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WAVE INTERACTIONS AND VARIATION ESTIMATES FOR SELF-SIMILAR 

VISCOUS LIMITS IN SYSTEMS OF CONSERVATION LAWS 

ATHANASIOS E. TZAVARAS 

Department of Mathematics 
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Madison, WI 53706 

Abstract. We consider the problem of self-similar viscous limits for general systems of conservation 
laws. First, we give conditions so that the resulting boundary value problem admits solutions. In 
particular this covers the class of symmetric hyperbolic systems. Second, we show that if the 
system is strictly hyperbolic and the Riemann data are sufficiently close then the resulting family 
of solutions is of uniformly bounded variation and oscillation. Third, we construct solutions of the 
Riemann problem via self-similar viscous limits and study the structure of the emerging solution 
and the relation of self-similar viscous limits and shock profiles. The emerging solution consists of 
N wave fans separated by constant states. Each wave fan is associated with one of the characteristic 
fields and consists of a rarefaction, a shock, or an alternating sequence of shocks and rarefactions 
so that each shock adjacent to a rarefaction on one side is a contact discontinuity on that side. 

1. Introduction 

Consider the system of conservation laws in one space dimension 

(1.1) dtU + dxF(U) = 0 

where x € IR, t > 0, U(x,t) takes values in ffi^ and the flux function F : MN -*• IR^ is 

assumed smooth. If the matrix VF(U) has real and distinct eigenvalues then (1.1) is called strictly 

hyperbolic, and its eigenvalues (called characteristic speeds) may be ordered 

(1.2) X1(U)<X2(U)<...<XN(U). 

Let r\(U), ..., TN(U) and 1\{U), ..., IN(U) be the corresponding right and left eigenvectors. They 

are linearly independent and form a pair of local bases in the state space. 

The Riemann problem consists of solving (1.1) subject to data a single jump discontinuity 

(1.3) "(•.<»-{£ I <o 
>o 



It describes the local structure of BV solutions at points of shock interactions (DiPerna [Dp], 

Liu [Li4]) and serves as a building block for solving the Cauchy problem via the Glimm scheme 

(Glimm [G]). In solving the Riemann problem one encounters loss of uniqueness that has to be 

accounted for by imposing admissibility restrictions on solutions. For weak waves in strictly hy- 

perbolic systems it suffices to impose such restrictions only at shocks. Lax [Lai] in the genuinely 

nonlinear case and Liu [Lii, Li2] in the general case provided comprehensive shock-admissibility 

criteria and obtained a unique solution of (1.1), (1.3) for weak waves. The reader is referred to 

Dafermos [D3] for a thorough discussion of the issue of admissibility. The solution of the Riemann 

problem is based on the invariance of (1.1), (1.3) under dilations of the independent variables 

(x,t) -+ (ax ,at), for a > 0. Because of the expected uniqueness, one seeks for solutions U = U(£) 

functions of the single variable f = f. The function U is a weak solution of the boundary value 

problem (V) 

-tu' + F(uy = 0 
(V) 

U(±oo) = U± 

subject to admissibility conditions on shocks. The classical solution of (V) consists of two steps: 

First special solutions of rarefaction waves, shock waves and contact discontinuities are studied, 

and are used to construct the elementary wave curves. There is one elementary curve associated 

with each characteristic field with the parametrization of the curve serving as a measure of the 

strength of the associated wave. Second, it is shown that the compound curves emanating from a 

fixed U- give rise to an invertible map that covers a full neighborhood of right end states U+ (c.f. 

[Lai, Li4]). 

The objective of this article is to obtain the complete solution of the Riemann problem for 

weak waves by an alternative approach, in the spirit of viscosity methods. Namely, admissible 

solutions of (V) are constructed as e \ 0 limits of solutions to the problem (VE) 

-£ U' + F(U)' = eU" 

U(±oo) = U±, 

with £ > 0. The latter consists of an elliptic regularization of the Riemann operator in (V). This 

approach is usually called self-similar viscous limits and was proposed by Dafermos [Di], who 

motivated it by introducing an artificial "viscosity" regularization that preserves the invariance 

under dilations of coordinates.   The study of the Riemann problem amounts to performing the 

following steps: 

(i) To construct solutions of the problem (Pe), with e > 0 fixed. 



(ii) To construct solutions of (V) as e \ 0 limits of solutions of (Ve). 

(iii) To study the structure of the emerging solution. 

Our interest in (Ve) stems from the connection with the problem of viscous limits. For the 

system of viscous conservation laws 

(1.4) dtU + dxF(U)=edlU 

subject to Riemann data, the invariance under dilations (x,t) -* (ax, at), a > 0, no longer holds. 

It is a simple calculation to see that the solution Ue of (1.3 — 1.4) can be expressed as 

(1.5) U%x,t) = V(^,-£
1) 

where V(£, s) satisfies 

(1-6) V.-V€i = \{-(Vt + F(yh) 

for -co < £ < oo, —oo < s < 0. Therefore, the viscous limit problem for Riemann data is a two 

parameter problem and studying the limit of Uc as e j 0 amounts to studying the limit of V(£, s) 

as s f 0—. The problem (Vc) arises when replacing the parabolic operator in (1.6) by an elliptic 

operator; its study is expected to provide insight on the difficult problem of viscous limits. The 

two regularizations have been compared for Burgers' equation (Slemrod [S2]). 

The notion of self-similar viscous limits appears in the articles [Ka], [Tui], [Tu2], [Di]. Tupciev 

[Tux, T12] used them to formally motivate a shock admissibility condition for the Riemann problem, 

that amounts to the requirement that admissible shocks have associated shock profiles. The direct 

use of self-similar viscous limits is initiated by Dafermos [Di, D2] who proposed it as an admissibility 

criterion and devised a versatile framework for treating the analytical aspects of the problem. The 

approach has been tried on several examples of strictly hyperbolic 2x2 systems [Di, DDp, KKr, 

STzi, TZ2], on a system of two equations that exhibits change of type [Si, Fa2], and on the fluid 

dynamic limit for the Broadwell model [STz2, Tzi]. It has been established at the level of such 

examples [D2, Faj, Tz2] that it dictates the same structure for the Riemann problem solution 

as that obtained by the usual shock-admissibility criteria, or by requesting that each admissible 

shock has an associated viscous shock profile. In contrast to most admissibility criteria, self- 

similar viscous limits penalize the whole wave-fan simultaneously. (It would be interesting to try 

the method in one of the examples where the requirement that each shock has an associated profile 

is not sufficient to guarantee uniqueness). Based on that fact, a fitting terminology would be to 

call admissibility via self-similar viscous limits as the viscous wave-fan admissibility criterion. 



Here, we pursue the method for strictly hyperbolic systems of more than two equations. We 

address the questions of existence, performing the e -> 0 limit, and structure of the emerging 

solution. The key step lies in controlling the diffusion induced wave interactions and obtaining 

uniform variation estimates for solutions of (V£). The article is organized as follows: 

In Section 2 we study the question of existence of solutions for (V£). We show that for any 

system equipped with an Lp estimate the problem {VE) admits solutions for each e > 0. The 

analysis applies to the class of symmetric hyperbolic systems. 

Sections 3 to 7 are the core of the article dealing with the question of obtaining uniform 

variation estimates for families of solutions to (Vc). Even for Riemann data, waves of different 

families can interact through diffusion and contribute to the total variation. Therefore, one has to 

devise a scheme for measuring the variation of the solution (through the individual waves) and to 

calculate the effects of wave interactions. We refer to Section 3, which serves as an introduction 

to this part, for an outline of our strategy. The outcome is summarized in Theorem 3.1 and states 

that if (1.1) is strictly hyperbolic and the data U± are such that \U+ -U-\is small, then (Vc) has 

solutions that are of uniformly bounded and small oscillation and variation. 

In Sections 8, 9 and 10 we solve the Riemann problem for strictly hyperbolic systems via self- 

similar viscous limits, under the sole hypothesis that \U+ — U-\ is small. The variation estimates 

of Section 7 are used in Section 8 to establish the e —► 0 limit and, more important, to study 

the structure of the emerging solution U of (V). It turns out that U consists of N wave fans 

separated by constant states. Each wave fan is associated with one of the characteristic fields and 

is either a rarefaction, or a shock satisfying a weak form of the Lax conditions, or a composite 

wave consisting of an alternating sequence of shocks and rarefactions so that each shock adjacent 

to a rarefaction on one side is a contact discontinuity on that side. In Section 9 it is shown that 

for shocks that do not correspond to linearly degenerate characteristic fields solutions of (Ve) have 

the internal structure of traveling waves. Finally, in Section 10 we compare the outcome of the 

solution via self-similar limits to the classical solution of the Riemann problem [Lai, Li1; Li2]. 

Both for genuinely nonlinear systems as well as for general strictly hyperbolic systems, the same 

structure results for the Riemann solution. The relation with the Liu shock admissibility criterion 

is indirect, and follows from the fact that (a strict version of) the Liu shock-admissibility criterion 

is equivalent to the requirement that admissible shocks have associated shock profiles (Liu [L'13], 

Majda and Pego [MP]). 



2. Existence of Connecting Trajectories for (Ve) 

The objective of this section is to construct solutions of the problem (Ve), for e positive fixed. 

(Ve) is a boundary-value problem for a system of non-autonomous ordinary differential equations. 

First, it is shown that £°° estimates are sufficient to establish existence of solutions for (V£). Then a 

construction scheme, originally proposed by Dafermos [Di], is presented in Section 2.2. Existence 

of connecting trajectories then relies on a-priori estimates, which are established in Section 2.3 

under various structural hypotheses on (1.1). Most notably, the analysis applies to the class of 

symmetric hyperbonc systems. 

2.1. Preliminaries. Assume that U is a classical solution of (Ve) satisfying the bound 

(2.1) sup     M£)\<M. 
-oo<£<oo 

where M is a constant that may depend on e. Integrating the differential equation 

(2.2) e U" = -tU' + F(U)' 

it is easily seen that U satisfies the identities 

(2.3) U\t) = U'{0)e-& + -e"£ / c£vF(tf«))ff'(C)«*C, 
£ Jo 

and 

(2.4) e U'(Q = e U'(Q) + F(U({)) - £ U(t) - F(U(0)) + I  U(Q d(. 
Jo 

Using (2.1), (2.3) and Gronwall's inequality, we obtain 

(2.5) \U'(0\< \U'(0)\ e<2al«l-«2>/2£ , 

where a :=   sup  |VJP(F)|. 
\V\<M 

Integrating (2.3) over (—y/e, y/e) and performing a change of variables in the resulting integrals, 

we arrive at the identity 

U'(Q) Jl e-?r>dt = -L (U(V~e) - U(-y/e)) 

(2-6) + ~F(U(0)) f e-?'2di - - j   F{U(y/it)) df £ J-i e J-\ 

+ 7 f   l\e{e-e)l2F{V(SeO)dW. £ J-i Jo 

5 



In turn, this leads to 

\U'(0)\  I' e-?'2dZ < l\y/i\U(^ - U(-Ve)\ 

(2.7) +    sup    1^(^0)1(4 + 2/   / Ce(c2-«2)/2«) 
-1<£<\ JO    JO 

<-(M+   sup   \F(V)\). 
£ \V\<M 

On the other hand (2,1), (2.4) and (2.7) give 

(2.8) |t/'(OI<f(l + l£l). 

Relations (2.5), (2.7) and (2.8) imply that any solution obeying the bound (2.1) will also 

satisfy the first derivative estimates 

(2.9) I^OISJI^,.^  |*|;2a ,  0<«S1. 

In (2.9) the constants C and a depend only on      sup     |tf(f)l> wnue the exponent becomes 
—oo<£<oo 

negative for |£| > 2a. In addition, (2.2) yields 

(2.10) |tf"(OI< J (« + 1*1)1^(01. 

which in conjunction with (2.9) provides an estimate for the second derivatives. 

2.2.   The Construction Scheme. let e G (0,1] be fixed and consider the two-parameter 

family of boundary-value problems 

-tU' + nF(U)' = eU"        -l<t<l 
(2.11) 

U(±l) = (iU± 

with parameters /i 6 [0,1], I > 1. The following theorem [Di, p.3] provides sufficient conditions 

that guarantee the existence of solutions for (V£). We outline its proof for the sake of completeness. 

Theorem 2.1 Assume that there is a constant M depending at most on U- , U+, the function 

F(U) and e (but independent of fi and I), such that any solution U(£) of (2.11) satisfies the bound 

(2.12) sup   \U(Q\<M. 
-'<£<< 

Then, there exists a classical solution of (Ve) denoted again by U(£) and defined on (—oo ,oo). 

6 



Proof. First, solutions of (2.11) are constructed by means of a continuation argument. Given a 

smooth function V the solution W of the boundary-value problem 

e W"(0 + £ W'(Q = F(V(0)'       -/<*</, 
(2.13) 

W(-l) = U- , W(+l) = U+ 

is computed by the formula 

rt     ,2 1   f« 
W(t) = U- + U0 I e~^dC+- I  F(V(C))dC 

(2.14) J->    c 
£J-1 

~l*J j Te~^~F(V(T))dTd^ 

where the constant UQ € IR    is calculated by 

U0 I  e-£ dC = (U+-U.)-- f  F(V(Q) d( 
(2.15) J-' £j-\     . 

1 f' fC T*-C* 
+ J2II   re-^-F(V(r))dTdC 

SetX = C°([-/,/];IRJV)and 

Q:={UeX:    sup   \U(t)\ < M + 1} . 
-'<£<' 

X with the sup-norm is a Banach space and ft is a bounded, open subset of X. Consider the 

map T : ft -*■ X carrying V € ft to W = T(V) defined by the relations (2.14) and (2.15). T is 

compact and continuous, and classical solutions of (2.11) are identified with fixed points of /xT. 

The map I — fiT : ft x [0,1] -*■ X satisfies the hypotheses of the Schaeffer fixed-point theorem (e.g. 

Rabinowitz [R, Ch V]). Hence, for each /i € (0,1] there is at least one solution of the equation 

U - nT(U) = 0 in the set ft. 

Let now U(-;/) denote a solution of (2.11) for /x = 1. In the last step, solutions of (Ve) are 

constructed as / —*■ 00 limits of U(-]l). Proceeding as in the derivation of (2.9) and (2.10), it 

follows that such solutions satisfy the bounds (2.12) and 

\U'(t;l)\<-el2aM-?»2e 

(2-16) e 

|ff"«;0l<£(i + KI)^ftK|-<a)/a' 

with C and a depending on M but not on /. Extend U(-; /) outside [-/, /] by setting U(£; /) = U- 

for £ < —/ and U(£; /) = U+ for £ > /.   The Ascoli-Arzela theorem, together with a diagonal 



argument, implies the existence of a sequence {/„}, ln -*■ oo, and a function [7GC
1
((-OO,OO);IR ) 

such that U{-; /„) ->■ U and U'(-; /„) -» U' uniformly on compact subsets of Et. Because of (2.16) 

the convergence is uniform on EL and J7(±oo) = U±. Passing to the limit /„ -» oo shows that U is 

a classical solution of (V£). | 

2.3 The a-priori estimates. The scope of this section is to provide the sup-norm estimates 

that authorize application of Theorem 2.1. In the sequel, U(£) stands for a solution of the family 

of boundary-value problems (2.11) defined on [-/,/] and depending implicitly on \i, / and s. In the 

process of estimating £/(£) we pursue ideas that were developed by Dafermos and DiPerna [DDp] 

in the context of 2 x 2 systems and use the concept of entropy-entropy flux pairs (Lax [La2]). 

A scalar-valued function T)(U) is called an entropy for (1.1), with corresponding entropy flux 

q(U), if every smooth solution satisfies the additional conservation law 

(2.17) dtr)(U) + dxq(U) = 0 

Such pairs (r)(U),q(U)) are generated by solving the system of (linear) differential equations 

(2.18) Vq(U) = Vrj(U) VF(U). 

Trivial examples of solutions are provided by (c • U , c • F(U)), with c any constant vector in JRN. 

Since (2.18) is overdetermined for N > 3, for systems of three or more equations the existence 

of (nontrivial) entropies is the exception rather than the rule. Nevertheless, specific systems that 

arise in applications are often naturally endowed with some entropy-entropy flux pairs. Also, the 

class of symmetric hyperbolic systems, that is systems for which VF(U) is a symmetric matrix, 

admits the pair 

(2.19) T)(U) = \ \U\2       q(U) = U • F(U) - g(U), 

where g is a potential for F satisfying .F(£0 = Vg{U). 

