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AERONAUTIC SYMBOLS 

1. FUNDAMENTAL AND DEBITED UNITS 

Length -. 
TimeJ  
Force  

Power. 
Speed. 

Symbol 

Metrics. 

I 
i 
F 

P 
V 

Unit 

meter...  
seoond—.  
weight of 1 kilogram.  

horsepower (metrio). 
/kilometers per hour.. 
\meters per second... 

Abbrevia- 
tion f 

s 
kg 

kph 
mps 

English 

Unit 

foot (or mile).--—  
second (or hour)  
weight of 1 pound  

horsepower-... 
miles per hour.. 
feet per second. 

Abbrevia- 
tion 

ft (or mi) 
see (or hr) 

-lb 

mph- 
fps 

2. GENERAL SYMBOLS 

Weight=m0 7., 
Standard acceleration" of gravity=9.80665 jn/8a 

or 32.1740 ft/sec" A''-'--   \r " :. 

Mass=—-       _     >:.-«..,;.,-_-"•'••    - ~,   -  '>.-'- 
Moment  of  inertia=mfcV  (Indicate  axis  of 

radius of gyration k by proper subscript.)   ^ 
• Coefficientof viscosity   \ : .     

,        Kinematic viscosity 
p Density (mass per unit volume) 
Standard density of dry air, 0.12497 kg-m ^ at 15   C 

and 760 mm; or 0.002378 lb-ft^ sec" 
Specific weight of "standard" air,, 13255 kg/m» or 

0.07651 lb/cu ft      ■-■  "" , ; 

-Area    ;    7; ;~        { 
Areaof wing 
Gap _ ■- ,~   '7 _,   - 
Span      "       , "■-- 
Chord "; ';-- , 

Aspect ratio, g  ■'■:.'_".'' 

True airspeed 

Dynamic pressure, -^pV* 

lift, absolute coefficient Ct=-z§ 

8. AERODYNAMIC SYMBOLS 

Angle of setting of wings (relative to thrust line) 
Angle of stabilizer setting (relative to thrust 

line) ^__...'-' -"' "      ■;-'■■ 
Resultant moment =r 

Resultant angular velocity- 

Reynolds number, 

it 

B 

Do 

. ,   _ . D 
Drag, absolute coefficient @D=-zg 

Profile drag, absolute coefficient CDo=—§ 

Induced drag, absolute coefficient CDi=-^ 

■      n      D' Parasite drag, absolute coefficient Cot—'Zg 

a 
t 

do 

On 

where I is a linear dimen- . 

siontcg., for an airfoil of 1.0 ft chord, 100 mph, 
standard pressure at 15° C, the corresponding 
Reynolds number is 935,400; or for an airfoil 
of 1.0 m chord, 100 mps, the corresponding 
Reynolds number is 6,865,000) 

Angle-of attack 
Angle of downwash 
Angle of attack, infinite aspect ratio 
Angle of attack, induced 
Angle of attack,.absolute (measured from zero- 

lift position) 
Flight-path angle 

C 
Cross-wind force, absolute coefficient Cc—rg 
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REPORT No. 902 

SUBSONIC FLOW OVER THIN OBLIQUE AIRFOILS AT ZERO LIFT 

Bv KOUKKT T. .IONKS 

SUMMARY 

A previous report gare calculations for the pressure distri- 
bution orer thin oblique airfoils at supersonic speed. The 
present report extends the calculations to subsonic speeds. 

It is found that the flows again can be obtained by the super- 
position of elementary conical flow flelds. In the case of the 
swept-back wing the pressure distributions remain qualitatively 
sim ilar at subson ic and supersonic speeds. Thus a distribution 
similar to the Ackeret type of distribution appears on the root 
sections of the swept-back wing at M=0. The resulting posi- 
tive pressure drag on the roof section is balanced by negative 
drags on outboard sections.    ,'/'..-   .".- ;, 

