMAG(FA(XP))
RETURN

END

FUNCTION FB1(XP)
COMMON /COM/ XL,ALPHA,RHO,SIGMA
COMPLEX FB1,H1,H2
D = ABS(XL-XP)
IF(D.LT.0.001) GO TO 10
H1 = CMPLX(BSJO(D),BSYO(D))
H2 = CMPLX(BSJO(SIGMA*D),BSY0(SIGMA*D))
FB1 = (H1-H2)/CMPLX(0.,2.)
RETURN

10 FB1 = -ALOG(SIGMA)/3.1415927
RETURN
END

FUNCTION FB1REAL(XP)
COMPLEX FB1

FB1REAL = REAL(FB1(XP))
RETURN

END
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FUNCTION FB1IMAG(XP)
COMPLEX FB1

FB1IMAG = AIMAG(FB1(XP))
RETURN

END

FUNCTION FB2(XP)

COMMON /COM/ XL ,ALPHA,RHO,SIGMA

COMPLEX FB2,H1,H2

F = SQRT(XL#*2+XP#%2-2 *XL*XP*C0OS(2.%*ALPHA))
H1 = CMPLX(BSJO(F),BSYO(F))

H2 = CMPLX(BSJO(SIGMA*F),BSYO(SIGMA*F))

FB2 = H1-H2

RETURN

END

FUNCTION FB2REAL(XP)
COMPLEX FB2

FB2REAL = REAL(FB2(XP))
RETURN

END

FUNCTION FB2IMAG(XP)
COMPLEX FB2

FB2IMAG = AIMAG(FB2(XP))
RETURN

END

FUNCTION FC(XP)

COMMON /COM/ XL,ALPHA,RHO,SIGMA

COMPLEX FC,H1,H2

F = SQRT(XL**2+XP*¥2-2 *XL#XP*COS(2.*ALPHA))
H1 = CMPLX(BSJ1(SIGMA*F),BSY1(SIGMA*F))

H2 = CMPLX(BSJ1(F),BSY1(F))

FC = XP*(SIGMA*H1-RHO*H2)/F

RETURN

END

FUNCTION FCREAL(XP)

COMPLEX FC

FCREAL = REAL(FC(XP))
RETURN

END

FUNCTION FCIMAG(XP)

COMPLEX FC

FCIMAG = AIMAG(FC(XP))
RETURN

END
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C

C USE THIS ONE FOR DIAGONAL (L = M) TERMS (WITH SINGULARITY!)
COMMON /COM/ XL,ALPHA,RHO,SIGMA

ao

USE THIS ONE FOR OFF-DIAGONAL (L NOT= M) TERMS (NO SINGULARITY!)
COMMON /COM/ XL,ALPHA,RHO,SIGMA

10

FUNCTION FD1A(XP)

COMPLEX FD1A,H1,H2
D = ABS(XL-XP)

H1
H2

RETURN
END

FUNCTION FD1AREA(XP)
COMPLEX FDiA

FD1AREA = REAL(FD1A(XP))
RETURN

END

FUNCTION FD1AIMA(XP)
COMPLEX FD1A

FDIAIMA = AIMAG(FD1A(XP))
RETURN

END

FUNCTION FD1B(XP)

COMPLEX FD1B,H1,H2
D = ABS(XL-XP)
IF(D.LT.0.001) GO TO 10

H1 = CMPLX(BSJ1(D),BSY1(D))

H2 = CMPLX(BSJ1(SIGMA*D),BSY1(SIGMA*D))

FD1B = (H1-SIGMA*H2)/CMPLX(0.,2.%D)

FD1B = FD1B - (ALOG(D/2.)-SIGMA*%*2*ALOG(SIGMA*D/2.))/6.2831853

RETURN

FD1B = CMPLX(0.,0.)
RETURN

END

FUNCTION FD1BREA(XP)
COMPLEX FD1B

FD1BREA = REAL(FD1B(XP))
RETURN

END

FUNCTION FD1BIMA(XP)
COMPLEX FD1B

FD1BIMA = AIMAG(FD1B(XP))
RETURN

END

CMPLX(BSJ1(D),BSY1(D))
CMPLX(BSJ1(SIGMA*D),BSY1(SIGMA*D))
FD1A = (H1-SIGMA*H2)/CMPLX(0.,2.%D)
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" G2

FUNCTION FD2(XP)

COMMON /COM/XL,ALPHA,RHO,SIGMA

COMPLEX FD2,H1,H2,H3,H4

F = SQRT(XLA*2+XP#%2-2 . *XL#XP*C0S(2.*ALPHA))

H1 = CMPLX(BSJ1(SIGMA*F),BSY1(SIGMA*F))
H2 = CMPLX(BSJ1(F),BSY1(F))
H3 = CMPLX(BSJO(SIGMA*F),BSYO(SIGMA*F))
H4 = CMPLX(BSJO(F),BSYO(F))

Z = XL*XP*(SIN(2.*ALPHA))**2
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FD2 = (COS(Z.*ALPHA)-Z.*Z/F**Z)*(SIGMA*Hl—HZ)+Z*(SIGMA**2*H3-H4)/FCOU03100

FD2 = FD2/F
RETURN
END

FUNCTION FD2REAL(XP)
COMPLEX FD2

FD2REAL = REAL(FD2(XP))
RETURN

END

FUNCTION FD2IMAG(XP)
COMPLEX FD2

FD2IMAG = AIMAG(FD2(XP))
RETURN

END

FUNCTION VINC(XP,P)

COMMON /SOURCE/ XO,PHIO,ALPHA

COMPLEX VINGC,H1,H2

INTEGER P

Gl = SQRT(XP*#2+4X0%*%2-2 #*XP*X0#COS(PHI0O-ALPHA))

H1 = CMPLX(BSJ0(G1),BSY0(G1))
H2 = CMPLX(BSJ0(G2),BSY0(G2))
VINC = (H1+(-1)**P*H2)*CMPLX(0.,1.)/4.

