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ABSTRACT

A laminated shallow shell approach that includes von Karman geometric
nonlinearity and parabolic transverse shear deformation is posed in differential operator
form. Trigonometric series are assumed for each of the five shell displacement degrees of
freedom for the subsequent nonlinear Galerkin solution resulting in 5n? simultaneous
algebraic equations where n is the number of displacement terms assumed in the series.
The Galerkin nonlinear solution is computationally intensive. The response of several
laminate geometries subjected to transverse loadings are found. Thicker plates and shells
generally exhibit more flexible nondimensional displacement response compared to thinner
geometries in both linear and nonlinear analyses due to transverse shear deformation. The
nondimensional shell response is examined by using the Batdorf-Stein shell parameter for
laminated constructions. Quasi-isotropic shallow shells undergo significant transverse
shear flexibility in the thicker geometries as given by the nondimensional shell crown
deflection. However, the nondimensional crown deflection in the deeper shell response is
not much influenced by shell thickness. For flat plates, geometric nonlinearity lessens the
influence of transverse shear flexibility when compared to linear solutions due to
membrane stretching resistance.
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I. Introduction

The increasingly higher performance demanded of advanced composite materials,
especially in weight optimized structures, requires more accurate means of analysis and
design. Traditional techniques for thin-walled aerospace structures include classical
Kirchhoff plate and Love shell theories. These theories neglect the transverse stress
components and therefore are inadequate in many cases due to the sensitivity in laminated
materials to transverse shear deformation (Whitney and Pagano, 1970). Consequently,
higher order theories have been developed that relax the requirement in the classical
approaches where normals to the shell middle plane before deformation remain normal
throughout deformation; see for example Lo et al (1977), Kwon and Akin (1987),
Whitney and Sun (1974), and the review articles Kapania (1989), Kapania and Reciti
(1989), and Noor and Burton (1989, 1990). Generally, Reissner-Mindlin (R-M)
(Reissner, 1945, Mindlin, 1951) shear deformation theory requires plane sections remain
plane, giving a constant transverse shear through the shell thickness. R-M plate and shell
approaches then require shear correction factors that depend on the specific laminate
(Whitney, 1973) or the boundary conditions and loading, as described by Pai (1995).
More recently, a parabolic distribution of transverse shear through the thickness has been
proposed by Levinson (1980), Murthy (1981), and Reddy (1984) for plates and Reddy and
Liu (1985) for shells. This approach gives five coupled nonlinear differential equations as
in the R-M approaches. Yet, for only a small additional complexity, added accuracy is
gained without the ambiguities of shear correction factors. Exact solutions to any of these
shell approaches are rare; consequently, approximate techniques are widely used.

Numerical solutions to Reissner-Mindlin theory based on finite element methods
are susceptible to shear locking of thin plate/shell meshes unless reduced integration of the
stiffness terms (Zienkiewicz et al, 1971, Parisch, 1979 ) or other numerical fix is
performed. (Kui, 1985, Park and Stanley, 1986) The higher order parabolic shear theory
including geometric nonlinearity has been solved via finite element techniques for
laminated plates by Putcha and Reddy (1986) and laminated shells by Tsai et al (1991).
Finite element meshes based on the parabolic shear approach do not shear lock for a wide
range of plate/shell geometries.

* A related solution approach to the finite element method is the modified Galerkin
technique. Giri and Simitses (1980) used this technique to solve geometrically nonlinear
plate equations based on classical assumptions. Whitney (1984) gave buckling loads for
shallow laminated panels also neglecting transverse shear deformation. Xu and Shen
(1986) used the Galerkin method to approximate the classical nonlinear response of
laminated plates by assuming quintic B-spline functions. Bowlus et al (1987) used the
Galerkin technique to examine the effect of transverse shear flexibility and rotary inertia
assuming the R-M approach. Palazotto and Linneman (1991) found buckling loads for
laminated shells assuming Sanders equations and parabolic transverse shear distributions
through the shell thickness. The influence of transverse shear and radius of curvature is
examined. Tighe and Palazotto (1994) assumed Sanders shell equations with nonzero
transverse normal strain.

The present study solves laminated shallow shell equations including parabolic
transverse shear deformation in the presence of geometric nonlinearity by the modified




Galerkin technique (Sokolnikoff, 1956). The approach is first cast into operator form,
resulting in five coupled nonlinear differential equations. Next, a double Fourier series is
assumed for each of the displacements and the Galerkin equations are found for simple
support boundary conditions. Finally, the response of numerous plate and shell structures,
both linear and nonlinear, are presented.

II. Theory

The present study will approximate the response of a shallow cylindrical shell
geometry under transverse loading, see Figure 1. Assume the following:

1. the shell is thin such that an approximate state of plane stress exists, and
therefore, neglect the transverse normal stress, O, as small in relation to the other stresses.

2. the transverse shear strains, €, €, are distributed parabolically through the
thickness of the shell and the transverse shear stresses, Oy, Oy, satisfy stress free
conditions on the shell’s top and bottom surfaces.

3. the shell follows linear elastic laminated material response and therefore is
restricted to small strains.

~ 4. the shell geometry is shallow; Donnell shallow shell strain-displacement
relations are assumed.

5. the shell geometry and the magnitude of the loading may result in large
deflections; therefore, assume geometric nonlinearity in the von Karman sense.

As mentioned in the introduction, numerous plate and shell studies have shown
that due to the relative weakness in shear of current high stiffness-high strength laminated
materials, transverse shear deformation can be a significant influence even for relatively
thin geometries as compared to similar isotropic shells. Consequently, the present
approach will neglect the transverse normal stress, O;, as small compared to the shell’s
inplane stresses, Oy, Oy, Oxy, a$ is typical in plane stress assumptions. However, the
approach will approximately account for transverse shear deformation by retaining the
transverse shear stresses, O and G,,. This approach is consistent with shell stress order of
magnitude studies by Koiter (1967) and John (1965) for isotropic shells. Additionally,
exact solutions of laminated flat plates (Pagano, 1970) and cylindrical shells (Ren, 1987)
in cylindrical bending show this to be a reasonable approximation. Furthermore, since o,
generally is of order A/R times the bending stress and O, and Oy, are of order h/r or his
times the bending stress, ©; is negligible compared to G, and ©y, when r,s <<R. (Reddy,
1985, Palazotto and Dennis, 1992) .

Classical Donnell shallow shell assumptions restrict R/A>500, (Whitney, 1984).
However, Palazotto and Linneman (1991) show that for shell vibration and buckling, the
added transverse shear degrees of freedom allow accuracy to approximately R/A>50.




FIGURE 1. Shell geometry of radius R, thickness &, planform r x s.

KINEMATICS AND STRAIN

Assuming truncated power series in the transverse coordinate, z, for the shell
displacements and satisfying stress-free conditions on the shell’s top and bottom surfaces
results in the cubic kinematics of Eqn (1). Eqn (1) gives parabolic approximations for the
transverse shear strains through the shell thickness. Kinematics of Eqn (1) and similar
forms have been studied by several investigators (Levinson 1980, Murthy 1981, Reddy
1984, Bhimaraddi 1984, Reddy and Liu 1985, Soldatos 1987, Dennis and Palazotto 1990)
applying them to both laminated flat plate and shell constructions in both linear and
nonlinear, buckling, and vibrational analyses.

u,(x,y,2) =u+2¥, + 2k, (¥, +w,,)
U, (x,5,2) =v+2¥, + 2k, (¥, +w,,)

ua(x,y)=w 1
-4
k = e—
) &

where, u;, Uz, us are the shell displacements in the x, y, z, coordinate directions
respectively; u, v, w are shell midplane displacements (i.e., at z=0); and ¥, ¥> are




rotations of the normals to the shell midplane about the y, x axis respectively, and commas
denote partial differentiation with respect to the coordinate shown.

Donnell strain-displacement relations including a simple geometric nonlinearity in
the von Karman sense are given below in Eqn (2) (Brush and Almroth, 1975). The
nonlinearity assumes the strains and rotations squared are small compared to one and
allow deflections of magnitude the same order as the shell thickness (Chia, 1988). The
typical stress and strain shorthand notation defined in Eqn (2) is adopted.

€, 58, =, +iw,;
o — Wioi,2
Sy = 82 - u@’y_i-}.?w’y
€, =86 = Uy tlhys, W, Wy, 2)
€, =€, Uy, Ty,

€. =E5=Us, Ty,

The Donnell-von Karman strain-displacement relations of Eqn (2) together with the shell
kinematics of Eqn (1) give the shell strain-displacement relations in Eqn (3).

- 3
€,=€+tzK;;t72 K3
° 3
€,78,+ZKu+t72 K
o 3
86=86+ZK61+2 K63 (3)
—_’ 2
84—£4+z K42
—_—e’ 2
€:;=E€s5t7 Ks
where the midplane strains are given by,
° 2
81=u’x+%w’x
o — W 1 2
€, =Vyym Wy
€5 =l 1V, +W,, W,
- 8:=‘If2+w’y

e=Y +w,

and the curvature strains are given by,




K11=‘I’l’x K13=kh(\}l17x+wvn)
Ku=%, K23=kh(\l’2’y+w’yy)
Ka=Y, 0. K= k (¥, +Ys,, 2w, )

](42=3k,,(‘I’2 +w,y)
Ks =3k, (¥, +w,,)

CONSTITUTIVE RELATIONS

. Consider shells constructed of layers of unidirectional fibers imbedded in a matrix,
i.e., transversely isotropic material. (Jones, 1975) The three dimensional stress-strain
relationships for a single lamina of transversely isotropic material are reduced to two
dimensions using the plane stress assumption. By neglecting the transverse normal stress
(0,=03=0), the transverse normal strain (€3 ) becomes dependent on the in-plane strains
(€1,€2). Eliminating €, then gives stress-strain relationships in material coordinates where
the fibers of the lamina are aligned with the x coordinate, within an individual ply of a
laminated shell as shown in Eqn (4). Shell structures are layered with the material
governed by Eqn (4) where the fibers may be oriented arbitrarily within the plane of the
shell, i.e., the x-y plane. Transforming Eqn (4) from material coordinates to shell
coordinates then gives Eqn (5) for the nth ply of the laminate.

P r )

Gl -Qu lel 0 0 0 8'1

62 le Q22 0 0 0 82 (4)
= |

i06t=| 0 0 Q, 0 0 |g,

C. o 0o o0 Q, 0 |e,

Os) | 0 0 0 0 st_ -

where the stress notation is defined analogously to the strains, see Eqn (2) and the Qy

are elements of a symmetric array of the reduced stiffnesses and can be written in terms of
the engineering constants as given below,

E E
Qu =Tl’ sz = -_A_Z’Qu =V %’ st = Gl2
Q44 =Gy st‘_" G A=1-v,0,,
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where the Q are elements of a symmetric array of the transformed reduced stiffnesses
y

Ol &) (g7

40 _

2 _Q_ze Eaf > {G}—
Q

€6 ’

-QM —_Q.:45} n
0.

and are functions of the reduced stiffnesses and angle of orientation of the fibers of the nth
ply. (Jones,1975)

A two dimensional shell approach will “smear” or average the constitutive
relations of each ply by integrating Eqn (5) through the shell thickness. First substitute the
strains of Eqn (3) into Eqn (5), see Eqns (6). Using averaged load quantities defined in
Egns (7), the load-strain relations of Eqns (8) result where in Eqns (8), repeated indices
imply summation, i,j = 1,2,6; m,n = 4,5; and the elasticity arrays are defined in Eqn (9).
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(A;»By»Dy-Ey-F i H,)= JQij(l,z,zz,f,Z“,zS)dz
" - ©)
(Amn’Dmn’an) = J‘émn(l’22’24)dz
-H2 -

VIRTUAL WORK AND EQUILIBRIUM

- The principle of virtual displacements for the shell loaded transversely by traction,
g, is stated as,

[11/(0:9ei+0,8es+0 ¢ Seiro . Beiro s Besjua, de - [gdwaa =0
Ha, Q

(10)
where Q, is the shell’s x-y plane within the nth ply.

Substituting the quantities defined in Eqns (3) and (7), the virtual work expression
can be written in two dimensions as is shown in Eqn (11).

H (N1'8£;+M1' 8K11+P1' 8K13+N2'88;+M2'8K21+P2'6K23+
Q

NG. 88:5-*-1‘45'81(51-’-136'8‘K63"'Q4' 88:+R4’ 6](42'*' (11)
Q. O¢g;+ Ry Ok, —qOw)aQ =0

The shell equilibrium equations are found from Eqn (11) by substituting the strain-
displacement equations of (3) and then integrating by parts. Since the variation of each of
the five displacement functions is arbitrary and independent, their coefficients can each
individually be set to zero. With this in mind, terms were grouped for each virtual
displacement and the resulting five equations are given in Eqn (12). The five equilibrium
equations are a subset of Eqns (12) where equilibrium within the shell domain is described
by each double integral term vanishing. The remaining terms in each equation are the
boundary conditions for the shell where along the indicated shell edge, either displacement
is prescribed or the force term is zero. The given form of Eqns (12) will be useful for the
subsequent Galerkin solution. The underlined terms of Eqn (12c) are known as
“buoyancy” terms (Chia, 1980) and vanish due to the inplane equilibrium of Eqns (12a,b).




Excluding the nonlinear terms of Eqn (12), i.e., those where a force quantity multiplies a
displacement, gives equilibrium equations similar to those of other investigators. (Reddy
and Liu, 1985; Linneman and Palazotto, 1991)

,”(vax'*'Ns,yﬁ“dg_jN58u|:dx—leaul;d)’ =0 (12a)
.” (N 2wt N s,x)svdﬂ—jN 65v|;dy—j N28v|;dx =0 (12b)

—Jj (le’xx+Nl,xw’;+N2/R+N2w9yy+N2,yw,y+2N6w,xy+N6'xW,y+N5,yw,x
Q —— e ——
—P, k -P,

> A A S A +Q,.,+0;,. +3%,R,., 436, R, )OwdQ+

> xy

(le,x+N5W,y_P1’x k}, _2P6’y kh +Q5 +3th5 )Swlldy-i-

(NzW,y‘*'NGW,x"R,y k,-2P, k,+Q, +3kR, )Sw';dx+

O byt O ey 4

2k, PSW] [+[6,F, O v+ [P, B, [ax= [[ Bwao

(12¢)
,” (Ml,x + M, * thI’x+th6’y _Qs - 3th5ﬁ P,dQ
Q, , (12d)
(M, P)S 9 v~ [ (Mt £, P )8 wfax=0
[[(M.,+ M.+ 6P+ Fo -0, -3¢, R )0 w,d0
g (12¢)

_j(M6+ kP )3 %I;dy—j(M2+ , P, o wfax=0




III. Galerkin Solution

- The Galerkin technique is one type of the general methods of weighted residuals
used to find approximate solutions to differential equations (Sokolnikoff, 1956). In this
section, the Galerkin technique is described first generally and then the technique is
applied to the shell equations of (12).

Assume a differential equation of the form shown in Eqn (13)

Lu—f =0 13)

where L is a differential operator, u is the field variable (displacement for the present
study), and f is the loading. Next, approximate u by u as in Eqn (14)

u= cj(b }., j=123..N (14)

where there is an implied summation on j, the cj are unknown constants, and the q) j
are coordinate functions that satisfy the boundary conditions. Substituting the
approximate displacement of Eqn (14) into (13) then gives,

Lu—f=§ (15)

In Eqn (15) the differential equation does not equal zero; but instead equals some error
due to the approximation on the field variable. In the weighted residual technique, the
constants cj of the approximation of Eqn (15), are found such that the error in Eqn (15)

is forced to zero in an average sense by integrating Eqn (15) multiplied by weighting
functions over the domain as in Eqn (16).