Let (r}(U),q(U)) be an entropy-entropy flux pair for (1.1). Using (2.18) we deduce that 

solutions of (2.11) satisfy the identity 

(2.20) -£T/' + ßq' = er}" - eU'■ (V2r))U' 

where 77 = rj(U(0) > 9 = q{U(0)- In exploiting (2.20), it is helpful to use entropy functions 

77(17) that are convex (or linear). The following lemma indicates how to bound the total entropy 

production. Given a constant entropy level 77, consider the level set 

(2.21) Cf) = {U£UN:V(U) = fj}. 



If Cfj is nonempty, let 

(2.22) Q,=     sup    \q(Ul)-q(U2)\ 

be the oscillation of q(U) on the level set C^. 

Lemma 2.2. Assume that n(U) is a convex entropy with corresponding entropy flux q(U). If fj is 

any constant such that 

(2.23) fj > max {n(fxU.), i}(pU+)} 
0</i<l 

then for any (a,ß) C (—/,/) 

(2-24) /   (ri(U(t))-fj)d{<K, 
Ja 

where K = Qn if n(U(£j) > fj for some £ € (a,ß), and K = 0 otherwise. 

Proof. The proof is based on the following observation. Let fj be a fixed entropy level and suppose 

that a, b are two points in (—/,/) with the properties a < b and 

(2.25) v(U(a)) = r](U(b)) = fj       with    (T? O U)'(a) > 0 ,    (n o U)'(b) < 0. 

Integrating (2.20) over [a, 6], we obtain 

(226) [ MHO) -V)dti + e fa U'U) • V2 n(U(0) U'(t) ^ 

< -r[q(U(b))-q(U(a))]  < Q^ 

which, upon using the convexity of n(U), yields 

(2-27) /  0/(tf(O)-»jK< Qn- 
Ja 

If »?(^(0) < V for -/ < £ < I, then (2.24) is trivially true with K = 0. So suppose that the 

set {£ € (—1,1) '■ V(U(0) > ^} is nonempty. It is also open and thus admits a decomposition into 

a countable union of disjoint subintervals 

(2-28) {£ g (-/, /):     itfff (fl) > fj} = |J (ak, 6fc), 
fce/ 

where fc ranges over an index set I (either a finite set or the integers). For fj restricted by (2.23) 

the points ak and bk lie in (-/,/)• Also, since rj(U(£)) > fj for ak < f < bk with k G /, relations 

(2.25) are satisfied at the endpoints ak , bk. 

9 



Given any (a,ß) C (-/,/), choose a, 6 as follows: If i)(U(a)) > f) set a = sup{afc < a}, while 

if T}(U(a)) < fj set a = inf{afc > a}; if n(U(ß)) > f) set 6 = inf{bk > ß}, while if n(U(ß)) < fj set 

b = sup{6jt < /?}. If T)(U(()) > fj at some £ € (a,/?), a and 6 are well denned, a < b, relations 

(2.25) are satisfied at a, b and 

(2.29) /   {rj(U(0) -fj)d{<  I  {V(U(0) -fj)dC<Q,. 
Ja Ja 

Otherwise (2.24) holds with K = 0. | 

In general the quantity Qn depends on the form of the level set C^ as well as the function 

q(U) and may be infinite. If it happens that Cf, is a compact set, then Qn is finite and (2.24) 

provides an integral estimate independent of /i, / and e. An entropy is called normal if r}(U) -*• oo 

as | U | -»• oo. If the system (1.1) is endowed with a convex normal entropy, then nonempty level 

sets Cf) are compact, and that leads to integral estimates of the type (2.24). For a symmetric 

hyperbolic system rj(U) = ||f/|2 is an example of a convex normal entropy. 

Next, we present two approaches for obtaining the sup-norm estimates (2.12). The first exploits 

the entropy identity (2.20), and requires the existence of a strictly convex, normal entropy function 

r)(U), defined (only) on the exterior of some open ball in the state space. 

Proposition 2.3. Assume that (1.1) admits a strictly convex, normal entropy n(U) defined on 

the exterior of a ball and satisfying the growth restriction: There are q > 0 and positive constants 

C and ro such that 

(H) \VV(U)\2<Cv(U)n(Uf-'1       for    |J7|>r0, 

where v(U) is the smallest eigenvalue of the Hessian V2n(U). Then solutions of (Vc) exist for 

every e > 0. 

Proof. Let n(U) be a strictly convex, normal entropy defined for {U £ JR. : \U\ > r0} and 

satisfying (H) for some q > 0. Without loss of generality we may assume that rj(U) is positive. 

Let U(£) be a solution of (2.11) on (-/,/). For those £ that |tf(f)| > r0 equation (2.20) is satisfied. 

Let r > maxflCZ+l, \U-\, r0} and fjr = max|c/|=r rj(U) be fixed and choose two entropy levels 

V2 > Vi > Vr > 0. Consider the set 

(2.30) A = {t G (-/, /): 77(C/(0) > m , \U{0\ > r } • 

Since T^(^) ->• oo as \U\ -»• oo, if the set A is empty then sup_,<€<, \U({)\ < M, for some M 

depending on 772 and r, and thus (2.12) holds in this case. So, assume that A is nonempty. It is 

10 



also open and thus admits the decomposition A = Ujte/(aJt)^it) mto a countable (or finite) union 

of disjoint intervals. In addition the choice 772 > Vr implies that, for any k € I, 

V(U(0) > V2    for     ak < £ < bk, 
(2.31) 

r)(U(ak)) = V(U(bk)) = 772    and    (77 o U)'(ak) > 0 ,    (77 o ^)'(6fc) < 0. 

Henceforth we focus on a fixed interval (ak,bk). Let rk be a point where TJ(U(£)) assumes 

it's maximum in the closed interval [ak,bk]. Using Schwarz's inequality, the strict convexity of 77, 

hypothesis (H) and relations (2.31), (2.25) and (2.26) we obtain 

(2/q) [itffffa))« - i?(ff(afc))*] =  I'* iK^(0)f _1 ViK^(O) tf'CCK 

(2.32) < [jfn^^!|v^(c))|8iic]* [j[V(0-vVtf(C))ff'(CK]* 

<[c rv(U(0)d<;)HlQv*)12- 
Jak 

t 

For those C/ G ffi,N that rj(U) > fj2 > m > 0, it is 

(2.33) V(U) -fji> ^^ tfff) • 
V2 

Then (2.32) yields the estimate 

(2.34) v(U(rk))^ < {fl2)U{ql2){-1§\-Q,1f
l\ f\n{U{Q)-n,)dOh ■ 

£{1l2-Vl) Jak 

Set a = inftf € (-l,ak) : T,(U(Q) > ^on(f,ofc)}, 6 = sup{£ G (&*,/) : »7(^(0) > ^on(6fc,0>. 

Since |?7(±/)| < r and 771 > fjr, a, b are well defined and satisfy — / < a < ak < bk < b < I. In 

addition (2.25) holds and, as in the proof of Lemma 2.2, 

(2-35) fk (77(17(0) -m)d{< [  (TJ(U(0) ~ Vi) % < Qm . 
Jak Ja 

As a consequence, the right hand side of (2.34) is bounded independently of k, and (2.12) holds in 

the case that A is nonempty too. The conclusion now follows from Theorem 2.1. 1 

Regarding the growth assumption (H) the following remarks are in order. If the strictly 

convex, normal entropy function is of the form r)(U) = (1/p) \U\P, with p > 1, one easily calculates 

(2.36) Vr](U) = \U\P~2 U,        V2r)(U) = \U\p-2I + {p-2)\U\p-4U®U. 

The Hessian of 77 is a positive definite matrix having eigenvalues: (p— l)\U\p~2 with corresponding 

eigenvector U, and |t/|p-2 of multiplicity N - 1 with corresponding eigenvectors UL any vector 

11 



orthogonal to U. Hypothesis (H) is then satisfied with q = 2. On the other hand, if n(U) grows 

like a power up to first order derivatives, i.e., 

(2.37) ±\U\» < v(U) < c\U\",    \Vn(U)\ < c\U\^x, 

for some positive constant c, then (H) becomes a restriction on the decay of the minimum eigenvalue 

for U large and is satisfied provided that v(U) > \U\~S for some s < p + 2. 

As a consequence of the above remarks in conjunction with Proposition 2.3, we have. 

Theorem 2.4. If (1.1) is a symmetric hyperbolic system, then solutions of (Ve) exist for every 

e > 0. 

In the interest of developing technique, we present an alternative way for establishing (2.12) 

for symmetric hyperbolic systems. The actual result is weaker than Theorem 2.4, as it requires a 

growth assumption on the flux F(U), but the approach may be useful for other problems. 

Proposition 2.5. Suppose that (1.1) is a symmetric hyperbolic system, such that the flux function 

satisfies the growth assumption 

(2.38) \F(U)\ < C {1 + \U\)P 

for some positive constants C and p < 3. Then solutions of (Ve) exist for every e > 0. 

Proof. Symmetric hyperbolic systems are endowed with the entropy - entropy flux pair (2.19), for 

which (2.20) takes the form 

(2.39) -f (|tf |2)' + 2/x (U • F(U) - g(U))' = s (\U\2)" - 2s \U'\2 

The function g is a potential for F satisfying F(U) = Vg(U). It can be defined by the formula 

(2.40) g(U) = J   jtg(tU)dt = J   F(tU)-Udt, 

where g has been normalized by setting g(0) = 0. Assumption (2.38) induces a growth restriction 

on g as follows: 

(2.41) \g(U)\ = | f F(tU) -Udt\<C(l+ \U\Y+1. 
Jo 

Set r = max{\U-\,\U+\] and consider any point f e (-/,/) such that \U({)\ > r and 

(d\U\2/<%)({) > 0.   Define £' = inf {( G (£,/] : \U(0\ < \U({)\} and observe that £' is well 
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defined with f < £' < /. Moreover, \U({')\ = \U(0\, (d\U\2/%)(?) < 0 and \U(()\ > \U(£)\ for 

£<<<£'• Integrating (2.39) over [£,£'], we obtain 

-/   C(\U\2)'(Od( + 2ej   \U'(0\2d<; 

(2-42) + 2/x [ U(?) ■ F(U(0) - g(U(0) - U(0 • F(U(0) + g(U(0) ] 

= e(d\U\2/dt)(e)-e{d\U\2/d()(£) 

Since 

r«' . ft' 
(2-43) -/   C{\U\2)'(QdC = J   (|^(C)|2-|^(OI2)^>0, 

(2.42) together with (2.38) and (2.41) yield 

(2.44) £f[l|l!(0<8C(l + |^)|)p+1. 

Note that the bound (2.44) holds for any f 6 (-1,1) such that \U({)\ > r. 

To conclude the proof fix two levels r\ and r2, with r2 > r\ > r, and consider the set 

B = {£ <E (-/,/) : |C/(OI > r2}. If £ is empty then (2.12) holds and Theorem 2.1 implies the 

desired result. If B is nonempty, then it can be decomposed into an at most countable union of 

disjoint subintervals (ak,bk) such that |*7(afc)| = \U(bk)\ = r2 and \U(£)\ > r2 for ak < £ < bk. 

In each of the intervals [afc,fcjt] the differential inequality (2.44) is satisfied. Next, fix k and let 

Tk € [ak,bk] be a point where |?7(rfc)| = max,,^^ |#(f)l- Lemma 2.2, applied for the entropy 

r](U) — |t/|2 and the level f) = rj, implies 

(2-45) r(\U(0\2-r\)di<Qrl<oo. 

Since the ratio |i7|1-p(l + |^|)1+p/(|^|2 - r2) remains bounded for \U\ > r2, using (2.44) and 

(2.45) we deduce 

(2.46) e £ mOl1-" ^fdt<C £ (\U(0\2 - r2) « < C Qr?. 

In turn, performing the integration in (2.46) yields 

(2-47) Mr,)?-" < (r2)
3-p + *jJ>CQr* , 

for p < 3, and 

(2-48) \U(Tk)\<r2e
C'Q'l/2\ 

for p = 3. In either case (2.12) holds and proof is complete. | 
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3. Solution decomposition - The main result 

The aim of this article is to construct solutions of the Riemann problem (V) as e —► 0 limits 

of solutions of (V£). The central difficulty lies in obtaining ^-independent variation estimates for 

families of solutions of the problems (V£). The reason is that, even for Riemann data, there 

are wave interactions induced by the coupling through the self-similar viscosity that need to be 

accounted for. The derivation of the variation estimates follows from a lengthy analysis, carried 

out in Sections 3-7. The present section serves as an introduction, where we outline the general 

strategy, introduce the main hypotheses, and present certain interesting geometric properties. 

Our approach is motivated by a detailed study of the following question: Suppose we are given 

a family of solutions to (V£) of uniformly small oscillation 

(C0) sup     \U£(0-U-\<fi . 
—oo<£<oo 

Such a family would also satisfy uniform L°° bounds 

(Cb) sup     \Ue(t)\<M, 
—oo<£<oo 

where the constants M and /x are independent of e and \i is also small. Examine under what 

structural hypotheses on (1.1) the family {U£}e>o is of uniformly bounded variation 

(S) TV(-00,oo)V£<C. 

It is instructive to give a proof of (S) for the single conservation law, which contains some 

ingredients of the approach followed for systems. Let {u£}£>o be a family of scalar-valued function 

satisfying 

(3.1) 
u£(±oo) = u± . 

and the uniform bounds (Cb) (which are easily justifiable in this case). Let X(u) = /'(«) be the 

characteristic speed of the associated hyperbolic equation. It is easy to see that solutions of (3.1) 

satisfy the representation formula 

(3.2) <(0 = („+. „_)____ 

where 

(3.3) ge({)=   f  s - X(u£(s)) ds . 
Ja 
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From the form of (3.2), it follows that {u'e} are uniformly bounded in L1 and thus {uc} is of 

uniformly bounded variation. 

Returning to the general case, we note that the system (1.1) is assumed strictly hyperbolic, 

but no other structural assumptions are imposed. The eigenvalues of VF(U) are denoted by 

(3.4) AX(CA) < \2(U) < ... < XN(U) 

and are ordered.   The corresponding right eigenvectors ri(U), ..., r^(?7) and left eigenvectors 

h(U), ..., IN(U) are linearly independent and satisfy the relations 

(3.5) VF(U)ri(U) = \i(U)ri(U), 

(3.6) li(U)-VF(U) = \i(U)li(U), 

(3.7) WTi(Eo={^0 m • 

{rj and {/;} form a pair of local bases in the state space JR,N. By normalizing one of these bases 

we can attain 

(3.8) U(U)-rj(U) = 6ij. 

The family {Ue}c>o consists of solutions to the boundary value problem (Ve) that connect 

two fixed end states U- and U+. Conditions that guarantee existence of solutions for (Ve) are 

given in Section 2; nevertheless, the forthcoming analysis is independent of such considerations, 

and eventually it will also suggest a construction scheme. We assume the members of {Ue}E>o 

satisfy the hypothesis (C0) of uniformly in e small oscillation and (a-fortiori) the uniform bound 

(C(,). That restricts the data U± to satisfy 

(HD) \U+-U-\<r 

with r sufficiently small. Also, each wave speed is bounded 

(3.9) A*_ < Xk{U£(0) < A*+ 

by constants Ajt_, A^+ independent of e. By choosing fi sufficiently small, we guarantee that the 

wave speeds are totally separated along the family {Uc}e>o, that is 

Ai- < Ai(tf.(0) < Ai+ < *2- < A2(tfe(0) < A2+ < ... 
(3.10) 

< A(yv-i)- < \N-i{U£(0) < \N-I)+ < AN- < XN(Uc(0) < A
N+ • 
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The bound (Cb) implies the derivatives of U£ satisfy the estimates (2.9) and (2.10) with the con- 

stants C and a independent of e. In the sequel we use the following conventions on notation : 

The £-dependence will be suppressed from functions, except at places where emphasis is needed. 

By contrast, any £-dependence of constants will be explicitly stated by either recording the precise 

dependence or by using £ as a subscript. 

