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Section I 

INTRODUCTION 

1. Objective 

The major objective of this study was to observe static tests of conventional concrete beams 

fitted with bottom carbon fiber reinforced plastic (CFRP) panels and develop analyses of such beams 

for prediction of load-displacement response. 

2. Background 

Fiber Reinforced Plastics (FRP) have been used extensively, ranging from high performance 

aerospace applications to the mundane patching of holes in automobiles and boats. The literature is 

full of applications of fibrous material and recently, several complete pedestrian bridges have been 

fabricated using FRP. A recent application of Carbon Fiber Reinforced Plastics (CFRP) to 

strengthening of a conventionally reinforced concrete bridge in Switzerland is described by Meier et 

al. [1]. In a specific case, a 6.2 kg panel of CFRP was used instead of 175 kg steel plate to repair a 

concrete box beam of a bridge. The CFRP sheets were 2mm thick, 150mm wide and 5m long. Meier 

[2] also presented a feasibility study on the use of CFRP in other rehabilitation applications where 

steel repair plates may be replaced with the advanced composite panels. It appears that Kaiser [3] 

first employed CFRP for strengthening of concrete beams as early as 1989. Triantafillou et al. [4] 

describes the use of CFRP panels as prestressing for laboratory size steel reinforced concrete beams. 

In the above references the CFRP panels were all applied to the tension side of the beams as 

shown in Figure 1. The major advantage of these applications is that a very thin (approximately 0.5 - 

1.00mm or 0.02 - 0.04 inch) lightweight carbon/epoxy laminate is cemented to the tension side of the 

beam. Using an unidirectional fiber laminate, with the fibers running parallel to the longitudinal axis 

of the beam, places the fibers in their best position and direction to take advantage of their high tensile 

strength (1.03 - 2.07 GPa, 150,000 - 300,000 psi). 

The use of the CFRP on only the tension side of a concrete beam has been shown to considerably 

improve its load carrying capacity. Some recent (1993) concrete/CFRP work has been accomplished 

at Wright Laboratory (WL/FIVC), Tyndall AFB, under the direction of Dr. R. L. Sierakowski, Ohio 

State University, Dr. J. W. Tedesco, Auburn University, and Dr. C. A. Ross, University of Florida. 
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Small laboratory size plain concrete beams of 25x25x305mm, 51x51x305mm, and 76x76x760mm 

(1 x 1 x 12 in,- 2 x 2 x 12 in, and 3 x 3 x 30 in) with CFRP laminates cemented on both bottom 

(tension) and sides have been tested statically. Results show that the proper placement of the CFRP 

laminates improved the bending load capacities as much as 5 to 8 times that of a plain concrete beam. 

The most important result of these laboratory tests was that placing the CFRP laminate along the 

sides of the beams (Figure lb) was very effective in preventing low load shear and diagonal tension 

failures of the beams. Results of the above work are discussed in Reference 5. These results may 

prove very useful in an effort to rehabilitate beams showing multiple cracking from distress of 

overloading or deterioration of steel reinforcement. Since the publications by Meier [1,2] and Kaiser 

[3], a considerable number of publications have appeared and several are listed as References 6 to 8. 

3.     Scope/Approach 

The general approach in this study was, (1) to build twenty-four concrete beams with varying 

steel reinforcement ratios, apply a three ply CFRP to each beam on bottom only, test each beam to 

its maximum load while recording load, displacement and strain and 2) using elastic/plastic section 

analysis and numerical analysis, derive relations for predicting load-displacement response of 

conventionally steel reinforced concrete beams with external CFRP panels. 

The beams were to be fabricated and tested by WL/FIVCS of Tyndall AFB and beam analysis 

was to be performed by Dr. C. Allen Ross of University of Florida Graduate Engineering Research 

Center (UFGERC). 



