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AERONAUTIC SYMBOLS 

1. FUNDAMENTAL AND DERIVED UNITS 

- 
Symbol 

Metric English 

Unit 
Abbrevia- 

tion Unit 
Abbrevia- 

tion 

; Force  

I 
t 

m 
- 8 
k«   - 

ft (or mi)  . 
sec (or hr> 
lb, 

second (or hour) - 
weight of 1 pound..... weight of 1 kilogram  

Power •- '     P    ' mph /kilometers per hour. • 
\mater» per second. __^_ - . mp»        feet per second  

lfe*V' 

w 
■^3?SP0 W*.   ■■ ,.-   ■%^:" ^.: .v  1   .   :        and 760 mm; or 0.002378 Ib-ft"* sec»     ■**£&&»&< ~<T&* 

a 

'■■ * ■' 

A. 

V 

"P: 

D, 

^1fi&U!si^.^^ A     ^Specific weight of'-"standard" airT 1-22S& 
^'%^Ji^'^^^e. &&&*  axis of     ,0.07651 lb/cu ft ,       . ^;  ,'   ;-.<: ' 
v^, radios of gyration* by proper subscript.)      ,- „^ :'.:.;;;. >•*•'.■ ~   \   ,;   /—       ';^A'VijPIH^^-'-' 

'*■ ■V*-'*"
:L
-"/-"'v'1. 

-r 

>Area"0T'^W", •,*.^>.''v-i: 

Span-^r4 
■'; Chorda:%- 

Aspect ratio, g ;      ^ 

True'air speed-       ;'"">'. 

Dynamicpresaure, «pV 
- .   .. ':*•&■      •,—"'i'       **■ "-." 

•"'' Hit, absolute coefficient Cx-^rg 

'Drag, absolute coefficient yo=5S 

'• Prqfilejärag, 'absolute^cpefficieat CPO=ZJS 

■-*•    .'   _'\; ,T-fe- .. '    ■. „- -. • ." _:    D 

induced drag, absolute coefficient Cpt=^gf 
- ■' ' .1 '-r\^-':'"*?'".■   "'. '.'..' ' - -   . ~~. ' ''    ' '■   J}- 

Parasite drag, absolute coefficient ^o»=J]§; 

N Cross-wind forcef absolute cbefficieat Co=j§ 

■- ■   -   ■.-■■->'•./-.•■-«■'■\v-7-.^?J 

/ ;.Aigle of siting of wings>'(relatiVe to- 
^^näe of stÄbilizer setting, .(relatis*, 

JTUHSäV ^X'^^,:^ '-./•' •■■'-:■ "-50s 

-'■'&i^ultini>moment.- '■  • ■'   ■; *.:; ^. ,>* «^K-.^< 
; /^sultant:angulax velocity     I _. i.^3$l§f^*i$--; 

-Heynofds number, p— wbereiisalmeai4lB]^t 

Ö. 

c 

4 

'■fa, 

... r.sion (eg., for an airfoil öf l.Oftchcrd^iil^TÖqpEv 
- standard pressure at 15° C, the comsponding 
■ .-'■'•■ Beynolds number is 935,400; or foc^aüsfoil 
v :^     of'i.0'jn chord, 100 mps, the corresppBtilng 

' ,':.V     Reynolds number is 6,865,000).       ^ ^f£^ 
bj«'?'* Angle of attack        •-.'•   '"■."'..;"  ' ■-'-V'\'i£--\.Ä1 
•f«':-;    ' Angle'fif-dawnwash '       ' ~ , ;'     '_     ^.'^jy*^ 
\a*'-"_ Angle of attack, infinite aspect ratio'S^^".--.-^ 
'•381/■ ^ Anglo of attack, induced ".'■' -'.   :< *-l^ C >- 
^--      Angle of attack, absolute (measured frOmxero- 

•    lift position)- :' /^ < i»xK' "  ■*' 
yt-

x    Flight-path angle 'f_'■■*''-*>$£?'■'■'■)■ 
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A THEORETICAL INVESTIGATION OF LONGITUDINAL STABILITY OF AIRPLANES WITH FREE 
CONTROLS INCLUDING EFFECT OF FRICTION IN CONTROL SYSTEM 

By HARRY (JKKKNBERü and LEONARD JSTERNFIKLD 

SUMMARY 

The relation between, the elevator hinge-moment parameters 
and the control forces for changes in forward speed and in m«neu- 
ters is shown for sereral, rallies of static stability and elerator 
mass balance. 

The, stability of the short-period oscillations is shown as a 
series of boundaries (firing the limits of the stable region in 
terms of the elevator hinge-moment parameters. The effects 
oj static stability, elevator moment of inertia, elevator mass 
unbalance, and airplane density are also considered. Dynamic 
instability is likely to occur if there is mass unbalance of the 
elevator control system combined with a small restoring ten- 
dency (high aerodynamic balance). This instability can be 
prevented by a rearrangement of the unbalancing weights which, 
however, involves an increase of the amount of weight necessary. 
It can, also be prevented by the addition of viscous friction to 
the. elevator control system provided the airplane center of 
gravity is not behind a certain critical position. 

For high values of the density parameter, which correspond 
to high altitudes of flight, the addition of moderate amounts of 
viscous friction may be destabilizing even when the airplane is 
statically stable. In this case, increasing the riscous friction 
makes the oscillation stable again. The condition in, which 
viscous friction causes dynamic instability of a statically stable 
airplane is limited to a definite range of hinge-moment param- 
eters. It is shown that, when viscous friction causes increas- 
ing oscillations, solid friction will produce steady oscillations 
having an amplitude proportional to the amount of friction. 

