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1. Introduction

This report is the final report of the Phillips Laboratory contract F19628-93-K-0033. This
contract was funded in response to a proposal that was submitted to Phillips Laboratory in July

1993 with the title Improved Estimation of the Earth’s Gravity Field. The starting date of the

contract was 22 October 1993 with an ending date of 21 January 95. On May 31, 1994 a request
was made to Anestis Romaides to expand the scope of the original proposal with additional
funding requested. In July 1994 the modification of the contract was approved and the contract
ending data was extended to 22 April 1995.

2. Research Activities

The proposal submitted in July 1993 described the importance of improving our knowledge of
the Earth’s gravity field and its use in the ultimate development of a world height system. In the
context of the original proposal the Earth’s gravity field, or more properly the Earth’s gravitational
potential was to be represented by a set of potential coefficients and techniques for the improved
estimation of these coefficients was part of this project’s area of interest. In the May 31, 1994 letter
to Mr. Romaides the work of the project was to be expanded so that project personnel could
participate in the research and meetings related to the joint gravity and geoid improvement project
of the Defense Mapping Agency and the NASA, Goddard Space Flight Center. This report has
been written to describe the activities, undertaken by project personnel, consistent with the goals
defined by the proposals. The persons involved with research supported by this project are Richard
H. Rapp, Professor Emeritus, Christopher Jekeli, Associate Professor, Nagarajan
Balasubramania, Dru Smith Graduate Research Associates. For convenience, this final report has
been divided into sections according to the author.

2.1 Research Activities of N. Balasubramania

Mr. Balasubramania continued his activities related to the development of a world height
system. His research led to the publication of Scientific Report No. 1, in April 1994, "Definition
and Realization of a Global Vertical Datum,"” PL-TR-94-2144, ADA283303, the abstract of this

report is as follows:

Definition and Realization of A Global Vertical Datum

Nagarajan Balasubramania -

Abstract

The requirements for defining and realizing a global vertical datum (GVD) with a
precision on the dm-or even cm-level has become essential now, due to the
improved measurement accuracy provided by the space geodetic techniques. This
study identifies the different approaches in which such a global vertical datum could
be evolved.

The first approach, which can be considered as an ideal approach, uses the best
available geocentric station positions from present and future space geodetic
networks, highly accurate geopotential model and surface gravity data around the
space stations for defining and realizing a global vertical datum. The other
simplified approach, which can be considered more of an operational development
with a short time framework, is mainly dependent on the widely available GPS and
DORIS tracking networks and accurate geoid height models for the GVD
development.




After a review of the various heights and height systems that are in use today,
detailed mathematical procedures for setting up the observation equations to define a
global vertical datum in a least-squares sense, under different data scenarios, are
.discussed. A test computation to realize the first iteration global vertical datum with
available data at 17 space geodetic stations in six regional vertical datums is also
included. The gravimetric height anomaly/undulation computations at the space
geodetic stations required in the test computation have been performed using both
Modified Stokes’ technique and least squares collocation technique combining
surface gravity data in a small cap around the stations with potential coefficients
from OSU91A model. The test results show that in an idealistic approach the global
vertical datum can be realized to an accuracy of £5cm an its connection to the
regional vertical datums to an accuracy of +5c¢m to £23cm. The estimated values of
separation between different regional vertical datums agree mostly well with the
results reported by various geodesists and oceanographers based on their regional
studies.

The Balasubramania report also appeared as Report 427 of the Department of Geodetic Science
and Surveying, April 1994. The report was also submitted to the Graduate School of The QOhio
State University in partial fulfillment of the requirements for.the Degree Doctor of Philosophy.
Basasubramania received his PhD from Ohio State in March 1994.

2.2 Research Activities of Richard H. Rapp

During this time period Professor Rapp served as the adviser to Balasubramania and carried out
activities related to geoid and gravity model improvement.

The interest in vertical datums was continued in this project. In December 1993 made two
presentations in Wormley, England, related to project interests. The first presentation was: A
Global Vertical Reference Frame. This was at the special meeting of the group involved with the
Geodetic Fixing of Tide Gauge Bench Marks.” The meeting of this group was followed by the
meeting of the International Association of Geodesy Special Study Group 5.149, Vertical Datum
Investigation. At this meeting Rapp made the presentation: A World Vertical Datum Proposal.
Copies of the viewgraphs used in this talk are given in the Appendix of this report.

Upon invitation, Rapp prepared the following paper for presentation at the meeting for the
International Symposium on Marine Positioning, Hannover, Germany: Vertical Datums in Land
and Marine Positioning. This symposium was held in September 1994. The complete text of this
paper is contained in the Appendix of this report. The paper was also published in the Proceedings
of the Symposium published by the Marine Technology Society, Washington, D.C.

Rapp has also been involved in the joint DMA/GSFC project for gravity field and geoid
improvement. He is the chair of the steering committee and participates in the activities of the
working groups charged with the implementation of the procedures that will lead to a significantly
improved degree 360 model. During this contract period, Rapp chaired two meetings (April 5 and
November 1, 1994) of the steering group. He prepared minutes of these meetings which were
distributed to all parties of the joint effort. In addition to the steering group meetings Rapp attended
working group meetings held 8-9 June 94 (NASA/GSFC) and 1-2 August 94 (DMAAC). At the
July meeting Rapp made a presentation on: Terrain Base (NGDC) and Ice Thickness Information.
This informal presentation described comparisons made with several different elevation files.
Specific comparisons were carried out by Dru Smith, Graduate Research Associate, in a 1°x1° cell
(NW corner, $=20°, A=204°), in the Hawaiian area. 5°x5’ elevations were computed with a 3”°x3”
DTED file provided to Ohio several years ago. These mean elevations were then compared to the
elevations in three data bases: ETOPOSU, T Base (& version) and T Base (B version). The Terrain




Base data sets were provided to us by NGDC for evaluation. Statistics, as complied by Smith, are

given in Table 1

Table 1
Comparison of 5’x5° Mean Elevations From Three Data Sets to
Ground Truth Values Estimated from 37x3” Values

Model
ETOPOSU T Base () T Base (B)
No. of Comp 89 87 87
Mean Diff. 530m 475m 155m
Std. Dev. +916m +718m +434m
RMS Diff 1058m 861m 461m
Min Diff -1217m -730m -730m
Max Diff 2548m 2936m 1499m
No. of Diff - 37 18 5
where
|D b100m

The conclusion from this test was that Terrain Base (B) was, in this area, a significant

improvement over the older ETOPO5U and the initial version of Terrain Base.

Rapp and R.S. Nerem of NASA/GSFC, prepared a paper for the Joint Symposium of the
International Gravity Commission and the International Geoid Commission that was held in Graz,

Austria, September 11-17, 1994. The title and abstract of this paper are as follows:

A JOINT GSFC/DMA PROJECT FOR IMPROVING THE MODEL OF

THE EARTH'S GRAVITATIONAL FIELD

Richard H. Rapp
Department of Geodetic Science and Surveying
The Ohio State University
Columbus, Ohio 43210

R. Steven Nerem
NASA Goddard Space Flight Center
Space Geodesy Branch, Code 926
Greenbelt, MD 20771

ABSTRACT

The U.S. Defense Mapping Agency and the NASA Goddard Space Flight Center
with the aid of other organizations such as The Ohio State University are
cooperating in a joint effort to determine a significantly improved degree 360




spherical harmonic model representing the Earth's gravitational potential. This new
model will be of immediate use in defining a geoid undulation model that will be the
basis for an enhanced WGS84 geoid.

The development of the new model is driven, in part, by the need to determine an
accurate geoid undulation model that will be the reference surface for a World
Height System to be implemented in the 1996 time period. In addition, the new
geoid estimation will help satisfy increasingly important studies in ocean circulation
(sea surface topography) and geodetic positioning through GPS.

The new model estimation will incorporate existing and new satellite data. New
data will include GPS tracking of Topex/Poseidon, Doris tracking of several
satellites, altimeter data from Topex/Poseidon, and ERS-1 and Doppler data from
satellites at inclinations not covered or weakly represented in previous solutions.

The surface gravity data to be used in the new solution will be based on an
updated 30' mean anomaly data base developed at the DMA Aerospace Center. This
new data set will incorporate a substantial amount of new data that has, and will,
become available in Europe, the FSU, South America, Greenland, Africa, Asia and
Antarctica. Anomaly values in areas such as Canada, the United States and
Australia will be based on updated data files. This data will be used, after suitable
corrections, to form normal equations that can be used with the satellite derived
normal equations.

In addition, 30'x30" mean anomalies derived from the Geosat Geodetic Mission
satellite altimeter data will be used in the project. The file will be merged with the
files based on the surface terrestrial data. In areas where no data exists, anomaly
estimates will be made from new elevation data through topographic isostatic
models to ultimately yield a global 30" anomaly file. In addition, an updated 1°x1°
anomaly file based on terrestrial data (both land and ocean) will be determined.