Section II 

EXPERIMENTAL TESTS 

1.    Test Apparatus and Equipment 

a. Main Test Frame 

The main test frame was designed and built by WL/FIVCS at Tyndall AFB, FL. This main test 

frame is capable of producing a total load of 100 kilopounds (kips) (444.8kn) in a third-point loading 

mode. (A third-point loading is a special case of four point loading where the beam is divided into 

L/3 pieces as shown in Figure 1.) See Figure 2 for a photograph and Figure 3 for a schematic of the 

main test frame. The device is limited to beams 10 feet (3.05m) in length with a load span of 9 feet 

(2.95m). The four loading points are seperated by 3 feet (0.9m) and the load readings are given as 

the sum of the two center loading rams. The ram load is applied by a hand controlled hydraulic pump. 

Loading rates varied but on the average were approximately 51b/sec (22.25N/sec). 

b. Instrumentation 

Each test beam with CFRP attached was instrumented with four electrical resistance strain gages. 

(Al strain gauges were obtained from Micromeasurements Inc®, Raleigh, NC.) Three strain gauges 

of 4.0in gauge length were mounted on top and sides of the CFRP beams (see Figure 8) and were 

placed on bare concrete. These strain gauges were of the type EA-06-40CBY-120 and were 

cemented with 24 hour epoxy cement. The concrete surface was filled with epoxy cement and sanded 

smooth before gauge installation. Strain gauges of 0.25 in (6.4 mm) gauge length (ED-DY-500BH- 

500) were cemented to the CFRP on the bottom of the beam. These gauges were also attached with 

24 hour epoxy cement. Ectron® Model 563F strain gauge conditioners were used in the strain gauge 

data acquisition. 

Linear Voltage Displacement Transducers (LVDT) of RDP-Electrosense® Type ACT 200C 

were used to measure midpoint beam displacement and relative displacement of a rotation cage 

mounted on the beam midspan position (see Figures 2 and 10). 

All conditioned strain data and the LVDT data were fed to a data acquisition system consisting 

of a Halikar® 3865x Laptop Computer, a National Instrument® PC-LPM-16 data acquisition card 



Figure  2.      Photograph   of  WL/FIVCS   test  frame. 
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Figure  3.      Schematic  of    WL/FIVCS   test   frame. 



and a DAQWARE® software package.  The data was then transferred to an ASCII file disk and 

processed in final form using a Lotus® 123 software package. 

In addition, a large dial gauge was used to measure beam displacement. In all beam tests this 

dial gauge and the load indicator were monitored using a video camera. 

2.     Test Beam 

a. Beam Fabrication 

Concrete beams were cast in 8in x 8in x 10 ft (0.2m x 0.2m x 3.05m) steel molds using 7.95 ksi 

(54.8 MPa) strength concrete. The beams were conventionally reinforced with steel of 60 ksi (0.41 

GPa) yield stress. Six different steel rod diameters were used for tensile reinforcement. A schematic 

of the steel placement and reinforcing rod sizes is given in Figure 4. No. 3 compression steel was 

used in all beams and the main purpose of this steel was to support the shear stirrups. A constant 

moment section free of shear stirrups was cast in the middle of each beam. 

For each tensile steel size, three beams had CFRP attached and one beam without CFRP was 

tested as a control beam. The CFRP was obtained from WL/MLBC, Wright Patterson AFB in panels 

of size 108in x 8.0in x 0.0175in (2.74m x 0.203m x 0.45mm). The material classification for the 

CFRP is an AS4/1919 graphite/epoxy composite which is 60 percent graphite fiber by volume with 

a room temperature 0° tensile strength of 320 ksi (2.413 GPa) and a 0° tensile modulus of 20 Msi 

(138 GPa). 

b. CFRP Placement 

A three ply uniaxial panel of CFRP was attached to the tension side (bottom) of three beams for 

each steel reinforcement. Before the placement of the CFRP each concrete beam was wire brushed 

and cleaned with acetone. For No. 7 series beams the CFRP was cleaned with acetone. In all beams 

except 5D and 8B a Sikadur® 32 adhesive was used for cementing the CFRP to the concrete. For 

beams 5D and 8B a different adhesive, Dexter Hysol®, was used. In the case of 8B the peak load 

was approximately 10 percent higher than the 8C and 8D beams but beam 5B showed no strength 

increase over beams 5C and 5D. 

After the adhesive was applied to the beams it was spread and smoothed by a saw tooth trowel. 

