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1.0     SUMMARY 

Semiconductor lasers have many important technological applications and are often used as a test 

structure for models of the operation of laser oscillators. External optical signals can change the 

output characteristics of the semiconductor laser through the nonlinear interaction of optical 

fields within the laser cavity. This work attempts to present a consistent picture of the nonlinear 

optical interactions within a free-running laser diode and one subject to near-resonant external 

optical injection. We concentrate on measurements and modeling of a nearly single-mode, 

quantum-well laser diode but our techniques can be applied to a wide variety of laser structures. 

The phase and amplitude characteristics of nearly degenerate four-wave mixing in a 

semiconductor laser are studied. This type of interaction occurs when the injected signal is 

sufficiently weak that a linearized dynamical model can be used to describe the optical 

interaction. There is a direct connection between nearly degenerate four-wave mixing in a 

semiconductor laser and optical small-signal modulation in the laser field. It can be understood 

using a model of an unlocked, optically injected laser which emphasizes the effect of the laser 

resonator on the optical interactions. This model correctly describes the observed spectral 

characteristics and their dependence on the intrinsic parameters of the semiconductor laser. This 

is used to develop a simple and accurate technique using a single experimental setup for the 

parasitic-free characterization of the intrinsic laser parameters, including the relaxation resonance 

frequency, the total relaxation rate, the nonlinear relaxation rate, and the linewidth enhancement 

factor. Other parameters, such as the spontaneous carrier lifetime, the photon lifetime, the 

differential and nonlinear gain parameters, and the K factor, are determined from the power 

dependencies of these parameters: This technique requires only two continuous-wave (cw) lasers 

closely matched in wavelength and is applicable to semiconductor lasers of any wavelength and 
any dynamic bandwidth. 

Exploiting similarities in the nonlinear optical interactions underlying the noise and external 

optical modulation spectra in laser diodes, we quantitatively model the noise spectra of a nearly 

single-mode laser diode. Two types of nonlinear optical mixing are prominent. The first 

involves the nonlinear interaction between the spontaneous and coherent fields in the oscillating 

mode. The second is the scattering of the coherent field by the carrier fluctuations induced by 
the amplified spontaneous emission in the weak side modes. 

Experimental measurements and a single-mode analysis of the quantum-well laser diode when it 

is subject to resonant, strong optical injection are combined to demonstrate that the diode follows 



a period-doubling route to chaos. All laser parameters used in the model, including the influence 

of spontaneous emission noise, were experimentally determined based on the four-wave mixing 

technique. The transition to chaos can be used to reduce the uncertainty in the value of one of 

the model parameters, the linewidth enhancement factor. The laser diode exhibits chaotic 

dynamics over a bounded range of injection levels. As the chaotic regime is approached from 

both lower and higher injection levels, it follows the period-doubling route to chaos, though the 

route is largely obscured by spontaneous-emission noise. A new, bounded regime of period- 

doubling occurs for injection levels well above the region of chaotic dynamics. Further, at 

injection levels above the chaotic region, optical injection strongly modifies the carrier-field 

resonance coupling frequency. The single-mode model, including spontaneous emission noise, 
displays the dominant characteristics of the optical spectra. 

The nonlinear dynamics induced by external optical injection are a strong function of the 

frequency difference between the injecting and interaction lasers as well as the optical injection 

level. There is a complicated mapping of the dynamics as a function of frequency offset and 

injection level. At all injection levels, however, there is a range of injection frequencies where 

the interaction laser can be frequency-locked (with good stability characteristics) to the injection 

laser. In this region of stable injection locking, the laser displays improved modulation 
characteristics relative to its free-running conditions. 

Finally, we present preliminary measurements of the noise characteristics of a vertical-cavity 

surface-emitting laser, including novel spectra induced by rapid, spontaneous polarization 

switching of the optical output. These results point to the fact that many new phenomena can be 

expected when the semiconductor laser operates with more than one strong output mode. 



2.0     INTRODUCTION 

Nonlinear optical interactions in a variety of material systems have been investigated for 

applications in optical communications, optical signal processing, and coherent propagation of 

high-intensity laser beams. In many applications, the ideal nonlinear optical material has a fast 

response time and a low threshold for nonlinear optical interaction. This combination has proven 

to be elusive in bulk materials. Low threshold materials, such as the photorefractive crystals, 

have a slow response time. To achieve the high optical intensities required in many nonlinear 

materials, the use of waveguides to achieve high intensities over long optical interaction lengths 

has been proposed. This has led to a wide range of material systems being used in waveguide 
configurations. 

One of the most interesting results was achieved in one of the most technologically important 

waveguide systems, the semiconductor laser or laser diode. Nakajima and Frey were the first 

to report the observation of the generation and amplification of signals through nonlinear optical 

interactions in a Fabry-Perot laser diode [Refs. 1,2]. They observed generation of conjugate 

signals through four-wave mixing in the laser diode. These signals were more than a factor 

of 103 stronger than the input signal. Early theoretical efforts attempted to explain the nonlinear 

interaction that induced these signals by concentrating on the spatial nature of the interaction 

[Refs. 3,4]. Agrawal was the first to describe the importance of the modulation of the carrier 

density, but his model only qualitatively explained the data [Ref. 5]. Another early model 

concentrated on the temporal dynamics of the interaction rather than the spatial interaction. This 

model achieved better, though still only qualitative, agreement with the data [Ref. 6]. 

In a previous report, we described our initial observations of the phase and amplitude 

characteristics of the signals generated by the nonlinear optical interaction [Ref. 7]. Before that 

time, the experimental data consisted primarily of data on the magnitude of the optical spectra of 

the generated signals. We noted that, under some circumstances the nonlinear optical interaction 

led to an almost pure phase modulation of the output of the semiconductor laser under 

investigation. This result could not be explained by the spatial interaction model. 

At the same time, we realized that there was a striking similarity between the four-wave mixing 

spectra and the noise spectra of a free-running laser diode [Ref. 8]. Semiconductor lasers have 

been extensively studied as a test system for understanding the fundamental noise properties of 

laser oscillators [Ref. 9]. The noise spectra of laser diodes have been generally modeled by 

concentrating on the temporal rather than the spatial nature of the interaction. Due to the 



coupling between the free carriers and the optical field in a laser diode, the noise spectra do not 

exhibit a simple Lorentzian line shape [Ref. 8]. Modeling of diode operation has successfully 

explained the qualitative features of the noise spectra [Refs. 10, 11]. 

This report describes our studies of the nonlinear optical interaction in laser diodes and the 

importance of the nonlinear optical coupling to both the generation of four-wave mixing signals 

and the generation of the noise spectrum of a free-running laser. We also show how the 

nonlinear optical coupling can lead to full, nonlinear dynamics, including deterministic chaos, 

under appropriate conditions. The report is divided into several parts. 

In the next section, we describe our dynamical model of the operation of a semiconductor laser 

under the influence of external optical sources and noise sources. It is a model which 

concentrates on the temporal nonlinear coupling of the optical field and the free carriers the gain 

medium, of the semiconductor laser. We then describe the experimental apparatus used to test 

the model. Our apparatus appears to be unique in that we are able to make measurements which 

separately quantify the phase and amplitude characteristics of the generated signals   We do this 

by simultaneously monitoring both the optical spectra and the power spectra of the signals that 

arise from the nonlinear optical interaction. Under appropriate conditions, the nonlinear 

dynamical equations can be linearized to describe the effect of a weak external optical signal on 

the output of a laser diode, Section 5.0. Through this interaction, key dynamical parameters of 

laser operation can be determined. In fact, all of the parameters necessary for a comparison of 

the full nonlinear model with an operational laser can be determined in this weak injection 

limit. We next use these parameters to similarly model the noise spectrum of the laser diode 

Section 7.0 describes the dynamics that result under strong, resonant optical injection   A 

bounded region of chaotic dynamics is observed. Section 8.0 describes key findings of the 

nonlinear interaction and dynamics under strong, near-resonant optical injection. Section 9 0 

describes some preliminary measurements made on a novel laser, the vertical-cavity surface- 

emitting laser (VCSEL). These are initial findings on work that is still in progress. Finally, we 
draw some conclusions and suggestions for future work. 



3.0     DYNAMICAL MODEL OF A SEMICONDUCTOR LASER 

In a variety of laser systems, a set of coupled equations for the complex oscillating field and the 

inversion density describes the nonlinear dynamics. An isolated, single-mode laser of this type, 

such as a semiconductor laser, is sufficiently described by only two rate equations, one for the 

photon density and another for the carrier density [Refs. 12,13]. When the laser is coupled to 

the outside world and subject to external sources, such as spontaneous emission noise or external 

optical signals, an equation for the complex, oscillating electric field must replace the simpler 

equation for the photon density. Over the past three years, we have developed a model for 

semiconductor laser operation which describes the dynamics of a nearly single-mode laser diode. 

This model draws strongly on past work describing the noise spectra of semiconductor lasers, 

injection-locking in semiconductor lasers, and the effects of weak external optical feedback. It is 

based on coupled equations for the complex field and the carrier density, 

dA       y p 
— = —fA + i(co0-a)c)A + -(l-ib)gA+T1Aie-iQt + Fsp , a) 

dt     ed    rs      hco0 
m   ' (2) 

where A is the total complex intracavity field amplitude at the free-oscillating frequency coo, coc 

is the longitudinal-mode frequency of the cold laser cavity, T is the confinement factor, b is the 

linewidth enhancement factor, g is the gain coefficient, At is the complex amplitude, Ü is the 

detuning of the injection signal, Fsp is the spontaneous emission Langevin noise source and is 

assumed to have a correlation time short compared to y'1 [Ref. 10], N is the carrier density, J is 

the injection current density, e is the electronic charge, d is the active layer thickness, zs is the 

carrier lifetime, and n is the refractive index of the semiconductor medium. 

For Equations 1 and 2 to apply, it is assumed that the semiconductor laser can be modeled as a 

single-mode system. All spatial effects are contained in the confinement factor, T, and all 

interacting optical fields are assumed to be confined to the same spatial mode. The gain, g, and 

the linewidth enhancement factor, b, relate the complex field and the polarization induced by the 
free carriers which make up the gain medium [Ref. 5], 

P=-^(b+i)gAe-^,    . (3) 



This relation between P and the complex field assumes that the polarization adiabatically follows 
the field [Ref. 12]. 

The exact functional dependence of the gain on parameters such as the carrier density and optical 
fields is unknown, but it is important to consider the gain coefficient g(N, S) as a function of the 
carrier density and the intracavity photon density, S. Therefore, we make the assumption that the 

gain can be modeled perturbatively about an operating point determined by the injection current, 
•A carrier density, N0, and field amplitude, A0, when there are no external optical sources or noise 
sources present, and 

*=^M2 • heut (4) 

In this model, the characteristics of the spectra generated by the nonlinear optical interaction can 
be directly connected to many fundamental parameters of the laser diode, such as the relaxation 
resonance frequency, the total relaxation rate, the nonlinear relaxation rate, and the linewidth 
enhancement factor. The total relaxation rate, yr, of the laser has contributions from the carrier 

relaxation and the differential and nonlinear gain parameters [Refs. 13, 14]. It can be written as 

rr=Ys + 7n+Yp (5) 

where ys = \lx5 is the spontaneous carrier relaxation rate and yn, and # are relaxation rates 

contributed by the differential and nonlinear gain parameters, respectively. While ys is a constant 

at a given carrier density, yn and yp are proportional to the intracavity photon density through the 
following relations: 

**'«*'% Nn 

and   yp = -rgpS = -r^ 
oS 

s, 
Nn 

(6) 

where gn and gp are the differential and nonlinear gain parameters defined as the derivatives of 
the gain coefficient, g, with respect to the carrier density and the photon density, respectively 
evaluated at the operating point. The relaxation resonance frequency, Qr, depends on these 
parameters through the following relation: 

Qr=2Kfr=[ycyn + ysyp} \l/2 

(7) 



All modeling in the following sections is derived from this basic model and these definitions. 
Additional assumptions required to apply to the different limiting conditions that we have 

experimentally explored are detailed in the different sections. Here, we conclude with two 

points. First, the external optical signal and the spontaneous-emission noise source are treated in 
a very similar manner by the model. Second, because the optical field is complex, there are 
really two equations, one for each of the two quadrature components, or equivalently for the 

amplitude and the phase, embedded in Equation 1. Therefore, the semiconductor laser subject to 
optical injection contains the three dynamical degrees of freedom that are necessary but not 
sufficient for the observation of deterministic chaotic dynamics [Ref. 12]. 