[(Lu— f W ;dD=0, i=12,.N (16)
D .

The case where the weighting functions, j» are identical to the coordinate functions of

Eqn (14) is the Galerkin method. Eqn (16) represents N simultaneous equations in the N
unknowns, cj.. Therefore, a single differential equation is approximated to desired

accuracy by N algebraic equations.

The present shallow shell approach can be posed in the operator form of Eqn (13)
as given below in Eqns (17)-(19). In the equations, the force-displacement relations of
Eqn (8) with Eqn (3) are substituted into the equilibrium equations of (12) giving five
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coupled partial differential equations in displacement. A significant simplification results
for symmetrically stacked laminates where the elasticity arrays of Eqn (9) associated with
odd powers of z are zero. The symbolic math package, Mathematica (Wolfram Research

Inc. 1993), performed the extensive algebra.

(L+H)d=f

a7

where L and JH are the linear and nonlinear operators, respectively, and are defined as,

Lu
L
L=| Ls
0
0

b

Sy
Iif
© o o o O

L.

and the elements of the operators are defined below,

L
Lo
Lo

0
0

o O © © O

L
Lz
Lss
L
Lss

H:
H>x
—H
0
0

L ()= Au( ) t24i( ot )y

Lo ()= 46 )at{An + A X oy tAss( Dy

__4A A
L13( )___RT( )’x-’;’( )’y

Lo ()= A Y t24( )+ An( )"

__ Ay Ay
Lza( )_—_R—( )’x—T( )’y

0
0
Ls
L
Les

o O © O O

0

0

o O O O

(18)

19)
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A :
Laa()= 73O~ [2Ai +12D,k, +18F,” X ) ~[Ass +6Dssks + 9Fssky’ | ).z

"[A44 +6D,k, +9F44kh21 )7yy+H11kh2( )’xm:+2H12kh2( )uo:yy"'szkhz( )'my
+4H16khz( )MMstkhz( )’xyyy+4H66kh2( )mryy

Lo )=—JAss +6Dssk, +9Fssk,* Y ). ~[Ass +6Dysk, +9Fiski’ X ).,
+[Fukh + Huk;.Z:K )’m"'[Fzskh +H26kh2:K )m+[3pi6kh + 3H16kh2:K )’xxy
+[F,k, +2Fk, + Hyok,” + 2Hek [ )y

Las()=—JAss +6Dysk, +9F k> X ). ~[Ass +6Dok, +9F K2 ),
+[E6kh + Hmkhzk ) - +[F22kh + H22kh2:K )'m
+[F, K, +2Fck, + Hyk,* + 2Hk,* | Y ey H3Foskn + 3Hyk* | )y

L44( )= "[Ass +6Dsk;, + 9F55kh2:K )+ [Du +2Fk, + anh21 )’xx
+[2D + 4F ¢k, + 2Hy k> { ).+ Des +2Fsks + Hyk,*X )y

L.s( )= '[A45 +6D sk, + 9F45kh21 )+ [DIG +2F¢k, + H16kh2:K -
+[D,, + Dgs + 2F, k, + 2F ik, +Hpk,? + Hek,2 X )y
. +[D26 +2Fk, +H26kh2I )’yy

Lss()= "[A44 +6D .k, +9F44kh2:K )+ [Dss +2Fck, +H66kh2:K -
+[2D, +4Fyck,, + 2H,k,> X ) o +[Dr + 2F K, + Hyuk2 X )y,

Hi()=w, L.()+w, L.()
Hza( )= W;, le( )+w’y Lzz( )

H i ( )= (u’x+z];w.2x)Ll( )+(V’.y"%+’;‘w,2y)[42( )+
(2,991, ) Lo = 34s L) =3y Ls)

Ll( )= All( )’xx+2A16( )’xy+A12( )'yy
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L, ()= Ap( }at2455( )y +An( ).
L3( )= Al6( )’xx+2A66( )>zy+A26( )’yy

The displacement and load vector are given by,

C ) (0)

d={w?}, [=3

- B SRR

[ ]

\

J "/ (20)

SIMPLY-SUPPORTED BOUNDARY CONDITIONS
" Consider the simply-supported boundary conditions given below in Eqn (21).
These give stress-free membrane conditions normal to the shell plane edges; yet, stress

may develop tangentially along each edge due to the restrained tangential displacement.

along edges x=0, x=r:

v=w=¥,=0
along edges y=0, y=s: 21)
u=w=Y¥, =0

In the Galerkin approach, the displacements of the shell are approximated in the
form of Eqn (14) below in Eqn (22). The coordinate functions must satisfy the geometric
boundary conditions of Eqn (21) and presently, a double Fourier series is assumed for
each of the five.

M N
W=D Y €y (22)
m=1 n=1 .
N
\Pl = z Z dmn'Y mn
m=1 n=1
M N
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where the coordinate functions are,

mnx . nmy

¢ ,., = COS—sin——
r s

mnRx __ nmy

Xy = SIN——COS——
r §

. MRX . Ny

a,, =sin—-sin—
r s

mnx . nmy

Y . = COS——Sin—
r s

. mMRX ___ nmy

M,, = Ssin——Cos——
r s

Substituting Eqn (22) into Eqn (17) plus reintroducing the nonzero boundary
condition terms of Eqn (12), gives the Galerkin equations of the form of Eqn (16) in Eqns
(23). Since admissible functions are assumed for the displacements, i.e., those that only
satisfy the geometric boundary conditions, the single integral terms are the remaining
nonzero boundary conditions and must be retained as is shown.

[TLL)+ L)+ Lis09)+ Ha09)]0 iy +

, (23a)
[ N1, 0.9 - [ N1 (.%o .0y = 0
JJL0 )+ Ln () + LosW) + Hos W) by +
00 i (23b)
sz (x,0)% ,, (x,0) dx - JNz(x,S)x,q(x,S)dx =0
0 0
J j [L13 W)+ L)+ Lys(W)+ L, (¥,)+ Las (¥2)-Hsx (W)]a paXdy +
. 00
k[ Po3)0 s 2 9)dy =K, [ P1O,3)0 100, 0, 7)dy+ (23¢)
0 4]

k[ Posk,,,, (s)dx—k, [ P,(x0),,,, (x0)dx = [ [ qa. , dxdy
0 0 00
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[Lz4 W)+ L (lpl )+ L.s(¥; )}Y pgdXdy +

O"——.'Q
© Sy g

[ ML) ,, @) dy= [ MyrayN o ry)dy+ (23d)
0 0

k,,[ PO,y ,,0,y)dy- k,,j P.(r.y)v ,,(r,y)dy=0
0 0

[ JILas09)+ Las(#)+ Los(¥2 )0 pgdxdy +
00
| M,om,, (x.0)dx = [ M, 065,y (6 8)dx (23¢)
0 0
k| PO, (500 dx =k, | P, (.5, (x,8)dx =0
0 0

Eqns (22) are next substituted into Eqns (23) giving a system of SMN
simultaneous nonlinear algebraic equations in the unknown constants ms, bmn, Cmny Gmns
enn. In getting to the simultaneous equations, many trigonometric integrals must be
evaluated. The general forms are shown in Appendix A. The final form of the Galerkin
equations given as functions of displacement is found in Appendix B. Appendix Cis a
listing of the Fortran coding. In addition, sample input and output listings are included.

LOADING

Various transverse loadings can be considered by first expémding the traction q of
the right hand side of Eqn (23c) into a Fourier series as shown in Eqn (24).

. . mMRX . n 4
4=4(63) = 3, Y, Pn Sin =D (24)

m=1 n=1 A

Following Timoshenko and Woinowsky-Kreiger (1959), any coefficient of the series can
be found from:

477 . imx . JW
P; =—.”q(x, y)sm—sm-l—ydxdy (25)
1590 r s

The following transverse loadings are then derived from Eqns (24) and (25),

Uniform loading of magnitude q,:
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M I 16g mnx . nxy
= *-sin sin 26
1 Z{;‘:ﬁmn r s (26)

Sinusoidal loading of magnitude q,:

g=q.sinZsin ™ @7
r s
Point load, p, applied at shell coordinates (X,,Y.):
& 4p, . mux, . ATy, . MRX . KTy
q= Zz sin sin sin sin (28)

m=ln=l IS r A r S
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IV. Linear Plate and Shell Solutions

As a first step in verifying the solution procedure, several linear cases are
presented and compared to published results. Linear solutions assume proportional load
and deflection and therefore the terms of the operator H in Eqn (17) are not included. For
many of the cases examined, biaxial symmetry is present and consequently only the odd
terms of the assumed displacement functions of Eqn (22), i.e., m,n =1,3,5...etc.,

contribute to the solutions. Quasi-isotropic plates and shells, such as the [0/£45/90]s and
[-60/0/60], laminates examined in this section, have nonzero Di¢ and D, terms for
example that destroy the symmetry and in that case, both even and odd displacement
functions are required. Unique results are given for a [-60/0/60] shell laminate using the
recently proposed Batdorf-Stein parameter.

ISOTROPIC PLATE

" Consider a thin isotropic plate subjected to two different transverse loadings,
uniform pressure q, and a single point load p, applied at the center of the plate, see Eqns
(26) and (28). For a thin geometry, i.e. for this case, the thickness ratio S=s/h=100,
transverse shear deformation is negligible and comparison to the classical thin plate
response should be close. Table 1 gives the center plate transverse displacement solution
for an increasing number of terms M,N in the assumed solution of Eqn (22). As
mentioned, for uniform and center plate point loads and isotropic material behavior, only
the symmetric coefficient functions, i.e., odd m,n in Eqn (22) contribute to the solution.
Consequently, m is 1,3,5,..M and nis 1,3,5,...N. Both of the uniform load cases converge
to within 0.1% of the classical result taken from Pilkey and Chang (1978) after only a few
terms in the series. The point load case requires several additional terms.

CROSS-PLY LAMINATED PLATE

Results are shown for square cross-ply laminates, [0/90/0] and [0/90]s. The
[0/90/0] laminate is subjected to a uniform load of Eqn (26) and the nondimensionalized
center plate deflection of Eqn (29a) requires several terms for convergence, see Table 2.
The increasing flexibility due to transverse shear deformation is evident in Table 2 for the
smaller thickness ratios, S. For M,N=21 and odd m,n, the present Galerkin solution
exactly matches the results due to Reddy (1984).

The [0/90]s laminate is subjected to the sinusoidal pressure loading of Eqn (27)
and one term (M,N=1), due to this special loading case, gives the exact solution. Table 3
shows the nondimensionalized deflection and stress of Eqns (29). All results of Table 3
are identical to those given by Reddy (1984). Transverse shear deformation is again
evident in the thick plates.




TABLE 1. Center plate deflection for an isotropic thin plate. Deflection is
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nondimensionalized by 100 D/ga’* for uniform loads and by 100 DIPd’ for the point load
case, where D=EK’/12(1 %), v=0.3; Square: r=s=a; rectangular: r=2s=2a.

: square rectangular square
M,N uniform uniform point
load load load
1 0.41607 1.06514 1.02720
5 0.40637 1.01387 1.14332
9 0.40624 1.01297 1.15485
13 0.40624 1.01288 1.15815
29 1.01287 1.15897
classical (M,N =99 0.40624 1.01287 1.16002
in Pilkey, 1978) .
— 100E,K’° (r s)
w=——"—w =,
qr 22 (29&)
— |A? (r s k)
01 =—50,| =
gt \2°2" 2) 29b)
— |# r s _h)
02 =|—0,| o
gr 22 4) (29¢)
— 3
Ga= —h—c4(5,0,0
g \2 (29d)
— )
os= -}-’—cs(o,%,o
T / (29)

where in Eqns (29), from Figure 1, r and s represent the shell planform, 4 is the shell
thickness, and g is defined in Eqns (24)-(28); the quantities are evaluated at the plate
coordinates given in parentheses.
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TABLE 2. Nondimensionalized center plate deflection for [0/90/0] laminate
subjected to uniform load; Ei/E;=25, G1o/E2=G13/E»=0.5, G23/E2=0.2, 01,=0.25.

MN
S=s/h 1 5 13 21 Reddy
(1984)
100 0.7039 0.6709 0.6705 0.6705 0.6705
50 0.7182 0.6843 0.6838 0.6838 0.6838
20 0.8173 0.7769 0.7760 0.7760 0.7760
10 1.1551 1.0921 1.0901 1.0900 1.0900
4 3.1156 2.9167 2.9094 2.9091 2.9091
2 8.3141 7.7823 7.7665 7.7661 7.7661

TABLE 3. Nondimensionalized center plate deflection and stress for [0/90]5 laminate
subjected to sinusoidal pressure; Ei/E,=25, G12/E2=G13/E;=0.5, G23/E2=0.2, v12=0.25;

M/N=]1.
S=s/h ; (_S 1 Ez 54 55
100 0.4343 0.5387 0.2708 0.1117 0.2897
20 0.5060 0.5393 0.3043 0.1234 0.2825
10 0.7147 0.5456 0.3888 0.1531 0.2640
4 1.8937 0.6651 0.6322 0.2389 0.2064

CROSS-PLY CYLINDRICAL SHELL

Similar to the flat plate case, a [0/90]; cross-ply cylindrical shell subjected to
transverse sinusoidal pressure is solved exactly by one term (M,N=1) in the assumed
displacement of Eqns (22). The present solution is compared to a solution given by Reddy
(1982) who assumed the lower-order Reissner-Mindlin transverse shear deformation
theory. Table 4 compares the two approaches for a thick shell geometry, S=s/h=10 and
two curvature ratios, R/A=10 or 100. The present Galerkin approach gives a more flexible
response for both R/ ratios as expected due to its more accurate transverse shear
representation. Also shown is the solution from a mesh of shear deformable finite
elements by Palazotto and Dennis (1992). The finite element solution is also based on the
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parabolic transverse shear distribution through the shell thickness. However, although the
Galerkin and Reddy results are based on Donnell shallow shell theory, the finite element
solution can model deep shell behavior. Even for the deeper shell (R/h=10), the present
Donnell Galerkin equations give fairly accurate results as compared to the deep shell finite
element solution.

The shell Batdorf-Stein parameter Z, defined in Eqn (30) for balanced symmetric
laminates, is useful in shell studies where the response of different geometries are
compared (Nemeth, 1994).

1/2

(30

z fil,An—Az |
Z=%[12JA11A22D11D22J

where s is the circumferential length of the shell, A; and D;; are defined Eqn (9).

For comparison of like material unidirectional [0] and [90] shell laminates, Z reduces to
Eqn (31). Eqn (31) has been used in nondimensional buckling and nonlinear laminated
shell studies by Dennis et al (1993,1994). Shallow shells are indicated by small values of Z
and the flat plate limiting case has Z=0. The values of Z for the shells of this section are
shown in the Tables.

12

2
Z= %;[1—»12«)21] 31)

Convergence characteristics of the present Galerkin solution for a shell geometry
are seen by subjecting the [0/90]; shell laminate to a uniform transverse pressure. Results
are shown in Table 5 for odd m,n terms only and are compared to an unpublished finite
element solution.

