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1 Introduction

Modern space surveillance requires fast and accurate orbit predictions for myriads of objects
in a broad range of Earth orbits. Conventional Special Perturbations orbit propagators,
based on numerical integration of the osculating equations of motion, are accurate but ex-
tremely slow (typically requiring 100 or more steps per satellite revolution to give good
predictions). Conventional General Perturbations orbit propagators, based on fully analyt-
ical orbit theories like those of Brouwer, are faster but contain large errors due to inherent
approximations in the theories. New orbit generators based on Semianalytic Satellite Theory
(SST) have been able to approach the accuracy of Special Perturbations propagators and
the speed of General Perturbations propagators.

SST has been originated by P. J. Cefola and his colleagues, whose names are in the refer-
ences at the end of this document. The theory is scattered throughout the listed conference
preprints, published papers, technical reports, and private communications. Qur purpose in
this document is to simplify, assemble, unify, and extend the theory. This document includes
truncation algorithms and corrects misprints in our earlier work [Danielson, Neta, and Early,

1994].
SST represents the orbital state of a satellite with an equinoctial element set (a1,...,as).
The first five elements ay,...,as are slowly varying in time. The sixth element a¢ is the

mean longitude A and so is rapidly varying.
SST decomposes the osculating elements a; into mean elements a; plus a small remainder
which is 27 periodic in the fast variable:

&i:ai-%-m(al,...,ag, t) (1)
(Here we use hats to distinguish the elements of the osculating ellipse from the elements of
the averaging procedure. The values of a free index are assumed to be obvious from the
context; e. g. , here ¢ can have the values 1, 2, 3, 4, 5, or 6, so (1) represents 6 equations.)
The mean elements a; are governed by ordinary differential equations of the form
dai
dt
Here t is the time, n is the (mean) mean motion, and 46 is the Kronecker delta (i. e. ,
816 = 026 = 036 = 046 = 056 = 0, dg¢ = 1). The short-periodic variations 7; are expressable in
Fourier series of the form

= n5i6+Ai(a17"-7a’57 t) (2)

N = Z[Cij(al, .v.,a5, t)cOs JA + Sf(al,..‘,as, t)sin 7 (3)
J=1

Having formulas for the mean element rates A;, we can integrate the mean equations (2)
numerically using large step sizes (typically 1 day in length). The formulas for the Fourier
coefficients C} and S? in (3) also only need to be evaluated at the integrator step times.
Values of the osculating elements a; at request times not coinciding with the integrator step
times can be computed from (1) using interpolation formulas.

In subsequent chapters we will outline the methods of derivation and give explicit formulas

for the terms A;, C}, S} corresponding to various perturbing forces.




2 Mathematical Preliminaries

2.1 Equinoctial Elements

The generalized method of averaging can be applied to a wide variety of orbit element
sets. The equinoctial elements were chosen for SST because the variational equations for
the equinoctial elements are nonsingular for all orbits for which the generalized method of
averaging is appropriate-namely, all elliptical orbits.

In this chapter we give an overview of the equinoctial elements, which are osculating
(even though they do not have hats). They are discussed in more detail in [Broucke and
Cefola, 1972, [Cefola, Long, and Holloway, 1974], [Long, McClain, and Cefola, 1975], [Cefola
and Broucke, 1975], [McClain, 1977 and 1978], and [Shaver, 1980].

2.1.1 Definition of the Equinoctial Elements

There are six elements in the equinoctial element set:

a = a semimajor axis

a; = h ..
2 } components of the eccentricity vector

az = k

ay = .

a4 _ ]‘; components of the ascending node vector
S =

ag = A mean longitude

The semimajor axis a is the same as the Keplerian semimajor axis. The eccentricity vector
has a magnitude equal to the eccentricity and it points from the central body to perigee.
Elements h and k are the g and f components, respectively, of the eccentricity vector in
the equinoctial reference frame defined below. The ascending node vector has a magnitude
which depends on the inclination and it points from the central body to the ascending node.
Elements p and q are the g and f components, respectively, of the ascending node vector in
the equinoctial reference frame.

There are actually two equinoctial element sets: the direct set and the retrograde set. As
the names imply, the direct set is more appropriate for direct satellites and the retrograde set
"'is more appropriate for retrograde satellites. It is possible, however, to use direct elements
for retrograde satellites and vice versa, and for non-equatorial satellites this presents no
problem. For equatorial satellites there are singularities which must be avoided by choosing
the appropriate equinoctial element set. For direct elements

limy/p? 4+ ¢* = 0 (1)
11—
while for retrograde elements
; 24 g2 =
}g}g p‘+q° = oo (2)

For each equinoctial element set there are three associated vectors (f, g, w) which define
the equinoctial reference frame. These vectors form a right-handed orthonormal triad with

the following properties:
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Figure 1: Direct Equinoctial Reference Frame
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Figure 2: Retrograde Equinoctial Reference Frame




1. f and g lie in the satellite orbit plane.
2. w is parallel to the angular momentum vector of the satellite.

3. The angle between f and the ascending node is equal to the longitude of the ascending
node.

This leaves two choices for f and g, one associated with the direct element set and one
associated with the retrograde element set. The two sets of (f, g, w) are illustrated in
Figures 1 and 2. In the Figures, and throughout this document, (z,y,z) denote a set of
Cartesian coordinates whose origin moves with the center of mass of the central body and
whose axes are nonrotating with respect to inertial space.

2.1.2 Conversion from Keplerian Elements to Equinoctial Elements

If a, e, 1, O, w, M denote the conventional Keplerian element set then the equinoctial ele-

ments are given by:

= a
= esin(w + IN)
= ecos(w+ IN)

p = [tan (%)]I sin §)
q = [tan (%)]I cos §}
A= M+w+I0

The quantity I is called the retrograde factor and has two possible values:

+1 for the direct equinoctial elements
I = . . (2)
—1 for the retrograde equinoctial elements

There are two auxiliary longitudes associated with the equinoctial element set: the ec-
centric longitude F' and the true longitude L. They are related to the Keplerian eccentric
anomaly E and true anomaly f by the equations:

F = E4+w+1Q (3)
L = f+w+1Q (4)

These auxiliary longitudes are used in converting from equinoctial elements to position and
velocity. In addition, certain perturbations are modeled with Fourier series expansions in F'

or L.