Consider the decomposition of U'e in the basis of right eigenvectors evaluated at the local value 

of the solution U£ 

N 

(3-11) U'£(0 = Ea^rk(U£(0). 
k=X 

The amplitudes ak can be recovered by using (3.8) 

(3.12) ak(0 = lk(U£(0)-U'£(0- 

Also, integrating (3.11) over (—00,00), we have 

(3.13) U+-U- = y£ ak(Ork{Ue(0) d(. 
fc=i J-°° 

To compute the equations that ak satisfy, take the inner product of (2.2) with lk(U£) to obtain 

-i ak + A*(l7e(0) ak = £ W«(0)' U'J 
(3.14) 

= eak-eVlk(U£(0)U'£-U'£, 

and hence 

N     N 

(3.15) e a'k + [( - \k(Ue(Q)] ak = eJ2Y, [V W(O) U^(O) • rn(Ue(Z))] am an . 
m=l n=l 

If we introduce the notation 

(3.16) A, = Xk(U£(0) 

(3.17) ßkimn = ßkimn(U£(0) = V/*(ffe(0) rm(U£(0) ■ rn(U£(0) 

then ak satisfy the coupled system of ordinary differential equations with variable coefficients 

N     N 

(3.18) e a'k + (^-Xk)ak = e Y1^2 ^k<mn °m a" - 

m=l n=l 
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At this point several remarks are in order. First, the decomposition (3.11) is partly motivated 

by the classical solution of the Riemann problem (Lax [Lai], Liu [Li2]). It is expected to capture the 

behavior near rarefactions, but it is not a-priori clear that it should work well near shocks. Good 

overall performance would indicate that (3.11) captures the nature of diffusion induced averaging 

at a shock. The coefficients ßk,mn depend on the solution and on geometric characteristics of the 

surface S = F(U). The quadratic terms in (3.18) represent the effect induced on the A;-family by 

interactions of waves of all the families, and ßk,mn measure the weights of such contributions. By 

virtue of (Cb), ßk,mn are uniformly bounded 

(3-19) \ßk,mn\<B. 

Let gk be the antiderivative of 

(3.20) g'k = t-\k = Z-\k(Uc(0) 

defined within an arbitrary constant of integration by 

(3.21) gk =  I s-Xk(Ue(s))ds 
Ja 

In view of (3.9), it is 

(3-22) s - Xk+ < s - Xk(Ue(s)) <s-\k„, 

which in turn implies g'k > 0 for £ > Xk+ , g'k < 0 for £ < Afc_, and gk looks like a potential- 

well function (see Figure 1). Let pkc be a point where gk attains its global minimum, gk(pkc) = 

mm<7*(0- Then A/t_ < pkc < Xk+ while the value of gk(pkc) depends on the choice of the arbitrary 

constant in (3.21). By setting 

(3-23) gk(t):=  f   s-Xk(Ue(s))ds 
J Pkc 

we attain gk(£) > gk{pkc) = 0 for £ € ffi,. Furthermore, Xk(Uc(pk£)) = pke and gk{£) = 0(|£|2) as 

If I - 00- 

Consider the linearization of the system (3.18). It consists of the decoupled system of equations 

(3-24) ev4 + (£-Afc)v>* = 0, 

whose solutions are constant multiples of 

-itk                        -T/£    s-\k{U,(s))d* 

(3.25) <pk =        e   '    =        e       '"  
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Due to their form {<pke} are strictly positive functions that are uniformly (in e) bounded in L1. 

k, e     Xfc+ 

FIGURE 1. 

A comparison of (3.24) with (3.1) and (3.25) with the representation formula (3.2) shows that, 

for the case of the single equation, it is precisely the above step that provides the variation bounds. 

Due to the quadratic terms in (3.18) though, this is insufficient for systems of conservation laws. 

There are two problems that we need to account for, in the case of systems. First to understand 

the effect of the quadratic terms. Second, differential systems like (3.18) are best handled with 

pointwise conditions. On the other hand the only existing information (3.13), relating the data U± 

with the amplitudes ak, is of integral type. It is thus necessary to devise a scheme that connects 

pointwise with integral information. 

We proceed by introducing a decomposition of ak in the form 

(3.26) O-k = TkWk + Qk, 
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where <pk is given by (3.25) and Ok satisfies the system of differential equations 

N     N 

(3.27) e 0'k + (f - Afc) 0k = e ]T £ /3fc,mn (rm y>m + 0m) (rn y>n + 9n). 
»n=l n=l 

Clearly the sum rk <£>* + 6k is a solution of (3.18). The idea is to seek an asymptotic expansion 

of the wave amplitude ak in a parameter r = (T\, ..., TJV), where r* is thought as a measure of 

the strength of the fc-th wave, and to construct an expansion uniform in e in the l/1-norm. In 

this expansion Tk<pk is the leading term and 9k is the error, which should be of order 0(|r|2) as 

|r| = |TI| + ... 4- \TN\ —► 0. Clearly, such an expansion depends on the provided data, and the key 

question becomes under what conditions to solve (3.27). 

Next, we outline the strategy we follow and the attained results concerning those problems : 

Fix ci, C2, ... ,CJV to be the respective middle points of the intervals [Ai_,Ai+], [A2_,A2+], ... , 

[A;v_, Aw+]. Given a constant vector r = (ri, T2, ..., r^) G Ht , we consider (3.27) subject to the 

conditions 

(3.28) 0*(cfc) = O, 

and for |r| sufficiently small construct a solution 0k(£; r) that satisfies the estimate 

N 

(3-29) |0*(.;r)|<C|r|2 £ <pm . 
m=l 

This construction is performed in Section 5. It is based on detailed estimates, that are presented 

in Section 4, on the functions <pk and on integrals involving <pm(pn and capturing wave interac- 

tions. The method is to apply the uniform contraction principle to a weighted space of continuous 

functions. The selection of the weight is motivated by the analysis of Section 4. The analysis of 

Section 5 validates the asymptotic expansion 

(3.30) afc(.;r) = rfcv>fc(.) + 0*(-;r) 

for the amplitude ak in the parameter r. Note that ak satisfy the pointwise information 

(3.31) ak(ck -,T) = rk (fk(ck) 

and solve (3.18) but not necessarily (3.13). 

The objective of Section 6 is then to show there exists a choice of r = (rj, ..., T^) such that 

(3.13) is fulfilled. To this end, we consider the map S : MN —»■ MN that connects the wave 

strengths to the boundary data by taking r to 

(3.32) S(r) = U- + Y, [n MO + W; T)} rk(U£(0) d{. 
fc=i •/-°° 
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We show in Section 6 that 5 is locally invertible in a neighborhood of r = 0, and that the inverse 

map 5"1 is uniformly bounded independent of e. 

In Sections 4 to 6, we identify the precise hypotheses (supplementary to (3.10)), on the behavior 

of the wave speeds A* and the right and left eigenvectors r^ and Ik along solutions Ue, that are 

necessary to carry out the intermediate steps. All these hypotheses are fulfilled if the oscillation 

of the family {Uc}e>0 is restricted, uniformly in e. It is convenient to phrase the analysis by 

using a general function V of restricted oscillation, sup$6jR|F(0 - U-\ < fi, in the place of a 

member of {Uc}e>o Apart from splitting naturally the various parts of the analysis, this has 

another advantage. The considerations of Sections 4 to 6 motivate a construction scheme that 

enables us, given Riemann data U± with \U+ - U-\ small, to use the Schauder fixed point theorem 

and construct solutions Ue of (Vc) that are of uniformly small oscillation as well as of uniformly 

small variation. One interesting feature of the scheme is that it is based on the quadratic equation 

(3.18) rather than on a linearized equation. This final part of the analysis is carried out in Section 

7. It justifies in particular Hypothesis (C0) and leads to the following theorem. 

Theorem 3.1 Assume that (1.1) strictly hyperbolic and let U- be fixed. There exists r sufficiently 

small such that for e > 0 and \U+ — U- \ < r the problem (Vc) has a solution Ue with the properties: 

(i) The family {Ue}c>o satisfies (C0) with some /i independent of e. 

(ii) The solutions Ue satisfy the representation formula 

N 

(3.33) u'e = J2 [^.«v* + **(•;r*)] r*(tfe), 

where <pk is given by (3.25), öjt(-;r) satisfies (3.29), and TC solves S(TC) = U+. 

(iii) The family {U'£}e>Q is uniformly bounded in Ll(Wi) and {U£}e>o is of uniformly bounded (and 

small) variation. 

We list below certain geometric properties of the surface S = F(U) relating to the coefficients 

ßk,mn = V/jtrm • rn. First, {rk} and {Ik} form bases of the tangent and cotangent spaces of the 

surface S = F(U) at each U. Let /J be the components of F and consider the action of the Hessian 

V2F(a, b) on the vectors a, b € JR,N. V2F(a, b) is vector-valued with components a • V2/-7 b. Since 

V2/j is symmetric, it follows V2F(a,b) = V2F(6,a). For U fixed, t G IR and a, b G IR* equation 

(3.6) implies 

(3.34) lk(U + ta) ■ VF(U + ta)b= Xk(U + ta)lk(U + ta)-b. 
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Differentiating (3.34) with respect to t and setting t = 0 in the resulting equation, we deduce the 

identity 

(3.35) lk ■ V2F(a, b) = (VAfc • a) (lk • 6) - (V/fc o) • (VF - Xk I)b, 

which, in turn, yields the well-known identities 

h • V2F(rm, r„) = (VAfc • rm) (h • r„) + (Afc - A„)(V/fc rm ■ r„) 

(3-36) f(Afc-An)(V/,rm.rn)   A; # n 
l(VAjfe.rm)(/fcTfc) k = n 

The coefficients /3fc)TOn are related to the second derivatives lk • V2F(rm,rn) whenever k ^ m or 

k ^ n. There is also the formula 

(3.37) (Afc-AB)(VZfcrfcTn) = (VAfc.r„)(/fc.r*),        n^k. 

The coefficient ßk)kk = V/fc rfc • rk does not appear in the above relations. To explain that 

consider the effect of renormalizing the eigenvectors on the coefficients ßktmn and especially to 

ßk,kk- Let {ffc} and {lk} be a given set af right and left eigenvectors and set rk = Tkfk, lk = sklk 

where Tk = Tk(U) and sk — sk(U) renormalizing factors with Tk > 0, sk > 0. A simple computation 

shows V/fc = /jt ® Vsk + 5fcV/fc and thus 

ßk,mn = V/fc rmTn = TmTn Ufm ■ VSfc) (ffc • f„) + «fcV/fc fm • fn] 
(3-38) 

= Tmr„ [(rm • V5fc) (/fc • f „) + Sfc^fc,m„] 

If A; T^ n the renormalization has no effect on the sign of ßktTnn. If fc = n though the renormalization 

of the left eigenvectors has an effect on ßk,mk and can make it to be zero. 

In particular, if we restrict in the neighborhood of some state U, we can choose a renormal- 

ization so that the resulting eigenvectors satisfy simultaneously 

(3.39) /fc • rk = 0,        V/fc rfc • rfc = 0. 

To this end, choose first Sfc so that 

(3.40) (ffc • V5fc) (4 • ffc) + SfcV/fc ft • ffc = 0. 

(3.40) is a hyperbolic equation for sk. If we give data for sk in a hypersurface S transversal to 

the vector field fk, the Cauchy problem for (3.40) has locally a unique solution. If the data are 

positive then sk > 0. Following that rk is chosen so that Tksklk • fk = 1. The resulting {rk}, {lk} 

have the desired properties. 
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4. Properties of the functions <fk - Wave interaction estimates 

Let C°(-oo,oo) stand for the space of the continuous, bounded functions. Consider the set 

(4.1) fi = {F€C°(-oo,oo) :     sup \V(£) - U-\ < p} 
£€IR 

and suppose that /x is sufficiently small so that the wave speeds Afc(V) are bounded and totally 

separated for V € Ö : 

(A!) Xk- < Afc(V(0) < h+ 

Ai- < Ax(y(0) < A1+ < A2_ < A2(F(0) < A2+ < ... 
(^2) 

< \N-D- < A^-i(nO) < V-D+ < AN- < Ajv(V(0) < *N+ ■ 

Consider the linearized equation 

(4.2) £¥>'* +(e-A*(f(O))¥>* = 0- 

The fundamental solution of (4.2) may be written in the form 

e-<s* 1     -1 f£ ,_A»(V(«)) 
—=  = — e.     J»k (4'3) w-/-«-i.(o« = E* 

where 

ds 

(4.4) •/'* 
<7fc = /€[C-Afc(F(C))]dC, 

J—00 J—00 

Recall that <7fc has the form of a potential-well function (c./. Figure 1) and that p* is selected 

as a point where gk achieves its global minimum. As a result pk satisfies Ajt- < pk < Xk+, 

Xk(V(pk)) = PA; and 

(4.5) gk(t)>9k(Pk) = 0,        f€lR. 

The intent of this section is to establish various estimates on the functions <pk and integrals involving 

them, that are needed in the forthcoming constructions. 

We begin with a careful analysis of the behavior of <pk in the limit e —> 0. Given a positive 

function h(e), we use the customary notation f(e) = 0(h(e)) as e —> 0 to mean there are constants 

£0 sufficiently small and C such that |/(e)| < C h(e) for 0 < e < SQ. 
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Lemma 4.1. Suppose the wave speed Afc(V) satisfies (A\). 

(i) If dk = Afc+ — Afc_ > 0, then as e —► 0 : 

(4.6) -^rz^-< he < dk + V27i, 
U(l) dk 

(4.7) 0< ¥>*(£)< 0(1) y,       for^elR, 

and 

(4.8) 
(0 < 0(1) - e-£«-A*->2 ,       for f < A*_ , 

(0 < 0(1) ^ e-A«"A^)2 ,        for £ > Afc+ . Vfc     , 

(ii) // dfc = Afc+ - Afc_ = 0, then 

(4.9) Jfce = y/We ,        MO = -4= <^U_A*-)2 • 
V2TT£ 

Proof. Assume first that dk > 0. Performing the change of variable ( = pk + \/£ n in the integral 

(4.4), we obtain 

/oo roo 

(4.10) "°° y"°° 

J—c 
e     Jpt an. 

Using again the change of variable s = pk + y/er and (4.5), we have 

I    rPk+y/ev 

'Pk 

I I    rPk+VeV 
- 9k(pk + y/ev) = ~ s- Afc(V(«)) ds 
6 £ Jpk 

(4"u) =Jo{T~7! ^k{npk + v7r))" Afc(F(/,fc))^} dr 

> 0 , for n € IR • 

We remark that for n > 0 

(4-12) jT' r - -^ [Afc(F(^ + Ver)) - Afc(V(pfc))] dr < y + ^ (**+ ~ A*-)»? 

while for n < 0 

(4-13) [ T--j=e \-Xk{y(Pk + ^r)) " Wfo))] dr ^ Y - ^(Afc+ " Afc-)^ 
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Therefore (4.10), (4.11), (4.12) and (4.13) provide the estimate 

Ik£ = y/i J°   exp | - f T - ±= [Xk(V(pk + y/ir))- Xk(V(pk))} drj dr) 

+ Ji I"exp { - f r - -^ [\k{V{Pk + y/ir)) - Xk(V(pk))} drj dV 

(4-14)       >vsA f° e-^rdv+v-£e% re-^Ydv 
J-oo Jo 

The asymptotic behavior of the last integrals can be evaluated by using the limits 

(4.15) 
/    e   2 a;                      -e   2 

lim — ^— = hm  -5 ~r = 1 
X                                            x 

(4.16) 

X                i?_                                                                       I2 

[     e~ 2 dC                        e~V 
lim   J-°°      ,3      =   Urn p 2: = ! 

and yields for small e 

(4.17) hc> rä/l    Vf-1     1    ^-^         !     e 

^5tUl)4e  2e+0(l)dfc
e  2V"0(l)dfc 

Next, observe that for £ > Afc+ > pk 

9k(0= f    s-Xk(V(s))ds + gk(Xk+) 
(4.18) A;+ 

> /    (s-Xk+)ds = l(ti-Xk+)2, 
J*k+ l 

while for £ < Afc_ < p* 

(f)=  /    s-Xk(V(s))ds + gk(Xk-) 
J\k- 

>_y k~(S-\k_)dS = ±(t-xk-y 

Therefore, (4.4) and (4.5) imply 

e-£«-^dC + dk+ e-£«-^dC 
-00 •'^t+ 

5fe 

(4-19) ""\A 
\2 

(4-20) r 
= dk + y/e e   ^ drj = dk + V2xe 

J—00 
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which together with (4.17) complete the proof of (4.6). 