QUASI-ISOTROPIC PLATES AND SHELLS

Two quasi-isotropic geometries are subjected to a uniform load. The Galerkin
solution is compared to the published results of Phan and Reddy (1985) in Table 6 for a
[0/+45/90]; flat plate laminate using the nondimensionalization of Eqn (29). The Galerkin
solution is based on including terms of both the even and odd m,n of Eqn (22) as the
nonzero Dy and Dy stiffnesses due to the £45° plies destroy the biaxial symmetry that
exists in the previous cases. However, the Phan results assumed symmetry in their study
and this accounts for the differences with the present where for every thickness ratio, the
Galerkin solution gives a stiffer response. An independent finite element analysis based on
meshes of the 28 degree of freedom flat plate element developed by Palazotto and Dennis
(1992) confirmed this where center plate deflections of Table 6 were also found both with
and without the symmetry assumed.

Secondly, deflection and stress are shown in Table 7 for a [-60/0/60]s quasi-
isotropic shell laminate for several geometries. Again, the even m,n terms in the assumed
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displacement are required due to the nonzero Dy and D2 terms. For a given value of the
Batdorf-Stein parameter Z, the thicker shells represented by smaller values of S undergo a
more flexible response. Transverse shear flexibility accounts for the larger deflections.
For a given thickness ratio s/h, as the curvature is increased as indicated by increasing Z,
both the center shell deflection and circumferential stress decrease due to more membrane
action and less bending. These results are also consistent with the response given in Table
4. For many of the geometries with larger Z, the thicker shell responses (smaller S) are
not shown as R/h becomes too small.

TABLE 4. Nondimensionalized center shell deflection and stress for cross-ply cylindrical
shell subjected to sinusoidal transverse pressure; E\/E;=25, G12/E;=G15/E2=0.5,
Gos/E,=0.2, 01,=0.25; S=s/h=r/h=10; M,N=1.

Z=1.171 Z=11.77
R/h=100 Rih=10
w c: P w o1 G2

Galerkin 0.71237 0.5501  0.3938 | 0.53645 0.4570  0.3393
Reddy (1982) | 0.6609  0.4998  0.3637 | 0.5006 0.4233  0.3190

Finite
Element* 0.71354  0.5520  0.3923 | 0.55665 0.4751  0.3075

*Finite element solution based an 8x8 quarter model mesh of 36 degree of freedom shell
elements developed by Dennis and Palazotto (1992).

TABLE 5. Nondimensionalized center shell deflection and stress for cross-ply cylindrical
shell subjected to uniform transverse pressure; Ei/E,=25, G12/Eo=G3/E;=0.5, G23/E;=0.2,
v12=0.25; Z=11.77, R/h=1000, s/h=100.

M,N Finite
1 5 9 13 Element*
W 0.5858 0.5663 0.5661 0.5661 0.5662
i 0.7785 0.7302 0.7286 0.7283 0.7293
c: 0.4172 0.3378 - 0.3339 0.3332 0.3324 -

*Finite element solution based an 8x8 quarter model mesh of 36 degree of freedom shell
elements developed by Dennis and Palazotto (1992).
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TABLE 6. Nondimensionalized center plate deflection for [0/+45/90]s laminate subjected
to uniform load; E]/E2=40, G17/E2=G13/E2=0.6, G23/E2=0.5, ’012=0.25; m,n = 1,2,3,...M,N

MNN
S=s/h 1 3 9 15 *Phan
(1985)
100 0.3380 0.3354 0.3372 0.3377 0.3769
50 0.3444 0.3412 0.3431 0.3437 0.3859
20 0.3893 0.3818 0.3847 0.3852 0.4336
10 0.5486 0.5259 0.5316 0.5321 0.5904
4 1.6275 1.5070 1.5283 1.5289 1.6340

* Assumed plate biaxial symmetry.

TABLE 7. Nondimensionalized center plate and shell deflection and stress for [-60/0/60]
laminate subjected to uniform load, E1/E2=40, G12/E2=G13/E2=0.6, G23/E2=0.5, 1)12=0.25;
mn =1.23,..21. Stress is compressive except for asteriked value.

Z S=s/h R/h W 62 (z=-h/2)

100 - 0.3557 0.5149

0 20 - 0.4006 0.5341

' 10 - 0.5307 0.5072

5 - 1.0142 0.5949

100 5000 0.3461 0.4657

1.9384 20 200 0.3878 0.4908

10 50 0.5042 0.5337

5 12.5 0.9191 0.6223

100 2000 0.2948 0.4426

4.846 20 80 0.3238 0.4583

10 20 0.3987 0.4761

5 3 - -

100 1000 0.1916 0.3298

9.692 20 40 0.2019 0.3272

10 10 0.2245 0.3063

5 2.5 - -

24.230 100 400 0.05199 0.1062
48.461 100 200 0.01192 0.01800
06.922 100 100 0.0008239 *0.01061
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ANGLE-PLY PLATE

A thick plate consisting of a single 45° ply is subjected to both a uniform and
sinusoidal transverse pressure and nondimensional center plate deflection and stress are
shown in Table 8. This laminate has nonzero A and Az membrane stiffnesses and its
effect apparently slows convergence considerably compared to other results of this section
where the solution including 24 terms, both even and odd, is yet unconverged.

TABLE 8. Nondimensionalized center plate deflection and bending stress (z=1h/2) for
angle—ply [45] El/E2=40, Glz/E2=G13/E2=O.5,' G23/E2=0.2, 1)12=0.25; S=a/h=10, a=r=s.

MN
load 3 6 12 24

uniform

W 0.6632 0.7073 0.7569 0.7877

o 0.4609 0.3621 0.3885 0.4175
sinusoidal .

W 0.4257 0.4499 0.4794 0.4969

o1 0.3198 0.2552 0.2749 0.2909
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V. Nonlinear Plate and Shell Solutions

Geometric nonlinearity becomes important for plate and shell cases where the
transverse displacement is no longer small compared to the thickness. The assumed von
Karman nonlinearity of the in-plane strains of Eqn (3) is valid when the deflection is of the
same order of magnitude as the thickness of the shell. Consequently, the nonlinear
solutions presented here will give the plate and shell response up to several shell
thicknesses of deflection.

An iterative algorithm gives the solution to the nonlinear equilibrium equations of
Appendix B, see Eqns (B1)-(B8). The algorithm uses direct iteration with residual forces
determining convergence. Normally, if a norm of the displacement vector changed by less
than 0.1% from the previous iteration, convergence was assumed.

Including the nonlinear terms of Eqns (B6)-(B8) requires numerous calculations
for solution of the shell equilibrium path. To gain an appreciation for the additional
computation burden of the nonlinear solution, compare the number of passes through
loops of computer coding for the linear versus the nonlinear solution. Although the
number of mathematical operations is different for a loop within the linear versus the
nonlinear coding, counting the number of passes through loops will still illustrate the
significant additional math required. Let n equal the number of terms in one of the
summations in the assumed displacement of Eqn (22). Calculating all stiffnesses of the
linear coefficient matrix of Eqns (B1)-(BS5) requires n* passes through algorithm loops.
The nonlinear coefficient matrix is a sum of the linear stiffnesses that are calculated only
one time and the stiffnesses of Eqns (B6)-(B8). Calculation of the stiffnesses of Eqns
(B6)-(B8) requires n® loops for each iteration of the nonlinear algorithm. Several
iterations are typically required for convergence for each increment of load that represents
a single point on the nonlinear equilibrium path. Since accurate solutions were typically
found using nine terms in both x and y coordinate directions (for 81 terms) for each of the
assumed displacements of Eqn (22), the nonlinear solution algorithm consumes
significantly more computing time over the linear solution. In cases where biaxial
symmetry exists, the solutions given resulted from m,n =1,3,5,...17 in the series of Eqn
(22).

The nonlinear Galerkin solution technique is verified by calculating the response of
an isotropic plate subjected to uniform pressure. The classical solution was published by
S. Levy in 1942 and is a typical nonlinear plate comparison. Next, plate and cylindrical
shell solutions are presented for unidirectional and cross-ply laminates. The effect of
transverse shear deformation in the presence of geometric nonlinearity is discussed.

ISOTROPIC PLATE

A square isotropic plate is subjected to uniform transverse pressure and the
response is plotted in Figure 2. The present response of Figure 2 resulted from
m,n=13.5,...17 in the assumed displacement of Eqn (22). For increasing load, membrane
resistance results in a stiffer plate response in the nonlinear solution compared to the linear
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response where no membrane-bending coupling is modelled. Presently, the nonlinear
response diverges from the linear solution for deflections larger than approximately one
third of the plate thickness. Although the response shown compares well to the published
results of Levy (1942) for the load range given, at higher loads the solution begins to
diverge from the published and increasingly more terms in the assumed displacement are
required for accuracy.

wih
3.0 l

Isotropic Plate

25T linear /
' / _—

2.0 / //
1.6
' ///
1.0
| o Levy
// —— Galerkin
2.5

e 52 102 ' 16@ 2o

qa’lEK

FIGURE 2. Center plate deflection versus load for a square (r=s=a) isotropic plate
subjected to uniform pressure; v=0.316.

UNIDIRECTIONAL PLATE LAMINATE

Next consider a plate constructed with fibers aligned the x coordinate, i.e., a [0]
laminate, subjected to sinusoidal transverse loading of in Eqn (27). The response is shown
in Figure 3 for two plate thickness ratios (S=a/h, r=s=a). The linear response for both
plates is also shown in the figure. Due to the simple sinusoidal loading, a nearly
converged response results by including only a few terms in the assumed displacement. In
the previous uniform load case, both the load and the response must be approximated by
the trigonometric series. In this case, the load is modelled exactly by only one term and
hence easier convergence in the displacement response is seen.
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The thick plate undergoes a more flexible response compared to the thin plate due
to increased transverse shear flexibility. However, transverse shear deformation in the
nonlinear analysis is less than in the linear analysis since in the nonlinear, membrane
stiffening is a competing influence. For this case, whereas the linear response is 15.3%
more flexible in the thick plate compared to the thin plate for all load levels, the nonlinear
is only 13.4% greater for nondimensionalized load of 250, 11.1% greater for a load of
500, and only 10.6% greater for a nondimensionalized load of 750.

Figure 4 shows the center plate normal stress, O, for the thin [0] laminate, linear
versus nonlinear. The stress calculated at the plate center for the thick plate is
approximately the same as that shown in Figure 4, the thin response being slightly higher
than the thick plate response.
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FIGURE 3. Center plate deflection versus load for a square (r=s=a) unidirectional
laminate subjected to sinusoidal transverse pressure; Ei/E;=40, G12/E;=G13/E2=0.6,
G/E=0.5, v12=0.25; M,N=17 (odd m,n only).

CROSS-PLY PLATE LAMINATE

The response of a [0/90]5 laminate under uniform transverse pressure is given for
two plate thickness ratios in Figure 5. As was true for the unidirectional plate, the thicker
plates undergo a more flexible response compared to the thin plate due to transverse shear
deformation. The flexibility due to transverse shear is less in the nonlinear response
compared to the linear response as membrane stiffening is a competing influence similar to
that seen in the unidirectional case.
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FIGURE 4. Center plate normal stress in unidirectional square (r=s=a) laminate
subjected to sinusoidal transverse pressure; Ei/E;=40, G12/E2=G15/E2=0.6, G23/E2=0.5,
012=0.25; S=a/h=100; M,N=17 (odd m,n only). Stress extreme tensile, z=h/2.
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FIGURE 5. Center plate deflection versus load for a square (r=s=a) cross-ply plate
subjected to uniform pressure; Ey/E;=40, G12/E;=G13/E2=0.6, G23/E2=0.5, v12=0.25;
M ,N=17 (odd m,n only).
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UNIDIRECTIONAL SHELL LAMINATE

Unidirectional [0] and [90] laminates are subjected to sinusoidal transverse
pressure. Figure 6 gives the center shell response of a [90] laminate for the Batdorf-Stein
parameter of Eqn (30), Z=9.992. Initially, the shell increasingly deflects with load due to
the flexibility gained through circumferential membrane compression. However, the
enlarging longitudinal tension field eventually overcomes the flexibility gained through
membrane compression and the shell begins to stiffen with load. For all loads, the thicker
shell (R/h=40, a/h=20) is more flexible. The response of a [0] laminate was also
calculated and for this value of Z, the response was nearly identical to the [90].
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FIGURE 6. Center shell deflection versus load for a square (r=s=a) unidirectional shell
laminate subjected to sinusiodal transverse pressure; E\/E;=40, G12/E:=G13/E2=0.6,
Gas/E=0.5, 012=0.25; M,N=17 (odd m,n only).

CROSS-PLY CYLINDRICAL SHELL LAMINATE

A thin cross-ply shell is subjected to sinusoidal transverse pressure and compared
to a finite element solution in Figure 7. Due to membrane compression, the shell initially
exhibits more flexible behavior as the load is increased, i.e., the shell softens with load.
Eventually, significant deflection results when the load is increased only a small amount as
given by the shallow slope in the load-deflection curve. The longitudinal bending tension
field on the bottom of the shell enlarges until its stiffening influence overtakes the
flexibility caused by membrane compression and the shell stiffens for the highest loads
shown in the figure. The Galerkin solution follows the finite element result well except the
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latter reaches a slightly higher load before the very shallow slope in the load-deflection
curve begins. ,

Figure 8 shows the nonlinear response of two cross-ply shells that have a Batdorf-
Stein parameter equal to 11.945. One shell geometry is thin and shallow and should
experience insignificant transverse shear deformation. The second shell is a deeper,
thicker shell where the more flexible response shown in the figure is probably due to
transverse shear deformation. Although the geometry of the shell (R, 4, r, 5) is the same
as for the unidirectional shell of Figure 6, the Batdorf-Stein parameter of Eqn B0)is
larger (9.992 versus 11.945) due to the ply stacking. Interestingly however, both thin and
thick shell responses are nearly identical for the unidirectional and cross-ply laminates; and
furthermore, have the same value Z if Eqn (31) were used where ply stacking is not
considered in the parameter definition.
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FIGURE 7. Center shell deflection versus load for a square (r=s=a) cross-ply shell
laminate subjected to sinusiodal transverse pressure; E\/E,=40, G12/E,=G13/E,=0.6,

G/Ex=0.5, 012=0.25; M,N=17 (odd m,n only).
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FIGURE 8. Center shell deflection versus load for square (r=s=a) cross-ply shell
laminates subjected to sinusiodal transverse pressure; E1/E;=40, G12/E;=G13/E2=0.6,
G23/E2=0.5, '1)12=0.25; M,N=17 (Odd m,n only).
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VI. Conclusions

A laminated shallow shell approach that includes von Karman geometric
nonlinearity and parabolic transverse shear deformation has been posed in differential
operator form. Trigonometric functions are then assumed for each of the five shell
displacement degrees of freedom for the subsequent nonlinear galerkin solution. The
galerkin nonlinear solution is computationally intensive. The response of several laminate
geometries subjected to transverse loadings are found. Thicker plates and shells generally
exhibit more flexible response compared to thinner geometries in both linear and nonlinear
analyses. The nondimensional shell response is examined by using the Batdorf-Stein shell
parameter for laminated constructions. Quasi-isotropic shallow shells undergo significant
transverse shear flexibility in the thicker geometries as given by the nondimensional shell
crown deflection. However, the nondimensional crown deflection in the deeper shell
response is not much influenced by shell thickness. For flat plates, geometric nonlinearity
lessens the influence of transverse shear flexibility when compared to linear solutions due
to membrane stretching resistance.
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APPENDIX A
TRIGONOMETRIC INTEGRALS

Evaluation of the trigonometric integrals resulting from the assumed displacement of Eqn
(22) substituted into Eqn (23) makes use of the trigonometric identities of Eqn(Al).

cosAcosB= -;—[cos(A — B) + cos(A + B)]
sinAsin B = %—[cos(A — B)—cos(A+ B)]

sin A cos B =-%[sin(A - B) +sin(A + B)]

(Al)
Linear stiffness terms require evaluation of the three integrals of Eqns (A2)-(A4):
Note: i, j, k, 1, are integers and
, X
X =—
’
r -
, 5 ¥ i=J
Jcosix’ cos jx' dx =
0 0 if i#j
(A2)
r
, 3 =]
[ sinix' sin jx' dx =
0 0 if i#j
(A3)
" 2ri
. n(iZ_jZ) l_.f i+j=0dd
jsin ix' cos jx' dx =
0 0 if i+j=even
(Ad)
Nonlinear stiffness terms require evaluation of the four integrals of Eqns (AS5)-(A8).
[ sinix sin j sin/oc’dx:l_{lJ,i_l_}_}
0 ey t, 4o, (A5)
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jcoszx cos jx' sinkx' dx =— A l+—1—+1+l (A6)
) wly, t, 4t

where,
I o
1o if k-(@-j)=even
k+(1 D i k+(-j)=odd
if k+(@-Jj)=even
k- (z+]) if k-(i+j)=odd
if k—(@+Jj)=even
. _{k+(z+j) if k+(@+j)=odd
1 o

|I

if k+(+Jj)=even

Jsinix‘ sin jix' sin kx' sin Ix' dx=-;—(nl Ry =Ny —N, —Ng—Ng+1;)
0 (A8)

) oy [y ? r
Jcoszx cos jx' sin kx' sin [x dx=§(nl +n,—n, —n,+ns+ng -n,)

0 (A9)
where,
[t i G=D-(k-D=0
M= {0 if otherwise
1 if (-p+E-H=0
= {O if otherwise

0 if otherwise

{1 if (-p-k+h=0
n, =

n _{1 if (-)+G&+H=0"

0 if otherwise

1 if (+p-Gk-D=0
s T {0 if otherwise

1 if +p+k-1)=0
s = {0 if  otherwise

1 if (+)-k+D=0
1= {O if otherwise
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APPENDIX B
GALERKIN EQUATIONS

Eqns (23) are given below in terms of constants ay, by;, ¢, dy, and e;. Five
equilibrium equations, (B1)-(BS5), result for every p,q of Eqn (23). The summations
extend to M,N see Eqn (22).

