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STABILITY DERIVATIVES AT SUPERSONIC SPEEDS
OF THIN RECTANGULAR WINGS WITH DIAGONALS AHEAD OF TIP MACH LINES

By Sioney M. HarMon

SUMMARY

Theoretical results are obtained, by means of the linearized
theory, for the surface-velocity-potential functions, surface-
pressure distributions, and stability dertvatives for wvarious
motions at supersonic speeds of thin flat rectangular wings
without dihedral. The investigation includes steady and accel-
erated vertical and longitudinal motions and steady rolling,
yawing, sideslipping, and pitching for Mach numbers and
aspect ratios greater than those for which the Mach line from
the leading edge of the tip section intersects the trailing edge
of the opposite tip section. The stability derivatives are derived
with respect to principal body axes and then transformed to a
system of stability axes. In the case of yawing, a treatment for
the wnfinitely long wing which takes account of the spanwise
variation in the stream Mach number is extended to the finite
wing, and a plausible, although not rigorous, solution is obtained
for the wing tip effects.

The results for this investigation showed that positive yawing
at supersonic speeds may produce a negative rolling moment
i contrast to the behavior at subsonic speeds where a positive
rolling moment would be produced. The attainment of super-
sonie speed should produce a significant change in the positive
direction of the yawing moment per unit rolling velocity. The
results also indicate that unstable tendencies are produced by
vertical accelerations if

AV 2 *"%fj

where A is wing aspect ratio and M s stream Mach number.
canans INTRODUCTION

Recent developments in supersonic airfoil theory (refer-
ences 1 to 4) have led to the calculation of many of the
supersonic stability derivatives for various plan forms. In
references 5 to 8, various theoretical supersonic stability
derivatives for small disturbances are presented for thin flat
wings of delta plan form. In reference 9, the supersonic
damping due to rolling is given for triangular, trapezoidal,
and related plan forms.

In the present paper the methods of references 4, 10, and
11, which are based on the linearized theory for a uniform
stream Mach number, are used to derive the supersonic
surface-velocity-potential functions for thin flat rectangular
wings without dihedral in steady and accelerated vertical
motions and steady rolling, sideslipping, and pitching
motions. The potential functions that are obtained are then

853013—50

used to derive formulas for the pressure distributions and the
stability derivatives for the foregoing motions and also for
steady yawing. In the case of yawing, a simple treatment
given in reference 7 for the infinitely long wing, which takes
account of the spanwise variation in stream Mach number
associated with yawing, has shown that the assumption of a
uniform Mach number is far from adequate to describe the
compressibility effects. This treatment is extended herein
in order to evaluate the wing tip effects for the yawing finite-
span wing.

The steady motions that are treated herein are assumed
to give small deviations from the undisturbed flight path
and the accelerated motions are assumed to have small
accelerations. Theorctical results based on this assumption
for steady motions have, in general, been found to be reliable;
however, the reliability of such results for unsteady motions
is as yet unverified. The results presented herein cover a
range of Mach number and aspect ratio greater than that
for which the Mach line from the leading edge of the tip
section intersects the trailing edge of the opposite tip section.

SYMBOLS

Yy rectangular coordinates (sec fig. 1)

U, 0y induced flow velocities along x- and y-axes,
respectively

) coordinate in flight direction if this direction
is inclined to z-axis

UL ,W incremental flight velocities along z-, y-, and
z-axes, respectively (see fig. 2)

w derivative of v with respect to time

w accelerated vertical motion

| %4 undisturbed flight velocity

Vv’ local flight velocity after disturbance; used to
indicate inclination of flight direction to
z-axis (see fig. 1)

P.4,r angular velocities about z-, y-, and z-axes,
respectively (see fig. 2)

a speed of sound

M stream Mach number (V/a)

B=JM—1

Mach angle <sin“-ﬂlz>

a wing angle of attack in steady flight, radians
(w/V)

o local inelination of airfoil surface with respect

freo str di (L)
to free stream, radians V+u
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derivative of o with respeet to time
time following disturbance, seconds
angle of sideslip, radians o, 1)

chord

Wing semispan

wing span

total wing area

region of integration over portion of wing

surface (see fig, 3)

. (20 /)

aspeet I'ntm( L oor -
L

distanee of origin n( stability axes from the |
midehord  point, measured along r-nxis, |
positive ahead ol midchord point

mass density of air

disturbanee-velocity potential on upper sur-
face of airfoil

auxilinry variables which replace » and y, re-
spectively (see fig. 1)

indicates a transformation of origin of - and
y-axes or - and g-axes from leading edge of
center seetion to leading edge of tip section
(yo=y—h on right hall-wing; y,=—y—h
on left half-wing)

pressure difference between lower and upper
surfaces of airfoil, positive in direction of
lift

nondimensional coeflicient expressing ratio of
pressure difference  between  lower and
upper surfaces of airfoil to free-stream

>

dynamie pressure

oV

constant given by equation (9)

induced suction foree on wing {ip per unit
length of tip

forees parallel l«u- y-, and z-axes

(see fig, 2)

