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INTRODUCTION 

Autofrettage is a manufacturing process whereby a thick-walled cylindrical pressure vessel 
is pressurized well beyond its elastic limit. This pressurization causes the tube's interior to 
undergo plastic deformation. Under such a loading, the radial component of the stress 
throughout the tube's wall thickness is compressive, while the tangential component is mainly 
tensile. In very thick-walled tubes with a significant plastically deformed inner sleeve, the 
tangential stress component near the bore may also become compressive. However, upon 
depressurization, both the radial and the tangential components of the stress near the tube's bore 
are compressive. Likewise, the stress distribution throughout the wall thickness of a press-fitted 
liner inside a thick-walled tube is compressive for both the radial and tangential components. 

It has long been established that autofrettage of a pressure vessel, before putting it into 
service, increases its fatigue life. However, the optimal amount of autofrettaging is not clear. 
Furthermore, it is not clear to this investigator how much of the improvement in fatigue life is 
due to the post-autofrettage compressive tangential stresses at the bore, and how much is due to 
the small plastic deformation that takes place near the bore under compressive hydrostatic 
stresses (during pressurization and possibly upon depressurization). The ability to compute the 
stress distribution during autofrettage and after depressurization can be useful in determining 
autofrettage optimization. 

Furthermore, the ability to correlate the elastic-plastic interface and the state of stress on 
that surface, due to known stresses at the bore and/or radial stresses at the tube's outer diameter 
(O.D.), facilitates the means for predicting the interfacial radial stress between two concentrically 
press-fitted tubes (a tube and a liner). The derivations of equations required for the 
determination of the elastic-plastic interface and the state of stress on such a surface are 
presented here. Furthermore, the derivations of equations required for the determination of the 
stress distribution throughout the tube's plastic region are also presented. 

EQUILIBRIUM, ELASTIC STRESS, AND YIELDING 

The following is based on the assumption that in analyzing the stress distribution in the 
plastic regions of elastic-plastic (partially plastic) bodies, the constraint imposed by the elastically 
deformed portion (on the plastically deformed portion) can facilitate a useful added constraint 
not available in the analyses of most "large plastic deformation" processes (ref 1). 

As shown in Figure 1 (ref 2), equilibrium prevails when 

(«T+AO • (r+dr) • dQ = -o„ • dB + 2oae • dr ■ £ 

or 

-o-r-dB + o-dr-dB + r-da-dQ + da-dr-dB 
TT rr rr rr 

= -an-r-dB + owV'dB + o^'dr-dB 



or 

(r+dr)do„ = (om-aJdr 

which for dr -*• 0 becomes 

dr dar (1) 
r aW-°rr 

Furthermore, it is assumed here that equilibrium in the axial plane, Eq. (1), prevails at all times 
throughout the tube's wall thickness. 

When a thick-walled tube is subjected to internal pressure, p; = -an @ r = a, and/or to 
external pressure, p0 = -arr @ r = b, at a level which preserves its elasticity, it has been shown 
that its elastic stress distribution is (ref 3) 

°ee = 
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(2b) 

These equations, known as Lam6's equations, automatically satisfy the equation of equilibrium, 
Eq. (1), in the elastic region, a > r > b. 

It can be shown (ref 4) that if the stress, a„(a) or an(b), at either of the tube's physical 
boundaries (r = a or r = b, respectively), is replaced by a known internal radial stress 
component, a„(d), at a surface r = d within the tube's body, a < d < b, so that either the inner 
sleeve, a < r < d, and/or the outer sleeve, d < r < b, preserves its elasticity, then Eqs. (2a) and 
(2b) can be replaced by Eqs. (3a) and (3b) and/or Eqs. (3c) and (3d), respectively. 
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Assuming that Mises' yield criterion prevails in the plastic region, and in the absence of 
shear due to symmetry, then (ref 1) 

^/2[(Oee-0„)2   +  (°„-°a)2   +   (Oa-Oee)2]   =   Oc 
(4) 

where a0 ■= the material's yield strength, under uniaxial stress, in such a region. 

