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I. INTRODUCTION

The problem of electromagnetic radiation and scattering from
perfectly conducting bodies of revolution of arbitrary shape has been
studied by Mautz and Harrington [1]. An integro-differential equation
was obtained from the potential integrals plus boundary conditions at
the body and was solved by the method of moments. The simplification
derived from a fotationally symmetric body is that all physical
quantities can be expanded in Fourier series in the azimuth coordinate
and quantities of different harmonics can be treated independently. A
slightly different formulation based on the reaction theorem was also
used by Chuang [2] to solve the same type of radiation and scattering
problem.

In this report, the same formulation given in [2] is employed to
set up generalized network equations for perfectly conducting bodies of
revolution for application to the radiation problem of conical-type horn
antennas. These antennas include smooth-wall conical horns, corrugated
horns and dual-mode horns. The corrugated horn pattern is simulated by
the H-plane pattern of a conical horn with the same inner dimension as
the corrugated horn and is assumed to be circularly symmetric. Several
examples are shown and compared with measured patterns in order to
validate this approach. Appendix A shows the detailed derivation of the
elements associated with the impedance matrix. The Body of Revolution
Code has been modified and implemented into the OSU Reflector Antenna
Code. One can look at the BR: Command of the User’s Manual of the

Reflector Antenna Code for more detail.




II. REACTION FORMULATION

Consider a primary source of an electric current ji illuminating a
perfectly conducting horn type scatterer. The scatterer occupies a
volume T enclosed by a surface S as shown in Figure 2.1(a). Currents
are induced on the scatterer which in turn will radiate such that the

total fields are

(1)

==l}
"
==
+
==}

vhere Ei, gt and E°, % are the primary and scattered fields,
respectively.

Now let us assume that the horn walls have zero thickness and
replace the scatterer with free space as shown in Figure 2.1(b). From
the equivalence principle, one can use the equivalent surface current 33
to find the total scattered field. The surface current 35 on the

surface S is given by
3‘5 - n x (Ffl - Ffz) (2)

while the magnetic surface current ﬁs vanishes since the scatterer is a
perfect conductor. In Equation (2), n is the unit outward normal to the
surface and Kl and HZ are the total scattered fields outside and inside

the horn. Further let us introduce an arbitrary current 3& into region



Figure 2.1.

(a) original problem

A -
Jg=n X (H, —H

(b) free space equivalence

Geometry of horn scattering problem.




T originally occupied by the scatterer. Assume that 3; will radiate
fields Em’ gm into free space. Then from the reciprocity theorem we
arrive at the reaction equation

J " . 3 ds - I 5 .7 dv
S s T

m

=i
- J} E™ - fm dv

. J'v.f:"‘ -3 ay (3)

1

1]

Note that the volume integral is performed over the region T as shown in
Figure 2.1(a) although the thickness of the horn surface is assumed
zero. The condition E = §i+ ES- 0 on the surface has been used in
Equation (3). The last integral in Equation (3) is performed over the
region vy vhere the source 3i is located.

Let the z-axis be the axis of revolution and t the distance
measured along a profile line of the conducting body as shown in Figure
2.2. Because of the orthogonality of Fourier series, different
harmonics in azimuth coordinate (¢) can be considered separately. For
each harmonic, the induced currents on the conducting body can be

written as

_ - cos m¢ R sin m¢
JS =t f(t){ }+ ¢g(t){ } (4)

sin m¢ ~cos m¢
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X
A
p(t)
4 Yi 7
/l |
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Figure 2.2. Coordinate system for horn scattering calculation by moment
method. '

where m can be zero or any positive integer. For a conical type horn
antenna, we choose a short electric current dipole oriented in the x-
direction and located on the z-axis inside the horn as the primary
source. Therefore only the upper sinusoidal function in (4) will be
used with m=1.

Following standard procedures of moment methods, Equation (4) is

then expanded in a finite series

Cl

-t Qn(t) - &
g = }E: t In 6] cos m¢ + ¢InPn(t) sin m¢ (5)

n




wvhere p(t) is the distance from a point t on the surface to the axis of
revolution as shown in Figure 2.2. Qn(t) and Pn(t) are expansion

functions defined as

sin k(t—tn_l)
Qn(t) = sin k.(t 1 ) ’ if tnzt?’tn——l
n n-1
sin k(t_ ,-t)
n+1 .
" Skt ot L gty
n+t n
=0 ’ othervise, (6)
and
(7)
=0, othervise,

where ti are sampling points along the generating profile line of the
body of revolution as shown in Figure 2.3(a).
If the test sources are chosen to be the same as the expansion

currents, Equation (3) then reduces to a matrix equation,

[zt¢] [z¢]] [[z] ) [vt]
[z¢t] [z*¢]] L[e¢]] |[v*]

