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AEEONAUTIC SYMBOLS
1. FUNDAMENTAL AND DERIVED UNITS

Metric English
Symbol
: Abbrevia- : Abbrevia-
Unit swtion Unit tion
Length______ i Meter. e eecccmeen m _ | foot (ormile)....___._ ft (or mi)
Timeecwwen-- t 8eCONd - oo eeeees s # | second (or hour)_._.... seo (or hr)
Forcteaeeua-- F weight of 1 kilogram._.... kg weight of 1 pound.._.. b
Powersioo--- P horsepower (metric) . - .- ccunaaaas horsepower. - «occaeae- hp
8 v {kﬂometers per hour._.... kph miles per hour__..____. {mph
 Speed. - - meters per second_ . .-~ mps feet per second-_.__.__ fps
. i 2. GENERAL SYMBOLS
Weight=mg ) _ v Kinematic viscosity
Standard acceleration of gravity=9.80665 m/s* p Density (mass per unit volume)
or 32.1740 ft/sec? Standard density of dry air, 0.12497 kg-m~*-s? a 15° C
M : - and 760 mm; or 0.002378 1b-ft=* sec?
888="r" Specific weight of ‘“standard”_ air, 1.2255 kg/m® or

g .
Moment of inertia=mk®. (Indicate axis of 0.07651 lb/cu £t
radius of gyration & by proper subscript.)
Coefficient of viscosity ,
3. AERODYNAMIC SYMBOLS

" Area - : t Angle of setting of wings (relative to thrust line)
Area of wing ' % Angle of stabilizer setting (relative to thrust
Gap line) o N
Span Q Resultant moment
Chord a Resultant angular velocity ,
Aspect ratio, %’- R Reynolds number, p-? wherelis a linear dimen-
True air speed - _ " sion (e.g., for an siiféil of 1.0 ft chord, 100 mph,

. - 1 standard pressure at 15° C, the corresponding
Dynamic pressure, 2PV. L Reynolds number is 935,400; or for an airfoil
. tonb O~ of 1.0 m chord, 100 mps, the corresponding
Li, abaolut'e' coefficient Cs 1'5;) o Reynolds numb’er is 6,865,000)
" “Ficient Cp—-= : ’ a Angle of attack
Drag, absolute coefficient Cp & ) ‘ Anglo of downwash
fil bsolute coefficient Cp, == o Angle of attack, infinite aspect ratio
Profile drag, absolute coefiicient ©, q}*) o«  Angle of attack, induced
. " a le of attack, absolute (measured from zero-
Induced drag, absolute coefficient Cp, P T5tt, position)

Parasite drag, absolute cocfficient C’D,=?—S’, : L4 Flight-path angle

Cro’ss-wind force, absolute coeflicient Og=!g-s
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A GENERAL SMALL-DEFLECTION THEORY FOR FLAT SANDWICH PLATES

By (‘narces Ligove and S0 B Barponr

SUMMARY

A small-dcflection theory isdeceloped for the elastic behavior
of orthotropic flat plates in which deflections due to shear are

taken into account. In this theory, which corers all types of

flat sandwich construction, a plate is characterized by seven

physieal. constants gi%z’,"lqti[fnms(?s and tien Polsson ratios) of
which séx are independent.  Both the cnergy expression and
the differential equations are deceloped.  Boundary conditions
corresponding to simply supported. clamped, and elastically

restrained edges are considered. | 7,

INTRODUCTION

The advent of high-speed flight and the concurrent neces-
sity of maintaining acrodynamically smooth surfaces under
high stress have led to the increased study of sandwich-plate
construction as a possible substitute for sheet-stringer con-
struction in airplanc design. A sandwich plate consists
ossentially of a relatively thick, low-density, low-stiffness
core bonded between two thin sheets of high-stiffness ma-
terinl. Materials that have been considered for the core
include balsa wood, hard foam rubber, cellulose acetate,
resin-imprognated  cloth  fashioned into a honeycomb,
corrugated metal sheet, und even closely spaced stiffeners
of the conventional type. The face sheets may be of metal,
plywood, wood-pulp plastic, or some other type of high-
stiffness material.

Beeause of the lowsstiffness core, the sandwich plate will,
in general, experience appreciable deflection due to shear.
Furthermore, beeause the face sheets or core (or both) may
have orthotropic stretching properties, the sandwich plate
will in general be orthotropice in its Hexural properties.  As
a result, ordinary plate theory, which is based on the assump-
tions that the plate is isotropic and that deflections due to
shear may be negleeted, cannot be used to determine the
stresses, deflections, or buckling loads of sandwich plates.

A general small-deflection theory for flat orthotropic plates
is therefore developed in which deflections due to shear are
taken into account. The theory is applicable to any type
of orthotropic or isotropic sandwich that behaves essentially
as a plate, provided certain physical constants are known.
These physical constants (two flexural stiffnesses, two shear
stiffnesses, a twisting stiffness, and two Poisson ratios defined
in terms of curvatures) serve to deseribe the plate deforma-
tions associated with simple loading conditions and may be
regarded as fundamental properties of the plate. For
simpler types of sandwich construction the physical constants
can be evaluated theoretically from the geometry and physi-
cal properties of the materials used.  For more complicated
types of construction, these constants can be evaluated by
means of simple tests on samples of the assembled sandwich,

as deseribed in appendix A, A reciprocal relationship
between the flexural stiffnesses and Poisson ratios is derived
in appendix B.

As is the ease with ordinary plate theory, the orthotropic
plate theory consists of two parts, each complete in itsell.
These parts are a set of six differential equations, three of
which express the equilibrium of an infinitesimal plate ele-
ment and three of which relate the curvatures and twist of
the element to the forces and moments acting upon it, and
an expression for the total potential energy of the system
comprising the plate and the forces acting upon it.  The six
differential equations involve six variables. However, it is
shown how these simultancous equations can be reduced to
a single equation of sixth order involving any one of the
variables alone.  In appendix C the consisteney between the
differential equations and the potential-energy expression is
shown by a variational method.

The consideration of deflections due to shear makes neces-
sary the specification of one more boundary condition than
in ordinary plate theory. This fact was first appreciated by
Reissner in reference 1. Because of some arbitrariness in the
choice of the additional boundary condition, two types of
simple support and two types of clamped edges are possible.
Furthermore, three boundary conditions can be specified
for a free edge, in contrast to ordinary plate theory.  Bound-
ary conditions more general than freedom, simple support,
or clamping are considered in appendix C.

A number of investigations related to the problem of ortho-
tropic- or isotropic-sandwich-plate analysis have been made
previously.  Theories for the bending of orthotropic plates
due to lateral loads and buckling due to edge loads, negleeting
deflections due to shear, are given in references 2, 3, and 4
and pages 380-384 of reference 5. The effect of shear on
the bending due to lateral load of homogeneous isotropie
plates and isotropic sandwich plates is considered in refer-
ence 6. The effect of shear on the bending due to uniform
lateral lond and buckling due to edge compression of simply
supported isotropic sandwich plates with homogeneous cores
is considered in investigations by Hopkins and Pearson and
by Leggett and Tlopkins. A rough method of taking into
account deflections due to shear in the buckling of simply
supported orthotropic sandwich plates is used in reference 7.

The present theory may be regarded as a natural exten-
sion to plates of the approximate theory used in pages 170-
174 of reference 8 to take into account deflections due to
shear in a beam. The theory of this paper is more general
than the aforementioned theories in that it applies to ortho-
tropic or isotropic sandwich plates with homogencous or
nonhomogencous cores and with arbitrary boundary condi-
tions, it presents both the differential equations and the
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energy expression for the plate, and it is applicable to prob-
lems that involve lateral as well as edge loads. The differential
equations of the present theory are reduced to special forms
in order that they may be compared with the equations
obtained in references 5 and 6.

