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Geometric Algorithms for Manufacturing, Machining and Design

Paul Chew, Bruce Donald and Daniel Huttenlocher
Cornell University

1 Introduction

Efficient and practical algorithms for solving geometric problems are important for appli-
cations ranging from computer aided design to automatic parts inspection and assembly.
This research program focused on the development and implementation of geometric al-
gorithms, for solving problems in design and manufacturing. The methods that we have
developed combine techniques from combinatorial geometry and algebra with methods from
engineering and computer science, in order to produce systems that have a firm underlying
theoretical basis and.that also work well in practice. Geometric algorithms underly many of
the computational tools for design and manufacturing: geometric modelers are widely used,
and provide speed and expressive power far beyond paper-based design methods; differential
equation modelers and visualization systems use geometric algorithms for subproblems such
as meshing and volume rendering; visual inspection systems are beginning to use geometric
model-based matching algorithms to increase speed, accuracy and flexibility.

One of the central tenets of our approach to research in this area has been to develop
fundamental geometric algorithms that have a wide range of applicability to problems in
manufacturing, design and beyond. Under this contract we have developed theoretical algo-
rithms and implemented systems for,

1. Comparing shapes based on the Hausdorff distance. These methods have not only
been used in a number of research projects (including visual inspection, visual control,
and video segmentation) but have also been applied by Hughes Aircraft Company
for target recognition, by Xerox Corporation for document processing, and General
Electric Company for satellite image interpretation.

2. Task-level assembly and parametric design. We have developed efficient methods for
determining the shape of parts such as snap fasteners, given specifications of their
parameterized geometry and the functions that they should perform.

3. Producing guaranteed-quality triangular meshes in the plane and on surfaces. These
methods have been applied in the computer graphics community (e.g., by Welch et al)
to develop systems for the manipulation of free-form surfaces.

4. Model-based visual inspection and servoing. Model-based geometric matching tech-
niques have recently supplanted traditional statistical and correlation-based methods
for problems such as automated target recognition (ATR). We have been developing
efficient and robust geometric matching algorithms, and applying them to matching
and recognition problems.




5. Parametric design of nano-structures. We have been developing algorithms for de-
termining the shape of microelectromechanical (MEM) structures given specifications
of their parameterized geometry and functionality. MEM structures are particularly
suited for automated parametric design because their production process allows only
a limited number of elementary structures, the geometry and functionality of the de-
vices is relatively simple, and a given array may be involve a large number of devices
(analogous to VLSI where manual design is impossible).

2 Technical Accomplishments

Computational geometry provides powerful tools and techniques for use in many problem
domains. While practical applications have long been a motivation for developments in
computational geometry, the resulting algorithms have often been more of theoretical than
of practical interest. Our group at Cornell, on the other hand, has a history of applying
tools of computational geometry in order to solve practical problems, in areas such as robotic
assembly, model-based object recognition, automatic target recognition and mesh generation.

2.1 Geometric Algorithms for Visual Matching

A central problem in pattern recognition and computer vision is determining the extent to
which one image is like another. Operations such as correlation, template matching and
model-based matching are all techniques for determining the difference between images. We
have been investigating new measures for determining the degree to which two shapes differ
from one another. These measures have two critical properties: (i) they tolerate outliers,
or are robust in a statistical sense, and (ii) they can be computed efficiently. The measures
that work best in practice are based on the Hausdorff distance.

Given two point sets P and Q, with m and n points respectively, and a fraction, 0 < f <
1, the generalized Hausdorff measure is defined as

_ pth . _
h+(P,Q) = £ mizllp - dll (1)

where f;}épg(p) denotes the f-th quantile of g(p) over the set P. For example, the 1-th
quantile is the maximum (the largest element), and the 2-th quantile is the median. This
generalizes the classical Hausdorff distance, which mazimizes over p € P. Hausdorff based
measures are asymmetric, for example hs(P, Q) and hs(Q, P) can attain very different values
as there may be points of P that are not near any points of @, or vice versa. This asymmetry
is useful in recognition problems, where a hypothesize and test paradigm is often employed.