The final stage of the data processing will be the development of several degree
360 models using different data sets and weighting procedures. The current plan is
to use existing software, for the combination solution, with minimum modifications
to assure a timely effort. Several preliminary models will be made available to the
international community for evaluation. A final model will be selected based on
extensive tests of the preliminary models. The final model and accuracy estimates
will be released in mid 1996. The model will be used to determine accurate geoid
undulations that will be available in gridded form.

This paper will be published in the proceedings of the meeting by Springer Verlag in the IAG
series. Copies of the complete paper were provided to Phillips Laboratory and DMA. The paper
was to have been presented by Rapp but due to unforeseen circumstances he was not able to attend
the meeting. The paper was delivered by Dr. M. Kumar of DMA.

Additional studies were carried out to consider precise procedures for the determination of geoid
undulations from the potential coefficient representation of the Earth’s gravitational potential.
Previous discussion on this evolved knowing the difficulty in evaluating the disturbing potential at
a surface (the geoid) interior to the Earth. An alternative suggestion has been made that the
disturbing potential be evaluated at the external surface of the Earth and then downward continued
to the geoid using additional information. The downward continuation can be done using equations
developed many years ago by Moritz who showed the relationship between the geoid undulation
and height anomaly. This relationship depends on Bouguer gravity anomalies that can be computed
from a potential coefficient model if topographic elevations are known. Postulating that a spherical
harmonic expansion of terrain elevations can be made procedures can be developed to represent the
correction term to convert height anomalies to geoid undulations. In a simplified case correction
terms for the potential coefficient can be computed. This could lead to the determination of a
modified set of potential coefficients which could be used for geoid undulation computation using
traditional software. The problem is complicated by the fact that evaluation of the disturbing




potential at altitude requires knowledge of the terrain elevation. This significantly reduces the
efficiency of computer software designed for the fast calculation of geoid undulations, from
potential coefficient models, on a grid. The best way to carry out these computations has not yet

~been determined.

A review of methods for the calculation of geoid undulations from potential coefficient models
was prepared by Rapp for this contract and for presentation at the International School for the
Determination and Use of the Geoid. This school was held in Milan, Italy, October 1994, under
the auspices of Professor Fernandé Sansd, Director. The title of this paper is; The Use of Potential
Coefficient Models in Computing Geoid Undulations. Copies of the paper have been provided to
Phillips Laboratory and the Defense Mapping Agency. The paper will be published in the bulletin
series of the International Geoid Service in 1995.

2.3 Research Activities of Christopher Jekeli

The traditional method of spherical harmonic analysis of discrete, global gravity anomaly data
was popularized by Colombo who reformulated the technique for FFT utiliziation, thus offering
the ability to perform very high degree expansions with minimal computational effort. However,
the method is still based on a discretization of the integral (a quadrature formula) that defines the
spherical harmonic coefficient in terms of the anomaly data. Other methods based on least-squares
collocation and least-squares adjustment (also developed by Colombo) similarly discretized the
integral (albeit with different weights), a necessity because the data are discrete.

Each of these methods, then, is subject to an error, known in the parlance of spectral analysis,
as an aliasing error. It is an error independent of the noise in the data, but does depend on the
amount of information contained in the data at frequencies generally higher than the frequency
defined by the sampling interval (the Nyquist frequency). In theory, and if certain assumptions of
the geo-statistical nature of the gravity field are fulfilled, the least-squares collocation technique
should yield the best (minimum aliasing error) estimate of the harmonic coefficients. The aliasing
error can be estimated empirically using simulation studies; and some simple models were
proposed for the OSU89 and previous models. This, in turn, led to simplified weighting schemes
for potentially better estimation of the harmonic coefficients.

This rather ad hoc approach to harmonic analysis is unsatisfactory and calls for a more
systematic characterization of the aliasing error. This was accomplished by Jekeli who derived
explicit formulas for the aliasing error for the traditional quadratures formula, and by analogy for
the least-squares adjustment formula. Also, a modified estimation was proposed that reduces the
aliasing error by determining twice the number of harmonic coefficients (thus, the same number as

number of observations) at only slightly greater computational cost.

In addition, by clearly understanding the origin of the aliasing error in the analysis of data on a
sphere, it became apparent that certain types of data smoothing are better than others in reducing
the aliasing error. Typically, data smoothing is the result of uniformly weighted averaging of
gravity anomalies over blocks defined by latitude and longitude lines. The aliasing error formulas
show how this procedure fails to attenuate a part of the high-degree spectrum that then aliases the
estimated spectrum. Averages over constant spherical caps, though spoiled at higher latitudes by
the increasing correlation between neighbors on the latitude/longitude grid, are more definitive in
filtering out the high-degree components. Special weighting functions (such as the Gaussian
function) can further reduce the aliasing that remains due to the ringing of the uniformly weighted

average.

These results were presented (Jekeli, 1994) and accepted for publication (Jekeli, 1995) with the
following summary. Presented material and a preprint of the submitted paper are included in the
Appendix to this report.




Summary
The methods of harmonic analysis on the sphere were investigated from the point of view of

~aliasing. The aliasing error was formulated in terms of spherical harmonic coefficients in the case
when the function is sampled on a regular grid of latitudes and longitudes. This yielded several
results, some of which are known, but perhaps more analytically illustrated, here: 1) The simple
quadratures method and related methods are biased even with band-limited functions. 2) A new
method that eliminates this bias is also superior to Colombo's method of least squares in terms of
reducing aliasing, because it estimates more coefficients at little added computational cost. 3) But,
a simple modification of the model makes the least squares method identical to the new method as
one is the dual of the other. The new method solves for as many coefficients as data and, in the
presence of data noise, it need not use fabricated noise covariances to make the solution
numerically tractable. 4) The essential elimination of aliasing can only be effected with spherical
cap averages, not with the often used constant angular block averages.

3. Personnel

Persons who carried out activities under this contract were: Richard H. Rapp, Christopher
Jekeli, Nagarajan Balasubramania, and Dru Smith. Professor Rapp and Jekeli are professors in the
Department of Geodetic Science and Surveying while Dr. Balasubramania and Mr. Smith were

Graduate Research Associates.

4. Travel

During this contract Professor Rapp attended three meetings at the Goddard Space Flight Center
and one meeting at the Defense Mapping Agency Aerospace Center. Professor Jekeli attended two
meeting at the Goddard Space Flight Center.

5. Publications and Presentations

The following list summarizes the publications and presentations that were made describing
activities carried out under this project:

Balasubramania, N., Definition and Realization of a Global Vertical Datum, Phillips Laboratory
Scientific Report No. 1, PL-TR-94-2144, April 1994; also Report No. 427, Department of
Geodetic Science and Surveying, The Ohio State University, Columbus, 117p., April 1994,
ADA283303.

Jekeli, C., Harmonic analysis, aliasing, and the mean anomaly. Presented at the meeting of
Working Group I, Combination Methods for High-Degree Expansions, NASA/DMA Joint
Gravity Field and Geoid Improvement Project, 4 October 1994, NASA,GSFC, 1994.

Jekeli, C., Spherical harmonic analysis, aliasing, and filtering. In press, Manuscripta Geodaetica.,
1995

Rapp, R.H., A World Vertical Datum Proposal, prepared for IAG Special Study Group 5.149,
IOS Deacon Laboratory, Wormley, England, December 1993

Rapp, R.H., A Global Vertical Reference Frame, prepared for Geodetic Fixing of Tide Gauge
Bench Marks, meeting, Wormley, England, December 1993




Rapp, R.H., Vertical Datums in Land and Marine Positioning, in Prod. of International
Symposium on Marine Positioning, Hannover, p. 95-99, Marine Technology Society, 1994

Rapp, R.H. with R.S. Nerem, A Joint GSFC/DMA Project for Improving the Model of the

Earth’s Gravitational Field, presented at the meeting of the International Geoid Commission,
Graz, Austria, September 1994

Rapp, R.H., The Use of Potential Coefficient Models in Computing Geoid Undulations, prepared,
in part, for the International School for the Determination and Use of the Geoid, October, 1994;
to appear in the Bulletin Series of the International Geoid Service, 1995




Appendix

This appendix contains the following material prepared under this contract:

Rapp, R.H,, A World Vertical Datum Proposal, December 1993

Rapp, R.H,, Vertical Datums in Land and Marine Positioning, September 1994.
Jekeli, C., Harmonic Analysis, Aliasing, and the Mean Anomaly, October 1994.
Jekeli, C., Spherical Harmonic Analysis, Aliasing, and Filtering, 1995.