The detailed development of the theory comprises most
of the following scetions and the appendixes. The main
parts of the theory are summarized briefly ina section entitled
“Recapitulation of Principal Results.™

SYMBOLS

oYL orthogonal coordinates; = measured normal to
plane of plate and x and y parallel to principal
axes of flexural symmetry, inches

w deflection of middle surface of plate, measured
in z-direction, inches

q intensity of lateral loading, pounds per square
inch

Q); intensity of internal shear acting in z-direction

in a cross section originally parallel to yz-plane,
pounds per inch

Q, intensity of internal shear acting in z-direction in
a cross section originally parallel to zz-plane,
pounds per inch

M, intensity of internal bending moment acting
upon a cross section originally parallel to
yz-plane, inch-pounds per inch

A, intensity of internal bending moment acting
upon a cross section originally parallel to
rz-plane, inch-pounds per inch

AL, intensity of internal twisting moment acting in a

cross section originally parallel to yz-plane or
zz-plane, inch-pounds per inch
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N, intensity of middle-plane tensile foree parallel to
rz-plane. pounds per inch
N, intensity of middle-plane tensile foree parallel to

yz-plane, pounds per inch

N, intensity of middle-plane shearing foree parallel
to yz-plane and sz-plane, pounds per inch
D.D, flexural  stiffnesses  of  plate with antielastic
bending unrestrained, ineh-pounds
Bending moment per ineh®
<\ o Curvature )
D,, twisting stiffness of plate, inch-pounds
Twisting moment per inch®
( T Twist )
D {lexural stiffness of ordinary plate, inch-pounds

shear stiffnesses of plate, pounds per inch

Do, D, . : !
Potsson ratios for plate, defined in terms of

Hry By
curvatures

n Poisson ratio for ordinary plate

Yy Yy shear-strain angles due to shears @, and @,
respeetively, radians

h thickness of plate, inches

a,b length and width, respectively, of rectangular
plate, inches

Vv total potential energy of system, inch-pounds

Vi strain energy of bending of plate, inch-pounds

V, potential energy of external loads, inch-pounds

u, v displacements in z-direction and  y-direction,

respectively, of a point in middle surface of
plate, inches
(D}, [3],[N], [P] differential operators
SIGN CONVENTION

The sign convention and notation used in the present
paper are, wherever convenient, the saume as those used by
Timoshenko in reference 5.

* q dx dy
v z
dx /v
dy
My, d
M,y dx y Y Mz dy
Ny dy
/\ My dx
h )8 1 N d
£}
| Npydx XY 4
0x dy
Ny dx 0y dx

I16URE 1.—Forces and moments acting on differential element dr dy.
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The o=, y-, and z-axes of an orthogonal coordinate system
are oriented so that the sy-plane coincides with the undis-
torted middle plane of the plate. Defleetions ware m asured
normal to the cy-plane and are positive in the positive diree-
tion of the =axis. The lateral load ¢ is also positive in the
direcetion of the z-axis.

The internal shears @, and @, moments M. M, and M.,
and middle-plane forees N, N, and Ny are shown in figure |
acting in their positive directions upon an infinitesimal
clement of length de and width oy cut from the unloaded
plate by planes parallel to the rz- and yz-planes.  Only the
forces and moments acting on two adjacent faces of the
clement are shown. The forees and moments on the oppo-
site faces differ from those on the faces shown only by infini-
tesimal amounts.  The direetions in which they act, however,
are opposite (for example, moment M, dy on the face shown
is counterclockwise; moment M, dy on the opposite face
would be shown acting clockwise). The twisting moment
and middle-plane shearing force acting on any cross section
are known, from equilibrium considerations, to be equal to
the twisting moment and middle-plane shearing foree acting
on a cross section at right angles.  The symbols 3/, and N,y
therefore appear in both of the faces shown in figure 1.

For convenience, in this report the z-direction is sometimes
referred to as the vertical dircction and planes parallel to
the ry-plane are sometimes referred to as horizontal planes.

PHYSICAL CONSTANTS

The physical properties of the plate are deseribed by means
of seven constants: the flexural stiflnesses 1, and 1, the twist-
ing stiffness 1)y, the transverse shear stiffnesses Do, and
])o,,, and the Poisson ratios g, and u,. Definitions of these
constants are obtained by considering the distortions of the
differential element of figure 1 under simple loading conditions.

Let all forces and moments acting on the element be zero,
except for the moments 1/, acting on two opposite faces.  The

>

effect of M, is to produce a primary curvature s-; i the

middle surface of the clement and also a secondary curvature

o

o which is a Poisson effect.  Then D; is defined as the

negative of the ratio of moment to primary curvature or
M,
o'w
ox*

D= (1)

when only 3/, is acting, and g is defined as the negative of
{he ratio of Poisson curvature Lo primary curvature or

o'w
oy
M= """ ()211')
ot

(2)

when only .}/ is acting. No other distortions are assumed

The minus signs are intro-

but 0 u and g’;b when M/, acts.

oL
duced in order
quantities.

to make D, and g, essentially positive

Similarly, D, and g, are defined as

M,
O w
oy*
O*w
. Ot
B 5
oy

D,—=—

(€3]

when only A/, is acting.

1f, now, all of the forces and moments are cqual to zero
except My, acting on all four faces, the only distortion-

. . 0w . . .
produced is a twist cand D,, is defined as the ratio of
0y
{wisting moment to twist or

AL,
oM
oxroy

D

when only AM,, is acting.

The transverse shear stiffness Dy, is defined by letting only
the shears Q, act on opposite faces of the element (except for
an infinitesimal moment of magnitude @, dy dr required for
equilibrium).  The distortion is assumed for the moment
to be essentinlly a sliding of one face of the element with
respect to the opposite face, both faces remaining plane. As
a result of this sliding, the two faces parallel to the zz-plane
are distorted from their rectangular shape into parallelograms
by an amount v, which is the shear angle measured in the
rz-plane.  The shear stiffness g, is defined as the ratio of

shear to shear angle or

D ;Qz v
0= (6)
when only €, is acting. If the sides of the clement are kept
parallel to the z-axis, the slope of the middle surface is

ow

or~ "Dy,

when only @, is acting.

In a similar manner, the shear stiffness Do, is defined as
the ratio of the shear on the faces parallel to the rz-plane to
the shear angle measured in the yz-plane when only @y is
acting or

Q
Do =" 7
0=y (@)
when only @, is acting.  Lf all sides of the clement are kept
parallel to the z-axis, the slope produced is

w__ _ @
oy _’YV—-DOV

when only @, is acting.

The constants just discussed serve to define the orthotropic
sandwich plate; they can be evaluated theoretically if the
propertics of the component parts of the sandwich are known
and if the plate is of simple construction. In any event, the
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constants can be determined experimentally by means of
hending tests and (wisting tests on beams and panels of the
same sandwich construction as the plate. A deseription of
the tests required is given i appendix .

Although seven physical constants have been diseussed.
they need not all be independently determined forif any three
ol the four constants £),, 1), wr, und g, are known the fourth
ean be evaluated from the relationship

Pr[)y"t/l;/ljl (8)

This relationship, based on a generalization of Maxwell's
reciprocal law, is derived inappendix B.

The shear stiffnesses Do, and Ty, merit some additional
discussion.  The distortion due to shear was assumed to be
a sliding of the cross seetions over cach other, the eross see-
tions remaining plane aud the shear strains remaining con-
stant for the entire thickness of the plate and equal to the
shear angle v, or v, Actually, i the plate is continuous
enough for cross sections to exist at all, under shear the cross
sections generally tend to warp out of their plane condition
(p. 170 of reference 8); this warping makes the shear angle,
as defined for equations (6) and (7), meaningless.  The shear
strain varies with depth and an average shear strain will have
to be used as the effective shear angle v: or v, for purposes
of defining effective shear stiffness Do, or IJQV. If the exper-
imental method is used (see appendix A), this difficulty is
not encountered because, instead of a shear angle, curvatures
are mea-ured, and the stiffnesses obtained are automatically
the effective stiffnesses.

Despite the general tendency of cross sections under shear
to warp, the assumption that they remain plane (though not
normal to the middle surface) can be shown to be almost
correct for those sandwiches in which the stiffness of the
core is very small compared with the stiffness of the faces
(for example, Metalite, honeycomb).  Tor such sandwiches
the shear stiffnesses Do, and Dy, can be readily ealeulated,
hecause the faces may be assumed to take all the direct bend-
ing stress and the vertical shear may therefore be assumed
uniformly distributed in the core. The shear angles v, and
v, will then be constant throughout the core.