In plane-stress, aa = 0, and according to Hooke's law, Lamd's equations yield a uniform 
axial strain, ea, throughout the elastic region. 
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which is independent of the coordinate (of the point in question). Furthermore, Mises' yield 
criterion in plane-stress can be rewritten as 



2 2 2 (6a) 

Applying Lame's equations, Eqs. (2a) and (2b), at r = a, together with Mises' yield 
criterion in plane-stress, Eq. (6a), yielding commences at the tube's bore when 
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which, in the absence of radial stresses at the tube's O.D., <7tr(b) = 0, becomes 
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and in the absence of radial stresses at the tube's bore, a„(a) = 0, yields 
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as the radial stress at the tube's respective boundaries, when plastic deformation commences at 
the tube's bore, r = a. 

Applying either £r„(a) from Eq. (8a) or anQ}) from Eq. (9a) to Lamp's equations, Eqs. (2a) 
and (2b) (with the other value being zero, arr(b) = 0 or arr(a) = 0, respectively), at any arbitrary 
radius, a < r < b, results in 

°eew ~ arKr) ' 0ee(r) + arr(r) * °o 

which means that by applying radial stress, at either the tube's bore or O.D., to the point of 
commencement of plastic deformation (yielding) at the bore, r=a, the remaining tube wall, 
a < r < b, remains elastic. 

As stated above, when the stress distribution derived from Lamp's equations, Eqs. (2a) 
and (2b), is applied to Hooke's law, the result is a uniform axial strain distribution. Conversely, 
if the tube is constrained from being deformed axially, e^ = 0, then the resultant axial stress in 



the elastic regions of the tube is uniform 

azz = v(°ee + a^ =2v 

(b)2 

er- 
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Applying aa from Eq. (10) to Mises' yield criterion, as expressed in Eq. (4), yields 

(l-v+v2)c4 - (l+2v-2v2)o^ • oee + (l-v+v2)o2
n = o] «*) 

as the relation between the radial and the tangential stress components, a„ and aeB, and the 
material's yield strength (in uniaxial loading), aQ, at the elastic-plastic interface. Furthermore, in 
the computations that follow, it is assumed that Eq. (6b) prevails throughout the plastic zone in 
plane-strain (axially constrained tube). 

By applying Lame's equations, Eqs. (2a) and (2b), at r=a together with Mises' yield 
criterion in plane-strain, Eq. (6b), yielding commences at the tube's bore when 
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which, in the absence of radial stress at the tube's O.D., an(b, = 0, becomes rt(b) 
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as the radial stress at the tube's respective radial boundaries when plastic deformation 
commences at the tube's bore, r=a. 



As in the case of plane-stress, applying either a„(a) from Eq. (8b) or are(b) from Eq. (9b) to 
Lamp's equations, Eqs. (2a) and (2b), (with the other value being zero, an(b) = 0 or an(?) = 0, 
respectively) at any arbitrary radius, a < r < b, results in 

(l-v+v2)^ - (l+lv+lv^o^ • oee(r) + (l-v+v2)o^r) s a2
0 

which means that by applying radial stresses at either the tube's bore or O.D. to the point of 
commencement of plastic deformation at the bore, r=a, the remaining wall, a < r < b, remains 
elastic. 

ELASTIC-PLASTIC INTERFACE 

If, however, 

'rr{a)\ 'rr{b)\ 

(10a) 

in plane-stress, or 

'rr(ä\ 

b\2 

\a/ 

+ (1~2V)1f   + 

er '/7<i)l 

+ (l-2v)2 

(10b) 



in plane-strain; or conversely, if 
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in plane-strain, then there is a radius r=p, where a < p < b, at which Lame's equations (Eqs. 
(2a) and (2b)) prevail, while the yield criterion (Mises' in this case) is also satisfied. Thus, the 
cylindrical surface, x=p, is an elastic-plastic interface; the material in the sleeve p < r < b is 
elastic and the region a < r < p is plastic and satisfies the yield criterion. 

For the case where there is no radial stress at the tube's O.D., arr(b) = 0, Eqs. (10a) and 
(10b) are reduced to 

M > 4^ 
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in plane-stress and to 

\2 
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N 
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in plane-strain, and conversely in the absence of radial stresses at the tube's bore, r=a, a„(a) = 0. 
Eqs. (11a) and (lib) are reduced to 
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in plane-stress, and to 
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in plane-strain. 