, respeetively

L. .. AY
loneitudinal-force coeflicient
’ P oyrug
21 S
.. Y
lateral-foree coeflicient
{j, 1S
. .. A
vertical-foree coeflicient
f))‘ "':b'

skin-friction drag coceflicient
Skin-friction drag
o oy
{) ‘ °S

moments nlnmt £ Y-, and
;M s also used to refer to

Z-UNES, ]'(‘\‘])(‘('-
tively (sce fig. 2
Mach number

ADVIRORY
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' rolling moment cocfficient

he}

| REANA

. pitching-moment coefficient

2)
(', yawing-monent coeflie ient
JERY))

Subseript:

1.2 contributions of normal pressures and skin
friction, respectively, to ', alzo used to
indicate component parts of €7,y (7,
(7. and (’,,,“

Superseript:

w, p contributions caused by vertical motion and
rolling motion, respectively

Whenever p, ¢, r, 8, a, 1, &, and @ are used as subseripts,
a nondimensional derivative is indieated and this derivative
is the slope through zero, For example:

o T o0
( b > ( /)[)‘ ( Mo ( O« )a 0
[o(41) ], .
(' . B O(Ym 7] v . B a(,"'
my I](‘\ Mt at
O (‘)‘ dy—0 _O (V w0
o o Cuy | s
_O (2")_ ) 0 (2">
, o/ , [~ oC,
(= Oﬁ‘) (',

()],

Unprimed stability derivatives refer to prineipal body
axes; primed stability derivatives refer to stability axes.

ANALYSIS

GENERAL CONCEPTS

The coordinate axes and the symbols used in the analysis
of the reetangular wing are shown in figure 1. The derivation
of the formulas for the surface-velocity-potential funetions.
pressure distributions, and stability  derivatives is made
initially with reference to principal body axes which are fixed

Cin the wing with the origin at the midehord of the center

. ¢ ) _ , o
seetion (:;. 0, ()>. This system of axes is shown in figure 2 ().

The transformation of these stability derivatives to a system
of stability axes (fig. 2 (l))) is discussed in the seetion entitled
“Results and Discussion.”

The stability derivatives are determined from integrations

of the forces und moments over the wing. For vertical and
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Fravee 1. Aves and notation used in analysis,

pitching motions which yield equal and opposite suction
forees along the edge of each wing tip, the only resultant
forces and moments acting on the wing, if skin friction is
negleeted, are those eaused by the pressures on the airfoil
surfaces.
Bernoulli equation. In rolling, vawing, or sideslipping, how-
ever, unbalanced suction forees which produce lateral forees

These pressures are obtained from the familiar

and yawing moments are induced along the wing tips in
addition to the forees and moments resulting from the pres-
sure normal to the wing surface.  The subsequent analysis
for the calculation of the stability derivatives is then resolved
to a determination of the pressure distribution normal to the
surfuce and the unbalanced suction forees along the wing-tip
edges.

The pressure difference bhetween the upper and  lower
surfaces (positive upward) at any point on the wing is
determined from the general Bernoulli equation for small
disturbances as

S ., 09 , O
-\/'“'p(‘ ol Tor (M

SPEEDS OF THIN RECTANGULAR WINGS 3

(b)

(4) Principal body axes. Origin at center of wing.
(b) Stability axes. Origin at point (f,--,r,,.o.()).
Principal body axes dotted for comparison.

Fravre 2.0 Veloeities, forees, and moments relative to principal body and stability axes,

is the local flight velocity and 7 refers to a coordi-
nate measured in the flight direction.  The term 0¢/dt ox-
presses the effect of any unsteadiness in the flow.  The
veloeity potential ¢ in equation (1) must be determined so as
to satisfy the linearized partial-differential equation (with
time dependencey if the motion is unsteady) of the flow and
the houndary conditions associated with the particular mo-
Thus, the potentisl must give

where V7

tion under consideration.
streamlines that are tangent to the airfoil surface and a pros-
sure field that is continuous at all points exterior to the
wing.  Equation (1) shows that the pressure distribution
on the wing is determined when the surface-potential funetion
is found.

The method of reference 4 is in general adaptable to the prob-
lem of obtaining the surface-potential function ¢ in supersonie
flight to meet boundary conditions associated with small
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steady motions, such as vortieal motions, rolling, sideslipping.
and pitching. The method i an extension. to inelude tip ef-
foets, of the work of Puckett
position of elementary source solutions to obtain the potential

and others which uses the super-

In cases where o point on the wing s influenced
the inter-

function.
by two or more mutually interacting external ficlds,
aetion introduces diffiealties in the solution for the surface
(See ulso reference 1200 Hany point on the wing
independent external field. however,

potential.
i< inlluenced by only one
the potentinl funetion m a recion alleeted by the wing tip
may be obtained by integration of clementary souree solu-
The

strength of (hese sourees is shown to he n function only of the

fions solely over an appropriate area of the wing.
loeal slope of the airfoil surface with reference to the free-
sream direetion.  ITnasmueh as the slope of the airfoil sur-
face with reference to the free-stream direetion is known for a
civen motion, the distribution of sources is known and. con-
the distribution of the <urface-potential funetion

by an integration of the clementary source

sequently,
i= determined
<olutions over an appropriate area of the wing.