€661L ‘LL hngmomn_

pue|bug ‘Buiwijepor) ‘Aajwiop
A1ojeioqe uooeaq SOl
uoinjefilseau] wnieq jeolliap
- 671G dnoun Apnig [erdoads/9y]| Jo bunssw |
“ay) je uonejuasaid o patedasd

0LgEr OIYyo ‘snquin|o
Ausianiun ajels olyo aylL
BuiAaning B 99ua10g 2119P0aY Jo Judwpedaq

. ddey "H pJeyoly ‘
~ |esodoid wnjeq [edIdA\ PO V




PLOM 8y} Ul swinje [BOIBA PBIPUNH [BIBABS «

suoljels sbnen
opIL 1e (Jenusiod) siybieH alopy 10 suQ
buixi4 Ag padojsasq swinieq [BoIlI8A [eUOIBSY

90BLING _m_Ean_:Um_
Ue Wi0- JON S80(] [9A87 BSOS UBSIN «

|9A8T] BOG UBDI\
UM PBIBIO0SSY Swinle(] [EdILBA JO UIBlLQ

winjeq [eoILIa JO ﬂo&nm‘q

10



uspoems
puejul
MIBWUS(]
Auewan)
pue|bu]
aouR.
BljesSny
BolIBsWYy YLON

edllswy YUON

N3N
wnie ousiog

0/HH

09N

INN [EWJION MSUE(

NN

(UAIMBN) NAO
BONDI

L/AHY

62ADVN

88AAVN

swnieq ealy Jo Aiuno) .

~90NoeId Ul SWinjeq [eoToN

11




Sealy ||V Ul 8|ge|leAY 10N S| g
oWl ul sebueyy 'y
'YOIUM |[9AS7 BOG UBS|\ O} pal] swnieq -

(‘reul} pjay si1ybiay abneb api |B1BASS 10 8UO "0O°9)
‘uoleulwidla(] Wnie( 10} anbluyos | 1Us81ISISUOD) ON e

SWINJe(] [EDILOA 10} UOIOBUUOY) ASe] ON e

S90BJING 9oUBI0)oY luslayiq 8ABH swnie( [euoibey .
SW9|JoO.d wnjeq |edIllIoA

S

—



‘PaulWIBIBp 8q UBD SenjeA
d ‘N JO SanjeA ‘swnjep pale|al uo San|eA L UBAIL) «

g+Uy=H

3

WiNJep [eap! 8Ul pue Wwniep [euoibal oyl JO 90BUNS o
90UdlJ98)a1 8yl usamlaq uoleledss ayl 8q g 107

wniep ooads

e 0] 19adsas ypum ybiay ouewoyuo = Ay
uonenpun piosb = N
ybiay epiosdijje = y 197 -

‘suoljoauuo) wnje( jeuolbey




(suonels /1) Wo 66T s@oualaid SINY
W Z uey} Jereslb sienpisal §i pels|ep BleQ

09¢ ea1Bap 0} 819]dwW oo
- SIYyoiym [gpoul Juaiole0o [enusiod v 16NSO
pUB Z-NO[ JO Jabiawl WOJj pauILLIBlep San[BA N

W £9€18/€9 = B UM piosdi||e ue o} }0adsa.
Uum paindwod ybiey pue 0644 || Olul 06 0] S108))0
UOIle|SUBI] PUB 8IS 10} P8108.1100 SUoIISod SUonels

9861-1/.6} WOl
suolel1s _omco:_moa _m_qaom_ 0002 Ajdrewixoiddy

S1S9] 10} pas( eleq

14



(wo ale suyun)

dioao JHL OL 103dS3H HLIM |
J0V4HNS FONIHI43H WNLvd TVDILHIA TYNOIDAH 40 NOILVOOT

(eluewse]) _ __" o

BIensny

(88AAVND |
T f (puepuiein)
(Lsvd , I[ENSNY ,
. L8- 86
88AAVN) 7L
ﬁ Ammﬂw\./%zv _ 89-
1% _ 9z~ ) &
Ly Y Y Y

i
¥ ) . *
\

14
T E) M




Alnein)/1ase] W 90 |
Alaelny/ieiddo( W g9 -

ploen) o} 1oadsal yum (LLAHY) elfesisny « .
(pue|Bbug sAoge WNep ueWISK))

- Bulene wo 08
Alinelny/iajddo wo |6

eoualalig wnieq pue|bug/Auewsn .

S}INS9Y UOI}03UU0)) Pa}I3|9S



Blep ajeinooe AjusIoiyns
pue palnquisip ||em Buuinboe ul AYnoiyiq e

Aydeibodo | ueso olweuAQ

ele( Jolowlly allj|jvles

Eo:m_:cca PI08K) 10J) uolew.oju| pjeid4 Alaeln
(sebner) api| ) [oA8] BSS UBSIN

| SUOINISOd 2141UB208K)

PBSM ©Q 01 ele(] .

SHM e JO UOIIUIBP 8y} O} pes| pjnom
eyl apew useq aAey sjesodo.d siesaA Auew 1o .

(SHM) walsAs 1biaH pl1o |esp]




2-Y=
H 81e|nojeo 9 pue y usaiix
N-Y=H
H ©1e|nojed N pue Y UsAIL)

plosdi||e
J1s8q, 8yl >39£m5 U_oma___m pauljep e 0] patiajal Si y

I+t H=N+H=U

| by jewlou = H
Ajewoue ybiay = 9 1yblay oLdwoyLo = H
uolne[npun pioab = N Iybrey [eplosdijjo =

wolsAg biay priom payidwis vy

18



Jeneq sdeyied ‘Wo G LT 1noge jo Aoeinooe

“UB 0] paullwialep aq ued snipe. [elolenbs ay |

‘slejoweled piosdij|e ayl ,6 9210yo Jado.ud
mE AQ 8oBJINS 8oUBl8]8l [BBpI UB 01 Pail Ajjoalipul
Sl _m>m_ BOS ueoWw 0] pal] Aj1oauip jou si pioab ay |

*90eJINS [enuslodinba souslsjal
oy} se ploab ay} seonposjul SHM pasodoud ay|

Z90BLING 90UaIa}oY Ul S TeU/\




| ~ Aoeunooy
sanoidwl| eleq Alliaels) |20 JO uoielodloou|

WD QEF UB82Q
W GF O} WO OpF :puer]

S|19POJN 09€ [Bqo|D) wol4 Aepo] Aorinooy 8injosqy

UOIIBIHSUB(] IO} PEPaSN ADBINDOY SAIBIOY

S9]IS BWOQG 1B papasN Aorinooy ajnjosqy

>o€:oo< oAlle|oY SA AoBINOOY 81njosqy ,

€661 - UOIJEUILLISIaQ PI0dY JO AJBINODY



elep Auaelb pejielop yum Aoeinooe panoidul] e

WD GZT 1UBsdO
WO 00 | F O} WO OEF :pue]

" |9POW 09€ - Serewnsg pajedonuy -

‘S|opowl

(66 1) bunsixe ul erep Aluaeib [euisalial bupnjoe|
seale ul Ajjeioadse Aoeinooe uolenpun pioab Ino ul
Juawanoidwi ue joadxe UBd am ‘uoljeluasaldal 09¢
990.108p ay] anoidwil 0] spew Si 1Iojjo [elueisqns e j|

G661 - UoneuIULId)dg P03y Jo AdeINddY

—d

'




'PBPBBU UBYM BSIBA
9OIA 1O SWNIep [B20| 0} WalsSAS GSHA 8Ul U8AU0D

-0} padojenap 8q ueo sSuoIouUN} UolBWIOJSURI ]

8SOM 1O SIUBISUOD pue awel) ayl yum ajgiedwod
- WBISAS B Ul paleald a(g [|IM SPLIL) “SIUBISU0D

JO WBISAS 1S8q puk awWerl) 8ouUdldjal 1soq ay) ul
paulwlalap Ajeulblio aq ||im suoienpun ploab ay |

VSYN/VING
W04} [apow Q9g 90.100p B WO} SUoIRUILLIBIEP

uolje|npun pioab pue (4o Ajrewnd)
buluonisod alljjeres uo paseq aq [IM SHM SIUL

(¢)5661 weisAg 1ybiaH pliom

2



Joafoid YINA/VSYN
1ulol e se psuue|d Buiog mou SI 1Ioye ue yong

‘lenuslod jeuonelAeib s,yue3 oyl Jo uoljelussaldal
-8y} anoidwi o} pepasu S| Hoye Jueolubls
B ‘GBSHM 10} m_mom Aoeinooe ay) 9ABIYOR O] o

‘a|qezijeal
AjjeaisAyd jou si 1 ybnoyje aoeLINS sousls)al
[eluswepuny ayj Joj 8o1oyo [eoifo| e si ploab ey -«

78SHM 01 Jusuodwiod ybiay
.|oA8| BOS uBBW, B ppe 01 papasau SI SHM [BqolD W «

'MO|S U8a( Sey SHM [eap| Ue SpJemol ssaibo.d

suoIsnouUo0)




Vertical Datums in Land and Marine Positioning!

