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1.0 Executive Summary.

Ezxperiment.

Particle dispersion and particle velocities were measured with laser sheets and a position
sensitive photo multiplier tube to track particles. Monodisperse hexadecane droplets were
injected onto the centerline of a turbulent air jet. Their radial dispersion, axial velocities,
and times of flight were measured as functions of axial position. The time and length
scales of the jet were varied through the control of the jet exit velocity and nozzle diam-
eter. Nozzle diameters of 7 um and 12.6 pum were used. Reynolds numbers were in the
range of 10,000 to 32,400. Two different droplet diameters were used viz., 60 um and
90 pum. A significant range in the Kolmogorov, turbulent, and acceleration Stokes num-
bers was covered. The times-of-flight were used to analyze the dispersion measurements
in terms of true Lagrangian statistics. It was found that the use of a mean time of flight
to present the data incurred quite small errors relative to the exact Lagrangian statistics.
Dispersion data for long times flight over the range of nozzle diameters, particle diame-
ters and exit velocities were analyzed to obtain the Lagrangian particle diffusivity. The
non-dimensional diffusivities or Peclet numbers were found to approach a value that was
similar to the Eulerian Peclet number for scalar transport in the jet. Furthermore, the
dispersion increased linearly with time. The results suggested that some economies could
be achieved in the simulation of dilute, two phase turbulent jets and similar flows over
times long in comparison to the Lagrangian integral length scale by taking advantage of
their self preserving nature.

An additional goal of the experiments was to measure the dispersion of tagged droplets
in a Lagrangian sense within a turbulent spray. A modified experimental apparatus was
designed to this end. Individual droplets were tagged with a fluorescent dye. The tagged
droplets were injected into a round turbulent jet into which a dispersed, liquid spray
had been added. The location of the tagged particle was followed through the jet with an
optical detection system that was a modification of an earlier technique. This experimental
approach provided a simple two phase flow with well defined boundary conditions without
the significant complications that are introduced by spray atomization.

Sprays with mass loadings from 0 up to 7% were added to the jet. The signal to
noise ratio under these conditions was about 110. The mean square displacement of the
fluorescent droplet was measured at varying x/D from the exit of the nozzle. It was
apparent that the spray contributes to the breakdown of the jet with larger spray loadings,
resulting in greater dispersion of the tagged fluorescent droplets that were added to the
flow. The results were compared with the predictions of a Large Eddy Simulation (LES) .
and were found to be encouraging. ‘

Theory and Computation.

The flow field in turbulent round jets and the paths of droplets ranging from fluid material
points to heavy particles (hexadecane droplets) were simulated numerically. The large scale
structures of the flow field were resolved and the scales smaller than the grid were modelled
using the LES approach. The particles were tracked individually in the Lagrangian frame ~ -
and the influence of the particles on the fluid phase was represented using the PIC (particle g ﬁ{ ,,,,,

source in cell) method. ivail ewi{o"g
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The simulation of particle laden turbulent Jets allowed the computation of correlation
functions for particles and fluid phase not agcessible to single point turbulence closures.
The present LES model for the turbulent Jet produced results for the auto-correlation
function of the particle velocities in good agreement with measurements for the case of
axial velocity components shifted in time.

‘The numerical simulation of dilute sprays was performed to investigate the effect of
the spray on the near field of a turbulent Jet at a moderate Reynolds number Re = 10, 000.
The dispersion of tagged particles was measured and simulated numerically. The effect of
the spray on the flow structure emerged as reduction in the size of the largest vortices and
an increase in their number in the initial region of the jet.

The finite-difference method for the simulation of the fluid phase dynamics was im-
proved in several aspects. The original Adams-Bashforth time integration scheme was
second order accurate and unstable in the inviscid case. Runge-Kutta schemes of third
and fourth order accuracy were explicit and conditionally stable. Development of both
variants was begun and they were first implemented into the two-dimensional Navier-
Stokes solvers for plane and axisymmetric flows with excellent results. The discretization
of the convective terms was extended to windward biased schemes up to seventh order
and successfully implemented into the Runge-Kutta versions of the two-dimensional and
axisymmetric Navier-Stokes solvers.
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1.1 Computational Approach.

The Navier-Stokes equations were solved using an accurate finite-difference method dis-
cussed in detail in Lienau and Kollmann (1993) and the final report (1989/92) for AFOSR
Grant no. 89-0392. The void fraction for dilute sprays was approximated by unity and the
Navier-Stokes equation have then the usual form for incompressible flows. The original
method proceeded in two steps: First the momentum balances were solved in the predictor
step. The predicted velocities did not satisfy mass balance and a second step was necessary
to correct velocity and pressure. In this second step a Poisson equation for the pressure
correction was solved and velocity and pressure were updated.

Momentum and mass balances were set up in cylindrical coordinates (r,60,¢) and were
discretized using accurate finite difference expressions. Simple grid stretching transfor-
mations were applied to the r = r(7,8) and ¢ = (¢, B) directions (8 > 1 denotes the
stretching parameter, Lienau and Kollmann, 1993) to concentrate the grid points in the
region of interest and to move the outer boundary as far out as possible without wasting
too many grid points. The time derivative was discretized using the second order accurate
three point backward (Adams Bashforth) scheme. The convective terms were discretized
to second order accuracy using a four point windward biased compact differencing scheme
(Rai and Moin, 1991). The pressure gradient was discretized to fourth order accuracy
using the three point central compact scheme (Lele, 1990) and the viscous terms were
discretized to fourth order accuracy using five point central differencing.

Mass balance was enforced using the pressure correction method. A hybrid method
was developed for the solution of the Poisson equation for the pressure correction that
exploits the periodicity of the flow field in circumferential §-direction. It consisted of a
fourth order compact central finite difference scheme for the nonperiodic dependence on
axial and radial coordinates, that allowed the application of a direct solver, and a Fourier
spectral method in the periodic 8 direction. The direct solver had the advantage that it
provided the solution in a fixed number of computational steps per time step and it was
more efficient for large problems than iterative methods.