2.1.3 Conversion from Equinoctial Elements to Keplerian Elements

In order to convert from equinoctial to Keplerian elements, it is first necessary to compute
an auxiliary angle (, which is defined by:

¢ = h
sin( = ———m 0
1
cos( = k

TR
The Keplerian elements are then given by:

a =

e = Vh?+ k2
i = ﬂ(1;1)+2]arctan\/p2+q2

2

. _ p 2

SlIlQ = —\/;;;—T? ()
q

COSQ = W

w = (- 19

M = 2-¢

where [ is defined by (2.1.2-2).
The Keplerian eccentric and true anomalies are given by:

E = F—¢
;o= L-¢ ®)

2.1.4 Conversion from Equinoctial Elements to Position and Velocity

The first step in converting from equinoctial elements to position and velocity is to determine
the equinoctial reference frame basis vectors (f, g, w). Their components in the (z, y, z)
system are

1 1_p2+q2'
“Tipee|
1 2Ipq
E= T3 A+ F (1 +P;— q*)1 (1)
q J
1 2p

N — —2q
PHPHE | 1 p2 =g

7




The second step is to find the eccentric and true longitudes F' and L, respectively. To
find the eccentric longitude F, one must solve the equinoctial form of Kepler’s Equation (see

Section 6.1)):
A=F+hcosF—ksinF (2)

Then define two auxiliary quantities, the Kepler mean motion n and a quantity called b:

n=¢;ﬂ: (3)

b = 1 (4)
1+ V1 h2—k2

Here, and throughout this document, y is the gravitational constant GM of the central body.
The true longitude L is then given by:

(1 — k*b)sin F + hkbcos F — h

1—hsin F —kcos F (5)
(1 — h%b)cos F + hkbsin F — k

l1—hsinF—kcos F

sinl =

cosl =

The third step is to compute the position and velocity components (X, Y) and (X, Y)
of the satellite in the equinoctial reference frame. The radial distance of the satellite is given

by:
a(l — h? — k%)

1+hsinL +kcosL (6)

r=a(l —hsin F —kcosF) =
The position components are then given by:

X = a[(1 —h*b)cos F + hkbsin F — k] =rcosL

B PO L (7)
Y = a[(1 —k*b)sin F + hkbcos F —h]=rsinL

The velocity components are then given by:

- 2 1
X = 2k cos F— (1 - Kb)sin F] = 220 A1)
7 — —
(8)
. 2
Y = ﬁ[(l-k?b)cosF—hkbsinF]z’-w—(kiﬁ-L—)

iy

Here dots denote differentiation with respect to the time ¢.
The final step is now to compute the position and velocity vectors:

r Xf+Yg (9)
r = Xf+Yg




2.1.5 Conversion from Position and Velocity to Equinoctial Elements

The first step in converting from position r and velocity F is to compute the semimajor axis
a, which is obtained by inverting the well-known energy integral for the two-body problem:

1
—_— 1
Irl n
The second step is to compute the basis vectors (f, g, w) of the equinoctial reference
frame. The w vector is obtained by normalizing the angular momentum vector:

a=

rxr

(2)

w = -
r x F|

Equinoctial elements p and q are then given by:

P = 14 Tw,
)y 3
_ y
7= 1+ 1w,

Vectors f and g are then computed using elements p and ¢ in equations (2.1.4-1a, 1b).
The third step is to compute the eccentricity-related quantities. The eccentricity vector
e is given by:
r FX(rxr)
Ir| 17

Equinoctial elements A and k are then given by:

(4)

e =

h = e-g
ko= e f (5)
The final step is to compute the mean longitude A. First compute the position coordinates

of the satellite in the equinoctial reference frame:

X =

Y (6)

r-f
r-g
Then compute the eccentric longitude F':

(1 — h?b)Y — hkbX

Py ey -
(1 — k?b) X — hkbY

a/1T—h? —k?
where b is defined by (2.1.4-4). The mean longitude A is then given by the equinoctial form
(2.1.4-2) of Kepler’s equation.

smF = h+4

cosF = k+




2.1.6 Partial Derivatives of Position and Velocity with Respect to the Equinoc-

tial Elements
Let
A

B
C

na2=\/;'fd
\/l—hz-—k2=%——l (1)

The partial derivatives of the position vector r with respect to the equinoctial elements are

then given by: 5
r

da
or
oh
or
ok
Or
dp
or
dq
or
E))
where
oX
Oh
aYy
Bh
oX
Ok
aYy
ok

r
a
8Xf + a—)ig
Oh Oh
_aﬁf + ng
ok ok 2)
2[Iq(Yf — Xg) — Xw]
C
2I[p(Xg —Yf)+ Yw|

C

r
n

kX aYY
" n(1+ B) 4B
kY aXY
"n(1+B) AB

hX +aYX
n(1+B) AB °

rY aXX

n(l+B) AB

—a

The partial derivatives of the velocity vector I with respect to the equinoctial elements

10




are given by:

where

¢
Bh
oY
‘Bh
oX
0k
)4
Ok

r
" 2a
Q‘.&f.{. gg
Oh Oh
_a_Xf+ _(?_)_/
ok . ok ' ' (4)
2[Iq(Yf — Xg) — Xw]

C

2[p(Xg — YT) + YW]

aY? A(akX 1/_2)

AB @
aXY A [akY XY
AB ' \1+B ' B

aXY A (ahX 5_):)

AB 13

1+B B

BT B

Ay )

2.1.7 Partial Derivatives of Equinoctial Elements with Respect to Position and

Velocity

Let %%} and %91..4 represent the vectors whose components in the (z,y, z) system are the partial
derivatives of the element a; with respect to (z,y, z) and (&, 9, 2), respectively;

aai
or
Oa;
ot

[6‘«12- aa,' 8a1}
Bz Oy 0z
[aai aai 6aij| (1)

i 0y 0z

11




The partial derivatives of the equinoctial elements with respect to position are then given

by
da 2a’r
ar r3
oh abhBr k(pX —IqY)w B ot
o - " m "7 4B Aok
Ok abkBr h(pX — IqY)w B ot
o0 = ¢ AB Aok 2
Jdp CYw
ar ~ 2AB
Jq CXw
ar " 2AB
92 _r ____(pX — IqY)w _b (h@: + kﬂ)
or A AB A\ 0Oh ok