INTRODUCTION 

So far as is known, attempts to extend airfoil pressure- 
distribution calculations to three-dimensional flow have 
been confined to eases of thin lifting surfaces. Jt has gen- 
erally been assumed that the component of the pressure 
distribution arising from the thickness of the airfoil will be 
but little affected by the finite span, or aspect ratio, of the 
wing. This supposition is borne out by the known incom- 
pressible-flow solutions for flat ellipsoids. These solutions 
show that the usual variations of aspect ratio produce small 

effects. 
Compressible-flow theory shows, however, that the efleets 

of plan form become more pronounced at higher speeds. 
The theory indicates a progressive reduction of the equiva- 
lent aspect ratio as the Mach number approaches 1.0. 
Hence at these speeds the three-dimensional character of the 
flow can no longer be neglected. Of particular interest are 
the deviations from two-dimensional flow near the root 
sections of a swept-back wing, since the adverse effects of 
compressibility may arise first in this region. 

In the present report three-dimensional flows are obtained 
from a distribution of "pressure sources" in the chord plane 
of the airfoil. The shapes thus obtained are symmetrical 
airfoils at zero lift. The calculations are simplified by 
considering airfoils composed of conical or cylindrical surfaces. 
In these cases the sources can be arranged into lines of uniform 
strength following the generators of the surface. The relation 
between the strengths of the line sources and the shape of 
the airfoil is the same as in reference 1; that is, each line 
source produces a deflection of the streamlines crossing over 
the source. The pressure field of the line source again can be 
represented by systems of straight rays of equal pressure 
(isobars) radiating from the ends of the line source. 

«4331+—t« 

In general, the present development follows closely that of 
reference 1 and the reader should consult that report for 
additional details of the method. The solutions are given 
explicitly for M=0 but are extended to other Mach numbers 
by the well-known Prandtl transformation. 

THE OBLIQUE LINE SOURCE 

It is well known that an individual velocity component of a 
potential flow will satisfy the same differential equation as the 
potential. In the approximation of the thin-airfoil theory 
the pressure depends only on the individual component u, 

that is, 
Ay?    2« (1) 

1      V 

while the slope of the surface depends only on the individual 

component w, that is 
dz_w ,o) 
'iJTV 

(See appendix for symbols.) Hence in the thin-airfoil theory 
it is often more convenient to deal directly with the velocities 
u and w as solutions of Laplace's equation than to derive 
these components from a velocity potential <p. 

Since u is proportional to the pressure, a solution of 
Laplace's equation can represent directly the pressure distri- 
bution, hence the term "pressure potential." In this 
terminology, the fundamental solution 

r   '\x-+y-+: 
::*) 

represents a point   source of pressure  rather  than  a  point 

source of fluid. 
To get the effect of a row of sources, or a line source, along 

the J axis between the points a and b. it is necessary to inte- 

grate equation (I!): 

_ P di 

jt-b .  ,   ,    ■'—" 
= sinlr' 

V:'/■ + -" A .'/■ 

(4i 

The pressure field of the finite line source thus consists of the 
sum of two conical pressure fields radiating from the ends of 
the line source. (See fig. 1.) In Hi«' supersonic case (refer- 
ence   I),   the  radial   isobars  forming  the  conical  field   were 

1 
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Fjr.riifc; 1.—Pressure field Tor line source of lenplh (t>—i). 

confined lo (he downstream Mach cone. Here, however, 
(lie isobars extend over the whole space.1 

If the direction of flight is along the axis of the source 
(x axis), the flow will satisfy the boundary condition for a 
body of revolution. However, If the line source is turned 
out to a position oblique to the stream, the boundary shape 
will be distorted and, if the angle of obliquity is large enough 
to place the line source well outside the diameter of the 
original body, the figure formed will be an oblique wedge. 
The nose angle of the wedge is formed where the streamlines 
of the main flow cross the line source. 