Richard H. Rapp
Deparmment of Geodetic Science and Surveying
The Ohio State University
Columbus, Ohio 43210

ABSTRACT

Vertical datums provide the reference surface for measuring heights of the topography.
The heights are usually expressed as mean sea level heights or orthometric heights or normal
heights, etc. The reference surface for the vertical datum is ideally an equipotential surface, the
geoid, of the Earth's gravity field. Since sea level (or mean sea level) deviates from the geoid by 1
to 2 meters, the various vertical datums of the world have different reference surfaces for their
origin. This presentation will first consider the height differences between the reference surfaces
of some selected (Australia, United States, England, Germany) vertical datums. The discussion
will then turn to the need for a unique vertical datum in land areas and then ocean regions.
Whether one considers land or ocean applications, a case will be made that the geoid should be
adopted as the reference surface recognizing that the absolute portions of the geoid can only be
determined to an absolute accuracy of 10 to 100 cm depending on data available for use. To
achieve such accuracy at all wavelengths, improvements in our knowledge of the Earth's gravity
field are needed. Some improvements can be made processing existing or soon to be available
data. - T

Introduction S 3 -

Heights and depths are a common quantity of vast usefulness. Historically height
determination was referenced to mean sea level which was accessible through tide gauge
measurements. Heights were then given with respect to mean sea level. Although one finds
normal heights and orthometric heights in use today, they have a common need for a suitable
reference surface. As positioning needs evolved numerous vertical datums were developed for
various countries, regions, states within countries, etc. Today there are 100-200 different vertical
datums in the world. _ o

The concept of the datum is to have a gravity equipotential surface from which orthometric
heights or geopotential numbers can be measured. Since mean sea level lies on different
equipotential surface at different locations, those datums based on mean sea level are not based on
the same equipotential surface. Consequently, the heights from different datums are inconsistent at
the =2 meter level.

In addition, one must recognize there are some countries that do not have access to an
ocean to determine a mean sea level. Such areas thus must bring to their region level lines from
other areas having such access. ’ .

Interest in studying the relative locations of vertical datums and the development of a global
vertical darum has been around for many years (Mather, Rizos, Morrison, 1978; Colombo, 1980;
Rapp, 1983; Heck and Rummel, 1990). More accurate space positioning and improved
knowledge of the Earth's gravity field has made it possible to study the differences in some major

lpresented at the International Symposium on Marine Positioning, Hannover, Germany, September 1994
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vertical datums. Two recent studies are those of Rapp (1994) and Balasubramania (1994). The
relationship between the French and British vertical datums has been discussed by Willis et al.
(1989). The vertical datums in the Baltic region have been studied by Kakkuri (1994) and Pan and
Sjoberg (1994). The Rapp study used Doppler positioned stations while the Balasubramania study
used stations more accurately positioned through satellite laser measurements. An example of
results is shown in Figure 1 which corresponds to Figure Al of the Balasubramania report.

— AHD71.
— Scandinavian
108£16
+
65+12 DHNN
35122
WHS W =W,
4%22
IGN69
255
+53 .
4255 42+23
Ref. Ellipsoid U = U,
L NAVDSS - ODN

Figure 1. Vertical Datum Relationship Based on Space Located Stations. Units are cm-

This figure shows the differences between selected vertical datums and the ideal reference
surface. Also shown is the reference ellipsoid (a = 6378136.3 m) adopted for these computations.
One sees, for example, the origin difference between NAVDSS8 and the Australian datums (AHD)
is 150 cm. The 25 cm difference between the ideal surface and the adopted reference ellipsoid
implies that a better radius for the ellipsoid would have been 6378136.55 m which is consistent
with what is being found with Topex altimeter data.

Although much attention in the past has focused on vertical datums for land applications
- analogous problems occur in the marine environment when bathymetry data and nautical charts are
considered. In the ocean areas there are also numerous datums used in referencing a depth. These

datums are usually associated with some specific tidal situation. A recent review is given is Kumar
(1994).
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Global Height Systems

As the precision of positioning improves with the use of GPS it becomes important o
consider the determination and implementation of a global height system. Recent studies (e.g. Xu
and Rummel, 1991; Rapp and Balasubramania, 1992) have examined ways to consider the global
vertical datum problem. Two types of solutions are discussed. One combines a variety of space
and terrestrial data to define an optimum System connected to mean sea level averaged over the
oceans. Such data would include geocentric station positions, mean sea level defined at tide gauge
stations, gravity field information, satellite altimeter data, and dynamic ocean topography.
Although conceptually the merger of such data is desirable, there are numerous difficultes in terms
of data coverage and data accuracy that may prevent the ideal solution from being realized.

An alternate approach 1s to use the geoid as the reference surface and let this geoid be
defined by a set of geoid undulations derived gravimetrically. These undulations would then be
given with respect to the best (as of some epoch and agreement) ellipsoid. The heights (h) above
this ellipsoid would be determined from space techniques, primarily GPS. Knowing h and N the
orthometric height can be determined:

H=h-N (1)

If normal heights (H*) are desired the gravimetric information could be used to calculate the height
anomaly ({) so that: '

Héoh f | B

In these computations care must be taken to be in the proper reference system or frame. This
system could be the satellite frame defined by WGS84 and the constants of the WGS84 ellipsoid.
The height determination implied by (1) or (2) can also be applied to height differencs
determinations knowing that Ah can be very accurately determined through GPS procedures.

Similar procedures could take place in ocean areas for bathymetry mapping. In the case of
the ellipsoid height, suitably corrected for tidal effects, the ship could be converted to a height with
respect to the geoid. The depths measured by the ship could then be referred to the geoid (Kumar,
1994).

Geoid Undulation Determinations

The usefulness of this method of using the geoid as the datum origin resides on
determining geoid undulations to a sufficient accuracy. Today geoid undulations can be calculated
from potential coefficient models to degree 360 (Rapp, Wang, Pavlis, 1991) or the combination of
such models with terrestrial gravity data. The accuracy of such determinations varies from =30 cm
in ocean areas to +5 m in areas lacking terrestrial gravity data. This accuracy could be improved if
better satellite and terrestrial data is used in the development of degree 360 models. Considering
current results one could expect geoid undulations, from a new degree 360 to achieve an accuracy
from #25 cm in ocean areas to +1.5 m in land areas not adequately covered with gravity data.

The Joint Project

Recognizing the need for precise geoid undulation determinations for both geodetic and
oceanographic applications, the Defense Mapping Agency and NASA/Goddard Space Flight




Center have started a project to determine a significantly improved Earth gravity model based on a
spherical harmonic representation to degree 360. The new model will use terrestrial gravity data
from areas not previously available and from revised and updated files in regions currently
represented in existing models. New satellite tracking data, including GPS tracking, will be
incorporated in the new model. Satellite altimeter data from Topex/Poseidon, Geosat, and ERS-1

will also be used.

Activities on the development of the new model are now underway. Test solutions will be
started in October 1994 with final data sets expected in July 1995. Candidate final models should
be available in October 1995 with selection of the final model by early 1996. A description of the
techniques and data to be used is given by Rapp and Nerem (1994).

The output of the joint project will include the potential coefficient model and a gridded
geoid undulation files based only on the degree 360 model. These gridded undulations can be used
for the determination of orthometric heights (or height differences) from ellipsoidal heights derived
from GPS. Care will be taken to have the geoid undulations in the WGS84 system.

Conclusions

A practical implementation of a world height system or vertical datum is being considered
using the geoid as the conceptual reference surface. Although this surface will not be directly tied
to mean sea level, it will be associated with a global mean sea level through the proper choice of the
parameters of the ideal ellipsoid. The key element in the concept will be in determining geoid
undulations to meet users needs. Initially this will be done by developing a new degree 360
potential coefficient model based on significantly new data sets. This will enable undulations to be
derived for most regions to an accuracy of 1.5 m or, better. Improved determinations can
subsequently take place for specific regions through detailed geoid undulations computations
incorporating high resolution terrestrial gravity data.

The geoid undulations will play a key role in converting ellipsoidal heights into orthometric
heights with respect to the single, world wide defined, reference surface, the geoid. This will be
important for both land applications and marine charting purposes. For the first time, one has the
prospect of having a single vertical datum. The use of this single datum by all countries would not
be realistic. However, the development of transformations between a local datum and the global
datum is quite possible. This would enable the conversion of heights from a local vertical datum to
the global datum or vice versa.