Estimates (4.7) and (4.8) follow from 

(4.21) MO = —j < 0(1) T e~*9k()' 
Ike £ 

a consequence of (4.3) and (4.6), in conjunction with (4.5), (4.18) and (4.19). Finally, \fdk = 0 then 

Afc(V) remains constant, say Xk-, and (4.9) follows from (4.3) and (4.4) via a direct calculation. | 

Remark. To expand on the implications of the lemma, suppose we are given a family of functions 

{Ue}e>o C ft and that for each Ue we define the corresponding ipke solution of (3.24). Then (4.8) 

implies that <pkc —► 0 as e —► 0 uniformly on any interval of the form (-oo,ak] U [bk,oo) with 

ak < Afc_ < Afc+ < bk. The family {fke}£>o is uniformly bounded in L1 and thus there exists a 

subsequence cpk£a with en —*■ 0 and a finite Borel measure (f>k with supp<fo C [Ak-, Ak+] such that 

<Pken —L <f>k weak-* in measures. For the single conservation law or the equations of isothermal 

elasticity, objects similar to <j>k yield the same structure for the Riemann problem solution as that 

obtained by the Liu shock admissibility criterion, (cf Tzavaras [TZ2]). 

Our next task is to study certain integrals involving ipm and <pn that calculate the effect of 

interactions between elementary waves. It is convenient to introduce the notation: 

dk — length of the interval [Afc_, Ajt+] 

Ck = middle point of the interval [Afc_,Afc+] 

d(£, Afc) = distance between the point £ and the interval [Afc_,Afc+] 

Dmn = d(Am,A„) = distance between the intervals [Am_,Am+] and [An_,An+] 

Because of (A2) Dmn > 0; also, we may assume without loss of generality that dk > 0 by replacing 

(4.9) with the weaker estimates (4.6 - 4.8). Lemma 4.1 indicates that <pk has the form shown 

in Figure 2. The behavior of <pk is uncontrolled in the interval [Xk-, Xk+], where the wave speed 

Afc(F) takes values, but its amplitude is of at most order 0{\). For f £ [Afc_,Afc+], (pk decays like 

0{\ e~£d^'A*) ). It is expedient to fix points ak, 6^, k = 1, ..., N, such that 

a\ < Ai_ < Ai+ < bi < a2 < A2_ < A2+ < 62 < — 
(4.22) 

< OTV-I < \N-I)- < -\N-I)+ < bN-i < aN < ^N- < ^N+ < &w, 

and introduce the notation 

(4.23) sk(e)=   max   v»*(0 ,        ofc = - min{|ojt - Afc_|2, |6fc - Afc+|
2} . 

Then (4.8) implies 

(4-24) Vfc(0 < Sk(e) <dkO(-£e-^),        £ ? [ak,bk], 
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and sk(e) serves as a global bound outside the main support of the wave. The function hk = - e~ < , 

describing the decay rate as e -*■ 0, has the behavior: hk increases from 0 to its maximum value, 

achieved at £ = ak and equal to l/eak, and then decreases down to 0 as e —► oo. 

FIGURE 2. 

Lemma 4.2. Suppose the wave speeds Xk(V) satisfy (A2) and 

(A3) (l + V3)(dm + dh)<d(Xk,Xm) = Dkm 

for V € Ct.  Then there exist constants akm > 0 depending on dk, dm, Dkm but independent of e, 

V such that 

(4.25) 
Jck iK-CfclVfc, 

)%b<P*>  m*k> 
m — k. 

Proof. When m = k, (4.25) follows from a direct calculation. So suppose that m ^ k. Using the 

notation A* = Afc(V(f)) and (4.3) we obtain the chain of identities 

Jck Jck 

(4.26) 

f    ,   re ~if      »~*m ds *     1   f *    «-At d»   e      ' J<'m 
*  Jot   dc 

-| /"      s-Am d»       £ , ./ 

/*    I If X"-Xi-dt Jf 
•/ct 

In view of (A2), we have 

•/cjt 

/   -^m-At ds 
rfC 7C1 rf(Am,AA;)   I <l± /   e'Jf 

(4.27) 
) 

< 
Dmk { 

-j f*  Am-Atds 
1 + e   c ■'«* 
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Combining (4.26) with (4.27) and using (4.3), we arrive at the estimate 

.     xa    /£  i„        „,        £    ( e~m<na-Xmds   -xf( xm-xkds xpXm-Xkds\ 

(4.28) _ _^ /   + .-*£-*•« e-u:t -A. * ei s;;».-». - A 
-Dmfc   \ An« / 

Umk i-'mk  '■me 

The goal is to show that under (A3) the term in parentheses decays as £ —► 0. To this end, 

observe that 

(4.29) - / 
JPr, 

Pk I 
s- Xmds< --D\m 

rck 

(4.30) /    Am - Afc ds < dk (Dkm + dk + dm) 
JPL 'Pk 

It suffices to show 

(4.31) -akm := --D\m + (dk + dm) Dkm + (dk + dmf < 0 

Since the roots of the quadratic —\x2 + x + 1 are 1 ± \/3, hypothesis (A3) implies the inequality 

(4.31) and thus there exists a positive constant akm such that 

(4.32) i     Jp™ J"k < 0(e     «   ). 

The proof of the lemma follows from (4.28), (4.32) and (4.6). j 

Our next objective is to use the facts that each <pk is essentially supported on the interval 

[Afc_,Afc+] and that such intervals are distinct in order to estimate the integrals 

(4.33) Fktmn(t) = e-i«'W I  ei»M<pm(Q<pn(QdC. 
Jck 

We begin with: 

Lemma 4.3. Suppose that Ajt(V), k = 1, ..., JV, satisfy (A2) and (A3). Then 

(i) for m = 1, ..., N, 

(4.34) |c-i»  / eia'<pm<PkdC\<<Pk, 
Jck 
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(ii) for m, n = 1, ..., N, with m ^ n, m 7^ k and n ^ fc, 

(4.35) 
e   .»  /   e<9k <pm<pnd(\ <        v >» + — v?, 

r      /   x ,-./   -Z&JL^dkdn .   .   _,   _üm.^fcrfmT 
+ «m(e)0(c    «  )-=— + 3n(e)0(e    .   )——J Vfc . 

Proof. First we show (i). Since 

(4.36) Fktmk = e<9l<       e^»<pm——d( = <pk      Vm dC, 
JCt Jfce ./cjb 

it follows |Ffc)mfc| < (fk and (4.34) is proved. Observe next that because of (A2) 

(4.37) <Pm<Pn < sm(e) (pn + sn(e) (pm ,       formen, felR. 

Using (4.25) with m ^ k and n ^ k,we obtain 

|^,m«|<«m(e)|c"'Ä /  eiB*<pndC\ + sn{e)\e-i<* I ei°-<pmdC\ 
(4.38) ,/c* c* 

<^(£^n + 0(e-^)dfcdn^) + ^(^m + 0(e-^IL)^m^), 

which in turn yields (4.35). | 

It remains to estimate the integrals Fk,mm with m ^ k, that account for the effect of self- 

interactions. Using (4.3), we write Fk,mm in the form 

Fk,mm = e-i'k  I   C'^Vm^C 
Jck 

(4.39) 

= e     J"* e   J"k  — d( 
I2 

i c* ■'me 

=  72  /    «,J« e    tJf 

*m£ •'Ci 

Vm    /     C    'J< d(, 

where we have set 

(4.40) Afcm(ff) = 2 Am(ür) - A*(J7) = Xm(U) + {Xm(U) - Xk(U)). 

Note that the ordering goes Xk(U) < Xm(U) < Akm(U) when k < m and Akm(U) < Xm(U) < 

Xk(U) when k > m. In order to estimate Fk<mm, it is necessary to study the ranges of the wave 
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speeds Xk(V) and Xm(V) relative to the range of the composite speed Afcm(V), for V € Ö, and 

to impose conditions that guarantee non-resonance between the wave speeds and the composite 

speed. Note that Akm(V) is bounded by 

(4.41) A*m_ < Afcm(V(0) < Afcm+ 

where the constants Afcm_, Afcm+ and dfcm, the length of the range of Akm(V), depend only on fi. 

We introduce the notation 

d(£, Akm) = distance between the point f and the interval [AfcTn_,Afcm+], 

d(Xm,Akm) = distance between the intervals [Am_,Am+], [Ajfcm_,Afcm+], 

and impose the strengthened version of Hypothesis (A3) 

(A4) 7(dm + dk) = 7[(Am+ - Am_) + (Xk+ - Xk-)] < d(Xk,Xm) = Dkm . 

It is easy to calculate dkm = Akm+ - Akm- = 2dm + dk, d(Xm,Akm) = Dkm ~ dm, and to note 

that the ranges of Xk(V), Am(V) and Afcm(Vr) are separated for V € Ö (see Figure 3). 

Xk(V) Xm(V) Akm(V) = Xm(V) + (Xm(V) - Xk(V)) 

—( ) ( ) ( )_ 

OfcAjt-     Xk+bk am Am_    Xm+bm akm A*m_ Akm+ bkm 

FIGURE 3. 

The ranges of A*(V), Am(V) and Afcm(V) for m > k. 

Since the lengths dk are of order O(p) while the distances Dkm are of order 0(1) as \i —>■ 0, 

hypotheses (A3) and (A4) are not particularly restrictive for solutions of small oscillation. (A3-A4) 

are imposed for all k,m = 1, ..., N, and points afcm, bkm are selected (near the support of AfcTO(V)) 

so that, upon rearranging am, bm if necessary, 

(4.42a)        ak < Xk- < Xk+ < bk < am < Xm- < Xm+ < bm < akm < Akm~ < Akm+ < bkm , 

when k < m, and 

(4.426)        akm < Akm- < Akm+ < bkm < am < Xm- < Xm+ < bm < ak < Xk- < Xh+ < bk, 

when k > m. Such choices are clearly possible. The points ak, bk are now fixed, while the points 
akm, bkm will be selected subject to (4.41) in the course of proving: 
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Lemma 4.4. Suppose that \k(V), Xm(V) satisfy (A2 - A4). There exist choices of akm, bkm and 

constants akm, ßkm > 0, depending on dk, dm, Dkm but not on e, such that 

(a) if k < m, then 

(4.43«)     |e-^/^t».AiC|J*^ra£Ä + W^°(K^)^.   «•*•• 
J<* \dkmdmO(\e    «   )(pm Z>akm, 

(b) if k > m, then 

dkmdmO{\e  ~^)(pm Z<bkm, 
(4.436)      |e-*"/^*'ymdCl<(rffcmf 2   ,     ^    prl  -^f„       ,>fc 

Proof. Let k < m and proceed to prove (a). The ranges of \k(V), Xm(V) and Akm(V) for 

V € Ö are as in Figure 3, and akm. is any point compatible with (4.42). Let pkm be a point 

where the function Jj s - Akm(V(s))ds achieves its global minimum. Then Akm(V(pkm)) = Pkm, 

Afcm- < pkm < Ajtm+ an(* 

(4.44) Gkm(0 =  I     s- Akm(V(s)) ds>0,    for £ G ffi.. 

Consider first the region f < afcm < Afcm_. In this region Fk<mm in (4.39) is decomposed into 

the integrals 

x        „ 1     i f(      s-Akmds  (   [*■       -j fC      *-Akmds   „ fCk     -f f<      s-Akmds      \ 
(4.45) Ffc,mm = ^e'J'*-. [j     e       "km d^-J     e        "m d<:) 

The first integral is dominant when £ > ck and the second is dominant when £ < ck. Since 

C < £ 5; °fcm < Afcm_, the first integral is estimated by 

[*       -i/C      S-Afcmd5 /"*       -\ j(      s-Akmds   ,Akm -Cv   ,. 
/      e     •,"*m dC, <   I      e   ' J"km (- 7J«C 

7-00 ./-co ^A;m ~~ ? 

(4.46) 
_1  f       a-A*m da       . c 

^e  IFTl \ d\-~\      s-Akmds\ 
J-oo       d((,Akm) V     eJPkm J 

£ -if       s-A/tm ds 
=  e       Jfkm 

d(akm,Akm) 

In a similar fashion the second integral is estimated by 

f*     -lf<      -Akmd...^ € -iP    s-Akmds 

/447x ./-co d(cfc,Afcm) 

^(Afc,Afcm) 
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(4.49) Jp 

Let Di = d(akm,Akm), D2 = d(Xk,Akm) and combine (4.45), (4.46), (4.47), and (4.3) to obtain 

\Fk,mm\<<pm(-+-e<J<> J 

— f I      s—Xm ds f/,. re 

(4.48) -±-u?  4- — e e * 4 4_Atm dS e* ^* S_Atro 

£       2 £       1     ,  -f f* *-Am ds+j f'* s-Aim d*. 

It suffices to show that the term in parentheses decays as e —»• 0. Using the estimations 

tPk 
-2 /     s - \m ds < -D\m , 

Jpm 
tPk 
\     s- Akm ds < (Ajtm+ - Ajt_)dfc < 2[Dkm + (dm + dk)](dm + dk), 

together with the fact that (A3) implies that (4.31) is satisfied, we conclude that 

(4.50) e     Jl"" Jck < 0(e     <   ). 

In conjunction with (4.48) and (4.6), (4.50) shows (4.43) for £ < akm, k < m. 

Consider now the region £ > akm.  An argument similar to the one leading to (4.20) shows 

that 

(4.51) f       ~«/C       S~Akmda J/-\   ^     f°°      ~i/*       »_A*m ds f-  /   e     Jokm d(\ <  /     e     J"fcm d( < dkm + V2iri 
Je* J— 00 

Therefore, (4.39) and (4.40) give 

(4.52) =0(l)dkm<pm e'J"*". e     J"km 

(dm     -1 -1 f*» S-Am ds    -j/'      Am-AtdS 

<0(l)<**m¥>m     — C    'Jpm e " 

The goal is to choose ajtTO so that the term in parentheses decays as e —»• 0, for any f > akm. Since 

Pfcm ^ [Am_,Am+], the first term decays as e —► 0 and its decay rate can be estimated by noting 

that 

tPkm fAkm- 

~ I      s — Xmds < — / s- Am-|.ds 
(4.53) 

= -^(Afcm- - Am+)    =--(Dfcm-fifm) 
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Since Xm(U) > Afc(l7), the second term decays for £ > pkm but grows for £ < pkm- The fastest 

growth occurs for f = afcm and the growth rate is estimated by 

(4.54) JPkm 

< (Dkm + dm + dk){d(akm,Afcm) + 2dm + dk). 

It suffices to give conditions on dk, dm, Dkm an<i to choose afcTO so that 

(4.55) -ßkm := -\{Dkm - dmf + (Dkm + dm + dk)(d(akm, Afcro) + 2<*m + dk) < 0 . 

For example, if we choose akm = Akm- - d* and we require that 

(4.56) 4 (Dkm + dm + dk) (dm + dk) < [Dkm - (dm + dk)]2, 

then (4.55) is satisfied. By solving the inequality y2 - 6xy - Zx2 > 0, we see that (A4) implies 

(4.56). Therefore (4.52) yields the estimate 

1 &km 
(4.57) \Fk,mm\ <dkmdmO(-e-   «   )(pm 

for £ > akm, k < m, and completes the proof of part (a). The proof of part (b) is similar. | 

Lemmas 4.3 and 4.4 provide estimates on the integrals Fk,mn, which calculate the effect of 

diffusion induced wave interactions. The estimates are consequences of the separation hypotheses 

(A2 - A4) on the wave speeds. Obviously (A4) is the strongest hypothesis and implies the rest. In 

the sequel we make use of the following implication of (4.34), (4.35), (4.43) and (4.7). 

Corollary 4.5. Suppose that Afc(F) satisfy (A4), for k, m, n = 1, ..., N. There is £0 > 0 and a 

constant C, depending on dk, Dkm, Dkn but not on e, such that 

/•« N 

(4.58) |F*,mB| = |c-±» /   e^* <pmVnd(,\ < C J^W 

for k,m,n = 1, ..., N and 0 < e < EQ. 