As applied to the rectangular wing at supersonic speeds,
(he foregoing method of reference 4 for one independent
external field is valid as long as the foremost Mach wave
from one tip does not intersect the opposite tip, that is, for
\lach numbers and aspeet ratios for which .18=1. Tor
this case, the potential at a point on the top surface of a
thin tlat wing may be determined by means of equation (14)
of reference 4 and is as follows:

Vo « dE dn.,
( ) 77 ‘ [ " ° .
PLrtd ™ J Jse ve—=8 =B na)”

represents the loeal angle of attack of the airfoil
Figure 3 shows a typical region

(2)

where o
curfaee at the point (£7.).
S. for determining  the potentinl at » point (£,3) in a
The figure shows the boundaries 8, over
which the integration must be performed, for a point (r7.)
which is affected by the wing-tip region. If the point
oo is loeated atoor inbonrd of the foremost Mach line
from the tip. this point is unaffected by the tip region and
S, is bounded by the leading edee and the Mach forecone
from (o). Suppose that the surface potential ¢ (ry) has
heen obtained from equation (2) or by some other method.
then the differentiation of ¢ with respect to the coordinate
i the free-stream direction determines the pressure distri-
bution by means of the Bernoulli relation, equation (1.
The expressions for determining the surface potential and

rectangular wing.

the pressure coeflicient for unsteady motions are discussed
1 the =ection entitled “Derivation of Formulns™

DERIVATION OF FORMULAS

The subsequent derivation of formulas for the various
lotions will involve first the determination of distributions
of surface potential and then the determination of surface-

pressure distributions and any unbalaneed suction forces

ALRONAUTICS

The integrals required for these deriva-
the stability dertvatives are

along the wing tps.
tions and also those required for
inteerable cither divectly orafter reduction by parts by means
of standard Tormulas such as are given in reference (BN
henee. the details for the integrations are not shown.
In the operations involving factoring [rom radicals, care
st be used o preserve the correet sign ol the factors; for
example, if
Yo O
then

VST N )T T
the final formulas are omitted from the dertva-

in tables at the end of the paper.

For brevity,
tions and appear only
Thus. the distributions of ¢ and Aep
table 1. and the stability derivatives
table 11

Al the derivations are made specifically for a wing for
which 1822, that is. for which the foremost Muach wave
from a tip does not interseet the remote half-wing.  The
formulas in table [ for the potentinl ¢ and pressure coellicient
Acp that are obtained for JABZ2 can he applied to wings in
which 12182 by using the principle of symmetry and
superposing separately cach tip effeet ut the point under
consideration to the value obtained for the infinitely long
A\ consideration of this superposition principle for the
rectangular wing shows, however, that the stability deriva-
tives which are obtained for 4522 apply as well to wings
for which ~AB=1. A more detailed deseription of table 1L
is given in the seetion entitled “Results and Discussion.”

are summarized In
are summarized m

wing.

VERTICAL, PITCHING, AND LONGITUDINAL MOTIONS

Derivatives —(/; and — (', . For steady pitching motion
about a lateral axis through the midehord point, the loceal
slope of the airfoil surface with respeet to the free-stream

direction 1s
o at v iy

where « is the angle of attack in the ubsence ol pitching.
In order to obtain the potential distribution. this value of
o is substituted into equation (2) and the double integration
for the varinbles & and g, is performed between the himits
indieated in figure 3. The pressure cocflicient is then ob-

(ained from equation (1) for steady motions as

A -4 " + 0¢ N
Cp e Py

S A RO ¥
These pressure coefficients are then differentiated with respeet
The integrations of the respeetive distributions
nondimensional

to a and q.

of Acp over the wing and conversion to

nnits then give the derivatives — 0% and -’ .
p
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FIGURE 3. Region of infegeation for obtainimg supersonic velocity-potential funetion for
rectamnlar wing of finite wing span. Region of integration for point (r,74) shown cross-
hatehed: ya=y—h on right half-wing: ya=—y—h on left half-wing,

Derivatives (/, —and (’,,,q. Derivatives €, and C,,,G
are obtained direetly from the pressure-coefficient distribu-
tions for angle of attack and pitching, thus

L rd
(. = et "_” [’ _\tp(~ —f)uu/,,

where Acp for angle of attack and pitehing is given in table L.