For those sandwiches in which cross sections under shear
may not be assumed to remain plane, the tendency of these
cross sections to warp introduces a further complication
which can, however, be resolved by means of a justifiable
simplifving assumption. This complication is due to the
fact that if the cross-scetional warping is partially or com-
pletely prevented the effect will be to increase the shear
stiffness Do or Do, The shear stiffnesses, thus, depend not
only on the properties of the plate materials but also on the
degree of restraint against cross-sectional warping. [For the
purpose ol the present theory the shear stiffnesses Do, and
Dq, are assumed o be constant throughout the plate and
have the values they would have if cross sections were allowed
to warp freely. The crror caused by this assumption will
be mainly loeal in character, being most pronounced in the
region of a concentrated lateral load, where a sudden change
in the shear tends to produce a sudden change in the degree

SNATIONAL ADVIESORY COMMITTEE FOR AERONAUTICS

of warping which is prevented by continuity of the plate.
The error will probably be negligible in the ease of distributed
loauds, for which there are only gradual changes i the shear.
A discussion of this error in connection with beams is con-
tained in pages 173-174 of reference 8 and in referenee 9.

DIFFERENTIAL EQUATIONS FOR PLATE
DISTORTION EQUATIONS

o

- . . . 0"
Iiquations can be derived relating the curvatures o and
¥

o*w

. Ofw . .
oy and the twist oy at any point in the plate to the inter-

nal shears and moments acting at that point.

B}
Zan

. o*w .
Equation for the curvature Dﬁ'_‘m expression can be

. o*wr . . .
obtained for the total curvature ()L/ in the z-direction by

adding together the contributions made by cach of the shears
and moments acting separately.  From equation (1) the
curvature contributed by M, is found to be

M,

D,

Equations (3) and (4) can be solved for the contribution to
o*w L
o5 by AL, which is

M,
Hy D;

Finally, the cquation following cquation (6) indicates that

. ( . .
the existance of ba;’x produces a curvaturce in the middle
plane equal to

120,
DQ: or

The moment 3/, and the shear @, make no contribution to
o'w . .
o Addition of the three component curvatures gives

w M, M, 1 0@,
=D, D, T D, or

or? (92)

. ofw . . . .
Equation for the curvature a;/..,.—hnmlur considerations

agive the curvature in the y-direction as

ow_ M, M., 1 0Q,
()?/2 *_D‘U"{'_ﬂz V[J1-+])(); ()1/- (9}))

Equation for the twist ° Y o—An expression for the twist
QY
o*w
QxdY
ing moment 3/, in terms of the distortions of the element
dr dy.
Let the middle surface of the element be distorted so that

is obtained by first writing an expression for the twist-

. . .. O'w .
it acquires a twist -co- Further assume that cach line
x0Yy

element normal to this middle surface before its distortion
(a) first rotates so as to remain normal to it after its distor-
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tion, (b) then rotates through an angle v, in a plane parallel
to the zz-plane, and (c) then rotates through an angle ~, in a
plane parallel to the yz-plane. (Rotations (b) and (c) pro-
duce parallelogram-type distortions of cross sections and are
therefore denoted as shear angles v, and v,.)

Distortion of the element as a result of rotations of type
(a) is shown in figure 2 (a). Distortion of the element due
to rotations of type (b) is shown in figure 2 (b) on the assump-
tion that v, is zero at the center of the element and is chang-
ing uniformly in the y-direction. Distortion of the element
due to rotation of type (¢) is shown in figure 2 (¢) on the
assumption that v, is zero at the center of the element and
changing uniformly in the z-direction. The magnitudes of
the displacements shown in figure 2 are obtained by consider-
ations of geometry, the details of which are not given.

The twisting moment M,, acting on all four cross sections
of the differential element is proportional to the shear strain
of the upper and lower surfaces, because this type of strain,
throughout the thickness of the element, produces the hori-
zontal shearing couples that make up A,,. By superposi-
tion of the three distortions shown in figure 2, the shear
strain in the upper (or lower) surface can be written as

h w kb wN hoy, hov,
20r0y  20xdy/ 20y 2 Ox
or
h < Ow 10y, 1 9&)
oroy 2 y 2 Ox
J——‘Jf
Yy

AJoper surfoce

_—pper Surfoce.,\
_Middle surface

T Middle surfoce.

’,V.Lowe/” surfoce —Lower surface. )

<
\

h % . LT
4 oxdy 4 Ox
dx dxr—— or dx
h c) w0 WA x
—d — —d
(@ £ oxoy Y (b) £y %Y (0
a) Distortion due to =2,  (h) Distortion due to 2%+ () Distortion due fo 2+
® o ozdy . v oy ’ A ~oox
all line elements remain-
ing normal to middle
surface.

FraUvrE 2—Distortions of element dr dy in twisting.

and thercfore, .

1oy, 1 ?ﬁ)
M., h(bxby 2oy 2 ox

Substitution for v, and v, in terms of @, and @, (equations
(6) and (7)) gives

Mol aw1laQ,1laQ,)

ordy 2D, oy 2D, o

where £’ is a proportionality constant absorbing . When
Q. and @, are both set equal to zero, the above equation
must reduce to equation (5), because only M,, is acting on
the differential clement. The constant A’ is therefore iden-
tified as D,, and the equation for twisting moment becomes

L1 o0,y
2 DQ]/ or

w1 1 0@,
Noxdy 2 Dy, oy

M, =D

2,
Solution for Daxibu; yields the following equation analogous to

2 2
the equations already obtained for %7“; and ba;t;
Xw M, 1 1 2@, 1 1 0@,
020y~ Dy, ' 2Dg, 0y T2 Dy, 0 (9¢)

EQUILIBRIUM EQUATIONS

The element dx dy must be in equilibrium under all the
forces and moments acting upon it. This condition implies
that certain relationships must exist among these forces and
moments. Thesc relationships can be derived by considering
the changes that occur in the forces and moments from one
face to the opposite and writing the equations of equilibrium
for the element. The equations are the same as in ordinary
plate theory. For ecquilibrium of forces in the z- and
y-directions, these equations are obtained from equations
(196) of reference 5:

9]} + o Noy_ (10a)
7 7
Murag (10b)

The equation for equilibrium of vertical forces is given at the
top of page 305 of reference 5 as

oM, O0*M,, K O°M, o*w O*w
o 675?; ”a?/z - _( + N, arg"]" v ayz +2N:w bxby

(11a)
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And the equations for equilibrium of moments about the y-
and r-axes are obtained from equations (188) and (189) of
reference  as

oM,, oM,

==, o (1th)
oM, oM, _
@, =— ou + Y (Ie)

(Equations (11 are also derived inappendix € by minimiza-
tion of the potential energy.)  Note that the left-hand side
of equation (112) can, by virtue of equations (11b) and (11e ),
be simplified to
A
ox

If, as is customary in small-deflection theory, the middle-
plane stresses N, N, and Ny, are assumed to be une hanged
in the course of the plate’s deflection and equal to their initial
values before application of lateral load, then equations (10)
are automatically satisfied and equations (9) and (11) con-
stitute the six fundamental differential equations that deter-

mine the forees, moments, and distortions throughout the

orthotropice plate. They can be used in their present form or
in the alternate form obtained in the following seetion.