The present simulation method was not able to resolve all scales of turbulence and a
Sub-Grid-Scale (SGS) viscosity model was added to represent the effect of the unresolved
scales of motion on the resolved ones (Reynolds, 1990). The Navier-Stokes equations
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were written for filtered variables using the top hat filter. The closure for the additional
correlations was completed by neglecting the sum of Leonard and cross stresses and the
Smagorinsky model was applied to the SGS stresses. The top hat filter corresponded
precisely to the integration for the force term representing the effect of the particles on the
fluid phase (see section 1.1.2). The details of the LES approach were described in section
1.1.1. :
Boundary and initial conditions were critical for validity of the simulation. The jet
issuing into stagnant surroundings operated in an infinite domain with the boundary condi-
tion that velocity was integrable. This situation was approximated by a cylindrical domain
with radius much larger than the jet pipe and by conditions at the outer boundary that
did not affect the flow in the jet significantly. After many trials a condition was found
that worked reasonably well: Set the normal derivative of velocity to zero on the outer
part of the boundary. The centerline was not a boundary, since a point on 7 = 0 was inner
point of the flow field. The finite difference grid could have been set up such that the axis
r = 0 was gridline, which required a detailed analysis of the equations at this gridline to
remove singularities introduced by the metric of the coordinate system, or such that r = 0
was between grid surfaces. The latter method was chosen since it was straightforward to
implement.

The pressure gradient in the direction normal to the computational boundary was
set to zero at the jet inlet and exit planes. On the outer boundary the pressure and the
pressure correction were set to zero. This provided stability for the jet without affecting the
solution appreciably. The inlet condition for the jet was obtained using the experimental
results of Call and Kennedy (1991) or Liepmann (1991) and Liepmann and Gharib (1992)
and the entire flow field was initialized with the inlet profile, representing an inviscid flow
initially. This type of initial condition was superior to starting the jet flow by increasing
the mass flow rate until the desired steady state value was reached. The flow set up
this way was first dominated by the start up vortex, which moves through the flow field
creating an axial flow similar to the inviscid initial condition, but requires significantly
more CPU-time without significant change of the later flow development.

Disturbances were introduced at the inlet to initiate and accelerate the roll-up process
of the cylindrical shear layer. The disturbance ¥¢(6,t) was chosen such that it was only
a function of § and time similar to Rai and Moin (1991) and satisfies, therefore, mass
balance. It was given by

K N

U = )Y Ainsin(kd + ¢g)sin(

k=1n+1

27nt
T

+ ¢¢) (1)

where A; ,, = cvjetrjetdk“l'y"‘l, 0=0.25, v=0.5, c¢=0.1Two modes in both § and
time were selected (i.e. K =2, N = 2).

The analysis for the Adams Bashforth time integration method and the compact four
point windward biased scheme for the convective terms revealed that the maximum stable
Courant number was 0.5. Combining the time step restrictions for convective and viscous
terms lead to the maximal time step

mOlocl Lol OCloc| 1 (or, 1 1 al, 1 \]7
< . bl il -2 2 1 e ) e — )" —
At =08 e ar trae Yac al TR\ am trae T5d) )] @

which was used to control the time step.




1.1.1 Large Eddy Simulation

The Large Eddy Simulation of the turbulent flow in round jets was the most realistic
approach for the prediction of the statistical properties of the flow field and the simulation
of Lagrangian particle dynamics in this type of flow, since direct simulation of turbulence
in round jets at high Reynolds numbers was still not within the capabilities of present
computers. The simulation of turbulent flow fields in round jets in the present project was
based on highly accurate finite-difference methods, which offer the flexibility necessary for
the treatment of non-periodic jet flows emitting from nozzles and the consideration of a
variety of exit geometries and velocity profiles. Furthermore, the influence of disturbances
created at the jet pipe exit on the flow development was able to be studied in detail. This
aspect of the project was described in detail in the final report for grant AFOSR 89-0392
and further details can be found in Lienau, Kennedy and Kollmann (1993) and Lienau and
Kollmann (1993) of the publication list.

The accomplishments of the current review period covered the implementation of the
LES model and improvements of the solution procedure. The riumerical treatment of the
coordinate axis r = 0 for unsteady flows without symmetries was analyzed (details in the
appendix of the annual report for 1992/3) and a satisfactory method was found to avoid the
loss of accuracy near the axis. The second and main contribution was the implementation
of a LES-model for the non-resolved scales of the turbulence. The Navier-Stokes equations
are written for filtered variables

flz,t) = / dz'G(z — ', t) f (', t) (3)

where G(z —z',t) denotes the filter function and f(z,t) a dependent variable. The Navier-
Stokes equations (in Cartesian coordinates for convenience) were filtered and emerge as

00y

oz, =0 (4)
and 07 0 1 0P 0% 0
Vax o Ve
e A \Va = - - a a Ra
5t t 05 ) = 50 TV Baony By Lep + Cap + Rap) G
The modified filtered pressure was defined by
T S
P=p+ -?;péagv{,v’ﬁ (6)

and the correlations of filtered and sub-grid-scale motion (v, = v, — 7,) were given by

Laﬁ = VaUg — Vg (7)
Caﬁ = vl Ug + 'Dav'ﬂ (8)
Rop = vjup — %Jaﬁvilvfy (9)

The present filter was the top hat filter and the closure for the correlations is given by

Log + Cap=0 (10)
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and the Smagorinsky model for Rap (Reynolds, 1990)
Rap=~2urSyps (11)

where the eddy-viscosity was defined by

T = (cA)2(2505S45)% (12)
and .
A = (AzAyAz)s (13)
and 5 5
_1 Ve Ug
Sus = 1 (@ ; %) (14)

was the rate of strain produced by the filtered velocity field.