(8)



The elements of the various matrices are

B 0, (t)

Stt o stl
2ip = - t cos mé Ko(D) E™™ ds
te [ - . . stl
Zln = - ¢ sin m¢ Pn(t) E™™ ds
[ . Q (1)
¢t n .m0l
Zln = - t cos m¢ Kp(D) E™ ds
Y . g6l
Zln = - ¢ sin m¢ Pn(t) E d;
[ - Q,(t) .
t 1 =1
Vl = t cos m¢ E;(Es - B ds
o [= .. 4
Vl = ¢ sin m¢ Pl(t) « E” ds (9

with m=1.




SURFACE S

(b) field ﬁl from single expansion current I

Figure 2.3. Expansion of the surface current 35.
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1 and E¢1 are electric fields generated by electric current

t é
modes I1 and Il’

shown that the impedance matrix is symmetric.

Note that E'

respectively. From the reciprocity theorem it can be

A. The Impedance Matrix
In this section the impedance elements will be discussed in detail.

From Equation (9) the impedance elements have the general form:

- je | T [§1+i-2- w Kl] ds

=Jw: RS CREATCR S R

o .
=2%2~J‘[3n-31-i§[v~3n)(v'ojl]]e; ds as

(10)

The derivation of this equation is given in Appendix A (in detail). 1In
view of the following formulas,

1 3
[}

55 U (11)




t*t’ = sin sin&’ cos(¢-¢') + cosé cos&’ ,

t¢’ = sin& sin(¢-¢') ,

‘t! = -sin¥’ sin(¢-4') ,

©

S

*¢’ = cos(¢$-9') (12)

~

wvhere & is the angle between t and z, the various impedance elements

become
re IW,
o —— 4 i ’ ' r
Zln = 4k2 [s1n£ sing (Gm+1+Gm_1)+2 cos& cos Gm]Qn(t)Ql(t )
~ 26 0 r(t)0,r(tr) bt - dtr
k2 m n 1 !
Jou
tq’_ 0 s ' ’ gﬂ ! ' . ’
Zip = 2 {kps1n§ (G, 1Gp )P0 (t" )= G P (t)0](t )}dt de’,
jowu
‘bt_ 0 r s ' g"_l ' ’ . '
23, = 2 {kp sin&(G -6 1)Q (t)P1(t")-=¢ G 0/ ()P (t )}dt dt’,

Jou
¢¢ — 0 { 4 2 } 14 . 14
2.7 = kpp (Gm+1+Gm_1) - 2m Gm Pn(t)Pl(t )ydt-dt’,

-zt (13)

10



These equations are derived in detail in Appendix A.

The variables in Equations (13) are defined as follows:

e_jkR
Gm = cos mé¢ R d¢ , (14)
0
2 2 2 41"
R = [(z—z’) + (p=p)% + 4pp’ sin 5] X (15)

The evaluation of Gm has been discussed in detail by Mautz and

Harrington [1].

B. Excitation Column
The primary source 31 is chosen to be an x-directed on-axis
electric dipole with dipole strength P The excitation element V;

associated with one of the monopoles of the current t Ji is given by

t S 4 i
V] = Js t J) B gs

in which B! is the electric field radiated by the primary source ji and
the integration is carried over a ring of surface current. From

reciprocity, one can calculate V{ by

A Jv 31 . B dv

1

11




wvhere gl is the electric field radiated by the current mode t J; and the
integration is carried over the space at which the primary source is

located. Since the primary source is an on-axis dipole, one can express

wvhere 8(x)6(y)8(z—zo) indicates the dipole is located at (0,0,zo).

Thus, V; is calculated by the following equation

-

1=xP - ﬁl(o,o,zo) )

The geometry for the calculation of gl(0,0,zo) is shown in Figure 2.4.
The monopole is located between t=t1 and t=t2 with P being the field

point. The current distribution on the monopole is given by

O Ilsin[k(tz—t)] L1, sin[k(t—tl)]
1~ " ke(t) sin kd

cos mé¢

since piece-wise sinusoidal functions have been used to expand the
surface current. The electric field gl(0,0,zo) radiated by t J{ can be

found by the following equation

. rd
§1 = - Jou, A1 - Vo

ray . . . .
where A1 is the magnetic vector potential and & is the scalar potential.