By applying the selected yield criterion (Mises in this case) to Lamd's solution at the 
elastic-plastic interface, r=p, the result is 
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in plane-stress, and 
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in plane-strain, for the radial component of the stress at the elastic-plastic interface, r=p. 
(12b) 

Applying the value of an(p), obtained through Eq. (12a) for a plane-stress problem, or 
crn(W. obtained through Eq. (12b) for a plane-strain problem, into Eqs. (3c) and (3d) (where r=d 
is replaced by r=p), yields the stress distribution in the tube's elastic region, p < r < b. As 
previously stated, Lamp's equations automatically satisfy the equation of equilibrium, Eq. (1). 



THE PLASTIC REGION 

In the plastic region, a < r < p, however, the equation of equilibrium is the basis for the 
calculation of the stress distribution (refs 5,6). In order to solve Eq. (1), the value of the stress 
difference, crflfl(t) - a„(r), has to be expressed in terms of the radial stress, <r„(r). Assuming that 
Tresca's yield criterion prevails (ref 7), then aee - a„ = constant and the solution is simply 

^ ~   =  ~  {°rnr)  ~  <W 
P 0, o 

where the value of an(p) is applied as the known boundary condition at r=p. Here, however, it is 
assumed that Mises' yield criterion prevails in the plastic region, a < r < p. Thus, according to 
Eqs. (6a) and (6b), respectively 
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From Eq. (3c), 
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Equations (13c) and (13d) can be rewritten as 
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Thus, for the case where the radial loading of the bore, CT„(C), dominates or where 

« 

Eq. (14a) is applied to Eq. (1) (the equation of equilibrium), the result is 
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Mises' solution (refs 5,6), as presented in Appendix A of this report, is 
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in plane-stress. 

In plane-strain, applying Eq. (14b) to Eq. (1) results in 
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Letting 5 = 1-v+v2 and 17 = (l-2v)2 = l-4u+4u2, the above can be written as 
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and the solution, as shown in Appendix B, is 
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If, however, 
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then 
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(or the tangential and the radial components of stress at the elastic-plastic interface have the 
same sign), for which the exponent n = 2 in Eqs. (14a) and (14b). Thus, applying Eq. (14a) to 
Eq. (1) yields 
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The solution, as shown in Appendix C, is 
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for the cases where 
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in plane-stress. 

Similarly, in plane-strain under radial compressive stress, and when the tangential 
component, aee(p), at the elastic-plastic interface, has the same sign as the radial component of the 
stress, aII(p) then 
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Applying the above value of aw into Eq. (14b) with the exponent n = 2 and (with the 
substitution of 5 = 1-v+v2 and 77 = (l-2v)2 = (l-4v+4u2), into the equation of equilibrium, Eq. 
(1), yields 
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The solution of Eq. (Id), as shown in Appendix D, is 
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Depending on whether the stress at the bore, a„(a), or at the tube's O.D., are(b), dominates 
the stress distribution (namely, whether an(p) • ae9(p) < 0, or an(f>) • aee(p) > 0, respectively) in 
plane-stress or in plane-strain, respectively, Eqs. (15a), (15b), (15c), or (15d) are used to 
determine the radial component of stress as a function of its radial location, r, within the plastic 
region a < r < p. The corresponding tangential component of stress is computed by using the 
corresponding Eqs. (13a), (13b), (13c), or (13d). 

Equations (15a) and (15c) for plane-stress and Eqs. (15b) and (15d) for plane-strain can 
be combined respectively, as follows: 

In plane-stress, 

i L) , -iU 
fal-Soljr)   ~  (-D"-°,T(r) 

4o 

- In / 
2    „   2 
V      " 4o:-3a^p) ~ (-lf-o^p) 

4o 

+2 73 •(-!)" tan — - tan  
2 
nip) 

fi\°- v/3-lo. 

