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REPORT No. 902

SUBSONIC FLOW OVER THIN OBLIQUE AIRFOILS AT ZERO LIFT

By Rosert T. JoNEs

SUMMARY

A previous report gave caleulations for the pressure distri-
bution orer thin oblique airfoils at supersomic speed.  The
present report extends the calculations to subsonic speeds.

It is found that the flows again can be obtained by the super-
position of elementary conical flow fields. In the case of the
swept-back wing the pressure distributions remain qualilatively
similar at subsonic and supersonic speeds.  Thus a distribution
similar to the Ackeret type of distribution appears on the root
sections of the swept-back wing at AM=0. The resulting posi-
tive pressure drag on the root section is balanced by megative

drags on outboard sections. . - 7 - .

INTRODUCTION

So far as is known, attempts to extend airfoil pressure-
distribution calculations to three-dimensional flow have
been confined to cases of thin lifting surfaces. 1t has gen-
erally been assumed that the component of the pressure
distribution arising from the thickness of the airfoil will be
but little affected by the finite span, or aspect ratio, of the
wing. This supposition is borne out by the known incom-
prossible-flow solutions for flat cllipsoids. These solutions
show that the usual variations of aspect ratio produce small
effects.

Compressible-flow theory shows, however, that the effects
of plan form become more pronounced at higher speeds.
The theory indicates a progressive reduction of the equiva-
Jent aspeet ratio as the Mach number approaches 1.0.
Hence at these speeds the three-dimensional character of the
{flow can no longer be negleeted.  Of particular interest are
the deviations from two-dimensional flow near the root
soctions of a swept-back wing, since the adverse effects of
compressibility may arise first in this region.

In the present report three-dimensional flows are obtained
from & distribution of *pressure sources™ in the chord plane
of the airfoil.  The shapes thus obtained are svmmetrical
airfoils at zero lift.  The caleulations are simplified by
considering airfoils composed of conieal or evlindrieal surfaces.
1n these eases the sources ean be arranged into lines of uniform
strength following the generators of the surface. The relation
between the strengths of the line sources and the shape of
the airfoil is the same as in reference 15 that is, each line
source produces a deflection of the streamlines crossing over
the source.  The pressure field of the line souree again can be
represented by systems of straight rays of equal pressure
(isobars) radiating from the ends of the line source.

¥43314-—1Y

In general, the present development follows closely that of
reference 1 and the reader should consult that report for
additional details of the method. The solutions are given
explicitly for A=0 but are extended to other Mach numbers
by the well-known Prandt transformation.

THE OBLIQUE LINE SOURCE

It is well known that an individual velocity component of n
potential flow will satisfy the same differential equation as the
potential. In the approximation of the thin-airfoil theory
the pressure depends only on the individual component u,
that 1is,

Ap_ 2u
TV (1)

while the slope of the surface depends only on the individual
component w, that is
dz_w D)

=

dr

(See appendix for symbols.) Hence in the thin-airfoil theory
it is often more convenient to deal direetly with the velocities
w and w as solutions of Laplace’s equation than to derive
these components from a velocity potential ¢.

Since u is proportional to the pressure, a solution of
Laplace’s equation can represent directly the pressure distri-
bution, hence the term ‘“‘pressure potential.”  In  this
terminology, the fundamental solution

represents a point source of pressure rather than a point
source of fluid.

To got the effeet of a row of sources, or a line source, along
the s axis between the points @ and b, it s necessary to inte-
erate equation (3):

l‘h dt
" == e
Joy =9y
r—b r—ua

=sinh™' ,, L—sinh™ L (h
Ay VS

The pressure field of the finite line source thus consists of the
sum of two conical pressure fields radiating from the ends of

the line source.  (See fig. 1) In the supersonic case (refer-

ence 1. the radial isobars forming the conieal field were
1
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FiGure L—Pressure field for line source of length (h=a).

confined to the downstream Mach cone.  Here, however,
the isobars extend over the whole space.!

1f the direetion of flight is along the axis of the source
(r axis), the flow will satisfy the boundary condition for a
body of revolution.  However, if the line source is turned
out to a position oblique to the stream, the boundary shape
will be distorted and, if the angle of obliquity is large enough
to place the line source well outside the diameter of the
original body, the figure formed will be an oblique wedge.
The nose angle of the wedge is formed where the streamlines
of the main How cross the line source.