The partial derivatives of the equinoctial elements with respect to velocity are given by:

Jda 2r
ER A
dh (2XY — XY)f — XXg  k(IgY — pX)w
ot p T 4B
ok (XY — XY)g—YYf h(lgY — pX)w
or AB
dp CYw (3)
or 2AB
dq 1CXw
At 2AB
A _g+ k2 —hZ  (1qY — pX)w
or A 1+ B A

2.1.8 Poisson Brackets

The Poisson brackets of the element set (ay,...,aq) are defined by the equations

It is immediately evident that

12




The fifteen independent Poisson brackets for the equinoctial element set (a, h, k, p, g, A)
are given by

hB
(a, k) =0 (h, '\)zA_(l_+—1—3_)
hpC
(a, k) =0 (k,p) = 545
hqC
(a,p) =0 (k,0)= 54
kB
(a,q):O (kv ’\)zm
(aa)‘)z"—% (p’q)=—4ABI
(h, k) = = (%) =
_ kpC _qC
(h,p) =55 (@A) =545
_ kqC
(h> (I) - _é—A—E

2.1.9 Direction Cosines (a,3,7)

The conservative perturbations are more conveniently described by the direction cosines
(o, 3,7) of the symmetry axis rather than the equinoctial elements p and gq. For central-
body gravitational spherical harmonics, let zg be the unit vector from the center of mass
to the geographic north pole of the central-body. For third-body point mass effects and
shadowless solar radiation pressure, let zg be the unit vector from the center of mass to
the third-body. The direction cosines of zg with respect to the equinoctial reference frame
(f,g,w) are then given by

o = ZB-f
B = zp-g (1)
Y = Zp-W

The quantities (a, 3,7) are not independent but related by the equation
02+ﬁ2+72:1 (2)

Note that («a, 3,7) are functions of p and g, since the unit vectors (f, g, w) are functions
of p and g through equations (2.1.4-1). Note also that (a,3,v) are functions of ¢, since zp
is a varying function of time. If the vector zp along the geographic axis of the central-body
is parallel at epoch to the z-axis of Figures 1 and 2, then the direction cosines of zg are at
epoch

13




2Ip

a =

—1 + p2 + q2
2q
B = 1+p2+ q? (3)
(1-p-g¢")]
7 1 + p2 + q2
The partial derivatives of (e, ,7) with respect to p and q are:
o 2(IgB+7)
dp C
O0a _ 2Ip8
ag  C
Q@ _ 2lqa
op  C
98 _ _2I(pa—7) @
dq C
Oy _ 2a
dp  C
oy _ _218
dq C

2.2 Variation-of-Parameters (VOP) Equations of Motion

The Cartesian equations of motion for an artificial satellite in an inertial coordinate system
are [Battin, 1987]:

o r

r:—ﬁF+q+VR (1)
Here r is the position vector from the center of mass of the central body to the satellite,
P = % is the acceleration vector, © = GM is the gravitational constant of the central
body, q is the acceleration due to nonconservative perturbing forces (atmospheric drag,
solar radiation pressure), and R is a potential-like function called the disturbing function
from which one can derive the acceleration due to conservative perturbing forces (central-
body spherical harmonics, third-body point-mass). If m and II are the mass and potential

energy, respectively, of the satellite, then the disturbing function R is given by:
I

R=—-—— 2
= ®)
In order to apply the generalized method of averaging, it is necessary to convert the
equations of motion into a form giving the rates of change of the satellite orbit elements
as a function of the orbit elements themselves. The equations of motion resulting from
this conversion are called the Variation-of-Parameters (VOP) equations of motion. The
derivation of these equations is discussed in some detail in [Cefola, Long, and Holloway,

1974] and [McClain, 1977].

14



In this section we let (ai,...,a¢) = (a, h, k, p, ¢, ) denote the osculating equinoctial
elements (even though they do not have hats). Then the VOP equations of motion turn out

to be
OR

a;
.7
da; ;

3a,

6
i = n616 + vy Z a;, (3)
Jj=1

Here r = % is the velocity vector, n = \/aza is the Kepler mean motion, and d;¢ is the
Kronecker delta. The partial derivatives da;/0r are given by equations (2.1.7-3), and the
Poisson brackets (a;, a;) are given by equations (2.1.8-2,3).

The VOP equations of motion (3) include three contributions to the orbit element rates
of change. The two-body part is:

(:'Li = n5,~6 (4)
The Gaussian or nonconservative part is:
Oa;
.i — 'z . 5
6= —=-q (5)

The Lagrangian or conservative part is:

) 6 OR
a; = _—jz::l(a” a])_a?j (6)
In the remainder of this document it will be convenient to discuss these contributions sepa-
rately, but they must be added together to obtain the total orbit element rates of change.

The Lagrangian part of the VOP equations of motion contains the partial derivatives of
the disturbing function R with respect to p and q. The perturbations which contribute to R
are not conveniently described in terms of p and ¢, however. For these functions, it is better
to write R as a function of (a, k, k, A) and the direction cosines («, 3, v) of the symmetry
axis of the perturbation. The partial derivatives of the disturbing function R with respect
to p and ¢ can then be obtained by applying the Chain Rule:

oR OROa O0ROB ORIy

9 ~ Gaop 0Bop v op -
IR 3R60+6R8ﬁ+37287
dq 0a 0q 0B 0q 0y 0q
The partial derivatives of (e, 3, v) with respect to p and q are given by (2.1.9-4). To simplify
the notation, let us again use the auxiliary quantities A, B, C defined by (2.1.6-1). Also, let
us define the cross-derivative operator
OR
R,ag = 0—— ﬁ bt ,3 (8)

Note that R,,5 = —R,3,. Then the partial derivatives of R with respect to p and ¢ turn out
to be

IR 2

£ = E(Rm +IqRaaﬁ)

aR 2] 9)
90 - T (/Rfyﬁw +PR,aﬁ>
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With this notation, equations (6) for the Lagrangian part of the VOP equations of motion
become:

, _ R
“ T Ao

. BOR k hB OR

h = z—az + (pRaa’Y _IqRaﬁ’Y) - A(l + B)g/{-

. B 3R h kB OR

ko= [A o T 4B <*"R"” IqR"’”) T AT B)'éX]