Derivatives ("y_ and (,’_\-a. - At supersonic speeds the re-
sultant pressure foree on a rectangular wing of zevo thickness
aets normal to the surface as there is no suction at the
leading edge.  Thus, the forees in the r-direction arise solely
from skin friction.  On the assumption that the skin friction
is independent of « and ¢, the derivatives 'y and Cy are
7010,

Derivatives — (', (", and ~('A\v“.——'l‘lu- devivative —(y,
is obtained from the equation

==y, f: (V4-m)2S

Then

I O VAl o a
_(/VZ” = 1 du [‘—(! ( ZG(‘ T ‘IL) ~]u-—vd)
is obtained from table 11, Its depend-

The function—~
is indicated by

ence on the ineremental flight velocity (7

o . [V -=y® , .
eiving B in the form Voo —1 and «" in the form
“‘ (4 A
Vot I'hen
, 10 Le(V-ay 1
—(', .. . ) — R
w 1T on (V- IV H4u)?

-—1

/ — *)
ATE 1 “‘1\’ a 4=0

The dertvative o, is obtained from the equation

M=uo'C\, P (V4uy

‘7
Then
10
a, -

u ‘,' D'U, [ "ma + ”) ]u )

The funetion ¢, is obtained from table T1, where its de-

pendence on i is indicated by writing «” and B in the same
form given previously for the dertvative — ¢ - Then

PN S e
e o [0
w i )
The derivative — €'y results from skin friction and

obtained from the equation

—X= ,/YDO 2 (‘ ‘}- ll) 'S cos @
Then
] 10 Y ks 2
—Cy, = 1 ou [(f'no(‘ +u) ]u -0

ACCELERATED MOTIONS

For acceelerated motions in the vertical plane of symmetry,
the pressure coefficient from equation (1) is

sep= (304,98 4

The surface potential ¢ in equation (4) for unsteady motions
of thin airfoils in two-dimensional supersonic flow has been
derived in reference 14, In reference 10, the methods of
references 4 and 12 for steady flow at supersonic speeds are
extended in order to determine solutions for the surface po-
tential and pressure coefficient for unsteady motions in three-
dimensional flow. In the present analysis the solutions
obtained in reference 10 will be utilized to caleulate the deriv-
atives in vertical motions with small constant accelerations,
Derivatives — (", (y,, and —Cy,.—The surface potential
¢ for uniformly accelerated motion as obtained for the region
within the tip Mach cone is (reference 10, equation (31))

Rty Aa(2y,B—r)
&(r, Y = B ([.’lﬂ ad + SR ]\ l/., 7/11 B>+
>
(vt g (811 5

In converting from the notation of reference 10 for a
rectangular wing to the present notation, the following

transformations are made: U=V, m:d, a=0.8=B,¢c= \

k=1, ugzz'w:‘,B (@+y.B), “’B (x—y.B 51 =1, and
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, Aep . . . :
C, =, Tn order to obtain ¢ in the region between the tip
. . o e
Mach cones. 7, in cquation (3) is set equal to — 3 and,
)

therelore,
A‘/:('Y,l'.'” .
) ()

oV
o (dtr =Ly

The pressure coellicient Aep contributed by the vertical
aceclerating motion is obtained by partial differentiation of
¢ (equations 5 and (6 with respeet to and £ by letting
/0. and then by substituting these expressions for 0¢-0 and
Q¢ Of 1n
within the tip Mach cones

equation (4. This process vields in the region

!

"l'A : ul w / "
Aep g, 'T),fil‘.[ ]I,u)\ ( 2 )+l>+ )'\‘/ ’!/1,<!/u+;),)

()

and in the region between the tip Mach cones
) Yéur R
A= T ®)

Equations (7) and (8) correspond to equation (33) of
eference 10, after the appropriate transformations noted
previously for ¢ are made.

The derivatives =7y, and ', are then obtained by
integration of the corresponding Ac,~distributions and con-
version to nondimensional units.  The derivative Oy, is
shown to be zero by the use of assumptions similar to those
noted previously for Oy .

Derivatives (', (", and -('x,. For small accelerations
along the flight ]mlh llw [)()l('llll 1l will remain substantially
anchanged.  The inerements in pressure caused by these
accelerntions. therefore, are assumed to be negligible, and the
are approximately zero.

derivatives =y, Choand =y,

ROLLING

Derivative (7, ~In steady rolling motion with angular
veloeity p. the loeal slope of the airfoil surface with respect

to the flow direction is

Y,:/m:z»mm/:)
V v
In order to obtain the potential distribution this value of «’
is substituted into cquation (2) and the double integration
for the variables £ and g, is performed between the limits
indicated in ficure 3. The
(ained from equation (3).

pressure coefficient 1s then ob-
The dertvative i, ix obtained
by integrating the moments of the Bernoulli pressure dis-
(ribution for rolling given in table 1 and by converting this
result to coeflicient form.
Derivatives (', and (', .
force and vawing moment relative to body axes result entirely

-In a rolling motion, the lateral

CONMITTER FOR AERONAUTICS
from suction along the tips.  These suetion forees may be
evaluated by applving a method suggested reference 15
for incompressible flow and modified for” compressibility

)

eflects in reference 3. Thus, if the induced surface veloeity

normal to the wing (ip is expressed as
(
'y = Z[C '(”
N T
where (7 i a constant, then the suetion foree per unit length
ol tip s

Fy= 7rp(:'3

(A more general expression for edge suction that is still valid
when the edge is inelined to the stream is given in reference 3
and reeast in reference 7.