FUNCTION WINC(XP,P)

COMMON /SOURCE/ X0,PHIO,ALPHA
COMPLEX WINC,H1,H2

INTEGER P

G1 = SQRT(XP#*2+X0%%2-2.*XP*X0*COS(PHIO-ALPHA))
G2 = SQRT(XP*#2+X0%%2-2.*XP*X0*COS(PHIO+ALPHA))
H1 = CMPLX(BSJ1(G1),BSY1(G1))
H2 = CMPLX(BSJ1(G2),BSY1(G2))

WINC = (SIN(PHIO-ALPHA)*H1/G1+(-1)**P*SIN(PHIO+ALPHA)*H2/G2)

& *CMPLX(0.,X0)/4.
RETURN
END

FUNCTION CDEG(Z)

SQRT(XP#*#*2+X0%*2-2 . *XP*X0*COS(PHIO+ALPHA))
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C
C PHASE ANGLE IN DEGREES OF A COMPLEX NUMBER Z.
C
COMPLEX Z
71 = AIMAG(Z)
ZR = REAL(Z)
IF((ZI.EQ.O.).AND.(ZR.EQ.O.)) GO TO 10
CDEG = ATAN2(ZI,ZR)*57.29578
RETURN
10 CDEG = 0.
RETURN
END

aaa

SUBROUTINE CROUTC (MR,NR,NCC,A, ZMCH,DT, IERR,LP)

C CROUT (1) OPERATES ON A COEFFICIENT MATRIX TO SOLVE A SYSTEM OF
C SIMULTANEOUS EQUATIONS OR TO COMPUTE AN INVERSE AND (2)
C COMPUTES A DETERMINANT.

C CROUT REDUCES THE ORIGINAL MATRIX AND RIGHT-HAND SIDES UNTIL
C UPON COMPLETION THE REDUCED MATRIX REPLACES THE ORIGINAL
C MATRIX AND THE SOLUTIONS REPLACE THE RIGHT-HAND SIDES.

COMPLEX * 8 A,DT,TEMPC

DIMENSION A(1), LP(1)
IF(NR.GT.MR) GO TO 210
MTX = MR*NR

MRA = MR + 1

MRS = MR - 1

MDN = MR - NR

MTR = MTX - MDN

LP(I) = 1
2 CONTINUE
IF(NCC)210,805,1001
805 NTC = NR + NR
MTT = MR*NTC - MDN
J = MTRA
DO 19 K = MTRA,MTT,MR
JF = K + NRS
DO 18 KX = K,JF
A(KX) = (0.,0.)
18  CONTINUE
A(J) = (1.,0.)
J=J + MRA
19  CONTINUE
GO TO 1
1001 NTC = NR + NCC
MTT = MR*NTC - MDN
1 IF(NTC.LE.NR) GO TO 210
DO 70 I = 1,NR
1IS=1-1
IT = MR¥IS + I
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30
33

31

34

35

45

46

48
47
70
78

160
170
180

IIsB = IT - 1
IIAD = II + MR
ICF = MR*I - MDN

ICS = ICF - NRS
ITA = IT + 1
TEMP = 0.

Do 31 J = II,MIT,MR
IF(I.EQ.1) GO TO 33

KF=J -1
KSs=J-1I+1
KX I

DO 30 K = KS,KF

A(T) = A(J) - A(RX)* A(K)
KX = KX + MR

CONTINUE

IF(J.GT.MTR) GO TO 31
IF(CABS(A(J)).LE.TEMP) GO TO 31
TEMP = CABS(A(J))

NX = J/MR + 1

CONTINUE

IF(I.EQ.NR) GO TO 35
IF(NX.EQ.I) GO TO 35

ITEMP = LP(NX)

LP(NX) = LP(I)

LP(I) = ITEMP

LPIS = MR*NX - MRS

DO 34 K = ICS,ICF

TEMPC = A(K)

A(K) = A(LPIS)

A(LPIS) = TEMPC

LPIS = LPIS + 1

CONTINUE

DT = - DT

DT = DT * A(II)

IF(ZMCH - CABS(A(II))) 45,45,220
DO 46 J = IIAD,MTT,MR

A(J) = A(I)/ACIT)

CONTINUE

IF(I.EQ.1) GO TO 70
IF(I.EQ.NR) GO TO 78

DO 47 M = IIA,ICF

KX =M - ICS + 1

DO 48 KY = ICS,IISB

A(M) = A(M) - A(RX) * A(KY)
KX = KX + MR

CONTINUE

CONTINUE

CONTINUE

NRTAD = MTX + NR

DO 180 I = 1,NRS

IREV = NRTAD - I

KRS = IREV - MR*I

DO 170 IRCNT = IREV,MTT,MR
KCS = IRCNT + 1

DO 160 K = KRS,MTR,MR
A(IRCNT) = A(IRCNT) - A(KCS) * A(K)
KCS = KCS + 1

CONTINUE

CONTINUE

CONTINUE
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210

220

DO 6 T = 1,NRS
IF(LP(I).EQ.I) GO TO 6
NX = LP(I)

LP (I) = LP(NX)
LP(NX) = NX

IXS = MTX + 1

IY = MTX + NX

DO 7 IX = IXS,MTT,MR
TEMPC = A(IX)

A(IX) = A(IY)

A(IY) = TEMPC

IY = IY + MR
CONTINUE

GO TO 9

CONTINUE

RETURN

IERR = 2

NTC = NR

DT = (999999999.,999999999.)
RETURN

IERR = 1

RETURN

END
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