INTRODUCTION 

The ell'ects of aerodynamic balance and mass unbalance 
of the. elevator on the dynamic stability of the airplane are 
discussed in a previous report on control-free stability (refer- 
ence 1). It was found theoretically in reference I and verified 
in flight (reference 2) that, if the elevator is too closely 
balanced aerodynamically and has a sufficient amount of 
mass unbalance (which tends to depress the elevator), in- 
creasing oscillations of short period may occur. Other flight 
tests (reference :>) showed, however, that mass unbalance of 
the elevator control system improves the static stability of 
nil airplane, that is, increases the slope of the curve of stick 
force against speed in level flight and of the curve of stick 

force against normal acceleration in maneuvers. Subse- 
quent work (reference 4) has indicated that a control surface 
with positive floating tendency (tendency to float against 
the relative wind), when used as a rudder, is effective in im- 
proving control-free static stability. A theoretical analysis 
(reference ">) showed that a rudder having a positive floating 
ratio may, under the influence of solid friction in the control 
system, build up steady oscillations of the airplane and 
rudder. These steady oscillations have been observed in 
flight tests (reference (i). These results suggested an investi- 
gation of the behavior of an airplane equipped with an 
elevator having a positive floating tendency. This type of 
elevator was not considered in any of the previous investi- 
gations. 

The purpose of the present report is to make a theoretical 
analysis of the control-free longitudinal stability of an air- 
plane, which takes account of this current trend toward a 
positiv« floating tendency in control-surface design and 
covers, in general, a much wider range of parameters than 
the investigation of reference 1. These parameters include, 
for the elevator control system, restoring tendency, floating 
tendency, mass unbalance (bobweight control), moment of 
inertia, and viscous and solid friction and. for the airplane, 
density und eenter-of-gravity position. 

The method of analysis of dynamic stability is based on 
the classical theory of Bryan and Buirstow extended to in- 
clude movements of the controls and their couplings with 
the airplane motions. Friction is treated in the same way 
as in the approximate method of reference 5, in which solid 
friction is replaced by an equivalent viscous friction. 

Before the analysis of dynamic stability is presented, some 
discussion is given of the effect of the various parameters on 
the elevator forces for trim and for acceleration—charac- 
teristics considered important to flying qualtitics. The 
stability of the short-period oscillations, with and without 
friction in the control system, is then considered. The effects 
of weights added to the system to modify the static and dy- 
namic stability are discussed. The trends to be expected 
are illustrated by a series of calculations and charts based 
on a typical airplane. The stability of the long-period 
(phugoid) oscillations is not discussed because of its relative 
unimportance. 
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SYMBOLS 

willg aspect   ratio 
mil aspect ratio 
coefficients in stability ei|iiiitn>n 

wing span 
elevator hinge-moment coelliciriil 

// 

frictional    hinge-moment    coellicient 

applied hinge-moment coellicient 
,.  .       / l^ift \ 

airplane lift eoelhcicnt {   SJ 

lift coefficient of tail 
pitching-moment   coeliicienl   about    airplane 

center of gravity 
wing chord 
elevator chord 

ISOK1    roM.MITTKK   MM!   AKKOX At   I H': 

'/ 
N 

•Y. 
.v.. 

Al' 

'-'V 

differential  operator ( -y-j 

I'\ 

Fn 

Fu 

a 
ii 

ii. 

n. 

II, 
//„=//,+'■//, 
A = /•/(., +A, 

ML 

constant term in stability equation 

stick force; positive for pull 

stick-force gradient in maneuvers ^ ^ j 

stick-force gradient for level flight y^) 

acceleration of gravity 
hinge moment; positive when tends to de- 

press trailing edge 
mass moment of elevator about its hinge; 

positive when tailhcavy 
mass moment of control stick about its pivot; 

positive when stick tends to move forward 

frictional hinge moment 

V 

Al 
IF 
A' 

■r«. 

p.S>,c 

■ill, 
pSrcrc 

/. 

/, 

/i —/f —W, 

Si, 
pS,crc- 

_ _s/,_ 
~ p.S'.CrC- 

r 

0 

0. 

X 

P 

length of control slick 
pitching moment about airplane center ol 

gravity 
mass of airplane 
number of cycles required for oscillation to 

damp to half amplitude 
normal acceleration per <i of airplane due to 

curvature of Might path; accelcrometer read- 

ing minus component of gravity lorce 

period of oscillation, seconds 

dynamic pressure 
elevator area 
tail area 
wing area 
distance in half-chords (2V7/V) 
time required for oscillation to damp to half 

amplitude, seconds 

time 

moment    of   inertia   of   elevator   about    its 

hinge . 
moment  of inertia of control stick about   its 

pivot 

radius of gyration of airplane about 1 -axis 

distance   between  airplane center of gravity 

and elevator hinge 

/,.= ■1U 

forward velocity 
change in forward velocity from trimmed value 

weight of airplane 
longitudinal force; positive forward 
distance of center of gravity from aerodyna- 

mic center; positive when center of gravity 
is ahead of aerodynamic center 

normal force; positive downward 

angle of attack 
angle of attack at tail 
deflection of elevator; positive for downward 

motion of trailing edge 
amplitude of elevator oscillation 

angle of downwash 
control gearing \,BJSr) 
angle of pitch of airplane 
deflection of control stick; positive for for- 

ward motion of stick 

complex root of stability equation 
real and imaginary parts, respectively, of X 

airplane-density parameter (mlpS,rb) 

mass density of air 

Whenever H, F, a, «„ M, /•>«• /W> />5' ,llul rßa ,lre US('<1 

as   subscripts,   a   derivative   is   indicated.     For   example. 

AV-^'and C\„,     *fy    Whenever a dot is used above a 

symbol, it denotes differentiation with respect to time. 

All angles are measured in radians. 

METHOD OF ANALYSIS 

Four degrees of freedom—forward speed, angle of attack, 

angle of pitch, and elevator dellection-are generally in- 

volved in the problem of control-free stability. To each 

degree of freedom, there corresponds an equation of equilib- 

rium between inertial and aerodynamic forces or moments. 