4.0 EXPERIMENTAL APPARATUS 

There is voluminous literature describing measurements of spectral characteristics of 

semiconductor lasers. To relate the observed spectra to models of semiconductor laser dynamics, 

measurements concentrated on determining what parameters needed to be included in the model 

to reproduce the observed spectral features. Early measurements focused on the Lorentzian line 

shape of central peak in the output spectrum. From these measurements, the importance of the 

linewidth enhancement factor, b, was deduced [Ref. 9]. Measurements of the intensity spectrum 

showed that the laser gain had to be a function of both the carrier density and the circulating 
intensity [Ref. 15]. 

Most of the measurements have been performed to extract tk. qualitative nature of the spectra 

and were not accurate enough to make a precise quantitative comparison with theoretical models. 

Recently, there has been considerable effort directed towards a more precise determination of the 

key model parameters from the measured spectra [Refs. 13, 14, 16]. All of these studies 

concentrated on either the optical or the amplitude spectra of the laser diodes and, therefore, were 

not able to determine key parameters without additional estimates of the semiconductor laser 

properties. One of the key features of our work is the quantitative comparison of theory and data 

without this need for additional assumptions. Therefore, details of the experimental apparatus 
and technique that we used are important. 

The laser diodes used for the bulk of this work were two Spectra Diode Labs (San Jose, CA) 

SDL-5301-G1 single transverse and nearly single longitudinal mode GaAs/AlGaAs quantum- 

well lasers. These laser diodes have a cavity length of 500 fim and coated end facets with 

nominal reflectivities of > 0.95 for the rear surface and < 0.04 for the output coupler. Both 

lasers were temperature and current stabilized. To bring them to near-degenerate operating 

frequencies, the temperature was adjusted for gross frequency changes and then the current was 

adjusted for fine tuning of the frequency offset /. Overlap of frequencies could be achieved over 

a limited range of operating conditions for the two lasers. The laser used as the interaction laser 

could be operated at currents from 32 to 50 mA, corresponding to output powers from 4 to 

15 mW. The threshold current was 23.3 mA and a linear light versus injection current level was 

measured. The pump parameter, J, is defined as the difference between the operating current 

and the threshold current, normalized to the threshold current. It followed the relation J = 

0.078P. Here, P is the output power in milliwatts. The lasers were overlapped at wavelengths of 

827.5 to 827.7 nm. The wavelength was measured using a wave meter. 



A typical optical spectrum of the principal mode, measured using techniques described next, is 
shown in Figure 1 along with a calculated Lorentzian line shape curve. The central linewidth is 
calculated to be 10 MHz, full width at half maximum. The exact value of the linewidth is 
unimportant for the spectral shape at offset frequencies greater than ~ 100 MHz. There is 

significant deviation of the optical spectrum from the Lorentzian line shape in the wings. These 
are the relaxation resonance features [Ref. 8]. Though the laser diode operates on one principal 
mode, with ~ 90 percent of the total output power, there are many weak side modes. Figure 2 
shows spectra taken with a 0.5 m Spex scanning monochrometer. No single side mode is 
dominant and the spectrum shifts with injection current. 

Figure 3 shows the experimental setup for our key measurements. In most measurements, the 
output of one laser diode (LD1), the master or injection laser at a frequency v;, was passed 

through an acoustooptic modulator where a fraction, on the order of 10 percent, of the beam was 
deflected and shifted in frequency by 80 MHz. The shifted beam at v7 + 80 MHz was used to 
probe a second laser (LD2), the injected or slave laser, oscillating at v0 = ox/In. Thus the 
frequency offset /= Q/2nis given by v0 +f= V; + 80 MHz and can be changed by varying v;. 

By frequency shifting the injection beam in this way, the unshifted beam from the master laser 

-4E+09       -2E+09       0E+00        2E+09 
Frequency Offset (Hz) 

4E+09 

Figure 1.  The optical power spectrum of the interaction laser diode when operated in a 
free-running condition at an injection current level of 40 mA. Also shown is a 
calculated Lorentzian line shape using a 10-MHz linewidth. 
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LD: laser diode 
L: lens 
-C=4-: optical isolator 
A.O.: acoustooptic modulator 
M: mirror 
B: removable beam block 

LEGEND: 

A: variable attenuator 
BS: beamsplitter 
ET: etalon 
D: fast photodiode 
M.S.A.: R/F-microwave spectrum analyzer 
O.S.A.: optical spectrum analyzer 

Figure 3. Schematic diagram of the experimental setup. 

could be used as a local oscillator for heterodyne measurements. Optical isolators, with ~ 60-dB 
isolation, were used to avoid mutual injection and to reject back-reflected light from any 

components in the optical path. When very high injection levels were required, the acoustooptic 
modulator was removed and the steering mirror was moved into the main path of the master 
laser. In this configuration, the injection laser could not be directly monitored and could not be 
used as a local oscillator for heterodyne detection. Removal of the acoustooptic modulator did 
not lead to noticeable feedback effects on the master oscillator. 

The output of both lasers could be monitored using both optical and microwave/radio-frequency 
spectrum analyzers to measure both the optical field and amplitude spectra. Measuring both 

spectra simultaneously allowed us to distinguish between amplitude and phase modulations of 
the output of the injected laser. The amplitude spectrum was obtained by detecting the output of 
the injected laser with a fast photodiode of 7 GHz frequency response and displaying the 
photodiode signal on the spectrum analyzer. To separate the amplitude signal of the principal 
oscillating mode from the weak side modes, an etalon with a free spectral range of ~ 400 GHz 

and a finesse of ~ 20 was placed in front of the fast photodiode. The optical spectrum could be 

measured in two ways. The direct measurement used a Newport SR-240C scanning Fabry-Perot 
which has a free spectral range of 2 THz and a finesse of greater than 50,000, giving an optical 
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frequency resolution of about 40 MHz. Alternatively, the unshifted beam from the master 

oscillator could be mixed with the signal beam from the slave laser. The microwave spectrum 

analyzer was then set at a fixed offset frequency. Setting the offset frequency to 80 MHz, and 

sweeping the injection frequency by varying the bias current to the master laser, we measured a 

heterodyne spectra of the optical signal from the slave laser generated at the injection frequency. 

Alternatively, the injecting beam could be blocked and the microwave spectrum analyzer could 

be set to some convenient frequency, typically ~ 5 GHz, and the heterodyne measurement 

yielded an optical spectrum of the free-running slave laser. This latter measurement technique is 
a variant of the measurement technique used in Reference 13. 

Depending upon the specific experiment, beam blocks were inserted or removed to allow either, 

or both, of the two lasers to pass to the detection apparatus and allow the master laser to inject ' 

light into the slave laser. Data from the optical spectrum analyzer were recorded using a 

Tektronix 7854 digitizing oscilloscope while the microwave spectrum analyzer, a Tektronix 495, 

included digitization. Data files were downloaded onto a personal computer for further analysis' 

While the experimental configuration shown in Figure 3 has allowed us to make a variety of 

precise measurements on semiconductor lasers, it does have limitations. For our work, the most 

significant was the difficulty achieving frequency overlap between the master and slave lasers. 

Temperature and current allow considerable control of the lasers but they do not provide 

continuous control of the frequency. This problem can be overcome by using one of the tunable 

external cavity semiconductor lasers that have recently become commercially available. We also 

found that some care had to be exercised with the current bias conditions of the two lasers. 

Specifically, the master laser had to be operated much farther above threshold than the slave 

laser. This was required to keep the noise spectrum of the master laser from influencing the 

measurements of the slave laser. This problem can also be overcome by using one of the 

external cavity semiconductor lasers. These lasers have much reduced noise spectra relative to 
conventional, edge-emitting Fabry-Perot lasers. 
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5.0    FOUR-WA VE MIXING AND OPTICAL MODULATION IN A 
SEMICONDUCTOR LASER 

5.1    INTRODUCTION 

Many interesting phenomena, such as injection locking, four-wave mixing, and chaotic behavior, 

can be observed when a semiconductor laser is injected with an external optical signal under 

different conditions. When the injection signal is weak and is outside of the injection-locking 

frequency range, a four-wave mixing signal can be observed while the injection signal 

is regeneratively amplified [Refs. 1,17]. In a traveling-wave semiconductor laser amplifier, 

a four-wave mixing signal as strong as the output of the amplified injection signal can be 

generated [Ref. 17]. In a Fabry-Perot laser cavity, these signals are enhanced by the resonant 

effect of the laser cavity in addition to the amplifying effect of the laser gain medium. Earlier 

attempts to include the effects of the cavity in the theoretical description [Refs. 3, 6] failed to 

correctly reproduce the spectral characteristics of the signals. In particular, the asymmetry in the 

spectrum of the regeneratively amplified signal and the differences between that and the 

spectrum of the four-wave mixing signal were not recognized. These analyses also failed to 

make correct connections between the experimentally observed spectral characteristics and 
various parameters of the laser oscillator. 

In an unlocked, driven GaAs microwave oscillator, parametric sidebands can be generated and 

the output spectra also appear to be asymmetric. This has been reported and theoretically 

explained using an unlocked oscillator model by Stover [Ref. 18]. Recently, we showed that the 

spectral characteristics of nearly degenerate four-wave mixing in a semiconductor laser can be 

correctly described using a model of an unlocked, optically injected laser which takes into 

account the phase and amplitude constraints imposed by the laser resonator on the optical 

fields [Ref. 19]. In this section, we show that the same process can be understood in terms of the 

amplitude and phase modulations in the laser field induced by the injection signal. We make 

connection between the optical modulation and the four-wave mixing signals and study in detail 

the symmetry and asymmetry of their spectra. From the dependence of the characteristics of 

these spectra on the intrinsic laser parameters, the four-wave mixing experiment can be used for 

parasitic-free characterization of many important laser parameters, such as the relaxation 

resonance frequency, the relaxation rate, the differential and nonlinear gain parameters, the 

linewidth enhancement factor, and the carrier and photon lifetimes. We also show here the 

simplicity and accuracy of this characterization technique. Throughout this section, we consider 

the nondegenerate injection of a weak signal at an angular frequency COQ + Q into a single-mode ' 
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semiconductor laser oscillating at coo = 2KV0 with a frequency offset Q = 2^outside of the 

injection-locking range. This is the limit where Equations 1 and 2 can be linearized and the 
noise source term can be ignored. 

52    THEORETTPAL ANAT .YSTS 

The output field of the injected laser consists of spectral components at the free-oscillating 

frequency coo, the injection frequency at COQ +Q, and the four-wave mixing parametric frequency 

coo - a From the viewpoint of regenerative amplification and four-wave mixing, it can be 
mathematically described by 

E(t) = A(t)e-ic°o< + c.c 

with 

A{t) = Ao + Are-lQt+AfeiQt , 
(9) 

where A0 is the steady-state field amplitude at the oscillating frequency coo, and Ar and Afzre the 

complex amplitudes of the regeneratively amplified and four-wave mixing fields, respectively 
Alternatively, it can be described by 

E(t) = E0[l + acos{Qt - <p })]cos[cDot + Scos(üt - (p2)] (10) 

as a field undergoing both amplitude and phase modulations, where 

o = Oei(pi   and   8 = 5e,(f>"- 
(11) 

are the complex amplitudes of the amplitude and phase modulations, respectively. The two 
pictures are connected through 

\An\2 """    "    ' UJ2" (12) 
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or 

Ar     &-iS Ar     a + iS 
—— =    and  —T = . nr>\ 
AQ        2 ^ 2 <13> 

Thus, bothAr and Af have contributions from both the amplitude and phase modulations of the 
laser field. 

The physical origin of the four-wave mixing, or optical modulation, process is the carrier 

pulsation in the semiconductor gain medium caused by the beating between the mixing optical 

fields. In a single-mode semiconductor laser, the spatial gratings are not important and the 

process is solely contributed by the temporal pulsation of the carrier density at the beat 

frequency [Refs. 5, 19]. To the first order, the carrier density can be expressed as 

N{t) = N0 + N1e-int + N*1e
iQt , (14) 

where N0 is the steady-state carrier density without perturbation and Njis the amplitude of the 
carrier pulsation. 

To reveal the physical mechanisms involved in the process, we first use Equations 2 and 14 to 
obtain 

yr-rp-iQr OS) 

This indicates that the carrier pulsation is caused by the amplitude fluctuation of the total optical 

field in the laser cavity. When Q-tO.Nj and a are out of phase by n. This means that the 

induced carrier pulsation acts to reduce the amplitude fluctuation in the laser field caused by the 

optical injection. As a result, the amplitude modulation decreases drastically as Q -> 0. In the 

small detuning range very close to degeneracy where |fl| < flr, the four-wave mixing spectra are 
contributed primarily by the phase modulation. 