The generalized Hausdorff measure has been used for a number of matching and recogni-
tion problems. There are two complementary ways in which the measure has been employed:

1. Specify a fixed fraction, f, and then determine the distance, d = h¢(P, Q). In other
words, find the smallest distance, d, such that k = [fm] of the points of P are within
d of points of Q. This has been termed “finding the distance for a given fraction”.
Intuitively, it measures how well the best subset of size k = [fm] of P matches Q,
with smaller distances being better matches.
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2. Specify a fixed distance, d, and then determine the resulting fraction of points that
are within that distance. In other words, find the largest f such that hs(P, Q) < d.
Intuitively, this measures what portion of P is near Q, for some fixed neighborhood
size, d. This has been termed “finding the fraction for a given distance.” It measures
how well two sets match, with larger fractions being better matches.

Most applications of the measure are based on the second of these interpretations, com-
puting the Hausdorff fraction, because in most visual matching problems there is a reasonable
prior estimate of the uncertainty in the positional location of image features. For example,
a positional error of one pixel is generally introduced by the digitization process. If the
feature points are edge features, then there is an uncertainty based on the degree of smooth-
ing of the image. Efficient methods for finding the transformations of one point set such
that the Hausdorff fraction is above some threshold (and the distance below some thresh-
old) have been developed for affine transformations of the plane. When the transformations
are restricted to translations the fastest methods use dilation and correlation, whereas for
full affine transformations the fastest methods use a hierarchical decomposition of the pa-
rameter space. The initial methods for computing Hausdorff distances were combinatorial
algorithms using techniques from computational geometry, but current practice does not use
these combinatorial techniques.

The Hausdorff matching methods have been used in a number of applications, including
visually guided navigation, motion tracking, automatic target recognition and document pro-
cessing. The transformations from model-to-image that can be computed efficiently include
translation (illustrated above), translation with separate scaling along the two image axes,
and full affine transformations (translation, rotation, scaling and shearing). These practical
methods are derived from theoretical investigations reported in papers authored under this
contract (see below). These works have been a major influence in the recent increased re-
search activity in geometric algorithms for pattern matching problems. One of the central
reasons for the success of these methods is the fact that they are insensitive to outliers,
unlike linear methods such as correlation (that are based on measures such as the mean).

In recent work with D. Dorit, A. Efrat, and K. Kedem, Paul Chew has shown that, using
the Lo metric, the minimum Hausdorff distance under translation between two point sets of
cardinality 7 in d-dimensional space can be computed in time O(n(*¢=?/310g?n) for d > 3.
This improves the previous time bound of O(n?*~2log®n) due to Chew and Kedem. For
d = 3 we obtain a better result of O(n®log? n) time by exploiting the fact that the union
of n axis-parallel unit cubes can be decomposed into O(n) disjoint axis-parallel boxes. We
prove that the number of different translations that achieve the minimum Hausdorff distance
in d-space is ©(n!3%/2}); thus, it can take significantly longer to report all solutions than it
does to find a single solution. The proof for the improved time bound is based on the use
of Orthogonal Partition Trees (OPTs), a geometric data structure originally developed by
Overmars and Yap. OPTs cannot be used directly for this problem; thus, it was necessary
to develop a novel two-level version of the OPT data structure.




2.2 Robotic Design, Manipulation and Assembly

Minimalism pursues the following agenda: For a given robotics task, find the minimal con-
figuration of resources required to solve the task. Thus, minimalism attempts to reduce
the resource signature for a task, in the same way that (say) Stealth technology decreases
the radar signature of an aircraft. Minimalism is interesting because doing task A without
resource B proves that B is somehow inessential to the information structure of the task.
We present experimental demonstrations and show how they relate to our theoretical proofs
of minimalist systems.