Consider the induced surface veloeity normal to the tip of a
wing rolling with an initial angle of attack o This velocity

(on) +(5y)

where the superseripts w and p refer to the potentials obtained
for a vertical motion and a rolling motion,
From table I

15

O
3

respectively.

“ [;; cos” ( ’/"B-f‘ 1 )+ 201 = VYa (7/11 + ”)]

and partial differentiation of ¢* with respeet to y yields

- 00y 2o f ——
()" Oz/> <Ol/,, ~ N7 T B (10)

N
(s Yu) =

where 37,<0. Very near the tip, =y, -0 and
e (OO 2V 4B
(v0) ‘(OI/ T or \ — Y an

By partial
respeet to g and then by letting

The potential in rolling ¢? is given in table L.
differentintion of ¢” with
—i1,--0, there results

J
o6 __2p [r h=sp

)P e 5
([1)) O.’/a T ’\ B \ _]/7'” (12)

The resultant induced surface veloeity normal to the wing

tip as — 7, -0 is obtained by adding equations (11) and (12).
Thus
. 2 /.r /)(/4 )j;\a
N Ep o9
) = r—\ B ] »H (13)
N Y

The plus sign before 1 refers to the right wing tip and the
negative sign refers to the left wing tip.
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Very near the wing tip, equation (13) has the same lorm
as equation (9 and, therefore, the total suction force per
unit length along the wing tip is

.:rp/l)’ [/}” ( h— ;I]),) S op e ( 1! —::'I)),) + ""’a"':|

(1-h
CSprp Ve £ y
P (=) Wil

aive rise to a lateral Torce and a vawing moment which ave

Fo=mpli*

In equation (149 only the term

obtained by integrating this terme along the wing Hps.

These forces and moments arve then converted to non-

Jdimensional form to give the derivatives ¢y and Cu
;
SIDESLIP

The pressure coeflicient obtained from cquation (1 for

steady flight is
10

where V7 and 1 are measured in the flight direction.  H
sideslip occurs the flight direetion is inclined relative to the
saaxis by the sideslip angle 8. The rectangular wing in
sideslip, therefore, becomes equivalent to a yawed wing
with the leading wing tip raked out and the trailing wing tip
raked in. I the Kutta=Joukowski condition at the trailing
wing tip is neglected, the potential function for the yawed
rectangular plan form may be obtained by the method of
roference 4. In reference 11, the method of reference 4 s
extended in order to obtain solutions for edges for which the
Kutta-Joukowski requirement must be satisfied.

Physieal counsiderations suggest, however, that for small
sideslip angles, the actual flow for typically rounded wing tips
would in general be unlikely to conform to the Kutta-
Joukowski conditions along the trailing wing tip. The edge
suction for a lifting wing arises beeause of the flow from the
bottom surface to the top surface around the side edge. This
flow may be presumed to go around any boundary layer that
may be present. The loeal boundary laver thus experiences
the edge suetion.  Rough caleulations suggest that the edge
suction per unit avea is approximately constant from the
leading edge to the point of maximum profile thickness, and
then incereases rapidly from the point of maximum thickness
to the trailing edge.  The pressure gradient is therefore
favorable and the flow at the side edge is not expected to
separate.  This condition should persist for small or moderate
amounts of sideslip until the additional pressure inerement
caused by sideslip produces a strong adverse  pressure
aradient.  Further theoretical and experimental investigation
is required to obtain quantitative results regarding these
phenomena,  On the basis of the foregoing considerations, it
will be assumed in the present analysis that the Kutta-
Joukowski condition is not satisfied along the teailing wing
tip. The effect of satisfying the Kutta-Joukowski condition
along the trailing wing tip in sideslip 15 discussed in this
analysis and also in the section entitled “Results and

Discussion.”

SPEEDS OF THIN RECTANGULAR WINGS 7

Derivative (', The potential corresponding to a thin
rectangular wing at an angle of attack and a finite angle of
sideslip may be obtained from reference 4 equation (20},
The corresponding pressure distribution may be obtained
from reference 11, appendix C. equation (C4). These solu-
tions from references 4 and 11 were simplified to the approxi-
mate form for small angles of sideslip (32 and converted
(o the present notation with respeet to axes shown in figure 1.
The distributions for ¢ and Aep caused by combined vertieal
motion and sideslip are given in table 1. The regions for
which these expressions for ¢ and Aep ave applicable are
bounded by Maeh lines with respect to the stream velocity
As
noted previously, these expressions do not satisfy the Kutta-
Joukowski condition along the trailing wing tip. As indicated
in reference 11, however, the Kutta-Joukowski condition
along the trailing wing tip merely cancels the radieal term
in the expression for Aep within the Mach cone from the

V7 which is inclined to the r-uxis by the sideslip angle g.

trailing wing tip.