Remark. It is instructive to identify which of the integrals Fk<mn have nonzero contributions in 

the limit e -»• 0. In view of (4.36) and (4.3), the terms Fk,mk and Fk,km Fk,kk have nonzero limiting 

contributions supported on the Ar-th wave speed. On the other hand, (4.35) and (4.7) imply that 

Fk<mn -» 0 as e -* 0 when m ^ n, m ^ k and n ^ k, what suggests that diffusion induced 

interactions of two distinct families have no contribution as e —► 0 on a third family. (Recall that 

we are dealing with Riemann data solutions). By contrast, (4.43) suggests that the terms Fk,mm, 

m^k, accounting for the effect of self-interactions on another family, have a nonzero contribution 

in the e —»■ 0 limit which is supported on the m-th wave speed. 
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5. Validation of the asymptotic expansion 

The objective of this section is to solve the problem 

e0'k+[^-xk(v(O)]ek 
N     N 

(5.1) = £ E E tVA*(y(0) rm(V(0) ■ rn(V(0)] {rm <Pm + 0m) (rB y>„ + 6n) 
m=ln=l 

Ok(ck) = 0 

where V € Ü, defined in (4.1), and r = (ri, ..., TN) is a vector-parameter in JR.N. The aim is to 

construct solutions 9k(- ;r) that are of order 0(|r|2) in the wave strength |r| = |TI| + ... + \TN\ as 

\T\ —► 0. This would validate the asymptotic expansion (3.29). 

Throughout the section we use the notation 

Afc = Afc(V(0), 
(5.2) 

ßk,mn = ßk,mn(V{0) = VAfc(F(0) rm(V(0) • r„(V(0) 

and assume that /z is small so that the hypotheses (A\ - A4) on the wave speeds are fulfilled for 

V £ Ü. Moreover, 

(5.3) \ßk,mn\ < B 

with B depending only on /i. Recall that gk is defined in (4.4) and that ck is the middle point of 

the interval [Afc_,Afc+]. Using the variation of parameters formula, (5.1) is expressed as a system 

of integral equations 

ri N 

(5.4) ek(0 = c-i« / ei»   £ ßklmn(V(0) (rm Vm(0 + MO) (rn MO + MO) d(. 
•'c* m,n=l 

Our strategy is to formulate (5.4) as a fixed point problem, and to use the uniform contraction 

principle in order to construct solutions 0k(-; r), k = 1, ..., N. 

Let Co(IR) stand for the continuous functions that decay to zero as |£| —► 00 and define 

(5.5) E=\X = (xi,...,XN)e[ComN :     sup J*i(0'     < 00 ,    j = 1, ..., N } . 
I «eIR £»=i wit) > 

E with the weighted sup-norm 

IxiCOl (5.6) Hxll = E SUP IF* 
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with weight £)jli Vi > 0 is a Banach space. Let Bs = {T G IR^ :  \T\ < 6 } and set 

AT 

(5.7) F={XeE:     \Xj(0\ < A\r\2 £>(0 ,    £ € IE, j = 1, ..., N } , 
i-l 

where T £ Bs and A is a constant to be determined later. F is a closed bounded subset of E in 

the weighted norm || • ||. Define the map T that takes V G 0,, r G -B«, X € F to the vector-valued 

function T(x) with components 

(5.8) rfc(x) = e"<fl*  /   eT^    £  /3fcmn (rm ^ + Xm) (rn<pn + Xn) d(, 
•*ck m,n=l 

k = 1, ..., iV. The map T has the properties : 

Proposition 5.1. There exist positive constants A and 6Q such that for 6 < 6o : 

(i) T : Ü X Bs X F -»• F is well defined. 

(ii) There exists a, 0 < a < 1, sucA £Aa< 

(5.9) || T(V, r, x) - T(V, r, *) || < a ||x - xll ,        for X, X e F, 

and for any V G ft, r € -B«. Therefore T(V,T, •): F -+ F is a uniform contraction. 

(iii) TAere exists a positive constant C, depending on ft but independent of 6, such that 

(5.10) || T(V, T, x) - T(V, 8,X)\\<CS\T-S\,        for r, s G B5 , 

and for any V G ft, x £ F. 

Proof. In the forthcoming estimates C, C and C" stand for generic constants that can be 

estimated in terms of B, the dimension of the system N, and the constant in the estimate (4.58). 

As a result such constants ultimately depend on fi in (4.1), but are independent of S. We proceed 

to establish (i). Let V G ft, r G Be and x G F be fixed. Then (5.8), (5.7) and (4.58) imply 

I   /•« N 

|rfc(x)|<e-«"     /    ei»     £    \ßk,mn\{\Tm\<pm + \Xm\){\Tn\<Pn+\Xn\)dC 

/£ AT AT TV 

(5.11) ' m'"=1 

<C|r|2(l + 2^ + A2^)2)  X   \e-i"k       e*"y>m¥>„dC| 
m,n=l •'c* 

<C(1 + A^)2|r|2f;^. 
3 = 1 
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Comparing the outcome with (5.7) we see that if 

(5.12) C(l + A6)2 <A, 

then T(V, r, x) G F and (i) is established. 

Next, we examine (ii). Let V € Ö,, r € Bs be fixed, and consider x> X £ F. Then 

AT 

Tkix) , -^,v/-71fe(x) = e    <fl*   /    e*5*    Yl   ßk,mn[Tm<Pm(Xn-Xn) + Tn<pn(Xm-Xm) 
V5-13) ■'c* ro,n=l 

+ (XmXn -XmXn)]dC 

Using (5.6), (5.7), (5.11) and (4.58) we obtain 

rt N 

(5.14) 

\Tk(x)-Tk(x)\<e-^\f  eX<9k    £   l&.mnl [|rm|y>m |Xn - Xn| + |r„| v>„ |Xm - X 
• •'^ m,n=l 

+ IXm| |Xn ~ Xn| + |Xn| |Xm - Xm|] <*C 

■    ^ JV AT 

<5e"^    /   ci*    2   [2|^IVm||x-x|lE^ 
• ,'c* m,n=l :=1 

+ 2A|r|8(£>i)||X-x||X>K 
i=i t=i 

<C,(* + Atf2)(  £)   |e"^ /  ei°'<pm<pnd(\)\\x- xll 

AT 

<C'6(l + A6)C£<Pj)\\x-xh 

which, on account of (5.6), in turn implies 

(5.15) l|T(x)-r(x)||<c-'*(i + A*)||x-x||. 

Therefore T will be a uniform contraction on F, provided that 

(5.16) C'6(l + A6)=:a< 1. 

Note that (5.12) and (5.16) can be simultaneously satisfied for many choices of A and 6. In 

the sequel, we fix A = AC and 6 < 60 = min{^, 2^7}. For these choices, 1 + AS < 2, both (5.12) 

and (5.16) are fulfilled, and the proof of (i) and (ii) is completed. 
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(5.18) 

Last, we turn to (iii). Let V € ft, x € F be fixed and consider r, s G Bs. Then (5.8) yields 

(upon suppressing the x and V dependence) 

r€ N 

Tk(T)-Tk{s) = e-lg»       e«3'   £  /?fc,m„[(rmrn - smsn)y>my>„ 
(5-17) ./c* m>n=1 

+ (rTO - Sm) <£m Xn + (Tn ~ Sn) <Pn Xm] d( . 

Using (5.6), (5.7), (4.58) and (5.16) we deduce 

I   ft N ( 
\Tk(r) - Tk{s)\ < e-l31*   /   e^*    £   \ßk,mn\ ( [\rm - sm\ |r„| + \rn - sn\ \sm\] <pm <pn 

I •><* m,n=l ^ 

+ |rm - Sm\ <pm \Xn\ + \rn ~ Sn\ <Pn \Xm\j <*C 

I    I* N      ( 
<Be-$3h\ e^9k     Y^    U[km-*m| + |*-n-*n|]Vm¥>n 

' •'c* m,n=l ^ 
N s 

+ A£2 (^VjOfkm - sm\ <Pm + \rn ~ Sn\ V?n] j d( 
i=i 

N ft 
<C"6{1 + A8)\T-S\   Y,   \e~*3k       ^9kfmfndC\ 

m,n=l Jc* 

TV 

<C"6\r-s\Y,<Pi 

and, by virtue of (5.6), 

(5.19) ||r(r)-r(*)||<C"*|7--*| 

which completes the proof of (iii). | 

The properties of the map T are useful for both solving problem (5.1) and for establishing 

properties of the constructed solution 0 = (0i, ..., 6N)- 

Corollary 5.2. Let A and S be as in Proposition 5.1. Given V € Ö, r G Bs, there exists a unique 

solution 0(-;T) of (5.1) in the class of functions satisfying 

N 

(5.20) \9k(-; r)| < A |r|2 £ Vj ,        |r| < 6,   k = 1, ..., N . 
3 = 1 

Moreover, there exists a constant C independent of S such that 0(-;T) satisfies 

N 

(5.21) \0k{'\T)-ek{'is)\<C6\T-s\Y,<Pii        forr,seBs. 
3 = 1 
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Proof. For each fixed V G ft, r € 1?5, the map T(V, r, •): F -+ F is a contraction with a uniform 

contraction constant a < 1. The first part of the lemma is a direct consequence of the contraction 

mapping theorem. 

The fixed point 0 depends parametrically in V and r. In the second part we are interested 

in regularity properties of 6 in r and need estimates that are uniform for V € ft, r G B$. Instead 

of using general versions of the implicit function theorem, we opt for a direct approach that 

gives precise information on the bounds. Let V € ft be fixed and consider r, s 6 B$ and the 

corresponding fixed points 6{T) and 6(s) of T. Then we have 

(5.22) 6(T) - 6(s) = [T(T, 6(T)) - T(r, *(«))] + [T(T, 6(S)) - T(s, *(«))] . 

Using (ii) and (iii) in Proposition 5.1, we obtain 

Mr) - *(«)|| < \\T(T, 6(T)) - T(T, 0(s))\\ + \\T(T, 9(S)) - T(s, 6(s))\\ 
(5.23) 

<a\\6(T)-6(s)\\ + C6\T-s\. 

Hence, 

(5.24) H^.^iijC-ILtfir-,! 

and (5.21) follows from (5.6). | 
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6. The map connecting the wave strengths to the Riemann data 

For V € Ü the states F(£) take values in the ball B^U-) = {U € JR,N : \U - U-\ < fi}. 

Because of the orthogonality relations (3.8) and the continuity properties of h(U), ri(U), given 

T) > 0 we can choose ß such that 

W-r^M-ij,        UuU2eBß(U-), 
(6.1) 

UK) - rj(U2)\ < V,        UuU2eBß(U-),  ifj. 

Also for states in Bß{U-) the right and left eigenvectors are bounded 

(6.2) Vi{U)\<R,    |/,-(£0|<Ä,       UeB^U-),  i = l,...,N, 

by a constant R depending only on fi. For our future deliberations we place an additional hypoth- 

esis, which complements (Ax - AA) and concerns the behavior of the right and left eigenvectors 

along functions in Q: Namely, we fix 77 < l/N and require that 

U{U-)-ri(V(0)>l-V, 
(As) 

HU-)-rj(y(t))\<v,     »7i 

for V G Ö and £ € IR. This is attained by restricting, if necessary, the size of fi. 

Consider the system of differential equations 

N     N 

(6.3) e a'k + [f - Xk(V(0)} ak = eJ2H [VA^(0) rm(V(0) • rn(Y(0)] "m an , 
m=l n=l 

where V € ft. We saw in the previous section that (6.3) has solutions given by an asymptotic 

expansion in a parameter r G WiN of the form 

(6.4) ak^;r) = TkMO + ek(C,r). 

The expansion is valid for |r| < S uniformly for V € Q, and #*(•; r) satisfies (5.20) and is of order 

0(|r|2) as \T\ —y 0. The parameter r is associated with the data at ck, as from (5.1) 

(6.5) ak(ck ; r) = Tk<pk(ck). 

It is instructive to visualize \r\ = |TI| + ... + |ryv| as measuring the wave strength of the Riemann 

problem solution associated to ak(£; r) (c./. (3.11)). 

A comparison with the general outline in Section 3 shows that while the solvability of (3.15) 

is at this point well understood, it remains to select r so that (3.13) is satisfied. The issue emerges 
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of studying the connection between the parameter r and the boundary data U±. To this end let 

£/_ be fixed and consider the map S that carries r into the end-state vector 

N      ,00 

For T £ Bs = {r € JR.N : |r| < 6} the map S is well defined, and depends explicitly on V and 

N      .00 

(6.6) S(T) = £/_ + £/      [n MO + **(<; r)] rfc(V(C)) d(. 
1 1 J—00 

implicitly on e. Our objective is to study the invertibility of S and to show that the inverse map 

is uniformly bounded in V and e. 

Proposition 6.1. Assume that (A\ — A5) are satisfied for V £ Si. There exist positive constants 

T and 6 such that : 

(i) Given U+ £ Br(U-) there exists a unique solution of the equation S(T) = U+ with r £ Bs. 

(ii) For each V £ SI, e > 0 the inverse map 5_1 : Br(U-) —>■ Bg is well defined and satisfies 

(6-7) \S-1(U+)\<2ß\U+-U.\, 

where ß is a constant which depends on fi, but is independent of the particular V £ SI and e. 

Proof of Proposition 6.1. Let U- be fixed. The equation S(r) = U+ has the form 

(6.8) U+-U- = Y,Tk <pkrk(V(0)d( + £ /     **(C; r)rk(V(Q)d(. 
k=i     J-°° k=iJ-°° 

If A(V) is the matrix whose fc-th column is given by 

/oo 

>Pkrk(V(0)d(,        k = l,...,N, 
-00 

then (6.8) reduces to 

(6.10) U+-U- = A(V) T + Y,        **(C; r) rfc(V(C)) <*C 
k=iJ-°° 

and the issue becomes to study the solvability of (6.10) in r. 

First we show that Hypothesis (A5) implies that A(V) is invertible. 

Lemma 6.2.  Assume that (A5) holds (with 77 < 1/N).   The matrix A(V) is invertible for any 

V £ Si, and the inverse matrix A-1(V) is uniformly bounded 

(6.11) \A-\V)\<ß,        V£Ü, 
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by a constant ß independent of e. 

Proof of Lemma 6.2. Since <pk are averaging measures, the mean value theorem implies 

/oo 
<pkrk(V(0)di; = rk(Vk*) 

-oo 

for some Vk* £ B^U-). Since {r^U-)} are linearly independent, by choosing fi sufficiently small 

it is guaranteed that the vectors r^Vf), ..., rN(V^) are linearly independent and thus A(V) is 

invertible. 

We now show (6.11) and in the process provide an alternative way of showing that A(V) is 

nonsingular. For r, y £ MN consider the equation A(V)r = y and write it in the form 

(6.13) J2Tk /   v>kTk(V(0)dC = y- 

Taking the inner product of (6.13) with /,(£/_) and rearranging the terms we obtain 

/OO fOO 

<Pi [u(u-) ■ ri(v(Q)] d( = u(u-) -y-Y,Tk      *k Hu-) ■ rk(V(0)] dC ■ 
-oo fc#i       J-oo 

Then (As), (4.3) and (6.14) yield 

(6.15) \Ti\(l-v)<UU-)-y\ + ri52\Tk\. 

Adding the resulting equations for i = 1, ..., N and using the fact that n < 1/N, we obtain the 

estimate 

(6.i6) M < rz^- J2 Mu-) -y\<ß\y\ = ß \MV) A. 
t=i 

The first implication of (6.16) is that the only possible solution of A{V) r = 0 is the trivial 

solution T = 0. Therefore ax(V), ...,aN(V) are linearly independent and A(V) is invertible. In 

addition, (6.16) implies that 

(6.17) \A-\V)y\<ß\y\,       y£JR,N, 

which proves (6.11). | 

Next, we formulate solving the equation S(T) = U+ as a fixed point problem. Let Br(U-) 

be the ball centered at U- of radius r and consider the map P that takes U+ £ BT{U-), V £ tt, 

T £ B$ into the vector 

N      /-oo 

(6.18) P(U+,V,T) = A-
1
(V)(U+-U-)-A-

1
(V)Y, /     O^ r)rk(V(())d(. 
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Since A(V) is invertible, solutions of (6.10) are equivalent to fixed points of the map P(U+, V, •). 

Lemma 6.3. There exist positive constants S and r such that P : Br(U-) x ft x Bg —> B$ and has 

the property : There exists a constant a with 0 < a < 1 such that 

(6-19) \P(U+,V,T)-P(U+,V,s)\<a\r-s\,        r, s € Bs, 

for any U+ € i?r(£/_), V € ft; that is P(U+,V,-) is a uniform contraction on B$. 