In robotics, minimalism has become increasingly influential. Marc Raibert showed that
walking and running machines could be built without static stability. Erdmann and Ma-
son showed how to do dextrous manipulation without sensing. Tad McGeer built a biped,
kneed walker without sensors, computers, or actuators. Rod Brooks has developed on-
line algorithms that rely less extensively on planning and world-models. We have taken
a minimalist approach to distributed manipulation. First, we described how we built dis-
tributed systems in which a team of mobots cooperate in manipulation tasks without explicit
communication.! Second, we are now building arrays of micromanipulators to perform sen-
sorless micromaripulation: We will soon describe how well our experimental design worked,
and how manipulation experiments using it mirrored the theory.

Some Details

This report describes our experience in building distributed systems of robots that per-
form manipulation tasks. We have worked at both the macroscopic and the microscopic
scale. First, we described a team of small autonomous mobile robots that cooperate to
move large objects (such as couches). The robots run SPMD? and MPMD? manipulation
protocols with no explicit communication. We developed these protocols by distributing of-
fline, sequential algorithms requiring geometric models and planning. The resulting parallel
protocols are more on-line, have reduced dependence on a priori geometric models, and are
typically robust (resistant to uncertainty in control, sensing, and initial conditions).

We now discuss our work on sensorless manipulation using massively parallel arrays
of microfabricated actuators. The single-crystal silicon fabrication process opens the door
to building monolithic microelectromechanical systems (MEMS) with microactuators and
control circuitry integrated on the same chip. Our actuators are servoed to uniquely orient
(up to symmetries) an object lying on top, and require no sensing. We can also program the
array as a sensorless geometric filter—to sort parts based on shape or size.

We developed both the macroscopic and the microscopic systems by distributing and
parallelizing sequential manipulation algorithms with global control, to obtain distributed
algorithms running on independent physical agents. Our MEMS control algorithms for
micromanipulation are SPMD; for the macroscopic (furniture-moving) task, we described
implementations and experiments with both SPMD and MPMD control.

We have implemented and extensively tested our macroscopic distributed manipulation
strategies—at ISER, we’ll show videos of the robot systems we built and discuss how well
they performed. We have built MEMS prototypes, and we are now fabricating and testing

!No RF or IR messages are sent between the robots.
2SPMD (MPMD) = Single (Multiple) Program, Multiple Data.
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our biggest micro-array yet (the entire wafer can be tiled with 11,000 microactuators in
one square inch). In March and April we performed manipulation experiments with this
array, and we’ll report on the results at ISER. Our macroscopic algorithms use no direct
communication between the agents, but do employ sensing. Our microscopic algorithms are
sensorless, but require a small amount of local communication to initialize and synchronize.
Our theory predicts a trade-off between communication and sensing when we parallelize
a manipulation strategy. We’ll discuss experiments we have performed to experimentally
observe and validate these trade-offs.

Sample Experimental Results

We only detail one of our macroscopic MPMD results; the papers below detail our SPMD
protocols in both the micro- and the macro- cases. Here is an example of our results. At
ISER we will show videos demonstrating our implementation on a physical team of mobile
robots.

1. Information invariants theory indicates that we should be able to distribute a manipu-
lation task across multiple robots with essentially no additional resource cost.

This idéa is borne out by an examination of the program code that we run on our
Pusher/Steerer MPMD distributed manipulation system system: The steerer has only
the code that pertains to navigation, and the pusher has only the code that pertains
to pushing the object. We use no explicit communication, so no program code needs
to be added for this purpose.

2. A mechanics analysis of large-scale manipulation indicates that distributing a manip-
ulation task across multiple robots using a Pusher/Steerer model will allow robots with
limited control and sensing to perform that manipulation task in a manner equivalent
to a single-mobot system with much more sophisticated control and sensing.

Using robots with simple 8-pushbutton bumpers and simple SCHEME control-loops,
we were able to manipulate a variety of objects through complex paths; we were able
to change and manipulate new objects without changing the programs, and with no
re-tuning.

(Our MEMS work is joint with Noel MacDonald and Rob Mihailovich in the Cornell
National Nanofabrication Laboratory).