The CFRP was then placed atop the adhesive coated beam and a long flat steel channel was placed 



c 
CD 

SZ 
o 
8 
0) 
c 
8. 
c 
o 
b 

3 

CO 

i_ 

f 
< 

c 
o 

'■G 
CD 

CO 

ID 

I/) 

en 

1/5 
3 

(0 
0) 

.0 

(D 

_0) 

.CO 

GO 

c 

»2 

o 
2 

CO 

c 

w 
CD 

■c 
CD 

CO 

CO 

n ^ in to N <D 

co M- m CD r«. co 

O. 

5 -c 
CO    Ü £ u 

od
 D

i 
A

n 
In

 CO   ti 

£ ° 

na
IR

 
3s

 O
f *5 

3 Ü? 
* 
Q Q Q Q Q Q n * 

A
U

S
 

T
es

t 

O O O Ü Ü Ü t 
CO CD CD CQ CO CD 
<r <f <r <r <f <r 

E 
CO 

cS 
+-» 
Si 
u 
c 
o o 

-a 
8 
o 
c 

'di 
CC 

"33 

CO 

c 
CO 

to c 
o o 

\ 

0) 

u 
01 

L 
D 

JL 



atop the CFRP. The steel channel was then loaded uniformly with a total of 500 lbs (2.224 kn). The 

adhesive was allowed to cure for approximately seven days. 

3.    Test Results 

All test data and related dimensions were recorded using the English system of units. The data 

in this report are reported in the English system with proper notation for determining the data in SI 

units. 

In the 1993 tests several kinds of beams were tested. These beams were nominally 8in x 8in 

x 120in (0.2m x 0.2m x 3.05m) and were tested in the same fashion as the 1994 tests. The results 

of the 1993 tests are shown in Figure 5 along with the concrete/steel/CFRP arrangement for each 

beam. 

The peak experimental loads for the 1994 tests are shown in Table 1 along with notes indicating 

special treatment or remarks specific to certain tests. 

In an effort to show the effects of the addition of the CFRP, an enhancement ratio, defined as 

the peak load for a given steel and CFRP beam divided by the peak load of a beam with only the 

same steel reinforcement, is displayed in Figure 6. This figure shows considerable enhancement for 

the addition of CFRP to the lower tensile steel ratios. However, the addition of CFRP to the higher 

tensile steel ratios shows very little enhancement. 

Strain gages were placed on the beams at top and bottom and on sides as shown in Figure 8. 

In most all cases the strain measurements showed erratic readings indicating malfunctions in the 

strain conditioners. All strain conditioners used showed good initial balance and proper shunt 

calibration but gave erratic readings during the tests. Some tests gave reasonable results and the 

strain gage readings for beam 5B are shown in Figure 7. Figure 8 shows the distribution of strain 

at the peak load along with the gauge positions in the cross section. For this beam the strain 

distribution does not show exact linearity as was found in tests on smaller beams and several of the 

1993 beam tests. 

It was shown experimentally that there were generally two types of beam failures. For beams 

with the lower tensile steel rod sizes of Nos. 3, 4, and 5 the failure was delamination between the 

CFRP and the adhesive. For the higher tensile steel rod sizes of Nos. 6, 7, and 8 the failure was by 

crushing of the upper compression concrete accompanied by horizontal cracking at about the height 

8 
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Beam* 

3A 
3B 
3C 
4A 
4B 
4C 
4D 
5A 
5B 
5C 
5D 
6A+ 
6B+ 
6C+ 
6D+ 
7A 
7B 
7C 
7D 
8A 
8B 
8C 
8D 

** 

*** 

* 

Table 1 

Static Tests of CFRP Beams 

(Summer 1994) 

Dercent Peak Load Enhancement Apparent 
Steel klbs Ratio** Failure Mode++ 

0.46 6.0 N/A N/A 
18.0 3.00 D 
16.0 2.67 D 

0.83 10.5 N/A N/A 
22.0 2.10 D 
16.0 1.52 D 
18.0 1.71 D 

1.29 14.0(estimate) N/A N/A 
24.5 1.75 D 
24.3 1.74 D 
24 4*** 1.75 D 

1.83 16.0 N/A N/A 
24.2 1.51 C 
23.5 1.47 C 
25.0 1.56 c 

2.50 26.0 N/A N/A 
33.0 1.27 C 
33.0 1.27 c 
32.7 1.26 c 

3.29 30.0 N/A N/A 
38.0*** 1.27 C 
34.4 1.15 c 
34.4 1.15 c 

+ 

++ 

Peak load CFRP beam/peak load control A beam, N/A denotes not applicable 

Dexter Hysol adhesive, all others Sikadur adhesive 

Digit indicates tensile steel size. 