. c aR (10)
P = 31B [P (R,hk ~R,ap —57) - Raﬁv]

) C R

qg = Q—E [q (Rahk —R,aﬁ —'5')?) - I,R'W’Y]

2a OR B h oR | OR
AB

1
—“75;+m +k— +—’—< Rva’Y—IqRaﬁ’Y>

on "ok

2.3 Equations of Averaging

The Generalized Method of Averaging may be used to divide the VOP equations of motion
(2.2-3) into a short-periodic part which can be integrated analytically and a slowly-varying
part which can be integrated numerically using time steps several orders of magnitude longer
than the time steps appropriate for integrating the untransformed equations of motion. The
Generalized Method of Averaging and other perturbation techniques are discussed in [Nayfeh,
1973]. Only a summary of the application of this procedure to (2.2-3) will be given here.
More details can be found in [Cefola, Long, and Holloway, 1974], [McClain, 1977}, [McClain,
Long, and Early, 1978] and [Green, 1979].

To apply the Generalized Method of Averaging we first assume that the osculating orbit
elements @; are related to a set of mean elements a; by a near-identity transformation:

~--(11—}-z:cJ ahkp,q,/\t) (1)

Here again, the indexed variables (ai,...,as) refer to the equinoctial orbit elements
(a,h,k,p, q,)\) and hats distinguish the osculating elements from the mean elements. The
quantity €’n/ represents a small short-periodic variation of order j in element :. The quantity
¢ is called the “small parameter” and plays the role of a variational parameter in deriving the
Equations of Averaging. (Note that the superscript j is used in the symbol € to designate
a power and in the symbol 5! to designate an index.)
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The short-periodic variations are assumed to contain all of the high-frequency components
in the osculating elements é;, so that the mean elements a; vary slowly with time. This
requirement can be expressed by the following two sets of inequalities:

1 |da <
n|dt 4
1 |da; .
218« 1 for i=2,3,4,5 2)
n | di
L)X < 1
n|dt "

where n is the Kepler mean motion, and

d*tq
k+1
A W < a
3
dk“ai ( )
Ak“W <« 1 for 1=2,3,4,56

where k is the order and A is the step size of the numerical integrator. Inequalities (2) ensure
that second-order effects will be small, while inequalities (3) ensure that the integrator errors
will be small.
Using the variational parameter €, we can write the osculating Cartesian equations of

motion (2.2-1) as

d*t put

— =——+c¢ VR 4
As ¢ increases from 0 to 1 the resulting motion varies smoothly from two-body motion to
the actual motion. The osculating VOP equations of motion (2.2-3) then become

da; oa; 6 OR
—2 = n(a)d; —.q - Qi Q)= 5
e - e S URAKL ®
which can be written in the form
da; . R
'Et— = n(a)6i6 + fFi(avhv kapaq7 Aat) (6)

The terms €F; give the osculating element rates of change due to the perturbing forces as
functions of the osculating elements.
We assume the following form for the mean VOP equations of motion:

da.,'

== n(a)die+ 3 ¢ Al bk, g t) (7)

i=1
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The terms eJA’ give the mean element rates of change due to the perturbing forces as
functions of the mean elements. For most perturbations, the A? are independent of the fast
variable ) as indicated in (7). For central-body resonant tesseral harmonics, the Al are also
slowly-varying functions of jA — m# (see section 3.3).

The osculating rate functions F; and the mean rate functions A? may be explicit functions
of the time ¢ because the perturbing forces may change with time when the satellite position
and velocity are held constant, e. g., due to motion of the Moon.

We now expand the osculating rate functions in a variational power series about the mean

elements:

Fi(a,h,k,p,4,},1) = Fi(a,h,k,p, ¢, \,t) + 3 € fi (a, b, k,p, q, ), 1) (8)
j=1
Here

6 a :

o= (9)
i=1 aj;
6 1 6 6 62F

2 . 1 1

; JE___': +2Jz_:lkz:13a]3a il (10)

Similarly, we expand the osculating Kepler mean motion about the mean semimajor axis:

n(a) = n(a) + f:ijj(a) (11)
7=
Here
N' = —g%}n(a) (12)
v o [ s, "

Having all the necessary expansions, we can now derive the Equations of Averaging.
First, differentiate (1) with respect to ¢ and use (7) to obtain one expression for the osculating
element rates. Next, expand the functions on the right side of (6) using (8) through (14)
to obtain another expression for the osculating rates. Then equate the two expansions and
require that they be equal for all values of € between 0 and 1. Since the powers of ¢ are
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linearly independent, the coefficients of ¢/ must be equal. Taking j = 1,2,3,... yields the
Equations of Averaging of order 1,2,3,... respectively:

on} on}
Al+Zin(@)+ 5 = Filahk,pg 00+ NG (1)
on? on? on!
A+ P+ G = e -3, (16)
34 -0 B 880 — —ipql L A2
A + ) n(a) + Bt fi+ N ; aajAJ + aajAJ (17)

In the Equations of Averaging shown above, the osculatmg rate functions Fj, the mean
rate functions A7, and the short-periodic variations 7} contain effects due to many pertur-
bations. In order to obtain practical expressions for A and 77, it is convenient to partition
the Equations of Averaging to separate the effects of different perturbations.

The first step in partitioning the Equations of Averaging is to express the osculating rate
functions F; in terms of the contributions Fj, of the separate perturbations:

fE = ZVaFia (18)

The sum is taken over all perturbations of interest. The parameters v, are variational
parameters, one for each perturbation. Each v, can vary from 0, at which the perturbation
is turned off, to 1, at which the perturbation has its actual strength. The partitioned
Equations of Averaging are required to be valid for all values of the v,.

Substituting equation (18) into the first-order Equations of Averaging (15) leads to the
following expressions for A} and n}:

€Al = D VeAia (19)

e = D Vallia (20)

Substituting equations (18)-(20) into the second-order Equations of Averaging (16) leads to
the following expressions for A? and n?:

ezAl2 = ZVaVﬂAiaB (21)
af

En? = ) valamiag (22)
of

Substituting equations (18)-(22) into the third-order Equations of Averaging (17) leads to
the following expressions for A? and 7?:

AT = Y vy, Aiagy (23)

afy
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5377? = ZVaVﬁV‘/niaﬁ'v (24)

afy
Similar expressions exist at higher orders. (Remember that the first index in Fi4, Aias Mias
etc. refers to the orbit element.)