‘The sub-grid-scale model (10) to (14) had a significant effect on the structure of
the flow of the fluid phase and on the motion of the particles suspended in it. The
simulation of the turbulent flow in the round jet for the conditions of the experiments
by Call and Kennedy (1991) at the nominal Reynolds number of Re = 15,000 proved
this point. Figure 1 and 2 the show the distribution of the absolute value of vorticity in
the section § = 0/m with and without the SGS model in the axial range 0 < £ < 60.
The constant ¢ in (12) was set to zero in Figure 1 and the discretiztion error plays then
the role of the filter (Boris,1990), whereas ¢ = 0.025 for the Smagorinsky model (11) in

Figure 2. It was evident that the LES-model using the eddy viscosity (10) dampens the

figures proved. The dispersion of 113um pentane particles in the heated jet (temperature
difference at jet pipe exit: 60°K ) as function of the axial distance in Figure 3 showed
excellent agreement between measurement and numerical simulation with the LES-model.
Preliminary results for the auto-correlation function of the axial velocity component of

the experimental (mean) time of flight was much closer to the measurements. The effect
of the LES-viscosity on the dispersion was shown in Figure 6. The increase in viscosity

measurements. Finally, it was found that the mean particle velocity in axial direction was
fairly independent of the method of calculating the time of flight.




1.1.2 Spray simulations.

The turbulent jet used in the experiment for the study of droplet dispersion had a suffi-
ciently low Mach number such that the flow of an incompressible fluid containing particles
was considered incompressible for the numerical simulations. The Navier-Stokes equations
for the incompressible fluid phase were set up for the conditions of a flow laden with fine

particles. The volume occupied by the particles per unit volume denoted by 6(z,t) was
defined by

0z, = fim (1-2) (15)

where V' was the volume of a subdomain D of the flow field, that was contracted to the
limit Dy centered at the point z, and V, was the volume of all particles D; in D. The
limit value Vg for the subdomain D in (5) for dilute sprays of particles much smaller than
the smallest length scale of the flow can be chosen sufficiently small, such that the void
fraction can be regarded as local variable. The limit was then well defined and the void
fraction emerged for spherical particles in the form (Dukowicz, 1980)

N(z)

4 3
Oz, t)=1-) A - (16)
i=1

where the sum extends over all particles in Dy and N(z) was the number of particles in D,
centered at £. The mass balance for the two—phase system had then the form (Dukowicz,

1980)

06
5 +———-(9v )=

and momentum balance was given by

6vf+ Z;vi_ 1 dp +l 0 (ov fav
ot 0z, pf 0z, 6 Ozg

)-+ +-0A4

where the superscript f indicated the fluid phase. The last term in the momentum balance
represented the effect of the particles on the fluid momentum as defined below. The case of
dilute sprays of small particles was considered in the following, where the approximations
were made: the particle size was much smaller than the smallest length scale of the flow
and that § = 1.0 holds. Hence, the displacement effect of the particles was neglected, but
not the forces exerted by the particles on the fluid. The Navier-Stokes equations emerged
then in the form (Elghobashi and Truesdell, 1991,1993, Eaton, 1994)

5 (v) =0 )

Momentum balance

i of v’ 1 dp 0 Ovf
Bt T e, - o7 0wt By Bgg) T2t Ma (18)

which contained the effect M, of the particles on the fluid phase.




Particle dynamics.

Solid spherical particles in a gaseous fluid phase were considered. The position of particle
p at time ¢ was denoted with XP(t) and its velocity with v?(¢). The position and velocity
of a particle were related by definition

an

() = va(XP(2),¢t) (19)

with the initial condition X?(0) = z? (z denoted the release position of particle p). The
particle velocity vP(t) was different from the Eulerian velocity field vf(z,t) of the fluid
phase, which was the solution of the Navier-Stokes equations (17), (18) obtained with the
finite-difference method described in a later section. The dynamic equation determining
the location of particles with nonzero mass was a consequence of Newton’s second law with
approximations for the forces acting on the particle (see Odar and Hamilton, 1964). The
equation for the particle velocity contained terms representing drag and virtual mass, the
Basset term and buoyancy.

du? _3Cpps, 5 o f_ ooy LPfA D s o pgDuf
gt = ad g, "YW — )+ g W )+
02()'e | i -
+=22 —u?) + (22 -1 20
dpp \T (t—'r)l D'rp(" ) ( )g (20)

The subscript f denoted fluid (gas) and p particle properties, the substantial derivatives
were to be taken accordingly as following a material point of the fluid or the particle, d
was the particle diameter, v was the gas viscosity and uf, ps were taken as the values
undisturbed by the particle at the location of the particle. The coefficients Cp, C; and
Cp were in general functions of the particle Reynolds number

f — urld
Re, = Jo! ~wrld (21)
v
and the acceleration number (see Faeth, 1983 and Hansell et al., 1992)
D o f — P
_ D ¥ 2
A= W= .
The drag coefficient was given by (Putnam, 1961)
Cy = %(1 + —= Rep —=) for Re, < 1000 (23)

The present calculation of the particle dynamics took only drag, virtual mass and buoyancy
into account. The Basset term was rather expensive to calculate and will be implemented
at a later stage. Therefore, particle velocity was the solution of

du, 3Cpp o, Du,
—2 — 290 — - 9.
B =T pyle bl ~ 1) + L (22— 1)g =Y
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For the present computations the propertles for d = 36 uM liquid hexadecane part:cles
were used, which were given by p, = 775 . The relevant properties of air were v =
145(10)‘5"‘ y Pg = 1. 19—5-

The time integration 1 for (19) and (20) was carried out simultaneously with the inte-
gration of the Navier-Stokes equations. The second order accurate improved Euler method
was applied to the time integration of the particle equations, which was the same order
of accuracy as the current time integration scheme for the Navier-Stokes equations. The
values of velocity at an arbitrary location inside a grid cell were required for this integra-
tion method. They were interpolated using a second order polynomial (Bezier Spline) in
three dimensions. This involved using a three point stencil consisting of the two points
defining the cell containing the particle location and the point ahead or behind this cell
depending which point was closest. The three dimensional interpolation scheme was rather
complicated and only the overall Bezier spline in one dimension will be given

Yo = (@1 + 20k + Blyy) (25)

where 1 was the variable being interpolated, a was the distance from the particle to point
Jj + 1 and b was the distance from the particle to the point § — 1 and ¢ was the distance
from point j — 1 to j 4 1 and the particle is between j — 1 and j.

Interaction of fluid and particles
The particle dynamics were driven by the forces exerted by the fluid phase on the particles.
The effect of the particles on the fluid phase was represented by the force term M in the
momentum balance (18) and the displacement effect of the particles described by the void
fraction. If the momentum balance (24) for the particles was written as

du?