The increased accuracy of positioning, both on land and in the oceans, makes the
development of a world height system a natural progression from a determination of a world
geodetic system (e.g. WGS84). Steps are now being taken to have information to implement the
world height system/vertical datum concept in 1996. '
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Spherical Harmonic Analysis, Aliasing, and Filtering

Christopher Jekeli

Department of Geodetic Science and Surveying
The Ohio State University

1958 Neil Ave.

Columbus, OH 43210

Abstract. The currently practiced methods of harmonic
analysis on the sphere are studied with respect to aliasing
and filtering. It is assumed that a function is sampled on
a regular grid of latitudes and longitudes. Then,
transformations to and from the Cartesian plane yield
formulations of the aliasing error in terms of spherical
harmonic coefficients. The following results are obtained:
1) The simple quadratures method and related methods are
biased even with band-limited functions. 2) A new
method that eliminates this bias is superior to Colombo's
method of least squares in terms of reducing aliasing. 3)

But, a simple modification of the least-squares model.

makes it identical to the new method as one is the dual of
the other. 4) The essential elimination of aliasing can
only be effected with spherical cap averages, not with the
often used constant angular block averages.

Introduction

The harmonic (or spectral) representation of functions
on the sphere has proved useful in modeling the gravity

field, the magnetic field, the topography, the ocean tides, -

etc, not just for the Earth, but for any roughly spherical
planet (Rapp 1977; Schmitz and Cain 1983; Kaula 1993).
Such harmonic representations enable a more precise
interpretation by wavelength of their magnitudes, their
coherence, and their measurability. Usually, these
functions are richly endowed with harmonics to a high
degree, decaying relatively slowly with increasing detail.
For example, the Earth's gravity field, after the first few
harmonics (which certainly dominate), decays
approximately linearly on the logarithmic scale, and

42

today's representations include over 130 thousand terms
(Rapp and Pavlis 1990).

It is a significant consequence of this fine structure in
the functions that the harmonic components determined
from a finite set of function values are biased estimates of
the true components. This is a well known phenomenon
in signal analysis, where even though one applies
orthogonal -operators to the data, they cannot filter out
barmonics finer in detail than that dictated by the
sampling interval. This is known as "aliasing.” Another
interpretation, though less precise, is that of attempting to
determine all (possibly an infinite number of) harmonics
from a given number of functon values. In the general
case, this is an underdetermined problem and the solution
invariably lumps together harmonics in a prescribed way.
Spectral aliasing in functions defined on the line or on the
Cartesian plane is well understood; it is less obvious on a
non-Euclidean surface such as the sphere.

The spherical harmonic analysis is examined here
with the object of clearly understanding the effect of
aliasing in conventional techniques, as well as in the
modern techniques developed by Colombo (1981) that are
used to compute today's models. In so doing, a new
formula for the analysis is rendered that reduces the
aliasing effect better than the least-squares approach. Itis,
however, also shown that the new technique is equivalent
to a modification of the least-squares model, requiring
some extra computations. The results also indicate clearly
which types of averaging (filtering) do and do not
eliminate aliasing. It is assumed throughtout that the data
are provided discretely at every node of a uniform grid.
(Aliasing in the case of a nonuniform data distribution
was studied by Sansd 1990.) Though the errors in
measuring the function on the sphere are not considered
initially, their effect on the derived procedures is discussed
in conclusion.




Preparatory Concepts

A periodic function integrable over its period may be
represented either in terms of its independent (space or
time) variable or, where it is continuous, in terms of its
Fourier spectrum, being the set of coefficients in its
corresponding Fourier series (Priestley 1981):

gx) ="y Gye?™T |

X=vo

X€E R (1a)

TLT
Gy = :I'LJ gx) e ™ gx , kegz (b
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where i = -1, T is the period (g(x+T) = g(x)), Kis the set
of real numbers, Z is the set of integers, and the integer k
may be termed "frequency,” or "wavenumber.” In practice,
for example from measurements, one knows only discrete
values of g and the corresponding spectrum is the Discrete
Fourier Transform (DFT):
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where it is assumed that the function values are known on
a regular grid, i.e., one with constant spacing, Ax = T/K.
The unsymmetric transform (2a,b), where k is
nonnegative, is preferred here as being more conventional
and avoiding the separate treatment of even and odd K.
Since the DFT is periodic with frequency period K:

(o‘mx = (031: , foranyk (20)
it is noted that equations (2a,b) are equivalent to the
symmetric forms, where k (and s) ranges from -(K-1)/2 to
(K-1)/2 (if X is odd). In the notation of (2a,b), the
frequencies from (K+1)/2 to X-1 are used to represent the
negative frequencies from -(K-1)/2 to -1.

The relationship between the spectra (1b) and (2b) can -

be found by substituting x = sAx into (1a):

g:= g(sAx) = 3, Gj e
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from which, by comparing with (2a), one bas for any k,

éx = 2 Giksx = Ge + Z Giksx @
= e .

j»0

The infinite sum on the far right in (4) is an alias of G,
for any frequency, k, such that ki < ky= K/2, where ky is
the so-called Nyquist frequency. The determination of the
spectrum {G, } of the function g from the discrete sequence
{gs}, using (2b), is subject to an aliasing error as
formulated in (4). Note that if the function g does not .
contain harmonics with frequency above the Nyquist
frequency, then there is no aliasing error. Such functions
will be called band-limited. It is further noted that a
function with infinite bandwidth can be filtered to make it
band-limited. This procedure is discussed later with
respect to the particular application of spherical harmonic
analysis.

Obviously, similar formulas hold for periodic
functions defined on the Cartesian plane. Thbey are
specialized here to the case where g is a real function of
two variables, 8 and A, and is periodic in 8 with period
and in A with period 2. Thben

gBA)=Y Y Geme@®®*™ . gaeg 5a)

Y=-ee Moo

2 ,x
Gem=—1= J j g®A) e @8+ do4) | kme
“Jo Jo
(5b)
where, with * denoting the complex conjugate,
Gem=GClknm (5)

For a regular grid with constant spacings given by A8 =
n/K and AX = 2r/M, where 6 = sA8, X =1tAX, the
Discrete Fourier Transform pair is

1Mo
251 = 2(0s,A0 = Z z G eK+ A
. k=0 m=0
G2
S= 0,...,K-1 , U= O,_._,M_I
o 1 K-1 M-1 2K + )
Gk_m | . e-l +
KM s=0 ; g
(6b)
k=0, K-l , m=0, m
Because the values g, are real,
G\'.M—m = G‘;{.m 6

which explains the limit of interest on m. M is assumed
to be even, without loss in generality, By the perigdicity
in k and m, Gon = Gom-m and Gro = Gi-co, While Goo is
real. Hence, the complex, discrete spectrum, 3
contains only KM independent coefficients. Analogous ©
(4), the relationship between the total spectrum (5b) and
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the sample spectrum (6b) is, for any k and m,

GL.m Grm + z z GuksevMem

Uz=-o0

M

~ The double sum in (7) represents the aliasing error for
frequencies kil < K/2 and Iml < M/2.

Instead of the plane, the real function g(8,)A) can also
be defined on a unit sphere and then expressed in terms of
a series of spherical barmonics rather than sinusoids.
There are many variations in such a representation. For
simplicity, the complex exponential form is used here and
its relationship to the more customary form is also given
for the reader's convenience. The spherical harmonic
series defines the complex Legendre spectrum {Ym} of
the function as follows:

Yo.m Poym(cos6) €™ ;
D'}

ge ) =3

=0

2
m=

(8a)
0<B6<n, 0<A<2%

1

. 2% ¢
Ya.m = f J' 2(8,1) Py (cos8) e™ sind d8 di
o Jo

TEm
n20, n<m<n
(8b)
where
6 = 1, m=0 80
2, m#0
and, since g is real,
Yoem = Tam @)

The integers o and m are, respectively, the degree and order
of the harmonic coefficient, 7, . The P, _in (8a) an (8b)
are called associated Legendre functions of the first kind,
defined, for the present purpose, for non-negative integers
n,m with m < n and for 0 < 8 < n. Furthermore, they are
assumed to be normalized such that

T
1

|

(again, for simplicity, the conventional over-bar notation
is omitted). The complex harmonic coefficients are related

(Pax(cos8)) sinb d6 = e, ©)
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to the coefficients of Helskanen and Moritz (1967, p.31,
(1- 76)) by

;%(an,m - igum) , m>0
Yam=1230, m=0 10)
l%(in,mﬂgm), m<0

Because of (8d), ohe need only solve for coefficients with
non-negative orders although, formally, the series must
include m < 0.