Linear terms )
Note: i, j, p, q are positive integers ranging from 1 to M=N, k, of Eqns (B1)-(B5) is the
parameter defined in Eqn (1), shell planform rxs.

From Eqn (23a):

22(}3& A6 21t2b Azs 7 b __A_g_s_mc)
(B1)
(i fz)( —-—ti'n’a, - A Jznza A“ S s jin?p %inc,-,-)+
7
A
fG(T‘G jra; + A—r“-inb,.j )(1 —cosincospn)=0
From Eqn (23b):
Ag . Ay . Ay .
22 (fufs) - i ——=i'n’a; —S—iﬁjznza,.j —-r-;f-mc,.j)+
A, +Ag (B2)

: A, .
(ﬁfz)(—,—?m,-,- -2z jixp, -

A A
I (-% Jna; + 'rLsinb,-,- )(l - cos jr cosgr)=0

A
) 2
ijn*a, ——2jrc, |+
rs I sR] ")
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From Eqn (23¢):

Ay . Azs 26 2::3_4 4H1s 2.3 . 4
—-—=jrna; — mb k Jmcy —=ki’jr"c; —
Z; (f;fG)( st i r ] r3s h J y

D
_12Ds k,ijr’c; —lg“—s—k,,zijn"cy —F—Z:k,, n’d; - Hy k,, j’r’d,
rs rs s
—-Aﬁjndij 6D45k nd, 9F45k2 nd,; — 3K 16kl d §g——;ﬁ-kh2i2j1t3dy
s

E, . . Ay . 6D . 9F, .
—Loki’ne; —-—%k Prle, ——Line; -—k,ine; ——k,"ime,
r r r r r
3Fy , .. 3H. ..
~—ZL Lij'n’e; ——-g—ﬁk,,21121t3eij)+
rs rs

A 6Dy ., .
(ff)( 2 jng, + 2 Ay Jmb; +-4210 +—1L ”k%“n“c + 35 e, +—2k,i'n’c;
2 SR r’ 2

F. F,,
+—9 255k2121t2c +H22 kj‘mc; +A44 jrlc; +6 = “ i, +9 i,

2H +2H
(Hyy 77 66)k it jmte; +F“kz31t3d +H”k2131c3d +Ar55 ind;
-
6D
35 L Jind; + l] *n’d, +2 66kzj *nd; +-g‘72k,,21'j‘21c3dy)+

2 F Ee
(f Mp H“kzjn c; +—= jnd; +H LR +—= -Ih-khine.. (cosim cos i —1)+
r rs ) ) T !

2H
(f -]fﬂq —Ak,,ijnzc..+£26-j1td..+£ﬁk,,jnd.. +-FZ—6i1ce..+—}éik,,ine.. (cos jm cosgn —1)
s rs voos Y s A R Y

=load
' (B3)
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From Eqn (23d):

F . H Ags . 6D . F, .
22 (f3f6)(__s23—6kh]3n3cij _Tgs'khzfnac 'T“J“C‘y‘ - s45 kyjme; — = kh2.’1tcnj
T
D 2H ..
_3516 khi2jn3cij _ 31516 kh2i2jn 3C,-j - 2 16 ijﬂizdy - 4F'16 khij1c Zdy _ 16 kh2l]n 2dy
r-s rs rs rs rs

D 2F , . H
—Ae,; —6D,sk,e; —6F sk, ’e; — rlﬁ i*n’e; ——-;—ﬁkhzznzey —Tf-k %',

D 2F,
= e -—3" 2 jmle; )+
Fss 2. F,, ..
(#f 2)( —hi’n %l’khzlsnsc Ass é%khmcij 'g—rﬁkhzmqj —-;;%—k;.ljzﬂacij

rs S

D, . 2F,, . . H . D 2F, .
——r;‘ i*n’d, ———2“ k,i’n’d; ——r;‘ kji’n’d, - = =5 j’n’d, - s266 k,j'n’d;
D - 2F H,
66 —5 &, j*nd, ——lﬂt 2o, ——ijn’e; ——2k,ijn’ Jnle; ——2 &, ijn’e;
rs rs rs rs

66 2.¢.2

(f6{2Flsl]n c +D jnd, + By Jnd, + D 2l jre, +Ee HiTe; )(l—cosincospn)+
rs s s r r

(fs(zils ki c; +L jnd, +H w i +%i1te,-,- +‘I!rl—6khi7‘esj)k:.(l'°°Si"°°Sp")=0

(B4)
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From Eqn (23e):

F. y H . Ay . 6D . 9F, .
22 (f.f> )(—S—Z_fkh i’ --—s§2 k2 j’r’c ————;4 jrc, -—_s““.k,, Jne; ——s:‘ik,,2 Jme;
i

F,. .. 2F . .. H, . i.,. 2H, .2 . D, ..
_ ;2 k,,1211c3c,-j _ 266 k,,1211t3c,y _ 212 k, 12]153(:,-,- _ 266 k;.zlzlnac;j _Dp Unzd,-,'
r’s rs ris rs rs
D .. 2F,, .. 2F, . .. H .. H ..
— 288 jn2d, - =2k ijn’d, - =S k,ijn’d, - =Lk, Cijndy =k, i,
rs rs rs rs rs
D . . 2F .. H .
~Aye; —6D ke, —9F k’e; —-r%zzn ’e; -jr—;sklzn ’e; -—r—gﬁkzzln ’e;

D22 22,2 2F, 22,2 H22 22,2

F . . H . Ags. 6D, . . OF, .
(£, f: (=2 k,i°nc, - =Lk, 0 e, ——inc, ~—2 k,inc, ——k,"inc;
475 P i3 Tk i r ) o Y r ok ]

3F, . .. H. ..
B rs§6 k,ij*m 3cii —'?;T;G-khzlf K 3c::i = Ayd; —6D,sk,d; —OF 45k"2d"f
D 2F. H D, 2F,
~=Li'n’d, -k, i*nld, -k, Py~ i =k
r r r § s
. .. ) 4F, .. o
_ _s% k2 jPntd, _2TD;6_W 2, ~ 1226 kjijn’e; — 21;1:" k,.zzjnzey) +

2F, .. D, .., Fy, ., Dy. Fy, . ,
(f 4{ - s26 k,ijn*c; +% Jjmd,; +—s26—k,, jrd,; +—r2intey +-—,—f—6-khmey )(l—cos Jjmcosgn )+

2H. .. . H . . . .
( ﬁ,{ 2% kjijnle; +£;Z-6— jrd; + =%k, jrd; +ime,.j +-H—26-k,,me,;,. )k,, (1-cos jmcosgn)=0
s r r

rs
(B5)
where in Eqns (B1)-(B5):
r .
- If i=p
f1=<
0 if i#p
(s . .
5 if j=q
f2=<
0 if Jj=#gq




if i+p=odd

if i+p=even

if i+p=odd

if i+p=even

if j+q=odd

if j+g=even

if j+q=odd

if j+qg=even
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Nonlinear terms

The additional nonlinear terms below in Eqns (B6)-(B8) are included on the left hand side
of Eqns (B1)-(B3). The nonlinear A;s and Az terms are not shown andi,j, k,I,mn,p, q
are positive integers ranging from 1 to M=N.

From Eqn (23a):

R ey Ol

r r X; Xy X3 X4 J2R\Y, Y, Y3 Ya

. 2
ho + a0 ) 22 )L(_.L+A-L+L)-s_(i+i+i+i]_
§ s J2R\ X X, X3 X J2R\» Y Y3 Ya
(jn)’(kn)r(1 1 1 l)s(l 1 1 1)
Agl = | = |—|—+——+— || —+———— +
Ry r)2rl x;, x, X3 X,)2m\y, Y. Vi Y4

A, (m)(kn) s(1 1 1 1 .
Yl—_ || —— - ————_——— l_cosnccosk‘ncos TT
2\r/\r)2n ( P ))

YW Y2 Yi Ja

(B6)
From Eqn (23b):

Z;;}l;cijck,(—Azz(ﬂ)(ﬂ)z_L(_l_+-1___1___1_J_§_(_1-_i_i+ 1)+

s J\s X, X, X3 X4)2m

it\(kin® Y r (1 1 1 11}s 1 1 1 1
(A, + A = S 0P S TP N U SO TN SOV
. r rs )2m\x, X, X3 X4 )2\ Y1 Yo Y3 Vs

. N2
Asﬁ(z) (ﬁ).r_(i+i_L_L)_S_(_L+L_L+L)+
r §)2m\x, X, X3 X4 )2®R\ ¥, Yy Y5 Ya

A (i
_zz(_]ﬁ)(ﬂ)_"_ 1, 11 (1-cos jn cosin cosqn))
2 \s/\s/)2rm\x, x, X3 X

4

B7)
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From Eqn (23c):

HHNH e (- Au(m)(ht) r (i+_1_._i_i) s (1 +L_L_i)_

s) 2m\x, x, X, 28\Y Y2 Vs Vs
kin* r 1 1 1 1)s (1 1 1 1
2A66 —t—t—t— | —t—t—t— |~
s 2“ X, Xy, X3 X )2\ Y, Ys Vs
mV(imYr(1 1 1 1)s(1 1 1 1)
Ayl— | |—|— —+————— —_—t——-— - )+
rJ\rJIm\x x X 2wy % ¥ Y J
jn rf1 1 1 1)s(1 1 1 1
EEZZb cn( Au( )( ) ( t———— Tt T
r)2n\x; X, X X )2R\Y; Y, Y3 Yu
in\(kin*\r (1 1 1 1})s(1 1 1 1
24| — —_——t—t—t— | — | ——F—+— |-
r rs J2m\x; X, X3 X, )2\ Y, Y3 Y4
2/«
(%) (E)L(i+_1___1__i) s (1 +L_L_L))+
N §)2m\Xx; X, X, 2\y, Y2 Y3 Vs
A
2222@-%( -2 (JE)(M) 4 (—L+—L——1—-LJL(L+-}—+—L+—1—J—
ij k1 s 2n\x, x, x5 X, N Y2 Vs Vs
&(@_)2_L(L+L_.}__L)L(i+_l___i_i]_
R\r) 2m\x, x, x5 X,J2R\y, Y, Y3 Y4

Alz(kn)(in)r[l 1 1 1\s(1 1 1 1)
—=—=ll =] —t—+—t+—|—| —F——_— -
2R\ r rJ2r\x,  x, X3 X, J2R\y, ¥, Y5 Vs




DRI DAL

(A”(]n)(m )(& 8 —8 +8+8s— g6'g7)(h1 —hy +hy—h, +hs —hg + 1y )+

A}

i\ (kn Y mn
(] )(_)(_)(81_32“g3+g4_gs+gﬁ+g7)(hl-hz"ha'*'h4+hs_h6_h7)_

r

o B ) Y-85+ 800 = s et )

| >

'.:>

o

kr 'Y jr ) mnr
5 _r_)(is_)( rs )(gl_gz—g3+g4_g5+g5+g7)(h1"h2_h3+h4'hs+hs+h7)+

A, (knt

—2‘-1-(7)(r r)(gl 8285 —8a+85 =86+ 8 N =y —hy + by +hs —hg —hy)+

A 21

A ) () 2 Y- =8+ 880830 s = o= )
(B8)

where x; and y; are defined similar to the # of Appendix A. Instead of indices k,i,j for the
t,, the x; are given by substituting p,i,k respectively. The y; are defined likewise by
substituting indices g, j, / respectively. The g; and the k; are defined from the of
Appendix A. Instead of indices i,j,k,! for the n;, the g are given by substituting i, k,m,p
respectively. The A; are defined likewise by substituting indices j,/,n,q respectively.
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C 21mar95, galerkin.FOR/even and odd terms
C GALERKIN SOLUTION TO DONNELL SHALLOW SHELL, LAMINATED MATERIAL

C PARABOLIC TRANSVERSE SHEAR residual force

C
C to change 1o odd terms only, look for C $$3$$

C change to i=1,nterms*2-1,2

C
CINPUT:

C

C NANAL(l) (SO=1, LAM=2), NANAL(2) (LINEAR=1, NONLINEAR =2)
C FOR NONLINEAR: NINC,JMAX

C NTERMS, count only odd terms

CNPRINT

C NLOAD(SIN=0, UNIFORM=1, CENTER PT LOAD=2), MAG LOAD=QO
CEY,NUHT *OR* E1 E2,G12 NU12,G13,G23

CFOR LAM: NP HT

C TH1,TH2,TH3..NP

CR,SRAD (IF FLAT PLATE, INPUT RAD=0.)