—=_ = FP : 26

a = / (26)
where F? was the sum of all forces acting on a particle, then it can be deduced from the
spray equation (see Williams, ch.11, 1985), that the fluid phase was exposed to the force

M, =-Peim / / dr dy r3FP f(r,z,v,t) (27)
ps 3

exerted by the particles. Here f(r,z,v,t) was the probable number of particles in the

radius range dr about r located in the spatial dz, range about z, with particle velocities

in the range dv, about v, satisfying

N=/dr!d§/dy f(r,z,u,1)

where N was the total number of particles in the domain of integration D with volume
V > 0. The solution f(r,z,v,t) of the spray equation was in general not known and
numerical simulation methods were applied to obtain the information on the force term
(27). In a direct simulation method all particles would have been tracked individually and
the distribution function f(r,z,v,t) would be approximated by

f(r_,_,t)_ZJ(r—r )o(z — z*)6(v — v?)
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for a single realization and f = (f) where the angular brackets indicate ensemble averaging.
For the present numerical simulation a small subdomain D (grid cell) was selected and the
force M, was integrated over it. It followed that

& [z, =22 55 Vi 29)
VcD - pri Vo ©

holds, where the F* were the forces on the N, individual particles in the grid cell D with
volume V.. The particle volumes were for spherical particles given by V; = %"rg . This
force was then distributed among the grid points of the cell using Crowe’s (1982) Particle-
Source-In-Cell method.

The numerical simulations at the Reynolds number ( 10,000) of the experiments could

not have resolved the complete range of scales present in the turbulent flow and the LES

the spectrum. Storage limitations did not allow the tracking of particles for mass loadings
exceeding 5%. However, at this level of mass loading the dispersion produced by the
LES simulation in Figure 7 showed clearly the phenomenon observed in the experiments.
The location of the plateau in the dispersion curve was further downstream (at about
z/D ~ 10 — 13) than in the experiment, but the shape was in good agreement with
it. The explanation for this phenomenon can be found if the detailed flow structure in
this region was considered. The particles were fed into the flow at the entrance section

was completed and they started to interact the particles were transported laterally and
the particle number density becomes increasingly non-uniform. At the location of the
dispersion plateau seen in Figure 7 in the range 10 < z/D < 13 a significant thinning of
the particle distribution off the axis was observed. This indicated, that behind the first
interaction region of the ring vortices (about 6 < z/D < 11), which are generated by
the Kelvin-Helmholtz instability of the cylindrical shear layer, a region exists, where the
particles suffered acceleration in axial direction with significant lateral transport towards
the jet axis. Inspection of the velocity field showed that this was indeed the case. The
flow accelerated and moved towards the jet axis as indicated in the particle distribution.

axial stations z/D = 20 and z /D = 28 downstream of the plateau region. The increase in
variance of the particle displacement was clearly visible reflecting the expected increase of

The effect of the particles on the fluid phase as represented by the force M, (28) in the
momentum balance (18) was illustrated in Figure 9 to Figure 12. The contour lines of the
f-component of vorticity, which is responsible for lateral transport, was used to visualize
the flow structure in the initial region of the jet. Figure 9 shows the case with particles

particles.
The flow structures in the full computational region 1 < z/D < 30 were presented
as iso-lines of the axial and radial velocity components in Figure 11 without backscatter
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effect (the term (28) was not included in the momentum balance) and Figure 12 with this
effect. The reduction in scale was clearly visible but the backscatter effect was noticeably
smaller in the downstream region. The presence of the particles induced a larger number

of ring vortices, which were smaller and thus spaced more closely than in the flow without
the backscatter effect. :

1.1.3 Time integration schemes.

The second order accurate explicit Adams-Bashforth time integration scheme was known
to be unstable for inviscid flows and thus not suitable for long time integration. It was,
therefore, necessary to replace this scheme with schemes that were at least conditionally
stable and at least as accurate. Several single and multi-step time integration schemes
were analyzed (details can be found in the appendix) and two Runge-Kutta-type schemes
were successfully tested. The fourth order Runge-Kutta scheme was described in detail in
the appendix. '

A standard third order Runge-Kutta method for an ode ¥ = f(z, y) could be set up
as follows

Y™t = 4™+ yoko + y1k1 + Yok

where the increments were defined by
ko = Atf(y")

kl = Atf(y" + alko)
ks = Atf(y™ + Barko + Pazk:)

and the constraints for the coefficients
P22 = ag — P21
Y+mn+r=1

mMo1 + eog =

QI = D] =

ol + 10k =

1
V2P0 = g

There was no unique set of constants and several variants of the third order method were
available. The application of a Runge-Kutta time integration scheme to the solution of the
Navier-Stokes equations in three dimensions introduced a new aspect to the construction of
such a scheme: Minimization of storage requirements. A possible solution to the constraint
equation was then given by
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The procedure was tested for the solution of Burgers nonlinear second order pde with sixth
order compact finite difference approximations for the convective and diffusive terms and
the present third order Runge-Kutta time integration scheme. Absolute error bounds were
established since the analytic solution for the periodic initial value problem was known

w(z,t) = 2 M(z,t)

~ Re N(z,t)

where

) t 1. 4t 3. 9t
M(z,t) = sin(z) exp(—ﬁ) + 3 sin(2x) exp(—ﬁ) + 3 sin(3z) exp(—ﬁ)

1, 16¢ 5 . 25t
+§ sin(4z) exP(_Ee-) + 5 sin(5z) exp(—m)

t 1 4t 1 9t
N(z,t) =2+ cos(z) exp(—E-é) + 7 cos(2z) exp(—ﬁ) + 3 cos(3z) exp(—E)

1 16¢ 1 25t
+§ cos(4z) exp(—E) + 3 cos(5z) exp(—-—éz)
Restricting the time step by
Az?
At S Re—z——
T

the error was computed. Selecting Re = 100 and the time ¢ = 20 the results were shown in
Figure 13 and Figure 14 proving that the time integration was indeed third order and the
spatial discretization was sixth order as claimed. The fourth order Runge-Kutta method
for the Navier-Stokes equations was discussed in detail in the appendix.