By use of wind axes, the four equations become, for level 

Might, 
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ZV\Y-Zaa 

.\rvsv~.\r„a+.\f„a+.\r„a 

//, Al' -//„<* +//,-,<*-//„« 

i-A',fl ;/<Al' 

-w I 'i<V — (') 

;-. l/»0 4- .WäT.UVS, = ;/(/.- ,--'ö' 

-linn \-ii,b, - //-A    -/,re-i-i) • /A(r<v-i*o+/:„o)-f-/,l/,('-ä,-ö)+//,(r«-rtf)i 

which cun he written in nondimensional I'onn as 

{—.r„ \ •>A„.ßl))ll — j„a 

C,.u + ( ^ + -2A,„ßD). 

+'.}' 

-■2A„.ß/J0 
(h 

In applying; equations (1) to dynamic stability, certain approximations may he made. For instance, short-period oscil- 
lations (of the order of 1 sec) involve negligible changes in forward speed, which may therefore be neglected in studying the 
short-period oscillations. In fact, the period and damping of these oscillations can he obtained to a high degree of accuracy 
by using only the last three of the ('((tuitions (I) and setting u = 0. 

Equations (]) then become 

'C,a ^" + 2A,rßI))a -2A„-ßI)6 -IC 

(C„a + CmDaD+C,„,l2aD*)a     r(r.M-2.Wv«W      +(.Cm, + CmDtü)S. =0 (2) 

By set tins; 
Dd=(De)^' 5, =ä,,«x' 

it can be shown (reference 7) that X must be a root of a quartic equation formed by writing 

2° + 2A,rß\ -2A„ß (I 

r,„„,-LU„M*!yX (\ + C\M\ 
= 0 

The resulting stability equation may be written as 

.1X4 + /;X'-1 -C\- t-AV ■-/■'■-=() (3) 

where .1. B. (\ K, and /' are functions of the stability derivatives. 

of   damped    oscillations   and    is   obtained    from    Routh's 
discriminant 

ncE-Ai?-nr-=u 

The study of the ell'ects of different parameters on the 
control-free stability was made by a series of computations 
for an average airplane having the characteristics given 
hereinafter. The current trend toward a positive lloating The condition for neutral static stabihtv is that 
tendency in control-surface design suggests the use of (\,n and 

(',,, as the fundamental variables to be used in expressing 
stability and control characteristics. The results are pre- 
sented as a series of figures that show  the relations between 

/<' = <) 

(\ and (\, which, with the other derivatives fixed, satisfy 

the conditions for neutral dynamic stability and neutral 
static stability. 

A  curve  for neutral dynamic stability  is  the  boundary 
dividing the region of increasing oscillations from the region 

The stability equation (:!) has four roots. A pair of 
complex roots indicates au oscillatory mode and a real root 
indicates an aperiodic mode. The real part of the complex 
root determines the (lamping; the imaginary part determines 
the period of the oscillations. More specifically, if there is 
a pair of complex roots 
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('      _'7T 

■>V'v 

(he period in seconds is given by 

1> 

and the time in seconds to (lamp to half amplitude is given by 

_     _c_ 0.60.1 

For   tin   airplane   at  (constant   speed,   there  may   be 
oscillatory modes, then- may be only one oscillatory mod 
the motion may be entirely aperiodic.    In cases in w 
there are oscillatory components, one of the oscillations 
be poorly damped and even become unstable. 

The average airplane on which  the  calculations  of 
report   are   based   is   of   conventional   design.    The   ( 
acteristics of the airplane are 

.!„.    - -       -        .   .   ..- 

u  u 

two 
e. or 
Inch 
may 

this 
har- 

li 
I. 5 

3. 3 

/„, ft-. 
.s,/»s\- 

         1 
   0. 18 
  2 
  0. 55 

A,        1.5 

The basic stability derivatives and parameters obtained from 
these airplane characteristics by methods shown in appendix A 

are 

-.  -15.3 
   -8.9 
         3. 22C„ 

   23. 2 
-10. 55cY 

r, 4. 3 

3. 8 

0. 486 
-1. 54 

-0. 07 

-1 

<"„,j 

C\ 
c»n. 

<"„. <"-„J 

Cm,, (\,2 

( *;>j (with no frict on).. 

The following parameters of the airplane were varied: 
p airplane-density parameter 
C„       control-fixed static-stability parameter 

The  following parameters of  the   elevator  control   system 
were varied: 
Ch        floating tendency 

Ci       restoring tendency 

Ci,DS     elevator-damping parameter 

ir moment-of-inertia  parameter  of  elevator  about  its 
hinge 

i, moment-of-inertia parameter of control stick about 
its hinge 

h mass-moment parameter of elevator control  system 
about elevator hinge 

hr mass-moment parameter of elevator alone about its 
hinge 

As has been pointed out,  the stability  boundaries were 
plotted, in most cases, in terms of Ch    and 0>, as the varia- at 

bles of the coordinate system. In analyzing the effects of 
friction in the control system, ds and Chnl were used as the 

plotted variables in some figures whereas f.\a and C,,s were 

used in others.   The effect of the other parameters is found 

by varying them one at a time, through a range of values, and 
showing for each parameter a series of stability boundaries. 

The  size  of  the airplane, wing loading, and altitude are 

i ■      i  •      i i • i   •       '" . • combined m the parameter p. which is    ., , •    A variation 
ft,> .ro 

m p thus could be due to a variation in size, wing loading, 
or altitude, or any combination of these. The range of values 
of pcovered in the present report and some typical correspond- 
ing values of wing loading, altitude, and size are given in the 
following table: 

Wil a 
^ 1.a.il 

llli/wi II! 
Ml luck ifn 

4. 17 III ^, a level 
11!..'. III >i l IcVC 
:!7.5 III :<:t IIU(I 

Menu 
winir 
chord 

Uli 

The range of C,„a and  the corresponding centcr-of-gravity 

positions are as follows: 

(fraction of 
mean wing 

chord) 

-11.232 11.05 
0 0 
.232    : - 05 

The ranges of values of the other parameters, for a small 
airplane (chord, 7 ft), are as follows: 

Moment of 
inertia of ele- j 

i. anil i,      valor control i 
system       i 

isluv-lt')    I 

Suck force (lb) 

'At sea level! Al Itl.lHHIfl 

: ill IM 
! I i"" 

f\ (Ib-ftllH) Itiiih/'len sect 
*m    i        .   