(16a) 

'rr(r)l V" l^rr(p)l 

where n = 1 for a„»aB9 < 0 and n = 2 for a„*aee > 0 and where according to Eq. (12a) 

'rrip) 
• a rr{b) 

from which, when loaded at the bore only, namely when an»ae9 < 0 and an(b) = 0 becomes 

-1 

'rt.p)\ 

13 + 1 
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and 

^K-Sq^-C-iyg 
4o 

T(P) 

and 

/ 
4ao-3amP) 

i/5-|o: fr(p)i 

(b\2 

i- +1 
IPJ  

IvpJ 

CONCLUSIONS 

The levels of uniform radial stresses, either at the tube's bore or O.D., when plastic 
deformation commences under plane-stress or plane-strain conditions have been established. 
Similarly, with a known uniform radial stress at the tube's O.D., the radial stress at any given 
radial surface, r=p (for any arbitrary radius, a < p < b) corresponding to plastic yielding at that 
surface has been established in plane-stress as well as in plane-strain. 

Equations that correlate the radial stress component with its radial location, r, have been 
discussed. The actual derivations of these equations have been demonstrated for the cases where 

'rrib)\ 

\9, 

'TT{?)\ 

T*P)\ 

in plane-stress as well as in plane-strain. The details of these derivations, as they apply to the 
plastic region, a < r < p, are presented in the Appendices of this report. The corresponding 
tangential component is computed from the radial component and when plane-strain is 
considered, the corresponding axial component is computed from its two other orthogonal 
components. 
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i (Trr ♦ iCrr 

Figure 1. Stress equilibrium in a cylindrical shell. 
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APPENDIX A 

In order to solve the integral 

where 

Therefore, 

-*/ 

da. 

1+V5 
4 _° 

N 3W) 
\2 

as in Appendix C, let 

4    2 

o„ = 
*2 + l 

f = 
/«   \2 

\3 V°T/ 

°rr = 
_  v/3 

v^M 

and 

Let 

then 

or 

A 2 W_L_ <*<V = — o0 'd-— 

t2 + 1 = s2 

2f • A = 2s • <fc 
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ds      t 

and 

Hence, 

&      s      ^M 

d_(_J_) = A(k) . * = - -L •      f      = -   ■    * 

rfo   = -g • dr 

and 

i+v/3 • 

/« \2 

\3 v0-/ 
-1 

= o 
N 

'°.* 
V   «7 

-1 

_   1/5 

^pTl 
[l+v/3f] 

Thus, 

-2- 
rfo. 

= +■ 
4-o0-t dt 

°rr + fof-3a 
1/5 ■ (*2

+l)3 • ^ 
\| sß   JF71 

i+fi't] 

+2 
(v/3*+l -(f2 + l) 

<# 
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and 

-*/ 

da n 

°rr + folüö "I 0t + l)   -(f2 + l) 
• dt 

sßt + \ dt-f dt 

V3 V (A+D • e2+i)      ^f+1)' (f2+1)j 

2 ff_j*_ - f * . 
f *2 + i    J (V5t+D -(f2 + l). £ 

where 

/ 
A. = tan"1* = tan"1 

t2 + l \ 

/a \* 

V   "7 
- 1 

where 

Z2 = -t1 + 2 
N 

2*+i 
N 

2,+l 
3 

Nn N 
45 fn   \2 

3TI V°"/ 
-1 + 1 

and 

Z2-2z+4 8 2|+2 
\ 

2,+i -2 
N 

2,+i +4A = l^+fiza = 3(f2+1) 
Tl        y\ Tl Tl 

n 3il0ir 

N2
=4A '<».* 

\V 

and 

z-1 = 2r = 
N Ti    Ni  > 

2 46 
3t| 

fa \2 

\   "7 
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Thus, 

I: 
dt 1 

;N n 

8*Nu 
Lin Nil   N   M°r 

1*^-1+1 

^+J_tan-1 46 

* 

In   \2 

\°"J 
4 h_       \( 3-n 

/o \2 

-r1 

85 
Bn 

N i \ 3ti 
46 In   \2 

-1+1 

+ _^_tan"1 

/a \2 

\°"/ 
3 

Nu 

48 / n   \2 

\ 3TI <M 
"I 

from which 

5f dQn 
-^/—F= U 

o_ + ( 
,6     2    a   2 4 —a^-30,, 

26 |f   dt    _  f * 

* f2 + l "Vr 3tl 

Nu Nu ° Ni 
2,+i (r2 + l) 