The application of the Runge-Kutta methods to the Navier-Stokes equations was first
carried out first for the case of two-dimensional flows in Cartesian and axi-symmetric
coordinates in order to save CPU-time and speed up the testing. The case of third order
Runge-Kutta time integration and compact spatial discretization to fourth order for the
viscous terms and the pressure gradient and seventh order windward biased scheme for the
convective terms applied to the axis-symmetric round jet was presented in Figure 15. The
Reynolds number was Re = 5000 and the time ¢ = 46 dimensionless units. The absolute
value of vorticity was plotted for the first fifteen diameters of the jet. No disturbances
were introduced and the natural instability of the axi-symmetric shear layer produces
vortex roll-up and vortex merging. The maximum norm of vorticity in Figure 16 shows
the variation with time due to the roll-up and merging processes. The check on mass
balance was presented in Figure 17 in terms of the integral of the divergence of velocity as
broken line (the exact value is zero) and the Lo of the divergence. It was seen that both
are satisfactory. The fourth order Runge-Kutta time integration method was implemented
into the Cartesian version of the Navier-Stokes solver. Some results for two-dimensional
flows were shown in Figure 18 and Figure 19. The vector plot for velocity for the plane
Jet in Figure 18 at the Reynolds number Re = 2500 and t = 25 indicated the difference
between axi-symmetric and plane jets as the latter has a strong tendency to meander. The
last test example was the backward facing step, which was simulated for the Reynolds
number (based on the step height) Re = 5000 and the ratio of step height to channel
width of one half. The flow was simulated starting with zero velocity and increasing the
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inflow velocity to its steady state value in two time units. Two times were shown in Figure
19, ¢t = 15 in the upper graph and t = 25 in the lower one. The flow was not yet fully
developed as oscillating separating vortices dominate the flow. It was concluded from the
results presented, that the Runge-Kutta time integration schemes were very promising for
the full three-dimensional simulations. These schemes were implemented into the fully
three-dimensional solver.

1.2 Experimental Approach.

The experimental method has built upon the pioneering work of Call and Kennedy (1991)
wherein a method was developed and reported for the Lagrangian tracking of particles in
a turbulent jet. Turbulent jets pose a particular problem for the description of particle
dispersion in that the mean flow field undergoes a rapid change. Hence, unresponsive
particles may find themselves lagging the development of the flow field. Although there
have been a number of calculations of the dispersion of particles in turbulent jets with

Lagrangian tracking methods, there have been few experimental studies of a Lagrangian

nature. Call and Kennedy (1994) used the same experimental apparatus as the one that
was used during this reporting period to investigate Lagrangian dispersion in a turbulent
shear flow. Various sizes of vaporizing and non-vaporizing droplets were used. However,
the experiments employed a limited range of particle and fluid time scales. The new
experiments covered a wider range of time scales by variations in the particle size, the

- nozzle diameter and the jet exit velocity.

The experiment used hexadecane droplets that were more than 1000 droplet diameters
apart. Consequently, there were no particle interactions. The particles were non vaporizing
because the air was at room temperature (23 °C) and the particles were measured in the
flow for a relatively short time (< 1 s). Monodisperse droplets were produced by a piezo-
electric crystal. The crystal was a hollow cylinder with a fuel inlet on one side and a nozzle
on the other. A pulse generator supplied a pulse of variable voltage, frequency and width
to the crystal. This voltage caused the crystal to contract and push a small amount of
liquid through the nozzle. After the droplet was created, it was allowed to fall freely in
the droplet shroud. The shroud ensured that the droplet remained on the centerline of
the flow. The air was straightened through screens and a honeycomb before it came into
contact with the droplet. The air and droplet were then accelerated through the convergin g
nozzle and the droplet entered the jet on the centerline.

The droplet detection system used a He-Ne laser that crossed the centerline of the
nozzle exit. As a droplet left the nozzle, it crossed the laser beam, scattering light that
was focused onto a photo diode. This voltage signal was used to trigger the data collection
system. Two laser sheets were formed by an argon-ion laser with associated optics. As the
droplet passed through the sheets, a position sensitive photo multiplier tube detected the
scattered light. The photomultiplier tube had four anode outputs whose magnitudes were
proportional to the proximity of the centroid of the scattering image to the corresponding
side of the detector. The signals were amplified before being digitized. At least 1000
droplets were measured in order to give statistically meaningful results. The position of a
particle was determined from scattering from one laser sheet.

Measurement of the axial component of the particle velocity, u, required the use of
two laser sheets. The distance between the center of the sheets was measured to give the
length AL,. The time between the peaks of scattering signals was calculated as follows.
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Table 1. Particle Peclet Numbers for 60 um Droplets

D=7um
Re; = 20,000 Re; = 30,000
39 43

D =12.6 um
Re; = 20,000 Re; = 30,000
53 59

A Gaussian curve fit was applied to each signal with a linear regression performed on 31
data points. This process calculated the time of flight, At,, between the sheets to A 1 /4
of one clock pulse. Hence, the axial velocity, u , was found from:

u(:vl ) = ALu
At,

In principle, the system should be capable of measuring the radial component of the droplet
velocity. This component of velocity is more relevant to the radial dispersion than the axial
velocity. However, it was found that in practice it was difficult to resolve accurately the
rather small velocities in this direction with the present apparatus.

- A TSI model 1053B hot wire anemometer was used for the velocity measurements of
the air jet. The exit profiles for both the 7 mm and 12.6 mm nozzles exhibited a uniform
exit velocity (top-hat) from both nozzles. The radial distance z is normalized by the
nozzle diameter D ; the velocity u, is normalized by the centerline exit velocity U,.

The axial mean velocities and turbulence intensities within the air jet were also mea-
sured. It was apparent that the jet at a Reynolds number of 10,000 may not have been
fully developed while the flow at the other Reynolds numbers appeared to exhibit the
characteristics of high Reynolds number, self preserving turbulent flow. Measurements of
the radial mean velocity profiles of the air at different axial positions (not shown) indicated
that they were self-similar.