Cc
CPANEL RXS, RADIUS=RAD
C

C
C ARRAYS SIZED FOR 21 TERMS-LINEAR AND 15 TERMS-NONLINEAR

IMPLICIT DOUBLE PRECISION (A-H,0-Z)

CHARACTER*64 FNAME,GNAME
COMMON/STF/R,S,RAD,ST(2205,2205),NTERMS PLOAD(2205),Q0,NLOAD,PHO,

X  STNL13(225,225),STNL23(225,225),STNL31(225,225),

X STNL32(225,225),STNL33(225,225),STIFF(2205,2205)
COMMON/ELAS/NANAL(3).E1,E2,G12,NU12,PT,THE(20),NP,A(3,3),

X B(3,3),.D(3,3),E(,3)F(3,3),H(3,3),

X AS(2,2),DS(2,2),F8(2,2),G13,

X G23 EY,NUHTRTHE(20),GS
COMMON/SOLVE/INDX(2205),VV(2205)
COMMON/CONVERGE/DIS(2205), DISPREV/(2205)
COMMON/STRS/Q11TOP,Q12TOP,Q22TOP,Q16TOP,Q26 TOP,

X QS11,Q522,Q12,Q22
DOUBLE PRECISION K1,NUNUI2,NU21
WRITE(*,923)

READ(*,925)FNAME
WRITE(*,924)

READ(* 925)GNAME

923 FORMAT( WHAT IS YOUR INPUT FILE NAME?)
924 FORMAT( WHAT IS YOUR OUTPUT FILE NAME?)
925 FORMAT (A)
OPEN(5 FILE=FNAME)
OPEN(6 FILE=GNAME)
ITER=0
KTINC=1
CALL INPUT(NPRNT,NINC,IMAX)
CALL ELAST(NPRNT,S,PHO)
CALL STIFFNESS
20 CALL NLST(ITER)
CALL SUBST(NANAL(2),ITER)
CALL LUDCMP
CALL LUBKSB
CALL CONVRGE(NCV,ITER,IMAX KTINC)
CALL DISPLACEMENT(NTERMS NCV HT,PHOR,S,NANAL(2))
IFKTINC.LE.NINC .AND. NANAL(2) .EQ. 2)GOTO 20
END

(@]
-
el
[~
a
3

SUBROUTINE STIFENESS

THIS SUBROUTINE FILLS LINEAR STIFFNESS MATRIX
Kd=f

OOONQO 0

IMPLICIT DOUBLE PRECISION (A-H,0-Z)
COMMON/STER,S,RAD,ST(2205,2205),NTERMS PLOAD(2205),Q0,NLOAD,PHO,
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X  STNLI13(225,225),STNL23(225,225),STNL31(225,225),
X  STNL32(225,225),STNL33(225,225),STIFF(2205,2205)
COMMON/ELAS/NANAL(3),E1E2,G12 NU12 PT,THE(20),NP,A(3,3),
X B(3,3),D(3,3),E(3,3).F(3,3),H(3,3),
X AS5(2,2),DS(2,2),F5(2,2),G13,
X G23,EY NUHT RTHE(20),GS
C
DOUBLE PRECISION K1,NUNU12,NU21
PI=3.14159265359
PI4=PI*PT*PI*P1
K1=-4./(3.*HT**2)
M=1
N=1
DO 100 II=1,5*NTERMS*NTERMS
DO 200 11=1,5*NTERMS*NTERMS
200 STALIN=0.
100 PLOAD(ID)=0.
C$3538
DO 300 LP=1,NTERMS
DO 300 LQ=1,NTERMS
DO 350 I=1,NTERMS
DO 350 J=1, NTERMS
C
C SET UP PARAMETERS F FOR INDICES MLP
C
ITEST1=MOD(+LP,2)
ITEST2=MOD(@+LQ,2)
IF LEQ.LP) THEN
F1=R/2.
F3=0.
F4=0.
ELSE
F1=0.
IF ITEST1.EQ.0) THEN
F3=0.
F4=0.
ELSE
F3=Q*I*R)/(PT*(I*I-LP*LP))
F4=2*LP*R)/(PI*(LP*LP-I*D))
ENDIF
ENDIF

c
C SET UP PARAMETERS FOR INDICES N,LQ
c
IF (.LEQLLQ) THEN
F2=S/2.
F5=0.
F6=0.
ELSE
F2=0.
IF (ITEST2.EQ.0) THEN
F5=0.
F6=0.
ELSE
F5=(2.*1*S)/(PI*(I*]-LQ*LQ)
F6=(2.*LQ*S)/PI*(LQ*LQ-I*D)
ENDIF
ENDIF
C
CFILL IN STIFFNESS, ST, FOR BC-1
c
CEQN1
C
Al = F3*F6*2.*A(1,3)**T*PI*PI/(R*S)+
XFI*F2*(A(L,)*I*I*PI*PU/R*R) +
XAQ3)*T*I*PI*PI/(S*S)) -
XF6*A(1,3)*1*P/S*(1.-DCOSI*P)*DCOS(LP*PD)
C
Bl = F3*F6*(A(1, 3)*I*I*PI*P/R*R) +
XA(2,3)*J*I*PI*PI/(S*S)}+
XFI*F2*(A(1 2)+A(3,3))* I*I*PI*PI/R*S)-
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XF6*A(1,3)*I*PI/R*(1.-DCOSI*PD)*DCOS(LP*PD)
c
Cl1 = F3*F6*A(2,3)*J*PI*PHO/S +
XEI*F2*A(1 2)*I*PI*PHOR
C
CEQN2
c
A2 = FI*F2*(A(1,2)+A(3,3))* I*I*PI*PI/(R*S)+
XE4*F5*(A(1,3)*I*I*PI*PI/(R*R)+
XAQR3)*T*I*PI*PI(S*S))-
XF4*A(2,3)*1*PI/S*(1.-DCOS(I*PD)*DCOS(LQ*PD)
c
B2 =F1*F2*(A(3 3)*I*I*PI*PI/R*R)+
XAQR2)**I*PI*PI/(S*S)1+
XF4*F5*2 *A 2 3)*I*I*PI*PI/R*S)-
XF4*A(2,3)*1*P/R*(1.-DCOS(*PD)*DCOS(LQ*PD)
c
C2 =FI*F2*A(2,2)*]*PI*PHO/S +
XF4*F5*AQ2,3)**PI*PHORR
C
CEQN3
fe
A3 = F4*F6*A(2,3)*I*PI*PHO/S -
XFI*F2*A(1 2)*I*PI*PHOR
c
B3 = F4*F6*A(2,3)*1*PI*PHOR -
XFI*F2*A(2,2)*I*PI*PHO/S
C
C3 = F4*F6* (4. 5H(2,3)* K 1*K I*PH*T*]**3/R*S**3)+
X4.4H(1,3)*K1*K1#1**3%J*PI4/(R**3*S)+
X2.*AS(1,2)**T*PI*PY/R*S)+
X12.*DS(1 2)*K 1*I*J*PI*PI/R*S)+
X18*FS(1,2)*K I*K I*[*J*PI*PL/(R*S))}+
XF1*F2*(-A(2,2)*PHO*PHO - (H(1,)*K1*KI*I**4*PI4/R**4 +
XASQ2)**I*PI*PI/R*R)+
X6.4DS(2,2)*K1*I*I*PI*PI/(R*R)+
X9*FSQ22)*KI*KI*I*I*PH*PI/R*R)+
XHQR2)*KI*K1#J#*4*PI4/(S**4)+
XAS(1,1)*J*I*PI*PI/(S*S)+
X6.#DS(1,1)*K1*J*I*PI*PI/(S*S)+
X94ES(1,1)*K1*K 1*J*T*PI*PI/(S*S)+
X2 4(H(1.2)+2.*HB3 3)*K1 K I ¥+ ]* J*PI4/(R*R*S*S)))-
XF6*(K 1*LP*PIR)*2.¥H(1,3)*K1*I*]/(R*S)*PI*PI*
X(DCOS@*PD*DCOSILP*PI)-1.)-
XE4*(K1*LQ*PUS)*2.#H(2 3)* K | I¢]/(R*S)*PI*PI*
X(DCOS(*P*DCOS(LQ*PI)-1.)

D3 =F4*F6*(F(2,3)*K 1#]#*3*PI*PT*PL/(S**3)+
XH(2,3)*K1*K1*J**3*PI*PI*Pl/(S**3)}+
XAS(1,2)*1*PI/S+6.*DS(1,2)*K1*J*PI/S+
X9.*FS(1,2)*KI*K1*J*PI/S+
X34F(1,3)*K1**I*I*PI*PI*PI/R*R*S)+
X3.4H(13)*KI*KI**I**PI*PI*PI/(R*R*S))-

XF1¥F2*(F (1, D*K1*1** 3*PI*PI*PI/(R**3 )+
XH(,D*K1*K1*1**3*PI*PI*PI/(R**3)+

XAS(2,2)**PI/R+6.*DS(2,2)*K1*I*PI/R+
X9.*FS(2,2)*K1*K1*I*PIR+
XF(1,2*K1*I*I*#*PI*PI*PI/(R*S*SH+
X2*F(33)*K1*I*I**PI*PI*PI/R*S*SH+
XH(1,2)*KI*KI*I*J*J*PI*PPPI/R*S*S)H+
X2.*H(3,3)*K 1*K1*I*J*J*PI*PI*PI/(R*S*S))-

XF6*(K 1*LP*PIR)* (F(1,3)*J/S*PI+H(1,3)*K1*J*PI/S)*
X(DCOSI*PN*DCOSLP*PD-1.)-
XF4*KI*LQ*PI/S)*(F(2,3)*J/S*PI+H(2,3)*K1*J*PI/S)*
X(DCOSI*PH*DCOSLQ*PD)-1.)

E3 =F4*F6*(F(1,3)*K1*I**3*PI*PI*PI/R**3)+
XH(1,3)*K1*K 1*I**3*PP*PI*PI/(R**3)+
XAS1,2*I*PI/R+6.*DS(1,2)*K1*I*PI/R+
X9*FS(1,2*KI*K1*I*PIR+
X3.4F(2 3)*K1*I*J*I*PI*PI*PI/R*S*S)+
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X3.4H(2,3*K1*K1*[*J*J*PI*PI*PI/(R *S*S))-
XFI*F2*(F(2,2)*K1*J**J*PI*PI*PL/(S**3)+
XH(2,2)*K1*K1*J**3*P[**3/S**3+
XAS(1,1)*JI*PI/S+6.*DS(1, )*K1*J*PL/S+
X9.*BS(1,1)*K1*K1*J*PI/S+
XF(1,2)*K1*I*1*J*PI**3/(R*R*S)+
X2AF(3,3)*K1*I*1*J*PI**3/R*R*SH+
XH(1,2*K1*K 1*I*[*J*PT**3/R*R*S)+
X2.¥H(3,3)*K1*K1*I*[*J*PI**3/(R*R*S))-
XF6*(K1*LP*PIR)*(F(1,3)*/R*PI+H(1,3)*K1*I*PI/R)*
X(DCOSI*PD*DCOS(LP*PD-1.)-
XF4*K1*LQ*PL/S)*(F(2,3)*I/R*PI+H(2,3)*K1*I*PI/R)*
X(DCOS(*PD)*DCOSILQ*PD-1.)

C

CEQN4
C
C4 = F3*E6*(F(2,3)*K1* J**3*PI*PI*PI/(S**3) +

XH(2,3)*K1*K 1*J**3+PI*PI*PI/(S**3)+
XAS(12)*1*PI/S+6.*DS(1,2)*K1*I*PY/S +
X9AFS(1,2*KI*K1*I*PI/S+
X3.4F(1,3)*K I*I*I*J*PI*PI*PI/R*R*S)+
X34H(1,3)*K1*K1*I*I*J*PI*PI*PI/(R*R*S)}+
XFI¥F2* (F(1, )*K1¥T#*3*PI*PT+PI/R**3)+
XH(1,1)*K1*K 1 #41**3+PI*PI*PI/(R**3)+
XAS(2,2)*I*PI/R+6.*DS(2,2)*KI*I*PIR +
X9#FS(2,2)*K I*K I*I*PIR +
XF(1,2)*K1*I*J*I*PI*PI*PI/R*S*S)+
X2.4F(3 3)*K 1*I**]*PI*PI*PL/R*S*S)+
XH(1,2)*K1*K I*[*J*T*PI*PI*PI/R*S*S)+
X2.%H(3,3)*K1*K1*I*J*J*PI*PI*PI/R*S*S))-
XF6*2.4F(1,3)*1*J*K 1 *PI*P/(R*S)*
X(1.-DCOS(I*PI)*DCOS(LP*PI))-
XF6*K1*2.#H(1,3)*K I*I*J*PI*PI/R*S)*
X(1.-DCOS@*P)*DCOSLP*PD)

C
D4 = F3%F6* (2. 4D(1,3)*I*I*PI*PI/R*S)+
X4.4F(1,3)*K1*I*J#*PI*PI/R*S)H+
X2.H(1,3)* KK 1 T**PI*PI/R*S)}+
XFI¥F2*(AS(2.2)+6.K1°DS(2.2)+9.4FS2,2)*K1*K 1+
XD(1,)*IFI*PI*PYR*R)+
X2¥F(1, 1)K 1*T*I*PI*PI/R*R)+
XH(1L,*KI*K 1#*T*I*PI*PI/R*R)+
XD(3,3)*I*T*PI*PI/(S*S)+
X2.%F (3 3)*K1*I*J*PI*PI/(S*S)H+
XHG,3)*KI*K1*I*T*PI*P/(S*S))-
XF6*(D(1,3)* *PI/S+F(1,3)*K 1*J*PI/S)*
X(1.-DCOS([*PIy*DCOS(LP*PD)-
XF6*K 1*(F(1,3)*I*PI/S+H(1 3)*K 1*J*PI/S)*
X(1.-DCOS@*PH*DCOS(ILP*PD)

E4 =F3*F6*(AS(1,2) +6.*DS(1,2)*K 1+
X9.*FS(1,2)*K1*K1+D(1,3)*I*I*PI*PI/(R*R)+
X2.4F(1,3)*K1*I*I*PI*P/R*R)+
XHA3*KI*KI*I*I*PI*P/R*R)+
XD(2,3)*J*I*PI*PI/(S*S)+
X23FQ2,3)*K1*J*I*PI*Pl/(S*S)+
XH(2,3*K1*K 1*J*J*PI*PI/(S*S))+
XFI*F2*(D(1,2)**P*PI*PI/R*S)+
XD(3,3)*I*I*PI*P/(R*S)+
X2.*F(1,2)*K1*1*J*PI*PI/(R*S)+
X2.#F(3,3)*K1*1*J*PI*PI/(R*S)+
XH12*K1*K1**J*PI*PI/(R*S)+
XH(3,3)*K1*K1*I*I*PI*PI/(R*S))-
XF6*(D(,3)*I*PIR+F(1,3)*K1*[*PIR)*
X(1.-DCOS@*PD)*DCOS (LP*PD))-
XF6*K1*(F(1,3)*I*PI/R+H(1,3)*K1*I*PIR)*
X(1.-DCOS@*PDH*DCOS(LP*PD)