At sea level I At .'U.IMXl ft 

1 -III    I • s.i l.ll.-i 
— 11)0    I >5 111.5 

STATIC   STABILITY  AND  RELATION  TO  CONTROL  FORCES 

The connection between the static stability and the 
airplane and control parameters is established to assist 
in the interpretation of the results obtained hereinafter, 
liquations (1) can be applied to static stability by setting 
all terms containing Ü and D- equal to zero and solving the 
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result in tr equations simultaneously for the variation in 
forward speed with an applied elevator hinge nioment. 
For level llight. 6 is also zero and the resulting equations are 

STABILITY   OK   AIHPI.AXF.S   WITH   FHKF.   CONTROLS 

As  shown   in   appendix-   A.   (\ l<Cr. 
2-U Insert ins;   these 

<", ".+• • » a = 0 

r. ,II - -(■, ,ita -r< »,fr ■=o 

<\ 
."■L <V a~r -c„ ^ = - 

c„   -\r'.(\J 

Solving gives 

CLnL\ -    ~ 

The variation of stick force with fractional change in forward 
speed is 

// _       <IF>      _ ff   __(\'ls^     pS,c,c(iA„,ß /     (\\ 
" ~ d (\ 17 VI "" /„/• u Is ii       '      I ,rC,.    ~\~ ~ii- ) 

If effects of slipstream on   the  tail are neglected.  (',„   -I). 

values in the expression for C„Ju shows that /•'„ is independent 
of forward speed. 

The variation of control force with normal acceleration in 
a steady pull-up. with no change assumed in forward speed 
(see reference ,S|. can be found from equations (2) by equating 
to zero all terms containing 1) except 1)8. This procedure 
implies | hat the normal acceleration is due entirelv to 
curvature of the flight path 1)0. The equations become, for 
an applied hinge nioment, 

.,  -  CX — 2A,rßÜ8 ^0 

from which 

_ ^ _ 4*l«"^A,+'<W-,+(\„cLcmt -4,1 rßchlcm - (\c„rr 

If the normal acceleration is ni] 

De 
and 

,V2 

F„ = 
dF, 
dn 

<\ h pV*Stceaj 

2\HD6i7~ 

_ _ C/,„ pSrcrcq 
1)6    41,r 

These  formulas for F„ and F„ are e(|iiivalent to equation (1) 
of reference 0 and equations (27) and (28) of reference  10. 

The formulas indicate that the stick-force gradients F„ 
and F„ are dependent on most of the aforementioned airplane 
and elevator parameters. Figures I to 5 show the variation 
of these stick-force gradients with the parameters ('„ (',, , 

C,„a, h. and ß. The gradients are independent of speed, 
although only within the limits of the assumptions made in 
the analysis, namely, neglect of power and of compressibility 
ell'eets. The gradient F„ can be used to get the stick force 
for only a small change in forward speed because the stick 
force is not directly proportional to the change in speed. 
The stick force in a steady pull-up /-'„, however, is propor- 
tional to the normal acceleration provided the control de- 
flection is not so great that the basic assumption of linearity 
is violated. 

The line /•'„ I) is the boundary for true static stability— 
that is, /•',, -I) is the condition for zero variation in stick 
force with forward speed in steady Might, This condition 
is the same as that obtained by setting F=(), where /' is 
I he constant term of the sixth-order stability equation 
obtained  from equations  (1).    On subsequent figures  it is 

called the divergence boundary. The line /•'„ = () is the 
boundary for apparent static (or maneuvering) stability and 
is the condition for zero variation in stick force in a steady 
pull-up. This condition for Fn = 0 is obtained by setting 
F=0 ni the approximate, stability equation (equations (3)), 
which is for three degrees of freedom (a, 1)6. and «,). On 
the unstable side of Ftt = 0, a slow divergence occurs that is 
noticed by the pilot as an unstable variation of stick force 
with forward speed. The stick force due to normal aecelera- 
tion in a pull-up is stable, however, unless the conditions are 
such that the airplane is operating on the unstable side of 
/''„ = <>. 

Figures 1 to 5 indicate that the parameters have the same 
effect on F„ and F„ except that (he altitude afieets only /-',. 
They show that the stick-force gradients on an airplane of 
given tail size and center-of-gravity position may be in- 
creased by making the lloating tendency <'„ more positive 

or by m.iss unbalancing the elevator control system to 
depress the elevator (make it tailheavy). The effect of the 
restoring tendency (\ on the stick-force gradients depends 

on the relative position of the ('enter of gravity and the 
aerodynamic center. If the center of gravity is ahead of 
the aerodynamic center (airplane stable with controls fixed), 
increasing the magnitude of Ch. increases the stick-force 

gradients. If the center of gravity is behind the aerody- 
namic center, this effect on /''„ is reversed; the effect on F„ 
is not reversed, however, until the center of gravity is well 
behind the aerodynamic center (in this case, about 0.0.V at 
sea level and 0.02c at 30,000 feet). If f„, = (>, the stick 

forces are independent of the position of the airplane center 
of gravity. 
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Increase in altitude will either increase or decrease /''„, . 
,U.„m,li„.r on tli.« hinge-moment parameters. 11..- solid i 

li.i* i» I!«««- 5 is Hu- locus of values of ft.# and <V, tor wind, 

F isinacp.MulcntorMlti.udr. For points to the left olI this 

line F„ decreases with altitude: for points to the nght o | 
.his'lino, F„ increases with altitude. This line ,s determined I 

by the relation > ! 