ALTERNATE FORM OF THE DIFFERENTIAL EQUATIONS

The fundamental differential equations (9) and (11) can be
transformed so as to separate variables,  Equations (9) are
first solved for M., M, and M/;, (o obtain

) 0 Ow (J,,)
> “fo:/ Sy D, ) (Y

) Ow__ Q,,> Ou‘ Q¢ .
My=— lﬁ#,u,/ OJ oy "Dy, +“faJ 5z )] (12h)

;. o [ow @, ow (J,) o
“l’”—‘_’])’”[a.n(\Oy 1)(;”>+ou 51_“0,] (12¢)

With the left-hand side of equation (1ta) simplified to

0Q, , o0,
L + J,

ow

M= o \dr D,

and the above expressions for M., M, and M,,

substituted into equations (11h) and (11¢), equations (11)
hecome, after some regrouping of terms,

O T d )
(‘\r a£2+‘\ v a,/.'+2A\ ry axay> w+<a‘z> Qz+<ay> Qv: —q

D. ( o? 1D, &
[ s, ’)J‘()?/‘— 1 — prity (“” OI()?/'+OL3>] w+ l:) Dy, Ou-

Do 1 D,, o
(1= prity) DQ: or? 1] QZ+|:2 DOV ()1;5?/+

Dvﬂt

D:l‘u ] Q
(I —pry) Do, drdy v

1 D, & D,

:I Q,=0

These three equations can be solved to obtain a differential equation for w alone in terms of ¢, an cquation for @, alone in
terms of ¢, and an equation for €, alone in terms of ¢. This separation is accomplished most casily, for the case in which
N, N, and N, are constant throughout the plate, by treating the three differential equations as thomrh they were alge-
braic equations and solving for w. ¢, and @, by means of determinants. The terms in the determinants are the differential-
operator cocfficients of w. @, and @, appearing in the three equations.  Inexpanding these determinants, the rule for multi-

plication of linear operators must be used. For example,

3 D(,” Oﬁ+(l —rhy) 1)0 01/'

-D & ( o ):| w—{—[l Dy o
YAy ]—p,u,, Ty 07/ 2 1'),, Orc)r/ (1 =z, 1),,I 0101/ Q:+

o o
it drdy  oxdy’

o oand @,

As a result of such a solution, the following differential equations are obtained |

[Djw=—[M]q (13a)
(D1Q.=—[Nlq (13b)
(DIQy=—I[Pla (13c)
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where [D], [M]. [NT. and [] ave differential operators defined as

’ 1 1 1

[) ,_‘ [)”[)I O«'. 1])I',1)I+]);U :—;L)“iuzﬂv [)m]ji/‘#z a'; + 1 1)“1) +[);[m)riw_9713zr//);liu_2’ /)l[/[)//p‘]) O-; +
D1~ Dy, o T\3 Dy, D, oroyt T\ 2 1y, D,, 1 oroy!

1D, 0 o' . ‘ -l O 1 DD, 4 O o

2 I)o, -()_l/”_ D, D.I"_{_)I)A"U —‘/lru:/) 'I‘].)r#v .-]),,liu O.r:()]/:—l 07‘}“‘5 1)12‘[)!1,,(.\)‘ Ol"i_}— \ OI‘O'/' T‘-.\ LY ,au )+

DD = DD w— DD

r u_;_; ry ,I#U 5 M L'“r, \ b +'\ b i \ o > 1 1)“1)’/ ( v OG, +\' O“_*__) \ g >_
l)(jvll).j;' ) (‘ 2ortoy T uroyt T T oty T2 Dy Dy N 0aoyt T oyt T ooy

Ol

I N
1 — MeMy) (»4\1' a‘l‘-_'+‘\ y a!'/-_l']— 3~\ Iy OJ‘()!/)
I Ly
SRR R TN R DDty =5 Doiliiiz ) o0
=5 1, 1, 00 T Dy Dy, oy
1 l)lu(l"'#r#u
[': Do, +I)o]0r+“ Hrits)
1
vt D, o (P Dymy D=3 Do) o5
NM=y"p,, o s, oridy?
it D, @ (PP 3 Do D)
P1=3 "1, oroy ™\ T D, ooy

Equations (12) and (13) taken together constitute an alter-
nate set of differential equations that the plate must satisfy.

COMPARISONS WITH PREVIOUS SOLUTIONS

Homogeneous isotropic plates, deflections due to shear
neglected.—The usual fourth-order equation for homogene-
ous isotropic plates, in which deflections due to shear are
neglected, can be obtained from equation (130) by letting

Dy, = [)(,V:- ®
K= Hy=
D.=D,=D(—u)
l)n/:[)(l —"J')

With these substitutions made, equation (13a) becomes, after
some transposition of terms,

o'w ohw | O'w <) W e QW oy o'w
or' +2 or:y* +O_;/ D (lH N + Ny by'+‘“}\” droy

S45317T—00——=2

1 D= 17 O 0t o " 1 D1 —peu)
[-_) i +1)(,I] (f\’oﬁf‘\ vogir TN o,r'%)y) 5 D,

v Oy O
+1) ](\’og syt TV g T2V aw;}‘)'*

(14a)
, _l“l),,/l)-‘, o' [ 1),,,(1—_;21.5,,) _
Y Do D, oy 2 Dy, ])0 ()i/-

(14b}.
1D,D, & > , o B
) [)() 0102/1 L o [I)ry(l /-‘tﬂy) ’T'I)rl-‘n] O.I‘Ol/“ (14« )

1D.,D, o o !

+'.) I)() a,'/ ])1/ 07/ [1)111(1 _.uzl"'./) +[)'/P‘J] al,_-a,/ “4‘1)

which is the same as equation (197) of reference 5.

Isotropic sandwich plates, deflections due to shear
considered.—The differential equations for isotropice sandwich
plates are obtained in reference 6 by use of Castigliano’s
theorem of least work for the case in which the middle-
surface forees Ny, N, and N, are zero. The equilibrium
differential equations of reference 6 are equivalent to equa-
tions (11) of the present paper. Equations (10a), (10d),
(10¢), and (10f) of reference 6 can be solved simultaneously
to obtain the following ecquations for the curvatures and
twist in terms of the vertical shears and moments (the
notation is that of reference 6):

Q%w M, vM, 10V, 1

0E= DA TII=s T, or 0, + a;,
ow M, v, 10V, 1 oV, oV,
ot 1)(1—»)*1)(1—u)+(* dy ( or T Or/)

o'w 7 50 l oV, I >
ordy  DI—v) oy
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The symbols 77, V,, and V7, in the above equations correspond

to —M,,, O, and @,, respeetively. in the notation of the

The quantities 1), (', (', and v ave physical
o -

T'he above equations are seen to be

present paper.

constants for the plate.

identical in form to equations (91 of the present paper (il 1),

is wet equal to Dy for isotropy i the o= and y-directions)
. . 1 oV, ol

except for the additional term (,'( 01‘j+ o,/’

)-in cach curva-
n
This term arises from the consideration of

ture equation,
stresses and strains in the vertieal direetion, which were neg-
lected in the present paper on the ground that they have a
negligible effeet on the over-all flexural behavior of the plate
and ave only important in the neighborhood of concentrated
loads.  Setting ¢, equal to infinity makes the cquations
derived from reference 6 completely identical in form to equa-
tions (9) of the present paper. It should be mentioned that
the quantity w as used in reference 6 is not the deflection of
the middle surface but “a weighted average across the thick-
ness of the deflections of all points of the plate which lic on a
normal to the middle surface.”

BOUNDARY CONDITIONS

The boundary conditions are first discussed for those types
of edge support most commonly assumed in practice: namely,
complete freedom, simple support, and clamping.  (More
eeneral kinds of support are considered in appendix C.)
These supports are characterized by the condition that no
work is done by the moments and vertical forees at the
boundary. A boundary parallel to the y-axis is considered;
the conditions for a boundary parallel to the z-axis can be
obtained by replacing » by y and viee versa, exeept in the
subsceripts of M, and N,,.

Free edge. --The boundary conditions for a free unloaded
edge parallel to the y-uxis express the conditions of zero
bending moments, zero twisting moment, and zero vertical
force, or

M, =0 (15a)
M,,=0 (15b)
(JI =) (15(3)

If the free edge earries load. the middle-plane forees N, and
N,, will not in general be zere and the boundary condition
of zero net vertieal foree becomes

ow ow

Q.+ N, O.zr+’\ Y == () (15¢")

instead of equation (15¢).