C
-CEQNS
C
C5 =F1*F2*(F(2,2)*K1*J*J*J*PI*PI*P1/(S**3)+
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XHQ,2)*K1*K1#]#**3*PI*PI*PI/(S**3)+
XAS(1,1)*J*PI/S+6.#DS(1, )*K1*J*P/S+
X9.#FS(1,1)*K1*K1*J*PI/S+
XF(1,2)*K I-I*I*J*PI*PI*PI/(R*R*S)+
X2*F(3,3)*K1*FI**PI*PI*PY/R*R*S}+
XH(1,2)*KI*K I#I*T*J*PI*PI*PI/(R*R*S)+
X2.4H(3 3)*K1*K I *I#I*J*PI*PI*PI/R*R*S))+
XFA*ES*(E(1,3)*KI*I*I*I*PI*PI*PY/(R**3)+
XH(1,3)*K1*KI*I*I*I*PI*PI*P/(R**3)+
XAS(1,2)*I*PI/R+6.*DS(1,2)*K1*I*PIR+
X94ES(1,2)*K1*K1*I*PIR+
X34F(23)*K 1¥I*I*I*PI*PI*PI/R*S*S)+
X3.#H(2,3)*K1*KI*I*J*I*PI*PI*PI/R*S*S))-
XF4*23F(2,3)*K1*I**PI*PI/R*S)*
X(1.-DCOS(*P)*DCOS(LQ*PD)-
XF4*K1*2.*H(2,3)*K 1*I**PI*PI/R*S)*
X(1.-DCOS(*PD*DCOSLQ*PD)

c
D5 =F1*E2*(D(1,2)*I*I*PI*PY/R*S)+
XD(3,3)*I*I*PI*PI/(R*S)+
X2.#F(1 2)*K1#*T*I*PI*PI/R*S)+
X24F(3,3)*K ¥ I**PI*PI/(R*S)+
XH(1,2)*K1#*K 1#1*J*PI*PI/R*S)+
XH(3,3)*KI*KI*I**PI*PI/R*S)+
XF4*F5*(AS(1,2)+6.*K1#DS(1,2)+9.*K1*K1*FS(1,2)+
XD(1,3)*IFI*PI*PI/R*R)+
X2.4F(1 3)*KI*I*I*PI*PI/R*R )+
XH(1,3)*KI*K I*I*[*PI*P/R*R)+
XD(2,3)*I**PI#PI/(S*S)+
X2.4F(2,3)*K1*J*I*PI*PI/(S*S)+
XHQ,3)*K1*K1*I*J*PI*PI/(S*S))-
XF4*(D(2,3)**PI/S+F(2,3)*K1*J*PI/S)*
X(1.-DCOS(*P)*DCOSLQ*PD)-
XE4*K1*(F(2,3)**PI/S+H(2 3)*K1*J*PI/S)*
X(1.-DOOS(J*PD*DCOS(LQ*PD)

ES =F1*F2*(AS(1,1)+6.*DS(1,1)*K 1+
X9*FS(1,1)*K1*K 1+
XD(3,3)**I*PI*PI/R*R)+
X2.4F(3,3)*K I I*I*PI*PI/R*R)+
XHGA*KI*KI*I*I*PI*PUR*R+
XD(2,2)*J*I*PI*PI/(S*S)+
X2.4F(Q2,2)*K1*I*I*PI*PI/(S*S)+
XHQR2*KI*KI*T*I*PI*PI/(S*S))+
XF4*F5*(4.¥FQ,3)*K1*I*I*PI*P/(R*S)+
X24H(2,3)*K1*K 1 [*J*PI*P(R*S)+
X2*D(2,3)*I*I*PI*PL/(R*S))-
XF4*(D(2,3)*I*PIR+F(2,3)*K I*I*PIR)*
X(1.-DCOS(F*PD*DCOSLQ*PD)-
XE4*K1*(F(2,3)**PUR+H(2 3)*KI*[*PI/R)*
X(1.-DCOS(J*PI)* DCOSLQ*PD)

C
STM\N) =-Al
ST(M,N+NTERMS*NTERMS) =-B1
STM,N+2*NTERMS*NTERMS) =-C1
C
ST(M+NTERMS*NTERMS,N) = -A2
ST(M+NTERMS*NTERMS, N+NTERMS*NTERMS) =-B2
ST(M+NTERMS*NTERMS N+2*NTERMS*NTERMS) = -C2
C .
ST(M+2*NTERMS*NTERMS,N)=-A3
ST(M+2*NTERMS*NTERMS,N+NTERMS*NTERMS) =-B3
ST(M+2*NTERMS*NTERMS N+2*NTERMS*NTERMS) =-C3
ST(M+2*NTERMS*NTERMS N+3*NTERMS*NTERMS)= -D3
STM+2*NTERMS*NTERMS N+4*NTERMS*NTERMS)= -E3
C

ST(M+3*NTERMS*NTERMS N+2*NTERMS*NTERMS)=-C4
ST(M+3*NTERMS*NTERMS N+3*NTERMS*NTERMS)= -D4
ST(M+3*NTERMS*NTERMS N+4*NTERMS*NTERMS)=-E4

(o
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STM+4*NTERMS*NTERMS N+2*NTERMS*NTERMS)= -C5
STM+4*NTERMS*NTERMS, N+3*NTERMS*NTERMS)= -D5
STM+4*NTERMS*NTERMS N+4*NTERMS*NTERMS)= -E5
C
CLOAD VECTOR FOR UNIFORM PRESSURE LOADING
C
IFA.EQ.LP .AND. J.EQ.LQ .AND. NLOAD.EQ.1)
XPLOADM+2*NTERMS*NTERMS)=F1*F2*16*Q0/(PI*PI*]*])
C
CLOAD VECTOR FOR CENTER PANEL POINT LOAD
C
IFA.EQ.LP .AND. J.EQ.LQ .AND. NLOAD.EQ.2)
XPLOADM+2*NTERMS*NTERMS)=Q0* DSIN(I*PL/2)*DSIN(*P1/2)
N=N+1
350 CONTINUE
M=M+1
N=1
300 CONTINUE
C
CLOAD VECTOR FOR SINUSOIDAL LOADING
C
IF(NLOAD.EQ.0)PLOAD(1+2*NTERMS*NTERMS)=R*S*Q0/4.
C
RETURN
END
C
C 3dec 94
C
C

SUBROUTINE NLST(TER)
c
C NONLINEAR STIFFNESS TERMS--NO A16, A26 TERMS
C
c

IMPLICIT DOUBLE PRECISION (A-H,0-Z)
COMMON/STF/R,S,RAD,ST(2205,2205), NTERMS ,PLOAD(2205),Q0,NLOAD,PHO,

X STNLI3(225,225),STNL23(225,225),STNL31(225,225),

X  STNL32(225,225),STNL33(225,225),S TIFF(2205,2205)
COMMON/ELAS/NANAL(3),E1E2,G12,NU12,PT,THE(20),NP,A(3,3),

X B(3,3),D(3,3).E(3,3),F(3,3),H3,3),

X AS(2,2),DS(2,2),F5(2,2),G13,

X G23 EY NUHT RTHE(20),GS
COMMON/CONVERGE/DIS(2205),DISPREV(2205)
DOUBLE PRECISION K1,NUNUI12NU21
IF(INANAL(2).EQ.DRETURN
PI=3.14159265359
MM=1
NN=1

C 33333
DO 10 LP=1 NTERMS
IF(NTERMS.GT.9)PRINT* LP
DO 10LQ=1,NTERMS
DO 301=1 NTERMS
DO 30 J=1, NTERMS
C1=0.
C2=0.
A3=0.
B3=0.
C3=0.
KTi=1

C 33338
DO 50 K=1,NTERMS
DO 50 L=1,NTERMS

(o
C SET UP PARAMETERS X,Y FOR INDICES
C

I11=MOD(P-({1-K),2)
12=MOD(P+(-K),2)
13=MOD(P-(I+K),2)
14=MODXK+I+LP,2)
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IF (11.EQ.0) THEN
X1=0.

ELSE
X1=1./LP-(I-K))

ENDIF

IF (12.EQ.0) THEN
X2=0.

ELSE
X2=1./LP+(-K))

ENDIF

IF (13.EQ.0) THEN
X3=0.

ELSE
X3=1./(LP-(+K))

ENDIF

IF (4. EQ.0) THEN
X4=0.

ELSE
X4=1./LP+(1+K))

ENDIF

J1=MOD(LQ-(-L),2)

12=-MODLQ+(-L),2)

13=MOD(LQ-(+L),2)

J4=MODLQ+J+L.2)

IF (J1.EQ.0) THEN
Y1=0.

ELSE
Y1=1/1Q-(J-L)

ENDIF

IF (J2.EQ.0) THEN
Y2=0.

ELSE
Y2=1./Q+(3-L)

ENDIF

IF (J3.EQ.0) THEN
Y3=0.

ELSE
Y3=1./LQ-(+L))

ENDIF

IF (J4EQ.0) THEN
Y4=0.

ELSE
Y4=1/LQ+J+L)

ENDIF

C
CEQN1
C
Cl1=A(1, )*I*PIR*(K*PI/R)**2*R*S/(4*PI*P])*
X(X1-X3-X2+X4)*(Y1+Y2-Y3-Y4)
C12=(A(1 2H+AQG3)*T*PI/S*K/R*L/S*PIFPI*R*S/(4*PI*PD*
XX2-X3-X1+4X4)*(Y1+Y2+Y3+Y4)
C13=-A(33)*(*PI/Sy**2*K*PI/R*R*S/(4*PI*P])*
X(X2-X3-X1+X4)*(Y1+Y2-Y3-Y4)
C14=.5*A(1,)*I*PIR*K*PI/R*S/(2*PD*(1.-DCOS@*PD*
XDCOSEK*PD)*DCOS(LP*PD)*(Y1+Y2-Y3-Y4)
SUM1=(C11+C12+C13+Cl14)*DIS(KT1 +2*NTERMS*NTERMS)
C1=C1+SUM1

C

CEQN2

c
C21=-AQR.2)*I*PUSH(LAPY/S)**2*R*S/(4*PI*PI)*
X(X14X2X3-X4)*(-Y2 Y3+Y1+Y4) .
C22=(A(1.2)+A (3 3))*I*PUR*K/R*L/S*PI*PI*R*S/(4*PI*PD*
X(X1+X2+X3+X4)*(-Y1-Y3+Y2+Y4)

c
C23=-A(3,3)*L*PU/S*(I*PLR)**2*R*S/(4*PI*PD*
X(X1+X2-X3-X4)*(Y2-Y3-Y1+Y4)
C24=.5*A@2.2)*J*PI/S*L*PIS*R/(2*P)*(1.-DCOS(*PD*
XDCOS@LAPD*DCOSLQ*PD)*(X1+X2-X3-X4)
SUM2=(C21+C22+C23+C24)*DIS(KT1+2*NTERMS*NTERMS)
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Cc

C2=C2+5UM2

CEQN3

C

C

A31=-A(1,D)*(L*PI/S)**2*I*PL/R*R*S/(4*PI*P])*
XX1+X2-X3-X4)*(Y1+Y2-Y3-Y4)
A34=2*A(3,3)*K/R*L/S*PI*PI*J*PI/S*R*S/(4*PI*PD)*
XX1+X2+X3+X4)*(Y1+Y2+Y3+Y4)
A36=-A(1,)*K*PIR)**2*I*PI/R*R*S/(4*PI*P)*
X(X1+4X2-X3-X4)*(Y1+Y2-Y3-Y4)
SUM3=(A31+A34+A36)*DIS(KT1+2*NTERMS*NTERMS)
A3=A3+SUM3

B31=-A(1,2)*(K*PI/R)**2*J*P/S*R*S/(4*PI*PD*

XX1+4X2-X3-X4)*(Y1+Y2-Y3-Y4)
B34=2*A(3,3)*K/R*L/S*PI*PI*I*PI/R*R*S/(4*PI*P])*
XX1+X2+X3+X)*(Y1+Y2+Y3+Y4)
B36=-A(2,2)*(L*PY/S)**2*J*PI/S*R*S/(4*PI*PD)*

X(X1+X2-X3-X4)*(Y1+Y2-Y3-Y4)
SUM4=(B31+B34+B36)*DIS(KT1+2*NTERMS*NTERMS)
B3=B3+SUM4

C31=-A(2,2)*PHO/2*J*PI/S*L*PI/S*R*S/(4*PI*P])*
XX1+X2-X3-X4)*(Y1+Y2+Y3+Y4)
C32=-A(1,2)*PHO*(K*PI/R)**2*R*S/(4*PI*PD*
XX1+4X2-X3-X4)*(Y1+Y2-Y3-Y4)
C33=-A(1,2*PHO2*I*PIR*K*PI/R*R*S/(4*PI*P])*
XX1+X2+X3+X4)*(Y1+Y2-Y3-Y4)
C39=-A(2,2)*PHO*(L*PI/S)**2*R*S/(4*PI*PD*
XX1+X2-X3-XH*(Y1+Y2-Y3-Y4)
SUMS5=(C31+C32+C33+C39)*DIS(KT1+2*NTERMS*NTERMS)

KT2=1
SUM=0.

C 33333

C

DO 70 M=1,NTERMS
DO 70 N=1,NTERMS

XX1=0.
XX2=0.
XX3=0.
XX4=0.
XX5=0.
XX6=0.
XX7=0.

IF((-K)-(M-LP).EQ.0) XX1=R/8

IF((-K)-(M+LP)EQ.0) XX4=R/8
IF(@+K)-(M-LP).EQ.0) XX6=R/8
IF((+K)-(M+LP).EQ.0) XX3=R/8
IF(@-K)+(M-LP).EQ.0) XX2=R/8
IF(@-K)+(M+LP)EQ.0) XX5=R/8
IF(@+K)+(M-LP)EQ.0) XX7=R/8

YY1=0.
YY2=0.
YY3=0.
YY4=0.
YY5=0.
YYé6=0.
YY7=0.

[F((-L)-(NLQ)EQ.0) YY1=S/8

IF((-L)-(N+LQ)EQ.0) YY5=S/8
IF((+L)-(N-LQ).EQ.0) YY3=S/8
IF((+L)-(N+LQ)EQ.0) YY7=S/8
IF((-L)+(N-LQ).EQ.0) YY2=S/8
IR((-L)+(N+LQ).EQ.0) YY6=S/8
IF((+L)+(N-LQ).EQ.0) YY4=S/8

C34=0.5*A(2,2)**PI/S*L*PI/S*(N*PI/S)**2*
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XXX 14+XX24+ XX3-XX4-XX5-XX6- XK Ty*(YY 1+ Y Y2+ YY 3+ YY4-YY5-YY6-YY7)
C35=(A(1.2)/2)*(F*PI/S)**2*K*PI/R*M*PI/R*

XK 1-XX24+XK3-XX4+XX5-XK6+XXT* (Y Y 1+YY2-YY3-YY4-YY5-YY6+YYT)
C36A=(A(3,3))*I*PUR*L*PUS*M/R*N/S*PI*PI*

XOOX1-XX24+ XX 3-XX4+XX5-XX6+XXT(YY1-YY2-YY3+YY4-YY5+YY6+YYT)
C36B=-(A(3,3))*K*PIR*I*PI/S*M/R*N/S*PI*PI* ~

XXX 1-XX24+XK3-XK4+XX5-XX6+ XXT)*(YY1-YY2-YY3+Y Y4-YY5+YY6+YY7)
C37=(A(1,2)/2)* (*PI/R)**2*(L*PI/S)*N*PI/S* ‘

XK1+ XX24XX3-XX4-XX5-XX6- XX *(YY1-YY2-YY3+YY4-YY5+YY6+YYT)
C38=0.5%A(1, )*I*PI/R*K*PI/R*(M*PI/R)**2*

XK+ XX2-XX3-XX4-XX5+XX6+ XX *(YY 1+YY2-YY3-YY4-YY5-YY6+YYT)
SUM=(C34+C35+C36A+C36B+C37+C38)*DIS(KT2+2*NTERMS*NTERMS)+SUM
KT2=KT2+1

70 CONTINUE
SUM6=SUM*DIS(KT1+2*NTERMS*NTERMS)
C3=C3+SUMS+SUMS$
KT1=KT1+1

50 CONTINUE

C
STNL13(MM,NN) = C1
STNL23(MM,NN) = C2
STNL31(MM,NN)= A3
STNL32(MM,NN) = B3
STNL33(MM,NN) = C3
c
NN=NN+1

30 CONTINUE
MM=MM+1
NN=1

10 CONTINUE
RETURN
END

SUBROUTINE CONVRGE(NCV JTER,IMAX,KTINC)

Q0O 0Q

IMPLICIT DOUBLE PRECISION (A-H,0-Z)
COWON/STF/R,S,RAD,ST(2205,2205),NTERMS,PLOAD(ZZOS),QO,NLOAD,PHO,

X STNL13(225,225),STNL23(225,225),STNL31(225,225),
X STNL32(225,225),STNL33(225,225),STIFF(2205,2205)
COMMON/ELAS/NANAL(3).E1,E2,G12,NU12,PT, THE(20),NP,A(3,3),

X B(3,3).D(3,3).E(3,3),F(3,3),H(3,3),

X AS(2,2),DS(2,2)FS(2,2),G13,

X G23,EY NUHTRTHE(20),GS
COMMON/CONVERGE/DIS(2205),DISPREV(2205)
DOUBLE PRECISION K1,NUNU12NU21
IF(NANAL(2).EQ.1) NCV=1
IF(NANAL(2).EQ.1)RETURN
IFQTER.EQ.0)THEN
ITER=1
NCV=0
RETURN
ELSE
PRINT*, KTINC="KTINC
PRINT*, ITER="JTER
ENDIF
PNORM1=0.