'"«,">,„// "» ! 

which, for the case ol' figure 5, becomes 

Vnother method of increasing the stick-force gradient in 

level Ilijrlit FH consists in applying a constant lunge momen 
lo the elevator by »leans of a spring or bungeo. The el cot 

()f th, spring on the gradient /<'„ is due to the derivative 
(\ which depends in the same way on the constant hinge 

moment, whether it is „uisrd by a weight or by a spnng A 
,mn,eo, which tends to depress the elevator, will therefore 
increase the stick-force gradient in level flight t The 
..ireet of the bungee on the stick-force gradient ,n acco crated 
flicht Fn will be zero because its action depends solely on 
changes in forward speed. Its effect on the short-ponod 

oscillations will bo zero for the same reason. 

DYNAMIC STABILITY 

NO FRICTION IN CONTROL SYSTEM 

The   stability   of   the   short-period   oscillations   without 

friction'is shown  in  figures «  to   11.  which  also show  the 
boundaries for true static stability (divergence boundaries). 
l.Vurr « is an example of a more nearly complete presentation 
of the   stability  data   than  subsequent  figures  because   H 
shows the variation of damping and period of oscillation 
with the hinge-moment pa.amotors ^ and (\ for certain 

fixed values of the other parameters.    The damping, winch 
is proportional to {, increases with  the   magnitude of ( »,. 

The period, proportional to ^ decreases as <"v. increases. 

Vnother way of presenting this additional stability data is 
shown in ligi.ro 7, which gives the number of cycles the oscil- 
lation performs before  it damps to half amplitude.     It is 
clear from figure 7 that the oscillation is very wel   damped 
„„less the restoring tendency is close to zero.    In tins parti- 
,.uhu. case, onlv one oscillatory mode exists.    Inasmuch as 
,hpn. „re onlv throe roots in this case (because ... and ■_,_(). 
,h(. other root is always real and is of no particular signifi- 
cance i„ dynamic stability.    In cases in winch an additional 
oscillatorvmodeexists.it is always stable. 

The ell'ect of center-of-gravity position on the stability o 
the short-period oscillations is shown in figure 8.     1 he sliitt 
i„  the  dvnamic-stability  boundary,  for  tin-  comparatively 
la.-e shift in center of gravity shown, is practically negligible. 

Many of the subsequent figures, ,n which zero static stability 
is assumed to facilitate computation, therelore are valid lor 

airplanes having a margin of static stability. 
The ell'ect of moment of inertia of the elevator control 

system on the dynamic stability is shown in lijrurr !». winch 
■dyes typical values of the moment of inertia. The elloct is 
slightly destabilizing especially for high values of C\,„(. I he 

destabilizing effect of the moment of inertia of the elevator 
is ,rri.,itor than that of the moment of inertia of the control 
stick Because the accuracy gamed by including moment 
of inertia is small compared with the saving in labor gained 
by ncdecting it, moment of inertia of the elevator control 
system was set equal to zero in the subsequent calculation. 
Äs a result, the stability equation becomes a cubic and sub- 

sequent figures are somewhat nnconservative. 
The ell'ect of density parameter y. on the dynamic stability 

is shown in figure 10.    Increase of ß has a slight destabilizing 

V   \s has boon shown, mass unbalance of the elevator control 
system improves the static stability (lig. 4).    Tho efleet on 
dynamic  stability   is  unfavorable,   however,   as shown   in 
figure 11     The value of mass unbalance shown corresponds 
to a bobweight that is located at the airplane center of 
„ravitv and requires a balancing pull of 37 pounds on tho 
control stick of a pursuit airplane at sea level.     Increasing 
oscillations occur if the aerodynamic balance is too high 
(low magnitudes of Cs), especially for negative values of L ,a. 

The effect of the location of the bobweight is shown m 
figure 12     Kach curve represents a different arrangement 
of bobweights and all arrangements give tho  same  stick 
force     The solid line corresponds to a weight at the. air- 
plane center of gravity (for practical purposes, at the control 
stick)      The short-dash line corresponds to a weight at the 

i    elevator     The long-dash line corresponds to two weights— 
1   one at the elevator, which tends to make it noseheavy; the 

other at the control stick, which gives the elevator a suffi- 
ciently powerful tailhoavv moment that the resultant stick 
force is tho same as with the single weight.    In the particu- 
lar  case  represented,   the   noseheavy   moment  due  to   the 
weight at the elevator is equal to tho tailheavy moment due 
to both weights.    Moving the single weight from the con- 
trol stick  to  the  elevator has a large destabilizing el ect. 
Overbalancing   the  elevator  while  the  stick  force  is  kept 
constant has a considerable stabilizing effect.    This method 
of preventing instability  has the disadvantage, however, ol 
increasing the total amount of unbalancing weight required. 
I„ the case shown, (ho weight is increased to three tunes its 
original size.    Another disadvantage is the rearward shift in 
center of gravity of the whole airplane due to addit.onai 
weight at the elevator.     (See airplane  parameters given  m 
"Method of Analysis.")    The destabilizing effect of the in- 
creased moment of inertia associated with the added weights 
was found to be very small, especially for negative floating 

tendency. 
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EFFECT OK VISCOI'S FRICTION IN  CONTROL SYSTEM 

In the preceding section, n eonstiint vnlue of the elevator- 
damping pummel or C,,M \\ as assumed. Tins value was due 

only to aerodynamic damping. The od'ects of viscous fric- 
tion in the elevator control system nre obtained by consider- 
ing (\nl ;is mi nddilionnl variable. This vnriable CII.II be 

introduced, as in the preceding section, by showing a series 
of   boundaries   in   the   f',,t (\s   |)lane   for  various   values  of 

Chny The general nature of the oll'ect of friction is shown 

lirsl, however, by presenting boundaries in the ('n.C,, 

plane with (,\ constant and some other parameter varied. 

