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1. Introduction

This report describes recent advances in the analysis of radar target signatures
for the purpose of target identification. The goal of the research has been to de-
velop techniques for automatic classification of radar targets by digital processing of
measured scattering signals. |

Many approaches have been considered for target identification systems. Of these
approaches, we have concentrated on processing the scattering data to extract time
(range) domain scattering features. In particular, we are interested in the ranges of
the dominaut scattering centers, and the amplitude (and polarization) properties of
each scattering center. These scattering center ranges, along with their associated
properties, would form a feature vector for use in a target classification system.

There are two main approaches for extracting the ranges of scattering centers
from measured frequency-domain data. Traditionally, target scattering centers are
found by using Fourier transform techniques to convert the frequency-domain data
into a time-domain, or range-domain, profile [1]. This profile is then searched for
sharp peaks, and the ranges of these peaks form the scattering center range esti-
mates. The amplitudes of the peaks give the magnitudes of the scattered field for
each scattering center when single polarization data is available. Little work has ap-
peared on Fourier processing of multiple polarization data; one method for extracting
polarimetric properties of scattering centers was recently reported in [2].

This report considers a different approach for scattering center extraction: the
parametric modeling approach. In parametric modeling, the target scattering char-
acteristies are described by a model, and the parameters of that model are then
estimated from measured data. The model is chosen so that the model parameters
relate to target scattering centers in a natural way. In addition, the model we have
chosen extends naturally to the case in which data for multiple polarizations are

available.




An outline of the report is as follows. Section 2 describes the parametric modeling
approach in detail, and discusses the advantages of such an approach. Section 3
outlines the technical accomplishments of this research effort. Section 4 concludes

the report.




2. Technical Approach

Assume that a given radar acquires stepped frequency measurements of the (co-

herent) scattering from a target. Denote these measurements as

sa(fi), k=01,...,N—1. (2.1)

Here, the subscripts z and y denote the received and transmitted polarizations of
the radar, respectively; fi denotes the frequency at the kth frequency step. For the
purpose of clarity, we assume that the radar transmits left-circularly polarized signals
and receives both horizontally and vertically polarized fields; thus; both sp(fk) and
$u(fr) are measured. However, other polarizations could be used.

The parametric modeling method involves modeling the target as a set of scat-
tering centers. In particular, we use the Prony, or damped exponential model 3, 4].
In the frequency domain, the model takes the form of sum of damped exponential

terms:

er M| Ans
su(fe) =S| e, o<k N1 (2.2)

sulJx) i=1 | Ay
Here, the A; and p; parameters represent the amplitude, range, and damping factor of
each of the M scattering centers. Each scattering center is characterized by a pole p;,
whose angle /p; gives the range of the ith scattering center, and whose amplitude |p;|
relates to the range dispersion of the scattering center. For an ideal point scatterer,
[p:d = 1, but for realistic targets the scattering will be attenuated slightly as frequency
either increases or decreases, thus |p;| will vary a little bit around one. The complex
amplitudes Ay, and Ay characterize the amplitude and polarization properties of
the 1th scattering center; the amplitude, ellipticity, and tilt of the scattering center
can be found by a simple transformation of A and Ay, [3]. This model has the

advantage that full polarization information is incorporated into a single model; on




the other hand, if not all of the polarization data is available, the reduced data set can
be used to obtain an exponential model with fewer attributes per scattering center.
Parametric modeling of target signatures offers several advantages over traditional

Fourier-based target signature analysis. These include:

o High Resolution: Parametric methods offer higher resolution than can be
obtained by Fourier processing; as a result, lower bandwidth radars may be

used to achieve a desired range resolution.

e Automatic Feature Extraction: The parametric methods we propose di-
rectly estimate the location of scattering centers, and directly estimate a set
of parameters which characterize each scattering center. This is in contract to
Fourier-based processing techniques, in which some sort of feature extraction

procedure must be applied to the estimated range profile of the target.

¢ Separate Characterization of Each Scattering Center: The proposed
parametric models characterize each scatterer with a set of attributes which
include polarization properties, frequency response, and in some cases a de-

scription of the physical nature of that scatterer.




3. Technical Accomplishments

Below we outline the technical accomplishments developed under this research
program.

3.1 Statistical Analysis of TLS-Prony Techniques

The main algorithm we used for estimating the parameters of the exponential
model is the so-called TLS-Prony estimator. This method involves setting up a set of
backward linear equations, and solving for prediction coeflicients using a total-least-
squares (TLS) techniques. The TLS solution involves performing a singular value
decomposition on a data matrix. The zeros of the prediction polynomial associated
with the backward linear prediction coeflicients form the exponential pole estimates.
Once the exponential terms are found, the corresponding amplitude coefficients are
then determined by a least-squares technique. This method is attractive because it is
computationally simple (involving linear algebraic solutions of equations and a single
polynomial rootfinding step), but gives estimates whose statistical properties are close
to optimal.

Our first main contribution is a complete statistical analysis of the poles and
amplitude coeflicients obtained from the TLS-Prony technique when the measurement
data are corrupted by Gaussian white noise. The analysis gives the statistics of
the model coefficients for high SNR. Because the pole and amplitude parameters
relate directly to physical properties of the scattering centers, this analysis gives a
theoretical prediction of scattering center extraction performance in the presence of
noise (see also [5]). In particular, resolution of scattering centers, and accuracy of
scattering amplitudes and polarization properties can be found as a function of SNR
and/or polarization diversity. The statistical theory is compared to Monte-Carlo
simulation results, and found to agree quite well even for moderate SNRs (-5 dB to

5 dB depending on the signal scenario). These results have been published as a M.S.




Thesis by Mr. Ching-Hui Ying [6], and also as a conference paper presented at the
1991 Asilomar Conference [7]. These results have also been accepted for publication
in archival Journal Automatica in a special issue on Statistical Signal Processing and

Control [8]. The Automatica paper is included in Appendix A.