12




t=Cp,dy2))

Figure 2.4. Geometry for the radiation of a monopole with end points
tys t2 and the field point O on the axis of revolution.
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The vector potential Zl is given by

_jk_R

w9

>
"
1
wn
~+ >
(&
— ot
[¢]

"l Ilsinly(tz-t')] . I, sin[k(t’—tl)] o
0 Kp(t7) sin kd cos
Y

—JkR

gZﬁi‘ o(t’) dt’ dé

or

>y
i

L [2m ty - Ilsin k(tz—t’) + I2 sin k(t’—tl) e—ij
K|, osme| ¢ sin kd R 4t pde
0 t
1

n
1 cosmé¢ X' dé
k 0 1

From the rotational symmetry of the problem, one can calculate the

electric field Ei associated with Ki and then integrate over ¢ to find

31‘ The electric field Ei radiated by

.~ I, sin k(tz—t’) + I

R 1 sin k(t’—tl)
T(t) = t I(t) = t T

2

14



is similar to the radiation of a z-directed current element with the
same current distribution. The cylindrical components of the field are

given as [3]

n e e
Et = Znj sin kd [11 - I, cos kd) R ¢ (IZ = Iy cos kd) R?

and

n 4nj Py sin kd
-JkR, ' -JkR,
+ (Ilcos kd - 12)e cos 61 + (Izcos kd - Il)e cos 62

where N is the free space wave impedance and Et is the component along
the axis of the monopole and En is the component orthogonal to the axis.

The electric field Ei is thus given by

>
2

! -
ﬁl =t Et +n En » Zg > z,

or

>
>

=tE -neE y 2 < 2z
o
as shown in Figure 2.5.

15




Figure 2.5. Geometry for the discussion of normal component En'
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From Figure 2.2,

(; sin§ + z cosﬁ] X [—ppl + z(zo—zl))

- ~

- >
»
oy
i

[_(zo—zl)sinE - plcOSE]$

- [(zo—zl)sinE + p1c08€]$ .

When z, > Z.s t x 3 is in the - ¢ direction so that [(zo—zl)sinﬁ+p1cosﬁ]
> 0; when z, < Z.» t x 3 is in the ¢ direction so that [(zo—zl)sini +

plcosa] < 0. Consequently, the electric field gi can be written as

t Et + sgn[(zo—zl)s1n£ + plcosi] n En

et ~

or

~

(p sin + z cosE,)Et + sgn[(zo—zl)sinﬁ + plcosil .

P~
il

(-p cos§ + z sini) En

or

17




;{sini Et - sgn[(zo-zl)sinE + plcosil cos§ En}

-~

+ z{cos& Et + sgn[(zo~zl)sin£ + plcosi] sing En}

(; cos¢ + ; sin¢){sin£ Et - sgn[(zo—zl)sini + plcos£] cosé En}
+ ;{COSE Et + sgn[(zo—zl)sini + plcos£] sing En}

Consequently,
1 n
ﬁl(o,o,zo) - cos mé Ei(o,o,z) dé
0

or

]

0 , m>1

gl(0,0,zo) = dx E{éin{ Et + sgn[(zo—zl)sinﬁ + plcosi] cosé§ En}, m=1

" 2n . .
f E—{Eosi Et + sgn[(zo—zl)s1n£ + plcos£151n£ En}, m=0

Thus, the excitation element V; is given by

-

x P - El(o,o,zo)

—
1]

- B & {k, sink - sgnl(z -2,)sink + pjcosEIE, cosE) , me1
(17)

18




In Equation (17), Px is the dipole strength of the primary source, the

function sgn(x) is defined as
. >
sgn(x) = + 1, if x <0,

and (O,zo) and (pl,zl) are the coordinates of the point P and tl.
¢

The excitation element V1 associated with the current mode ¢ Jf is

obtained accordingly by the equation

$ PRI I ¢!
v1=L¢J1 B ds

=9

G (v : .}Ji*] (v : Ki)]ds (18)

= -jw JS [¢ J

The vector potential due to a perpendicular on-axis dipole is

u e KR
21 ° 0
A" =X PX _Z—IIR— (19)
where R is the distance from the on-axis dipdle to the current Jf. The

¢

current Jl is given by

o a0 [if o w13, Pp,y(0) Jsin mé .

In view of the form of J$, the excitation element associated with the

current mode Pl(t) sin m¢ is discussed next.

19




From Equation (18), the excitation element associated with

] Pl(t) sin m¢ is given by

| =

z[v © (4 Py(1) sinm¢)](v-zi]}ds

=

Vf = - ijs{$ Pl(t) sin m¢ - Zi -

where
kR _ikR

- 1 o uo € ’ . uo € ?