Simply supported edge. --The principal boundary con-
ditions for a simply supported edge parallel to the y-axis are
w=0 and M,=0. 1 to these two conditions is added the
rostriction that there is no y-displacement of points in
the boundary, then the shear angle v, is zero and therefore
Qv/

I If. on the other hand. the support at the boundary
Wy

=)

i
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is applied only to the middle surface at the boundary and no
horizontal forees are applied to prevent the y-displacement of
other points in the boundary, then M, which is made up of
such horizontal forees, must be zero.  Two different types of
simple support thus emerge.  For simple support in which all
points in the boundary are prevented from moving parallel
to the edege, the conditions are

=1 (16a)
M,=0 (16b)
Q. |
1),2” =) (16¢)

IFor simple support in which all points i the boundary,
except those in the middle surface, are free to move parallel
to the edge, the conditions are

w=1) (17n)
M, =0 (17b)
M,,=0 (17¢)

Of the two types of simple support, the first (equations 16))
is more likely to oceur in practice.

Clamped edge.—The principal conditions characterizing
1 clamped edge parallel to the y-axis are zero deflection of the
middle surface and zero rotation of the cross sections making
up the boundary (that is, the boundary plane remains parallel
to the z-axis). The requirement of zero deflection is satisfied
by letting w=0 at the boundary. The requirement that
boundary cross sections remain parallel to the z-axis is satis-

. .ow G . . .
fied by letting 5 -+= 2 s as the equation following equation (6)
. or Dy, s

indicates. that if deflections due to shear are

(Note
neglected by letting ])Qx: o then the last boundary condi-

or
Just as in the case of simple support, the third

tion reduces to =0, which is familiar in ordinary plate

theory.)

Ce ( .
bhoundary condition is cither UJ”- =0 or M;,=0 depending on
Q.’I
whether or not points in the boundary (other than those

points in the middle surface) are prevented from moving
parallel to the edge.  Thus, two types of clamping are
possible.  For a clamped edge in which the points in the
boundary of the plate are prevented from moving parallel
to the edge, the conditions are

w=0 (18a)
ow
af—D(,t_() (18b)
@y :
D, 0 (18¢)

For a clamped edge in which the points in the boundary
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(except those in the middle surlace) are free to move parallel
to the edge, the conditions are

w=4y (19a)

ow G _
Oi—l)(_,l_“ (19h)
M, =0 (19¢)

The latter type of clamping is very unlikely to occur in prac-
tico. because any practical type of restraint that keeps the
houndary from rotating has to be applied over an appreciable
part of the thickness of the edge and therefore prevents most
points in the boundary from moving freely parallel to the
edge.

The boundary conditions just discussed, as well as bound-
ary conditions correspounding to more general types of
support, are derived in appendix C by a variational method.

POTENTIAL-ENERGY EXPRESSION

STRAIN ENERGY

An expression can be obtained for the strain energy 17
produced by the moments M, M, and M, and the shears
0, and @, by considering the work done by these moments
and shears in distorting the differential element of figure 1.
. 1
The work of the moments M dy is equal to 5

the counterclockwise rotation of the right-hand face with
respect to the loft-hand face of the clement. This rotation
is made up of two parts: the rotation caused by the moment
M, itself and the Poisson rotation caused by the moment M,

. M, M,
The sum of these two parts s —(— Dr—{-y,, ;)[,,

A dy times

dr. (Note

o} -
that although the term ()% mukes o contribution to the

eurvature of the middle surface, this term represents a rate
of change of sliding rather than a rate of change of rotation
and therefore makes no contribution to the rotation of one
face with respect to the opposite)  The worlk of the moments
M, is therefore

i - M, M,
) Mo dy (—Dz’—h;y 1);) dr

or

}) (“]ﬂ;——“,, ‘Ub“g'-’ drdy (20)
Similarly, the work of the moments M, s

LyaLs MM, dedy (21)

s\, * D,

The work of those moments 3y acting in the faces parallel

. 1 . .
to the zz-plane is cqual to 5 My dr times the clockwise rota-

tion of the nearer face (as seen in fig. 1) with respect to the

farther face. This rotation is made up of the two parts
shown in figures 2(a) and 2(b) and is equal to

o*w h _O )
oxdy Yoy VY

or. replacing v, by its equivalent in terms of @, (equation (6)),

o 1 0Q
ooy Dy, O]/‘) dy

The work of the moments M, parallel to the rz-plane is

therefore
L o*w 1 0Q: )
5 M, (\OIOQ/_I)Q; oy > drdy

similarly, the work of those moments M, parallel to the
yz-plane is

1 J*w 1 9
5 Mo ( oxdy  De Oi”> drdy
.OLO 0, OF
The total work of the moments 3y, is, by adding the last
two expressions,

dw 1 1 0@, 11

Yw 11 1 _of,
ordy~ 2 D,, oy 2D, Ox>dl dy

M,

, . L M, .
The factor in parentheses is simply D—"’J; from the cquation
Iy
preceding equation (9¢), and the work of the moments My,
therefore becomes
M.}
SR dxdy (22)
D,,

n . 1 .
The work of the shears Q; is 5 - dy times the downward

distance through which the right-hand face slides with
respect to the loft-hand face. This distance is v; dr and

. 1
work is therefore 5 Q.v; dx dy. Replacement of 4; by its

equivalent in terms of €, gives

1Q7

3 Do, drzdy

(23)
for the work of the shears Q. Similarly, the work of the
shears @ 1s

1Q2 dz dy

2D, (24)

Integration of the energy expressions (20) to (24) over the
entire plate gives, as the total strain energy due to bending
and shear,

7_1. o A‘[J-B__ My /“l‘. ,.‘[,,2
vimy | J U005 ) vt

S Q2L QF ]
2 s (25)
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Slmination of M., 3. and M, by use of cquations (12) transforms the strain-energy expression (251 into
R A O dyow YNV Do, D p[ 00w (0 O /ow ),
I/"“z_l ] [y O.f’(().r—l)();) t | — pry O.l"((),l‘“])()f) og,<o;,“/)(:.; )]T

D, o om QNT ., Da[0 om0, 0o QN 04, 05, »
| — ruty o;,(o;,_/),)yﬂ T [&(o”_n%)*a” o.f_/),,r,):l TP, T Dy (26}

In addition to the strain enerey of bending and shear. there is the energy of stretehing of the middle surface produced
by the forees N0 N, and N o small-deflection theory, these forces are assumed to remain constant during lateral deflec-
tion.  The strain enerey of middle-surface stretehing is therefore a constant independent of the lateral deflection. This
enerey does not affeet any solution and may be omitted from consideration.

POTENTIAL ENERGY OF EXTERNAL FORCES

The potential energy acquired by the external forces in the course of the [nteral deflection of the plate is independent
of the internal construetion details of the plate and depends only on the displacements of the middle surface. The potential-
enerev expression for the orthotropic sandwich plate is therefore the same as for the ordinary homogencous isotropic plate; that
part of the expression due to the forees Ny, N, and Ny, at the boundaries is given by the negative of expression (201) of
reference 5. 1f to this part is added the potential energy acquired by the lateral loads, the resulting expressionfor the potential
energy of the external forees is

1 LW . (OWN s D
V:ﬂSJ‘f[—;’qw»%-;\,(a%/) +’\“‘<6;> 12N, af g}f]dx dy 27)

Equation (27) applies only when the reactions do no work and therefore acquire no potential energy in the course of the
plate’s defiection. The most commonly assumed boundaries satisfying this condition are free, simply supported. and elamped
edges. The potential-energy expression for plates with more general boundary conditions must include terms corresponding
to the work of the reaction forees.  This more general case is considered in appendix C.

In this section equation (27) has been established by means of physical reasoning. A more rigorous derivation of equa-
tion (27) for the specinl ease of a rectangular plate is given in appendix D.

POTENTIAL ENERGY OF SYSTEM

The total potential energy Vof the system.comprising the plate and the forces acting on it is the sum of the strain energy
1, and the potentital energy of the external forees 15 or, by addition of equations (26) and (27),

R O e e I G ) G )
‘—z.f f u—#,pv[az (or D)) T 1=, [af (_af“n,;)][aﬁ (ag,—z)(,;)J*

,A__I)_'/._ g ay) _ Q’/ :'_;‘17)‘1:/ a O’ll)_ Q,, O /Oow Qr 2 (l)r'.' (("/: ? .