3.2 Computationally Efficient TLS-Prony Estimation Algorithms

A second advance is the development and analysis of TLS-Prony estimation algo-
rithms which have lower computational cost then the standard TLS-Prony method,
but which have almost the same accuracy performance. Specifically, the method
involves decimation of the frequency-domain scattering measurements. Decimation
reduces the length of the data, and gives a large corresponding reduction in compu-
tational cost.

Specifically, the data is processed through several different filtering and decima-
tion blocks. Each of these blocks is designed to estimate the scattering centers of
the target for a particular segment of the range profile. The individual segments
can be processed in parallel, resulting in a significant savings of computation (at an
increase of processing hardware). Alternately, the processing can be done sequen-
tially. In either case, the total number of computations is substantially less than the
computations involved for a single estimate of all scattering centers.

One concern with such an approach is that the statistical accuracy of the resulting
scattering center estimates is lower than the accuracy obtained in a single estimate
approach. To address this issue, we derived analytical expressions which predict the
accuracy of the scattering center range and amplitude (and, in the case of multiple
polarization data, the polarization characteristics of the scattering center as well)
for the decimation-based TLS-Prony algorithm. This analysis again assumes high
SNR, but is shown through comparisons with Monte-Carlo experiments to hold for

moderate and low SNRs as well. The analysis and simulation demonstrate that




the decimation-based algorithm can provide scattering center estimates with almost
the same accuracy as in the single estimation algorithm (the loss is about 2-4 dB),
but at huge computational savings (reductioﬁs by a factor of 20, using sequential
computation on a single CPU, were for typical examples; if parallel computation
hardware is used, the savings would be greater by an additional factor of about 6-
10).

The decimation-based algorithms, and the statistical analysis of these algorithms,
have been published in a conference paper which appeared in the 1992 SPIE Aerospace
Sensing Symposium [9], and has also been submitted to the IEEE Transactions on

Sigual Processing [10]. The IEEE Transactions paper is included in Appendix B.

3.3 Detection and Resolution of Scattering Centers

This research is concerned with detection and resolution of scattering centers
which are estimated from noisy stepped-frequency measurements of that target. The

research is aimed at answering the following questions:

1. As a function of radar bandwidth, SNR, and polarization diversity, how closely

spaced can scattering centers be before they can no longer be resolved?

2. What is the probability of detection versus probability of false alarm for a

scattering center (as a function of bandwidth, SNR, and polarization diversity)?

The question of resolution is closely related to the statistical analysis of the TLS-
Prony methods as described previously. Basically, the resolution question is answered
by appropriately applying these analysis results to the radar scattering application.

The detection question arises from the mechanics of the TLS-Prony methods.
The TLS-Prony methods achieve high resolution by first finding a backward linear
prediction filter of high order. The zeros of this prediction filter are found; some of

these zeros correspond to scattering centers on the target, and some are extraneous,




“computation” zeros. One must then decide which zeros correspond to scattering
centers; this decision is based on the energy of the “mode” associated with that zero.
Because the data are noisy, there will be some times in which a computation zero has
energy which exceeds the decision threshold, giving rise to a false alarm scattering
center. Similarly, there will be times in which a true scattering center has energy
which lies below the threshold, and the scattering center will not be detected. By
varying the threshold, the detection versus false alarm probability can be determined
for various radar parameter settings (such as SNR, polarization, and bandwidth).

The detection question cannot be answered directly in terms of our previous analy-
ses, because these analyses did not include the statistical properties of the extraneous
poles. Thus, we first derived the statistical properties of the extraneous poles; t.his
derivation is presented in [11]. From this analysis, and using properties of the en-
ergy of a scattering center, the desired detection performance measures could then be
calculated.

A conference paper which describes this work was presented at the International
Radar ’92 conference, and appears in the conference proceedings [12]. The This paper

is included in Appendix C.

3.4 Scattering Center Extraction from Measured Radar Data

Finally, we applied our parametric modeling results to some measured S-band
Linear FM scattering data which was supplied to us by Rome Laboratories. Unfor-
tunately, only a limited amount of data was available, and this data was taken at
a single polarization, so we were unable to make extensive comparisons between the
theoretical statistical analyses and the results obtained from measured radar data. In
addition, we had no calibration standard for the data, so it was not possible to com-
pare the estimated scattering centers with a “ground truth”. However, we were able

to conduct limited studies on scattering center accuracy, and on bandwidth extrapo-

o 4]




lation capability, of the TLS-Prony algorithms. Based on these studies, we found that
scattering center resolutions between 2-4 times the resolution capability of Fourier
techniques could be obtained.

The experimental study on measured radar data is presented in detail in the
technical report “Prony Modeling of Linear FM Radar Data,” [11]; this report is
included in Appendix ‘D.




4. Conclusions

This report presents the technical advances in radar scattering center extraction
which were developed under this contract. We have made significant advances in
the development and analysis of Prony-based scattering center estimation. We have
developed theoretical analyses which predict the performance of these algorithms for
scattering center resolution, accuracy of scattering center amplitude and polarization
characteristics, and detection versus false alarm probabilities of scattering centers.
This analysis provides these performance measures as functions of SNR, data length
(which is directly related to data bandwidth), and data diversity (which is directly
related to polarization diversity of the data). The analysis assumes high SNR, but is
shown by Monte-Carlo simulations to be applicable for low to moderate SNRs as well.
We have also applied these algorithms to a limited set of measured radar data, and
~ shown scattering center accuracies of two to four times that obtainable with Fourier-
based techniques. The results of this research have been published in two technical
reports, three conference papers, and two archival journal papers.

Future work should focus on more extensive testing of these methods on measured
data, especially fully polarimetric data. In addition, future signal processing research
on constrained TLS-Prony or other algorithms (in which, for example, the poles are

constrained to lie on or near the unit circle), and on automatic model order selection

are of interest.
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We present an analysis of parameter variance statistics for the TLS-Prony method
applied to damped exponential signals. We derive the covariance matrix of the es-
Uinated parameters for this method. The parameters include the magnitudes and
angles of the poles, and the magnitudes and angles of the amplitude coeflicients. We
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I. Introduction

The problem of estimating model parameters of noisy exponential signals ié an
active area of research. This problem has applications in a number of areas, including
speech processing, deconvolution, radar and sonar signal processing, array processing,
and spectrum estimation. A number of authors have considered various aspects of
this problem [1]-[22], and a large number of algorithms have been developed and
analyzed (8. 11, 12], [16]-[18], [20, 21].