¢ « AT = ¢'x PX IR = - sin¢ PX AR ,

V. (¢ P (t) sinme) = & & (P, (t)sin mp) = 2 P.(t) cos mé

1 5 36 1 =50 ,
and
_jk_R
- u e
21 o}
v -y Ecpx — J

HoPx [_ jk e—ij ~ e—JkR] X-X'

T 4n R R?

. . .
For the on-axis dipole, x'=0 and x=p cos¢ so that V-A' becomes

20




> Mofx [ jk 1 ] e_JkR
. p cosé .

"R ~ R

¢

Substituting the above relations into Vl’ the following equation is

obtained:

-jkR
¢ . Ho€ . .
Vl = - jw .S{— PxPl(t) IR sin¢ sinmé

(B 2y0) cosme) P2 (- 3k - LR, coselas

jou n . -jkR
= 4nk? Px}z [tPl(t){kzsin¢si§m¢ - m(%g + %7]cosm¢cos¢}§—§——pdtd¢

| =

The integration over ¢ results in

{é , m#l
n, m=1

n
J2 sin¢ sinm¢ d¢
0

and

#l

n 0, m#l
cos¢ cosmé d¢o
O . n ] m=1
For the horn radiation problem, m=1, and V? becomes

' . _jkR
¢ _ 1% 2 _ jk __) e
Vi =@ B L By (1) (k R TR wmROPU (20)

(=Y

21




¢

The complete Vl is then the sum of two such equations (Equation (20))
¢

associated with the two current modes comprising the current J1 $.

C. Far Zone Fields

The vector potential in the far-field zone due to a current mode of

Equation (5) is given by

y e—jkr -
r ) jkrer’ .o, .,
An T 4nr [ 3n € prdtrde
"loe_Jkr N t Qn(t’) - . ¢
= “anr t’ cos m¢ In Ko7 + ¢/ sin m¢ InPn(t )
. oJkle’sin@cos(¢'-¢)+z’ cosO] o' dt’ dé’ (21)

In view of the relations (excluding the r component)

 cos($'-$) - 6 sin($’—$) cosd (22)

<
"

&sin{' sin(¢’'-¢) + é[sin{’ c0sB cos($’=¢) - cos&’ sind]

-+
~
]

(23)

Equation (21) then reduces to

n e—jkr
$ o ¢ . .m
An¢ =57 Irl sin m¢ j

-1 [ J&(kp'sinG)Pn(t’)eszlcosep’dt’

22




-jkr

-u e .
¢ o ¢ .m-1| m cos © jkz’cos® ,
Ane = —5 7 Incos me j [ Kp'sind Jm(kp’sinG)Pn(t')e p'dt
-jkr _t
-u e I .
t 0 n . . .m-1 m . ,\.jkz’cos®, ,
An¢= Tk sin&’ sin m¢ j j EB7§§E§Jm(kP'31ne)Qn(t e dt
t “oe_Jkr I; m-1
. —— — 3 ! 14 3 3 ’
Ane" 57 &k °°S mé j [Jm (kp’sin®) sink’cos®
. . . jkz’cos®
- j cos&’ sin® Jm(kp'51n6)]Qn(t')e dt’ (24)

vhere Jm is a Bessel function and Jé is its derivative with respect to
the argument.

For the radiated field of a conical horn antenna, one also needs to
include the radiation due to the primary dipole source. In the far-
field zone, the vector potential of the perpendicular on-axis dipole of
strength Px is

u P -jkr+jkz cos6
X e ° . (25)

Z = (é cosO cos¢ - ; siné¢) ine

The total radiated field can then be obtained from (24) and (25) as

= - Ja, Ae,total

——

[=>] =2}
<D

| |

= —JwM, A¢,tota1

23




III. EXAMPLES
In this section, six horn antennas are used as examples to validate
the moment method computer code. The calculated patterns are compared

with the measured patterns.

A. Prime Focus Conical Horn

The geometry of this horn antenna is shown in Figure 3.1. The
radiation patterns of this horn, calculated at 11 GHz, are shown in
Figure 3.2. The measured patterns are given in Figure 3.3 for

comparison.

B. Prime Pocus Corrugated Horn

The geometry of this corrugated horn is given in Figure 3.4, The
inner dimension of this horn is used as a conical horn and the H-plane
pattern of this simulated conical horn is calculated at 11.0 GHz. The
resulting pattern, which is given in Figure 3.5, is treated as the
pattern of the corrugated horn and assumed circularly symmetric. The

measured principal plane patterns are shown in Figure 3.6.