The Fourier Spectra of P, . and sinf Pn,m

It will be necessary to know the Fourier spectra of
P, and of sing- P . both defined for 0 < 8 <, as
usual and for 6 < O and 8 > ® by periodic extension.
This means that the number of frequencies of the spectrum
in each case is infinite, even though these functions are
polynomials of sinusoids (Hobson 1965, p.96). For 0 <
8 <, and any integer, k, let

Pom(8) = Pom(cos8) and Pom(® + k=) = Pam()
(113)
Sam(8) = sinB Py m(cosB) and Sp.m(B + k) = Sp.m(€)

(11v)

In accord with (1a) and (1b), the correspornding Fourier
transform pairs are

Pan®= 3 pi™e™® | geg (123)
2 .
T

p;-’“zlf Pum(@)e®®de , kez (12b)

T 0
ad

Sam(® =) oy"e?® , ey (132

=

x
o= lj sinb Pam(8) €2%d8 , kez  (13b)
[}

T

It is noted that be;ause Pn_m and Sn.m are real functions,
°=(@)

The orthogonality of the associated Legendre functions

P ={p") and of 19




implies that the infinite sequences {p;™} and {7} are
orthogonal forn # j:

Y g oin = Zn §(.n) (15)

k=

where 8(j,n) is the delta function, equal to zero unless j =
n, when it is one.

Once these coefficients are computed for n,m = 0,1
and for all integers, k, of interest, the remaining spectra
(n,m > 1) for these k can be determined using well
known recursion formulas for the associated Legendre
function (Abramowitz and Stegun 1972).

The discrete inverse Fourier transforms of these
functions sampled on a uniform grid
{8s=548:5=0, .., K-1; 48 =/K} are

S I

Pn,m:s = 2 p!;.m elZKSk/K (163)
=0

Sums = Z oy eiK (16b)

with (see (4)):

oy = z Pukek 3 z Ok (n

W=-0o

The discrete spectra in (17) are also amenable to
computation by recursion formulas (see Appendix) since
the left-hand sides are simply finite sums of associated
Legendre functions. Other methods to compute these
include simply determining the Discrete Fourier
Transform (A.1) of the Legendre functions determined
from recursion formulas, or substituting their equivalent
finite polynomial of sinusoids into (A.1).

The Relationships Between the Fourier and
Legendre Spectra

The following orthogonality relationships bold:

2% . .
L ei(m"m”‘dl={0’ if m=m 182
2z |}, 1, fm=m
and
: 0, ifk=K
1| eda-ve d6={ » HE® (18b)
T 1 1, ifk=k
and for later use:
Ml 0, j=
S egmmut JTE (189)
=0 )

M, j=m
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Substituting (122) and (8a) into (5b) and taking note of
(18a,b), one obtains

Gim = 2 Yfo.m Pi"ml (19
p={m}
where it is further noted that vy, _ = 0 for Iml > n.

Similarly, substituting (13a) and (Sa) into (8b) yields k2
inverse relationship

Yom = f- z G O'Péml (20)

m k=-ee

These relationships are possible because of the definitions
(11a,b). The alternative suggested by Ricardi and Burrows

- (1972) implicitly assumes periodicity of the associated

Legendre functions over (0,2x) and, though their spectral
domains are then finite, in this form they cannot be used
with (5a) and (5b) that embody periodicity in lattude over
(0,7). On the other hand, Goldstein (1978) devised an
extension of the function g onto the larger domain, 0 < 8
<2m, 0 <A <2, thus taking advantage of the associated
Legendre functions as finite polynomials of sinuscids. In
the present case lhe infinite nature of the their spectral
domains will not cause computational problems because
In the end only the discrete spectra (17) are needed. -
Albertella and Sacerdote (1995) also developed procedures
similar to the present ones.

Quadrature Formulas

Because the function (e.g., the gravity anomaly) is
supposed to be given on a regular grid, all estimates of its
Legendre spectrum have the form of so-called quadrature
formulas. A subset of these is the discretization of the
integral (8b). Numerous variations bave been proposed:
for example, the simplestis

K-1 M-1

s Pn_m(COSes) sinBs e';:‘.‘m"fM N

0
{n.m -
KM 520 1=

More common is an attempt to incorporate the fact that
usually the data are averages over angular cells. In this
case, the Legendre spectrum of the mean anomaly is
sought and the spherical harmonic function values in (21)
are replaced by their averages over the cells. Either way,
(20) or its alternative with averaged spherical barmonics is
only an approximation and leads to estimates that are
biased due to aliasing not just from frequency components
higher than the Nyquist limit, but from components of all
degrees greater than or equal to the order. Indeed, itis well
known (Pavlis 1988; Albertella et al. 1993) that a band-
limited function analyzed according to (21) is mot
recovered exactly by the estimated spectrum. This fearure
is demonstrated analytically below, but only for the case




exemplified by (21). The analogy for the case of cell-
averages will be evident because the integrals of the
Legendre functions have spectra like (17), but multiplied
by (sinkAB8)/(kAB).
With the aid of (13a) and (17), equation (21) becomes
-1 o
Yom=-L Y 5™ Gim 2)
2em k=0
The error in this estimate is derived by substituting (7)
into (22), adding and subtracting v, . and making use of
(17), (19) and (20). Some manipulations yield

.‘;,n‘m=7n‘m+_g_ z E pJJml nJmI Yim+
m =-o j={ 0|

Kl 2jlvM+m| © u.|m| .
kz Z % ¢ 5™ YivMen

Now shift the v=0 term to the first sum to get, with (15),

o
Yom = Yom +

bl .51 B °
bid LE ( kj%ml ajm| _ ZE-n 6(] n)) Yo+ (2_4,)
2em LiHm k=0
- - b 2jlvMem| °:l.1"‘l
2 z Y Vi vMem
v=-o0 j={ vM+m| k=0
v=0
Clearly, for band-limited data, where 7, =0, n2M/2,

the last set of sums, where j 2 M/2, vanishes. But, the
estimate is still biased ("aliased”™) by the second set that
contains all harmonic coefficients with degrees j > iml,
including Yn, m! The analysis procedure derived mext
shifts the total error of the estimate to frequencies beyond
the Nyquist frequency.

A New Method
Combining (7) and (19). and using (17) leads o

&= 3

V=-eo j={ VM+m|

pJJ vM+m| (25)

Yi.vM+m
This is the true model linking the two-dimensional
discrete Fourier transform of the data (6b) to the actual
Legendre spectrum. It is equivalent to the model (8a) for
the nontransformed data. Again, extracting the v = 0
contribution, this can be broken into three parts:

1mf +K-1

ka Z P’ Tim + 2 P’k Yi.m

jAmi jHmpK

+ Z Z & Jv\hml Y. yM+m

Yoee J:{vMﬂ:nI
y»0

€)
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The first sum contains exactly K harmonic coefgiciems for
any given m, and these are to be solved, given Gy One
could have separated the first two sums in (26) at some
integer larger than Iml + K, but then the problem is
underdetermined because there are only K Fourier
coefficients Gy for any given m.

Let Gp and v, be finite K-vectors contairing,
respectively, coefficients Gym and Yim 3 follows:

&% =[Gom G oo Cotm) @
Ygl ={Ylm o Y 1M ey ‘Ylm]-rK-lm] (28)
Also, define the KxX matrix
Bjénum[ . aérq-vx-um
Ra= : 29
BRim .. ppyiciim
Then, the collection of equations (26) for a fixed m and for
k=0, .. K-1lis
Gm = Rm Im + SRm 6"{m + ARm A‘{m (30)

where 8R_, 8y_, AR , and Ay_ are semi-infinite matrices
and vectors whose elements can be inferred from (26). In
particular, 5Ym contains harmonic coefficients of order m
and degree greater than tml + K - 1; while Ay contains
all coefficients with order greater than or equal to M/2.
The relative domains for these coefficients are shown in
Figure 1, where it is noted that K is completely
independent of M.

m, order

K n, degree

Fig.1: Domain of spherical harmonic coefficients estimated by (31).
Aliasing is due to coefficients Ay and 3y in their respective domais,
see eq. (32).




Solving (30) for v, yields the following estimate of
the harmonic coefficients .

,'Y\m = RI.T} Gm (31)
with an aliasing error given by
‘Y,% = -R;; (SRm SYm + ARm A'{m) (32)

R o is nonsingular as shown later (equation (49)). Fora
band-limited function the aliasing error (32) shouid
vanish. Band-limited now refers to two Nyquist
frequencies, just like in the planar case: N(m) = M/2 and
N(n) = m + K. Thus, the spherical analysis of functions
having harmonics (n,m) that are noozero only for n <
N(n) and m < N(m) will be perfect, without aliasing,
according to (31). The use of the quadratures formula (21)
would introduce errors as given by the first double sum in
24).