One popular class of algorithms for estimating parameters from noisy exponen-
tial sequences are the subspace-based approaches [1]-[10], [13]-[16], [19]-[22]. These
include the MUSIC algorithm and its enhancements [1, 16, 21}, subspace rotation
methods such as ESPRIT [5, 14, 15, 20, 21], iterative maximum likelihood meth-
ods [6, 7, 13], minimum norm methods [8, 19], and total least squares (TLS) meth-
ods [2,9, 10, 22]. These methods have proven attractive because they exhibit good sta-
tistical performance at a modest computational cost. This has been well-established
by a large number of numerical studies.

More recently, there has been interest in quantitatively evaluating these methods.
To this end, a number of researchers have analyzed the statistical properties of such
algorithms [3. 8. 11. 12. 16. 17, 18. 20, 21]. In [3], Henderson presents a geometric
study of the pole estimation problem, and analyzes the statistical properties of the
prediction coeflicients when the Hankel data matrix is corrupted by an i.i.d. noise
matrix. Several authors have presented results relating to pole angle (frequency)
estimates from arrays when the exponential signals are undamped, e.g., [8, 11, 16,

17, 20, 21, 23]. A related perturbation analysis of SVD-based methods is presented
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in {24, 25, 26, 27] and applied to both frequehcy estimation and threshold analysis
for exponential modes. In [12] Hua and Sarkar present an angle-only analysis for
the least squares Prony method for the poles of undamped exponentials. Less has
appeared which considers the statistical properties of the parameters for damped
exponentials. Porat and Friedlander [28] consider the related problem of ARMA
systemn identification using SVD-based approaches. Hua and Sarkar [18] present an
analysis for the pole estimates of damped exponential signals using their matrix pencil
method, but have not presented the statistical properties of the amplitude coefficients.

This paper presents an extension of the above works to treat a general exponential
case. We introduce a complete statistical derivation for the poles and amplitude
coefficients estimated usinvg a TLS-Prony scheme where signals consist of arbitrary
damped exponential terms in noise. We provide complete statistics for the individual
pole parameters for an exponential model in which the poles may lie on, inside,
or outside the unit circle. In addition, we derive the statistical properties of the
amplitude coefficients associated with these exponential modes.

The results of this paper provide a sound basis for performance analyses of the
TLS-Prony estimation method. We extend previous works by considering the general
damped case, as well as by including amplitude coefficient parameters in addition to
pole parameters. These results‘provide the tools to analyze various situations and
evaluate the potential success of applying the TLS-Prony estimation algorithm.

The TLS-Prony estimation procedure is a multi-snapshot extension of the algo-
rithm presented in [9, 10). The advantage of singular value decomposition (SVD) in

noise cleaning of the Toeplitz data matrix is well-known. The multiple snapshot incor-
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poration 1s a straightforward one in'which more than one set of amplitude coefficients
corresponds to the set of poles. The procedure is discussed in Section II.

The statistical derivation for this procedure is based on a first order perturbation
analysis; thus the analysis assumes high SNR. We derive the complete covariance ma-
trix of the estimated parameters for this case. The parameters include the magnitudes
and angles of the poles, and the magnitudes and angles of the amplitude coefficients.

Using these expressions, several general properties of the parameter covariance
matrix are derived for the high SNR case. We show that the angle and magnitude
parameters are uncorrelated for both the poles and the amplitude coefficients. We

also show that if the relative magnitude of the pole or amplitude coefficient estimate

is considered (i.e. g, where o is the true magnitude), then the corresponding angle

and relative magnitude variances are equal.

This paper also examines pole estimation accuracy as functions of pole magnitude,
data length, and pole separation using the variance expressions. We compare these
variance results to the corresponding Cramér-Rao bounds and verify the theoretical
results using Monte-Carlo simulations. The effects on poles inside and outside the
unit circle using backward or forward linear prediction in the TLS-Prony estimation
scheme are also detailed.

An outline of this paper is as follows. Section II presents the data model. Sec-
tion IIl presents the statistics of the model parameters and their properties. Sec-
tion IV presents some examples using the statistical expressions. Finally, Section V

coucludes the paper.




II. Estimation Procedure Review

A. Data Model
Assume we have N “snapshots” of data vectors y(t), each of length m:
T
y(t) = [yo(t) yi(t) - ym_l(t)] t=12,...,N. (1)

Each data vector is modeled as a noisy exponential sequence

ya(t) = 2 aip! +e(t) ¢=0,1,...,m~1 2)

There are n distinct exponential modes in the data; the n poles {p;}*, do not vary
from snapshot to snapshot, but the amplitudes z;(t) may vary. Here, it is assumed
that {e,(t)} are uncorrelated zero mean complex white Gaussian noise sequences with

variance o. Equation (2) may be compactly written as
y(t) = Az(1) + €(2), 3)

T T
where e(l) = | ¢y(t) e (t) --- e,,t_l(t)] cz(l) = [a.-,(t) xo(t) --- xn(t)} s

and A is the 1 x 1 Vandermonde matrix derived from n signal poles

! ] ]
P1 D2 Dn

A=| p!  pl p? (4)
B A



B. Parameter Estimation

The multi-snapshot backward linear prediction equations are given by:

1
v« v]] [=0 (5
b
where
T
b=t b o ] (6)
and where
vo(1) n(1) wld) - w()
yi(1) y2(1) ys(1) o yL4i(l)
Yn—L+1)(1)  Ym-2(1)  Um-z-)(1) - Ym-1(1)
Yo(2) v1(2) y2(2) e y(2)
yi(2) y2(2) ys(2) o yr41(2)
o] ' ' ' 7
ym—(L-H)(z) ym—-L(Q) ym—(L—l)(2) ym-—l(2)
Yo(N) yi(N) y2(N) o yr(N)
yi(N) - y2(N) y3(N) “ yL+1(N)
] ym-(L+1)(N) ym—L(N) ym-—(L—l)(]V) ym-wl(N) i

Here L is the order of prediction and b is the coefficient vector of the polynomial B(z)

given by

B(z)=1+4bz" 4+ by22+ -+ b.2%. (8)

For the noiseless case, L can be any integer greater than or equal to the model order n;

however, in the presence of noise choosing L > n results in more accurate parameter
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estimates (see Section 11). Note that all of the N snapshots are used simultaneously
tu estimate a single set of prediction coefficients (and therefore, a single set of poles).