Using Equations 9 and 15 to solve Equation 1, we have 

AQ     ß 

(1-ib ^r-i^Yp fN,     nAj 
2   •    Yc-Yp       S   + AQ (16) 
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£__j_(i+ib n2r-inyp FN,^ 

4?    n{   2       Yc-7p      S (17) 

From Equation 12, we further obtain 

( r>2   : 

CT = — n Yc-Yp      S   + Ao (18) 

5 = ± 
f 

b£^!£yLnfL+ir!AL 

Yc-Yp      S        Ao (19) 

These relations show the various physical components of contribution to the regeneratively 

amplified and four-wave mixing signals, as well as those to the amplitude and phase modulations 
of the field. The factor 

G{Q) 
_Q2

r-iQyv rN, 

Yc-Yr (20) 

appears in all four relations and is the gain caused by the carrier pulsation. This can be easily 
seen from the fact that when the nonlinear gain coefficient is negligible so that yp = 0, 

G = gnmj. In a semiconductor medium, a change of gain by G is always accompanied by a 

change of refractive index by bG. Thus, an amplification of the amplitude modulation by G is 
accompanied by an amplification of the phase modulation by bG. This is seen in Equations 18 
and 19. Both amplitude and phase modulations also have contributions from the externally 
injected field. In contrast, the externally injected field directly contributes only to the 

regeneratively amplified signal at the same frequency, but not to the four-wave mixing signal at a 
different frequency. It is only through the carrier pulsation that the external field induces the 
four-wave mixing signal. This is seen by using Equations 15 and 18 to obtain 

N2 = Yc-Yr S riAi 

Q2-n? + iQYr r A0 (21) 

which can be inserted into Equation 17. The modulation on the laser field at coo by the gain 

fluctuation G and the accompanying refractive-index fluctuation bG at Ü generates sidebands at 
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coo + ß and coo - ß with equal efficiency although different phases. Thus, the regeneratively 

amplified signal and the four-wave mixing signal both have contributions from G and bG with 
equal magnitude but different phases. 

The spectral symmetry characteristics of the magnitudes and phases oMr, Aß &, and 8 depend 

on the phase relationship between the contributing components. This can be illustrated using a 

phasor diagram shown in Figure 4. For the convenience of illustration, we have defined 

R{n) = -in^ = l^G(t2) + I, (22) 

F(n) = -ln-±— =—G(n), (23) 

X(ß) = -iß<7 = G(ß) + /, (24) 

A (£2) = -iQ8 = bG{Q) + il, (25) 

where / = T]A/A0. Figure 4 shows the various phasors at ß = Qr and -ür, respectively. The 

phase angle between G(Qr) and I has the same magnitude but opposite signs as that between 

G(-QT) and /. Therefore, a is symmetric in magnitude but antisymmetric in phase with respect 

to ß = 0, while 8 is asymmetric both in magnitude and phase. For b*0, both the magnitude 

and phase of Ar become asymmetric while the magnitude of A*f, but not the phase, remains 
symmetric. Because b> 0, we expect 

\M-°r)\ > K(-ß,)|=\Af(nr)\ > \Ar(nr)\, (26) 

which will be verified with the experimental data in the next section. 

Using Equation 21, we can obtain the following spectral characteristics from Equations 16 to 19: 

•    A^ = J_ ß2 - ßr /2 - bQYp /2 + i[nYr - Qyp /2 - bQ2
T /l\   A. 

An     ß oi-r>2±;nv IT' (27) ß  -ßr
z + /ß7r AQ 
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A(-"r),*iI 

F'(-n,) 

Figure 4. Phasor diagram illustrating the relationship between the contributing 
components and the spectral symmetry or asymmetry of the signa s in 
the four-wave mixing and optical modulation process 

i/ =  i (^r+büyp)/2 + i(b^-nyp)/2 ^ 
Ag     Q n-n;+inyr A) (28) 

and 

Ü + 
<7 = l- 

(r.r-Yp) 
nz-nf+iQyr AQ ' (29) 

ß ß2-I22 + zX>7r ^ (30) 
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The magnitudes and phases of these spectral characteristics are plotted in Figure 5(a) and (b), 
respectively, using the following laser parameters as an example: fr = 3 GHz, # = 5.5 x 109 s'1, 

Yp = 2.6 x 109 s-1, and b = 3. These figures demonstrate the spectral symmetry or asymmetry of 

the magnitudes and phases of Ar,Af, a, and 8 discussed previously. We should emphasize 

again that the model assumes optical injection outside of the locking range. The discontinuities 

at Q = 0 are always outside of the range of applicability of this model. However, the injection 

locking range depends on the intensity of the injection field and can be made arbitrarily small 
with a very weak injection field. 

Figure 6(a) shows the relative contributions of amplitude and phase modulations in the process 

as a function of the detuning frequency. For a detuning frequency less than the relaxation 

resonance frequency, the phase modulation significantly dominates the amplitude modulation, as 

was expected in the earlier discussions. Near zero frequency detuning, the output of the injected 

laser becomes almost purely phase modulated. The relative importance of phase and amplitude 

modulations near the relaxation resonance frequency depends strongly on the value of b. This is 

because the carrier pulsation contributes to the amplitude modulation directly through a change 

of gain G but contributes to the phase modulation indirectly through an accompanying change of 

refractive index bG. Thus the amplitude modulation is independent ofb, but the phase 

modulation is a function ofb. Figure 6(b) shows the phase modulation spectrum at various 

values of b. In case b = 0, the phase modulation is caused only by the beating of the oscillating 

laser field with the injection field while the carrier pulsation still contributes to the amplitude 
modulation. As a result, its spectrum becomes symmetric with respect to Ü = 0 and loses the 

relaxation resonant peaks. For large values of b, the contribution of the carrier pulsation to the 

phase modulation strongly dominates that of the beating between the injection and oscillating 

fields. Thus the phase modulation spectrum also becomes less asymmetric as the value of b 
increases. 

5.3   EXPERIMENTAL VFRTFTPATTnN: 

Nearly degenerate four-wave mixing experiments have been carried out in the weak injection 

limit where the injection signal acts only as a perturbation to the injected free-running laser. 

Both the optical and power spectra of the output from the injected laser were measured   The 

optical spectrum records U T12 and \Af\ \ each of which has contributions from both phase and 

amplitude modulations. The power spectrum records cfi and thus measures only the amplitude 
modulation [Ref. 19]. 
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Figure 5.  Spectral characteristics of the regenerative and four-wave mixine field, anrf «,«, 
junphtude and phase modulationlas a function o ?the deLSlencv   Tne 
laser parameters used are/r = 3 GHz, yr = 5.5 x 10* s-1, % = 2 Ix iTs" and 

tit ^T^ ^ ™M f°r 0pticaI inJection 0^'^ ofthe injec tionIodSSe 
range which depends on the injection level. The data are not valid a^ß-i 
which is always within the locking range. " °' 
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Figure 6.  Importance of phase modulations and the parameter, b. (a) Comparison of the 
amplitude and phase modulations as a function of the detuning frequency for 
b - 3. (b) Phase modulation spectrum at various values of b. The other laser 
parameters and the validity of the model are the same as those in Figure 5 
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We first show in Figure 7 two typical optical spectra of the output from the injected laser. These 

spectra were taken with the injection signal having an approximately constant intensity but with 

the detuning frequency,/, having opposite signs. In both spectra, the regeneratively amplified 

injection signal and the four-wave mixing signal are equally and oppositely offset from the 

oscillating frequency, v0, of the injected laser. Comparing the two spectra, it can be seen that 

the four-wave mixing signal is symmetric as a function of detuning on both sides of the 

oscillating frequency, but the regeneratively amplified injection signal exhibits a strong 

asymmetry, being stronger on the lower frequency side with /< 0. As discussed earlier and 

indicated in Equation 26, the four-wave mixing signal is actually stronger than the regenerative 

signal when /< 0. This is not seen from the height of the peaks of the spectrum in Figure 7(b) 

because the four-wave mixing signal has a broader linewidth than the regeneratively amplified 

signal. The broadening in the linewidth reduces the peak amplitude in the measured spectrum. 

To make absolute comparison of the four-wave mixing and regeneratively amplified signals, the 

measured peak values have to be scaled by the respective linewidths. This has been pointed out 

and demonstrated by Hui and Mecozzi [Ref. 20]. In the spectra shown in Figure 7, the measured 

linewidth of the regeneratively amplified signal was limited by the 40 MHz resolution of the 

scanning Fabry-Perot. We measured the linewidth of the four-wave mixing signal to be 1.6 

times the instrument-limited linewidth of the regeneratively amplified signal. Thus, the true 

strength of the four-wave mixing signal in absolute comparison to that of the regenerative signal 

is the measured peak amplitude in Figure 7 multiplied by a factor 1.6. Figure 8 shows the 

spectra of the measured regeneratively amplified signal and four-wave mixing signal as functions 

of the detuning frequency/. The data of the four-wave mixing signal have been uniformly scaled 

by a factor 1.6 with respect to those of the regeneratively amplified signal to account for the 

difference in their linewidths. As can be seen, the spectrum of the four-wave mixing signal is 

symmetric. In contrast, the regeneratively amplified signal has an asymmetric spectrum. It is 

stronger than the four-wave mixing signal on the low-frequency side but is weaker on the high- 
frequency side, consistent with the prediction of Equation 26. 

The data in Figure 8 were taken with the injected laser operating at a constant output power level 

of 7 mW and a constant optical injection level of 10 nW while scanning the detuning frequency. 

At this injection level, the injection locking range was observed to be < 100 MHz on both sides 

of the spectrum. Therefore, all the data were taken well outside the injection locking range. The 

corresponding power spectrum was taken simultaneously under the same operating conditions. 

The measured power spectrum as a function of the detuning frequency is shown in Figure 9. The 

power spectrum is symmetric with respect.to the zero detuning, as is expected from the 

discussion in the previous section. As is also shown in Figure 8, the optical spectrum data of 
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Typical four-wave mixing spectra from the output of the injected laser  The 
injection signal is offset with respect to the oscillating frequency of the laser. 
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both the regeneratively amphfied and four-wave mixing signals can be fitted by the theoretically 

predicted spectra of Ur| 2 and U/| 2 given by Equations 27 and 28, respectively. Similarly, the 

power spectrum data shown in Figure 9 can be fitted with a2 obtained from Equation 29. The 

data in Figures 8 and 9 are best fitted with/r = 2.55 GHz, yr = 4.55 x 10* s-\ yp = 2\ 109 s-l and 
b = 3.5. 

54    LASER PARAMETER CHARACTERTZATTON 

From the previous discussions, it can be seen that the spectral data measured in a four-wave 

mixing experiment directly depend on the fundamental laser parameters of/r, yr, yp, and b. In 

addition, other laser parameters, such as the carrier lifetime, rs, and the photon lifetime, tc, can 

be determined from the power dependencies of these parameters. Thus, the four-wave mixing 

experiment can be developed into a simple technique for accurate characterization of many 
intrinsic laser parameters [Ref. 21]. 

5-4-l Principle and Experimental Approach 

The optical spectra do not sensitively depend on yp. This is demonstrated in Figure 8 where the 

theoretical fits of the optical spectrum data with yp = 0 and # = 2 x 10* s-l (but with the values 

of other parameters fixed) are compared. The same comparison is made for the power spectrum 
in Figure 9. 

The power spectrum data cannot be fitted by a model without a nonlinear gain parameter, 

i.e., yp = 0, but are best fitted by a nonlinear model with yp = 2 x 10? s-1 caused by gain 

saturation. The power spectrum is sensitive to the value of yp, particularly at small detuning 

frequencies less than ±1 GHz. Thus, the power spectrum is needed for deducing the value of yp. 

In contrast, the value of b can only be determined from the asymmetric optical spectrum of the 

regenerativelv amplified signal. The power spectrum does not depend on the parameter b. 