A consideration of the foregoing Aep~distributions indicates
that as a result of sideslip the lift within the Mach cone from
the leading wing tip is increased, whereas the lift within the
Mach cone from the trailing wing tip is deereased. A\ volling
moment is thereby produced.  Furthermore, as a result of
sideslip, the Mach lines are shifted toward the trailing wing
tip, and this shift contributes an additional rolling moment.
The magnitude of the rolling moment caused by sideslip is
given in table 11 in terms of the nondimensional derivative
(Cig)gp-

Derivatives (', and (', g
can result solely from suction forces which are induced
at the wing tips.  These suetion forees for sideslipping motion
were evaluated by a method similar to that deseribed pre-
viously for obtaining 'y, and (', . ‘The treatment for side-

“The dertvatives (’,-B and ('

slip was based on the conclusion, noted previously, that the
Kutta-Joukowski condition is unlikely to be satisfied for
tvpically rounded wing tips at small angles of sideslip. The
potential ¢ for determining the induced velocity normal to
the wing tip was obtained from table I. The resultant lateral
foree and vawing moment are given in nondimensional form
in table I1.
YAWING

In vawing flight, the stream velocity varies linearly along
the span.  This effect introduces variations of both dynamie
pressure and compressibility effects along the wing span.
The surface potentinl as expressed in equation (2) satisfies
the linearized potential equation for a uniform stream Mach
number, but is inadequate (o account for the compressi-
bility effects associated with a spanwise variation of stream
Mach number. (See reference 7.0 The case of the trapezoidal
wing with tips cut off along the Mach lines (raked tips)
was analyzed in reference 7. It was shown that the pressure
distribution could be obtained by application of the Ackeret
two-dimensional theory modified by using the local Mach
number at each spanwise station as affected by the yawing.




S

Inelusion of the spanwise variation in Mach number was
demonstrated (o have a profound effect on the pressure
distribution.

The addition of suitable triangutar tips to the aloremen-
tioned trapezoidal wing converts it into a rectangular wing.
The added tips lie wholly within the tip Mach cones and
thus their addition does not alter the pressures on the trap-
A rigorous solution for the pressures on

ezoidal portions,
ftowever, an

the tip portions cannot yvet be demonstrated,
expression that appears plausible hax been obtained.  This
pressire distribution for the tip portions is derived by super-
posing on the Ackeret pressure distribution, ax modified by
loenl Mach number. an appropriate function which fulfills
the boundary condition for no pressure discontinuities in
the region exterior (o the wing. This funetion thus repre-
sonts the efleet of the wing cut-off and is designated herein
as the tip effect. The pressure difference AP at any point
according to the Ackeret theory based on local Mach number

s (reference 75

2oV =iy 2ol Y i
ar, .— ML p!), <I+I>’51') (15)

Fquation (15) shows that the pressure distribution for an
infinitelv long wing which has a steady yawing veloeity rand
vertical veloeity w is expressed by two components. One of
these components is proportional to w, is constant, and gives
the pressure distribution contributed by an angle of attack
in straight flight. The other component is proportional to
wr, gives a linear antisymmetrical distribution with respeet
to 7, and expresses the pressure distribution contributed by
vawing.

1t will be reealled that the solution for steady rolling,
treated ina preceding section, resulted likewise in a pressure
distribution proportional to y in the region hetween the tip
Mach cones. The pressure distributions contributed by roll-
ing and by vawing are thus proportional in the region be-
(ween the tip Mach cones. The wing cut-off is effected by
canceling the disturbanee pressures outhoard of the desived
tip loeation by means of a funcetion that satisfies the bound-
ary conditions on the wing.  Beeause the two pressure dis-
tributions (o be eanceled correspond in the yawing and roll-
ing eases, the incremental pressure function or tip effeet for
eneh case evidently must reduee to forms which will have
the same factor of proportionality in the entire plane of the
wing outhoard of the tip. It scems reasonable (o assume,
therefore. that for small yawing motions the (wo pressure
distributions will also have very nearly the same factor of
proportionality within the tip Mach cones.

The proportionality constant between the pressure distri-
butions for rolling and vawing motions may be determined
by n comparison of the eases of rolling and yawing in column 4
of table I, The pressure coeflicient per unit yawing veloe-
iy is seen to be « B times the pressure coefficient per unit
rolling veloetty, or

. ol N .
(A('l')wumng j];;[) (A(.I’)rulhnu (“))

where equation (16) will apply over the whole wing.
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Derivative (',. The preceding analysis indieated that the
pressure distribution per unit vawing velocity s in a simple
ratio to that produced per unit rotling velocity (equation (16)).
Thus

44

A Y
( B “,
The derivative €' has been derived previously and is given
» . N
in table 11.
Derivatives (', and (', . -When

antisvmmetrical pressure distribution which s indicated by

the wing vaws, the

equation (150 will produce unbalaneed suction forces at the
right and left wing tips and theeeby give rise 1o lateral forees
and vawing moments.  In addition, skin frietion will con-
tribute a yawing moment.