The TLS-Prony method considers the effect of noise perturbation of both Y and
y, and the TLS éolution attempts to minimize the effect of these perturbations on
the prediction coefficient vector b (see [9, 10] for details). This is accomplished by
- obtaining an SVD of the matrix [ y : Y ] and truncating all but the first n sin-
gular values to arrive at an estimate [g % ] (9, 10]. lnserting[ g :Y ] in

Equation (5) gives the modified liueai‘ prediction equation
Yo=—3 (9)
from which the linear prediction coefficient vector estimate b is found as
b= -Y*g, | (10)

where 1 denotes the Moore-Penrose pseudoinverse. A numerically robust solution for
b can be found directly from the SVD of [ § : widehaty ], as is shown in [10].

Finally, the estimates for the poles are found by
b =zer0; (B(z)), j=12...,L. (11)

Once the L poles are determined from Equation (11), one must separate the n
“true” poles from the remaining L — n “extraneous” or “noise” poles. A popular
approach is to choose n poles based on their location with respect to the unit circle.
For example, one can choose the n poles closest to the unit circle if it is known
that the poles are undamped [29] or the n poles with smallest moduli if it is known

that the poles are damped [4]. However, these methods do not apply when the true
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poles may lie both inside and outside the unit circle. In this case we can classify
poles as true or extraneous based on the energy of the corresponding mode. We
have found this method to be more reliable than other procedures for the case when
the true modes lie both inside and outside the unit circle. This arises, for example,
in the radar scattering problem where measurements are made over a small relative
bandwidth, and the exponential modes in the data can be decaying or growing over
that band [30, 31].

ln this energy criterion method, the L sets of amplitude coefficients can be found
using the pole estimates, and Equation (3) leads to the following least squares equa-

tion for the amplitude coefhicients,

r -

1 1 1 - -
~ _ ~ (1) Z(2) - Z(N)
P P PL - ~ . -
o ~ o J..g(l) 1‘2(2) v a:z(N)
P P PL : : : = y(1) ¥(2) - y(N) ]
| 1—1 sm—1 iL(l) lL(z) iL(A/) =
= 1 p" pL -
(12)
or
ALX, ~Y,. (13)
A least squares solution to Equation (13) can be computed as
= N IS
X, = (A7AL) ALY, = AtY., (14)

where ™ denotes complex conjugate transpose. (However, in practice, more numeri-
cally robust procedures, such as a QR decomposition, should be used to solve Equa-

tion (13).) Because only n singular values of [ g .Y ] are nonzero, there are at




most n pole estimates which can correspond to data modes. Therefore, only the n
poles which have the largest energy are retained. This is done by computing the L

mode energies as

N m—1
E=S 10X 5 i=12..,L (15)

t=1 g=0
and retaining those n poles whose corresponding energies are highest. We then rees-
timate the amplitude coefficients of these n poles. This is done uéing Equation (14),
except that Ay is replaced by A, where A is the Vandermonde matrix composed only
of the n columns of A; corresponding to the n selected poles. We note that the above

procedure produces consistent estimates as ¢ — 0, as is shown in the Appendix.

III. Statistical Analysis

In this section we present a first order statistics of the complete set of parame-
ter estimates obtained in the TLS-Prony method. Assume the data is given as in
Equation (2). Let w, and o, be the angle and magnitude, respectively, of each pole
p.. thus g, — a0 Similarly let 4(¢) and J(t) be the angle and magnitude vectors,

respectively, of each vector of amplitude coefficients x(t),
T
(1) = [71(1) Y(t) - 'Tn(t)}
T
80 = [ a0 a0 - am ] (16

where

T
z(t) = [/jl(t)@fh(‘) Ba(t)er=8) ... ﬁ”(t)e”"(”] . (17)
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Define following parameter vectors:

- T
0. = [470) FTQ) @) B@) - ATN) BTN |
T
by = [y wy o w0y G e
6 = |or o7 " (18)

The following theorem gives the first order approximation of the probability density
function (pdf) of 6.
Theorem 1: Let § denote the TLS-Prony estimate of 6 which is given by the n

highest energy mode estimates found in Equations (11) and (14). Then to a first order

approximation (as o — 0), the pdf of 8 is given by the unbiased Normal distribution
0~ N(0,%), (19)
where
[ To.n U(1.1)T5= (1) T(1.N) U(1.N)T5~(N) » V(1) V(1)Ta"!
~T7N UML) T T T ) - =T ()DL N) T/ (MUO,N T (N) =T7 )V() T () V(1) Ta™
_ ~ — -~ — ~ bl
C(N,1) UGN DT~ 1) - U(N,N) U(N,N)T5~(N) V(N) V(N)To~?
-1;'(;\')5(/\',1) TSHN)ON )T~ ) - —’I";l(N)U(N,.’\’) T (N)U(N,N)T5™} (N) —TEI(A’)V(A’) T, (N)V(N)To™?
VE() VETsN 1) e VF(N) V*(N)T5~1(N) Z ZT,™?
-TS'WV (1) TSV )T~ (1) - =TSN TS VA (N)T~ (V) -T5'Z" TS1Z2T, !
(20)
where = and ~ in Equation (20) are real and imaginary part operators, respectively,
and where U(t,7), V(t), and Z are n x n complex matrices which depend on 8, L,

aud 1. The specitic formulas for these entries can be found in the Appendix. T(t)




and T, are diagonal matrices given by

. 1 1 1
Tolt) = diag (ﬂl(t)’ AORE ﬂn(t))
Ty diag (—1—,—1— ,-—1——> . (21)

)
ap @z Qn

Proof: See the Appendix. ]
Several properties of the covariance can be derived from the structure of ¥5. Some
of these properties are presented in the following corollaries.