This method of presenting stability boundaries makes it 
easier to show the effects of other parameters such as air- 
plane center-of-gravity position and density when friction 
is introduced. 

The oll'ect  of viscous  friction on  the dynamic stability, 
for  various conditions,  is shown  in  figures   115  and   14  for 
M=12.5 and ^ = 37.5, respectively.    Figures Ki(a) and 14(a) 
refer to the mass-balanced elevator control system; figures 
13(b)   and   14(b)   refer  to   the  tailheavy  elevator  control 
system considered in the preceding section.    It is shown that, 
if the airplane center of gravity is ahead of a certain point,1 

the  instability caused  by  the unbalanced  elevator can bo 
removed by adding viscous friction to the control system. 
This critical center-of-gravity position is behind the aero- 
dynamic  center,   and   its  distance   from  the  aerodynamic 
center   decreases   as   the   density   parameter   M   increases. 
When the center of gravity is behind this critical position, 
viscous friction has a destabilizing effect.    These opposite 
effects of viscous friction are shown in the CHa   Chl plane in 

figures  If) and   Hi.    When the center of gravity is slightly 
ahead of this critical position, the effect of viscous friction 
depends on iis magnitude and also on the value of Chy    The 
addition of a small amount of viscous friction  is  destabi- 
lizing but larger amounts are stabilizing.     If the aerodynamic 
balance is sufficiently high (O.,~0) and the viscous  friction 
lies   in  a  certain  range,   increasing oscillations  will  occur. 
In figure 14(b), for example, if x„.r.= —0.01c and 6*,= —0.05, 
the oscillations will be unstable when the elevator-damping 
parameter  is  in  the  range  from   —2.5   to   —70.     If C\s is 
more negative than  —0.080, no amount of elevator damp- 
ing   can   cause   increasing  oscillations.     As   the   center   of 
gravity moves forward, the destabilizing effect of elevator 
damping becomes less and finally disappears. 

The effect of the density parameter M can be seen by com- 
paring figures 13 and 14. The critical center-of-gravity 
position approaches the aerodynamic center as M increases. 

Since I In* R'|mrl was wilt (en, I hi 
> slii-k-llM'il miineuver point. 

iwtint Mus IH'I'II fouiul to hi- where -0, .sometimes railed 

When  M     12.5,  elevator damping always has a  stabilizing 
effect   provided  J'„.r.   is   positive.     When   M = 37.5.   elevator 
damping may  be destabilizing over a small  range of C„ 
and ( „s even when JVC. is positive (0.05c). 

When the center of gravity is slightly ahead of the afore- 
mentioned critical position (which is behind the aerodynamic 
center), the conditions under which elevator damping may 
cause dynamic instability may be advantageously repre- 
sented in the ChaCH piano. If a series of stability boundaries 

are drawn in that plane, for various values of elevator damp- 
ing, they will all be confined to a region bounded by a line 
that will be called the boundary of complete (lamping. An 
illustration of two methods of constructing this boundary is 
given in figure. 17. If a series of boundaries in the C„a C„s 

plane are drawn for various values of the damping, the com- 
mon tangent of all these curves is the, boundary for complete 
dumping. This boundary can also be drawn by plotting the 
minimum values of CH obtained from plots of the type shown 

in figures 13 and 14 against corresponding values of C» 

The region in the Ch<x CH plane between the boundaries for 

complete damping and increasing oscillations is the region 
where the addition of viscous friction to the elevator control 
system may cause dynamic instability. 

That a boundary for complete damping cannot be shown 
for p= 12.5 if the airplane is statically neutral or stable (x„.c. 
is zero or positive) may bo seen from figure l.'i. It is possible 
however, to show a boundary for complete damping under 
those conditions for M = 37.5. Figure IS shows these bound- 
aries for £„„. = () and for the critical value xa.c.= — 0.017c, 
for both a mass-balanced elevator and a mass-unbalanced 
elevator. The boundaries for increasing oscillations and 
divergence are also shown. For the case of the mass-balanced 
elevator (/i = 0), the boundary for complete damping is a 
straight line through the origin and therefore corresponds 
to a fixed ratio of the floating and restoring tendencies, 
or floating ratio. Elevator mass unbalance decreases the 
region of complete damping. 

EFFECT OF SOLID FRICTION IN ELEVATOR CONTROL SYSTEM 

The boundary for complete damping has tin important 
bearing on the effect of solid friction on dynamic stability. 
In order to calculate this effect, the solid friction is replaced 
by an equivalent viscous friction that would dissipate energy 
at the same rate.   This condition gives an equivalent 

r,    -4-C.' (4) 

for a sinusoidal motion of the elevator with amplitude & and 
angular frequency 77. 
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Restoring tendency, (^ 

FIGURE 17.- -Method of construction boundary for completo damping. 

Tt ran ho shown that if viscous friction is destabilizing;, tis 
in figures 10 to 18, solid friction may lead to steady oscilla- 
tions having an amplitude proportional lo the amount of 
friction. Suppose an oscillation is started with amplitude 
and frequency which result in an equivalent C„t)S that would 

cause increasing oscillations. Let this condition he repre- 
sented by point 2 in figure 19. The amplitude of the oscil- 
lations would then increase until the equivalent C\m de- 

creased to the value that would result in neutrally damped 
oscillations, represented by point :i in figure 19. If the 
initial amplitude is so low that the equivalent viscous fric- 
tion is in the stable region, as shown by point 1, the oscilla- 
tions will die out completely. If the initial amplitude is so 
high that the oscillations are stable, represented by point 4, 
the amplitude will decrease until it reaches a constant value, 
when the equivalent C„m is again represented by point '■'>. 