Because \Af\   ~l + b2,as shown with Equation 28, the optical spectrum of the four-wave 

mixing signal is symmetric and its spectral shape does not depend on b, either. For the purpose 

of characterizing the laser parameters, it is thus only necessary to take both the optical spectrum 

of the regeneratively amplified signal and the power spectrum. The optical spectrum of the four- 
wave mixing signal is not needed. 
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Because it is not necessary to monitor the four-wave mixing signal, the scanning Fabry-Perot 

optical spectrum analyzer is not needed. The beam block B2 was inserted in the experimental 

setup shown in Figure 3. The spectral characteristics of the regeneratively amplified signal were 

measured by heterodyne detection with LD1 acting as local oscillator while the beam block Bl 

was removed from the optical path of vj. This measures the regenerative reflectivity spectrum 
given by 

4- 
4- 

= n 
n 

(n2 - Q2 /i - bQ7p /2f+[n7r_ üyp /2 _ bQ2 /2y 

[n2-n2
r)

2
+n2

rl 

1/2 

(31) 

which can be obtained from Equation 27. For this measurement, the spectrum analyzer was set 

at 80 MHz with a bandwidth of 10 kHz to record the beat signal generated by mixing of the 

outputs from both lasers. The power spectrum was measured by simply blocking the main 

output from LD1 by inserting the beam block Bl and allowing only the output of LD2 into the 
last photodiode. This measurement records <r2 given by 

cr2 = rjAi 

*o 

& + & - rpy 
(n2-ü2f+n2r2 (32) 

In our experiment, v0 of LD2 was held constant while a linear current ramp was repetitively 

applied to LD1. This swept Vj for the detuning frequency/to vary continuously at a constant 

rate over a range of negative and positive detuning, such as from -6 to +6 GHz  Thus both 

spectra were easily taken as functions of/. The spectra were then corrected for the slight change 
of the output power of LD1 caused by the linear current ramp. 

5A-2 -Procedure and Accuracy of Parameter TWrmtnot;™ 

In using the spectral data to deduce the characteristic laser parameters, we first fit the 

regenerative reflectivity data with Equation 31 to determine the values of/r, yT, and b  In this 

process, the value of yp can be assumed to be zero, or any reasonable guess, without affecting the 

accuracy of the values of the other parameter, Once the values of/r, yr, and b are determined yp 

is the only free parameter left in fitting the power spectrum data with Equation 32. It can thus be 
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determined with very little uncertainty. In addition, the high-frequency portion of the power 

spectrum also provides a check on the values of fr and yr determined from the regenerative 

reflectivity data. With this approach, the values of these parameters can be determined quite 

accurately without the knowledge of yc. This is an advantage over the existing techniques, which 

require a separate measurement of yc before the value of yp can be determined [Refs. 13, 16]. 

Indeed, the value of yc can be determined from the power dependencies of fr, yr, and yp. 

A representative regenerative reflectivity spectrum taken with the heterodyne measurement is 

shown in Figure 10, together with the theoretical fitting curves using Equation 31. The 

corresponding power spectrum is shown in Figure 11, together with the theoretical fitting curves 

using Equation 32. These data were taken when LD2 had a constant output power of 9.2 mW 

under a dc injection current of 40 raA and was injected with an injection signal of ~ 20 nW. 

Again, the injection locking range was < 100 MHz on both sides of the spectrum. The power 

spectrum is symmetric with respect to zero detuning; only one side of the spectrum is needed 

for the characterization of laser parameters. As can be seen, the values of fr = 3 GHz, yr = 5.5 x 

109 s-1, and b = 3 can be deduced from fitting the regenerative reflectivity spectral data without 

the knowledge of the value of yp. From the power spectrum, the value of yp = 2.6 x 109 s'1 

can be determined. Figure 11 shows that the high-frequency portion of the power spectrum at 

/> 2 GHz becomes very insensitive to the value of yp but depends primarily on/r and yr. It is 

evident that the values of fr and yr determined from the regenerative reflectivity data are well 

checked out from the close fit between the theoretical curve and the experimental data of the 
power spectrum. 

The parameter characterization procedure described has a very high degree of accuracy. The 

values of fr, yr, and yp can be determined to within 5 percent accuracy, but the value of b is less 

accurate. As shown from Figure 11 and with Equation 32, using the parameters described above, 

the power spectrum peaks almost exactly at fr, although the regenerative reflectivity spectrum 

peaks at a frequency about 98 percent that of fr. Figure 12 demonstrates that a 10 percent 

change in the value of yr creates substantial discrepancies between the theoretical fit and the 

experimental data in the regenerative reflectivity spectrum. Figure 13 shows that b can be 

determined only to within an accuracy of plus or minus one. 

27 



-6-4-2 0 2 4 6 

Frequency Offset (GHz) 

Figure 10.   R^^yJ-tive spectrum of the regenerative reflectivity at a laser output 
power of 9.2 mW. The open circles are experimental data taken with 
heterodyne measurement. The solid and dashed curves are theoretical fits with 
h'Jf-i      A    -T ^ respectively, but with fixed values of/r = 3 GHz, yr = 5 5 
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Figure 11.    Representative power spectrum at a laser output power of 9.2 mW   The ooen 

a! -2 fZSFT*Ä* TheS.0,id and dash*d —es are fl«ÄüS 
andJP-~*kvin9   1   S? ?' resPective,y' but with fixed values of/r = 3 GHz and yr - 5.5 x 10? s-l. The injection locking range is < 100 MHz. 
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Figure 12.   Sensitivity of the regenerative reflectivity spectrum to the value of %   The 
open circles are experimental data. The dashed, solid, and dotted curves are 

SKSSf   % r« * = \5/'fnf V 109 ^ -specuvely,tute^thTxed   £ 
values of/r = 3 GHz, yp = 2.6 x 109 s*1, and b = 3. 
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Sensitivity of the regenerative reflectivity spectrum to the value of b. The 

Cre^rfirwfu.TTf1 *S? ThC daSh,ed' S0Hd' and d0tted 

f-lcnl v -%?   i J' 3i and,4' resPective,,V' but with fixed values of Jr-i UHz, yr = 5.5 x 10* s'1, and %, = 2.6 x 10* s'1. 
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5-4-3 Power Dependence and Tndirectlv Deduced ParamP^rc 

By taking a series of spectra at various levels of output power, P, of LD2, the power 

dependencies of the laser parameters can be obtained. Figure 14 shows the power dependence 

of the square of the resonance frequency, from which we obtain f2
T = 0.954P GHZ2, or 

n2
r = 37.66P GHz2, where P is in milliwatts. The data in Figure 15 show that both'yr and yp 

have a linear power dependence and are best described by yr (1.458 + 0.435/») x 109 s-l and % = 

0.28P x 109 s-l, respectively, where P is in milliwatts. In contrast, the value of b deduced from 

the regenerative reflectivity spectra taken at different power levels showed no power dependence 

and was found to be b = 3 ± 1. From the intercept at P = 0 of the linear fitting of yr shown in 

Figure 15, a ys = 1.458 x 109 &-\ corresponding to a carrier lifetime of rs = 686 ps, was obtained 

Thus, from Equation 5, we have yn = 0.155P x 10* s-l, where P is in milliwatts. Using Equation 

7, the value of yc = 2.4 x 10" s-l was deduced, which gives a photon lifetime of zc = 4.2 ps. Let 

us assume that the output coupler is the dominant source of cavity losses, use the design cavity 

length of 500 urn, and assume an effective index of refraction of 3.5. We can then calculate that 

this cavity lifetime is associated with an output coupler reflectivity of 0.06, which is similar to 

but somewhat higher than, the design reflectivity of < 04 for this laser diode. Using the para- ' 

meters of the laser structure, we have S = 6 x lO"* where S is in inverse cubic centimeters and 

P is in milliwatts. From the power dependencies of yn and yp and using T= 0.4, the differential 

and nonlinear gain parameters can be determined from Equation 6 to be gn = 2.6 x 10-6 cm3 s-l 

and gp = -1.18 x 10-5 cm3 s-l, respectively. The K factor of the laser is given by K = (yr - ys)//
2 

and its nonlinear component by Knl = yp iß [Ref. 16]. Using the data shown in Figures 14 and 

15, we obtain the values of K = 0.45 ns and Knl = 0.29 ns for this laser. This laser was not 
designed for high-frequency applications. 

Table 1 summarizes the parameters and their values. Also included in the table is the pumping 

parameter, J, which is the difference between the current required to achieve a given output 

power and the threshold current, normalized to the threshold current. This parameter is 

important in the full nonlinear analysis described later. Knowledge of the value of r\ is not 

required in our parameter characterization procedure, r\ always appears in combination with the 

external mjection signal and, therefore, cannot be independently determined. 

Before proceeding to a general discussion, we quantify the limits of applicability of the 

perturbation model we are using. This model makes the basic assumption that the injected 

signal does not significantly modify either the frequency or amplitude of the free-running peak 

of the semiconductor laser. Due to the inherent frequency jitter between our two lasers we 

concentrated on measurements of the amplitudes of the central peak and the two side peaks. 
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Figure 14.   Power dependence of the square of the resonance frequency. The closed circles 
are experimental data and the solid line is the best linear fit. 
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Figure 15.   Power dependencies of yr, and yp. The open and closed circles are experi- 
mental data for yr and yp, respectively. The solid lines are best linear fits. 
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Table 1. Parameters of the quantum-well laser diode. 

Parameter Symbol Value* 

Laser Output Power P 4 to 15 mW 
Pump Parameter J 0.078P 
Intracavity Photon Density S 6 x 10"/» cm-3 
Confinement Factor r 0.4 
Injection Coupling Rate i 2xlOUs-l 
Linewidth Enhancement Factor b 3±1 
Relaxation Resonance Frequency fr (0.954P)l/2 GHz 
Relation Resonance Angular Frequency a (37.66P)1/2X109S-1 

Total Carrier Relaxation Rate Yr (1.458+0.435P)x 109 s-1 
Spontaneous Carrier Relaxation Rate Ys 1.458 x 109 s-1 
Spontaneous Carrier Lifetime *s 686 ps 
Differential Carrier Relaxation Rate Yn 0.155Pxl09

s-l 
Nonlinear Carrier Relaxation Rate Yp 0.28PX109S-1 

Cavity Decay Rate Yc 2.4xl011s-1 

Photon Lifetime *c 4.2 ps 
Differential Gain Parameter gn 2.6 x 10-6 cm3 s-1 
Nonlinear Gain Parameter gp -1.18 x 10-5 cm3 s-1 
K factor K 0.45 ns 
Nonlinear K factor Knl 0.29 ns                                     j 

Figure 16 plots the central peak, regenerative amplification, and four-wave mixing signals as a 

function of the injection signal. All signals are normalized to the free-running central peak 

value; the injection signal was detuned to the low frequency relaxation-resonance peak  The 

injection parameter, \, is defined as (r^/y^ and is calibrated by taking the measurement 

at I ~ 8 x 10-4 as the reference point and using Equations 27 and 28. The figure shows depletion 

of the central peak and deviation of the nonlinear mixing signals when the signal strength is 
> 0.02 of the central peak. All measurements were below this limit. 
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Figure 16. Log-log plot of the measured values of features in the optical spectra as a 
function of the normalized injection, %. The squares, triangles, and ovals 
correspond to measured values, normalized to the free-running central peak 
signal, for the central peak, regenerative-amplification sideband and four-wave 
mixing sideband, respectively. The solid line gives the slope expected in the 
weak injection limit for the two sidebands. 

5.5    DISCUSSION 

Nearly degenerate four-wave mixing in a semiconductor laser with the injection signal outside of 

the injection-locking range can be understood in terms of optical modulation in the field of the 

injected laser. Both the regeneratively amplified and the four-wave mixing signals have 

contributions from the amplitude and phase modulations of the laser field. The phase and 

amplitude characteristics of the optically modulated laser diode cannot be recovered with a 

model using the traveling-wave formalism which emphasizes the spatial interaction. Instead, a 

model of an unlocked, optically injected laser is used to emphasize the phase and amplitude 

constraints imposed by the optical resonator. This results in a thorough understanding of the 

spectral characteristics of the interaction, as well as the physical origins of the symmetry or 

asymmetry of each spectrum. It also correctly connects the spectral characteristics to the 

intrinsic parameters of the semiconductor laser oscillator. 
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The dependence of the spectral characteristics on the laser parameters can be used as a simple 
and accurate technique for characterizing the intrinsic laser parameters. This technique is 
parasitic-free. It is only necessary to take the regenerative reflectivity spectrum and the power 

spectrum. We showed that the power spectrum, which measures the amplitude modulation and 

has usually been ignored in the previous four-wave mixing experiments reported in the literature 
is needed for characterizing the nonlinear relaxation rate. The fundamental laser parameters of ' 
relaxation resonance frequency, total relaxation rate, nonlinear relaxation rate, and linewidth 

enhancement factor are determined from the spectra data obtained from a single experimental 
setup. Other parameters, including the spontaneous carrier lifetime, the photon lifetime, the 
differential and nonlinear gain parameters, and the K factor, are determined from the power 

dependencies of these parameters. This technique depends on the understanding of the relation 
between four-wave mixing and optical modulation in the läse, and is possible only after this 
connection is made. It requires only two cw lasers closely matched in wavelength. It is 
applicable to semiconductor lasers of any wavelength and any dynamic bandwidth. 
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6.0 NOISE IN A SEMICONDUCTOR LASER 

Though there has been a great deal of work examining the noise spectra of laser diodes, there has 

not been fully consistent, quantitative agreement between theory and experimental data. In a 

recent combined experimental and theoretical study, it was concluded that the observed field 

noise spectra could be reproduced with a model of a strictly single-mode laser diode with 

spontaneous emission into the mode supplying the only noise source [Ref. 13]. In this data 

fitting, however, the values of several parameters had to be determined from the same data 

without independent verification, and the amplitude, i.e., intensity noise, spectra were not 

measured. Other experimental studies have indicated that even weakly emitting side modes of a 

nearly single-mode laser diode can have a significant influence on the amplitude spectrum of the 

oscillating mode [Refs. 22, 23]. This noise source, called mode partition noise, has been 

previously analyzed in the limit of one strong mode [Refs. 24, 25, 26]. These calculations 

indicated that the amplitude noise spectrum of the oscillating mode is greatly enhanced, relative 

to the single-mode case. However, they predicted that the overall amplitude noise from the 

output of all modes would be similar to that from a strictly single-mode laser diode whose only 

noise source is spontaneous emission into the oscillating mode. 