Corollary 1: From ¥4 in Equation (20), Cov (’?,(t),ﬁz(t)) = 0, and Cov (&;,&;) =

Proof: Consider the blocks of ¥y containing the covariances of interest, which are
given by U(t,t)T5~'(t) and ZT,™'. From Equation (66) in the Appendix, it can be
seen that U(t,t) and Z are Hermitian. If follows that the diagonal elements of U(t,t)
and Z are zero. Since 1}(1) and 7, are real, diagonal matrices, the diagonal elements
of U(t,t)Tp_’(t) and ZT, " are also zero, which gives the desired result. O

Note that when t # r, U(t,r) is not Hermitian, so the diagonal elements of U(t,r)
are not zero. Thus it is not in general the case that the magnitude of z;(t) and the
angle of z;(t) are uncorrelated for ¢ # ;.

Note that from Equation (20) the angle variances are equal to the magnitude
variances except for the transformation matrices Tg(t) and T,. These transformation
matrices can be eliminated by rescaling some of the parameters in 6. The required
rescaling is obtained by using the relative magnitudes of the poles and amplitude
coefficients as the estimated parameters instead of their absolute magnitudes. That

is, define the estimate 0; to be as in Equation (18), but with &; and Bi(t) replaced by
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the relative magnitudes Z:l and —gl% We then note that the Jacobian transformation

from 6 to 6, is given by
J =diag (1, T5(1), 1., Tp(2), ..., I, Tp(N), In,Ty) . (22)

Corollary 2: ¥y = cov (51) is given by Equation (20) with all T(t) and T,
matrices replaced by identity matrices. It follows that the covariances of parameter
angles are equal to the covariances of the corresponding relative magnitudes.

Proof: Immediate from the fact that £, = J¥gJ with J defined in Equation (22).

We can also consider a reparameterization of  in which real and imaginary parts
of the amplitude coeflicients and poles are considered as parameters. Let us denote
such a reparameterization as #,, with corresponding covariance matrixy which would
give Xy,

Corollary 3: Let v denote a complex parameter, which is either a pole p; or an
amplitude coefficient z;(t). Then var(Re{r}) = var(Im{v}) and Re{v} is uncorrelated
with Im{v}.

Proof: The result can be obtained by applying the Jacobian variable transforma-
tion from polar to rectangular coordinates to ¥y. This transformation is straightfor-
ward, but tedious, and not presented here. O

Corollary 4: Yy is independent of the absolute phase references of the ampli-
tude coefficients within each snapshot, ¢(t), and independent of the absolute phase
reference of the poles, ¢.

Proof: The result follows by examining the expressions for T(t) and T, in Equa-

tion (21), U(t,r), V(t), and Z in the Appendix, and noting that they remain un-
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changed if T,(t) is replaced by e/*®T,(t) and p; is replaced by e**p;. O

IV. Examples

In this section we present a set of examples which illustrate the performance of the
TLS-Prony method. We first compare the first order statistics presented above to the
CRB for a number of cases. The CRB for this data model is presented in [32]. We then

compare the first order statistics to those obtained using Monte-Carlo simulation.

A, Erample 1: Single Exponential Mode

In this example we consider a single pole model with one snapshot of data (and
thus one amplitude coefficient). The experiment entails moving the pole along the
positive real axis from 0.1 to 10, i.e. 0.1 < p < 10 (the results are independent of the
pole angle by Corollary 4, so an angle of zero is chosen). For each pole IocationA , we
calculate the parameter variances using Equation (20) for data sets of lengths 2, 5,
10, 20, 50, and 100. For comparative purposes, the amplitude coefficient associated
with the pole is chosen to be a positive real number such that the mode energy
(z2 75! p?') is unity for each pole location and data length. The noise power is also
kept constant at ¢ = 1. The model order L is chosen to be one third of the data
fength . which has been shown to be near optimal for a number of cases (see [18, 33],

and A.3 below).
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1. Pole Variances

The first order theoretical variances for the estimated pole angle and pole magni-
tude appear as the dashed lines in Figures 1 and 2, respectively; the corresponding
CRBs appear as the solid lines in these figures. From Figure 1 we see that the pole
angle variances are close to the CRBs when the pole is inside the unit circle. When
the pole is outside the unit circle, the variances become much higher than the CRBs
(except for the m = 2 case). For larger data lengths the disparity with the CRB is
much more pronounced. This is because backward linear prediction is used in our
TLS-Prony estimation method. With backward linear prediction, extraneous poles
lie outside the unit circle, thus making estimation of boles outside the unit circle more
difficult [34]. The use of forward linear prediction would give corresponding results
for poles inside the unit circle. Similar observations apply to the pole magnitude
variances (see Figure 2). The pole magnitude variances can be normalized to give
relative error of the pole magnitude, i.e. var(%). If this is done, one obtains exactly
the same curves as in Figure 1 (¢f. Corollary 2).

From these two figures we also see that inside the unit circle the variances for pole
angle are higher than the variances for pole magnitude and vice-versa outside the
unit circle. This is because the angular uncertainty becomes greater as a pole moves
closer to the origin. As expected, the polé angle variance approaches infinity as the
pole approaches the origin.

From Figures 1 and 2 we see that the pole angle and magnitude variances are
asymptotically (as m — oo) lowest when the pole is on the unit circle, and that on

the unit circle the variances are decreasing by 1/m? (m is the data length). This is

(%]
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cousistent with the well-known 1/m? variance decrease, since the amplitude coefficient
is adjusted in this experiment to keep the mode energy constant (if the amplitude
coeflicient is left unchanged, the variance decrease is 1/m?).