C. Prime Focus Dual-Mode Horn
The geometry of this horn is shown in Figure 3.7. The moment
method calculated patterns are shown in Figure 3.8 with the measured

patterns shown in Figure 3.9.

24




D. Conical Horn for Cassegrain Reflector

The geometry for this horn antenna is shown in Figure 3.10. The
radiation patterns of this horn, calculated at 11.0 GHz, are shown in
Figure 3.11. The measured patterns are given in Figure 3.12 for

comparison.

E. Corrugated Horn for Cassegrain Reflector

The geometry of this corrugated horn is given in Figure 3.13. The
inner dimension of this horn is used as a conical horn and the H-plane
pattern of this simulated conical horn is calculated at 11.0 GHz. The
resulting pattern, which is given in Figure 3.14, is treated as the
pattern of the corrugated horn and assumed circularly symmetric. The

measured principal plane patterns are shown in Figure 3.15.

F. Dual-Mode Horn for Cassegrain Reflector
The geometry of this horn is shown in Figure 3.16. The moment
method calculated patterns are shown in Figure 3.17 with the measured

patterns shown in Figure 3.18.
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Corrugated Horn for Prime Focus Antenna
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Figure 3.4(a). Geometry of the prime focus corrugated horn.
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Figure 3.4(b). Equivalent conical horn of the prime focus corrugated
horn for moment method calculation.
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Dual Mode Horn for Prime Focus Antenna
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Figure 3.7(b). Equivalent geometry of the prime focus dual-mode horn
for moment method calculation.
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Conical Horn for Cassegrain Antenna
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Figure 3.10(b). Equivalent geometry of the conical horn for Cassegrain
reflector.
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Corrugated Horn lor Cassegrain Antenna
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Figure 3.13(b). Equivalent conical horn of the corrugated horn for
Cassegrain reflector.
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39




Figure 3.15.

CASCAR_OCO_1100.0AT CASS CORRUGATED FEED CC-POL -180/180 PHI=0.
Pl (DEG) = 0.00 FREQ (GHZ) = 11.00

L1\
[

-1

-20. 0
PURTEE SE S0 A0 U U U O SN S W N OV O I

(038}

-30.

PATTERN
-u0
|/Ill
g
N

FF
60. -SO.

i T

-60
gt g b
|
S =
——
e —

~70.

-180. -150. -120. -90. -60. -30. 0. 30. 60. 0. 120. 150. 180.
THETAR (DEGREES)

(a) H-plane

CASCA_Q0CN_1100.0AT CASS CORRUGATED FEED CO-POL -180/180 FPH1=90.
PHI (DEG) = 90.00 FREQ (GHZ) = 11.00

AN
[ 1\

. -10.

(0B)
-20

-30.

-40.

FF PRATTERN
-50.

0. -60,

PSR AR TU AR AN I TSN AT VT S S0 N WA AT U TN U0 S U U0 O G 0 000 A T O

WWWW | vﬁ‘ﬂ-—l

T T T T

~
'

-180. -150. -120. -90. -60. 30, o, 30. 0. 90. 120. 1s0. 180.
THETA (DEGREES)

(b) E-plane

reflector at 11.0 GHz.

40

Measured patterns of the corrugated horn for Cassegrain




Dual Mode Horn for Cassegroin Antenna
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Figure 3.16(a). Geometry of the dual-mode horn for Cassegrain
reflector.

» l——-s.gel"————l |
LT 1

0.75" T 1.964"

T _

Figure 3.16(b). Equivalent geometry of the dual-mode horn for
Cassegrain reflector.
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Calculated patterns of the dual-mode horn for Cassegrain
reflector at 11.0 GHz.
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IV. SUMMARY

The method of moments is used in this report to calculate the
radiation patterns of horn antennas which can be treated as bodies of
revolution. The simplification derived from a rotationally symmetric
body is that all physical quantities are expanded in Fourier series in
the azimuth coordinate and quantities of different harmonics are treated
independently [1]. The harmonics related to the horn antenna problem
are those with m=1, i.e., cos¢ and sin¢.

Several examples are shown and compared with the measured patterns.
Very good agreement has been obtained between calculations and
measurements. One of the advantages of using the moment method instead
of the well-known apertufe integration method for the horn antenna
problem is that the backlobes of the radiation patterns can be
calculated. Also the aperture integration is not accurate for very

small aperture antennas with aperture diameters less than 1.2)\.
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APPENDIX A

DERIVATION OF ELEMENT OF IMPEDANCE MATRIX

A. Derivation of Equation (10)

From Equation (9) the impedance elements have the general form:
1
z, = - [3; g ds (A.1)

wvhere 3; is the expansion mode of the surface current 35 and El is the
radiated electric field generated by the electric current mode 31. El

can be calculated by the vector potential Zl as

1
1 . 21 vk
B - ~-jw £ Jone

Thus, Equation (A.1) becomes

2

1y, - 3o | 3 [ 2y o0l es
n n Kk

- ij [ 2 ii 3+ vwEh]es (A.2)

45




By using the vector identity V-(je) = 3-Vf+fv~a, one can express
3n°(VV'Kl) as

2] 21 31
3n-(VV°A ) = v-(anv.A ) - (v-& )(v.lfn) .