Measurements of particle statistics were obtained for a range of characteristic particle
response times, nozzle diameters and jet exit velocities. It was found that increasing
the Reynolds number of the jet by increasing the exit velocity resulted in less particle
dispersion in the Eulerian frame as a result of the reduced response of the particles to the
turbulence and the reduced time for a particle to travel from the nozzle exit to a given
location downstream. Conversely, the particle dispersion in the Lagrangian frame i.e., as
a function of time of flight, exhibited an increase with Reynolds number. Dispersion as
a function of time of flight was quadratic for short times of flight. The function became
linear for longer times. It was argued that when the local particle Stokes number was
less than unity, the particle would behave like a fluid particle. The linear function was
an indication of the plausibility of the assumption of Batchelor (1957) and of Monin and
Yaglom (1979) that the Lagrangian statistics in a free shear flow would be self-preserving in
the same manner as the Eulerian statistics. The Lagrangian Peclet numbers of the particles
(shown in Table 1) approached the estimated value of the Eulerian Peclet number for a
scalar in a round jet i. e., around 50. The results suggest that the calculation of particle
dispersion in self-preserving flows such as jets can be simplified considerably once the local
particle Stokes number is close to one. The simplification could be achieved by adopting
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a constant particle diffusivity or equivalently, in the case of the round jet, by assuming
that the dispersion of a given size class of particles increases linearly with time. Then
the dispersion is equivalent to the variance of a Gaussian probability density function for
- particle location. Hence, the distribution of particles across the flow could be quite easily

More details of these experiments may be found in the Appendix within the paper by
Moody and Kennedy (submitted to Physics of Fluids, 1995).

1.2.1 Dispersion in a Spray.

tube to yield a measure of the location and velocity of the particle.
A major challenge was to obtain good signals from the fluorescent particles in the very
strong background Mie scattering from the spray. The background scattering was blocked

plets as small as 30 Lm against
. The signal to noise ratio
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Appendix: Analysis of time integration schemes

Single step and multi-step time integration schemes were considered. Accuracy, stability,
number of operations per step and storage requirements were the relevant properties for
the application to the solution of the Navier-Stokes equations. The general theory for the
numerical solution of systems of odes using single step methods were found in Grigorieff
(1977a) and using multi-step methods in Grigorieff (1977D).

Adams-Bashforth multi-step explicit schemes.
The ordinary differential equation

du
-d—t_ = f(t’ u’)

with the initial condition u(0) = uo was considered. Assuming that at least m > 0
steps have been computed, m values ujix = u(tjyr) and fipe = f(tj4r, ujpx) for k =
0,---,m—1 were used to construct an explicit scheme for the calculation of Uj4+m. Lhe ode
was integrated and the right side f(¢,u) was approximated by the interpolation polynomial

P(t) through the points (¢}, f;),-- -, (tj4m, Ujtm)
titm
uj+m = uj+m-—1 -+ / dtIP(tl)

titm—1

The polynomial P(t) was given by Newton’s formula using backward differences as

P(t) = Z( 1)"( )v"fﬂm_

where

(t' —tjrm—1)

&=

and V°f; = fi
VEf =Vklg vkt

The integration led to

m-—1 tigm
—s(t
Ujtm = Ujpm-1 + 3 (~1)¥V*fjm_ / dt'( ,§ ))
k=0 tj+m—1

The integrals were evaluated and the result was the recursive relation

1 1 1
—Yg—1+ = =1 18
'7k+2'7k 1+3’7k k+1 (18)
for k =0,1,---,m — 1 and the scheme emerges in the form
m—1
Ujtm = Ujkm—1 + 1 Y %V* fitmo1 (19)
k=0 :
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The truncation error for thjs class of explicit schemes was given by O(h™). The special case
m = 2 was the example important for the solution of the Navier-Stokes equations. This
scheme was then regarded either as an explicit scheme or as predictor step of a PC-scheme.
The coefficients Ve Were yp =1, 4 = % and the scheme was given by

1
4i+2 = Y1+ Sh(3fi41 - £;) + O(R2) (20)

It requires three levels of the solution w;, Yj+1 and u;. The scheme applied to the
equation

8u+c6u_0
ot oz

can be shown (using the standard Fourier analysis) to be unconditionally unstable (Rai
and Moin, 1991), but the instability sets in so slowly that it can be useful.

Adams-Moulton multi-step smplicit schemes.
A modification of the Adams-Bashforth schemes leads to an implicit class of schemes. The
values of u and f at the point ¢, were added to the interpolation polynomial

= —3
PO =343 i
k=0
with s defined now by
— t' — J+m
S = h
leading to
) m
Yjt+m = Ujpm—y + hz Vkkaj+m (21)
k=0

with coefficients, determined by integration over the interpolating polynomial as for the
Adams-Bashforth scheme, given by v =1 and

Vet v+ v g+ +
k 2Ic—l 3k—2 k+1

=0 (22)

fork=0,--.,m. The scheme was implicit since fitm=f (tjpm, Uj+m) and its truncation
error was given by O(h™+1), The special case m = 1 was relevant to the solution of the

Navier-Stokes equations. We obtained vp=1and v; = —51- and

1
Ui+l = %+ Sh(fip1 + f;) + O(h?)

It required iteration to compute the solution u;;; at the new time level.




Multi-step PC (predictor-corrector) schemes.