When the pole is not on the unit circle, the variances do not decrease to zero
as 1 — 00. Recall that we keep the total mode energy constant. For a decaying
or growing exponential mode, adding data points while keeping the energy constant
results in adding data points with smaller and smaller amplitude. As a result, the

parameter estimate variances do not continue to decrease.

2. Amplitude Coeflicient Variances

The \’a,riaucgs for the amplitude coefficient angle and magnitude appear in Fig-
ures 3 and 4. As before, each curve is a plot of variance versus pole radius for various
data lengths m. There are several points to note in these figures. First, when the pole
is inside the unit circle, increasing the number of data points provides no significant
decrease in the variances. The first data point with no noise added is precisely the
amplitude coefficient. When the pole is inside the unit circle, this amplitude does
not change much as a function of data length, and consequently its variance does
not change much. However, when the pole is outside the unit circle, the amplitude
coeflicient decreases rapidly toward zero as data length increases. Thus, outside the
unit circle the estimate of the amplitude cannot be expected to vary much around
zero and the magnitude variances become low. Also, variance of the estimated angle

“becomes guite large because of high angular uncertainty for points near zero.
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3. Prediction Order Considerations

In the above figures we used a prediction order L equal to one-third the data
length. We next consider the effect of prediction order on the variances of the TLS-
Prony parameter estimates. We consider a single exponential mode whose pole is}on
the unit circle. We choose 0 = 1 and choose the amplitude coefficient so that the
mode energy is unity, as before.

Figures 5, 6, and 7 show the variances of the pole angle, amplitude coefficient mag-
nitude, and amplitude coefficient angle. The solid lines represent the CRBs (which
are, of course, independent of TLS prediction order), and the dotted lines represent
the TLS-Prony variances. Figure 5 has been presented in earlier works [18, 23, 25],
but the amplitude coefficient was not considered there. Since the pole is on the unit
circle, the pole magnitude results are identical to the pole angle results (¢f. Corol-
lary 2, with a3 = 1). From these figures we can see that the best prediction order

choice is approximately m/3; this agrees with the results in [18, 23, 25].

B.  Erzample 2: Two Undamped Erponential Modes

In this example we consider two poles at aye’(“0t8w/2) and qpeflwo=8w/2) with
a1 = ay = |. Variances are computed for various dé.ta. lengths (m = 5, 10, 20, 50,
and 100) and angle separations Aw. The variance results are independent of wy so
wo = 0 is used. Again, L = m/3, o = 1, one snapshot of data is used (N = 1), and
each amplitude is chosen such that the corresponding mode energy is unity.

Figure 8 shows the variances for the pole angle estimate (of either pole) as a

function of pole separation and data length. The solid lines again show corresponding
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CRB results. The variances for the pole magnitudes are equal to the pole angle
variances because these poles are located on the unit circle. We see that the TLS-
Prony algorithm performs well with respect to the CRB. In fact, for the curves shown,
the TLS-Prony variance curves are always within 2dB of the corresponding CRB

curves.

C. FEzample 3: Monte-Carlo Simulation of Ten Mode Case

In this example, we have chosen ten exponential modes to represent a general
case. The true pole location of each mode is denoted with an “x” in Figure 9(a).
For this case we have m = 100 data points, L = 33, and o = 0.001. The amplitude
coeflicients are chosen so that each mode energy is unity; this corresponds to an SNR
of 10dB per mode; the total SNR (signal power/noise power) is 20dB. The modes
were chosen as a representative sampling of various situations.

Figure 9 presents a comparison between the TLS-Prony estimate theoretical vari-
ances and variance estimates obtained using Monte-Carlo simulations. The theoreti-
cal variances are shown as two-standard deviation concentration ellipses around each
pole. These ellipses (they are actually circles, by Corollary 3) give 87% confidence
intervals in the complex plane for pole pole estimates. The dots in Figure 9 are pole
estimates corresponding to the ten highest energy poles from each of 100 Monte-Carlo
simulations. The details of the pole estimation accuracy are summarized in Table 1.
Note that the Monte-Carlo variances are close to those predicted by theory for most of
the poles, in particular for those closer to the unit circle. For poles well inside the unit
circle, there is some bias present which is not predicted by a first order approxima-

tion; in addition, the predicted variance is smaller than the actual variance. As poles
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Table 1: Theoretical and simulation variances for the poles of a general ten mode

case.

Pole | Theoretical variance | Simulation variance | Pole
number (dB) (dB) radius
1 -24.2 -22.4 1.115
2 -42.7 -43.4 1.05
3 -35.7 -35.2 0.8
4 -25.8 -22.4 1.12
5 -57.1 -56.9 1.0
6 -57.0 -56.1 1.0
7 -25.8 -21.5 0.6
e -29.4 -29.1 1.115
9 -39.1 -32.2 0.9
10 -30.1 -26.7 0.7
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move outside the unit circle to the radius of the extraneous poles, some deterioration
occurs in terms of misidentifying pole estimates as “true” or “extraneous”. Note the
rapid increase in variance of a pole estimate as its radius increases, by comparing the

variance for pole 2, 8, 4, and 1.

V. Conclusions

We have presented a statistical analysis for estimated poles of the TLS-Prony
algorithm. This analysis includes complete expressions for the covariance matrix of
the parameters of an exponential model which contains one set of poles and multiple
sets of amplitude coefficients. The poles of this model fnay lie anywhere in the complex
plane. Using these expressions, several usetul properties of the covariance matrix were
established. These include independence of the two parameters for each amplitude
coefficient and pole, whether one considers a polar, a relative magnitude polar, or a
rectangular real and imaginary part parameterization. It was also established that
the variances of these pairs are equal for the relative magnitude polar and rectangular
real and imaginary part parametérizations.