At supersonic speeds the expression for the oblique line 
source was obtained by applying an equivalent of the Lorentz 
transformation, for which the wave equation is invariant. 
The equivalent transformation for Laplace's equation is a 
rotation of the axes, given by 

x' = x + my 

.:'=--r-v'l +"<2 

where m is the slope of the new axes relative to the old. 
(Note that a change of scale is admitted for convenience.) 
The geometry of the pressure field relative to the line source 
is not altered in any way by this rotation and the isobars 
behave as though they were rigidly attached to the ends of 
the source. For a line source with one end at the origin, 

we have 

Qr+X-r (5) 

This field is illustrated in figure 2 for the plane z=0.    As 
m->co   the x and y axes interchange and  there is obtained 

■u = sinlr _ y (6) 

: Tin1 conical pressure field for cither the subsonic or the supersonic line source may be ob 
I-ined directly from the eencral soluiions of Laphce's equations of zero deiirce in i.y.z [liven 
by \\ .  I'.  Donkin.    (See reference '>, pane W'ü.)    The general solution is 

.'/it-'" 

-< (,;,£.♦■*) 
Ihr snlulion rorrrspondiiiL' In 1 he subsonic line snun 

■ i: r IML- - =sinh~' - 
J + \.r'-' + !/-'-!-:- V'< 

while I hi' Held lor l hi' supi soiner is eiveii hy 

n + i: ■'■ 
/,' /'  i„- = ens|i_l 

for a line source along y. 
The vertical velocity w near .?=(). which determines the 

shape of the boundary, may be found by integrating u with 
respect to x and then differentiating the resulting velocity 
potential with respect to z. 

,"=-^ = äil,/< 
(7) 

Evaluation  of this integral  for the overlapping fields from 
two ends of a line source gives 

A    1  +W1- /ON 
ic=±2ir- (8) 

m 

over the area of the xy plane behind the line source. 
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y 

FIOIKK 2.—l'n-ssiirc fli-lil line to one olid of ul>lii|iio lim' sourw 

The figure formed by tin- streamlines crossing a line source 
is thus a wedge-shaped body having an oblique loading edge 
and extending indefinitely downstream. It is evident from 
equation (3) that the infinitely wide wedge cannot be treated 
in subsonic flow, since it creates an infinite pressure disturb- 

ance at all points. 
The slope of the wedge surface away from the chord plane 

is given by 
dz_w 
~di~~V 

Plan 

r'Tip rounding 

(9) 

With this relation and equation (8) the pressure coefficient 
near the plane s=() may be expressed in terms of the slope 

±1>    1       m      dz ( 1    ==     _—    -     I    C £(■ -"w-»>"-"^') (1(» 
where \>/'\ indicates the absolute magnitude of //'. Following 
the thin-airfoil theory, the pressure over the chord plane 
(r->0'l is taken as the pressure over the actual airfoil surface. 

AIRFOILS HOUNDED HY PLANE SURFACES 

It was seen that the effect of a line source in the pressure 
field is to cause a deflection of the streamlines crossing the 

source. The delle.ol.ion thus produced is equal and opposite 
at points above and below the chord plane, so that the 
source spreads the streamlines apart, if the source is 
followed by a sink of equal strength, an equal opposite deflec- 

tion of the streamlines will occur as they cross over the sink. 
The figure formed by the streamlines near the plane r=0 
will thus be a plate of uniform thickness with a beveled 

leading edge."     (See fig. li.J 

- Ac-i-i>riliiiii u> tlif Uun-airfoil thoury I ho Ihirknoss of the fipiirc ends abruptly at tlu'omls 
,,f iho smmv lines. A more oxaol oonsidnation would ho oxpoolod lo show sonn- ronndiui; 
at lh.' lips <>f liic wrdiic as indicatod in limn'r :i. 

mm^^i 

lMGUKt: :i - Coiislrnclion of Iho prossinv .list 1 ilnilion ovi i hrvi'loil Iraclinp cily 

SI:;:;M •I'.I 
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The pressure distribution over such n beveled edge may 

he obtained very simply by superimposing the pressures laid 

ofi" on radial isobars originating from the i'our corners of the 

bevel. Figure .'i illustrates this process for a bevel bavin»; a 

square plan form. Only isobars from one tip are shown 

because of the symmetry of the figure. 

In figure -i, the line source and the lino sink are parallel 

to the y axis, hence 

Ap    2 

« = smh 

sinh 

M'+li 

7/+1 
is-1: 

-sinh 

-fsinl 

;■'•+! 