If we substitute (18)-(20) into (15) and then equate the coefficients of each v, we obtain
the par’cltxoned form of the first-order Equations of Averaging. Similar procedures with (16),
(17), ... lead to higher-order equations. The partitioned Equations of Averaging of arbitrary
order can be written in the concise form

anz an‘l 3 T

Explicit expressions for the G; functions up to order 3 are:
Gia = Fia(aahyk7p7 Qa)‘7t) (26)
6 aEa 15 nlanlﬁ 6 anza

6. 0F;, 9*F;, 15 7147 35 mampn
Giapy = Mgy + 5 Z Z Bas0a. " + (T—I—G—;ﬁ - Tg—l——ﬁ—ll) n(a)dis

i=1 Oa; 3—1k 10 a®
5. (OMiap ONia

- ; A 2
;( da; At da; " (28)

Comparing the partitioned Equations of Averaging (25)-(28) with the full Equations of
Averaging (15)-(17), we see that the first-order equations are identical. The second-order and
higher-order partitioned equations include auto-coupling equations (eg,a=0= =1)
which are identical to the full equations, but in addition include cross-coupling equations
(e.g,a=1,0=2).

The partitioned Equations of Averaging (25)-(28) give the fundamental relations which
can be used to derive expressions for the mean element rates Ao, Aiag, Aiapy and the short-
periodic variations nia, Miag, Miagy- 1hen the total mean element rates A}, A?, A? and short-
periodic variations 7}, 7?, n? can be obtained from the decomposition relations (19)-(24).

2.4 Averaged Equations of Motion

The Equations of Averaging (2.3-25) can be solved for the mean element rates
Aias Aiag, Aiap- - - - by applying an averaging operator < --- >, to be defined in this sec-
tion, to both sides of each equation. The resulting expressions for the Aia, Aiag, Aiagy - -
can then be added together as shown in equations (2.3-19, 21, 23) and substituted into
equations (2.3-7) with ¢ = v, = 1 to form the mean, or averaged, equations of motion:

da;
d(; = 7l 26+ZA10 +ZA2QG + E Azaﬁ'y (1)
a,By
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These equations can then be integrated with a numerical integrator to obtain values for the
mean elements q; at a given time.

The averaging operator is required to be linear; that is, if p and o are any two real
numbers and f and g are any two real piecewise continuous functions of the mean elements,
then:

<pf+og>=p< f>+o<g> (2)

The averaging operator is also required to be idempotent; that is, if f is any real piecewise
continuous function of the mean elements, then:

<< f>>=<f> (3)

To make the averaging transformation useful, we also require the averaging operator to have
the property that solving the Equations of Averaging with it yields slowly-varying mean
element rates and small short-periodic variations.

In order to be able to divide the Equations of Averaging into separate equations for the
mean element rates and the short-periodic variations, we impose the following conditions:

<n>=0 (4)

It is not immediately obvious from the Equations of Averaging (2.3-25) that the short-
periodic variations can be required to average to zero (equations (4)). Let us first observe
from (2.3-26, 27, 28) that, at any order, G; are predetermined functions of the osculating
rate functions F;, and the solutions of the lower-order Equations of Averaging. Therefore G;
are fixed, while we can vary A; and 7; in any manner which satisfies (2.3-25). Let us assume
that the short-periodic variations 7; do not average to zero, and write

<n>= k,’ (5)
Let us then define
’ ak, 816, 3n .
Ap = Avkngy+ 0+ S—hibe (6)
no= ni—ki (7)

Solving (6)-(7) for A; and n; and substituting the resulting expressions into (2.3-25) yields

b, om0 3

We see that A} and 7} are solutions to the Equations of Averaging, and we can thus choose
Aj and n; to be the preferred solutions. Averaging (7) and applying (2, 3, 5) yields

<n>=0 (9)

We can therefore require the short-periodic variations to average to zero (equations (4)).
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If the osculating rate functions Fi, for a given perturbation are small, 2m-periodic in the
satellite mean longitude ), and slowly-varying in time when the satellite orbit elements are
held fixed, then the single-averaging operator has the required properties:

< 1>= 5 [ f(ahkpa, 2 1)) (10)

Most of the perturbations commonly acting on a satellite can be single-averaged:
1. Central-body gravitational zonal harmonics.
2. Third-body gravitational point mass effects.
3. Atmospheric drag.
4. Solar radiation pressure.

Some perturbations are quickly-varying when expressed as a function of time but slowly-
varying when expressed as a function of both time and a perturbing-body phase angle ¢
which varies linearly with time. If the osculating rate functions Fiq for such a perturbation
are small, 27-periodic in both X and 4, and slowly-varying in time when 6 and the satellite

.

orbit elements are held fixed, then the double-averaging operator has the required properties:
1 s m
<f> = z;‘,ra/ / f(a,h, k,p, g, 1, 0,t)dAd6 (11)

LI [cos(j)\—mO) / " / " f(a,hyk,p,q, Xy 0',2) cos(GX — m8)dX'de’

2
2m (sm)eB

+sin(jA — mb) f(a,h,k,p,q,X,0,1) sin(j\" — mH')d)\'dO']
(Equation (11) may be written in alternate forms. one of which is used in (3.3-2).) Here B
is the set of all ordered pairs (j,m) with the following properties:

m 21 (12)

2m
: (13)
where 7 is the minimum period desired for perturbations included in the averaged equations
of motion. The same minimum period should be used for all double-averaged perturbations.
Inequality (13) is called the resonance condition and denotes the satellite frequencies j and
perturbing-body frequencies m which are in resonance with each other. It often happens
that the satellite has no resonances with the perturbing body, in which case set B is empty.
The minimum period 7 should obey the following inequalities:

37‘,\ (14)
37‘9 (15)

i\ = mb| <

IAVARAYS

T
T

o
o




where 75, and 75 are the periods of the satellite and the perturbing-body phase angle ¢
respectively. In addition, 7 should usually be at least 8 times as long as the step size used
in the numerical integrator, and much longer if accurate integration of perturbations with
this period is desired. It is dangerous to make 7 too long, however. Components of the
double-averaged perturbation which have periods equal to 7 or shorter will be excluded
from the averaged equations of motion and treated as short-periodic variations. If 7 is too
long and deep resonance exists, some of these short-periodic variations may be large enough
to cause large second-order coupling effects, making the averaging expansions (2.3-1) and
(2.3-7) diverge. For this reason, 7 should be less than 100 times the integrator step size.
Making 7 small enough to ensure convergence of the averaging expansions takes priority
over inequality (15), which must be dropped if the perturbing-body phase angle 6 varies too
slowly. If 6 is the rotation angle of the Earth, this will not be necessary, since the Earth
rotates quickly. If 6 is the rotation angle of Mercury or Venus, it may be necessary to drop
condition (15), depending on how large the m-daily (j = 0) short-periodic variations due to
the gravitational tesseral harmonics are. The Moon is a borderline case.
The following perturbations can be double-averaged:

1. Central-body gravitational sectoral and tesseral harmonics. For this perturbation, 8 is
the rotation angle of the central body. (For a more precise definition of 8, see Section
2.6.) The double-averaged central-body gravitational spherical harmonic model in SST
is fully-developed and will be discussed in Section 3.3.

2. Third-body point-mass effects, if the third body orbits the central body. For this
perturbation, 6 is the equinoctial mean longitude of the third body. The current double-
averaged third-body model assumes that the third body orbits the central body in a
slowly-varying Keplerian ellipse. Methods for predicting the effects of short-periodic
variations in the third-body orbit on the satellite orbit have yet to be developed. For
Earth satellites, the short-periodic variations in the orbit of the Moon are substantial.
If they are included in the Lunar ephemeris used with the double-averaged third-body
model, the integrator step size will be driven down to values appropriate for the single-
averaged third-body model, thus destroying the usefulness of the double-averaging
expansion. The step size reduction is avoided by using a smoothed ephemeris for the
Moon, but this creates an error in the computed satellite mean element rates due to
the Lunar perturbation, and the size of this error is not known. Because of these
limitations, double-averaged third-body perturbation models will not be discussed in
detail in this document. For a complete description of the current model, see [Collins,
1981].

There are some perturbations for which no averaging operator with the required proper-
ties can be found. These perturbations are called non-averageable and include:

1. Atmospheric drag, with an asymmetric spacecraft and fast, non-periodic attitude vari-
ation.

2. Solar radiation pressure, with an asymmetric spacecraft and fast, non-periodic attitude
variation.

23




3. Continuous thrust, with fast, non-periodic changes in direction.

4. Impulsive thrust.

These perturbations are typical of directed flight, which in general is not required to be either
slowly-varying or 2m-periodic in A or any other phase angle. Semianalytic Satellite Theory
cannot predict the effects of these perturbations, with the exception of impulsive thrust (see
below), and should not be used unless they are small enough to ignore.

Some types of directed flight are averageable, and these include many scenarios of prac-

tical interest:

1.

A drag-perturbed satellite whose solar panels always point directly at the Sun. The
attitude of the satellite relative to the atmosphere will be 2m-periodic in A and will
vary slowly in time as the Earth revolves about the Sun.

A spacecraft with a solar sail which is feathered when approaching the Sun and per-
pendicular to the Sun line when receding. The attitude of the sail will be 2m-periodic
in A and will vary slowly in time as the Earth revolves about the Sun. ‘

A spacecraft with a constant-thrust ion engine whose thrust is always parallel to the
orbit. The direction of the resulting acceleration will be 27-periodic in A and the
magnitude will vary slowly in time as reaction mass is depleted and the spacecraft gets

lighter.

Of course, the perturbations remain averageable only as long as the orbit remains elliptical.
Parabolic and hyperbolic orbits are beyond the scope of this document.
Impulsive thrust is not averageable, but its effects can be predicted using the following

procedure:

1.

_\1

Integrate the averaged equations of motion (1) up to the time of the impulsive maneu-

ver.

Compute the short-periodic variations as functions of the mean elements using equa-
tions (2.3-20, 22, 24) and the equations in Section 2.5.

Add the short-periodic variations to the mean elements to get the osculating elements
(equations (2.3-1)).

Convert the osculating equinoctial orbit elements to position and velocity using the
equations in Section 2.1.4.

Add the velocity change Av caused by the impulsive maneuver to the satellite velocity.

Convert the satellite position and velocity to osculating equinoctial orbit elements using
the equations in Section 2.1.5.

Invert equations (2.3-1) to convert the osculating elements to mean elements (see Sec-
tion 6).
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This procedure is always valid, but if impulsive thrusts occur more often than once per orbit,
it may be too expensive to make the use of averaging worthwhile. For additional methods
for modeling impulsive maneuvers, as well as continuous thrust, see McClain [1982].

Some perturbations are usually averageable, but cannot be averaged in certain circum-
stances because of large second-order effects. These include:

1. Third-body point-mass effects, for a satellite whose orbit comes too close to the orbit
of the third body. This perturbation will be non-averageable even if resonance locking
ensures that the satellite will always remain far from the third body.

2. Third-body point-mass effects, for a satellite whose orbit comes too close to the bound-
ary of the central body’s gravitational Sphere of Influence.

3. Atmospheric drag effects, during the terminal stage of reentry.

Semianalytical Satellite Theory should not be used under these circumstances.

It is worth considering at this point whether the averaging operators (10) and (11) ac-
tually have the required properties (2)-(3). It is immediately clear from equations (10) and
(11) that both operators are linear (equation (2)). It is also clear from equation (10) that the
single-averaging operator is idempotent (equation (3)). To show that the double-averaging
operator is idempotent, we double-average both sides of equation (11) to obtain

1 T Fig
<<f>>=27/ < f>d)db

w S Jeos(jA — mé) / / <[> cos(jN — m#')dN o'

(7m)eEB
+sin(j) — mb) / / <[> sin(GN — mb')dNdo')

l ks ™
= m/_,, o

3 [cos(jA — m0) / / cos?(j N — m8')dNde’ / /” f cos(FN" — m8")d\"d6"
(J»m)EB - -

+sin(j) — mf / / sin?(j) — m8')d) d¢’ / / Fsin(GN" — m8")d\"dg"]
=< f>
(16)

Note that, if f is independent of 6, the double-averaging operator (11) reduces to the
single-averaging operator (10). Thus we can without inconsistencies apply the single-averaging
operator (10) to perturbations that do not depend upon 6, and the double-averaging operator
(11) to perturbations that do depend upon 6.