Proof of Lemma 6.3.  Let U+ € Br(U-), F 6 ft and r € Bs. Using (6.18), (6.11), (6.2) and 

(5.20), we obtain 

N 

(6.20) 

\P(U+,V,T)\<\A-\V)\(\U+-U.\ + J2 r \w->r)\\r*(no)\dc) 
v fc=l J-°° ' 

<ß(^r + RA\T\2Nf2j0O'PJdCSj 

<ß(r + RAN2S2) 

The first part of the lemma is true, provided that r and 6 satisfy 

(6.21) ßr + ßRAN2S2 <6. 

Let now r, s € Bs and observe that 

(6.22) P(U+,V, r) - P(U+ ,V,s)= -A'1 (V) £ /     [ek((; r) - 0fc(C; *)] rfc( V(C)) <*C. 
k=\J-°° 

On account of (6.11), (6.2) and (5.21), (6.22) gives 

N      ,00 

\P(U+,V, T) - P(U+,V, s)\<ßY, \W\ T) - ek(C; s)\ \rk{V(C))\ d( 
k=iJ-°° 

(6.23) "     oo 
<ßRNC6\T-s\^T        tpjdC 

;—i  J— OO 

<ßRN2C6\r-s 

Therefore, if 

(6.24) a = ßRN2C6<l 

then P(U+,V, ■): Bs —► Bs is a uniform contraction. 
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Note that ÜS< \ min{(/?RN2C)~\ {ßRN2A)~1} and r < ±6 then both (6.21) and (6.24) 

are simultaneously satisfied, and the proof of the lemma is complete. | 

We return to the proof of Proposition 6.1. Lemma 6.3 implies that given U+ € Br(U-) there 

exists a unique fixed point of P(U+,V, •) in the ball Bs and thus a unique solution of S(T) = U+. 

Hence, S-1 is well defined. Let U+ and r = S-1(U+) be two corresponding points connected 

through (6.10). Using (5.20), (6.2) and (4.3), we obtain 

N      ,00 

\A(V) r| < \U+ - U.\ + 2 /     |**(C; r)\ \rk(V(0)\ K 
k=iJ-°° 

(6 25) N   f°° 
<\U+-U-\ + RAN\T\

2
Y^        cpjdC 
3=1 -7-00 

= \U+-U-\ + RAN
2
\T\

2 

Using Lemma 6.2, in conjunction with (6.21) and the choice of 6, we deduce from (6.25) 

(6.26) \T\<ß\U+-U-\ + ßRAN26\T\<ß\U+-U-\ + ^\T\, 

which implies (6.7) and completes the proof of the proposition. | 
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7. Proof of Theorem 3.1 

This is the concluding section of the derivation of a-priori estimates for (Vc). The analysis of 

Sections 3 to 6 is combined in order to prove the main theorem. 

Let U- be fixed and define ft by (4.1). ft is a convex, bounded subset of the Banach space 

C°(-oo,oo) of continuous, bounded functions. Fix e > 0 and consider the map T carrying V € Q 

to the continuous function W defined by the procedure : 

(a) Let <pk be as in (4.3). We obtain the solution #*(•; r) of (5.1), for r € Ht^ small, and define 

Gfc(- 5 T) = Tk<Pk + 0k{-; T). The resulting ak form a solution of the system of equations (6.3). 

(b) Let S be the map defined in (6.6). Let t be the solution of the equation S(r) = U+, that is 

* = s~Hu+). 
(c) W is then defined by setting 

(7.1) w(0 = u. + /    £> MO + 0*(C; *)] rk{V(Q) d(. 
J-°° fc=l 

Concerning the feasibility of the constructions we remark : The parameter ^ in the definition 

of ft is fixed so that Hypotheses (Ai — As) are satisfied for V € ft. We also fix the parameters A 

and tf0 as in Proposition 5.1 and let 6 < 60. Then Corollary 5.2 states that for T £ Bg the problem 

(5.1) has a unique solution satisfying the estimate 

TV 

(7.2) |0fc(.;r)|<A|r|2 £>;,        r e Bs. 
i=i 

According to Proposition 6.1, for r and 6 sufficiently small the map S : Bs -* Br(U-) is invertible, 

S(T) = U+ is uniquely solvable in Bs, and the inverse t = S_1({7+) satisfies for some fixed ß 

(independent of V and e) the estimate 

(7-3) |*| = \S-\U+)\ < 2ß\U+ - U-\,        U+ € Br(U-). 

As a result W(-oo) = U- and W(+oo) = S(t) = U+. From (7.1) we obtain 

(7-4) ^ = E[*m + '*(-;0]r*(vC)) 
a*    fc=l 

which, in conjunction with (7.2) and (6.2), yields 

|^|<ÄE[|**|^ + A|«|'f;Vi]|rfc(V)| 
(7.5) 

TV 

<R\t\(l + AN\t\)Y,<Pj- 
j=i 
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In turn, (7.1), (7.3) and (7.5) imply 

Mt)- u.\ < I f if] [hMO + **(C;0] n(v(0)\dC 
(7.6) | J-oo   k=1 

< 2ßNR (1 + 2ßAN \U+ - U-\) \U+ -U-\. 

It follows that, if U+ € Br(U-) and r is restricted by 

(7.7) 2ßNRr( 1 + 2ßANr) < p, 

the function W defined in steps (a - c) satisfies 

(7.8) \w(0-u-\<n,     £em. 

In the sequel we fix r and 6 to simultaneously satisfy (7.7), (6.21), (6.24) and (5.16). All the 

stated constructions and estimations are then feasible, and the map T : ft -> ft is well defined. In 

addition, (7.5), (7.3) and Lemma 4.1 dictate there is a constant C such that 

(7.9) 

\W(0 -U-\<\V+- U-\ -  [    e-^-x'-)2 dC ,        for £ < Aj_ , 
^     J — CO -co 

rco 

\W(0 -U+\<\U+- U-\ -  /    e-*«-^ d( ,        for £ > A; 

Our next task is to apply the Schauder fixed point theorem to the map T. 

(i) T(Ö) is precompact in C°(—oo,oo). 

Consider a sequence {Vn} C Ö and let Wn = T(Vn). Estimates (7.5), (7.3), (7.8) and (4.7) 

imply that {Wn} is uniformly bounded and uniformly equicontinuous on the reals. It follows from 

the Ascoli-Arzela theorem and a diagonal argument that there is a subsequence {Wn>} and a 

continuous function W such that Wn> -+ W uniformly on compact subsets of IR. But then the 

decay estimates (7.9) imply that the convergence is in fact uniform, and thus T(ft) is precompact 

in C°(—oo,oo). 

(ii) T : Q —»• ft is continuous. 

Let {Vn} C ft be a convergent sequence in C°(-oo, oo), with Vn -+ V°, and set Wn = T(Vn), 

W° = T(V°). We proceed to show T(Vn) -» T(V°). RecaU that e is held fixed, and that Wn 

and W° are defined in terms of the intermediate quantities <£>£, 9^(-; r), o^(-; r), Sn, tn and <p°k, 

el(-; T) a°k(-; r), S°, t° in steps (a - c) for V = Vn and V = V°, respectively. 

First, we show tp* -+ <p°k in C°(-oo, oo). One first uses (4.7), (4.2) and (4.8) to show that {</>£} 

is a uniformly bounded and equicontinuous sequence of functions that satisfies the decay estimates 
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(4.8) as |f I —► oo. An argument as in (i) implies there exists a subsequence {y>£J} and a function 

y>£° such that <p%' -> y>£° uniformly in IR. Passing to the limit in (4.3) along the subsequence rij 

(7.10) <pn* = -^ ► -j-i = & , 

/°° e~*//*~A*(V"i(*))dadC      r e~1'Ks~Xk(V°(s))dsdC 

we deduce <p£° = <p°k. The sequence {<,£>£} has limit points, and any limit point is equal to <p°k. 

Hence, the whole sequence {(fk} converges to (p°k. 

Second, we show that for r fixed 6k (•; r) —>■ 6°(-; r) in C°(—oo, oo). This follows by a similar 

in spirit argument that we only sketch: Using (5.20), (5.1), (4.7) and (4.8), we show that {<?£} 

possesses a subsequence {6k'} and a limit point 0£° so that 6% —»■ #£° uniformly in IR. Passing to 

the limit in (5.4) along the subsequence rij and using the convergence of Vn and </?£, we obtain 

(7.11) 6?{t) = e~M f'eM   £  A,mn(V°(0) (rm <P°m(0 + C(0) farfUC) + C(0) <*C- 
,/c* m,n=l 

Since the limiting 0£° inherits the estimate (5.20), the uniqueness part of Corollary 5.2 implies any 

limit point of {0£} is of the form 0f(-; r) = 0g(-; r). Consequently 0£(-; r) -► 0°(-; r). 

The third step is to show that tn -> J° in IR,N. Let 5n and 5° be the maps associated with Vn 

and V° respectively and define tn and t° satisfying Sn(tn) = S°(t°) = U+. Since {tn} is bounded, 

there is a subsequence {*">'} and a vector t°° such that tn> -*■ i°°. We use (5.20), (5.21) to pass to 

the limit in Sn'(tn>) = U+ and to obtain S°(t°°) = U+. Because of the unique invertibility of the 

map S° it is t° = t°° and thus the sequence {tn} converges to t°. 

The precompactness of T implies the sequence {Wn} has a subsequence {Wn>} and a limit 

function W°° such that Wn> -»• W°° in C°(-oo,oo). Using the established convergences and 

(5.21), we pass to the limit in (7.1) along rij and obtain 

(7.12) W~(t) = ?_+/'  jr [tl „2(C) + «2(C; t0)) rfc(V°(0) <*c = r(v°xo. 
J-°° k=l 

Therefore any limit point of {Wn} is equal to T(V°) and thus T(Vn) -» T(V°) in C°(-oo,oo). 

Hence, T is continuous. 

The Schauder fixed point theorem implies there exists a fixed point Ue of the map T in Q. By 

construction Uc satisfies 

(7-13) u£(0 = u.+      J2 MC; T<) n{Uc(0) d(, 
J-°° k=i 
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where 

(7.14) akc(Z; re) = rk<E (pke({) + Okc(£; re) 

solves (3.15). The functions <pkE, 0ke and ake depend implicitly on e, and the quantities re satisfy 

(7.15) S£(T£) = V- + Y, /     MC; O rk(Ue(0) d(=U+. 

As a result Ue(±oo) = U± and 

N 

^(0 = £<M^M^(0), 
(7-16) k=i 

«to«; r.) = Zfc(ff.(0)-mo- 

using (7.16) and (3.5 - 3.8), we can rewrite (3.15) in the form 

(7.17) lk(Ue) • [ - £ + VF(Ue) ] U'c = lk(Ue) ■ U'J 

which implies that Ue is a solution of (Ve). 

Consider a family {Uc}£>0 of such solutions to (Vc). By construction Uc are of uniformly 

bounded (and small) oscillation (C0) and satisfy the representation formula (3.33). Relations (7.2) 

and (7.3) imply there exist constants C independent of £ so that |r£| < C\U+ - U-\, 

N 

Ke(£; Te)\ < \TkJ<pkc + C\Te\
2 ^2<pje 

(7-18) 

<c\u+- U-\Wke + \u+ - #_| £>,>) 

and as a result 

N 

(7.19) M(0l<* 5>;< 

with K a constant of order 0(\U+ - U-\) and independent of e. As {(pJ£} are uniformly bounded 

in Ia(IR), it follows that {U'c} are uniformly bounded in XX(IR) and {t/£} is of uniformly bounded 

variation. The total variation of the family is controlled by \U+ - U-| and is thus small. The proof 

of Theorem 3.1 is complete. 

46 



8. Solution of the Riemann problem 

Our next objective is to construct solutions of the Riemann problem (V) by taking e -» 0 

limits of solutions of (Vc) and to identify the structure of the emerging solutions. The analysis is 

patterned within the framework developed in the previous sections. Nevertheless, it is instructive 

to single out the set of hypotheses used in performing the e —► 0 limit and to provide an independent 

presentation. Let {Ue}c>o be a family of solutions to (Ve) that connect U- to U+ and enjoy the 

properties : 

U£  satisfy the uniform bounds   (C0), (S) for e > 0 , 

(As) ^k(Uc)  satisfy the uniform bounds   (3.9), (3.10) for e > 0 , 

U'e  satisfies (7.19) where (pke is given by (3.25) . 

Solutions satisfying (As) were constructed in Theorem 3.1, and the resulting families are of small 

oscillation and variation. The results of this section remain valid for families of large oscillation 

and variation, provided the global separation of the eigenvalues and, most important, estimate 

(7.19) hold. Helly's selection principle implies there exists a subsequence of the original family, 

denoted again by {Uc} with e —► 0, and a function U of bounded variation such that 

(8.1) E/e(£)-*■ {/(£)       pointwise on  (—00,00). 

Since U is of bounded variation its domain can be decomposed into two disjoint subsets C and S : 

C consists of the points of continuity of U and S of the points of jump discontinuity. S is at most 

countable, and the right and left limits of U exist at any £ e S and are denoted U(£±). 

We proceed to show U satisfies (V). In the sequel C denotes a generic constant that can be 

estimated in terms of the bounds in (A3) and the Riemann data and which is independent of e. 

Theorem 8.1. Suppose that (1.1) is strictly hyperbolic and let {Ue)}c>o be a family of solutions of 

(Vc) corresponding to data U± and satisfying (As). There exists a subsequence {UCn} with en —* 0 

and a function of bounded variation U such that UCn —► U pointwise on the reals. U satisfies 

(8.2) -tU' + F(U)' = Q 

in the sense of measures, the Rankine-Hugoniot conditions hold at any point £ G S 

(8-3) -e Mt+) - U(t-)] + [F(U(t+)) - F(U(t-)] = 0 , 
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and there exist constant vectors U0, ..., UN £ JRN with U0 = U-,UN = U+ such that 

(U0 = U- - oo < £ < Xi- , 

Uk \k+ < ( < A(M-I)- ,    A = 1, ...,(JV- 1), 

UN = U+       \N+<£<+oo. 

Proof. Let {Ue} be a convergent subsequence as in (8.1), satisfying the uniform bounds (C0), (5), 

and V € [C2°(]R)]Ar be a test function with compact support. Then (V£) gives 

(8.5) / Ue ■ (W)' - F(U£) .1,'dt = e [ Ue- $" d(. 

Passing to the limit e —► 0 we deduce 

(8.6) / U-{W)'-F(U)-1>'d{ = 0 

that U satisfies (8.2) in the sense of distributions. Since U is of bounded variation, it also satisfies 

(8.2) in the sense of measures. 

Let C = [Ai_, Ai+] U ... U [XN-, XN+) stand for the range of variation of the wave speeds 

\k(Ue). Then (4.8) and (7.19) imply 

C 1 
<Pke < -exp{-—d(t,Xk)2} £ G (-00,00) -[Afc_, Afc+], 

(8.7) N r 1 

|^|<tfX>£< jexp{--^,£)2}       {€ (-00,00)-£, 
i=i 

where d(f,A*) and d(£,C) are the distances between the point f and the sets [Afc_, Ajk+] and C 

respectively.   Therefore the limiting function U stays constant on each connected component of 

(-00,00) - C and (8.4) follows. In addition U£(±oo) = U± implies U0 = V- and UN = U+. 

The Rankine-Hugoniot conditions (8.3) are a consequence of the fact that U of bounded 

variation solves (8.2).   We outline a different proof, in the spirit of self-similar viscous limits. 

Integrating the equation (P£) on an interval (a, b) we obtain the weak form 

(8.8) [-b Ue(b) + F(U£(b))} - [-a U£(a) + F(Ue(a))] + /   U£(Q d£ = £U'e(b) - eU'e(a). 
Ja 

For f € S and 6 > 0, we evaluate (8.8) between the points 6 and r, with r < Ax_, and integrate 

the resulting equation in 6 over [f, £ + f>] to arrive at the identity 

ri+6 rZ+6   fe 
I      -eUc(6) + F(Ue(0)) d6 + J      J   U£(0d(d9 

rt+S 
/      U'e(6) dB - e6U'E(r) + 6[-r U£(r) + F(U£(r))} . 