It is convenient, especially in efforts to eliminate the
aliasing effect, to refer the Nyquist limit to a single
frequency in terms of the degree, n. This is N =
min(K,M/2), where usually, of course, K=M/2. This,
however, understates the number of recoverable spectral
components. That is, from the KM data, g, that
determine Gm, (31) yields exactly XM real coefficients
contained in the complex numbers ?m. 0 <£m < M/2; see
Figure 1. Note that for each such m, the esumate (31)
requires the inversion of a KxK matrix.

The Least-Squares Solution

It is now shown that the procedure above is similar 10
the least-squares approach developed by Colombo (1931)
and implemented by Hwang (1993). However, there isa
subtle difference that is easily eliminated. Equation (8a),
with summations reversed, is rewritten as follows to
separate symbolically the coefficients to be estimated:

g(es,)\() =

N-l Nl N-1o= -

+ 3 T+ Y |(faPum(cose™)

m=-N+1 050  m=N+1 =N |mj2N 350}

(33)

The usual model for the least-squares approach is the
truncated spherical harmonic series, being the first part in
(33):

Nt Nl ' .
gx= 2 Y Tom Pam{cosBs)e™;

m=N+1 23m|
G4
0<s<K-1,0t<sM-1

The symbol = is used to emphasize that this is not the
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true model, only an approximation, due to the truncation.
For a more compact notation, define the following KM-
vector

g={8su}, G3)

the (N - Imb-vector (which differs from the K-vector, 7,
by the number of elements)

~T ‘ R )
Yo = M mbm> Wmfr1,ms -+ YN-1.m] » (36)

and the KMx(N-Iml) matrix

T _ip. imig i m - N-1 -
Ym= {P”m,(coses) & o, X1 120 @D

The tildes (~) are included now to differentiate between
this and the following modification to the approach. With
(35), (36), and (37), the model (34) becomes

N1~
g= z Ymm (38

m=-N+1

Note that .there are KM data (observatons), but only
approximately N? coefficients (if K=M2, then N° =

. KM/2). The true model (33) can be writizn like (38) as

follows:
Nl e o~
g= Z (Ym'{m +8Ym GYm) + z AY 2 A7n (39)
m=-N+1 [m2N

where §Ym is 2 semi-infinite matrix with XM rows and its
elements are spherical harmonic functions with degrees n
> N. &y contains coefficients with degree n 2 N, A7_ is
the same as in (30) and AY | can be inferred from (33).

By the discrete orthogonality of the complex
exponential (18¢), the matrices Yn are also orthogonalk:

(@) Fi=0. j=m 0

~a\T
Multiplying (38) by (Ym) and denoting the normal matrix
by An= (Ym) Y yields the "least-squares” solution:

vl 2 I @n

The aliasing error is obtained by substituting the true
model (39) and duly noting the orthogonalities:

AL e~ ~
o =T + Am (5 57m + AYm Ata) 2)

Figure 2 shows the parts of the spectrum. 8Ym and AY_,
that alias the estimated part (K=M/2 is assumed). Note




the similarities of the equation pairs (41), (42) and (31),
(32); however, the solution (41)  is aliased more than the
solution (31). Because the Ap are (N-lmD)x(N-iml)
matrices, there are fewer computations associated with
(41) (matrix inverses of diminishing dimension as m —
N-1).

m, order

N=K=M/?2 n, degrée

Fig.2: Domain of spherical harmonic coefficients estimated by (41),
the conventional least-squares approach. Aliasing is due to
coefficients Ay and &Y in their respective domains, see eq. (42).

A Modification To The Least-Squares Model

By now it is evident that the difference between (41)
and (31) lies in the model. Augmenting (34) to include
degrees up to Iml + K - 1, the model becomes

MR
s = z Ym Ym 43)

m=M2+1

where Y is similar to Y but now each has K columns
instead of (N -_lml), and Y, is given by (28).
Correspondingly, Am becomes the KxK matrix A and
the least-squares solution (41) becomes

Yo =An (Yo g (44)

Since as many coefficients are computed as data given,
this is no longer a "least-squares” solution. If g is band-
limited, then both (31) and (44) yield the true spectrum,
which means that (31) and (44) are identical for any g.
* Hence, in general, the aliasing error in this modified
approach is also given by (32). .

The 2-D Fourier transform Gp (K-vector) is a linear
operator on g:

Ga=g; Whe @3)

where Wm is»a KMxK matrix:
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= -I2%(sW/K + tvM) ¥=0.....K-1 )
Win={e oo e o e (46

Substituting (45) into (31) and equating with (44) vields

Az (Yn) 8= Ra Whyg @7
which holds for arbitrary g. Therefore, since
Wn (W,'n)T = KM I, where I is the identity matrix,

An={Ya) (WoJ Ra 43)

Finally, it can easily be shown that
(va) (Wm)T = KM Ry, so that (48) becomes

An=KMR,Ra 49

which is Parseval's theorem in view of (29) and because
the elements of Am are

K-1

8jx =M Y Pj1zy(cos8s) Pyim(cosds)  (50)
s=0

One can start with (49), being Parseval's Theorem,
and show, first, that since Am is a full rank matrix, Ra is
non-singular; and, second, that solutions (31) and (+4) are
equivalent. Thus, there is a perfect duality between these
solutions: (44) operates directly Qon the signal, g; (31)
operates on its Fourier transform G; both vield identical
results.

Harmonic Analysis of Averages

In order to make use of all gravity data around the
world and to keep the computation of spherical harmonic
models tractable, usuval practice is to transform the data
into mean quantities, i.e., averages over cerain defined
blocks or areas on the Earth's surface; often delineated by
constant lines of latitude and longitude, e.g., 1°x1° or
30'x30" blocks. This yields a mew function, g, in
principle, defined for every point on the sphere, but
sampled, like g, on a regular grid. g has its own unique
Legendre spectrum, {Ya.m), and all the previous results
bold with respect to this case. The question, however, is’
how to relate Ya,» and Yoo W€ latter being ultimately
sought. ’

This relationship depends on the spherical area over
which the averaging is performed. It is derived for the
uniformly weighted angular block averages (e.g., 1°x1°
mean anomalies) by Gaposchkin (1980). The relationship
for the generaily weighted angular block average is deduced
as follows. Let the average be defined in terms of a
convolution with the general weighting function, b:




g =L (8,46 A) (8" A) sind’ do’ A\’
4z 0 0

6D
And, suppose B;:.m is the frequency response of the

weighting function (the filter) in terms of the Cartesian
variables 8,A. Then by the convolution theorem for

periodic functions on the plane.

Grm= B Gem (52)
Using (19) for both G.m and Gy yields

Y Toampi™=Bem 3 Tampi (53)

=] o=m|

Now multiply both sides by 'f, sum over k, and use the
orthogonality (15) to get

?j-m =T 2 (2 Bem P:Jml OJiml] Ta.m (62))]

2€m v=mi k=

For purposes of discussion, suppose the filter, b,
removes all power beyond the Nyquist frequencies on the
plane, so that B, == 0 for Ikl = K/2 or Im! 2 M/2. (The
response for the uniformly weighted block average is
rather inefficient in this respect) Then, clearly, fj.m = 0
for Iml > M/2; but ¥j.m # O for any degree, j, when Iml <
M/2. In terms of the previous notation (see Figures 1 and
2), A¥m = 0, but 3ym # 0. This means that there remains
considerable aliasing of the spectrum estimated by any
method of harmonic analysis if the averaging is performed
over constant angular blocks. In fact, with a perfect
angular block average (in additon to being zero at
frequencies higher than the Nyquist, Bk,m =1for kl<
K/2 and Iml < M/2), equation (34) with (15) becomes
%im=Y.m forany j if iml < M/2. Thatis, the spherical
spectrum denoted by the region 87 in Figure 2 is passed
fully by this filter and therefore represents an aliasing error
(see equation 42).

A better filter is the so-called spherical cap average
(Jekeli 1981). In this case (for constant size caps, only?),
the frequency response of the filter is best formulated in
terms of its Legendre spectrum,  ; and

:f_u.m =Bu Yom (53)
“For the uniformly weighted average over a spherical cap of
radius, ¥,

’__.2._ N |2 < Ye
(56)

otherwise

49

where cosy = cos cos' + sin8 sin’ cos(A -A). The
filter response, Bn, is the fa_miliar Pellinen smoothing
factor (Sjoberg 1980). Figure 3 shows 8 for y_=0.5°.

1
0.8
0.6+
' n =380
0.4+ 1
1
t
1
021 \ )
3 = v, =05 degrees
1
° N
H \/
1
1
©02- - b : - 0 g
0 200 400 800 800 1000 1200

harmonic degree, n

Fig.3: Pellinen smoothing factor (thin line) versus Gaussian smoothing
factor (thick Line).