The value of C„ni at point :i I hen determines the amplitude 

of tin- steady oscillations. By solving formula (■)) for 1, the 
amplitude of the steady oscillation is obtained as 

1=*   °" 
ir vC\D, 

where rj and Chnt are the values at point :?.    This formula 

shows that tli«» amplitude is proportional lo the amount of 
solid friction. 

The foregoing analysis shows that the region in the Cha C„s 

plane between the boundary for increasing oscillations and 
the boundary for complete damping is the region where 
steady oscillations may occur because of the influence of 
solid friction in the control system. All the remarks in the 
preceding section concerning the boundary for complete 
damping with viscous friction consequently apply to the 
boundary for steady oscillations with solid friction, inasmuch 
as these two boundaries are the same, within the limits of 
the assumptions involved in the use of the concept of equi- 
valent viscous friction. Steady oscillations due to solid 
friction will not occur on a. statically neutral or stable air- 
plane, for instance, unless M is very large (corresponds to a 
high altitude). Kven in that case, the possibility of steady 
oscillations exists only for a comparatively small range of 
floating ratios. If the airplane, is statically unstable by a 
sullicient amount, however, steady oscillation may exist 
over the entire range of floating ratio. 

Some calculations of the amplitude of the steady oscilla- 
tions, expressed in terms of normal acceleration per unit 
frictional force as felt at the control stick, were made bv the 
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(a) A —10. 

(b) ft-o. 

KIGURK 18.-Boundarics for comploto damping, increasing oscillations, and divergence 
(1-37.8. 

method of appendix B. The results are presented in figure 20, 
which shows lines of constant amplitude, in the C„ C„ 

plane for an airplane with the center of gravity at the critical 
position referred to in the preceding section. Steady oscilla- 
tions will therefor occur throughout the entire region where 
stability exists in the absence, of friction. The amplitude 
is smallest for high values of C„a combined with high 

values of Chy 

CONCLUDING  REMARKS 

The stick-free static stability of a conventional airplane 
may be improved by making the elevator floating tendency 
more positive or by mass-unbalancing the elevator control 
system to make the elevator tailheavy. Increasing the 
restoring tendency also has a favorable effect provided the 
airplane is stable with stick fixed. If the restoring tendency 
is zero, the stick-free static stability is independent of air- 
plane center-of-gravity position. 

The dynamic stability with frictionless controls depends 
chiefly on the restoring tendency C„s and on the mass balance 

of the elevator control system. If the elevator control 
system is mass unbalanced (elevator made tailheavy) by an 
offset weight at the control stick and if the restoring tendency 
is too low, increasing short-period oscillations may result. 
This condition can be remedied by the use of two additional 
weights—one at the elevator making it noseheavv. the other 
at the control stick making the elevator sufficiently tailheavy 

that the combined effect gives the elevator the desired amount 
of tailheaviness. 

The addition of viscous friction to the control system will 
prevent dynamic instability provided the airplane center of 
gravity is forward of a critical position which is behind the 
aerodynamic center and approaches it as the value of the 
density parameter M increases. If the airplane center of 
gravity is behind this critical position, viscous friction will 
have a destabilizing effect, no matter what the hinge- 
moment parameters are. If the center of gravity is slightly 
ahead of the critical position, viscous friction may be de- 
stabilizing for a limited range of values of viscous friction and 
the hinge-moment parameters. A low restoring tendency 
and a high positive floating tendency will tend to cause this 
dynamic instability. When M is very large (high altitude), 
this condition of steady oscillations can occur even if the 
center of gravity is ahead of the aerodynamic center. 

The presence of solid friction in the control system may 
cause short-period steady oscillations under the conditions 
for which viscous friction is destabilizing. The amplitude of 
the oscillations is proportional to the amount of friction 
present. 

.ANCII.KY MEMORIAL AERONAUTICAL L.\ HOUATOK Y. 

NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS, 

LANGLEY FIELD, VA., December J3, 1043. 
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APPENDIX A 

Derivative  (',,,.   -The  totul   hinge moment  acting on  tin 
elevator may he expressed as 

At trim 11=0. therefore. 

EVALUATION  OF STABILITY DERIVATIVES 

where 

(\a + C\&c=-l 
ihn 

\ P\"S.C 

Hv 
;> pV*Sfi. 

2JL<! 
" V 

C"u- ~~dVIV      ~pVSf.t       p\'2Src, 

If H0= 
hf>Sec,c 

n   -     h°0 

Using \ pV2CLSa=m>j gives 

_    hc(jpCLS,c^     hCL 

*« 2m<7 ^4„M 

Derivative rm<i. —The parameter C, may be obtained 
from wind-tunnel measurements or, if the position of the 
aerodynamic, center of the complete airplane is known, may 
be calculated by the formula 

Derivatives C„„a and C„a,a.— The derivatives Cmpa and 
Cm ., arise because, of the lag between the change in angle 
of attack at the wing and the corresponding downwash at 
the tail.    It is assumed that the downwash at any instant t 

depends on the angle of attack at the instant t - y> the differ- 

ence being the time required for the air to move from the 
wing to the tail. If a=J(t), this relation may be expressed 

as 

Now, 

1 fence, 

A< = ^ At y 

fit- At) =j{t) - Mf (0 +~v, r./" (0 - 

J a — At.a-\—— <*—      ■  • 

■) 

2 V 4 V'2    , 
or, because a = ~jr Da and a= ^y D'a, 

and, because a,=a—t, 

ai = a—(a(a—hDa+Y\ #2a— 

and 

a, = a(l-ta)+*A Da-eJ4 D2a+   .  .  . 

The part of the pitching-moment coefficient contributed 
by the tail is 

Cn=— tL       x r,   a, 

The lag effectively introduces derivatives Cmt)a, Cmi#a, .... 