(8.9)     "* H 

e 
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Using the consequence of (7.19) and (3.25) 

,00 

(8.10) /     \U'e\dC<KN, 
J—00 

in conjunction with (A,), (8.1) and (8.7), we take first e -> 0 in (8.9) and then divide the resulting 

equation by S and take S -* 0+ to obtain 

(8.11) -tU(t+) + nU(t+)) + J U(CW = -r U(T) + F(U(r)). 

In a similar manner, given any 0 and r < Ai_, we establish 

(8.12) -eU(0-) + F(U(6-)) + J  U(0dC = -r U(r) + F(U(r)) . 

Then (8.3) follows from (8.11) and (8.12) for f = 9. | 

With U(£) as above, define 

(8.13) V(x,t) = U(-),        (x,t) e (-00,00) x (0,oo) 

Clearly limt_+o V(x, t) = U- for x < 0, U+ for x > 0. Furthermore, a solution V of the form (8.13) 

is a weak solution of (1.1) on (—00,00) x (0,00) if and only if U is a weak solution of (8.2) on 

(-00,00). The equivalence follows from an argument due to Dafermos [D3]. Let x(x>t) be a C°° 

Ht  -valued function with compact support in (—00,00) X (0,00) and define 

(8.14) ^(0= /    x(tf,0*. 
Jo 

The resulting function ip 6 [C£°(—00,00)]^. Conversely, any test function if) may be represented 

in the form (8.14) by choosing \ = ^(,x/t)a(t)i with a(t) € C£°(0,oo) a fixed function such that 

/0°° a(t) dt = 1. For solutions of the type (8.13) the weak form of (1.1) may be written as 

/      /     V(x,t)-xt(x,t) + F(V(x,t))-Xx(x,t)dxdt 
JO      J-00 
/oo /-0O                                                                       roo 

u(0 • ( /    Xt(fr t) t dt) + F(U(0) ■ ( /    X*tf, *) t dt) d£ 
-00 Jo                                                       Jo 

-s J—< 

and the equivalence follows from the chain of identities. Theorem 8.1 in conjunction with Theorem 

3.1 lead to an existence theorem for the Riemann problem. 
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Theorem 8.2. Assume that (1.1) is strictly hyperbolic. Given any data U-, U+ with \U+ - U-\ 

sufficiently small, there exists a function of bounded variation £/(£) defined on (-00,00) such that 

U(j) is a weak solution of the Riemann problem for (1.1). 

Next we investigate the structure of the emerging solution U. It is instructive to use the 

correspondence between functions of bounded variation and finite signed Borel measures on IR 

(Folland [F, Sec 3.5, Sec 7.3]). Let p be the (vector valued) measure generated by the right 

continuous function of (normalized) bounded variation (U(£+)-U-). Consider now the functions 

(8.16) **e(0= /    fUQdC- 
J—00 

In view of (3.25) the family {$ke} consists of increasing uniformly bounded functions. Therefore 

$ke converge along a subsequence to an increasing function $k pointwise on the reals. The measures 

generated by $&(£+) are denoted by 4>k', they are positive measures with total mass one. 

Introduce the measures associated with the functions U'e and (fke defined by 

</z£,V>= /   U'£(0-md(, 
(8.17) J* 

<4>kc,x>= I Wte(Ox(0#» 

where ip G [CC(M)]N, x € CC(IR) are continuous functions with compact support.  Then (3.25), 

(7.19), (8.10) and Helly's convergence theorem imply 

(8.18) 

/   U'e-ißd{^ I   ip-dU =<n,ip>,    for i> € [Cc(m,)]N, 
JTR Jn 

I   <PkcXd£^ I    xd$k=<(t>k,X>,    forxeCc(IR). 
JJR JTR 

In the language of functional analysis fic —•■ /x and <f>k£ —k <t>k weak-* in measures. 

Using (8.18) we can express < fi,tp >= - JUU ■ V>'<*£ for test functions V € [Cl(JR)]N. Note 

that f ^ supp fi if and only if there is an open interval / 3 £ such that < //, tp >= - JnU ■ ip'd£ = 0 

for ip e [Cl(I)]N. This is in turn equivalent to the function U being a.e. equal to a constant vector 

on I. Consequently supp // coincides with the region in the ^-domain where U is not a constant 

state. From (8.7) it follows that \i is absolutely continuous with respect to $3fc=i <f>k and that 

supp 4 C [\k-, Afc+] 

supp/i C (J supp<£k C C = |J[Ak_, Ak+]. 
k=l k=l 
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The following proposition states an important property of <f>k, that incorporates admissibility 

restrictions induced by the self-similar viscosity. In preparation, recall that 

e-\9kc 

where 

(8.21) 9ke(0= i    s-\k(U£(s))ds, 
J Pkc 

and assume (by restricting to a further subsequence) that pke -* Pk as e -> 0. Using (8.1), (C0) 

and the Ascoli-Arzela theorem we deduce that 

(8.22) gkc(0 = [   s - Xk(U£(s)) ds -  / s - Xk(U(s)) ds =: gk(0 
Jpkc JPk 

uniformly on compact subsets of (-00,00). We show that points in the support of <j)k are global 

minima for the function gk. 

Proposition 8.3. If f £ supp0k then gk(() > gk{0 for C € (-00,00). 

Proof. The proof has two steps. First, fix any f € IR and a > 0 and consider the set 

(8.23) A = {C e IR :     fffc(C) - 9k(0 < -a < 0} 

Since gk is continuous either A is empty or it has positive Lebesgue measure m(A). We will prove 

Claim: If m(A) > 0 there exists an open interval I 9 f such that < (/>k,x >= 0 for any x e CC(I). 

As a result, if m(A) > 0 then £ £ supp <j\. 

To establish the claim, observe first that 

(8.24) gk(0 - gk(0 > ^(C2 - £2) - max{|Afc_|, |Afc+|} \( - fl 

implies gk(Q -»• 00 as |£| -»• 00 and A is contained in some compact interval [a, b]. Fix 6 > 0 such 

that for 9 e (£ - S,{ + S) we have \gk({) - gk(9)\ < f. By virtue of (8.22), there is e0 > 0 such 

that if £ < £0 then 

(8.25) \gkc(9) - gk(0)\ < £       for 9 6 A U (£ - 6, £ + 6). 

From (8.23) and (8.25) we deduce, if 0 <E (£ - 6, £ + 6), e < £0 and C € A then 

9ke(Q ~ 9ke(e) < flffc(C) - <7k(0 + |<fc(0 - 9k(0)\ 
(8.26) a 

+ \gU0) - 9k(0)\ + IMC) - 9k(Q\ < -^ ■ 

51 



In turn (8.20) and (8.21) yield for 9 6 I := (f - 6£ + S) 

(8'27) t<vUtiiIA«»{-l<MO-*.<.*))}«*$&>■ 
Let x € CC(I). Then (8.18) and (8.27) imply 

(8.28) <4>ke,X>= I <Pke(O)x(O)d0-+O,   as e-0. 

Hence, < <f>k,X >= 0 for x G CC{I), and the proof of the claim is complete. 

Suppose next that f e supp <£k. Then .4 is empty for any a > 0 and, hence, gk(() > gk(0 for 

any C € (-00,00). | 

The minimization properties for the gk yield information on the structure of U. In particular, 

a weak form of the Lax shock conditions is induced at points of discontinuity. 

Proposition 8.4. Let f, £' 6 supp fi l~l [Ak_, Ak+] with f < f. 

(a) 7/f G C Men 

(8.29) £ = Xk(U(0) ■ 

(b) IfteS then U satisfies at f Me jump conditions (8.3) and Me inequalities 

(8.30) Afc(tftf+)) < £ < WUtf-)) • 

(c) //& {' € supp // n [Ak_, Ak+] then \k(U({+)) = £, **(#({'-)) = £'• Moreover, /or any point 

0 = xk(u(e))  if  eec, 
(8.31) 

\k(U(o+)) = e = \k(u(o-))  if  oes. 

Proof. The function gk in (8.22) is continuous and has the behavior gk(() ->• 00 as |£| -> 00. Since 

U is of bounded variation, the limits 

(8.32) lim  3k(0-9k(0 =   lim      1      /"C s _ Afc(t/(5)) <fa = f _ Afc(tf tf ±)) 

exist and imply the derivative %■ exists and is continuous for f € C, while only the right and 

left derivatives exist for £ £ S. Fix a point £ € supp fi n [Ak_, Ak+]. It follows from (8.19) and 

Proposition 8.3 that f 6 supp <£k and that $rfc(C) > gk(£) for £ 6 EL In turn, (8.32) yields 

(8.33) f_Afc(tf(M-))>0    ,    £-Afc(t/(£-))<0, 
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which leads to (8.29) for £ € C and to (8.30) for £ e S. 

It remains to show (c). Let f, f € supp/j D supp^k with f < £'. Then f, f are both global 

minima for gk with gk(£) = gk(Z')- We claim: 

(8.34) 0fc(fl) = </*(£) for any  9 G (£,£') . 

If (8.34) is violated at some point, there exist a, b with £ < a < b < (' such that 

(8.35) 9k(a) = gk(b) = gk(0    ,    gk(9) > gk(£)    for    a<0<6. 

At the points a, b we have 

Xk(U{a+)) <a< Xk(U(a-)) 
(8.36) 

Afc(tf(&+)) < 6 < Xk(U(b-)). 

On the other hand at any 9 6 (a, 6) the set .4 = {C G IR : gk(() - gk{9) < -a) is nonempty for 

some a > 0. Proposition 8.3 and (8.19) then imply 9 g supp<fo and the function U(£) remains 

constant on the interval (a, b). Hence Xk(U(a+)) — Xk(U(b-)) and the inequalities (8.36) yield 

b < a. This contradicts a < b and (8.35) follows. | 

In summary, the region where U is nonconstant consists of (at most) N disjoint closed intervals 

I\k = [afc,6jfc]i k = 1, ..., N. Each I\k is associated with one characteristic speed Xk(U) and could 

be empty or consist of just a single point. The function U takes constant values on the complement 

of Ufc=i -^A* and has the properties listed in Proposition 8.4 at points of I\k. The emerging solution 

consists of fc-wave fans separated by constant states. Next we use the weak form of (8.2) 

(8.37) -£ £/(£+) + 9 U(9-) + F(U(tf+)) - F(U(9-)) + j  U(s) ds = 0       f, 9 G IR. 
Je 

in conjunction with relations (8.29 - 8.31) to obtain a fuller description of the behavior of U on 

the wave fans. 

Proposition 8.5 Suppose that I\k = [ak,bk] is a full interval, ak < bk. 

(i) For each f G [ak,bk) such that VAfc([/(£+)) • rk(U(£+)) ^ 0 

(ii) For each £ G (ak,bk] such that VXk(U(£-)) ■ rk(U({-)) ? 0 
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Proof. We show (i). Fix £ € [ak,bk) and let h > 0 such that £ + he I\k. The weak form (8.37) 

taken between the points £+ and £ + h— gives 

[ _ a+VF(E/(£+)) ] (tree+A-) - wo) 

(8.40) = " [ FWt + *-)) " W*+)) " ViW£+)) (^ + &") - WO) ] 

- J       [ U(s) - U({+) ]ds + h {U(t + h-)- U({+)) 

The increment ([/(£ + h-) - U(£+)) is expanded in the basis of right eigenvectors 

(8.41) U(h) := U({ + h-) - U({+) = $>*(*) ri(U(t+)). 

Note that for a function U of bounded variation u(h) -»• 0 as h -> 0+, and that by (3.8) 

(8.42) Ui(h) = U(U(t+))-u>(h). 

Taking the inner product of (8.40) with h(U(£+)) and using (3.6), (8.42) and the Taylor expansion, 

we obtain 

(8.43) [-Z + HU(Z+))]ui(h) = 0{\u;(h)\2)+0{ /    \u(s)\ ds) + 0{h \u>(h)\), 
Jo 

On account of Proposition 8.4 and the strict hyperbolicity of (1.1), the coefficient [-£ + k(U(£+))] 

is nonzero for i ^ k but vanishes for i = k. 

Next, using (8.29 - 8.31) and the Taylor expansion of A*, we see that 

A*(ff(£ + /i-))-Afc(tftf+)) = Ä 
(8-44) 

= VA*(l7tf+)) • {U(t + h-) - U{£+)) + O {\u(h)\2). 

If we set jk = V\k(U((+)) • rk(U(£+)), jk ^ 0 by hypothesis, and use (8.44), (8.41) and relations 

(8.43) for z ^ k, we arrive at the estimate 

jkuk{h) -h = 0{J2 \"i(h)\) + 0(KÄ)|2) 

(8-45) *k 

= 0{\u(h)\2) + 0{[   |w(s)| ds) + 0(h \u>(h)\) . 
Jo 

Adding (8.43) for i ± k with (8.45) gives 

<p(h) : = \jkojk(h) -h\ + ^2 \ui(h)\ 

rh 

(8.46) = O((|w(/»)| + />) \u(h)\ ) + 0{       \u(s)\ ds) 
Jo 

= 0{(\u(h)\ + h)<p(h)) + 0{ /   <p(s)ds) + 0(h2). 
Jo 
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Since u(h) ->Oas/i-» 0+, we can choose 8 sufficiently small so that for 0 < h < 6 

fh 
(8.47) tp{h) <Ch2 + C /   ip(s) ds 

Jo 

The integral inequality, in turn, yields 

(8.48) 0 < <p(h) <C'h2       for 0 < h < S 

and thus 

(8.49) Um  ^H = 0   for^fc, lim  ^ß = I. v       '                             fc-o+    h                                      h-*o+     h jk 

This shows (8.38). The proof of part (ii) is virtually identical. | 

Proposition 8.5 implies that U has right and left derivatives at any point £ which is not an 

accumulation point of S. If such a point £ belongs to C then U is Lipshitz there, and if, in addition, 

it is an interior point of I\k then / is differentiable there. It also completes the picture regarding 

the structure of the wave fans. We distinguish the following cases: 

(i) If I\k consists of a single point then the solution is a shock wave satisfying the weak form of 

the Lax shock conditions (8.30). 

(ii) If I\k is a full interval of points in C the solution is a k-rarefaction wave (provided that 

VAfc • Tk ^ 0 on I\k which is anyway necessary for rarefactions). 

(iii) In general I\k consists of an alternating sequence of shock waves and k-rarefaction waves such 

that each shock adjacent to a rarefaction from one side is a contact discontinuity on that side. 
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9. Self-similar viscous limits and shock profiles 

In this section we discuss the relation between self-similar viscous limits and shock profiles for 

strictly hyperbolic systems. It was conjectured by Dafermos [D2] and Tupciev [Tu2], and proved 

for systems of two equations [D2] that self-similar viscous limits have the internal structure of 

traveling wave solutions. We pursue here the question in the context of general systems. 

Let f be a point of discontinuity of U and note that U(£±) satisfy the Rankine-Hugoniot 

conditions (8.3). Consider a sequence of points {&J with the property fe -»• £ as e -»• 0. Define 

the function 

(9.1) Ve(Q = Ve(te + eQ,        -oo<C<oo. 

This introduces a stretching of the independent variable centered around the point fe, a shift of 

the shock speed f. The uniform estimates (Cb), (S) imply that Ve is uniformly bounded and that 

(9.2) TV( Vc(-) = TVC Ue{ie +e-) = TVi Ue(-) <C. 

Using Helly's theorem and a diagonal argument we establish the existence of a subsequence and a 

function V such that 

(9.3) Ue({e + £ 0 -> V(C)    pointwise for - oo < C < oo . 

Proposition 9.1. Let £ e S and suppose that {fe} is a sequence of points with £e -»• f. Then the 

function V(C) defined in (9.3) is continuously differentiable and satisfies on (-00,00) the traveling 

wave equations 

dV 
(9.4) -f [ V - tf(f-) ] + [ F(V) - F(U(t-))} = -^ 

with initial conditions 

(9.5) V(0) = lim Ue{te) ■ 

The limits   lim   V(() =: V± exist, are finite, and V+, V_ satisfy the algebraic equations 
C-*±oo 

(9.6) -£ [ V - U(t-)} + [ F(V) - F(V({-))) = 0 . 

Proof. We evaluate (8.8) between the points (E+e( and 6 and then integrate the resulting equation 

in 6 between £ and £ + 6, for some 6 ^ 0, to arrive at 
HS 

de [ -(f. + e C)ff.(& + e 0 + F(Ue(t. + e0))--g]      I -W.{°) + *W)) 1 
1     fHS    rtc+eC A 1    fHS + Sj       I U£(T)drd9=^(U^£ + eO)-e-sJ      U't[ß)dB. 