The results of this paper provide a sound basis for performance analyses of the
TLS-Prony estimation method. We have extended previous works to include the
general .damped undamped case, as well as to include amplitude coefficient parameters
in addition to pole parameters. The results can be used to analyze various situations
and evaluate the potential success of applying the TLS-Prony estimation algorithm,

as the corollaries and examples in the paper demonstrate.




Appendix: Proof of Theorem 1

From Equation (10) we note that

b2b—b = —V*tj+S*s
= —V*(s+35)+5*s

= —(Vr-5t)s-V*3 (23)

where

[ﬁ:y']=[5:5']+[§:§]- (24)
Here, [ s : S } is the noise free version of [ TR Y ], and b is the Lth order lineér
prediction coefficient vector associated with the poles of the noiseless model. Note

that b gives the n true poles and L —n extraneous poles (cf. [34]). In order to evaluate

the expression in Equation (23) we use the following identity for any matrix M [35]
M* - M* = —M*MM* + (M M) M Py + PS. M (MM, (25)

where M = M — M, P& = I, — MM*, Pe =1~ M=M=+, and I, is the g x g
identity matrix. Using the fact that Pgs = 0 and a first order approximation, we

then obtain

b = -Y*Sb— P45 5F5ts — P45

&

—St8b— PLS* S tSts — §t5. (26)
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The above approximation is valid since the matrices [ TR Y ] and [ s : S ] have

the same ran. Let
[y:Y]=[s:S]+[w:W]> (27)

where [ w - W ] is defined as the noise-only part of [ y : Y ] (see Equations (2)
and (7)). By using the perturbation analysis in {36] on the matrices [ s + S ],

[ y Y ], and [ g % ], it can be shown that to a first order approximation
s[5 5]=s]w . w] (28)

The above equation also implies that §*$** = W=§**. Thus, Equation (26) can be

written (to a first order approximation) as
b= —St*Wb— PEW*S*tS*ts — Stuw. (29)

From Equation (29), we note that b — 0 as ¢ — 0 since the elements of W and w are
uncorrelated. zero mean, complex white Gaussian random variables. Therefore, the
resulting L pole estimates are consistent as o — 0. Similarly it can be shown that
the L sets of the amplitude coefficients are also consistent as ¢ — 0. Note that the
“true” aﬁlplitude coefficients of the extraneous modes are zero; thus it follows that
choosing the n highest energy poles as the true poles is consistent as o — 0.

Note that SPE = 0. Multiplying both sides of Equation (29) through by S, we
obtain

Sb=-5S5%¢, (30)

where e = w + Wh.
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or

From Equation (2), we can write S as

z1(l)

1 (Dmy

2 (1)py D

z2(1)

z2(1)p2

z(1)py Y

zn(1)

zn(1)pn

z"(l)p:‘"-(lffl)

1:1(2)

z(2);m

-(L
zi (Qpy Y

1?2(2)

z2(2)p2

za(2)py D)

z,(2)

zn(2)pn

2, (2)pnEHY

zi1(N)

z1(N)p,

—(L
zy(N)pp )

where G is given by

Equation (30) thus becomes

HGb = —HGS*e.

12(1\')

z2(N)p2

zo(N)py =D

S=HG,

P P

Pn pn

zn(N)

:cﬂ(N)pn

zo(N)pa~ D)

(34)

Now note from Equation (8) that the true and estimated Lth order characteristic

polynomials are B(z) = 14+by 2 +b322+- - -+by 2L and B(z) = 1+3121+?)2z2+- . -+5Lzl‘,
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respectively. Note that B (p;) = 0 and B (5:) = 0.
We can use a first order Taylor expansion to find an expression for the error in

the estimated pole locations. We follow the technique in [17]. For each p; we obtain

0 = B(p)

= B(p)+ -(%E(Z)Inp, (pi — p:) + (higher order terms)
~ 3

= B(p)- B(p)+ gé(z)lum (7: — pi) + (higher order terms)
~ L b+ bap? -+ bk — (1 bupi + bap? + -+ + bupF)
+ (i)l + 2bopi + - + LBLP{J—]) (pi — pi)
- b — by _ |
by — by 2p;
~ [pi p? pz] +[b1 by - by |G- p)
b — by Lpi™
- [Pi P pZL](Z—b)+ni(ﬁi—pi). 4 (35)

Thus, to a first-order approximation

. 1 7
(pi——pz-)=—;[pz- o b ]b (36)
where 7, is given by }
1
2])1‘ -
7,l=[1,1 by - bL] . . (37)
Lyt
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In matrix form we thus obtain

PL£P_P=-FGh, (38)
where
N T
P = [1’31 ]’52 ﬁn]
T
P _— [pl p2 P pn]
1 1 1
F = diag{—,—,...,—]. 39
g(nl 772 nn) ( )

Since the n poles are distinct, H is of full column rank. Hence, we can multiply
Equation (34) by (H"H)™' H* to get
Gb = -GS, (40)
and by substituting Equation (40) into Equation (38) we obtain |

P = FGS*e. (41)

We now note that to a first order approximation, P is given by

= (a+a)0e” O(1+5&+ (hot))—a@ev

&

(a+a)De+ate™ Qi —a@e™

= T (TG + 50), (42)
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where © denotes the Hadamard product, and

, T
er = [ erl e]w2 v .. ejw" }
T
w = [51 Wy ‘:Jn]
T
a = [al &, an}
1 1 1
T, = diag (—,—,...,—) (43)
B D1 p2 Dn

and where &; = &; — w; and & = &; — o;. From Equations (41) and (42) we obtain:

& = Im{T,FGS*e}

& = Re{T;'T,FGS*¢}. (44)

Recall that the elements of W and w are uncorrelated, zero mean, complex white
Gaussian random variables. Thus, € is multivariate Gaussian with zero mean and

covariance matrix

swt=e[l Wl (e wIE)]-omr

D is defined as a (m —~ L) N x mN block diagonal matrix given by

D = diag(B, B, ..., B), (46)