Here, we show how a laser diode's noise spectra, away from line center, can be related to the 

modulation spectra generated by weak external optical injection, away from the injection-locking 

region [Refs. 19, 21]. The dynamic parameters of the laser diode required for a description of the 

weak external injection are also required to correctly model the noise spectra. Also, it is 

necessary to measure both the optical field and amplitude spectra in both cases. An external 

optical source modulates the diode output through the nonlinear optical coupling between the 

injected signal and the oscillating mode. The noise spectra generated by spontaneous emission 

into the osculating mode will have the same shape as the combined regenerative-amplification 

and four-wave mixing spectra induced by optical injection. Using our previous results on the 

phase and amplitude properties of the modulation induced by optical injection [Ref. 21], we 

observe significant deviation of the noise spectra from this combined spectra. The deviations can 

be explained by including a colored noise term in the carrier density rate equation. Finally, we 

show that the source of this colored noise term is the amplified spontaneous emission of the . 

weak side modes of the laser. Our results demonstrate that the nonlinear coupling between the 

principal oscillating mode and amplified spontaneous emission into both the principal mode and 

the weak side modes is the dominant source of noise in a nearly single-mode laser diode. 
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As with the weak optical injection results described in the last section, we will be using a 

perturbation analysis of the noise spectra. Therefore, we restrict our attention to frequencies 

offset by at least 200 MHz, well outside of the - 10 MHz linewidth of the laser diode. 

Typical field and amplitude spectral data are shown in Figures 17 and 18, respectively  The 

spectra show side peaks which are known to occur at approximately the relaxation resonance 

frequency [Ref. 8]. These side peaks are more than 30 dB below the central peak in the field 

spectra. A key feature of the field spectra is the asymmetry of the side peaks, which is also 

observed in the regenerative amplification spectra of an optically injected signal [Ref 19]   In the 

latter case, however, the relative difference between the side-peak signals is more than twice as 

large as that in the noise spectra. At offset frequencies below ~ 1.5 GHz, there is a strong 

difference between the amplitude spectra of the principal moo, and the total diode output. 

Above 1.5 GHz the two sets of data overlap so that only one is shown in Figure 18   The 

principal mode has an amplitude noise spectra which strongly increases with decreasing offset 

frequency, while the amplitude noise from all modes continues to decrease. 

In Section 5.0, we performed a linearized analysis of the coupled Equations 1 and 2, by using the 

solution, Equation 9, for the regenerative amplification and four-wave mixing components  For 

the analysis of the noise spectra, we use an equivalent linearization procedure which more 

closely follows past work [Refs. 10, 13]. Equations 1 and 2 are linearized, the injection term is 

set to zero, and the complex field equation is separated into two real equations for the amplitude 

and phase. It is convenient to use A{t) = ^[1 + a(t)y*M and N(t) = N0[l + *(,)]   After 

separating out the time-independent terms that are the solution with the noise source term set to 
zero, the linearized equations can be written as 

dt     2ysJ       '"        A„    ' (33) 

dt 2YsJ       rP   j 

F 1 imag 

AQ    ' (34) 

dn       ( , J 
■jt—{ys + yn)n-2ysju-. (35) 
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Figure 17.   Experimentally measured and theoretically calculated field spectra of the laser 
diode principalI mode   The open circles are experimentally measured data. 
Ihe dashed and dotted curves are model calculations of the field and effective 
earner noise contributions, respectively. The thick solid curve is the sum of 
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Figure 18.   Experimentally measured and theoretically calculated amplitude spectra   The 
circles are experimentally measured data taken with an eta on passesonlv^h, 
S^rr' m°,de; ?e triang,es are data taken w"h the etalon removed8 Ä 
dashed and dotted curves are model calculations of the field Ineffective 
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Most of the parameters have been previously defined. Their values, determined by the four-wave 
mixing technique, are summarized in Table 1. The complex Langevin source term of Equation 1, 

Fsp, is divided into Fsp = Freal + iFimag. The real effective carrier noise is Fc. Spontaneous 
emission is the cause of the field noise and has been previously shown to have uncorrelated real 

and imaginary components and an effective delta-function self correlation in time [Ref. 10]. The 
spontaneous emission noise components satisfy 

{Freed (t) Freal (0) = (Fimag (t)Fimag (,')) = ^fS(t-t') (36) 

{Freal{t)Fimag{t')) = 0 (3?) 

where Rsp gives the rate of spontaneous emission into the mode. The characteristics of Fc will be 
discussed in greater detail next. 

The Fourier transforms of the set of equations are used to find the resulting spectra. The field 
spectra are related to the Fourier transform of [a{t) + i<p(t)] and the amplitude spectra are related 
to the Fourier transform of a(t). This procedure is equivalent to saying that the noise terms only 
weakly perturb the system which breaks down for Fourier components whose offset frequency is 
very close to the cw, steady-state oscillating frequency. Separating the terms into the field noise 
source generated term, Asp, and the carrier noise source generated term, Ac, by assuming that the 
carrier noise source is uncorrelated with the spontaneous emission into the oscillating mode we 
find 

\Aspf = K^2^)(;+fr2)/2+[i>^ ^ 
{n2-n?y + n2y? 2 

(38) 

u ,2     F2g2
n4[lW)/4      , Kl>4^'/c(a)^)}' 

where fc is the Fourier transform of Fc. The field noise generates an asymmetric spectra due to 
the linewidth enhancement factor, b. 
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Also, as with external optical injection, the noise-induced fluctuations can be considered as 

amplitude and phase modulations of the coherent signal. The amplitude modulation coefficient, 
a, for the two noise sources will have the spectra 

a2 _     n2+{ys + Yn)2      Rsn 
SP     >    - -2     ■   .   -T-J. (40) 

V-ffiW^^- °c = 

The field-noise contribution to the amplitude spectra, a2
p, is identical to that derived for optical 

injection by an external source [Ref. 19]. In the field spectrum, its contribution, Equation 38, is 

identical to the sum of the regenerative amplification and four-wave mixing signals that occur 

under optical injection [Ref. 19]. This is because the spontaneous emission is, effectively, a 

weak external optical source in the approximations of this model. By comparison with external 

optical injection, the noise spectra due to spontaneous emission arise from the nonlinear optical 

interaction between the principal mode and the injected spontaneous signal. 

Because the characteristic parameters of the laser have been independently determined using an 

external optical source, we are constrained in our choice of parameters to fit the measured 

spectra. The only free parameters are the relative contributions from F and Fc and the spectral 

shape of Fc. As can be seen from the dashed curves in Figures 17 and 18, the measured data 

cannot be explained by considering only the spontaneous emission noise in the principal mode 

Careful analysis of the amplitude noise data shows that the additional noise in the principal 

mode can be fit with a^carrierjioise source with a simple Lorentzian frequency profile, 

[fc (nyc(ü)J oc (n2 + Z2)   , where Z/27T must be between 200 to 300 MHz to simultaneously 
fit both the amplitude and field data. 

Carrier shot noise would have a white source spectrum, like the spontaneous emission noise and 

the noise spectra it produces are calculated to be too weak and of the wrong spectral shape to 

account for the measured spectra. We have also determined that the carrier noise does not have 

its source in the current source or bias circuit characteristics of the laser diode. However the 

noise strongly depends on the partition of laser power among the modes. By examining Several 
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laser diodes with various levels of side mode emission, we observed a direct correlation between 

the relative power in the side modes and the strength of the low frequency noise on the principal 
mode. 

We have measured the total power in the weak side modes to be < 10 percent of the total output. 

Therefore, the side modes will have only a small impact on the saturation parameter, yp. The 

place in the coupled equations where the sides modes will have the strongest influence is in the 
carrier density equation. Equation 2 becomes 

dN     J     N    2e0n2( , t.2   „     ,    a\ 
(42) 

when the side modes are explicitly included. The subscript K labels the various side modes. The 

weak side modes generate an effective carrier noise term, Fc in Equation 35, with a bandwidth 

determined by the linewidth of the side modes. This can be seen by considering that, now, 

each of the side modes must be modeled by an equation similar to Equation 1. The complex 

amplitude for the side modes can be separated into amplitude and phase components, 
A

K(*) = AKO[
1

 
+

 MO]*'**-    • The stronger side modes have a measured power between 0 1 and 

1 percent of the principal mode power. The linearized equations for the amplitude spectra of 
these side modes can be simplified to 

"^■K _    r„  „    ,  ^K, real 

~*~ 8K K ~^r ^ 
where SgK = g - gK, the difference between the gain of the principal mode and the side mode K, 

and FKis the spontaneous emission source term for that mode. When these equations are Fourier 

transformed, they yield the appropriate noise source term (Fc) in the carrier equation if the 

linewidths of the side modes, given by SgK, can be approximated by an effective average value 
0fZ/2n. 

Limited by the tuning range of the second laser, we have measured the field linewidth of two of 

the stronger side modes of the laser using the optical-injection technique. One spectrum is 

shown in Figure 19, along with a Lorentzian curve fit assuming Z/2n= 220 MHz. The other 

mode had a similar linewidth. Though the effective linewidth from all of the modes is not 

necessarily the same as the linewidth of the modes measured, these should be representative. We 

have used 220 MHz in the calculated curves in Figures 17 and 18. The data fit is excellent. 
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Figure 19. Experimentally measured side mode field spectrum (open circles) and 
Lorentzian curve fit (solid curve) with a half-width half-maximum 
unewidth of 220 MHz. 

We observe residual additional noise in the amplitude spectrum, above the spontaneous emission 

model curve, when the total diode output is measured. Again, a carrier white-noise source has 

the wrong spectral shape to simultaneously fit both optical field and amplitude spectra. Side 

modes described by Equations 42 and 43, and other models [Refs. 25, 27], also do not account 

for this noise due to the negative correlation between the total amplitude and carrier fluctuations 

in models with a homogeneous gain spectrum [Ref. 27]. Very weak side modes which are not 

well correlated with the principal mode, due to inhomogeneous effects in the gain spectrum, can 
account for the additional noise [Refs. 28, 29]. 

In our model we have ignored noise source terms in the carrier density equation that do not arise 

from field source terms. Some of these terms are correlated with the spontaneous emission field 

noise-term [Refs. 9, 30, 31]. Including these terms in the carrier equation is the way that 

spontaneous-emission noise is differentiated from external noise sources. In the so-called shot- 

noise-limited regime, these sources can have a significant impact on the type of spectra we 

measure [Refs. 30, 31]. These noise terms do not significantly contribute to the spectra that we 
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measure because we are operating far from this noise limit. This is because we are operating at 

relatively low pump parameters, 0.25 < J < 1, and due to the presence of the poorly correlated 

side modes. Under these operating conditions, the field noise components generally dominate 

the carrier noise components due to the shape of the spectra. 