The first two of these derivatives are 

and 
/ 3  <? 
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Derivatives <,'„.,, C„nn, and <\;V     The   derivatives  T, 

r,l0i, und <?»„.•„ may bo obtained from 

which gives 

= (]h    (1 - e„') a + (\   UH Da - (',   i« -.y />"' 
a, '<[ "I 

<"»,, ='"".,.t<>1'* 

<?» "' "a  *<>    •) 

Derivative f ,„ . -The piLcliitifr inomont duo to pitching 

is made up of parts duo to propeller, win;-', fuselage, and 
horizontal tail. The contribution of the tail is by far the 
largest and can easily bo calculated. 

If  the  airplane  is rotating with angular velocity 0.   the 

increase in angle or attack at the tail is L, y' *lli('h 1TS,lks 

in an increased lift on the tail given (in coefficient form) by 

The resultant pitching-moincnt coefficient is 

and expressing 0 as =^- D6 and '^ as /„ gives 

C„=-CL,   'fS'M 

The contribution of the wing depends on the assumed 
axis of rotation (center of gravity) but a fair average value 
will be obtained !>v assuming that tho center of gravity is 
at the wing quarter-chord point. This assumption gives a 

value 

The   total   pitching-momont   coefficient   due   to   pitching 

therefore is 

(' 
l,r s, 

ml -t 

Derivative C,„h. -Tho derivative <",„, may bo measured 
directlv in a wind tunnel or mav be computed from wind- 
tunnel'data on the value of <',.,.  for the horizontal tail by 

means of the formula 

('    =-r l„ S, 

Derivative C,„m. -The derivative e',;/)J may be computed 

from 

(\ 

»■'»•«' (S),n,ui (öSXmav lu'o,,,,u,u,,1 from ti"mv' 
of reference  11. which is based on thin-wing potential-Mow 

theory. 
Derivative C„nt.    The derivative (\l)t is given by 

In   the absence of viscous friction in  the elevator control 
system, tho value of C„M may be computed from 

fi-"[(jaX+^,(S)J';    (A» 
*■>""■ ©, •""| (ö«)„ mw'"' "i"""<"1 from ii!-",r"' 
of reference 11. 

If a dashpot, which has a damping constant of K pounds 
per foot per second and moves a distance of Q foot per 
radian   of   elevator   deflection,   is   inserted   in   the   control 

svstem. 
4Q2K 

C. 
"'>» ~pVS.Cs 

(A2) 

The total value of C,,l>t is the sum of equations  (Al) and 
(A2). 

Derivatives (\a and CH. -The derivatives (\ai and C\s 

can bo calculated by thin-wing-section theory but the 
results are of doubtful accuracy because of three-dimensional 
and boundary-layer effects. It is therefore best to obtain 
these derivatives from wind-tunnel tests. 



APPENDIX B 

CALCULATION OF  NORMAL ACCELERATION  DUE TO OSCILLATING ELEVATOR 

"" ;'ol■I,,", ""■'•™i»n °f ■■«■""— which B ,,,„„ ,„ W(a_ „ in Jlondmi0]lsl0]ml Ul,tai can |M. rMl(.iilat(,(i fram 

JJ(a-O) 

I 
- L 2      --U6 „„-,- (4AW,2-Cmn!a2AKli) + iv ( -2.1, ■MC -M.M*/o? 

"M^'mn»j 
-,   (131) 

where 7/ is (IK- angular frequency of the elevator. 

 i^.ras.si'sirr "i'x^rr ^ ;'"" • «■ - »<"- -»- l"<>"-     Uii  MIIIK. ,„„ |„. converted to physical units by the formula 

Normal acceleration per </ _   4l,r    D(a — 0)        4 
Stick friction in pounds'   ~PStcrcf,   ""f WVC\ " 

»'hon. ChDS ,s the value of elevator ..ampin, requ,ed>r the condition of neutral dynaml stability. 
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A THEORETICAL INVESTIGATION OF LONGITTOINAL 
SEAKSSI OF AIEPLANES WITH FREE CONTEOLS 

INCLUDING EFFECT OF FRICTION 
IN CONTEOL SYSTEM 
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Page 2, column 1, sixth line from 1,otto.: The missing term on the left- 

Hand side of the equation should he ±a- 

;*;'^,?£fc;;
vwj#5< 



:-*?• 

**..,.'iö.--Äs- 

P Diameter 
V Geometric pitch 

\     PID Pitch ratio ; ;,:   •' 
V Inflow velocity ~ ' V 
Vr. Slipstream velocity 

4. PBOPELLEH SYMBOLS 

>*-fr.r%. 

Thrust,; absolute coefficient £T— - '^7 

Ö Torque/äfasolute coefficient 'tf0=i--SLr 

1 hp=76.04 kg-my>s=S50 fC-Ib/sec 
1 metric horsepower» 0.9863 hp 
1 mph=0.4470 mps :.. 
1 mps=2.2369 mph ■'/•, '-. 

p.    ,  Speed-power (»efficlenW^JiE     ~-^V£?^'^&&- 

-Power, absolute coefficient CP==   P 

MTD* 
i 

5«? '-V 
V%H."? 

;j,tj-  ..   -Efficioncy     ,    . ..,. 
«•:      fRevolutwns per second,Vrps. '     ,. v^ ^^; ,> ;v:  : . 

:*5; ,-Ätire helk an^tän^j^Y  '-^^^Wt'-S'^: 

.-■■■■-.:-    ■"   '"'•'-.'■''     '"■'■'■•■■-,    _ *   ■   ■" ",: '--T^^'-f^^'""' 
S. NUMERICAL RELATIONS '■',-■■'■    ?\-■ . .-^H-Ü^'^' 

1 lb=0.4536 kg       ^        N* 
1 kg=2.2046 1b        ~ 
1 ad» 1,609.36 m=5i280 ft 
Lm=3.28Q8ft 

a- 