At supersonic speeds the expression for the oblique line
source was obtained by applying an equivalent of the Lorentz
transformation, for which the wave equation is invariant.
The equivalent transformation for Laplace’s equation is a
rotation of the axes, given by

o =rmy
iy =y—mr

o

i/
"=zl m

i Phe conical pressure field for either the subsonie or the supersonic line source may be ob
trined direetly from the peneral solutions of Laplice’s equations of zero degree in o, g, 2 given
hy W. F. Donkin,  (See reference 2, page 3570 The peneral solution is

The salution corresponding 1o the subsonic ine source is

ytic kK
== R joe - =sinh™! .
R R o R G
while the field for the supersonie sonree is given hy
ytiz x
o= 1P oy . ¥ ‘::(-(\\'h” i
sty Ryt R At

where m is the slope of the new axes relative to the old.
(Note that a change of scale is admitted for convenience.)
The geometry of the pressure field relative to the line source
is not altered in any way by this rotation and the isobars
behave as though they were rigidly attached to the ends of
the source. For a line source with one end at the origin,
we have

x’ .
w=sinh™! = S ()
N ED)?

This field is illustrated in figure 2 for the plane z=0. As
m—>o the r and y axes interchange and there is obtained

u=sinh™! - (6)

\,I‘2+..3

for a line source along y.

The vertical velocity w near z=0. which determines the
shape of the boundary, may be found by integrating u with
respect to s and then differentinting the resulting veloeity

potential with respeet to =
06 O (* -
W= —— == udr (N
0: 0z J-w
Evaluation of this integral for the overlapping fields from
two ends of a line source gives

A L4m? )

Y— 9
W= T
= m

over the area of the ry plane behind the line source.
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FIGURE 2.—Vressure field due to one end of oblique line source.

"Phe figure formed by the streamlines crossing a line source
is thus n wedge-shaped body having an oblique leading edge
and extending indefinitely downstream. It is evident from
equation (3) that the infinitely wide wedge cannot be treated
in subsonic flow, since it creates an infinite pressure disturb-
ance at all points.

The slope of the wedge surface away from the chord plane
is given by

(L II,-~7/p rounding

dz_1w
dr™ V
With this relation and equation (8) the pressure cocflicient
near the plane z=0 may be expressed in terms of the slope

)

/__”/'

Ap 1 m  dz/ . S—=b ; :
gl (L = (smh“‘-'-——,r—smh‘I T /" ) (10) (7 -
q 7 lfmids 'l 'l '

where ] indicates the absolute magnitude of y'. Tollowing Aoa

the thin-airfoil theory, the pressure over the chord plane 2-Dimensional (Qe)-~.._;|™q

(== is taken as the pressure over the actual airfoil surface.

Center secr/on-xm"
AIRFOILS BOUNDED BY PLANE SURFACES !
It was seen that the effect of a line source in the pressure Moo
field is to eause u deflection of the streamlines crossing the
<ource.  The deflection thus produced is equal and opposite
at points above and below the chord plane, so that the ‘//3
source spreads the streamlines apart. 1 the source s
followed by a sink of equal strength, an equal opposite deflee- |
tion of the streamlines will oceur as they cross over the sink. e
The figure formed by the streamlines near the plane z=0
will thus be a plate of uniform thickness with a beveled [y

i
. 5 ’ . . !

leading edge®  (See fig. 3.) |

. S . . Secrion

2 According to the thin-airfoil theory the thickness of the figure ends abruptly at the ends

of the souree lines. A more exaet considerstion would be expeeted 1o show some rounding

at the tips of the wedge as indieated in figore 5. FiGUKE 3.— Construction of the pressure distribution over 3 beveled feading edye.

S4nntd 14 2
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The pressure distribution over such a beveled edge may
be obtained very simply by superimposing the pressures laid
ofl on radial isobars originating from the four corners of the
bevel.  Figure 3 illustrates this process for a bevel having a
square plan form. Only isobars from one tip are shown
because of the svmmetry of the figure.

In figure 3, the line source and the line sink are parallel
to the 7 axis, henee

Dy el -1 7/+]_ : -1 .7/'“1 _
u=sinh JH*H sinh EERY
y—1
sinli™! +s11111”‘ "l,_“” (11)

It can be seen that if the aspect ratio of the figure is inereased
to a large value the ends of the line sources will be separated
by a great distance and the isobars in intermediate regions
will approach parallel straight lines, henee the flow field
approaches a evlindrical or two-dimensional form. At the
same time the areuments y-4=1/r41] in equation (11) be-

come y=qir4 1 and 5 takes on very large values so that

yEn
.lj:”

.7/
M=

sinh™! l' —4-log 2

and equation (11) is found to approach the Legendre fune-

tion /o, that 1s

—4 (1)

u=2 log w"- -
\ +1
(See reference 3, p. 110.)
This expression when combined with equation (8) agrees
with the two-dimensional potential function for the wedge,
that 1s,

— (u—11) =4 Qy(x) £ 271 Py(x) (13)
(See fig. 4.)