In our measurements, the nonlinear gain in the principal mode and the mixing between the 

spontaneous emission into the mode and the oscillating field account for the dominant noise 

contribution to the field spectrum. This noise is augmented by mode partition noise, which is 

much more important in the amplitude spectrum. While the mode partition noise enters into the 

single-mode model as a carrier noise source term, it is important to remember that the side mode 

emission is amplified spontaneous emission. The principal mode sees a fluctuating refractive 

index due to the fluctuating side mode intensities. Therefore, the nonlinear optical interaction of 

the principal mode field scattering off of the fluctuating refractive index generated by the 

amplified spontaneous emission into the side modes creates the additional noise. 
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7.0 RESONANT INJECTION IN THE STRONG SIGNAL REGIME 

7.1       INTRODUCTION^ 

Chaotic dynamics in optical systems is the subject of considerable current research 

[Refs. 32, 33]. Laser diodes have attracted considerable interest, not only for their wide range of 

applications but, also, for the study of fundamental laser dynamics. Due to their small size and 

large gain, free-running semiconductor lasers have an optical spectrum that is largely determined 

by the fundamental spontaneous emission noise into the oscillating mode [Ref. 9]. Like a variety 

of laser systems, an isolated, dc-biased, single-mode semiconductor laser is sufficiently described 

by only two rate equations (Class B lasers); one for the photon density and another for the carrier 

density [Refs. 10, 12]. Consequently, while this system can show nonlinear oscillatory 

dynamics, it cannot exhibit chaotic behavior. To induce chaos in such a system, a third degree of 

freedom (such as external optical injection to cross-couple the phase and amplitude of the 

oscillating field or pump modulation to induce additional dynamics in the gain medium) is 

needed [Ref. 12]. Early theoretical and experimental investigations of lasers under external 

optical injection showed a variety of unstable dynamic phenomena but did not consider a range 

of parameters relevant to semiconductor laser diodes [Refs. 12, 34-36]. It has been predicted 

more recently that external optical injection into a laser diode can lead to chaos through the 

period-doubling route, though the experimental evidence has been ambiguous [Ref 37]   Laser 

diodes provide a technologically important system to study both high-speed nonlinear dynamics 

and fundamental noise processes in lasers. Further, they can be used to test the utility of laser 

dynamics models in the strongly nonlinear regime. However, because of the very short time 

scales (subnanosecond) on which the dynamics occurs, it is difficult to measure the time- 

dependent behavior directly. Fourier measurements must be combined with model calculations 

to extract information about the properties of the nonlinear dynamics in these fast dynamical 
systems [Refs. 37-39]. 

To perform numerical simulations using the coupled-equation model, we use a set of three real 

equations in a form which explicitly shows the dependence on specific laser parameters which 

can be experimentally determined in the weak injection limit [Ref. 38]: 

da_l 
dt~~2 Min-rp(2a + a> {l + a)+ rid; cos{Qt + 0) + F' /\AQ\ , (44) 
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d$_   b 

dt       2 
[***-r,(2B + a*)j T)ai sin(Qt +<p)- F" /\AQ\ 

1 + a 

dn 
n-yJl + a)2n-rJ{2 a + a2)4YsYP j(?nA -nA(lA 

(45) 

dt ~-Is»- rnK1^") n-ysj\za + a j + -j\2a + a- U + a)" . (46) 
Yc 

Here, a = (lAl-^IJ/KI and av = \Ai\/\Ao\, where \A\ is the amplitude of the slave laser 

oscillating field, \AQ\ is the free-running, steady-state field amplitude, and |A,| is the amplitude of 

the injection field. The frequency offset of the injection laser from the free-running frequency 

of the slave laser is Q. and <{> is the phase difference between A and At. lnii = (N-N0) /N0, N is 

the carrier density and N0 is the steady-state carrier density of the free-running laser. Langevin 

source terms for spontaneous emission noise injected into the laser mode are F' and F" 

[Refs. 10, 40]. To be explicit, [F' = Freal cos $ - Fimag sin 0) and (F" = Freal sin 0 + 
Fimag cos<t>\ The dependence of F' and F" on <f> can be accounted for in the rapid uncorrelated 

nature of the noise source fluctuations. Other parameters are defined in Section 3.0. All input 
parameters required to numerically solve the set of coupled differential equations for a, (p, and n 

can be experimentally determined. Equations 33 through 35 are the linearized versions of 
Equations 44 through 46 with a,- = 0. 

The coupled equations were numerically integrated, and the resulting time series were Fourier 

transformed, for various injection levels. Noise and dynamic parameters of the laser were 

independently determined by the four-wave mixing experiment [Refs. 21,40], and Q. was set 

equal to zero to model optical injection at the free-running frequency. In the experiments, the 

master laser was tuned to the free-running oscillation frequency of the slave laser. Residual 

offsets, due to frequency jitter between the two lasers, were < 100 MHz. The slave laser is 

injection locked, but the dynamics are not necessarily stable under such injection [Ref. 41]. The 

master laser's central linewidth was significantly less than the linewidth of the free-running slave 

laser. Further, at all but the highest injection levels considered here, its noise spectra, away from 

the central peak, was significantly weaker than the spontaneous emission by the slave laser into 
its oscillating mode. 

To determine the injection level, we calibrated the system by measuring the four-wave mixing 

spectrum in the weak injection limit and used our previously developed model of the interaction 

to compare the generated sideband signal with the central peak [Refs. 19, 21]. The normalized 

injection level is £ = (r]\A§/(rcKJ)- The injected power is proportional to &. 
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7-2    PERIOn-nOUBLTNO ROTTTE TO CHAOS 

First, we present experimental evidence that strong optical injection into a laser diode from a 

master laser operating at the free-running oscillation frequency of the laser diode is sufficient to 

drive it into a chaotic regime through a period-doubling route. Experimentally observed features 

are demonstrated using a single-mode injection model [Ref. 19] which includes spontaneous 

emission noise [Ref. 40]. All parameters required for the model are listed in Table 1, allowing a 

quantitative comparison between experimentally measured spectra and the predictions of the 

model. We have found that the transition to chaos can be used to reduce the uncertainty in the 

measured value of the linewidth enhancement factor of the laser diode. 

Figure 20 shows two typical spectra of the principal mode of the slave laser. The frequency is 

relative to the free-running frequency or, equivalently, the injection frequency. In Figure 20(a) 

S - 1.7 x 10-2 and $ = 2.6 x 10-2 in Figure 20(d). When taking these spectra, the slave laser was 

operated at an output level of 9 mW, where its free-running relaxation resonance frequency is 

ST - 2.9 GHz. When the optical injection is increased beyond the weak injection limit for stable 

injection locking, it first causes unstable oscillation of the laser at the resonance frequency 

The relatively narrow peaks in the spectrum of Figure 20(a) are separated by a frequency spacing 

of/r and are typical features of highly unstable injection locking [Ref. 41]. For injection levels 

with £ < 1.2 x 10-2, the optical spectrum contains very little output except in these narrow 

peaks. As the injection level is further increased, broad features appear in the spectrum between 

the narrow oscillation peaks, as is seen in Figure 20(a). At even higher injection levels the 

spectrum becomes dominated by a broad pedestal and many strong secondary peaks develop 

(Figure 20(d)). At this stage, chaos is fully developed, as will be demonstrated by comparison 

with calculated spectra. We have also observed that as the laser is driven into the chaotic region 

the average oscillating power in the principal mode decreases by as much as 36 percent while the 

overall output is approximately constant. The power is spread among several of the weak side 
modes. 

Two sets of calculated optical spectra were obtained at injection levels similar to the 

corresponding experimental spectra shown in Figure 20. The spectra in Figures 20(b) and (e) are 

calculated with no spontaneous emission noise term in the field equations, while the spectra in 

Figures 20(c) and (f) include a spontaneous emission noise source. The positions of the 

computed peaks appear at the same frequencies as the corresponding experimental peaks 

Relative strengths of the computed peaks are consistent with the experimentally obtained spectra 

when noise is present, though there is some discrepancy in the details of the different peaks 
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Figure 20.   Optical spectra of a semiconductor laser under optical injection at two levels 
in a period-doubling route to chaos (a)-(c): £ = 1.7 x 10"2 and (d)-(f): 
g - 2.6 x 10-2. (a) and (d) are experimentally measured spectra, (b) and (e) are 
numerically calculated spectra with no noise sources present, and (c) and (f) 
are calculated spectra with noise sources present The parameters used in the 
calculations were experimentally determined using the four-wave mixing 
technique. Shading under the curves is a visual aid only. 

The period-doubling features are most evident in the deterministic spectra, Figure 20(b). A 

principal difference between the two sets of calculated spectra is that the noise term leads to a 

broadening of the period-doubling features in Figure 20(c), consistent with the experimental data 

of Figure 20(a). The noise would tend to obscure the identification of these peaks without our 

detailed work to determine the dynamic and noise parameters of the laser diode. Broadening of 

the relaxation oscillation side peaks is accompanied by a reduction in the height of the peaks. 

Fully developed chaos is observed in the spectrum shown in Figure 20(e), where the broadening 

in the calculated optical spectra is achieved without any stochastic sources present in 
Equations 44 to 46. 

Figure 21 depicts the numerically obtained bifurcation diagram of the values of the extrema of 

the electric field amplitude versus the injection parameter \ when the noise source terms are not 

included. Both the initial bifurcation point and first period-doubling point occur at injection 

levels consistent with the experimental measurements. Only the initial instability region, first 

period doubling region, and chaotic region exist over an experimentally distinguishable range of 
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injection values because of the noise. One may view the effect of spontaneous emission noise as 

causmg a fluctuating optical input. Part of its influence is. effectively, to rapidly move the laser 
diode output to different injection levels on the bifurcation diagram. 

It was also found tha, relatively minor changes in ,he linew.dth enhancement factor can induce 

large changes in the calcu.ated bifurcation diagram and optical spectra. The numerical resu.ts 

dtscussed above were obtained with a linewidth enhancement factor of b = 3 47 which is well 

wife, the range of values 3 ± 1 determined by ,he four-wave mixing experiment [Ref 211  We 

have found that Ac laser would no. develop into a chaotic state if b S 3.1. The transinon to 

chaos can be used to narrow the uncertainty in b to 3.6 ± 0.4. 
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7-3    PERIOD-DOUBLTNG CASCADES AND CHAOS 

In this section, experimental measurements and model calculations based on a single-mode 

model are combined to give a consistent picture of a laser diode exhibiting a wide range of 

nonlinear dynamical behavior. We show that a laser diode under optical injection at its free- 

running frequency exhibits a region of chaotic dynamics that is bounded as a function of the 

injection level, and that the laser diode follows a period-doubling route to chaos as the injection 

level is varied from both above and below the chaotic region. Spontaneous emission into the 

oscillating mode acts like an additional, fluctuating optical input which broadens and obscures 

features of the period-doubling cascade. At high injection levels, a new, distinct period doubling 

occurs. Further, we show that the resonance frequency induced by the coupling between the gain 

medium and the oscillating field is strongly modified by the injected field. The reverse 

bifurcation process from chaotic to periodic nonlinear dynamics with increasing optical injection 

and the existence of a second, distinct period-doubling region have not, to the best of our 

knowledge, been previously reported in laser diodes. Finally, the observed dynamics are related 
to models of other systems exhibiting nonlinear dynamics. 

We are specifically interested in the situation when the master laser is tuned to the frequency of 

the free-running slave laser, ß = 0. In this case there is no new modulation frequency imposed 

on the coupled equations by the external source. The external field does couple the phase into 

the amplitude equation, providing the third degree of freedom required for chaotic dynamics. A 

linear stability analysis provides information about the resonant coupling between the carriers 

and oscillating field. In Figure 22, the nonzero eigen frequency of the coupled equations is 

shown as a function of the injection parameter. The linear stability analysis predicts a bounded 

region of unstable dynamics and a monotonically increasing resonance frequency as the injection 
level is increased. 

To understand the deterministic dynamics and gain global information about the system, the full 

nonlinear coupled equations are first solved with the noise source terms set to zero. Figure 23 

depicts the numerically obtained bifurcation diagram of the values of the extrema of the electric 

field amplitude, a(t), versus the injection parameter £ As the. injection level is increased, the 

steady state is destabilized and the relaxation frequency is undamped (Hopf bifurcation), in 

agreement with the linear stability analysis. Further increasing the injection leads to a period- 

doubling bifurcation route to chaos and then a similar, but reversed, bifurcation route out of the 

chaotic region. To confirm the chaotic nature, the Lyapounov exponents, and the corresponding 

Kaplan-Yorke dimension of the attractor have been calculated [Ref 42]. For £ = 0.03, the 

Lyapounov exponents are A; = 0.01 yc> X2 = 0.0, and X3 = -0.01 yc and the Kaplan-Yorke 
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dimension is ~ 2.5. The positive Lyapounov exponent is a clear measure that the system is 

chaotic in this parameter range. At even higher injection levels, the bifurcation diagram shows 

that the laser undergoes a second period doubling. Finally, at the highest injection levels, the 

laser diode restabilizes, consistent with the linear stability analysis. 