It appears that a reasonable although approximate evalu-
ation of the tip suction forces in yawing can be obtained by
means of the correspondence of yawing with rolling as utilized
previously in deriving equation (16). This procedure does
not satisfv the Kutta-Joukowski requirement in the sideslip
component of the stream velocity in yawing: however. this
theoretieal deviation is likely to be very small in the actual
flow. On the basis of these considerations, the induced sue-
tion forces on the wing tips per unit vawing velocity will be
related in the ratio /B to the corresponding induced suction
forces per unit rolling velocity which were derived previously
(section entitled “Devivatives 'y and (7 7). The contri-
butions of the tip suction forces to (H—r and (7, are, therefore,

1

@
C’)‘r: ]f‘! 0)’]}

and

1 ) (¢ ¥
(g Co,

where 7y and (', are given in table 11
» » I
The effect of skin friction on the yawing moment due to

yawing is

h ‘e . 2 . ’
N,=cos “JAI.,Jn ('n“g [( | '—I‘.r/):—{~/'(;—1') i”:(:-—;);j ]~]/:|r/.ri/y

where the first bracketed term expresses the square of the
resultant loeal velocity and 8 is the loeal angle of sideslip:

Eliminating second-order terms and terms cocresponding to
svmmetrical drag forees and converting .V, Lo coceflicient
form vields

' ('1)” *h ‘c ‘ e\ ,
. '*4<'h”.[-hjl. [("‘2) +~’-’/'J dr dy

RESULTS AND DISCUSSION

As noted in the preeeding analysis, the nondimensional
stability derivatives which arve presented in table I1 were
derived with referenee to principal body axes with the origin
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. ¢ ) - .
at point (,,,()‘(l)_ Mhese results may be transformed by

means of the equations in the last column ol table I to
apply 1o stability axes with the origin at an arbitrary dis-
The stability
shown in figures 2 (h) and are obtained by a rotation of the
(a1 through an angle «: the origin
= then <hilted 1o along the new The
conversion to stability axes was obtained by means of the
transformation formulas given in with the
omission of relatively unimportant terms compared to unity,

tance o, from the midehord point. axes are
principal hody axes (fig. 2 (

diztance S-RNIS,
reference 16,

wieh as o

The formulas for the derivatives given in table 11 with
u'lou nee to prineipal body axes are shown plotied i figures +
A8 (Derivative — (7

those (h wvivatives equal to zero are omitted rom the figures.)

and 5 against the parameter v, and
These curves show the varintion of the stability derivatives
with aspeet ratio for constant Mach The vari-

tion with Mach number for ratio i

number.

constant aspeet not

-1

AB

1 Rolting-moment-coeflicient derivatives.

Cig= C“d+ Ci»':i

Variation of supersonic Literal stability derivatives with aspeet ratio-NMiach
Derivittives with respeet to principal body axes: thin -t reetangelur
(<ee table 11 for conversion to stability axes.)

FIGURE t.
number parameter,
no dihedral,

wing;

|
|

SPEEDS OF THIN RECTANGULAR WINGS G
ean be determined from the
shown in for the lateral
and in the longitndinal
The data in figures 4+ and 5 are to be
ased in conjunction with the transformation formulas pre-
sented in table 11 to evaluate the derivatives with respect to
stability axes.  In the evaluation of these derivatives. many
of the ferms are likely to be relatively small: therefore. the
expressions will be noticeably simplificd when such terms are
negleeted in the computations.

direetly indicated, although it
CUrYes,
stability dertvatives
stability derivatives,

figure +
ficure 5 for

These data are

The results of the present investigution have been derived
on the assumptions of zero thickness and =mall disturbaneces.
Potential flow is assumed except in the case of €, and Oy,
in which skin friction is considered.  The practical effects
of the Kutta=foukowski requirements which are introduced
at the wing tips in sideslip and yawing are not definitely
known. On this basis, the data shown in figures 4 and
are expeeted to apply in general to thin wing sections for
small steady motions, motions with small accelerations, or
oscillatory motions of low frequency in which houndary-
lnver offeets are not expeeted to be important. The nppll( n-
bility of the present theory to Mach numbers in the vieinity
of unity, very high Mach numbers, or for very low aspect
ratios is uneertain.

The data in figure 4 (a) show that at supersonic speeds the
derivative B3 [ is negative in contrast with the behavior
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AB

() Side-foree-coctlicient derivatives,

Fravue 4. Coneluded.

at subsonie speeds where positive values would be obtained.
This phenomenon was pointed out for the infinitely long
wing in reference 7 and its physieal significance elaborated
apon.  For stability axes, the formula for ¢',7 ttable 1)
indicates that another reversal in sign (o a positive value
oceturs as the Mach number s increased bevond approxi-
mately 141 for typieal reetangular wings.  iAlso
reference 7 for the finitely long wing.)

The =uction force at the leading edge of rectangular wings
This factor should have un

See

vanishes at supersonie speeds.
important influence on the derivatives ', and €, as super-
sonic speeds are attnined. In the case of ¢, 7 (stability
axes). the results of the present analvsis indieate that at
supersonic speeds the sign-of €7, 7 will have positive values
in many tvpical eases in contrast to negative values normally
obtained at subsonie speeds. In the ease of ', or ¢, the
loss of leading-edee suction tends to he compensated by
the spanwise compressibility effeets associated with super-
sonie =peeds.