The isobars at right angles to the axis of the line source are
lines of zero pressure, hence the ravs originating at the tip
of a rectangular wing contribute nothing to the pressure
distribution at this tip. The whole pressure distribution
at one tip is thus obtained by considering only those isobars
radiating from the opposite tip. It 1s evident that in the
case of a long narrow rectangular wing the pressures at
cither tip will be approximately on(‘-lmlf the pressures over
the middle portion of the wing.

In case the wing is oblique the tip sections will no longer
be at right angles to the axes of the source lines and the rays
originating from the adjacent ends of the source lines will
contribute to the pressure over the tip. 1t can be shown
that this component of the tip pressure
similar i form to the Aekeret type of distribution. that is,
the pressure at any point of the surface is proportional
the slope of the surface at that point.

Consider first the sloping surface formed by a pair of
oblique source=sink lines. The (ip section fies along the
Iimes of constant pressure of magnitude proportional to
1

distribution 1s

sinh™ Lim. Between the source and sink the pressures are

additive, so that

902-—NATIONAL ADVISORY COMMITTEE
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. i .
Ap_z_ ~ sinh™! (14)
¢ mlmds 1

Ahead of or behind this section the pressures caneel.

In case of u curved airfoil surtace the chord can be divided
into clements composed of source-sink pairs, the strengths of
which are proportional to the slope of the surface at the point
in question.  Kach pair then contributes a pressure propor-
tional to the local slope and contributes no pressure at other
points. Henee, equation (14) applies when dz/dr is variable
along the chord.

Emm -

Wedge

w-iwa: Qux)2i BP, (z)

RSN

i(x)

i
Biconvex Section

ks
u-iwe: @, @x!ZizP, (z)

Florke 4.—'wo-dimensional veloeity functions for wedee and biconvex sections.

The foregoing arguments of course apply only at the tip
section of the oblique wing. .\t some distance from the tip
scetion the overlapping isobars radiating from the tip again
produce a quasi-cvlindrieal pressure field as in the case of
the rectangular wing.  Thus the resultant pressure distribu-
tion at either tip of a long oblique wing consists of two com-
ponents, one given by equation (14) and of the Ackeret type
while the other component is equal to one-hall the normal
two-dimensional pressure distribution associated with the
airfoil seetion.

Figure 5 shows the pressures over a beveled-edge profile
having 45° The pressure distribution over the

root section s given by
|
-1 ‘1)”('1.)
hi

sweephack.

—4

e — e dz |:(‘)l,t,r1—sinh (15)
q T A 1 -m* dr
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at a great distance from either root or tip by

Ap_—4 m dz

Qo(2) (16)

¢ 7 \l+m'dr

and at the tip by

Ap 2 m
By i;+'7rLz

- dz ) 1
g 7w dr I:Q(l(.lf) +-sinh™! - P, (J.):l a7

2-Dimensional -

Roor-.

Secion
Flaure 5.—Pressure distribution over beveled edge with 45° sweepback.
To take account of the effect of compressibility we make
use of the Prandtl transformation, increasing both the z
. . . 1
dimensions and thepressure cocflicients by the factor T
V1=

Replacing m by 41— cot A, where A is the angle of sweep-
back, equation (16) reduces to

. Ap _—4 1 dz : N
2 2(Vcos A)? T VI— (M cos A d(x cos 1) Qo () (18)

Thus, ata great distance from either root or tip, the pressures
follow a variation indicated by the normal component of
veloeity 17 cos AL
At the root section, a component representing the Ackeret
type of pressure distribution is added to equation (18).  This
component is
4 1 ) d:

T 1— (M cos A)? dix cos A

. 1
sinh=! { —— > s
sinh (.\ T et A Py am

. 1 . ..
The factor sinh™ - shows a logarithmic in-

V1= cot A
finity at A/=1.0. Hence the pressure on the root seetion
increases more rapidly with Mach number than do the pres-
sures at other sections of the swept-back wing. Further-
more, the shape of the pressure distribution over the root
scetion approaches the Ackeret shape more closely as the
Mach number approaches 1.0, As shown in reference 1, the
pressure distribution on the root section is exactly this shape

at supersonic speeds, that is,

Aapo 4 b B
geos* AT T 41— (M cos A)? d{r cos A)

- 1 \ .
cosh ‘<\ YRy ) Py() (20)

Since sinh~'—cosh™ for large values of the argument, the
swept-back airfoil shows no discontinuity in the type of
pressure distribution on passing through the speed of sound.
1t will be evident that similar reasoning can be applied to
the tip sections.

AIRFOIL OF BICONVEX SECTION

The use of a finite number of sources and sinks results in
airfoil scctions composed of straight segments. Such sec-
tions are undesirable, since they show infinite pressure peaks
at the bends in the surface.  Surfaces having continuous
curvature require continuous distribution of sources and sinks
alined with the generators of the surface.  The simplest of
these is the biconvex profile in which the upper and lower
surfaces are parabolic ares and have constant curvature.
Such a profile requires line sources of finite strength to form
the desired angles of intersection of the ares at the leading
and trailing edges together with a uniform distribution of
sinks along the chord plane between the two sources.