Letter A indicates control beam with no CFRP. 

Other letters denote CFRP. 

Peak load lower than 1993 tests. Possible oil contamination from mold release agent. 

D denotes delamination, C denotes compression upper surface. 
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Figure   10.      Photograph  of  beam  failure  by 
delamination   for  a  Series  3  beam. 

Figure   11.      Photograph   of  beam  failure  by 
delamination   for  a  Series   5   beam. 
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Figure   12.      Photograph   of   beam  failure  by   concrete 
compression   of   a  Series  6  beam. 

Figure   13.      Photograph   of   beam  failure  by   concrete 
compression   of   a  Series  7  beam. 
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Section III 

BEAM RESPONSE ANALYSIS 

1. Introduction 

Analytical calculations for concrete beams using CFRP are based on an elastic/plastic section 

analysis. Section analysis in this report is based on a composite beam cross-section of concrete, 

steel, and CFRP. The basic assumption is that the tensile concrete fractures at a very low load which 

causes a rather large shift in the neutral axis. This neutral axis shift is calculated and used to 

determine the remaining composite moment of inertia and stiffness which in turn yields a residual 

resisting moment. In all calculations the strain distribution is assumed to be linear and rotated 

planes of the beam cross sections remain plane. The assumption of linear strain up to failure was 

verified experimentally in small beam and large beam tests of 1993. The analyses were 

accomplished using the various regions of the load-displacement curve as shown in Figure 14. The 

fourth region may not have been realized experimentally due to the CFRP strength loss in 

delamination of the CFRP from the adhesive. 

An analysis using a Finite Element Method (FEM) computer code ADINA [9] was also 

conducted. 

2. Beam Section Analysis 

a. Introduction and Symbols 

This analysis is based on concrete beams conventionally reinforced with steel and externally 

reinforced on the bottom with a three ply unidirectional carbon fiber reinforced plastic panel 

(CFRP). The beam cross section is shown in Figure 15. The following symbols, definitions and 

material properties have been used in the analysis: 

€c    concrete compressive strain 

eT    concrete tensile strain 

es    steel strain 

€y    steel yield strain = .002 

eF    CFRP strain 
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ec' concrete compressive strain at peak compressive stress = 0.00245 

eu maximum concrete compressive strain = 0.003 

Ec compression concrete modulus = 5 x 106 psi (34.5 GPa) 

Es steel work hardening slope = 1.2 x 106 psi (8.3 GPa) 

Es tensile steel modulus = 29 x 106 psi (200 GPa) 

Ep tensile CFRP modulus = 20 xlO6 psi (137.9 GPa) 

Ns Es/Ec = 5.8 

NF EF/EC = 4.0 

fc concrete compressive stress, psi 

fT peak concrete tensile stress, psi 

fs steel stress, psi 

fF CFRP stress, psi 

fy steel tensile yield stress = 60 ksi (0.41 GPa) 

fc concrete compressive strength = 7,950 psi (54.8 MPa) 

fFt CFRP tensile strength = 320 ksi (2.21 MPa) 

fr concrete modulus of rupture = 0.12f/= 954 psi (6.58 MPa) [10] 

C concrete compressive force, lb 

Sa shear strength, adhesive, psi 

Sc concrete shear strength, psi 

Tc concrete tensile force, lb 

Ts steel tensile force, lb 

TF CFRP tensile force, lb 

A,, total tensile steel area, in2 

I moment of inertia, in4 

K beam displacement constant =1296/23 L3, 1/in3 

La shear development length, in 

c neutral axis location from top of beam, in 

h beam depth = 8.0 in (20.32 cm) 

d tensile steel location from top of beam = 6.0 in (15.24 cm) 



b     beam width = 8.0 in (20.32 cm) 

t      CFRP thickness = 0.0175 in (0.45 mm) 