PNORM2=0.
PNORM3=0.
PNORM4=0.
NT=5*NTERMS*NTERMS
CADDDELTADTOD
DO 5I=1,NT
5 DIS()=DISPREV()+DIS()
DO 10 I=2*NTERMS*NTERMS NT
PNORM1=DABS(DIS[)**2+PNORM1
10 PNORM2=DABS(DIS(I)-DISPREV(I))**2+PNORM2
TOL=PNORM2/PNORM1*100
DO 30 I=1,2*NTERMS*NTERMS
PNORM3=DABS(DIS(D))**2 + PNORM3




30 PNORM4=DABS(DIS()-DISPREV(D))**2+PNORM4
TOL1=PNORM4/PNORM3*100.
PRINT* ' TOL="TOL
PRINT*'TOL1="TOLI
IF (TOL .GT. .05 .OR. TOL1.GT. 1. .OR. ITER LE. 2) THEN
ITER=ITER+1
IF(TER. GT.IMAX)THEN
PRINT*, MAX ITERATIONS'
STOP
ELSE
RETURN
ENDIF
ELSE
NCV=1
WRITE(6,849)
849 FORMAT(/))
WRITE(6,850)KTINC,ITER
850 FORMAT(1X, INCREMENT="]3, ITERATION="]2)
WRITE(6,849)
c
C BUMP INCREMENT COUNT, RESET ITER
C NOTE: NCV IS RESET TO ZERO W/N DISPLACEMENT
C

KTINC=KTINC+1
ITER=1

C INCREMENT LOAD
DO 20 I=1NT

20 PLOAD(M=PLOAD@*KTINC/(KTINC-1)

ENDIF
RETURN
END

SUBROUTINE DISPLACEMENT(NTERMS ,NCV,HT,PHOR,S,NANAL)

Qo 00

IMPLICIT DOUBLE PRECISION (A-H,0-Z)
COMMON/CONVERGE/DIS(2205),DISPREV(2205)
COMMON/STRS/Q11TOP,Q12TOP,Q22TOP,Q16TOP,Q26TOP,
X QS11,0522,012,022
DOUBLE PRECISION K1,NUNU12,NU21
PI=3.14159265359
NT=NTERMS*NTERMS
K1=-4./(3.*HT**2)
U=0.
V=0,
W=0.
KT=1
C 39333
DO 10I=1 NTERMS
DO 20 J=1, NTERMS
W=DSIN(I*PI/2)*DSIN(J*P1/2)*DIS(KT+2*NT)+W
U=DCOS@*PD*DSIN(J*P1/2)*DIS(KT+U
V=DSIN(I*P1/2)*DCOS(J*PD)*DIS(KT+NTH+V
KT=KT+1
20 CONTINUE
10 CONTINUE
PRINT*, NCV="NCV, W CENTER ='W
IF(NCV.EQ.0)RETURN
WRITE(6,900)W
900 FORMAT(1X,'W CENTER ='D20.13)
WRITE(6,901)U
901 FORMAT(1X,'UR,S/2)="'D20.13)
WRITE(6,902)V
902 FORMAT(1X, V(R/2,5)="D20.13)
C CALCULATE STRESS
EXT=0.
EYT=0.
EXYT=0.
EXYB=0.
EXB=0.
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EYB=0.
ES4=0.
ES5=0.
EXX=0.
EYY=0.
T2=HTR2
T4=HT/4
KT3=1
C 53333
DO 30 I=1,NTERMS
DO 40 J=1, NTERMS
SI=DSIN(I*PL/2)*DSIN(*P1/2)
CO=DCOS(*P1/2)*DCOS(*P1/2)
CSTRAIN X,Y XY @ TOP/BOTTOM CENTER PLATE
EXT=-1*PI/R*(DIS(KT3)-T2*DIS(KT3+3*NT)-T2**3*K 1*
X(DIS(KT3+3*NT)+I*PI/R*DIS(KT3+2*NT)))*SI+EXT
EYT=(-J*PI/S*(DIS(KT3+NT)-T2*DIS(KT3+4*NT)-T2**3*K 1*
X(DIS(KT3+4*NT)+J*PI/S*DIS(KT3+2*NT)))-DIS(KT3+2*NT)*PHO)*SI+EYT

EXYT=(J/S*DISKT3)+/R*DIS(KT3+NT)-T2*(J/S*DIS(KT3+3*NT)
X+I/R*DIS(KT3+4*NT))-T2*#*3*K1*(J/S*DIS(KT3+3*NT)+I/R*DIS(KT3+4*NT)
X+2*I/R*J/S*DIS(KT3+2*NT)*PI*CO+EXYT

EXYB=(J/S*DIS(KT3)+/R*DIS(KT3+NT)+T2*(J/S*DIS(KT3+3*NT)
X+I/R*DISKT3+4*NT)}+T2**3*K1*(J/S*DIS(KT3+3*NT)+I/R*DIS(KT3+4*NT)
X+2*/R*J/S*DIS(KT3+2*NT)))*PI*CO+EXYB

o
EXB=T*PI/R*(DIS(KT3)+ T2*DIS(KT3+3*NT)+ T2*+*3*K 1*
X(DIS(KT3+3*NT)+I*PI/R*DIS(KT3+2*NT)))*SH+EXB
EYB=(J*PI/S*(DIS(KT3+NT)+T2*DIS(KT3+4*NT)+ T2**3*K 1*
X(DIS(KT3+4*NT)+*PI/S*DIS(KT3+2*NT)))-DIS(KT3+2*NT)*PHO)*S+EYB
C SHEAR STRAINS @ Z=0.
ES4=(DIS(KT3+4*NT)+J*PI/S*DIS(KT3+2*NT))*
XDSIN(I*PI/2)*DCOS(J*PI)+ES4
ES5=(DIS(KT3+3*NT)+I*PI/R*DIS(KT3+2*NT))*
XDCOS(*Py* DSIN(J*PI/2)+ESS
CSTRAINX.Y @ Z=T/4
EXX=-I*PI/R*(DIS(KT3)+T4*DIS(KT3+3*NTHT4**3+K 1*
X(DIS(KT3+3*NT)+I*PI/R*DIS(KT3+2*NT))*SHEXX
EYY=(-J*PI/S*(DIS(KT3+NT)+ T4*DIS(KT3+4*NT)+T4*#3+K 1*
X(DISKT3+4*NT)+J*PI/S*DIS(KT3+2*NT)))-DIS(KT3+2*NT)*PHO)*S+EYY
C

KT3=KT3+1
40 CONTINUE
30 CONTINUE
C SXT AT (R/2,S/2,-H72), SY AT (R/2,S/2,H/4), SXY AT (0,0H/2)
CSS4 AT (R2,5,0), SS5 AT (R,S/2,0)
SXT=Q11TOP*EXT + QI12TOP*EYT + Q16 TOP*EXYT
SXB=Q11TOP*EXB + Q12TOP*EYB + Q16 TOP*EXYB
SYT=QI2TOP*EXT + Q22TOP*EYT + Q26 TOP*EXYT
SYB=Q12TOP*EXB + Q22TOP*EYB + Q26TOP*EXYB
S$S4=QS11*ES4
SS5=QS22*ES5
SY=QI2*EXX+Q22*EYY
WRITE(6,905) SXT
905 FORMAT(1X,SIGMA-X AT -Z ="'D20.13)
WRITE(6,906) SXB
906 FORMAT(1X, SIGMA-X AT +Z =",D20.13)
WRITE(6,907) SYT
907 FORMAT(1X,SIGMA-Y AT -Z ="D20.13)
WRITE(6,908) SYB
908 FORMAT(1X,SIGMA-Y AT +Z =",D20.13)
WRITE(6,911) SY
911 FORMAT(1X,'SIGMA-Y AT H/4 ="' D20.13)
WRITE(6,909) SS4
909 FORMAT(1X,'SIGMA-4 AT (R/2,5,0) =',D20.13)
WRITE(6,910) SS5
910 FORMAT(1X, SIGMA-5 AT (R,S/2,0) =",D20.13)
c
CRESET CONVERGENCE FLAG
C
NCV=0




C4NOV94

SUBROUTINE INPUT(NPRNT,NINC,IMAX)

QO 0Q

IMPLICIT DOUBLE PRECISION (A-H,0-Z)
COMMON/STF/R,S,RAD,ST(2205,2205),NTERMS PLOAD(2205),Q0,NLOAD,PHO,
X  STNLI13(225,225),STNL23(225,225),STNL31(225 225),

X STNL32(225,225),STNL33(225,225),STIFF(2205,2205)
COMMON/ELAS/NANAL(3),E1,E2,G12,NU12,PT, THE(20) NP,A(3,3),
X B(3,3),D(3,3),E(3,3),F(3,3),H(3,3),

X AS(2,2),DS(2,2),FS(2,2),G13,

X G23,EY,NU,HTRTHE(20),GS

DOUBLE PRECISION K1,NU,NUI2,NU21

C READ(5910) TITLE

C 910 FORMAT (20A4)

READ(5,*) NANAL(1) NANAL(2)

IF(NANAL(2) EQ.2)READ(S,*) NINC,IMAX

READ(5,*)NTERMS

READ(5,*) NPRNT

READ(5,*) NLOAD,Q0

c

C ECHOINPUT
C

WRITE(6,896)
896 FORMAT(/))
WRITE(6,897)
897 FORMAT(1X,NANAL(1)=0,1,2 FOR ARB,ISO,SYM)
WRITE(6,895)
895 FORMAT(1X,NANAL(2)=0,1,2 FOR NL,LIN,EIGEN)
WRITE(6,899)NANAL(1) NANAL(2)
899 FORMAT(IX,NANAL(I)="]I1; NANAL(2)="12)
IF(NANAL(2).EQ.2) WRITE(6,894)NINC
894 FORMAT(1X,' NUMBER OF LOAD INCREMENTS="]3)
WRITE(6,896)
WRITE(6,898)NTERMS
898 FORMAT(1X,NUMBER OF TERMS IN SERIES (ODD/EVEN)="]12)
WRITE(6,896)
WRITE(6,893)NLOAD
893 FORMAT(IX,NLOAD(0=SINUSOIDAL, 1=UNIFORM, 2=CTR PTLOAD) ='12)
WRITE(6,892)Q0
892 FORMAT(1X, MAGNITUDE OF LOAD =',D20.13)
WRITE(6,896)
IF (NANAL(1) EQ.2) GOTO 75

C FOR ISOTROPIC
c
READ(5)EY,NUHT
WRITE(6,901)
901 FORMAT(1X, THE FOLLOWING PROPERTIES WERE INPUT (E,NU,THICK)")
WRITE(6,906)EY
WRITE(6,908)NU
WRITE(6,906)HT
GOTO 78
C
C FOR ORTHOTROPIC, INPUT MATERIAL PROPERTIES, E1E2,GI12NUI2
C
75 READ(S,*) E1LE2,G12,NU12,G13,G23
WRITE(6,904)
904 FORMAT(1X, THE FOLLOWING PROPERTIES WERE INPUT)
WRITE(6,905)
905 FORMAT(I1X,E1,E2,G12,NU12,G13,G23"
WRITE(6,906)E1
WRITE(6,906)E2
WRITE(6,906)G12
WRITE(6,908)NU12
WRITE(6,906)G13
WRITE(6,906)G23
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906 FORMAT(1X,D20.13)
908 FORMAT(1X,D20.13)
READ(5,*)NP,PT
READ(S,*) (THE(II),II=1,NP)
WRITE(6,916)
916 FORMAT(1X)
WRITE(6,918) ,
918 FORMAT(1X, THE FOLLOWING LAMINATE WAS INPUT)
DO 76 I=1,NP
76 WRITE(6,920) THE(ID)
920 FORMAT(1X,D20.13)
WRITE(6,916)
WRITE(6,922) PT
922 FORMAT(1X,PLY THICKNESS =',D20.13)
78 READ(5,)R,S,RAD
WRITE(6,919)R,SRAD
IFRAD.EQ.0.)THEN
PHO=0.
ELSE
PHO=1./RAD
ENDIF
919 FORMAT(1X,PANEL',D20.13, X ',D20.13, RAD=",D20.13)
WRITE(6,896)
RETURN
END

SUBROUTINE ELAST(NPRNT,S,PHO)

THIS SUBROUTINE CALCULATES THE ELASTICITY MATRICES, A.B.DEF
H,AS,DS FS

IMPLICIT DOUBLE PRECISION (A-H,0-Z)
COMMON/ELAS/NANAL(3).E1,E2,G12 NU12,PT,THE(20),NP,A(3,3),
X B(3,3).D(3,3),E(3,3),F(3,3),H3,3), :
X AS(2,2),DS(2,2)FS(2,2),G13,
X G23EY NU,HT,RTHE(20),GS
COMMON/STRS/Q11TOP,Q12TOP,Q22TOP,Q16TOP,Q26TOP,
X QS11,0522,Q12,Q22
DOUBLE PRECISION K1,NU,NU12,NU21
DIMENSION QBAR(3,3),QSBAR(2,2)
C
C INITIALIZE THE ELASTICITY MATRICES
c

NOOOQO 0O

DO 10 M=1,3
DO 11N=1,3
AMN)=0.
BM,N)=0.
DM,N)=0.
EMN)=0.
FOM,N)=0.
11 HMN)=0.
10 CONTINUE
DO 15 M=1,2
DO 16 N=1,2
ASMN)=0.
DS(M,N)=0.
16 FSM,N)=0.
15 CONTINUE
IF(NANAL(1).NE.1)GOTO 30
C
C ISOTROPIC CASE
C
GS=EY/(2.*(1.+NU))
DENOM=1.-NU**2
QBAR(1,1)=EY/DENOM
QBAR(1,2)=NU*EY/DENOM
QBAR(2,2)=QBAR(1,1)
QBAR(2,1)=QBAR(1,2)
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QBAR(3,3)=GS
QBAR(1,3)=0.
QBARG,1)=0.
QBAR(2,3)=0.
QBAR(3,2)=0.
QSBAR(1,1)=GS
QSBAR(2.2)=GS
QSBAR(1,2)=0.
QSBAR(2,1)=0.
Q11TOP=QBAR(1,1)
QI2TOP=QBAR(1 2)
Q22TOP=QBAR(2.2)
QS11=QSBAR(l,1)
QS22=QSBAR(2,2)
QS12=0.
Q22=QBAR(2,2)
DO 20 M=1,3
DO 21 N=1,3
AMN)=QBARMN*HT
DMN)=QBARM N)*HT**3/(3*2.¥%2)
FOMN)=QBAR(M,N)*HT**5/(5*2.%*4)
21 HM,N)=QBARM,N)*HT**7/(7#2.¥*6)
20 CONTINUE
DO 25 M=12
DO 26 N=1,2
AS(MN)=QSBAR(M,N)*HT
DS(M,N)=QSBAR(M,N)*HT**3/(3*2.4*2)
26 FSQM,N)=QSBARM,N)*HT**5/(5*2.%*4)
25 CONTINUE
GOTO 29
C
C CALCULATE REDUCED STIFFNESSES
C FOR LAMINATED ANISOTROPIC STRUCTURES
C
30 HT=PT*NP
NU21=E2*NU12/El
DENOM=1.-NU12*NU21
Q11=E1/DENOM
Q12=NU12*E2/DENOM
Q22=E2/DENOM
C
C CALCULATE INVARIANTS
c
Ul=(3.*Q11+3.5Q22+2.#Q12+4.*G12)/8.
U2=(Q11-Q22)/2.
U3=(Q114Q22-2.*Q12-4.*G12)/8.
U4=(Q11+Q22+6.#Q12-4.*G12)/8.
U5=(Q11+Q22-2.*Q12+4.*G12)/8.