The pressure field for a uniform sheet of line sources is
obtained by integrating the field of a single line source in
the z direction. This integral is

1 o TFm: &
2= | sinh™! 7 dr=22"T"y sinh™' ——
D f v m Y |

1, .,
5w sinh | @n

The integration for a source sheet is actually somewhat
simpler if the interference of a bilaterally svinmetrical ar-
rangement of sources is considered simultancously.  The in-
fluence of the symmetrical, or conjugate, arrangement 15
obtained by substituting —m for m in equation (21). De-
noting r—my by +" and y-mr by y we have

| o v R 7 .
D (w10 _,‘, (bmh _‘!/,;+smh 7 ) du

L 7’ sinh™! -
= (7 s g

RS

Ful
o . . 99
i’ sinh “/,“)

To obtain a complete swept-back wing it is necessary to
add o number of component pressure fields us explained n




6 REPORT NO.
reference 1. For an infinite swept-back wing with leading
and trailing edges at y’=-m and —m, respectively, on one

side, and at 3’=-+m and —m, respectively, on the other side,
there is obtained

Ap_2__m ( ) [ < N
T sinh™! ————
q RN 1 +77L" mar 17/ -
' — ' —1
Y +17z | >+m (smh Ty —m

sinh™! |5]’+1n >+ @ (” >+()Q’(m>:|

t . . . .
where (?) is the thickness-chord ratio of the biconvex
mar

(23)

gt
. Yy L
profile.  The terms ¢, (m) represent the pressure distribu-
tion on the biconvex airfoil in two-dimensional flow.  The
appearance of these terms is the result of the assumption
that the tips are removed to a great distance.
At the root seetion (y=0) equation (23) reduces to

Al) 2 i j -
q T \1+I11'<, ./>mnr [4(J|('] 1(“):]

Figure 6 shows pressure distributions at various stations
along the span for a biconvex wing with 60° sweepback.
The curves assume tlw two-dimensional form at a relatively

—4 sinh™!

short distance (!/291') from the root scction, and similar

Fravre G-~ Pressure distribution at various spuniwise stations on swept-baek wing, A=60,
M=,

902—NATIONAL ADVISORY COMMIITTEE FOR

AERONATUTICS

behavior is to be expected near the tips.  IHence the assump-
tion of infinite aspeet ratio should apply very nearly at any
section situated more than one-half chord length from cither
root or tip.

Figure 7 shows the effect of Mach number on the pressures
over the root section and illustrates the progressive change
to the supersonie type as the Mach number approaches 1.0,
It can be seen that an inerease in Mach number will not only
increase the distortion of the pressure distribution but will
increase the extent of the distortion along the span.

|
!

FIGURE T.— Effeet of Mach number on pressure distribution over root section of swept-back
wing, A =60°, biconvex section,

An interesting point to be noted is that not all sections of
the swept-back wing have zero pressure drag. A positive
drag appenrs on the root seetions and a negative drag on the
tip scctions. IHenee the spanwise drag distribution  1s
qualitatively similar to that at supersonic speeds though, of
course, the net subsonic pressure drag is zero.

Anes AERONAUTICAL LABORATORY,
NATIONAL ADpvisory CoMMITTEE Yok \ERONAUTICS,
NMorrrTt Frenp, Cavvv., May 107
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SYMBOLS

flight velocity

Mach number

coordinates

point on r axis

point on ¥ axis
disturbance-velocity potential
disturbance-velocity components
local pressure

dynamic pressure (% pV2>

air density

Legendre functions

differential operator (d/dr)
thickness of wing

APPENDIX

¢ chord of wing (measured along r)
m slope of line source (absolute value)
£ r-+my

v y—ma

' r—my

Y y+me
R. P.  Real part
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Linear g

’nent

.'o'f“i controLsurﬁoe ; (rel&trye to neutﬁ:.l P
i .(Indlcate surfac 13 proper aubscnp“q) .

e >
Ry

Eﬁ‘ectlve hehx a.ngle«tm;”‘(2 rrn)

B NUMERICAL RELATIONS

R : A Revolutlons per second, _rps

-

| EREE | hp=76 04 kg-m/s =550 ft-lb/sec . ilb=0assekg T os T il
- 1 metric horsepower=0.9863 hp - Z “1kg=2.2046 1b . s T
-5 . 1mph=0.4470 mps S 1 mi=1,609.35 m=5,280 ft :
1 mps—2 2369 mph oo '_ ' ‘ ; 1 m=3.2808 ft - ;