2.3 Meshing and Voronoi Diagrams

Mesh generators are useful for the numerical solution of partial differential equations (PDEs).
Such numerical solutions are needed for a wide variety of engineering problems including,
for example, fluid dynamics, structural analysis, thermal analysis, and electromagnetics.
For several commonly-used PDE solution techniques (the Finite Element Method and the
Boundary Element Method, for instance), the first step is to divide the problem region into
simply-shaped elements creating a mesh. For two dimensional problems the elements are
usually triangles or quadrilaterals; for three dimensional problems the elements are usually
tetrahedra or hexahedra.




Chew has developed an algorithm for creating high-quality triangular meshes for regions
on curved surfaces. For both flat and curved surfaces, the resulting meshes are guaranteed
to exhibit the following properties:

¢ internal and external boundaries are respected,

e element shapes are guaranteed — all elements are triangles with angles between 30
and 120 degrees (with the exception of badly shaped elements that may be required
by the specified boundary), and

¢ element density can be controlled, producing small elements in “interesting” areas and
large elements elsewhere.

This work also included the development of a practical generalization of Delaunay trian-
gulation to curved surfaces. The Delaunay triangulation and its geometric dual the Vorono:
diagram have proved to be among the most useful data structures in all of Compuational
Geometry. See, for instance, the text by Preparata and Shamos for more information on
Delaunay triangulations and Voronoi diagrams. Basically, for a set S of points in the plane,
the Delaunay triangulation of S is triangulation of S with the Empty Circle Property: for
each triangle A of the triangulation, the circumcircle of A contains no points of S in its
interior.

Chew’s generalization of the Delaunay triangulation to curved surfaces has been used in
graphics to enable freeform surface manipulation. In this work, a curved-surface Delaunay
triangulation is maintained on the freeform surface. Manipulation is accomplished by moving
the vertices and edges of the Delaunay triangulation. As vertices are moved and the surface
is stretched, the Delaunay triangulation is maintained via edge flipping and the introduction
of new vertices on the surface.

An important point about Chew’s work on mesh generation is the existence of a quality
guarantee for the resulting mesh. This guarantee is in the form of a mathematical proof
that the mesh has certain desirable properties. This type of guarantee is useful but not
absolutely necessary for many 2D problems — if a heuristic technique is used, one without
a mathematical guarantee, then a user can inspect the mesh, correcting and improving the
mesh as necessary. But for 3D problems, a user can no longer inspect the mesh in an
effective way — it is just too difficult to understand a picture of a 3D tetrahedral mesh.

Thus mathematical guarantees are likely to be necessary for truly useful mesh generation in
3D.

2.3.1 3D Voronoi Diagrams

Recent work by Paul Chew (in collaboration with Klara Kedem, Micha Sharir, Boaz Tagan-
sky, and Emo Welzl) has led to a breakthrough in the understanding of 3D Voronoi diagrams.
We have developed the first subcubic bound on the size of Voronoi diagrams that use sites
more complex than simple points. Our results show that, for a polygonal distance function
(such distance functions include the commonly-used L; and L, metrics), a 3D Voronoi di-
agram of lines has near-quadratic complexity. This size-bound indicates that such diagrams
are likely to be useful for practical applications such as placement and motion planning.




Voronoi diagrams and their generalizations have proved to be among the most useful data
structures in all of Computational Geometry, but until this recent work, only the simplest
type of 3D Voronoi diagrams (i.e., Voronoi diagrams of sites that are simple points) were well-
understood. Voronoi diagram generalizations, the generalizations needed to solve practical
problems, were understood only for 2D. For instance in 2D, Voronoi diagrams of sites that
are polygons are useful for motion planning — the Voronoi boundaries correspond to paths
that are “far” from the polygonal obstacles. If we were limited to Voronoi diagrams of point
sites then we could use them only for motion planning problems in which the obstacles are
represented as points, an impractical restriction for most motion planning problems. This is
the kind of situation that has existed for 3D Voronoi diagrams — useful Voronoi variations
using more that point sites were not understood well enough to be used.
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