The explicit Adams-Bashforth and the implicit Adams-Moulton multi-step schemes can
be combined into a system of predictor-corrector (PC) schemes. The general form of the
PC schemes followed from (19) and (21)

m—1
Ujym = Ujm-1+ R Z WV fiym—1 + O(R™) (23)
k=0
m
Uj+m = Uj4m—1 + h Z Vkkaj+m + O(hm+1) (24)
k=0

If the corrector step was adjusted to the same truncation error as the predictor step the

scheme
m-1

uipr =i +h Y %VEF(t,u5) (23)
k=0

m—1

U1 =5 +h Y vV f (b1, ufp) (24)
k=0

of order O(h™) emerged. The special case m = 2 with truncation error .O(hz) is of
particular importance and leads to the predictor step

Wy = 5 + A3 (5, 45) = F(tja, i) (25)

and the corrector step

.
Ui+t = j + Sh{f(tie1,u541) + F (85, 45)] (26)

This scheme can be applied to the Navier-Stokes equations if the right side f (t,u) was
interpreted as the sum of convective, pressure gradient and viscous terms. The stability
properties of the PC scheme (25), (26) were superior to the explicit Adams-Bashforth
scheme (Grigorieff vol.2, 1977, section 2.10.4). The main disadvantages of multi-step
schemes were the necessity to design a single step start-up scheme and the fact that the
schemes discussed here were only valid for constant spacing in time.
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Multi-step time integration schemes for the Navier-Stokes equations

The application of time integration schemes developed for systems of odes to the Navier-
Stokes equations was not trivial since the incompressible equations (1) to (3) contained the
mass balance which was not an evolution equation. The scheme (25), (26) was adapted to
the Navier-Stokes equations. Denoting the spatial discretizations with 5—‘1"7 and %, which
will be specified later, the momentum balances (2) and (3) were given by

ou

'5? = fm(u,v,p,Re)
ov
(_9-{ - fy(u7v,p’ Re)
where 5 5 5 ) )
_ u v dp 1 6°u  %u
fz(U,vapaRe) = u&l} 'Udy Sz Re(axz + 6y2)
and

_ v v dp 1 % 5%
fy(u,v,p, Re) = —us = v&; ~ 5 E(W + W)

The predictor step consisted then of two operations, first the velocity is predicted according
to (25, superscript refers to time level)

¥l — u® + —;—At[3fz(u",v",p”,Re) _ fz(un—l’,un—-l’pn—-l’ Re)]

and
vl = %At[3fy(U", v",p", Re) — fy(u™~, 0", p"~ 1, Re)]

and second, the predicted velocity was then updated using mass balance. The velocity
components u***! y***+! did not satisfy the discretized mass balance

6utn+1 6v*n+1

— *n+l
ox oy =D 70

The updated velocity components were required to satisfy mass balance, which is accom-
plished by

uln+1 —_ u*n+1 _ _(_s_(p
oz
/It — p*ntl _‘_s_(b
oy
and
6u’"+1 60/n+1
+ =0
ox oy
leading to
2® 5%
el —— = —*n+l
dz? + dy? b
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The updated velocity components v+, v"**+! must satisfy the momentum balances, which
leads to the pressure correction

m+l _ n 3 &
PSP A
This concluded the predictor step. It was important to note at this point, that the pressure
correction method as described above only satisfies one of the two boundary conditions
at fixed walls, namely the condition of no flow normal to the wall. The remaining no-slip
condition can be enforced in the predictor step, where the momentum balances were solved
for the primed velocity components. It must be tested whether this approach was suitable
for highly unsteady flows around airfoils. Both no-slip conditions can be enforced in the
pressure correction method at the expense of an additional Poisson equation.
The corrector step involves also two operations similar to the predictor step. The
updated velocity and pressure enter the predictor step according to (26) as follows

» 1
u n+1 — un + _Q_At[fz(uln+1,,Uln+1,pln+1,Re) + fz(un,vn,pn’Re)]

» 1
o = " SO0 5, Re) + £y (u”, v, 57, Re)

The velocity components u’"+!, v"*+1 and the pressure p"**! must be updated as for the
predictor step to enforce the mass balance. Mass balance required

Ju""'l 5'0""'1

oz dy
Hence, the correction ®* was necessary
uttl = —-6—<I>*
oz
vn-l-l = ,v”n-}-l _ i@*
by
to insure it, which leads to
2o 520" "n
— +1
Tt =P

where D""*1 denotes the divergence of u"™*1, v"%+1, The pressure associated with the

updated velocity field can be determined as follows. Updated momentum balances given
by

WP = Ut S0 g™ L Re) 4 (™, 07, 5", Re)

and g
1
,vn+1 = ™ + EAt[fy(u’"“,v’"‘H,p'”"'l +pc,Re) + fy(un’vn,pn’Re)]

were used to compute the pressure correction p.. Subtracting the corrector step momentum
balance from the updated versions led to

20*
p c = A t
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and the updated pressure was then given by

It was clear that both corrector and predictor steps required updating to satisfy mass
balance. The question remains how the stability of this type of scheme is modified by the
updating steps.

Runge-Kutta explicit schemes

The family of Runge-Kutta schemes can be applied to the unsteady Navier-Stokes equa-
tions, if proper care was taken of mass balance. The momentum balances were written as
in the previous section as

g’: fz(u,v,p, Re)
8
together with mass balance
Ug + vy =0

The standard fourth order accurate Runge-Kutta method was considered for this system
of equations. The solution at the new time level level was constructed as the linear combi-
nation of four increments. Mass balance must be satisfied at the new time level, which can
be insured by requiring it for each of the increments. The increments were then computed
as follows.

Step (1): The increments k;(u) and k1(v) were computed using the momentum bal-
ances and then modified to enforce mass balance. The momentum balances produce the
increments k; (u) and k1 (v)

1}1 (u) = Atfy(u™,v",p", Re)

l::l('u) = Atfy(u™,v"™,p", Re)

which did not satisfy mass balance

o -~ J -
—_ —_ = D)
o)+ 6yk1(v) D™ #0

The correction potential (1) was required to correct the velocity increments

- )
kl(u) = kl (’U.) - EQ(I)

ki(v) = I::l(v) - %Q(l)
It was determined by enforcing mass balance for the corrected increments, which led to

52
(;5? + _)q)(l) =-pM
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The pressure correction was then obtained from the requirement that the corrected i incre-
ments satisfy the momentum balances

ki(u) = Atfo(u®, o™, p™ + pV, Re)

ki(v) = Atfy(u, o™, p™ + 2, Re)

leading to
w _ 2%
° T At

The increments for the velocity components and the pressure were thus computed.
Step (2): The increments ky(u) and k2(v) were computed using the momentum bal-
ances and then modified as in step (1). The increments

A 1 1
ka(u) = Otfo(u™ + Ski(u), 0™ + 5 k1(v) p" + 5pl), Re)

1p(l) Re)