HS   rtc+eC A .1    ft+s 
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After an integration in ( we get 

rC 1     /•€+« 
J [ - (& + «)ff,(& + M) + F(l/.(f. + «)))ds-<:-6J     [-0U.{0) + F(Ue(6))] 

+ ^j   J      J Ue(T)dTdOds=Ue(te + eQ-Ue(tg)--fJ      U'E{6) 

de 

de. 

Letting e -»• 0 and using (9.3), (Cb), (8.1) and (8.10) we deduce 

J\ -t v(s) + F(v(s)) }ds-c-6f
+ [ -euifi) + F(u(e)) ], 

1   Z^5  /* 

From (9.9), by letting consecutively 6 -+ 0+ and £ -> 0-, we obtain 

(9.10) /C [ - £(V(«) - U(t±)) + F(V(s)) - F(U(t±))} ds = V(Q - V(0) . 
Jo J 

It follows from (9.10) that V(Q is a continuously differentiate function that satisfies the 

traveling wave equations (9.4) and the initial conditions (9.5). Since V is of bounded variation on 

IR, the limits   lim   V(Q =: V± exist and are finite. Also, for any integer n 
C-*±oo 

(9.11) f+1 [ - t(V(s) - tf(£-)) + F(V(s)) - F(U(t-))} ds = V(n + 1) - V(n) 
Jn 

Taking the i-th component of (9.11) and using the mean value theorem, we deduce there are tx
n 

with n < tln < n + 1 such that 

(9.12) -£(nO - U*(t-)) + nnO) - F*(U(t-)) = V\n + 1) - V\n),        i = 1, ..., N . 

Letting n —» oo shows that V+ is an equilibrium for (9.4). Similarly, V_ satisfies (9.6). | 

The function V as well as the limiting values V± depends on the choice of the sequence {££}. 

For several choices of {fe} it may happen that the traveling wave disintegrates to a constant 

solution. Two questions arise: (i) Is it always possible to choose {£e} so that the resulting V does 

not disintegrate to a constant solution of (9.4). (ii) What is the relation of #(£-), U(£+) and 

nontrivial heteroclinic orbits. 

Proposition 9.2. Let £ € S be fixed and suppose the set of solutions to (9.6) is not connected. 

There exists a sequence of shock shifts {£e} such that the resulting V in (9.3) is a nontrivial 

heteroclinic (or homoclinic) orbit. 
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Proof. Suppose the solution set of (9.6) with f fixed is contained in two open sets O- 9 U(£-) 

and Ö+ 3 U(£+) with O- (~l Ö+ = 0. Because of (Cb) we may restrict attention to a ball BM 

containing Uc. For a large integer n it is U({ - ;) f Ö- and U({ + £) € 0+. Choose en such 

that Uen(( - ±) £ Ö-, Uen(£ + ±) £ Ö+. There exists {&.} satisfying £-£<&„<£+£ 

and Uem(teu) € BM - (O- U 0+). Along a subsequence &„ -> £ and £/*.(&.) - ^(0) with 

V(0) <jtö-UO+. The resulting V is a nonconstant solution of (9.4) connecting two equilibria V_ 

and V+. | 

The hypothesis in Proposition 9.2 is violated only for shocks associated with a linearly degen- 

erate characteristic field : V\k(U) • rk{U) = 0 for all U (c.f. Section 10) . Addressing (ii) is quite 

complicated at the full level of generality. We give one result indicating what can happen if there 

is a finite number of equilibria in BM, the range of variation of U£. 

Proposition 9.3. Let£ e S and suppose that (9.6) has a finite number of solutions in BM- There 

exists a subsequence en -> 0 and choices {fi£„}, {&«„} °f the shock shifts such that £un < &£„, 

£ie„ —► f > &£„ -» f ? 

(9.14)     Ue„(tun + en() - V1(C),    CU6£n + e„C) - V2(Q ,    pointwise for - oo < C < oo , 

and the resulting Vi, F2 are solutions of (9.4) that satisfy Vi(-oo) = U(£-), V^+oo) = U(£+). 

Proof. Let BM be the ball where the solutions Ue range, and suppose (9.6) has a finite number 

of solutions U(£~), U(£+) and U\, ..., Uj. Fix two open balls B-, B+ and an open set O with 

the properties: B-, B+ and Ö lie inside BM, B- is centered at EA(f-), B+ is centered at U(£+), 

O contains U\, ..., Uj, and the distances among any two of the sets B-, B+ and Ö are strictly 

positive. Since U is of bounded variation, we can fix 6 > 0 such that U(0) € B- for 0 € [£ - £,£) 

and t/(0)€ 5+for 0 <=(£,£ + £]. 

Consider a convergent sequence : UCn -* U pointwise on IR. In the sequel we will be extracting 

appropriate subsequences that are denoted again by UCn. Choose no such that Ue„ (f - 6) € B-, 

UCn(£ + S) € B+ for ra > n0. For each n > n0 choose points al
n, Al

n, b\, B'n, i = 1, ..., K(n), in 

the interval Is = [f - £,£ + <5] to be respectively: a* = £ - <5, b\ the first point where U£n enters 

the ball 1?+, A\ the last point in (a\,b\) that J7eB exits J5_, a2
n the first point after b\ that {7e„ 

enters the ball B- (if applicable), 5* the last point after b\ that UCn exits £+, and so on until 

finally Bn      = £ + 6. These are defined as follows: 

b<n = mf{0>a>n: U£n(0) e B+},    A\ = sup{0 G (a*n,b'n) ■ £U0)€*-}, 
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<+1 = inf{0 > &; : Ue,(9) € B.) ,    B\ = sup{0 € (6^,<+1) : UCn(0) e B+}; 

if in the t-th step aj*1 is not well defined then i = K(n) and Bx
n = £ + 6. Since Ü7£n is of uniformly 

bounded variation, it can go back and forth between B- to B+ at most a finite number of times, 

thus K(n) is bounded. By restricting to subsequences we may assume K(n) is some positive integer 

K for large n, and that ax
n ->■ a\ Ax

n -> Ax, bx
n -»■ 6' and 5J, -*■ J5', t = 1, ..., üf, as n -* oo. 

By construction a'n < A'n < bx
n < Bx

n < aj*1 and U£n has the behavior UEn (0) € BM - B+ on 

(ax
n,A

x
n), U£n(0) eBM- (B. U B+) on (Ax

n,b
x

n) and U£n(0) € BM - B. on (bx
n,B'n). As a result 

the limits ax, Ax, bx Bx have the following properties: (i) ax < Ax = bx < Bx = ax+1, (ii) if B' < f 

then A% = bx = Bx = ax+1, and (iii) if a* > f then 5,_1 = a* = A* = 6'. To see (ii) suppose that 

B' < £; if Ax < a'+1 there is 0 < £ such that U£n (0) £ B- for large n. Passing to the limit we see 

that U(0) £ B- a contradiction. The rest are proved by similar arguments. 

In what follows we fix j to be the first index that B3 = £ and k to be the last index that 

ak = £. Then we have the ordering 

k _    Ak _ ifc    ~   r>k (9.15) a3 < A3 = V = B3 = ... = £ = ... = a" = A* = b* < B 

for any index between j and k. 

Consider first the case that (9.6) has precisely two solutions U(£—) and U(£+). Set 

(9.16) 
6.. =»5,  v2£n(0 = uCn(bk

n + tnO- 

Then V\£n (0) lies on dB- and V2eB (0) lies on 0B+. Along a subsequence V\£n and Vi£n converge 

pointwise to a solution of (9.4) and the limits Vi(±oo) = Vi± exist and are finite. Since no solutions 

of (9.6) lie on the boundaries of f?_ and B+ the resulting traveling waves are nontrivial. From the 

definition of V\£n and V2£n follows that 

(9.17) VuAO?B+    for   ^L^<<C<0,        V2E„(Q $ B.    for   0 < C < ^—^ . 

Since lim a'n = a3 < f = lim A3
n and lim bk

n = f < Bk = lim Bk, 

(9.18) Vi(QtB+    for   - oo < C < 0,        V2(C) i B-     for 0 < C < oo . 

As U(£-) is the only equilibrium in BM - B+ and U(£+) the only equilibrium in BM - 2?_ it 

follows Vi(-oo) = U({-) and F2(+oo) = £/(£+). 

Suppose next that (9.4) has more than two equilibria. If UCn never enters Ö the previous proof 

shows the desired result. If U£n enters Ö, we restrict attention to the interval [a3
n,b

3
n] and proceed 
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as Mows: Note that U£n{0) € BM - B+ on K,6£) and UeSK) € 9B+. As in the previous step 

we choose points c'n < Cx
n < dx

n < Dx
n, i = 1, ..., üf(n), with the properties: c\ = a3

n, d\ the first 

point after c\ that Uen enters O, C\ the last point before d\ that UCn exits £L; if t/£n reenters 5_ 

then we define c2
n to be the first point after d\ that [/£B enters the ball 5_, define D* to be the last 

point before c\ that f/£n exits O, and reiterate the above procedure; if £/e„ does not reenter B- 

then we set D\ to be the last point of exit from O before touching dB+ and stop at this step. As 

the sequence {UCn} is of uniformly bounded variation the process will conclude in a finite number 

of steps. By restricting to subsequences we may assume K(n) = K < oo, c*n —> c', Cx
n —> C", 

dx
n -> d\ Dx

n -» D«. Again if d' < £ for some » then Cx = dl = Z>« = c,+1. Let / be the first index 

such that Dl = e. Then D'"1 = c' < C' = d> = Dl = f. If we set 

(9.19) 6,. = C'n,    Fl£„(C) = Uen(Cl
n + enQ 

then Vi£n satisfies 

-CL 
(9.20) Vle„ (C) i O U 5+    for -2 ^ < C < 0 

and the resulting traveling wave V\ has the property Fi(-oo) = U(£-).  A similar construction 

shows the second part of the Proposition. | 

Proposition 9.3 shows that if ^ is a point of discontinuity of a solution U arising via self-similar 

viscous limits then there exists one heteroclinic orbit of (9.4) that emanates from {/(£-) and one 

that concludes to U(£+). It is expected that in general this will be the same heteroclinic orbit. 

However, if more than two states in BM satisfy the Rankine-Hugoniot conditions (9.6) at a given 

£ € S, or if multiple heteroclinic connections between two equilibria are possible, then the precise 

relation between self-similar limits and shock profiles requires a detailed analysis of the heteroclinic 

orbits (the proof is suggestive as to what possibilities must be excluded). In specific examples it 

usually happens that there is a single shock profile connecting U({-) to U(£+). It is however 

possible that there are intermediate states V), j = l,...,J, satisfying (9.6) and a chain of shock 

profiles with the same shock speed £ that connect succesively U(£-) to Vy, each of the points 

Vj to the next, and Vj to U(£+). The latter situation occurs for the equations of elasticity in 

the presence of multiple inflection points in the stress-strain relation, for specific positions of the 

Riemann data relative to the stress-strain curve [TZ2]. 
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10. Comparisons with the classical solution of the Riemann problem 

In this section we compare the classical solution of the Riemann problem with the solution 

obtained via self-similar viscous limits. For systems of strictly hyperbolic conservation laws the 

classical solution of the Riemann problem is based on a detailed study of elementary solutions of 

rarefaction waves and shock waves, and was established, for \U+ — U-\ small, by Lax [Lai] in the 

genuinely nonlinear case and by Liu [Lii, Li2] in the general case. 

Fix UQ. Let TZk = 7lk(Uo) be the integral curves of the vector field r* emanating from Uo- 

Rarefaction wave solutions take values on the curves IZk- Shock waves emerge by solving the 

Rankine Hugoniot conditions 

(10.1) s (U - Uo) = F(U) - F(U0). 

For U near Uo, the set of solutions of (10.1) consists of N smooth curves Sk = Sk(Uo) tangent to 

TZk(Uo) at Uo, k = 1, ..., N. Each Sk is associated with the k-th. characteristic field, it is defined 

by parametric equations U = Uk{r) and s = ■Sfc(r) for \T\ small, and the parametrization may be 

arranged so that 

Uk(0) = Uo, U(0) = rk(Uo), 

(10-2) sk(0) = Xk(U0),      h(0) = \ S/Xk(Uo) • rk(U0), 

Xk-i(Uk(r)) < sk(r) < Xk+i(Uk(r)). 

A state Uk(r) € Sk(Uo) gives rise to a shock wave solution with speed Sk(r), left state Uo, and right 

state Uk(r). Liu [Li2] performed a detailed study of the shock curves and proposed the following 

shock admissibility criterion. A shock (Uo, Uk(r), Sk(r)) is admissible if it satisfies 

(E) sk(T) 5: Sk(t)    for t between 0 and r. 

Using (E) Liu obtained a unique solution the Riemann problem. 

Consider the solution U constructed via self-similar viscous limits in the previous sections. 

U(£) takes values in a small ball Bß(U-), the wave speeds Xk(U(£)) are separated, and £/(£) has 

the properties indicated at the end of Section 8. Each wave fan is studied separately and we 

distinguish three cases: 

(i) Xk is genuinely nonlinear: VXk(U) • rk(U) ^ 0 for all U. 

For a genuinely nonlinear characteristic field the shock speed Sfc(r) is increasing in one direction 

of the shock curve Sk(Uo) and decreasing in the opposite direction.   Contact discontinuities are 
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excluded for weak shocks. The behavior of U on I\k simplifies considerably: Either I\k is empty, 

or I\k consists of a single point of jump discontinuity f and U satisfies the Lax shock conditions 

(10.3) Afc(tf(M-))<£<A*(W-)), 

or I\k is a full interval of points of continuity and the solution is a fc-rarefaction wave on I\k. 

Therefore, for genuinely nonlinear and strictly hyperbolic systems, the emerging structure of U is 

identical to that determined by Lax [Lai]. 

(ii) Afc is linearly degenerate : VXk(U) • rk(U) = 0 for all U. 

For a linearly degenerate characteristic field the fc-th shock curve emanating from U0 is given by 

U = Uk(T), s = sk(r) where 

(10.4) sk(r) = Xk(U0) ,        ^(r) = rk(Uk(r)) ,   Uk(0) = U0 . 

A version of the converse is also true: If (10.1) has a curve of solutions U(T) corresponding to 

S(T) = so fixed then Ü(T) = rk(U(r)), s0 = Afc(t/(r)) for some k, and the fc-th field is linearly 

degenerate. Since A* remains constant on the curves Tlk, rarefaction wave solutions are not possible 

for linearly degenerate characteristic fields. A close look in the proof of Propositions 8.4 and 8.5 

shows that it is not possible that I\k is a full interval. Therefore, either hk is empty, or it consists 

of a single point of jump discontinuity and U is a contact discontinuity. 

(iii) The curves 1Zk intersect the set {U : VXk(U) • rk(U) = 0} at discrete points. 

The solution U cannot be further simplified in this case. The relation with the Liu shock ad- 

missibility criterion (E) is established indirectly, using Proposition 9.3 on the relation between 

self-similar limits and shock profiles, in conjunction with results of Liu [Li4], Majda and Pego [MP] 

on the relation between shock profiles and (a strict inequality version of) condition (E). Majda 

and Pego [MP, Theorem 3.1] prove that given two states U(£-) and U((j+) in a small ball B^U-) 

satisfying the Rankine-Hugoniot conditions for some speed £, a shock profile lying in Bß(U-) ex- 

ists connecting U(£-) and {/(£+) if and only if condition (E) is satisfied as a strict inequality. 

Moreover, there exists at most one trajectory V(Q of (9.4) connecting U(£-) and U(£+) which 

remains in B^U-) for all £. 

Fix f 6 S D I\k and consider the set of all solutions to the Rankine-Hugoniot conditions that 

are compatible with (8.30). If U(£-) and U(£+) are the only states with this property then there 

is a shock profile connecting them and the shock speed £ satisfies the strict condition (E). If there 
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are more than two such solutions of (9.6) then there is a shock profile in B^{U-) connecting U(£—) 

to some state Vj and another shock profile connecting a state Vi to U(£+). It is expected that in 

this case there will be a chain of shock profiles that connect U(£—) through intermediate states 

with (eventually) £/(£+). 
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