C
C CALCULATE THE ELASTICITY MATRICES *

C * .

C REMEM THAT THE Z AXIS POINTS DOWN AS IN JONES *
C HOWEVER, THEFIRSTPLY IS THETOPPLY,IE, *

C THE PLY WITH THE MOST NEGATIVE Z 11! *

C

DO 45 II=1,NP

45 RTHE(I)=THE(I)*3.14159265359/180.
DO 50 KK=1,NP
QBAR(1,1)=U1 + U2*DCOS(2.*RTHE(KK)) + U3*DCOS(4.*RTHE(KK))
QBAR(1,2)=U4 - U3*DCOS(4.*RTHE(KK))
QBAR(22)=U1 - U2*DCOS 2. *RTHE(KK)) + U3*DCOS(4 *RTHE(KK))
QBAR(1,3)=.5*U2*DSINQ.*RTHE(KK)) + U3*DSIN(4*RTHE(KK))
QBAR(2,3)=.5*U2*DSIN(2.*RTHE(KK)) - U3*DSIN(4.*RTHE(KK))
QBAR(3,3)=U5 - U3*DCOS(4.*RTHE(KK))
QBAR(2,1)=QBAR(1,2)
QBAR(3,1)=QBAR(1,3)
QBAR(3,2)=QBAR(2,3)
QSBAR(1,1)=G23*DCOS(RTHE(KK))**2.+G13*DSIN(RTHE(KK))**2.
QSBAR(2,.2)=G13*DCOSRTHE(KK))**2.+G23*DSINRTHE(KK))**2.
QSBAR(1,2)=-(G23-G13)*DCOSRTHE(KK))*DSIN(RTHE(KK))
QSBAR(2,1)=QSBAR(1,2)
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IF(KK.EQ.)THEN
Q11TOP=QBAR(L,1)
QI2TOP=QBAR(1,2)
Q22TOP=QBAR(2,2)
Q16TOP=QBAR(1,3)
Q26TOP=QBAR(2,3)
ELSE
ENDIF
IF(KK.EQ.NP/2+1)THEN
QS11=QSBAR(1,1)
QS22=QSBAR(2,2)
ELSE
ENDIF
IF(KK.EQ.3)THEN
Q12=QBAR(1,2)
Q22=QBAR(2,2)
ELSE
ENDIF
ZL=(KK*1. - NP*.5)*PT
ZU=ZL-PT
57 DO 51 M=1,3
DO 52N=1,3
AMN)=AM,N) + QBARM,N)*PT
DMN)=D(M,N) + QBAR(M,N)*(ZL**3-ZU**3)/3.
FOMN)=FM,N) + QBAR(M,N)*(ZL**5-ZU**5)/5.
HMN)=HM,N) + QBARM,N)*(ZL**7-ZU**7)/].
IF (NANAL(1). EQ.2) GOTO 52
BMM,N)=BM,N) + QBAR(M,N)*(ZL**2-ZU**2)/2.
EMN)=EMN) + QBARM,N)*(ZL**4-ZU**4)/4,
52 CONTINUE
51 CONTINUE
DO 60 M=1.2
DO 61 N=1,2
ASMN)=AS(M,N)+QSBARM,N)*PT
DSMN)=DS(M.N)}+QSBAR(M,N)*(ZL**3-ZU**3)/3.
61 FSQM,N)=FS(M,N)+QSBARM,N)*(ZL**5-ZU**5)/5.
60 CONTINUE
50 CONTINUE

C
C SET TO ZERO THOSE ENTRIES DUE TO ROUNDOFF ERROR
C
29 DO 85 M=1,3
DO 86 N=1,3
IF(DABS(A(1,1)).GT.DABS(A(M,N)*1.D08))A(M,N)=0.
IF(ABS(B(1,1)).GT.DABS(B(M,N)*1.D08))B(M,N)=0.
IE(DABS(D(1,1)).GT.DABS(D(M,N)*1.D08)) DM, N)=0.
IF(DABS(E(1,1)).GT.DABS (E(M,N)*1.D08))E(M,N)=0.
IF(DABS(F(1,1)).GT.DABS (F(M,N)*1.D08))F(M,N)=0.
IF(DABS(H(1,1)).GT.DABS(HM,N)*1.D08))H(M N)=0.
86 CONTINUE
85 CONTINUE
DO 90 M=12
DO 91 N=1.2
IF(DABS(AS(1,1)).GT.DABS(AS(M,N)*1.D08)) AS(M,N)=0.
IE(DABS(DS(1,1)).GT.DABS (DS(M,N)*1.D08))DS(M,N)=0.
[F(DABS(FS(1,1)).GT.DABS(FS(M,N)*1.D08)) FS(M,N)=0.
91 CONTINUE
90 CONTINUE
C CALCULATE BATDORF-STEIN PARAMETER
BAT1=SQRT(A(L,1)*A(2.2)-A(1,2)**2)
BAT2=SQRT(12.*SQRT(A(1,1)*A(2,2)*D(1,1)*D(2,2)))
BATDORF=S**2*BATI1/BAT2*PHO
WRITE(6,962)BATDORF
962 FORMAT(1X,BATDORF PARAMETER =",D20.13)
IF(NPRNT.EQ.Q)RETURN

C
C OUTPUT THE MATRICES
C
WRITE(6,916)
916 FORMAT (1X)
WRITE(6,950)




950 FORMAT(1X,A())=)
DO 65 I1=1,3
65 WRITE(6,952)A(11,1),A(I1,2),A(IL,3)
WRITE(6,916)
WRITE(6,954)
954 FORMAT(1X,B(,J))=)
DO 66 II=1,3
66 WRITE(6,952)B(II,1),B(1,2),B(,3)
WRITE(6,916)
WRITE(6,956)
956 FORMAT(1X,D(LJ))=)
DO 671I=1,3
67 WRITE(6,952)D(1,1),D(1,2),D{1,3)
WRITE(6,916)
WRITE(6,958)
958 FORMAT(1X,E(1,))=)
DO 6811=1,3
68 WRITE(6,952)E(I1,1),E(11,2),E(I1,3)
WRITE(6,916)
WRITE(6,960)
960 FORMAT(1X,F(,J)=")
DO 69 II=1,3
69 WRITE(6,952)F(1L,1),F(I1,2) F(I1,3)
WRITE(6,916)
WRITE(6,964)
964 FORMAT(1X,H{,J)=")
DO711I=13
71 WRITE(6,952)H{L,1),H(T,2),H{L3)
WRITE(6,916)
WRITE(6,982)
982 FORMAT(1X,;AS(L))=")
DO 80 1I=12
80 WRITE(6,953)AS(1,1),AS(IL,2)
WRITE(6,916)
WRITE(6,984)
984 FORMAT(1X,DS(,))=")
DO 811I=12
81 WRITE(6,953)DS(II,1),DS(1,2)
WRITE(6,916)
WRITE(6,986)
986 FORMAT(IX,FS(.))=")
DO821I=12
82 WRITE(6,953)FS(II,1)FS(1,2)
952 FORMAT(1X,3(D20.13,2X))
953 FORMAT(1X 2(D20.13.2X))
RETURN

END

C
C
C SUBROUTINES FOR SOLVING SIMEQ, SOLVES STIFF*d=DIS
C

C
SUBROUTINE LUDCMP
IMPLICIT DOUBLE PRECISION (A-H,0-Z)
COMMON/STF/R,S,RAD,ST(2205,2205),NTERMS PLOAD(2205),Q0,NLOAD,PHO,
X STNL13(225,225),STNL23(225,225),STNL31(225,225),
X STNL32(225,225),STNL33(225,225),S TIFF(2205,2205)
COMMON/SOLVE/INDX(2205),VV(2205)
C
N=5*NTERMS*NTERMS
TINY=1.0D-20
DD=1.
DO 12I=1N
AAMAX=0.
DO 11J=1N
IF(DABS(STIFF(,))).GT.AAMAX) AAMAX=DABS(STIFF(,J))
11 CONTINUE
IF(AAMAX.EQ.0.) PAUSE 'SINGULAR MATRIX'
VV([@D=1/AAMAX
12 CONTINUE
C
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DO 19 J=1N

DO 14 1=1,-1

SUM=STIFF(Q,J)

DO 13K=1]-1

SUM=SUM.-STIFF(K)*STIFF(K.)
13 CONTINUE

DO 16I=IN
SUM=STIFF(,J)
DO 15 K=1,J-1
SUM=SUM-STIFF(I,K)*STIFF(K,T)
15 CONTINUE
STIFF(1,J))=SUM
DUM=VV({)*DABS(SUM)
IF(DUM.GE.AAMAX) THEN
IMAX=]
AAMAX=DUM
ENDIF
16 CONTINUE
C
DO17K=IN
DUM=STIFF(IMAXK)
STIFFAMAX X)=STIFF(J K)
STIFF(J K)=DUM
17 CONTINUE
DD=-DD
VVAMAX)=VV(Q])
ENDIF
INDX()=IMAX
IF(STIFF(J,J).EQ.0.) STIFF(J,))=TINY
IF(J.NE.N)THEN
DUM=1./STIFF({J,))
DO 18 I=J+1 N
STIFF(1,5))=STIFF(,5)*DUM
18 CONTINUE
ENDIF
19 CONTINUE
C
RETURN
END
C
C
C
SUBROUTINE LUBKSB
IMPLICIT DOUBLE PRECISION (A-H,0-7)
COMMON/STF/R,S,RAD,ST(2205,2205), NTERMS ,PLOAD(2205),Q0,NLOAD,PHO,
X  STNL13(225,225),STNL23(225,225),STNL31(225,225),
X  STNL32(225,225),STNL33(225,225),S TIFF(2205,2205)
COMMON/SOLVE/INDX(2205),VV(2205)
COMMON/CONVERGE/DIS(2205),DISPREV(2205)
N=5*NTERMS*NTERMS
C
1i=0
DO 12I=1N
LL=INDX(T)
SUM=DIS(LL)
DIS(LL)=DIS(D)
IF(I.NE.O)THEN
DO 11 J=ILJ-1
SUM=SUM-STIFF({,J)*DIS(J)
11 CONTINUE
ELSE IF (SUM.NE.0.) THEN
=1
ENDIF
DIS()=SUM
12 CONTINUE
DO 141=N,1,-1




SUM=DIS()
IFA.LTN)THEN
DO 13 J=I+IN
SUM=SUM-STIFF(,J)*DIS())
13 CONTINUE
ENDIF
DISM=SUM/STIFF])
14 CONTINUE
RETURN
END

SUBROUTINE SUBST(NANAL,ITER)

QO 0Q

IMPLICIT DOUBLE PRECISION (A-H,0-2)
COMMON/STF/R,S,RAD,ST(2205,2205) NTERMS PLOAD(2205),Q0,NLOAD, ,PHO,
X STNL13(225,225),STNL23(225,225),STNL31(225,225),
X STNL32(225,225),STNL33(225,225),STIFF(2205,2205)
COMMON/CONVERGE/DIS(2205),DISPREV(2205)
NT=NTERMS*NTERMS
IF(NANAL EQ.1 .OR. ITER.EQ.0)GOTO 35
DO 5I=1,5*NT
5 DISPREV(D=DIS(
35 CONTINUE
DO 101=1,5*NT
DO 20J=1,5*NT
20 STIFF(,H=STQ,7)
10 DIS()=PLOAD(®D)
IF(NANAL.EQ.1 .OR. ITER.EQ.0) RETURN
CFORM UPDATED STIFFNESS
DO 30I=1,NT
DO 40 J=1,NT
STIFF( 2*NT+))=STIFF(I,2*NT+J) + STNL13(,J)
STIFF(NT+1,2*NT+])=STIFF(NT+1,2*NT+J)+STNL23(,J)
STIFF(2*NT+LI)=STIFF(2*NT+LJ) + STNL31(,J)
STIFF(2*NT+INT+])=STIFF(2*NT+I,NT+J) + STNL32(1,J)
40 STIFF(2*NT+L,2*NT+D=STIFF(2*NT+],2*NT+]) + STNL33(J)
30 CONTINUE
C SOLVE FOR RESIDUAL FORCES, PUT INTO ARRAY DIS
DO 501=1,5*NT
SUMMER=0.
DO 60J=1,5*NT
60 SUMMER=-STIFF(,J)*DISPREV(J)+SUMMER
50 DIS(D=SUMMER+PLOAD(l)
RETURN
END
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SAMPLE INPUT/OUTPUT LISTINGS
SAMPLE MATCHES RESULTS OF TABLE 5, M,N = 13.

1,10000.
25.¢6,1.¢6,.5¢6,.25,.5¢6,.2¢6
4,025

0.,90.,90.,0.

10.,10.,100.

OUTPUT:

NANAL(1)=0,1,2 FOR ARB,ISO,SYM
NANAL(2)=0,1,2 FOR NL,LIN EIGEN
NANAL(1)=2 NANAL(Q2)= 1

NUMBER OF TERMS IN SERIES (ODD ONLY)= 7

NLOAD(0=SINUSOIDAL, 1=UNIFORM, 2=CTR PTLOAD) = 1
MAGNITUDE OF LOAD = 0.1000000000000D+05

THE FOLLOWING PROPERTIES WERE INPUT
E1,E2,GI12,NU12,G13,G23
0.2500000000000D+08

0.1000000000000D+07

0.5000000000000D+06

0.2500000000000D+00

0.5000000000000D+-06

0.2000000000000D+06

THE FOLLOWING LAMINATE WAS INPUT
0.0000000000000D+00
0.9000000000000D+02
0.9000000000000D+02
0.0000000000000D+00

PLY THICKNESS = 0.2500000000000D-01
PANEL 0.1000000000000D+02 X 0.1000000000000D+02 RAD= 0.1000000000000D+03

BATDORF PARAMETER = 0.1176984347640D+02
NCV= 1 WCENTER = 566.09969091488

W CENTER = 0.5660996909149D+03
UR,S/2)=-0.6378059133087D+00
V(R/2,S)= 0.1809982682698D+02
SIGMA-X AT -Z = -0.7283224645778D+08
SIGMA-X AT +Z = 0.6273132129261D+08
SIGMA-Y AT -Z =-0.3159826271727D+07
SIGMA-Y AT +Z = 0.2666074544675D+07
SIGMA-Y AT -H/4 = -0.3331700537210D+08
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