Fa(v) = Atf,(u” +1k1(u),'u +1 kl('u)p +s

did not satisfy mass balance

J - J -
— — = D2
&ckz(u) + 6yk2(”) D #0

and the correction potential ®(2) was required as before

. )
ka(u) = ky(u) - 5—;1»(2)

- )
kz(v) = ky(v) — —d?
2(v) = k2(v) 5
It was determined by

2 2 50 @
(3;3 + W)‘I) =-D

The pressure correction was then obtained from the requirement that the corrected incre-
ments satisfy the momentum balances

1
k1(v),p™ +p{?), Re)

ka(u) = Atfo(u™ + = kl(u),v +2

1 1
ka2(v) = Atf,(u™ + gkl(u),v" + §k1(v),p" +9?, Re)
leading to -
@ _ P2?
°© T At

The increments for the velocity components and the pressure were thus computed.
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Step (3): The increments k3(u) and k3(v) were computed using the momentum bal-
ances and then modified as in step (2). The increments

1

ngz), Re)

. 1 1
kS(u) = Atfm(un + §k2(u),v" + ’2"k2(v)’pn +

~ 1 1 1
ka(v) = Afy(u" + Sha(u), 0" + Ska(v), " + 2P, Re)
did not satisfy mass balance

)

- d -
— — = pB®
5JMM+@hM D¥#0

and the correction potential $(3) was required as before

N 1)
k3(u) = k3(u) — %‘1’(3)

» )
k3(v) = ka(v) — @q)(i*)

It was determined by
62
G2
The pressure correction was then obtained from the requirement that the corrected incre-
ments satisfied the momentum balances

%\ 53 )
2 )e® = _p
+ Jyz)

1 1
k3(u) = Atfa(u™ + Ekg(u),v" + Ekg(v),p" +p£3), Re)

1 1
Bs(v) = Atfy(u" + 5ka(w), 0" + ha(v), " + 9, Re)

leading to

3 _ p2®
T At

The increments for the velocityA components and the pressure were thus computed.
Step (4): The increments k4(u) and k4(v) were computed using the momentum bal-
ances and then modified as in step (3). The increments

12:4(u) = At fo(u™ + k3(u),v™ + k3 (v),p™ + pga),Re)

ka(v) = Atfy(u™ + ks(u),v™ + ks(v), g™ + p®, Re)

did not satisfy mass balance

J - 8 .
— - = D@
32 ka(u) + 6yk4(v) D*™ #0
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. and the correction potential ®*) was required as before

~ )
ka(w) = Fa(w) — =@
ka(v) = foa(v) — 5@
1(v) = ka(v) 5
It was determined by
(& L 8w - _pw
dz2 = §y?

‘The pressure correction was then obtained from the requirement that the corrected incre-
ments satisfy the momentum balances

ky(u) = Atfi(u™ + k3(u),v™ + k3(v),p™ + p£4),Re)

ka(v) = Atfy(u™ + ks(u), v™ + ks (v),p" +pg4),Re)

leading to

o)
p® = P2

At

The increment computation was thus completed.
The velocity and pressure at the new time level were then given by

Wt =y %(kl(u) + 2k (u) + 2ks (w) + (1))

o = 4 %(kl(v) + 2k (v) + 2ks(v) + ha(v))

1
P =5 4 Lo 4 2D 4260+ 519)

according to the standard Runge-Kutta method. The new velocity field clearly satisfies
mass balance since all increments do. The new pressure could be computed as pntl =
"+ p£4) or as linear combination of the pressure corrections associated with the individual

velocity increments. The forth order Runge-Kutta method allows easy control of the time

step according to
|l (w) — ka2 (u)|
Emin < 2 < Kmaz
" |52 () — k1 (u)]|

and s (v) = k()
K'mins2 317) — ®2lv S Rmax
|k2(v) — k1 (v)]] —°

where the maximum norm was used for the velocity increments. The strategy for the time
step control was then to double the time step if both ratios were below K,;n = 0.01 and
to half the time step if one of the two ratios was above Kz = 0.05.
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VORTICITY MAGNITUDE

60 D UNLV Run

18 D in Radius

MACH

0.071

ALPHA

0.00 DEG
7.50x10%*3

8.98x10**2
62 x16x190

TIME
GRID

898.

Figure 1: LES simulation of a turbulent round jet at Re = 15,000 without SGS model
0.0: Vorticity magnitude at time ¢ =
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Figure 7: Dispersion of water droplets in a particle laden turbulent round jet for different
mass loadings (experiments: left graph) and the mass loading 5% (LES simulation: right
graph). Top: Photo of Spray.
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Figure 8: Scatter plot of particle locations at /D = 20 (lower graph) and at z/D = 28
(upper graph) obtained with an LES simulation at Re = 13, 000.




R/D

R/D

Figure 9: Computed iso-lines of the §-component of vorticity in the initial region of an
air jet with 5% mass loading (upper graph) and without spray (lower graph).
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Figure 10: Same as figure 9 showing the full axial range.
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10 |-

Figure 11: Longitudinal velocity component (lower graph) and radial velocity component
(upper graph) iso-lines in the plane § = 0/ for Re = 13,000 without the backscatter cffect.
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Figure 12: Same as figure 11 with backscatter effect.




Burger's Equation, Re = 100.

Convergence with grid refinement

T T T
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200} / |
d

y = 3.05082 x - 12.3228, r = 1.000
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In(error)
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Figure 13: Time convergence of the third order Runge-Kutta time integration scheme
and 6th order compact spatial discretization for the Burgers equation (Re = 100).
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Burger’s Equation, Re = 100.

1 . Convergence with grid refinement
- 0.0 T T
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Figure 14: Spatial convergence of the third order Runge-Kutta time integration scheme
and 6th order compact spatial discretization for the Burgers equation (Re = 100).
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LES simulation of a plane jet using the fourth order Runge-Kutta time integra-
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Figure 18

tion scheme and fourth order compact spatial discretization, velocity vectors for Re = 2500

at t = 25.
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Figure 21: Spray size distribution.
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Solution of
fluorescein in water

Piezo droplet
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Figure 22: Apparatus for tracking fluorescent particles in a turbulent spray.
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