Because the model parameters have been derived from a laser diode carefully characterized 

using the four-wave mixing technique, we can make a direct, quantitative comparison between 

experimental observation and the theoretical analysis. The model predictions in Figures 22 

and 23 correspond to the slave laser operating at an output level of 9 mW, where J = 0.6 for the 

laser under investigation. This is also the operating point for the data described next. The 

dynamic parameters have been previously published [Refs. 21, 38] with a specific value of b = 4 
used in the calculations for Figures 22 and 23. 

We have previously reported how the laser follows the period-doubling route to chaos, consistent 

with the bifurcation diagram in Figures 23 [Ref. 38]. Figure 24 shows six optical spectra of the 

principal mode of the slave laser taken with the injection at the free-running frequency. The 

frequency is relative to the free-running frequency or, equivalently, the injection frequency. In 
Figure 24(a), % = 1.7 x lO2, and the spectrum is dominated by narrow peaks separated by a 

frequency spacing of fr = 2.9 GHz. These are typical features of highly unstable injection 

locking [Ref. 41]. In addition, broad period-doubling features appear in the spectrum between 

the narrow oscillation peaks [Ref. 38]. They are stronger at negative detunings, a reflection of 
the positive value of b. In Figure 24(b), $ = 2.6 x 10-2, the spectrum becomes dominated by a 

broad pedestal and many secondary peaks develop, all the energy is shared by them. At this 

stage chaos has fully developed [Ref. 38] and continues through Z, = 5 x 10"2, Figure 24(c). 

Within the region of chaotic dynamics, a fraction of the oscillating power (up to 35 percent) is 

shifted from the principal oscillating mode into several of the weak side modes. Over a narrow 

injection range, the broadened spectrum collapses again into an equally spaced set of narrow 

features, as shown in Figure 24(d) where £ = 6 x 10"2, and the principal mode regains its full 

power. Now, however, the separation of the peaks is of the order of 4 GHz and the spectrum 

is much more strongly shifted to the negative components. At still higher injection levels, 
Figure 24(e) where ^ = 8.5 x 10"2, a new, clear period doubling is observed with a further 

increase of the resonance frequency and relative strengthening of the negative frequency 

components. The strongest spectral feature is clearly frequency-shifted, frequency pushing 

induced by the resonant injection. The period doubling peaks and the frequency shifts then 

steadily decrease in magnitude up to $ = 0.13, the largest value of injection that we were able to 

measure, Figure 24(f). Just above this level the slave laser hopped to a new longitudinal mode. 
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Comparison with the calculated bifurcation diagram in Figure 23 shows that the measured 

spectra are reproduced in the model, though there is discrepancy between the injection levels 

where the different types of spectra are calculated and observed. Further agreement is supplied 

by a comparison of the observed and calculated resonance frequencies and onset of oscillatory 
dynamics shown in Figure 22. 

Spontaneous emission into the oscillating mode effectively acts as a second, random source term. 

We have previously shown how the optical noise spectrum of the free-running semiconductor 

laser is dominated by this noise and that, away from line center, it is due to both regenerative 

amplification of the spontaneous emission and four-wave mixing between the spontaneous 

emission and steady-state oscillating field [Ref. 40]. When both coherent injection and 

spontaneous emission are present, there is, effectively, a time varying injected field. This leads 

to a blurring of the two period-doubling cascades. In the forward cascade, only the first period- 

doubling is not obscured, and the new frequency components are severely broadened, as seen in 

Figure 24(b) and described previously [Ref. 38]. The reverse cascade is completely obscured. 

This effect can be recovered by including spontaneous emission noise sources in the amplitude 
and phase equations. 

A bounded region of chaotic dynamics and a second, distinct region of period^doubled dynamics 

has not, to the best of our knowledge, been previously reported in a semiconductor laser. This 

type of dynamics has been studied numerically in cubic maps and in the biharmonically driven 

Duffing oscillator and is expected to occur in many dynamical systems with at least two control 

parameters [Refs. 43,44]. Alternating periodic and chaotic dynamics have been observed in 

driven nonlinear R-L-diode circuits when the drive frequency is near-resonant to the circuit 

resonance or one of its subharmonics [Refs. 45,46,47]. A region of chaotic dynamics bounded 

by period-doubling cascades has been observed experimentally in a C02 laser with an externally 

modulated loss [Ref. 48], and recently predicted for semiconductor lasers subject to external 

optical injection [Ref. 49]. In the semiconductor laser subject to external optical injection, the 

control parameters are the amplitude and frequency of the injected signal. Unlike in the Duffing 

oscillator, electronic circuits, or the loss-modulated C02 laser, we introduce no external 

modulation frequencies in the dynamical Equations 44 through 46 by using an external field as 

our injection source which oscillates at the same frequency as the free-running slave laser. There 

is, however, an effective detuning which is associated with the linewidth enhancement factor, b. 

It represents an offset between the peak of the gain and the laser oscillation frequency [Refs. 10, 

12]. By appropriately detuning the injection frequency, or by varying the value of b, one can 

observe completely different dynamics, including stable injection locking at all injection levels 
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[Refs. 37, 38, 41]. The external injection modifies the key resonance frequencies of the coupled 

equations. We observe the strong modification of the carrier-field resonance frequency 
describing the photon-carrier coupling. 

7.4    DISCUSSTON 

The excellent qualitative and very good quantitative agreement between our experimental data 

and the numerical calculations is very strong evidence that the single-mode model coupling the 

complex oscillating field with the carrier density captures the important physics of a nearly 

single-mode laser subject to external optical injection, at least up to the point of the observed 

longitudinal mode hop. The model includes the dependence of the gain on both the carrier 

density and circulating field intensity. Key rate parameters, and the strength of the spontaneous- 

emission noise, can be determined in the weak injection limit, allowing the model calculations to 

be based completely on experimentally determined data. By suppressing the noise in the model 

calculations, we are able to see that when the laser diode is subject to resonant optical injection 

it shows dynamics similar to a variety of other systems. However, a novel feature is that these ' 

dynamics are induced without introducing any new external modulation frequency in the coupled 

equations. This point emphasizes the critical role of the linewidth enhancement factor, b in 
determining the nonlinear dynamics. 

The nonlinear dynamics of a laser diode under external optical injection is sensitive to a variety 

of laser parameter, Here, we have investigated optical injection at the free-running frequency of 

the laser diode. Detuning the injection frequency will change the nonlinear dynamics and is 

predicted to lead to different routes to chaos for lasers which can be modeled by the coupled 

equations for the complex oscillating field and population inversion [Refs 12 34 50]   In the 
analysis, the effect of side modes was not included. The single-mode model used here cannot of 

course, account for the partition of power to the side modes and further work is needed to 

quantify the effect of the side modes. The good agreement between the spectra calculated from 

me single-mode model with noise and the experimental data indicates that the high frequency 

dynamics of the system are not dominated by the presence of the side modes for these 
experimental conditions. 

There is still some uncertainty in the value of the linewidth-enhancement factor b though 

the data from the nonlinear dynamics regime reduces this to the same relative uncertainty 

± 10 percent, as the other parameters that were determined in the perturbation limit  We ' 

achieved our best quantitative agreement between measurements and modeling of the period- 

doubling route to chaos from low injection levels using b == 3.5. However, we did not observe 

54 



the separate period-doubling bubble until b = 4. The larger value of b increased the range of 
injection where chaos was observed, in better agreement with the data, but led to an onset of 

chaos at lower injection levels than were observed experimentally. Further, even with the higher 

b value, the separate period-doubling bubble did not cover the range of injection levels observed 
experimentally. We did not perform a full check of the spectra over the possible range of 

uncertainty of all of the parameters, including the uncertainty in the spontaneous-emission noise 
level, of the model. We do not believe that the experimental accuracy of the data warrants 
further tweaking of the parameters. Further, it is important to remember that we retain the 

perturbation model of the gain. The full nonlinear dynamical model still incorporates a gain 
parameter, g(N, S), that is a linear function of the carrier density modulations and the photon 
density modulations with no cross term. This approximation may not be fully valid in the 
strongly nonlinear regime. However, it is significant that the perturbation model can be used so 
successfully. More complicated models involve the introduction of extra assumptions and extra 
fitting parameters. While they would certainly be able to fit the data, the data probably could not 
sufficiently distinguish between different models. Therefore, the use of more complicated 

models is not warranted until there are more dramatic differences between the data and the model 
predictions. 
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8.0 DETUNED INJECTION IN THE STRONG SIGNAL REGIME 

When the injection frequency is detuned from the free-running frequency in the strong injection 

regime, a complicated mapping of laser dynamics is observed. Figure 25 shows the types of 

behavior observed in the high injection regime. The dynamics observed at zero detuning 

represent a cut in this two-dimensional mapping. For large regions of positive detuning, a 

sizable fraction of the output power is shifted to other longitudinal modes. Complete mode hops 

to other longitudinal modes can be induced. This behavior is beyond the scope of the single- 

mode model. The dynamics represented by the optical spectra in the different regions of the 
mapping can be qualitatively reproduced from the model equations. 

The region of stable injection locking is of interest because w- can again attempt to 

quantitatively recover the observed dynamics using a perturbation analysis and use the observed 

noise spectra as a test of the linearized model. For injection levels outside of the weak-injection 

limit, the stable, injection-locked oscillating point is induced when the master laser is shifted in 

frequency by Q, relative to the free-running frequency. The phase is shifted by ft, relative to the 
injection signal where: 

-G = r/ai (b cos fa - sin fa) . (47) 

The amplitude is shifted by Aoaj and the carrier density by NQHJ, where 

2Jaj{l-rp/yc) 

-f^cosfa--^-^. m 

These equations are approximately valid for m < 0.1 and (ynnj /ysj\ < 0.1. 

Using this steady-state operating point, the new linearized equations can be written as 

"   da     yry„       , N 

* = T$n - (u+r?> - v*+F-< AM ■ (50) 
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Figure 25. A mapping of the regions of different laser dynamics as a function of injection 
level and detuning. The thick solid lines represent abrupt mode hops with the 
two outermost lines being mode hops away from the principal mode, while the 
interior line is an abrupt transition back to a predominantly single-mode 
operation in the principal mode as the detuning is increased. Other boun- 
daries are smooth. Large regions of positive detuning and the Cl region have 
large fractions of the output power in modes other than the principal mode 

dÖ> = b7cYn 
dt      27i 

fn-(v + brp)a-U^-Fimag/\A0\, (51) 

dn 
Yt

=-Y^-^-2Ysj{l-yp/rc)a + rsFc (52) 

Here, the noise terms induce fluctuations about the new injection-locked steady-state oscillating 
point, U = (7]/yc)ai cos fa and V = Wyc)ai sin fa. When Fourier transformed, these equations 

generally yield complicated solutions. However, a particularly simple solution is found for 
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the case where 07 = 0. In this case, the previous linear formulas, Equations 38 through 41, for 

the spectra carry over to the strong injection-locked regime except for two substitutions-   ' 
7r => Yr + V and Q2

T => Q2
r + (ys + yn)u. 

The model makes interesting, and potentially useful, predictions about the injection-modified 

modulation characteristics. Figure 26 shows the predicted changes in the amplitude noise 

spectra, assuming strictly single-mode operation and only spontaneous emission into the lasing 

mode as a noise source. The free-running spectrum is shown with the spectra at two injection 

levels. The relaxation resonance becomes broadened and eventually disappears as the diode 

changes from underdamped to overdamped osculations under the influence of the external field 

It is important to note that the optical frequency of the injection laser must shift with increasing 

injection level to maintain the f = 0 operating point. Also, the noise power decreases 

considerably, though the regenerative amplification and four-wave mixing signals from an 

external source would be equally reduced. Overall, however, under stable injection locking in 

the strong injection regime, the modulation characteristics are markedly improved   The wider 

modulation bandwidth is achieved with a constant amplitude injection signal which can be from 
a laser with very poor high-frequency performance characteristics. 

Experimentally, we have observed more than an order of magnitude decrease in the amplitude of 

the noise spectrum, relative to the free-running case. This is most clearly shown in the data from 

the amplitude spectra. Figure 27 shows representative amplitude spectra in the vicinity of the 

relaxation-resonance peak. They show the broadening of the resonance peaks and the decrease 

in signal levels predicted by the model. The changes, however, do not quantitatively match the 

predictions. At injection levels % > 0.1, the quantitative differences can be explained by the fact 

that our master laser is not a purely monochromatic sine wave but has a noise spectrum of its 

own. At high injection levels, this noise source dominates the internal spontaneous emission 

noise and influences the observed amplitude spectra. At lower injection levels, there is still a 

lack of quantitative agreement which cannot be explained by the master laser's noise spectrum 

Work is currently in progress to ascertain whether the observed noise level is consistent with the 
full nonlinear equations. 