As noted previously in the analysis, the
condition is unlikely to be satisfied along
tip for o typically rounded wing tip at small angles of side-lip.

Kutta-Joukowski
the trailing wing

ADVISORY
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ettt ]| |
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AB
(8) Caa=Cz +Ce, .

() Cz =Cz +C7, |

Frarre 5, - Varintion of supersonic longitudinal stability derivatives with aspeet ratio-Mach
munher parameter. Derivatives with respect to principal body ies: thin flat rectanguiar
wing,  (See tuble I for conversion to stability uxes.)
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Therefore. the results for ¢ i figure 4 () ave applicas
ble where the Kutta-Joukowski condition alone the wing
trailing edge is not satisfied.  In order to determine the
effect on (7 of satisfving (he Kutta-Joukowski condition
along the trailing wing tip, the formula for 'y, which meets
this requirement was also obtained and is as follows:
w1 B2

o <,U)’_ LB

A comparison ol this formula with the data for €' given

y
iy

infigure 4 (n) indicates that the effeet of satisfving the Kutta-
Joukowski condition along the trailing wing tip reduces
negatively the values of (",s from those obtained by neglect-
ing the Kutta=Joukowski condition.  For example for /3-=1
and .18 =4, when the Kutta-Joukowski condition along the
trailing wing tip is negleeted, €' ==—0.083«: and when
the Kutta-Joukowski condition is satisfied along the trailing
wing tip, (,=0.146c. Thus, it ix expeeted that when
the sideslip angle becomes large, the dibedral effect — '
should be reduced  significantly  because o the Kutta-
Joukowski condition along the trailing wing tip.

The longitudinal stability derivatives in figure 5 refer to an
axis whose origin is located at the midehord point. The data
in figure 5 (¢) for B¢, show that rectangular wings, with
reference o this origin, have an increasingly unstable
pitching moment with deereasing aspeet ratio which cor-
responds 1o a forward shift in the acrodyvnamic center. For
infinite aspeet ratio, the acrodynamic center is located at
the midchord point or B, =0. 1 the aspect ratio is
decreased to a value of 4 for a Mach number of 141, figure 5
indieates o forward shift. of the acrodynamic center of
0.025 chord.  With constant  Mach number, the ratio
B, /=B, is obtained from figure 5 solely as a function of
AR These data indieate that with constant aspeet ratio
and increasing Mach number, the aerodynamic center will
shift rearward.  For an aspeet ratio of 4, an inecrease in
Mach number from 1.4 to 1.9 will shift the acrodynamic
center rearward 0.01 chord,

The derivative — (7, given in table 11 for infinite aspect
ratio is negative which indicates negative damping or insta-
bility.  "The ratio — ', '~ (% from table T gives the location
of the center of pressure of the resultant lift contributed
by & By taking this ratio for infinite aspeet ratio, the

*y

center of pressure is found to be located ata point ¢ hehind

the leading edge. The negative damping produced by .
therefore, gives an unstable pitehing moment for center-of-

gravity loeations ahead of » '; ¢, These unstable tendencies
enused by @ are minimized by the effects of finite span and
A1

3

the instability due to (g, disappears entirely if ABS
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CONCLUSIONS

A theoretical investiention has been made by means of
the lineavized theory to obtain formulas for the surface-
velocitv-potential funetions, surface-pressure distributions.
and stability derivatives for various motions al supersonic
speeds for rectangular wings of zero thickness without
diliedral. The investigation included steady and aceclerat-
ing vertieal and longitudinal motions and steady rvolling,
vawing, sideslipping, and pitching for Mach numbers and
axpeet ratios greater than those for which the Mach line
from the leading edee of the tip seetion intersects the tratling
edge of the opposite tip section.

The following significant conelusions have been obtained
for this investigation:

f. At supersonic speeds for Mach numbers smaller (han
approximately 141, positive vawing eenerally results in a
negative rolling moment in contrast to the hehavior at sub-
sonice speeds where a positive rolling moment is produced.

2 The attainment of supersonice speed produces a signili-
cant change in the positive direction of the yawing moment
per unit rolling veloeity.

3. For infinite aspeet ratio, 1 constant vertical aceelera-
tion causes 1 negative damping in the vertical motion, and
an unstable pitehing moment for center-of-gravity locations

4
ahead of the 7 -chord point. These unstable tendencies ave
)

minimized by the effects of finite span and the instability

due o the mte of change of lift with vertical acceleration

. : i, o s M
disappears entirely if Sy M1 2 ,;* :

where .1 is the

aspeet tatio and M ois the Mach number.
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TABLE IL—STABILITY DERIVATIVES OF THIN FLAT RECTANGULAR WINGS WITHOUT DIHEDRAL AT SUPERSONIC SPEEDS
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