.- ■'/-1 

:r- 1 | (11) 

It can be seen that if the «sport ratio of the figure is increased 

to u large value the ends of the line sources will be separated 

by a great distance and the isobars in intermediate regions 

will approach parallel straight lines, hence the flow field 

approaches a cylindrical or two-dimensional form. At the 

same time the arguments y±]/\.r±\\ in equation (11) be- 

come )/ri//± 1 and ?j takes on very large values so thai 

sinh ■ -s-±Iog 2 
h'±l; Mi' 

and equation (11) is found to approach the Legcndre, func- 

tion Oo. that is 

« = 2log^+]:=-4U,(.r) (12) 

(Sec reference o, p. 110.) 
This expression when combined with equation (S) agrees 

with the two-dimensional potential function for the wedge, 

that is, 

■(v-iw)=:4QB(x)±2TrtI>0(x) (13) 

(Sec fig. 4.) 
The isobars at right angles to the axis of the line source are 

lines of zero pressure, hence the rays originating at the tip 

of a rectangular wing contribute nothing to the pressure 
distribution at this tip. The whole pressure distribution 

at one tip is thus obtained by considering only those isobars 
radiating from the opposite tip. It is evident that in the 
case of a long narrow rectangular wing the pressures at 

either tip will be approximately one-half the pressures over 

the middle portion of the wing. 
In case the wing is oblique the tip sections will no longer 

be at right angles to the axes of the source lines and the rays 
originating from the adjacent ends of the source lines trill 

contribute to the pressure over the lip. It can be shown 
that this component of the tip pressure distribution is 
similar in form to the Ackeret typo of distribution, that is. \ 

the pressure at any point of the surface is proportional lo i 
the slope of the surface at that point. 

Consider  first   the  sloping  surface  formed   by  a  pair  of 

oblique  source-sink  lines.    The   lip   section   lies  along  the   ! 

linos   of   constant   pressure   of   magnitude   proportional   to   '■ 
sinh-1 ];in.    Between the source and sink the pressures are   | 
additive, so that 

"T A i+m-dJ' 
sinh 

1 

m 
(14) 

Ahead of or behind this section the pressures cancel. 

In case of a curved airfoil surface the chord can be divided 
into elements composed of source-sink pairs, the strengths of 

which are proportional to the slope of the surface at the point, 

in question. Each pair then contributes a pressure propor- 

tional to the local slope and contributes no pressure at other 
points. Hence, equation (14) applies when ihjil.v is variable 

along the chord. 

biconvex  Section 
IT 

ix-iwcc Qtfxfsi^ft (*) 

KHU-KE 4.—Two-dimensional velocity (unctions for wedce ami biconvex sections. 

The foregoing arguments of course apply only at the tip 
section of the oblique wing. At some distance from the tip 

section the overlapping isobars radiating from the tip again 
produce a quasi-cylindrical pressure field as in the case of 
the rectangular wing. Thus the resultant pressure distribu- 

tion at either tip of a long oblique wing consists of two com- 

ponents, one given by equation (14) and of the Ackeret type 

while the other component is equal to one-half the normal 
two-dimensional pressure distribution associated with the 

airfoil section. 
Figure ö shows the pressures over a bevoled-edgo prolile 

having 4.")° sweepback. The pressure distribution over the 

root section is »iven bv 

Aj> 

<I 

-4 _   m      dz 
T    s{+m'-d.r 

^„l.-'i-sinlr1    ■ l\,{.r) (15) 
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at. 11 great distance from either root or tip by 

&/>    — 4      m      dz „ . . 

and at tlie tip In 

Ap_—2 _ 
>1~  *   ^i+m-ds 

AP=-2 _m      ^[0oW+Billlr^/»oW] 

(10) 

(17) 

Plan 

Section 

KIGUKK 5.—1'ras.sure distrihiition over hovt'led etlpe with 45° sweepbuck. 

To take account of the effect of compressibility we make 
use of the Prandtl  transformation, increasing both  the x 

dimensions and thepressure coefficients bvthe factor ~y?==~jr4v 
V1 — Ivl 

Replacing m by -^\—M- cot A, wliei'e A is the angle of sweep- 
back, equation (Hi) reduces to 

Ap dz 
p/2( F cos A)-      7T    y i — (M cos A)-' d(x cos A) 

(Ux)       (18) 

Thus, at a great distance from either root or tip, the pressures 
follow a variation indicated by the normal component of 
velocity I* cos A. 