1= popy [OU (‘01/ ])0,,):] b2 [01(0.'/ g, oy (af“uo,)] +1)o,'+1)(,y y drdy+

1 . oWy 0w\ . Ow ow

5[[ [—qu+;\t (OI) + &y O!/) +240 or Og/:l dr dy (28)

The above expression applies when the boundary reactions do no work and therefore acquire no potential energy in the
course of the plate’s deflection.  This equation is therefore applicable when the edges of the plate are free, simply supported,
or clamped.  The potentinl-cnergy expression for a plate with more general boundary conditions is given in appendix (.
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NQ
I

“RECAPITULATION OF PRINCIPAL- RESULTS - -~

I. The physical properties needed for small-defleetion
analysis of an orthotropic plate in which deflections due to
{ransverse shear are to be considered are the flexural stiff-
nesses 1), and 12, the corresponding Poisson ratios p, and
u, defined in terms of curvatures. the twisting stiffness 1),
and the transverse shear stiffnesses 1), and Dy, These
constants can be evaluated  theoretically or by tests on
samples of the plate as deseribed in appendix Ao Four of
these constants are related by the reciprocal relationship
wl)y =, D) derived in appendix B.

o The differential equations relating the deflections w,
the lateral load ¢, and the internal forees and moments N,

N, No Qe @y Moo My and Ay are

ow M, V,, 1 0Q;

ot T D TR DT, or

ow M, M, 1 3Q,

ot =D, TR DT, by

ow My 11 0Q: 1 1 20,
ordy Dy 2Dy, 0y 21D, 0x

relating distortions to distorting moments and forees, and

Q. , 00, [ L Qhr |\, O O'w.
or + oy —((Hq\’ Oﬁ+‘\” oy’ 2N QxdYy
oM., , oM,
Q== Ay T oor
oM., , 0M,
Q== ox + oy

for equilibrium.

3. The first three equations can be solved for My, My, and
M,, to obtain

B D, O fow o /ow Qu)
“’r*‘l_m,[ar(ax D, +“”QI/(OJ/ l)oy]

D, [2 ow_ Qu> o (ow_ 0:>
“"”*_1—:4,;1”[0&(01/ D, +#")”<~°f Do,

1 0 [ow_ Q, 0 [ow_ Q.
M=y Dy I:O.b (O?/ 1),,')4—01_/ or 1)q;>:l

Substitution of these oxpressions into the last three equations
and solution of the resulting equations by means of opera-
tional determinants give the following differential equations
with variables separated, for the case in which N, N, and
N,y are constant throughout the plate:

[Dw=—[M]q
(D1Q.=—[Vlg
(D1Q,=—1{Plq

11

by equations (14).

1. Three types of support commonly assumed at the
boundaries of a plate are no support (free edge), simple
support, and clamping. These types of support can be
deseribed in terms of deflection, shears, and moments for an
cdge parallel to the y-axis as follows:

For a free edge,

M=0
M,,=0
0w | . oW _
QO+ N OI"—{—A\ " oy =

For a simply supported edge at which the support is applied
over the entire thickness,

w=1{}

M=0
Q _
Do, "

For a simply supported edge at which the support is applied
only to the middle surface,

w=0
M,=0
M,,=0

For u clamped edge at which the support is applied over the
entire thickness,

w=10

w @

3 Dy Y -

For a clamped edge at which the support is applied only to
the middle surface (a type of support very unlikely to be
met in practice),

The conditions for an edge parallel to the s-axis can be
written by replacing # by y and vice versa, except in the
subscripts of M., and Ny, i

Boundary conditions can also be written for more general

types of support. (See appendix C.)
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The potential energy of a plate in which the middle-
surface forees are assumed to remain unchanged in the
course of the plate’s deflection and for which the moments
and vertical forees at the boundaries do no work is

LS ow @\
‘ ‘_"[ 1 ]*“#,/J.L [OJ ().1,‘ /)(‘)x>:| +
Doy, ow ow @, >]
. [aJ (o D, )] [01/ Oy Do) 1T
D, QO fow QU> +1),,,|: ow  Q,
[y O]/(Og/ 1, OJ oy D‘«’y
d/dw QN QF (J, lJJ[*) ‘
oy af_/),,rﬂ 00T D05 Licdy+s 2quwt

ou” ow , ow o
N ( >+\” OI/) T2V or OJ] dx dy

The most important types of boundary to which this expres-
sion applies are free, simply supported, or clamped.  For
more general types of support, in which the boundary reac-
tions do work in the course of the plate’s deflection, the
potential-energy expression must be extended to include
terms representing the potential energy of the reactions.

The caleulus of variations can be used to show that in
order for the potential energy to be a minimum the differ-
ential equations of equilibrium and the boundary conditions
must be satisfied.  (See appendix )

Langley Memorial Acronautical Laboratory,
National Advisory Committee for Acronauties,
Langley Field, Va., September 30, 1947

APPENDIX A

TESTS TO DETERMINE PHYSICAL CONSTANTS

The purpose of this appendix is to give deseriptions of
possible tests for determining the physical constants. No
consideration has been given to details of testing technique.
Practical constderations may dictate changes in the test
procedures described or the quantities to be measured.
These changes, however, willnot beof fundamentalimportance,

Test for D, and p,.—The flexural stiffness D, can be de-
termined by cutting a beam from the plate in the z—direction
and loading it as shown in figure 3. The supports and load-
ing should be such as to make for minimum interference with

the anticlastie curvature.  The middle section is subjected
N w . .
only to a pure moment Pd; the curvature o In this part

can be determined from deflection or strain-gage measure-
ments. and the flexural stiffness is given by equation (1):

M, Pd
D= == (A1)
©Out ot

where b is the width of the beam. If the transverse curva-

298

wo. .
ture o7 is measured (the beam must be wide enough to
permit accurate measurement of this curvature), the Poisson
ratio g, can be caleulated from equation (2):

o'w

_ o

B2 = "o

dut

(A2)

Test for 1), —The transverse shear stiffness 1), can be
determined by loading the beam with a uniform load as shown

—d

X

Fiaune 3. -T'est to determine g and us.

in figure 4. The beam at any station zis subjected to a known

wLr  pr®
2 1 )and a rate of

bending moment A, equal to b S

14

0
change of transverse shear ~£-’ equal to =i The curvature

2

o*w . .
iy along the beam can be determined [rom deflection meas-

urements.  (Strain-gage measurements on upper and lower
surfaces of beam are inappropriate because curvature due to
rate of change of shear is not accompanied by stretching of
the surfaces.) The flexural stiffness D, having been previ-
ously determined and the transverse moment M, taken to
be zero, equation (9a) can be solved for I)‘fz to obtain

oQ: o
or
Do, = o'w | M, O*w

ple /u'
ai'-'*']), ()J"+Db< )

(A3)
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L
P (16/i12)
— - xr
== __ v =
NN___‘\ _________
plL pL
7 2
IF1GURE 4. - Test to determine Dg,.

Tests for D,, u,, and 1), -—The constants Dy, py, and Dy,
can be determined by tests similar to those already deseribed
but on 2 beam cut in the y-direction,

Test for D,,-—The twisting stiffness D, can be determined
by cutting a rectangular panel from the plate, two edges
parallel to the z-axis and two edges parallel to the y-axis,
placing some reinforcement at the edges to keep the
boundary cross scctions rectangular, and loading the
panel at the corners as shown in figure 5. This loading 1s
statically equivalent to a twisting moment 31z, distributed

P .
around the cdges and equal to - If the edge reinforce-

ments keep the boundary cross sections rectangular, then
the shear angles v, and v, can be assumed to be zero and

FIGURE 5—Test to determine Dgy.

the plate to be in a condition of pure twist with no Q.
. . ., Q'w

or @, loading present.  The twist oroy be calculated

from the measured corner deflections as

ow _ 48
oroy (L

The stiffness D, is calculated from the formula that applies
when only Al is acting, namely, equation (5):

APPENDIX B

DERIVATION OF RELATIONSHIP p.D,=p,D,

Betti’s reciprocal theorem (reference 10) can be expressed
as follows: Let two groups of forces be applied to a struc-
ture, cach group of forces producing distortions that are
directly proportional to the magnitude of the forces; then,
the work of the first group of forces acting through the dis-
placements produced by the second group is equal to the
work of the second group acting through the displacements
produced by the first.