If the perturbations can be averaged with the operators (10) or (11), then the Equations
of Averaging (2.3-25) can be solved for the mean element rates by averaging both sides of
each equation. Note that the averages are always taken with (a,h,k,p,q,t) held constant.
Using (4), we thereby obtain for the mean element rates A; at any order

A=< G; > (17)
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Substituting (2.3-26, 27, 28) into (17), we can obtain explicit expressions for the mean
element rates at each order.

The explicit equations for the first-order mean element rates have the same form for both
single-averaged and double-averaged perturbations:

Aia =< Fia(aahak,pa qa’\at) > ‘ (18)

The averaging operator used is single in the first case and double in the second.

The explicit equations for the second-order mean element rates involve coupling terms
between two perturbations, which may be two different perturbations (cross-coupling) or
copies of the same perturbation (auto-coupling). If either perturbation is single-averaged,
the equations take the form

6. | OF; 15 n
Aiop = —n; —— (MNa d; 19

B JZ—:;< aaj T]Jﬁ> + 8 a2 (771 '71[3) 16 ( )
If both perturbations are single-averaged, a single-averaging operator is used. If either
perturbation is double-averaged, a double-averaging operator is used. If both perturbations

are double-averaged, the equations take the form

6 6
0F;, 15 n ONia
Aiap = —1; —— (Mmamp) bi6 — —A; 20
= 3 (Gns) + 5 ) > (G ) 20
If both perturbations use the same perturbing-body phase angle 6, then a double-averaging
operator is used. However, if the perturbations use different perturbing-body phase angles
6 and @', then a triple-averaging operator is used.

Derivation of the explicit equations for the third-order mean element rates will be left as

an exercise for the reader.

2.5 Short-Periodic Variations

Once the mean element rates Aiq, Aios, Aiapy,--- are known, the Equations of Averaging
(2.3-25) can be solved for the short-periodic variations 7ia, Miags Miagy: - - - by using Fourier
series expansions for the functions Gia, Giags Giapys - - - The resulting expressions for the
Nices iaBs Miafys - - - Canl then be added together as shown in equations (2.3-20, 22, 24) with
¢ = v, = 1 and substituted into equations (2.3-1) with € = 1 to give the osculating elements:

G = @i+ Y Mia+ D Map+ Y Miapy + - - (1)
o apf

afy

Of course, using Fourier series expansions for the functions G; assumes that the osculating
rate functions F, are 2m-periodic in the phase angles of the expansions. Most perturbations
can be expressed with more than one kind of Fourier series expansion. In the following
subsections we shall give formulas for the short-periodic variations corresponding to several

possible expansions.
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Some of the general expressions presented in this section are new, so enough steps in
the derivations will be presented to enable the reader to rederive them. Our derivations
are based on the work of [Cefola and McClain, 1978], [Green, 1979], [McClain and Slutsky,
1980], [Slutsky, 1980], [Slutsky and McClain, 1981], and [McClain, 1982].

2.5.1 General n; Expansions in A

Recall that the Equations of Averaging of arbitrary order can be written as

on; O 3n
A+na/\ Tl G—*; i6Th (1)
where G; are predetermined functions (equations (2.3-26, 27, 28)) and
A=< G; > (2)

At order m, the Equations of Averaging contain m perturbations, which may all be different
or may include multiple copies of the same perturbation.

If all of the perturbations in the Equations of Averaging (1) are single-averaged, then the
equations can be solved for the short-periodic variations 7; by integrating over the satellite
mean longitude A. It is convenient to first define the short-periodic kernels ;:

1
&= [(Gi— A)ax 3)
n
The constant of integration is specified by requiring
<&E>=0 (4)

In the absence of explicit time-dependence, the full short-periodic variations 7; are then given
by:

3
ni=6& — 5‘(;&6/61 dA ()
The conditions (2.4-4) and (4) require
< [ d)\> —0 (6)

In the presence of explicit time-dependence, the full short-periodic variations 7; are given

by:

K k
s 9&
k=1 6tk L . (7)
_i . (_1) afl k+1
2a *° [/ SLa k}:';(k +1) nk A+1 otk dX

Here K is the order of the highest order partial derivatives desired in the expansions. The
conditions (2.4-4) and (4) require

</k 5,»dA"‘> —0 forall k> 1 (8)
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Here the following somewhat unusual notation is used for the operator which is the kth
indefinite integral (the inverse of the kt* derivative operator):

/kf()\)d)\k =/---/f()\)d/\---d>\ 9)
k

Alternately, knowing the short-periodic variations n° in the absence of explicit time-
dependence, we can compute recursively the short-periodic variations n¥ including the kth
order time derivatives:

3
W= &b [ Gd)
2a
-1 k ak 0 3k . ak 0
( ) ' UE d/\k+ (_1)k+15i6/ ™ d/\k+1
nk Ji Otk 2ank k+1 Otk
Explicitly, we suppose that the functions G; can be written as a Fourier series in the

mean longitude A:

(10)
o= T+

Gila, h,k,p,g,\t) = Clla,hk,p,q,1) (11)
+ i [Cf(a,h, k,p,q,t)cosjA + Si(a, h, k,p, q,t)sinj)\]
=1
where r
) = 7 _wGid)\
¢l = -71; " Gicosjrdx (12)
S = % iGisinj,\d/\

Using (2.4-10) and (2), we can obtain the mean element rates A;:
A;=C° (13)

We can then obtain the short-periodic variations 7; by performing the integrals (7, 8). The
final result of these calculations is:

mi = 3 [CF cos jA + SYsin jA] (14)
7=1
where
: 1 [.; 316i.,; 1 [8C  326605]
I — |8 20 - L o
¢ Jjn [S' 2a 3 1] (jn)? [815 +2aj ot