At the root section, a. component representing the Ackeret 
type of pressure distribution is added to equation (18). This 
component is 

4 1 ' dz 
*• A 1— (ä7 cos A)* d(x cos Al 

sinlr1 ( =—— ) /'„ (.;•') 
\\J--»/-cot A/ 

(10) 

The factor sinlr1 -. ■-■•-— shows a logarithmic in- 
VI— M- cot A 

finity at JW=1.0. Hence the pressure on the root section 
increases more rapidly with Mach number than do the pres- 
sures at other sections of the swept-back wing. Further- 

more, the shape of the pressure distribution over the root 

section approaches the Ackeret shape more closely as the 

Mach number approaches 1.0. As shown in reference 1, the 

pressure distribution on the root section is exactly tins shape 

tit supersonic speeds, that is, 

A/'     =4 1 ...,'^_ 
q cos2 A~ T Yl - (M cos A)2 <K.r <'<>s A) 

coslr'f-   ,,,   \—-     )l\>U 
\A.\/-—1 cot A' 

(20) 

Since sinlr'-X'oslr1 for large values of the argument, the 
swept-back airfoil shows no discontinuity in the type of 
pressure distribution on passing through the speed of sound. 
It will be evident that similar reasoning can be applied to 
the tip sections. 

AIRFOIL OF BICONVEX SECTION 

The use of a finite number of sources and sinks results in 
airfoil sections composed of straight segments. Such sec- 
tions are undesirable, since they show infinite pressure peaks 
at the bends in the surface. Surfaces having continuous 
curvature require continuous distribution of sources and sinks 
alined with the generators of the surface. The simplest of 
these is the biconvex profile in which the upper and lower 
surfaces are parabolic, arcs and have constant curvature. 
Such a profile requires line sources of finite strength to form 
the desired angles of intersection of the arcs at the leading 
and trailing edges together with a uniform distribution of 
sinks along the chord plane between the two sources. 

The pressure field for a uniform sheet of line sources is 
obtained by integrating the field of a single line source in 
the x direction.    This integral is 

D' -s sinlr ^=vH^sinh-'^- 
\y i in 12/1 

y  smh 
\y'\ 

(21) 

The integration for a source sheet is actually somewhat 
simpler if the interference of a bilaterally symmetrical ar- 
rangement of sources is considered simultaneously. The in- 
fluence of the symmetrical, or conjugate, arrangement is 
obtained by substituting —m for m in equation (21). De- 
noting x — my by x' and y — mx by y' we have 

V 
(«+«.)= | (sinlr; ^,+sinlr1 i^j)'/-' 

( y' sinlr 
m \ !.'/ 

— i/   smli !v)   (-"-') 

To obtain a complete swept-back wing it  is necessary to 
add a number of component  pressure fields as explained in 
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reference 1. For tin infinite swept-baek win»: with leading 
and trailing edges at i/'— + m and —m, respectively, on one 
side, and at j/'= + m and —m, respective]}7, on the other side, 
there is obtained 

Ap_2 
* yl+m- 

x'-\ 
ill- 

sin li 

\y' + m 

r_l 
-m 

.'    in \ \y'-m\ 

x 
>7: +s (23) 

when (-)      is  the  thickness-chord   ratio  of   the   biconvex 
V cjmaz 

profile. The terms ',,'] ('?/J represent tlie pressure distribu- 

tion on the biconvex airfoil in two-dimensional flow. The 
appearance of these terms is the result of the assumption 
that the. tips are removed to a »Teat distance. 

At the root section (?/—<)) equation (23.) reduces to 

*l>_-2 

\+m J \r/maiL 
4 CM' -4 sum' 

1 /J,w] (- 24) 

Figure 0 shows pressure distributions at various stations 
along the span for a biconvex wing witli 00° sweepback. 
The curves assume the two-dimensional form at a relatively 

short   distance  0/^9O  from  the root section,  and  similar 

rv-o 

behavior is to be expected near the tips. Hence the assump- 
tion of infinite aspect ratio should apply very nearly at any 
section situated more than one-half chord length from either 
root, or tip. 