The structure to which this prineiple is applied is the ele-
ment dr dy of figure 1. Let the first group of forees consist
of the moments A; dy. The distortions produced are the

o*w o'w .
curvatures y-; and o where, from equations (1) and (2),

ow_ M,
ot D,
and
ow M
R

The second group of forees are the moments M, de, and the

distortions produced by the group are the curvatures o
o*w . ,

and o where, from equations (3) and (1),

ow M,

M., P2 _PIL
Das="32p =3IL™ S5 (44)
oxdy
and
Oiw_ 1"[,,
ot M D,

The work done by the first group of forees A7, dy in associa-
. . AL
tion with the curvature "”Dy produced by the second
group is !
M
— M, dy (y, 'D*,,K dx)
or
— MM, dr dy
v
Similarly, the work done by the second group of forces
M, dx in association with the curvature g, f;)[’ produced by
z

the first group is
M

Hr D’f dy)

— MM, ¥ dedy

—M,dx

or

Equating the expressions for the two works and eliminating
the common factor —3LAM, dx dy give

My Hz
D,~ D,

from which is obtained equation (8).
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APPENDIX C

DERIVATION OF EQUILIBRIUM EQUATIONS AND GENERAL BOUNDARY CONDITIONS BY A VARIATIONAL METHOD

In the body of this paper only free. simply supported, and clamped edges were considered. These types of boundary
conditions are characterized by the condition that the moments and vertical forces at the boundaries acquire no potential
energy as a result of the plate’s defleetion. This condition holds by virtue of the fact that either the moments and forces at the
boundaries are zero or the points of application of the nonzero boundary reactions do not move. A\ more general type of sup-
port. in which neither of these conditions holds, is discussed in the following section.

Potential-energy expression.—For simplicity a rectangular plate with edges r=0,a and y=0, b 1s considered. The
boundary reactions of the plate consist of distributed bending moments, twisting moments, and vertical forces statieally
equivalent to the limits of the internal moments and shears as the boundaries are approached. The intenstties of the reactions
(moment or foree per unit edge length) are denoted by M., M., and @, along those boundaries parallel to the y-axis and
M, M., and @, along those boundaries parallel to the s-axis.  (Note that the sy mbols used for the reactions are distinguished
from the corresponding svmbols for the internal forees by means of bars placed above the symbols.)

The potential energy of a plate the edges of which are other than free, simply supported, or clamped can be written
by adding to cquation (28) line integrals representing the potential energy of the reactions. The resulting expression is

ot Ow Q, }" I)Iu,,—}— D,p, Ow ) Ow_ Q, > n D, 9 /ow
J J 1 ——p.x/,L,, ar or 1)(% | — ey Dl [)‘11 ()I/ oy [)Q”, 1 —puu, Oy \ Oy 1)0 +
D., o /ow (@, O fow QNP QF QU , Ow) ow ow Qw _
h [m o ,)QV)+ oy (or =D )J Dy el J J [_ 2w+ N, ( LY, ( ) +2N,, 57 o | dedy=
K — (Ow _ Q: w_ Q, v, ow_ Q, ow Q, - K -
R SN RN oy T IERC R A S R

. . . ow dw
In the last two integrals, representing the potential energy of the boundary shears and moments, (- _ and _ W

v or 1y, oy  1,,
are the rotations parallel to the zz-plane and yz-plane, respectively, of an originally vertical line element in the cedge of

the plate.
Minimization of total potential energy.—The conditions that must be satisfied if the total potentinl energy V of the

system is to be a minimum are now considered. By the caleulus of variations (reference 11), minimization of 17 requires
the vanishing of the first variation 81 The first variation can be evaluated from equation (C1) as

Pw Q. ) 25 (Dw Q, >
5V = l_ 'bJ'a 20, l:_g (O?I Q; >] \ O£ 7 U(), + 1),;17.,!:{: D,y,) ,: 0 Oug__(), > W‘_OL-QQ" +
- 2Jo o §1—ps,{ O\ Ox DQ ( 1= pu, o\ o 1)01, o7 vl

(c)w_ Q,) 05 Ow Q, >
Dr“.v”:’,p,vé‘%) dw > or D) ow_Q, OJ Dy, /
1),)

1 — gy oy or T Heky [aj oy 1D, oy

Ow QU> ow
Or l),,I

o Jow @, ‘ow OJ I)o y 2Q, ..Q,,
Dey ()zk()j DQ”>+OJ or UQ:>-—J r oy +1)( 8¢+ BQV dx dy+

1{ (a . .o \r O 0w Qwodw |\, (OwOdw , Ow ddw o
§J() J“ [—-.’.(léll‘?‘—A dr ().L +~A /OJ ()j +~ZA\II/ ox &/ +a,/ OJ)]L/J’([U_

b ow ow ) i . Ou)_ Q, Qw :
J [— 37 a( ”o,)+ \/,,,5( ~n,)t Q:Sw]‘ dy J [ 7.5( o 1)0”)—1-‘11,,,5( l)a,,>+Q”M | de
. . . S ] Q; 0 Q, .
Those terms in the above expression that contain derivatives of 5<af~1)‘);r> ) 5(07;—13{;)7 and &w can be integrated by

parts 5o as to reduce the order of the derivatives.  The resulting expression for 317 contains surface integrals of the type

ff(. . )8 <37;} K‘)/lr dy
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[ [( o) Oaélm dr dy
—J‘f(. ) 6[) dr dy

The first of these two integrals ean be integrated again by parts so as to leave only terms containing ¢ rather than deriva-
With the aforementioned integrations by parts performed and after considerable rearrangement of terms, the

which can be broken up into

and

tives of su.
expression for 817 beconies

J [‘ D, Ow Q: >:|+ Doyt Dyur o Ow Q; )

| — ety O.I. [),)I L —urpy ) oL O]/ O [)Qr
])1#1/’{’“[);/#: [ ow (\)u >:I+ ])l/ = mf__(iu )
‘-') 1 — ey o oy O'/ 1)(.’” 1 — prity a’/ 1)(}U

ow (JU> QI ow . O'w ., 0w ) i
Dy [ax op oy T D) Tor oyt < uqx 4= Ny 5N Ty = 2Nn gy g S0 ey
LI 2T G e s [ -
0 Jo (]——qu.V or'\or Dy, 2 | — gy oux Oy (Oy Dy,
1 oF [ow Q,,> 0 fow Q:
1D, [Oz oy oy =0 ) oy (o f),,) +(g,} by dedyt
J J [):#v+ny#t> [ ow AQ: ):] I: aw_ QL> +
0 1 —urmy or Oy \ dz Dy, l—p,y” or* \ Oy “‘"u

a- 910___ Qu_ az ow Q: } Qv
~Dﬂ/ oy Dq,/ 0roy oz DI: :|+Q"5 BDQ; drdy+

e D, Qw Dopy+Dyps Q,
Ju {_1—4#1#,, dr D,,):I——N( = papty [af OJ( ___7)(4,)]_
2 D [of o (32"—3,”) o (e 15, J v S 5 =0
e g [ (e e )
Jis o[ G- )0 (5 13%5,>]—ﬂ‘fwi-6<33’ ) Lot

J‘qg__] :#yTDu#z [ (Ow Q >] I: Ow Qr/) —
ol 2 1 — ey oL Oy U‘?z l—y,y,, oy \oy "D,

5D ou_ )y o (3u- 5 ow
Z [51: oy D()” +O.): AN [)QI>:|+ N, oy +1V” O Q S&w

{1 [),yv—rl)yy, Ow_»Q,)] w @, Q,
Jota ) Los Cos g, B Bt I)Q)]* {0 (5y - 1)(,) et

(1 ow__Q, ow ow
Ju 5 Dzu I:O'E( [)o > oL 1)‘)z>] ‘l”S 8 ( DQ;,)‘ de

(lj—{-

d1:+
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By virtue of equations (12) and (8), the above expression for 617 can be rewritten as