Y     empirical constant relating average concrete stress to fc', y = 0.85 [11] 

ß     empirical constant for determining position of concrete force C below top of beam, 

p =0.325 [11] 

ö     beam displacement at specified stages of loading, in 

A     incremental beam displacement between stages of loading, in 

CFRP beam analysis is based on experimental observations of linear strain (plane sections 

remain plane) and a multilinear load-displacement curve shown schematically in Figure 14. The 

curve is divided into four numbered regions terminated by a similarly numbered point. These four 

numbered points plus the origin are then connected by straight lines to form the calculated load- 

displacement curve. In all cases the strain is assumed linear and the compression steel is neglected. 

Stress-strain curves for the steel and concrete are shown in Figure 16. The stress-strain curve for 

the CFRP is assumed linear elastic and is terminated in an abrupt failure at fFt. 

Each of these four regions and their respective terminating points illustrated in Figure 14 

are discussed in the following sections. 

b.      Region 1 

In this region all materials are assumed to behave elastically until fracture of concrete in the 

tension region occurs at the modulus of rupture. Referring to Figure 17 all strains may be written 

in terms of the concrete strain ec, at the top (compression face) of the beam, and they become 

€T = ec(h-c)/c 

es = ec(d-c)/c (1) 

eF = ec(h-c)/c 

Since all materials in this region are elastic, the stresses may be expressed as the product of 

strain times the modulus of elasticity, and the forces acting on the cross section (Figure 17) may 

be written as 

compressive concrete force: 

C = €cEcbc/2, (2) 

tensile concrete force: 
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60ksi  j 
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Figure   16.      Steel   and   concrete   stress-strain 
curves   used   in   the  section   analysis. 
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Tc = ecEcb(h-c)2/2c (3) 

steel force: 

Ts = ecEA(d-c)/c, (4) 

CFRP force: 

TF = ecEFbt(h-c)/c. (5) 

Assuming flexural response, the sum of the normal forces acting on the cross section of the beam is 

zero. This condition is stated as 

LF = C-Tc-Ts-TF = 0. (6) 

Substituting Equations (2) - (5) into Equation (6) and dividing each term by ecEc gives 

c2 - (h-c)2 - 2 NA(d-c)/b - 2NFt(h-c) = 0, (7) 

which results in a linear equation with c and when solved yields 

h2+2N A d/b+2N th 
c= . (8) 

2h+2N A /b+2N t 
S      S F 

The slope of the Region 1 curve may be written as 

(P/6)1 = K(EI)] (9) 

where (El)! is the bending stiffness and K = 1296/23L3 is the constant obtained in the derivation of 

mid-point displacement for the third-point bending used in the static tests. The I term of the bending 

stiffness is the moment of inertia of the elastic portions of the beam cross section. 

Having determined the neutral axis location c, the bending stiffness can be written as 

(El)! = Ec bc3/3 + Ecb(h-c)3/3 + EA(d-c)2 + EFbt(h-c)2, (10) 

and the moment of inertia of the composite section is determined from the relation 

I1 = (EI)1/EC. (11) 

The bending moment M1 and corresponding load Pj are related thru the relation for the third-point 

bending as 

M^PjL/6 (12) 

and are determined using the modulus of rupture relation 

fr = M^h-c)/!, = P,L(h-c)/6Ij (13) 
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Ö^P^CP/ö),. (14) 

With this the Point 1 is determined as P^. 

c.     Region 2 

For this region the assumption is that the concrete below the neutral axis is cracked and not 

active in bending. Referring to Figure 18, the concrete tensile stress Tc of Equation (3) and (6) 

goes to zero and the second term of Equation (7) disappears resulting in a quadratic equation in c 

given as 

c2 + 2(NA/b + NFt)c - 2(NAd/b + NFth) - 0. (15) 

In this Region 2 the bending stiffness (EI)2 is determined using Equation (10) with the second term 

equal to zero. From this the slope of the load-displacement curve for this region is 

(P/6)2 = K(EI)2 (16) 