The low frequency amplitude spectrum is influenced by the weak side modes. Under stable 

injection locking in. the strong injection regime, the power in the side modes can be severely 

reduced [Refs. 28, 29]; we observe this in the principal mode amplitude spectra at the lower 

injection levels. At higher levels, the noise in the master laser again influences the spectra and 

we do not see the side modes depleted to the extent observed by others [Refs 28 29]   When the 
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Figure 26.   Calculated changes in the amplitude noise spectra of a single-mode laser, 
where the dominant noise source is spontaneous emission, due to stable 
injection locking by an external laser whose frequency is tuned so that 6 = 0 
n^al   f-nfrrVTi10" levels «ne: squares -£ = 0, triangles - £ = ok, 
ovals - $ - 0.2. (Calculations use the parameters for the quantum-well laser 
diode operating at 9 mW.) 
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Figure 27.   Measured changes in the amplitude noise spectra in the vicinity of the free- 
running relaxation-resonance peak due to stable injection locking by an 
external laser whose frequency is tuned so that the amplitude of the noise 
spectra is minimized. The three different injection levels are: top - £ = 0 
middle - % = 0.06, and bottom - £, = 0.2. 
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total output is monitored, we see some depletion in the lower frequency noise spectra, but not to 

the extent that the principal mode noise is depleted. This is further corroboration that the excess 

noise, relative to the spontaneous emission level, is due to side modes that are not perfectly 

correlated with the principal mode. If the excess noise were due to carrier shot noise, its level 

would not be reduced by the external injection to the extent that we observe. Imperfect 

correlation between the principal mode and weak side modes, due to inhomogeneous gain 

characteristics or mode dependent losses, would yield the noise spectra we observe. As with the 

other spectra, the total output spectra show increased noise at high injection levels due to the 

noise characteristics of the master laser. Further work is underway to quantify these 
characteristics. 
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9.0 VERTICAL-CAVITY SURFACE-EMITTING LASERS 

Recently, a new type of laser structure has become the subject of considerable research interest, 

the VCSEL. These lasers have a number of interesting properties relative to the conventional 

edge-emitting laser diodes including surface-normal emission, a circular output beam, and ready 

fabrication into two-dimensional arrays [Ref. 51]. In addition, these lasers can be fabricated with 

dimensions approaching the wavelength of light emitted by the cavity, allowing novel physics to 

be observed [Ref. 52]. We have initiated an investigation of VCSELs to see how well our 

modeling and optical injection techniques work in the parametrization of these lasers. Here, we 

are able to report only preliminary results on the spectral and polarization characteristics of these 
novel structures. 

The VCSEL under study is similar to devices previously described in the literature [Refs. 53, 

54]. The device consists of GaAs/AlGaAs quantum wells embedded within a wavelength-thick 

spacer region which is sandwiched between two highly reflective distributed Bragg reflectors. 

The emission wavelength is - 850.1 nm. Due to the short cavity length (but relatively large 

emitting surface) of these devices, the laser supported only one longitudinal mode but could 

support multiple transverse modes [Ref. 53]. Further details are given in [Refs. 53,54]. A 

distinct threshold below 4 mA is observed, as well as kinks in the output characteristic between 

4 and 6 mA. At threshold, the output has a distinct linear polarization and a single transverse 

mode output which appeared to be the TEMQQ mode based on its single lobe spatial 

characteristic. Above the kink near 6 mA, the laser oscillated in multiple longitudinal modes. 

Between these two operating points two different modes of observation were observed at 

different times during the 6-month period of the VCSEL operation. Initially, the laser 

maintained the single mode operation and polarization direction up to the kink near 6 mA. Later, 

however, the laser showed different behavior, oscillating in the orthogonal polarization direction' 

with a threshold just above 4 m A. The different operating polarization operating characteristics 

were observed after the optical alignment had been changed. However, we have not been able to 
determine the cause of the change in operation. 

The orthogonal polarization components are shifted in frequency but appear to have the same 

spatial characteristics. Figure 28 shows the frequency separation as a function of injection 

current. The component that oscillated at the higher frequency had the lower threshold but the 

lower frequency component eventually dominated the output. This is shown in Figure 29. Based 

on the threshold characteristics, this higher threshold mode never appears in the single- 
polarization case. 
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Figure 30 compares the linewidths of the lowest order spatial modes when measured with the 

optical spectrum analyzer. Notice the much larger linewidth that accompanies the dual 

polarization mode of operation. The total output power is similar in the one and two 

polarization-component cases. The linewidth of the lowest order spatial mode reaches a 

minimum in the single-polarization, single spatial-mode range of operating currents. However, 

the linewidth under the single polarization, multitransverse mode operating condition is more 

than an order of magnitude less than the dual-polarization linewidth. 

The microwave power spectrum from the fast photodiode signal for one operating current, 5 mA, 

is shown in Figure 31. The key point in this figure is that there is a resonance around 370 MHz 

when only one polarization is monitored, there is essentially no resonance when both polariza- 

tions are simultaneously monitored. The residual signal in the lower curve is due to slight 

transmittance differences between the two polarizations as they propagate through the train of 

optical components. The two polarizations are exhibiting antiphase dynamics, maintaining a 

constant overall output power but switching between the two modes. The antiphase switching 

resonance frequency changes with injection current, as shown in Figure 32. When the laser 

operated in the single polarization operating condition, there was no resonance below 1 GHz. 

For this operating point, all the microwave spectra exhibited a resonance in the neighborhood of 

4.6 GHz that appeared to be the relaxation resonance. The relaxation resonances could be 

identified by their characteristic dependence on the injection current, as shown in Figure 33. The 

resonance frequency approximately shows the expected linear relation with the square of the 

pump parameter. At higher injection currents (when the laser operated under one dominant 

polarization but in multiple transverse modes) the laser exhibited no resonances except the high- 

frequency relaxation resonance. The laser exhibits very different dynamics depending on the 

polarization characteristics. The higher, order transverse modes do not exhibit the strong 

antiphase dynamics but operate simultaneously with the lower order modes 

Due to difficulties in achieving an overlap of frequencies between master and slave lasers, and 

simultaneously detecting sufficient signal, we were unable to quantitatively measure the optical 

injection spectrum in this laser. Very preliminary measurements supported the identification of 

the high-frequency resonance in the microwave spectrum with the relaxation resonance. 

Measurements in the single-polarization, single spatial-mode operating condition show, 

qualitatively, the kind of regenerative-amplification and four-wave mixing characteristics 

previously observed. However, we were unable to make quantitative measurements because it 

was not clear that our injection signals were in the small-signal regime. The injection laser could 

induce unstable dynamics. No measurements were made of the dual-polarization operating 

condition because the master laser catastrophically failed during the experiment. 
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regardlessof polarization mode of operation, as a function of the injection 
current. The output power is approximately proportional to the operating 
current minus the threshold current. The resonance frequency exhibits the 
square root dependence on output power associated with the relaxation 
resonance. 
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The VCSELs have been the subject of many papers in the literature. Dynamic characteristics of 
a free-running InGaAs quantum-well VCSEL [Ref. 55] are similar to the results presented here 
and have been modeled using standard single-mode laser diode models similar to the one 

described in this report. Instabilities in VCSELs under external optical injection [Ref. 56] and 
due to external optical feedback [Ref. 54] have been observed and also modeled using 

conventional laser diode models. However, this past modeling has always estimated basic laser 
parameters without determining the key rate parameters in the self-consistent fashion that we 
describe in this work. Multitransverse mode characteristics [Ref. 53] and polarization 

characteristics [Ref. 51, 57] described in the literature mention characteristics similar to those we 
observe. Polarization characteristics are correlated with the overlap of the optical resonance of 
the cavity and the laser gain of the different polarization states [Ref. 57]. More work is 

necessary, especially in the region of nonlinear dynamics, to fully characterize these structures. 
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10.0   CONCLUSIONS 

The single-mode coupled-equation dynamical model of a semiconductor laser is an excellent tool 

for describing the operating characteristics of a nearly single-mode, quantum-well laser diode. 

Excellent quantitative agreement between the model and experimental data is observed. Both the 

noise spectra of the free-running laser and the spectra under external optical injection are well- 

described by the model. The effects of weak side modes on the noise spectrum can be included 

by the simple addition of an appropriate noise source to the carrier equation. We have shown 

how our combined modeling and experimental technique allows us to experimentally determine 

all of the parameters necessary for full, nonlinear numerical calculations with the model. 

The nonlinear dynamics of a laser diode under external optic . injection is sensitive to a variety 

of laser parameters. To date, we have demonstrated the existence of a region of chaotic 

dynamics bounded by period-doubling cascades, and a second region of period doubling, for 

optical injection at the free-running frequency of the laser diode. Detuning the injection 

frequency changes the nonlinear dynamics, as we have observed, and is predicted to lead to 

different routes to chaos [Refs. 12, 34, 50]. In our analysis, the complete influence of the side 

modes was not included. The single-mode model used here cannot account for the partition of 

power to side modes; further work is needed to quantify the effect of the side modes. 

Many areas for future work are opened by this research work. Two areas deserve special 

consideration. The first area is the modification of the modulation and bandwidth characteristics 

through the nonlinear optical interaction. Understanding this physics is crucial if we are to be 

able to make predictions about how optical injection can improve the dynamic performance 

characteristics of laser diodes. Laser diodes are expected to find many applications in optical 

communications and signal processing systems where their bandwidth and noise properties must 

be improved relative to currently available structures. In addition, their sensitivity to the effects 

of spurious optical feedback must be controlled. Our experimental results indicate that the 

bandwidth and noise characteristics can be significantly improved through the nonlinear optical 

coupling of an external signal. Recent theoretical work also indicates that chaotic dynamics can 

be brought under control by the introduction of a control parameter such as external optical 
injection [Refs. 58, 59]. 

The second key area is the extension of the current model to multimode structures such as 

coupled arrays and broad area emitters. To date, our results have been confined to laser diodes 

where the side modes can be modeled as a weak perturbation. Because of their small size and 
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good efficiency, laser diodes which can deliver high power are of great interest. Such structures 

will, most likely, have the ability to support many propagating modes which will be mutually 

coupled. In the coupled-mode formalism, each mode acts as an external source to all of the 

others. If the coupling between modes is too weak, spontaneous emission noise will prevent the 

coherent locking of the participating modes and greatly reduce the maximum achievable 

brightness. If the coupling between modes is too strong, the modes are locked in an unstable or 

even chaotic manner and, again, ideal output cannot be achieved [Refs. 60, 61]. However with 

an external optical signal also coupled into the modes, it may be possible to sufficiently influence 
the multimode dynamics to produce a useful, coherent output. 

Understanding the underlying physics of the nonlinear optics and dynamics in semiconductor 

lasers in these two key areas requires extensions in both our experimental and analytical/ 

modeling work. In the experimental program, we will have to investigate new types of laser 

diode structures. Further work on VCSELs is warranted. Spontaneous emission noise is a much 

stronger influence in these structures. Along with further studies of more conventional edge- 

emitting structures, studies of VCSELs will help determine how optical injection can modify the 

noise and modulation/bandwidth characteristics of laser diodes. A second semiconductor laser 

which can be usefully studied is the broad area edge emitter or similarly, the closely coupled 

linear array. These are the two structures that have been emphasized to increase the output 

power of individual laser diodes to powers well in excess of 1 W. Both types are examples of 

multiple transverse-mode laser diodes with strongly coupled modes. In addition, unlike the case 

of a multimode VCSEL, or multiple longitudinal mode, single transverse-mode edge emitter 

these lasers have modes which oscillate at closely spaced natural frequencies. This has an impact 

on the modeling because the carrier dynamics become sensitive to the intermode beat 
frequencies. 

The coordinated experimental and modeling efforts have been very successful in the current 

program. This work has established the coupled-equation formalism as appropriate for 

quantitative, as well as qualitative, modeling of semiconductor laser devices. It has also shown 

the link between spontaneous-emission noise and nonlinear optical coupling. Understanding the 

noise and .our-wave mixing interactions has allowed us to model the full nonlinear dynamics of 

a laser diode under external optical injection. This work provides a firm foundation for further 

studies of nonlinear dynamics and nonlinear optical coupling in semiconductor lasers 
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