Thus, Equation (A.2) becomes

iy a2 39| o7 vo2has - 42 | (o-7 yco-2hyas.
zln_JmJjnK ds+k2JV(3HVA)ds-k2J(vj‘n)(vx)ds.

(A.3)
From the surface form of the Divergence Theorem, the second term in

(A.3) reduces to the following contour integral:

L J v (3, e-&s - kL‘z“’ i J v&hn a1 (A.4)

»~

where n is the outward normal of the integration contour C as shown in
Figure A.1.
Because of the symmetry of the geometry, 3£only has t and ¢

components. For the ¢ component,

-

3 ‘n = 0.
n

For the t component,

3; = 0 at the open aperture since 3n is a piecewise sinusoidal

function. Consequently,
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i% J v-(3 vRhds =0 . (A.5)
k, n

Thus, from Equation (A.3),

Z, = o J?n-Kl ds - i% J (v-3)(v-Ehas . (A.6)

The vector potential Kl is given by

OPEN APERTURE

-

Figure A.1. Geometry for the surface form of the Divergence Theorem.
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u -JkR
21 0 e ,
AT = 7&_1_[ J 31 ——'——R ds (A.7)

where R is the distance from the current 31 to 3n and the integration is

carried over the location of 31. Substituting (A.7) into (A.6),

u : -jkR jou -jkR
. 0 e , 0 . . e
Z, = 0o ” -3, S ds'ds - -~ J(v 3 v Ujl . ds’]ds

Jowm o JKR o JKR
i { JJ 35-31 R ds’ds - %7 J V-jnJV'[31 R ]ds'ds}.

(A.8)

Consider

0 [3 sﬁ’f]ds,

1 R

#
N
[
-
<
m|
e
B
+
rDI
o
<]
[
(o]
| ——
o
0

-jkR
- 31-v[e ]ds' | (A.9)

in which V-31=0 since 31is the current on S’ while V is operating on S.

From
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Equation (A.9) becomes,

R

v [31 e_ij ]ds’

i
|
<y
—
<
® |
.
| ———
o
7

(A.10)
The first term of Equation (A.10) can be shown as zero by changing
the surface integral into a contour integral and using the same argument

as the ones which lead to (A.5). Thus,

v [31‘*-13;“ ]ds' - | 3D —e-%—kf ds’ (A.11)
and Zln becomes
- 2 ([ 3,22 w2 [, [ty 2 ]
- j:):? J [3n-31 - ;1? (v-3n)(v'-3l) e—ikR ds’ds (A.12)

as written in Equation (10).
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t ot o

. . tt
B. Derivation of Impedance Elements Zln’zln’ 1n’Z1n

From Equation (9),

AL IR LI L P
1In n

6 [ 6. -1
Z1r1 = - ¢ Jn | E ™ ds
P T
n n

¢ _ PR Y 1
zy, =- | o3 - E” ds

in which,

J: = sin m¢ Pn(t)

and On(t),Pn(t) are defined in Equations (6) and (7).

(A.12),
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(A.13)

By using Equation



Also,

tt
in

te
Z1n

1n

oo
Zln

-

v-¢J

N TP T NPT PR -
[t 9g-era] - 5 (U e S
e : .. -ikR
to, ot 1ot b ot e
[6 9k tral - 7 (T e S
S : ., -IkR
t $ 1 R ar1Py o€
[t Jn'¢’J1 - ;i (v tJn)(V' ¢’J1) R
~ : ~jkR

>

pS
<
[

s

|-

p ¢ l.“l ¢
(V- 0¥y (v - 9137y S

-
©-
y
=
—
N

1 1 ¢
5ot (P + 5 a5 U Thus,

t 1 2 £ty 1 3 (1
1 = () 3t ["(t)Jl) = (D) ot (11( cos mé 01(”]
1 14
T cos mé Qn(t)
¢ 1 8 4 1 3 (.
1= 50 3 Y TR0 % (s1n me 2,0
= ¢?t) cos mé¢ Pl(t)
X(t-p)(px) + y(t-p)(p-y) + 2(t-2)
; sin& cosé + ; sinf siné + ; cosé
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ds’ds

ds’ds

ds’ds

(A.14)

(A.15)

(A.16)




-~

wvhere & is the angle between t and z.