In order to determine the bending moment M2 and load P2, the steel strain ey at yielding, as 

shown in Figure 18a, is used to determine the concrete strain ec and CFRP strain eF. These strains 

may be written as 

£c = eyc/(d-c) 
(17) 

eF = ey(h-c)/(d-c) 

with steel yielding, fs = fy, and the forces illustrated in Figure 18b become 

C = eyEcbc2/2(d-c) (18) 

T, = fA (19) 

TF = eyEFbt(h-c)/(d-c) (20) 

Using the neutral axis position c and summing moments about this position, the moment M2 is found 

tobe 

M2 = eyEcbc3/3(d-c) + fA(d-c) + eyEFbt(h-c)2/(d-c) (21) 

With M2 known the load P2 becomes 

P2 = 6M2/L (22) 

Knowing Pi and P2 the increase in displacement from Point 1 to Point 2 is determined from 

A2 = (P2-P1)/(P/ö)2 (23) 

and ö2 becomes 
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Ö2- Ö! + A2. (24) 

d.     Region 3 

In this region the steel is inelastic having reached the work hardening portion of the s »tress- 

strain curve shown in Figure 16a. At the end of this region (Point 3) the concrete will have reached 

its peak value of fc and associated strain of ec, as illustrated in Figure 16b. Using these values as 

indicated in Figure 19 the strains in the CFRP and steel become 

€F = €c(h-c)/c 

es = €c(d-c)/c 
(25) 

and the forces C, Ts, TF may be written as 

C - fcbc/2 

Ts = [fy + (es- ey)EJA, (26) 

TF = ecEFbt(h-c)/c. 

Summing these forces and setting the sum equal zero, results in a quadratic equation in c of 

fc'bc2 - 2[fyA3-e'c(EFbt + EA) - eyEA] c - 2e'c(AsEsd + bthEF) = 0 (27) 

With c known from Equation (27) the moment about the neutral axis M3 is determined as 

M3 = fc'bc2 + (fy + (es - ey) Es)As(d-c) + ec'EFbt(h-c)2/c 
3 

(28) 

and the load P3 is determined from 

P3 = 6M3/L. (29) 

Again the bending stiffness for the elastic portions of the beam in Region 3 becomes 

(EI)3 = Ecbc3/3 + Ejbt(h-c)2 + EA(d-c)2 (30) 

The slope of the load/deflection curve is determined from the relationship 

(P/Ö)3 = K(EI)3 (31) 

and the incremental increase in displacement from Point 2 to Point 3 is determined by 

-3 = (P3-P2)/(P/Ö)3. (32) 

The total displacement at the Point 3 becomes 

63 = Ö2 + A3 (33) 

e.     Region 4 
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In Region 4, in order to determine a neutral axis position, the concrete compression stress 

distribution is based on an equivalent rectangular distribution as described by Winter and Nilson 

[11]. This equivalent stress distribution shown in Figure 20 uses some empirical parameters a, ß 

to describe the equivalent concrete force C and its position relative to the top of the beam. These 

parameters are based only on fc and the numerical values are approximately a = 0.56 and ß = 0.325 

[11]. The position of the concrete compression force C is shown in Figure 20 and its magnitude is 

given as 

C = 2ßYfc'bc (34) 

In addition to the equivalent concrete compressive stress distribution, it is also assumed that the 

concrete strain at the compression face of the beam will have reached some strain eu of 

approximately 0.003. This assumption establishes a known parameter needed to determine the strain 

eF of the CFRP. Using the experimentally observed linear strain distribution, even at peak beam 

response, the strains in the CFRP and steel become 

eF = eu(h-c)/c 

(35) 

es = eu(d-c)/c. 