1 [3253 335i632c{}_ 1 [83Ci | 34650°S]|
(

() | 0127~ 2a j 08 jn)t | a3 t3a o 15)
Sl = B c’ ?.léi_e_gi 1 §§i_§2é§§§i
o jnl " 2a5 ! (jn)2{ 0t 2a j Ot
1 [8°C!  3360°S] 1 [83S]  3460°%C
—_ + - — v e 4
(jn)3 | 92 2a 5 Ot? (jn)t | 03  2a 5 OF°
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2.5.2 General n; Expansions in F

In this section we suppose that the functions G; are expanded as a finite Fourier series in
the eccentric longitude F:

Gi(a’hakap3qu7t) = C?(a,h,k,p,q,t) (1)

J . .
+3 [Ci(a, h,k,p,q,t) cos jF + S} (a, h,k,p,q,t) sin jF |
=1

where

¢ = L[ GarF
2 J-=

¢ = 1 [ GicosjFdF 2)
mJ-r

si = L [" GisinjFdF
mJ—n

Again we may use (2.4-10) and (2.5.1-2, 3, 4, 7, 8) to obtain the short periodic variations
n;. To do this, it will be necessary to convert the integrals over A into Fourier series expansions
over F. We begin by supposing f()) has a finite Fourier series expansion in F' with known
coeflicients and it averages to zero:

J
F(A) =C"+ 3 °(C cos jF + & sin jF) (3)
3=1
< f(A) >=0 | (4)
Using »
[10dr = [ s0)55dF (5)
the following consequence of the equinoctial form (2.1.4-2) of Kepler’s Equation
g—;:g:l—hsinF—kcosF (6)

and the following well-known trigonometric identities

cos(j — k)F + cos(j + k)F

cosjFcoskF =

2
cos jFsinkF = sin7 + A)F ; sin(j — k)F
in(y in(j — (7)
sinjF coskF = sin(j + k) F ';' sin(j — k)F
sinjFsinkF = cos(j — k) F '2' cos(j + k)F
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we can convert the right side of (5) into a Fourier series expansion in F'. Note in particular
that the condition (4) implies that the constant term C° in (3) must be related to the Fourier

coefficients C! and S? by
k h
0 1 1
= — - 8
C"=3C"+3S (8)
Higher-order integrals can be computed using recursion formulas obtained from the equa-
FA)dA™ = / / FN)dA™dA (9)
m+1 m

We summarize the conversion for the general multiple integral with the following notation:

tion

/ FN)dA™ = U2(C4, 8% + Jf[ug;(cf,SC) cos jF 4+ VI(C¢,8¢) sin jF] (10)
m ]=1
</ FO)A™ >=0 (11)

Here the arguments (C¢, 8¢) denote that the functions U2, and V? depend upon the coefli-
cients C? and &7 appearing in (3) through the relations:

for1 <j3< J: _
Ui =
VOj:Sj
form>0:
k h
0 1 1
= = -V
hk h? h k
71 _ (B 1 g Ry
Ui QUm (1 Q)Vm QUm—i-QVm
k? hk k h
V! = (1 E ) 2y Bz Dy
m+1 ( 2 ) Um 2 Vm 2Um 2Vm

for2<;<J+m+1:

: 1 . h__. k.. h . k. .
J = —{-w _Url —ya J+1 Tyatl
m+1 ]( m+2 m +2 m 2Um +2Vm )
; 1 -k h_ . k . h .
J — Z(pyi = lZpi-t g Dyt 2l Zyatl
fory>J+m+1:
U, =0
Vi =0
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With this notation, we can write the mean element rates A; and the short-periodic
variations 7; corresponding to (1):

k h

PR ) QY 13

A ¢}~ 5Cl = 58] (13)
J+K+2 _

m o= CP+ Y [CicosjF+SisinjF| (14)
J=1

where

k . h
0 _ 1y ¢!
CP =301+ 3

. | ¢ o¢ k j akcz’( aksf
C! = ;UIJ (Ci ’Si) Z k+1 k1 ( otk ’ otk
3 [1 [GR YA e A

_'2‘56,-6 [‘Uﬁ (cf 51) + Z kD) Ui ( o o
k k¢ k¢

- o ~1) y 0°C; 0°S;
Sl = VJ (Cz S ) + Z nk+1 Vi ( otk ’ Otk

3 1 K ) orct kSt
”551'6[‘ (. )+k§k+l k+1‘/k+2<'a_tk_’"5'tk'

(15)

2.5.3 General n; Expansions in L

In this section we suppose that the functions G; are expanded as a finite modified Fourier
series in the true longitude L:

M

Gi((%h’k’Pa qaL7t) = C(‘)(avhvkapqut)+ Z D;(n(aahvk7p7q7t)(L_ /\)m
J m=1 | (1)
+ 3" [Cl(a, b,k p,q,t) cos L+ Si(a, b, k,py g, 1) sin jL|

i=1

Here the quantities (L — A)™ are written separately, rather than by replacing them with their
Fourier series expansions recorded below.
The equation of the center may be calculated from the Fourier series expansion

=2
L—AzZ;(UJ cosjL — p;sinjL) (2)
1=1
Here -
p; = {cosjL) = »——/ cosjLd\
27 J-n
1 T (3)
oj=(sinjL) = Z—ﬂ_/_rsmde)\




The auxiliary quantities p; and o; can be evaluated using the equations *
pi = (1+jB)(=bJCi(k,h)
a; = (1+jB)(=b)/S;(k,h)
where b and B are given by (2.1.4-4) and (2.1.6-1b), and
C;(k,h) +iS;(k, k) = (k + ih)’
are obtained from the recursion formulas
Cini(k,h) = kCj(k,h) — hS;(k,h), Co=1
Sis1(k,h) = hCj(k,h) +ES;(k,h), So=0

The quantities (L — A\)™ may be calculated from the expansion

(L=X)™=k% + 3 (!, cosjL + 1), sinjL)

i=1

Here the first-order coefficients ! and 1! are obtained immediately from (2):

kK =0
W = 2%
]2
W = -2
J

(8)

Higher-order coeficients x7, and ¥, are obtained using the following recursion formulas,

obtained by multiplying the series on the right sides of (2) and (7):

> 1
Ko = D Z(Uk’{fn — pribm)
k=1

(9)

~ 20; ©1
HZn = “—-i"go + - agj ﬁk — Vi :
+1 J m kZ:; ] + k( J+kRm p