~

¢ = -x sin¢ + y cosé¢.

Similarly,

- -~ -~ a

t’ = x sin&’ cosd’ + y sin&’ sin¢’ + z cos&’

¢ = -x sin¢’ + y cos¢’.
Consequently,
tt’ = sinf sin&’ cos(¢p-¢') + cosf cos&’

t*¢’ = sin& sin(¢-¢’)
$-t’ = - sinE’ sin(é-¢’)
L

cos(¢-¢') . (A.17)

The distance R between jl and 3; is given by
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]

h

(x)? + y)? v (a-2)?]

(pcosé - pfcosé’ )% + (psing - p'sing’)? + (z—z')z]

p2c0s2¢ + p'zcosz¢’ - 2pp’ cos¢ cosé’

+ p2 sin2¢ + p'zsin2¢’ - 2pp’ sind sinég’ + (z—z')z]

%

2. 2pp’ cos(¢-9') + (Z-Z')z]
[(2 - 200 +0? ) + (2-2)” + 200" (1-cos($-4') |

[(e-e)? + (2-2)" + 4pp" sin® [95—4’-)]%
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1y ztt

in’
jou . . . -jkR
tt o t ot 1 t t ,
ft =T || [t - by ek of) (et o) S e
g [[ 7. - a,(t) Q) (")
- ot/ —_— r
= [t t ) cos m¢ Ko(t) cos m¢ TACD)
-jkR
1 (1 ey ) (L ' o e’
- kz G{p(t) cos m¢d Qn(t))ﬁ<p'(t) cos mé Ql(t’)]] R ds’ds

but ds’ = p’(t’) d¢’ dt’
ds = p(t) d¢ dt,

thus,
rr AW,
Zln = [sin{sini'cos(¢—¢’) + cosicosﬁ’]cos m¢ cos méo’
tit’ JoJ ¢’
Q_(£)Q;(t")) -IKR
——_—_;7_____ - ;Z cos m¢ cos m¢’ Q (t)Q[(t") —x— d¢'d¢ dtrde

(A.19)
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For the horn radiation problem, m#0. Consider

-jkR
cos($-¢’) cos mé cosm¢’ 9—§—~ dé’ d¢

¢J ¢’

e_ij

= 2| | cos(e-#/)1cos m(4-47) + cosm(d+dr)] Sx— db do’
ar

(A.20)

Let y=¢-¢’ and noting that R is a function only of ¢, Equation (A.20)

becomes
1 § e e_ij
3 cosy[cosmy + cosm(y+24')] R dyd ¢’
=0 Jy=-9’
n .
1 " o JKR
=3 [cosycosmy + cosycosm(y+2¢')] R d¢’dy
v=0 J¢’=0
21 . .
1 e_JkR § e'JkR "
=3 cosycosmy R rd¢’+cosw R cosm(y+2¢’ )d¢’ pdy
\%o ¢’=0 ¢'=0
2 .
1 " e_JkR
=3 2n cosycosmy R dy
\¢=o
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e_JkR

i

n cosycosmy

¥=0

e

2n cosycosmy
¥=0

_jk_R
e
g dv

[cos(m+1)w + cos(m~1)w]
=0

Let G_ be
m

thus,

~jkR
cos(¢$-¢') cosméd cosmo’ E_ﬁ__ d¢’dé = 1

¢Je’

Consider

-jkR
R

e

N =

cosmé cosmé¢’ dé’de =

$J ¢’ ' Jé
By letting v¢=¢-¢’, (A.22) becomes
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[cosm(¢—¢’)+cosm(¢+¢’)]

(Gml " Gm_l) (A.21)

e*ij
——ﬁ—-d¢d¢

(A.22)




n n-¢’ :

1 IR

3 [cosmq: + cosm(\p+2¢')] g dvd¢’
¢/ =0} y=—¢'

n cosmy

(A.23)

1]

N
=

(]

Substituting Equations (A.21) and (A.23) into (A.19) gives

Jow
. x,
u(sm{smi (Gm+1+Gm—1
?

te_ o ) + 2cosacosa']i—2 Q_(1)Q, (t")
tjt

N
I

- = GmQr’l(t)Qi(t')}dt’dt

-2 {[sin{sinf,'(Gm+1+Gm_1) + 2cos£cos€')0n(t)01(t')
tjt’