Assuming the steel is still yielding and has not reached its ultimate strain the additional forces Ts 

and TF may be written as 

T. = [fy+(e,-eJEJA, 
(36) 

TF = euEFbt(h-c)/c 

Summing the forces C, Ts, TF results in a quadratic equation in c of 

2Yßfc'bc2 + [eu( EA + Epbt) + (eyEs + fy)AJc - e^d^+E^th) = 0. (37) 

In this Region 4 concrete crushing may occur prior to failure of the CFRP or the CFRP may 

debond due to inadequate strength between the CFRP and adhesive or low shear strength at the 

concrete-adhesive interface.   All of this affects the position of the neutral axis.   However, the 

calculated position of the neutral axis does not change significantly as the strain eu varies from 0.003 

to .005, along with the changes of the CFRP stress fF from 180 ksi to 300 ksi (1.24 GPa to 2.07 

GPa). 
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Calculation of ultimate bending moments, loads and displacement of concrete reinforced 

only with steel is in itself difficult and not very straight forward and accurate. Increasing the 

difficulty by adding CFRP simply compounds the problem. With this in mind, the assumptions are 

made that the neutral axis is based on Equation (37), and the compressive concrete strain is allowed 

to increase while the concrete resisting force C is a constant based on fc'. 

The moment M, is based on a constant compressive resisting concrete force C, a steel tensile 

force Ts, and a CFRP force TF which depends on the tensile strength fF developed in the CFRP. The 

moment M, is used here to determine the slope of the line of the region 4. The load P4 is not 

expected to reach its calculated value but serves to determine the slope beyond Point 3. Using this 

assumption, TF becomes 

TF=fFbt, (38) 

and the bending moment becomes 

M4 = 2Yfc'bc2(l-ß) +[ fy+ Esec(d-c)/c - Esey](d-c) A,+ fFbt(h-c) (39) 

Bending stiffness for this region is based on the CFRP panel and the steel work hardening. In reality 

this bending stiffness only defines the slope of the load-deflection curve above the Point 3 and is 

given as 

(EI)4 = EMh-c)2 + EA(d-c)2. (40) 

From IVL, of Equation (39) the load P4 becomes 

P4 = 6M4/L (41) 

and the load-displacement slope is 

(P/ö)4 = K(EI)4 (42) 

Using Equation (42) the increase in displacement from Point 3 is 

A4 = P4/(P/ö)4 (43) 

and the displacement at Point 4 becomes 

Ö4 = 63 + A4. (44) 

The results of these analyses gives four points plus the origin which, when plotted, give a 

multilinear load-displacement curve. 

3.        Analytical Results and Discussion 
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As stated in Section II.3 the experimental results were given in English units. In order that 

comparisons may be made the analytical and numerical results are also given in English units with 

proper notation to convert to SI units. 

The results of the section analysis for the given steel bar sizes of No. 3 to No. 8 are shown 

in Figure 21. A comparison between experiment and analysis is shown for beam series No. 4 and No. 

7 in Figures 22 and 23, respectively. Reasonable agreement between analysis and experiment is 

shown in these curves. It appears that the Region 4 is not attained in the experimental results. This 

may be attributable to delamination at lower steel reinforcement and upper surface concrete failure 

at higher steel reinforcement which results in the inability of the beam to properly load the CFRP to 

its high strength capacity. 

Experimentally the peak strain reached in the CFRP was approximately 8000 microstrains and 

when multiplied by the modulus of 20 x 106 psi (138 GPa) gives a peak CFRP stress fF of 160,000 

psi (1.1 GPa). It is assumed that this stress is reacted by a shear stress in between the CFRP and the 

adhesive or as a concrete shear stress between the adhesive and concrete as shown in Figure 24. 

Assuming an effective shear developement length La of twice the beam width 2b and a shear strength 

of Sa the balance between the CFRP force and the shear force becomes 

fFbt = SabLa=2Sab
2 (45) 

and 

Sa = fFt/2b. (46) 

Using the given values of fF, b, and t, the shear stress Sa is approximated as Sa = 175 psi (1.21 MPa). 

The shear strength Sc for concrete as given in Reference 11 is 

Sc = 3.5(fc')
1/2 

and for f/of 7950 psi (5.52 MPa) the shear strength between the adhesive and concrete becomes 312 

psi (2.15 MPa). This predicts that delamination will occur between the CFRP and the adhesive which 

is verified experimentally for the No. 3, 4, and 5 series beams. 