RO A RERTH oM., Oo*M, 0w 0w, QW N
V= J“ ’” — o +) ocon oy (‘(/1—_\, or 4+, o +2.N,, or a?/):l ow dr dy+

BRI L Y _0M, ML, )\ 60,
J J“ ( + oy T )1) de dy+ j( ‘I“ ( dy T or —i—(),,)l)qu dr dy+

ATA O\/,,| Qw ow N ) w ),
J”( N N ,)ow:“(/]/—‘) \1—\1,)5(@3 by 3[(/z,+

b 7oy s (0w QN oM, o)1, v o ow =N "
JO M=) 6 (5 1)(,,,,)10‘1-” , J Rl P Q,,‘) b o

e ow () /o Qu> b
JU (M —H ) 0 ( 1)(1 ln LL +_J lr= ‘[”) ° (\Oy UQH 0
Q‘-, and Bgo"u, the various

In order for 8V as given by the above expression to be zero for all possible values of sw, 8 D
0

integrals must individually be zero.  The following differential equations result from equating the surface integrals to zero:

dr

oM, oM,  &*M, [ . 0f w o 0w\
ort OJOJ + oy* —( Ve du? N oyt T2V Ofc)7/>
oM, 0, 1
Ce=—- oy T o g (©2)
o O\I,,, oM,
(K)!I_ - + ay J

A . oM, oM. 0! oM, . -
By virtue of the last two of equation (C2), 5 i)? ’”) 1d ( O‘yl ~&’—’f in the line integrals can be replaced by Q.
and Q,, respectively.  Equating the line integrals to zero then gives the following boundary conditions required to insure
that sV=0:

At 2=0.a

— N
Q.+ N, aw-I—Nz,, gw Q: or dw=10
Y
— Q0.
M,=AM, or aa%"l){, ) 0 (C3)
— o} Q
M=), or O%v_lfj ):()
g Qy J
Aty=00b
w_ ~ h
Qv"l”Nu 5y -*-Z\vzy Py @, or dw=0
— ow @
1‘[1/:,' Iy or ay 1)(: >-() > (04)
JI,,,:;-\—I-,,_, or 601;; Q’) O

Equations (C2) are the differential equations that must be satisfied if the potential energy is to be a minimum. They
will be recognized as the equations of equilibrium, equations (11).

Equations ((3) and (C4) are the boundary conditions that must be satisfied if the potential encrgy is to be a minimum.
The left-hand groups of equations (C3) and (C4) imply that the limiting values of the internal forces and moments, as the edge
of the plate is approached, must be in equilibrium with certain prescribed forces and moments externally applied at the edge
(the prescribed forees and moments being designated by means of the horizontal bars). The right-hand groups of equations
(C3) and (C4) imply that the displacements at the edge must have certain preseribed values.

The boundary conditions given by equations (15) to( 19) for free, simply supported, and clamped edges parallel to the -
axis are special cases of equations (C3).  For example, the boundary conditions for a simply supported edge (equations (16))

@y

ow .
can be obtained from equation (C3) by prescribing the values of ¢, A, and( —p. ) to be zero at the boundaries z=0, a.
q.’/
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1 a plate is clastically supported at the boundaries. the clastic support may sometimes be conveniently thought of as
made up of three rows of closely spaced diserete springs at cach edge: a row of deflectional springs, a row of rotational springs,
and 2 row of torsional springs, having the known stiffnesses per inch &, ks, and ks, which may vary along the edge.  For this
tvpe of support the vertical shear reaction at any point along the edge is proportional to the vertical deflection at that point
and the twisting and bending moment reactions are proportional to the corresponding rotations of an originally vertical line
element in the edge.  The boundary conditions for this type of support can be obtained from equations (C3) and (C4) by set-

ting at »=0

- — . (ow_ <7 ow_ @,
(Jx:/‘ a0 A‘I.z'_ '_AQ (().If [)Qr “ln/:/p:i ol/i_l)(;;)
at r=a
_ — ow Q. — ow
)= —hkur M=k, (OJ: _I)Jrg) Mey=—hs <07f—1()2:‘>
at y=0 V
— — ., (ow_@Q - _(ow_ Q.
(\)V:A”[ A‘[,,—-—""]\_v(a?/ Y)r)u) .‘[zy:/|3 6i_1)(:z>
at y=b
_ — ow ¢ - ow z
Qo=—kw  T=k(g, “13)(,") ==k, —1?5 )
v ’ r

The signs in the above boundary conditions follow as a result of the directions assumed for positive shears and moments.

APPENDIX D
DERIVATION OF EQUATION (27) FOR THE POTENTIAL ENERGY OF THE EXTERNAL FORCES

A rectangular plate the edges of which are x=0,a and

Ny
y=0b is considered (fig. 6). The boundary conditions as-
sumed are the usual conditions corresponding to zero work
1 :

by the reactions; that is, each edge is oither free, simply

supported, or clamped.
The horizontal loads N, N, and N, are assumed first to 1
be applied at the boundaries with no lateral load. As a ‘ b
result the middle plane (and all horizontal planes) of the plate Ne 1 Ny
stretehes; thus, the constant stretching energy discussed

previously in conneetion with the strain energy of the plate
is produced, and slight shifts in the points of application of

the edge forces Ny, N, and N3, are caused. These new 'y
positions of the points of application are used as the arbitrary Y
fixed reference points in any future measurements of the
potential energy of the horizontal edge forees. Ny
If the lateral load ¢ is now applied. the middle surface
acquires the displacements w(r.y) in the z-direction, u(r,y)
in the s~direction, and o(r,y) in the y=direction.  As a result Y
of these displacements, the lateral load acquires the potential FlGurE 6.-~Rectangular plate with horizontal forees spplied to boundarics.
cuergy
b [a By use of the formula for integration by parts, expression
_JOL qu dr dy (D) | (D2) for the potential energy of the edge forces can be re-

written in terms of the interior forces and displacements as

b (ta OU/ bu au O[)
_JU J” ]:ZV; ai +1Vg -a—,y+lvx|/ (O‘T/+a.l—$>i] d.E d:[/_..

and the edge forces aequire the potential energy

KRR L N R Vo) s

e AN, ON,,
9 Yz OV —
(D2) Jo Jo u( or + oy )d.t dy
The moments and vertieal forees at the boundaries do no work (' (AN,  ON, dr d D:
and therefore nequire no potential energy during deflection. oo "\ or a?,’) T ay (D3)
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In the development of the differential equations and in this
\,, and N, are as-
sumed to remain unchanged in the course of the plate’s
deflection.  Equations (10) for cquilibrium of horizontal
force, consequently, remain satisfied at all times, and, there-
fore, the last two integrals of expression (D3) vanish. Further-
more, the assumption that the middle-surface stresses remain
unchanged implies that no stretehing of the middle surface
during deflection oceurs. Incorder to prevent such streteh-
ing the horizontal displacements and » can be shown
to be related to the vertieal displace-

o2 (or)

on 1 /0w )3

section the middle-surface stresses AV

(p. 313, referenee d)
ments e as follows:

oy~ 2\oy.

Oz1+01‘ ~_Oowow
oy or T or oy

The first and only remaining integral of expression (13)
therefore becomes

J'hj [\ ‘)w Ly, Ow> +-‘\’,Uaafgﬁy’9 drdy (D4)

Addition of expressions (D1) and (D4) gives, as the total
potential energy of the external forees,

.'=., (”:— 2qu+N ( > 4-N, ay)'_}_‘)A”Daw gw] de dy
D5)

Although the derivation was carried out for the special
case of a reetangular plate, equation (D5) also applies to a

plate of any shape in which the middle-surface stresses

remain  unchanged during  deflection.  Equation (D3) s

identical with equation (27).
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5. NUMERICAL RELATIONS

1 1b=0.4536 kg
1 kg=2.2046 1b
1 mi=1,609.35 m=>5,280 ft
1 m=3.2808 ft
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