38




where B is given by

(b b b0 0 e 0]
0 1 b by b 0 e 0
. (47)
0 -~ 0 1 b - by by O
[0 00 b by b

We also have

sl =e (e w]B) (v wIE)]-0

Using these results, along with the following relationships (proven in [16])

Re{u}Re{vT} = % [RC{UUT} + Re{uv'}]
Im{u}Im{vT} = —% [Re{uvT} — Re{uv*}]

. 1
Re{u}Im{v'} = 3 [Im{uvT} - Im{uv*}] , (49)
we obtain the following covariances for the pole parameters:

E[55"] = ZRe{T,FGS*DD"S*G F'T;}
E &5T] = g—lm {TPFG~9+DD*S*+G*F‘T;T;‘1}

g

Elad"] = SRe{I'FGS*DD S™GFTIT . (50)

To obtain the covariances for the amplitude coefficient parameters we use Equa-
tiou (14), which provides the amplitude coefficient estimates for each snapshot in

terms of the estimated poles. We now note the following

>

——
7

YE2EX-X = Aty,— A*S,
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At (S, + N,) — AtS,

= (A* - A*) S, + ATN,, (51)

where
X = [ z(1) z(2) --- z(N) ], (52)
and where S, is the noise free version of ¥, and N, = [ e(1) e(2) --- e(N) ] is

the corresponding noise.

We apply the identity in Equation (25) to the first term of Equation (51). Since
the n poles are distinct, A and A are full rank. Also, since m > n and S, € Range(A),
we have

(AT — A1)S, = —ATAA*S,. (53)

From Equations (51) and (53) we obtain the following first order approximation

X = —AYAA*S, 4+ ATN,
= —ATAX 4+ ATN,

~A*AX + A*N,. (54)

X

Note that X is a matrix in which each column is composed of the amplitude coefficient

variations for each snapshot:
Y:[E’-(l) F2) - 5(‘/\/)]. (55)

Following the same procedure as in Equation (42), a first order approximation of Z(t)
is given by
(1) m T2 ) (To)B(E) + 53(1)) (56)
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where

(57)

and where %(t) = %i(t) — %(t) and Bi(t) = Bi(t) — Bi(t). From Equations (54), (55),

and (56) we obtain

() = hn{]}U)A+(—n§xU)+-dtD}

B(t)

Re {T;5'(1)To(t)A* (- Az(t) + et)) }-

(38)

Before computing covariances for the parameters in Equation (58), we need to

perform some manipulations to Ax(t}, since the random variable A does not appear

at the rightmost position. We proceed with a first order approximation as follows

2

0 0 0
p—m P2 = p2 Pn = pn
P - n P — 1 po-rm ()
ﬁ;n—l _ pv]n—] ]'51211—] . P;n—l ﬁ-zz—l _pzl—l ]
0 0 0
) P2 Pn
2p1py 2p2p, crr 2pnPr
(m=1)p7"*p (m~1)p3~*p, (m —1)p=*pn

4]




= CATpdlag (ﬁl,ﬁ% s 7ﬁ7l) .’I}(t)

CAT-(t)T,P

= CAT;'(\)T,FGSte, | : (59)
where C is a diagonal matrix given by
C = diag(0,1,...,m —1). (60)
Equation (58) can now be approximated by

(1) ~ Im{T(1)AT (-C'Afz;*l(t)Tch;s’fHe(t))}

B(t) ~ Re{T;'()T.(t)A* (~CAT*(t)T,FGS*e + e(t))}, (61)
Since
Bl =E[([w w][,]) e ] =0 (62)

where D(t) are each given by the tth column block of D (cf. see Equation (46)), we

also have

E[et)e’(t)] = 0. (63)
Using these results and Equations (49) and (61) we obtain the following covari-
ances for the amplitude coefficient parameters
E[fy(t):,f(r)] - %Re{’l;,(t)A’L (CAT;\O)T,FGS*DD* S+ G F*T; ;7 (r) AC”
—CAT, T ({)FGS*D(r) — D*(t)S“G*F'T;T;"](T)A'C"

+17716t,7‘) A+*T;(T)}




E[F@)F"(r)] = %Ixn{TI(t)A+ (CAT()T,FGS* DD $**G*F*T;T; ™ (r) A*C™
—CAT; (Y)T,FGS*D(r) — D" ()SY"'G*F*T; T, (r)A*C"
+lnbi,) AT ()T (r) }

E[B1)E"(r)] = %Re{Tﬁ“l(t)TI(t)A* (CAT\)T,FGS*DD*$*"G* F*T;T; ™ (r)A*C"
~CAT; (t)T,FGS*D(r) — D*(t)S* G F*T;T; 7 (r)A"C"

+Inbiy) AYTI ()T (r) (64)

Using Equations (44). (49), and (61) we can also compute the cross-covariances

between the poles and the amplitude coefficients as follows

E[)aT] = %Re{Tz(t)AJr (-CAT ()T, FGS* DD" + D*(t)) ST G Ty

E[5()a"] = i;-lm{n(t)A+ (-CATSN)T,FGS*DD™ + D*(t)) §*°G* F*T; T; "
E[g1)aT] = —%Im {17 ()T () A* (-CAT ()T, FGS* DD™ + D' (1)) SHG T}
El3na’] = gl'_{c’{'l";'u)’j;(t)/ﬁ (-CATS O, FGSTDD™ + D*(1)) ST G FT;T1}

(65)

Equations (50), (64), and (65) completely specify £, as given in Equation (20)

using the following substitutions

Ut,r) = RU)ZR(r) - RUQ(r) — Q ()R (r) + %Tx(t)A“‘A“Tg(r)&t,,
V(t) = —-R()Z+Q ()
Z = ST,FGSTDD S™*G FT;
g

Qt) = FT,FGS*D(ATT:(1)

R(t) = T.()ATCATI'(1). (66)
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Furthermore, since ¢ and e(t) are zero mean, Equations (44) and (61) imply that

the parameter estimates are unbiased, i.e. to a first order approximation £ [5] = 0.

This completes the proof. O
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