~

2 ’ 14 14 r -
- Gan(t)Ql(t )}dt dt (A.24)
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(2) zt¢

In

jou - - - .
t$ _~ o $.Lgt _ L (. ¢)(,. gt
Zln"lm [¢Jnt’Jl—2 V¢JthJl

= quo [(&-E’]sin mé Pn(t) cos mé’ ki

0,(t")
I(tl)

-jkR
1 m 1 L s ler e™d ,
- —k—z— (—pm cosmé¢ Pn(t)] (m cosmé¢ Ql(t )]] R ds’ds
Jou Q,(t")
= I [«sini'sin(¢—¢’) sinm¢cosmée’ Pn(t) PRC)
tit ol ¢’
1 1 m ' ’ ' N
- F ; m cosmécosm¢ Pn(t)Ql(t )]
-jkR
= =— p(t)p (t7)d¢’d¢dt dt (A.25)
Consider (m#0)
-jkR
sin(¢-¢')sin mé cos m¢’ g R deo’dé¢
$J ¢’
1 -JkR
=35 sin(¢-¢') [sinm(¢+¢') + sinm(¢—¢’)] ded ¢’

¢'Jé
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Since y=¢-¢’, the above equation becomes

e-ij
sin(¢-¢’)sin m¢ cos m¢’ - do’d¢
o)’
n [2n-¢’
1 ¢ e-ij
-3 sin\y[sinm(w+2¢') . sinmw] & —— dude’
$'=0] ==’
21 .
1 . . e_JkR
=5 X 2n siny sinmy R dy
hw=0
1 " e—ij
=3I [-cos(m+1)y + cos(m-1)y] R dyd ¢’
=0
I

e-JkR

- on | [eos(msl)y-cos(n-1)v] Sx— dv = - n[c, ;- 6, ]

Substituting (A.26) and (A.23) into (A.25) gives
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té Jou, p(t) . & '
Zln = in [T[ —E— 51n£ (Gm-f-l_Gm—l]Pn(t)Ol(t )

tjt’

Zn GmPn(t)Qi(t’)]dt’dt

R [eottrsing’ (¢, -6, )2, (D)0y(£1)
tjt’

|5

GmPn(t)Qi(t’)]dt'dt (A.27)

ot,
(3) Zln'

j -jkR
t_ 3% [ en e 1 ot it o h b el L
Z1n = Im [t Jn ¢ J1 - ;f (V- t Jn)(V ¢ Jl)] R ds’ds
Jowu o 0,(t)
= I [51n£s1n(¢—¢ )cos m¢m31n mé Pl(t)
Jrltriéle’
1 1 ,
_ ;5 L(p(t) cos m¢ Qn(t))
m e_ij
: (ET(FTT cos mé’ Pl(t')) —— p(t)p’ (t') d¢rdé dt’dt

(A.28)

It can be shown that

60




e—ij
sin($-4’) cos mé sin mp' S—— de'dé = n(§m+1-cm_1] (A.29)
¢Jo’

Substituting (A.29), (A.23) into (A.28) gives

ot I, 1, .
,Zln = Ta4n J j [n kp(t) 51n£(Gm+1—Gm_1)0n(t)P1(t )
Jugtr

n 2m ’ ' ’ ' ’
BTG 6 0/ ()P, (t )]pmp (t’) dtrdt

jou
- J J [or (tr) sing(G,,1-6, 4 Jo (B (E")
4k ,
tjt
-2 or ()R, (t) atrae (A.30)
4,
(4) 23
T | : : ~3kR
$¢ ) ¢. ' ¢ _]_-__ . $ Y, ¢ e '
t2- 5 | Bty oo v o] 5 o

= -ZTO- [ J J [cos(¢—¢') sin m¢ P_(t) sin m¢’ P,(t")
tJer oo |

- b (—% cos m¢ Pn(t)) [;Tz%‘j cos m¢’ 151(':’))]

-jkR
. & =— e(t)p’ (1) d¢rdé dr’dt (A.31)
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Again, it can be shown that

. . e_ij
cos(¢-9') sin m¢é sin me’ T d¢’dé = HE%H1+Gm_1] (A.32)
oJ ¢’

Substituting (A.32), (A.23) into (A.31) gives

P jou

[0} ’ ' '
28 20 1 [mecoder (e fo,, 146, B (DB (E1)
tjt’
2n° e-ij

- k_z_ r Gmpn(t)Pl(t')] R dt’dt

Jom . ,
" Tl [k p(t)p’ (t )(Gm+1+Gm_1]—2m Gm]Pn(t)Pl(t ) dt’dt
tjt’

(A.33)
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