Using the section analysis to calculate the stress developed in the CFRP, a curve of CFRP 

stress versus beam applied load is shown in Figure 25. The maximum CFRP stress predicted by 

experiment is shown as a horizontal line of Figure 25. All beams which reach a CFRP stress higher 
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that this line should fail by delamination and those below this line should fail by concrete compression 

of the upper surface.  Results of this curve showing that Beam Series 3, 4, and 5 should fail by 

delamination and Beam Series 6, 7, and 8 should fail by concrete compression verifies the 

experimental results of the table of page 10. 

4.        Numerical Results and Discussion 

The ADINA [9] finite element computer code was used to calculate the beam response 

of concrete beams with Nos. 4 and 7 steel reinforcing rods, both with and without CFRP. A 

hypoelastic concrete material model is used in compression and a linear elastic model with tension 

cutoff is used for tensile failures. An elastic work hardening tensile steel material model (Figure 16a) 

and an elastic CFRP material model with a Young's modulus of 20 x 106 psi were used in the 

numerical analysis. The same properties as cited in Section III, 2a were used in the analysis. 

Twenty-seven two-dimensional eight node plane stress elements were used for the concrete. 

Nine three-node truss elements were used for the steel and the CFRP. As was the case in the section 

analysis the compression steel was ignored, and the cross sectional area of the steel truss element was 

adjusted to include both steel rod areas. Also in the case of the CFRP panel the area of the CFRP 

truss element was taken to be the beam width times the CFRP panel thickness t. 

Loads were applied in increments of the following manner; 

a) #4 Ten. Steel, No CFRP, 10,500 lbs in 210 steps 

b) #4 Ten. Steel, With CFRP, 22,000 lbs in 440 steps 

c) #7 Ten. Steel, No CFRP, 26,000 lbs in 520 steps 

d) #7 Ten. Steel, With CFRP, 33,000 lbs in 660 steps 

A limited amount of output was requested for this study. For each case listed above a plot 

of concrete cracking shown in the original mesh and a plot of load versus displacement are given in 

Figures 26 to 29. Figure 26a shows elements of the original mesh along with the crack patterns. 

This data is omitted in the other concrete cracking plots. 

The load displacement curves of Figures 26 - 29 are reproduced in Figures 22 and 23 showing 

comparisons between experiment, section analysis, and FEM analysis. For Figure 22, with beams 

containing No. 4 steel bars, the various methods of analyses show excellent agreement between each 

other. Also each analyses exhibit the three or four response regions shown schematically in Figure 14. 



For the analyses of beams containing No. 7 steel bars the analyses are not nearly in agreement with 

the experiment-as the analysis of beams containing No. 4 steel bars. 

The FEM analysis required considerable man hours as well as CPU time. The inelastic-tensile 

response of the concrete cracking causes the load step to be reduced almost down to 1.0 lb 

increments during the FEM calculation. This means the CPU time may approach two to three hours 

on the higher loadings of the beams reinforced with No. 7 steel bars. However, it appears the FEM 

analysis is worthwhile in that it gives a verification of the section analysis and appears to agree very 

well with the experimental data. 

It is still worth repeating here that we cannot predict the failure load of these beams until 

further study is made to determine the interaction and failure mechanisms in the bond between the 

CFRP, adhesive, and concrete. 
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Section IV 

CONCLUSIONS AND RECOMMENDATIONS 

The major conclusion from the experimental tests is that a definite strength enhancement is 

obtained by addition of very thin tensile CFRP panels to concrete beams with conventional steel 

reinforcement ratios less than approximately one percent. For the concrete/CFRP beams tested, the 

weakest link appears to be in the shear strength of the adhesive/CFRP interface. 

Based on experimental observations the lightly steel reinforced beams respond in a multilinear 

load-displacement fashion and above the steel yield point, the addition of the CFRP is most effective, 

accounting for approximately seventy-five percent of the beam stiffness. This leads to the conclusion 

that the high stiffness of the CFRP may be more important than the high strength. With delamination 

between CFRP and adhesive and/or low shear strength of the CFRP, is not used to its full potential. 

In terms of structural response analysis the recommendation is to expand the analysis to plates 

and dynamic analysis of both beams and plates. 

Finally, the most important overall recommendation is to study the bond strength between 

both CFRP and adhesive and adhesive and concrete. Studies of both chemical bond strength as well 

as the mechanics of the interactions between the three parts is essential for increased strength 

enhancement. 
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