Figure 7 shows the effect of Mach number on the pressures 
over the root section and illustrates the progressive change 
to the supersonic type as the Much number approaches 1.0. 
It can be seen that an increase in Mach number will not only 
increase the distortion of the pressure distribution but will 
increase the extent of the distortion along the span. 

KlcriiK '.— Meet of Mach mimhor on pressure distribution over mm section of sxvopt-back 
wine, .\=W°, biconvex section. 

An interesting point to be noted is that not all sections of 
the swept-back wing have, zero pressure drag. A positive 
drag appears on the root sections and a negative drag on the 
tij) sections. Hence the spanwise drag distribution is 
qualitatively similar to that at supersonic speeds though, of 
course, the net subsonic pressure drag is zero. 

A MKS AEHOXAETKAL LiAHOUATOUV. 
.NATIONAL ADVISORY COMMITTEE FOR AEKOXAETICS, 

MOFFETT FIELD, C'AI.IE., Mai; H>.',7. 
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SYMBOLS 

flight velocity 
Mach number 
coordinates 
point on r axis 
point on y axis 
disturbance-velocity potential 
disturbance-velocity components 
local pressure 

dynamic pressure (j P^J 

air density 
Legend re functions 
differential operator (<l/dx) 
thickness of wing 

c 
in 

x' 

y' 
x[ 
?/' 
R. I'. 

chord of wing (measured along x) 
slope of line source (absolute 
x+my 
y—mx 
j—my 

y-\-mx 
Real part 
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Pontive directions of axes and angler (forces and moments) are shown fey arrows^ 
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>^ ,''_ Designation t 
'flri 

-^^LongitüdlnaL^., 
Lateral..^——;-i 

■jNormal "——.™. 

»1_ 

.r-xr 

^Eorce 
(parallel 
to axis) 
symbol, 

^'ZT"" 

Moment about axis : 

V ^ ~,>;X 

Designation 

Roiling..—. 
Pitching—: 
Yawing-i-^. 
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AT 

'"Positive x 
. direction 

1 Designa- . 
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Angle" 
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,. r.^<-v^^ "(it)lKig)::      (pitchmg)^ T(yÄwing) :v;;i:-^;vv;;v «-;;   •- ■>,_■ ,;--^^;;.-;.f _^, '-v,-: ,c:.rjv-: 
-'>?• H'^-'fe' r' L PROPJEXLEE SYMBOLS-, 

:^-jr? ~- rGeometric pitchr- V" - -T ^ - 
"^ y-pj& ??itch ratio   \ %,. <^  , -k^--" 

^ " \H^ ;   Slipstream Teboityr-ii' :^     < ""■r^V:V^'>:-:i""'-- ^'     Efficiency1       ^ ^ 
"^ >C   ^A:„t   ',    ,    , .     '^-/T.-.V7-J. 7^ ... ■■"'■">■'.. ">?•-■     n Revolutions per second, rps-v 
'':"■■■» T -"_:   _^hnist, absolute coefficient GV—-^^'-   -,---,    ..  _    ^ T-      ,    -i     / V \ 

• V-V     "7 "7, ^ "■■"'[!:" -•'_ ■■-■■        7)~" -'*     '   --TP.ffant.ivn Knll'x ftnfifles=tan"1(.;r-tr: I 

P   -^ Power, absolute coefficient CV=pTl»pi 

".C,     —Speed-pawer coefficient^:-y j^5 - - 

ij^T-  ■  Efficiency^."" '^-V;   "7 ---- ^ v T' ■"-" ■ 

jg    „ "Torque, absolute coefficient Co— - .»y 
-$. ..   "'Effective EeUx angle«tair^g^y 

5. NUMERICAL RELATIONS 

i hp=76:04 kg-m/s=550 ft-lb/sec 
1 metric horsepower= 0.9863 hp 
1 mph=0.4470 mps 
1 mps=2.2369 mph 

llb=0.4536kg     ".      - 
1 kg=2.2046 lb      .. . 
1 mi= 1,609.35 m=5,280 ft 
lm=3.2808ft 