If the filter were designed such that B =0forn2K
then from (55), clearly ¥a.m = 0 for n 2 K (i.e., both AY=
=0 and 8Ym = 0); and the Legendre spectrum of the
averaged function estimated by (31), (41), or (44) is not
aliased. Such a filter is approximately given by the’
Gaussian weighting function (Jekeli 1981):

b(y) =gl -cos¥); a>0; 0sys= (57
The corresponding response is also shown in Figure 3 for
a = 40263. Both responses were designed to attenuate all
harmonics with n > 360 to less than 20%. (The fiiter
(51) with (57), being a global average, is approximately
a cap average since Xy)=0, Y2y, (a).)

It is seen from (54) and (55) that the frequency
responses of the constant angular block average, Bm’ and
of the cap average, Bn, are completely different, the first
capable of removing Ay, only, and the second able to
remove both Ay and &y_. Therefore, also the practice of
approximating the response of the constant anguiar block
average by B, is quite incorrect.

Data Errors and Least-Squares Collocation

So far, the data measurement noise and an a priori
spectrum with weights have not been considered. These
are important aspects of modern harmonic analyses.
However, the computational tractability of the analysis
for high-degree models (such as N = 360) restricts the
allowable variances and covariances among the errors of
the given data, as well as the weights of the a priori
barmonic coefficients (Colombo 1981). In essence, the
orthogonality of the matrices Y, (see 41) must be availed




to reduce the dimensionality of the normal matrices to be
inverted.
If (38) is written as

=Yy - (38)

aa

where Y =["1"N+1, ?N-I] and 7={7T\+1 ?{:\r'-l]T, then
the least-squares solution with weights based on the noise
variance/covariance matrix, P}, is given by

7YY g (59)

In order to take advantage of the orthogonality (40), it is
required that

(¥mp¥)=0; i
YmPY1)=O; ifm#/ (60)

This happens only if the errors in the daw {gg } are
uncorrelated in longitude, and if the correlation in latitude
is the same for all longitudes. ’

The absence of redundancy of data in the new
approach obviates weighting the data, and no restrictions
need be imposed on the correlations in' the data noise for
either formulation, (44) or (31). The variance/covariance
matrix of the estimated coefficients is obtained by simple
error propagation. '

Colombo's (1981) least-squares collocation (1.5.c)
method of harmonic analysis, in theory, is supposed 10
yield the best estimator of the Legendre spectrum for a
given set of data. In case the data (again, globally and
regularly distributed on a grid) are perfect measurements
(no measurement noise), l.s.c. minimizes the aliasing
error. The Ls.c. estimator is also of the quadranures type,
as defined by Colombo (1981, p.43, eq.2.60):

7
k<

~

: — s -2mm/M
fo.m =

i g5z € ©n

i
L

s

where 5. are "weights™ to be determined by inverting a
KxK matrix of discrete spectral compounents of the
Toeplitz/circulant autocovariance matrix of the data.
Although originally formulated to estimate only
coefficients up to degree and order N, it is easily extended
to estimate any number of coefficients, such as those in
(28). Again, the formulation (61) is preserved in the
presence of data noise only if the noise covariance matrix

has a structure identical to the physical autocovariance

matrix of the data.

Considering (37) and (45), it is readily seen that all
the other methods discussed here, namely (22), (31), (41),
and (44) are of the quadratures type, but with different
weights; and those in (61) are the best in terms of
minimizing the aliasing error for a particular set of

estimated coefficients. But the optimality of (61) is
based on the assumed isotropy and homogeneity of the
(physical) covariance function of the data. These

" assumptions are quite strong and do not hold uniformly

for all frequencies. Furthermore, the covariance function
usually is based on a model with questionable fidelity at
the high frequencies. Therefore, in practical applications
Ls.c. (for example, Colombo 1981; Gleason 1987) may
not be significantly superior to the estimation based on
the harmonic analysis (31) or (44) with appropriate
filtering, e.g., with (57), because aliasing thus can be well
controlled and/or eliminated.

Summary

The methods of barmonic analysis on the sphere were
investigated from the point of view of aliasing. The
aliasing error was formulated in terms of spherical
barmonic coefficients in the case when the functon is
sampled on a regular grid of latitudes and longitudes. This
vielded several results, some of which are known, but
perhaps more analytically illustrated, bere: 1) The simple
quadratures method and related methods are biased even
with band-limited functions. 2) A new methed that
eliminates this bias is also superior to Colcmbo’s methed
of least squares in terms of reducing aliasing, because it
estimates more coefficients at litle added computational
cost. 3) But, a simple modification of tbe model makas
the least squares method identical to the new metkod as
one is the dual of the other. The new method solves for
as many coefficients as data and, in the presence of data
noise, it need not use fabricated noise covariances to make
the solution numerically tractable. 4) The essential
elimination of aliasing can only be effected ~ith spherical
cap averages, not with the often used constant angular
block averages.

Appendix - The Computation of pi~
Analogous to (2b)

on.m

K-1 .
pk = 2 Pn_m(coses) e'lszfx , k= O. e K-1

1
K=
(A1

Also define the Discrete Fourier Transforms of cos8 and
sin® on the interval (0,x):

° K-l . o ° :

Ex =—1IE cosB; 2K B g =3 (A22)
s=0 .

o K-1 . o o

o= -;Z sinBs 6K | ok =k (A2b)
s=0

The recursion formulas for the normalized associated
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°a.m °p-1.m » 3:-2om

™= o 3, By "Gk — 2Pz, 0SmEn-2
j=0

o K-1 RN
p:.n-l - m 2 pJ ta-l éj_" , I 21 (A.4b)
3=0

o K-1 o
g = 2n2+ LY g2t G, n22 (A4
n j=0

00-500) , Prt=13 L (Ad)

Acknowledgments. This work was supported by contract F19628-93-
K-0033 with the Air Force Phillips Laboratory, Hanscom AFB, MA.
“The author is grateful to the reviewers whose valuable comments led to
many improvernents.

51

Functions. Dover Publications.

Albertella A, Sacerdote F (1995) Spectral analysis of block averaged
data in geopotential global model determination. To appear in
Manuscripta Geodaetica.

Albertella A, Sacerdote F, Sansd F (1993) Geodetic calculus with
block-averages observations on the sphere. Surveys in
Geophysics 14: 395402

Colombo OL (1981) Numerical metheds for barmonic analysis on the
sphere. Report p0.310, Department of Geodetic Science, The
Ohio State University.

Gaposchkin EM (1980) ‘Averaging on the surface of 2 sphere. J
Geophys Res 85(B6):3187-3193.

Gleason DM (1987) Developing an optimally estimated earth gravity
model to degree and order 360 from a global set of 30" by 30°
mean surface gravity anomalies. Manuscripta Geodaetica
12:253-261.

Goldstein JD (1978) Application of Fourier techniques to the
computation of spherical harmonic coefficients. The Apalytic
Sciences Corp., Tech. Info. Mem. TIM- 863-3.

Heiskanen WA, Moritz H (1967) Physical Geodesy. W.H. Freeman,
San Frandisco. '

Hobson EW (1965) The Theory of Spherical and Ellipsoidal
Harmonics. Chelsea Publishing.

Hwang C (1993) Fast algorithm for the formation of normal equations
jn a least-squares spherical harmonic analysis by FFT.
Manuscripta Geodaztica 18(1):46-52.

Jekeli C (1981) Alternative methods to smooth the earth’s gravity field.
Report No.327, Depariment of Geodetic Science and Surveying,
Ohio State University.

Kaula WM (1993) Higher Order Staustics of Plapetary Gravities and
Topographies. Geophys Res Leu 20.

Pavlis NK (1988) Modeling and estimation of a low degres
geopotential model from terrestrial gravity data. Report No.386,
Department of Geodetic Science and Surveying, The Ohio State
University.

Priestley MB (1981) Spectral Analysis and Time Series. Academic
Press.

Rapp RH (1977) Determination of Potential Coeificients to Degree 52
from 5° mean gravity anomalies. Bulletin Géodésique 51(4):201-
32. :

Rapp RH. Pavlis NK (1990) The developmeat and analysis of
geopotential coefficient models to spherical harmonic degres
360. I Geophys Res 95(B13):21885-2191L.

Ricardi LI, Burrows ML (1972) A recurrence technique for expanding
a function in spherical harmonics. [EEE Trans Comp Jupe:583-
585.

Schmitz DR, Cain JC (1983) Geomagsetic Spherical Harmonic
Analysis, 1. Tecaniques. J Geophys Res 88(B2):1222-1228.
Sapsd F (1990) On the aliasing problem in the spherical harmoric

analysis. Bulletin Géodésique 64:313-330.

Sjgberg L (1980) A recurrence relation for the B n—funcﬁon. Bulletin

Géodésique 54{1):69-72.