26 .. 
3n 

tan -l 
46 In   \2 

\ 3n va^ 
-l 

l 

8» Nu 
•In 

N -n^ 3TI 

46 In  \2 

o. 
-1 + 1 

i2K 

Whereas for 

-/ 
dt 

(ßt + lH2 + D 

let 

v/3f + l = z 
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Then 

z-1 ,   .1., _ z2-2z+4 
J3dt = dz   ,   t = ^   ,   0>K*  f2 + l = 

Thus, 

/ 
dt 3-dz 

(fit+l)-(t2+\) 

J z-(z2-2z+4 

V    \8    z
2-2z+4   4J 

Ä 

z2-2z+4   4J z2-2z+4 
2 

V    [8    z2-2z+4   4 
-tan 

1 2z-2 

^16^4 06-4 

where 

and 

Thus 

z2 = 3tz + 2^ + 1 

= 3 
'<*.* 

\°n, 
-1 -2^/3 • 

N 3KJ 

1/3 • 
/ «   \2 

N3 v<V 
-1 + 1 

/«   \2 
-1+1 

z2-2z+4 = (3^+2^+1)-(2^+2)+4 

= 3(f2+l) = 4 °" 
\°nj 

/ 
A 

(v/3f+lH*2+l) 
_ < v/3 In 

fi- 
t.n   \2 

N3 
-1+1 

IM 

■titan-1 

4 

//T    \2 

\3 vV 
-1 
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and 

.[ *>n . A|f_*--f * '. 

or 

tan -l ^T-l-^-ln 
A 4 

N3 -^■i -l+i 
a 

N 3KJ 
\2 

V  "7 

Itan"1 

4 N 

i a ^ 

V0-/ 
-1 

= —i On 
V3- \3 

\2 
-1+1 

\2 
--^tan"1 

V  "7 

^ 

\2 

V°ir/ 
-1 

ln- 
4 

In 
&' 

T2 

>3 
-1 + 1 

'rrir)J 

\2 
- In 

& 
\3 

\2 

\°*P> 

-1 + 1 

V°wfr)/ 

' ».v 
v %); 

- 2v/3 tan -l 
4    o. \2 

NH°»«J 
-1 - tan"1 

>3 
-1 1 

V°^(P)> 
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Whereas, in Appendix C, 

and where 

and 

(  a    \2 
O 

\0r*p)/ 

+ 1 

\2 

\2 

v°"<p)y 
-l = 

+i 

l 

sß 
^ 

(  o. \2 

V°"<P)/ 
-1 + 1 

*»r*i 
,\2 

\2 
-1 

/ J,\2 

sß- 
4 

N3 
' °.N2 

'"(P> 

-1+1 

VP)/ 

4 — 

b\4 

+ 1 
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Hence, in plane-stress 

lnü u 
4 

Ini *\ 

4 
3 

■2 

° -1+1 
(°rr) 

\2 

V   "7 

-2^3 tan" 
\ 

In   \2 ar»r+i 
-1 - tan" 

\ "■/ 

fi 
fl- L\ 
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APPENDIX B 

In order to solve the integral 

where 

Let 

-2»/ 
1   P 

da. 

l+. 
NlN 3t| 

4 8 
°n 

as in Appendix D, let 

48     2 
2       3n 

°,r = —- 
•o. 

*2+l 

r = 
48 
3n 

/«   \2 

V   "7 

-  1 

then 

and 

48 
_   3n 

*2+l 

do    = rr 
48        ,    1 

a -a- 
1^    '^1 

r+1 = s2, fften 2r-Ä = 2s ds or ds _ I 
dt     s V*M 

28 



and 

Hence, 

whereas 

Thus, 

dt 
d(l\ ds 1       t 

J^{)       ds{s)   dt 52   ^M ffifif 

da   = rr 

46 
_ N3t]     ° 

W^f 
dt 

\ 

,62,2 o     + •O. 

Ni   "N 

46 

3t| 

/«   \2 

V   "7 

-1 

1 + 
N 

3>v/45. 
»1    3n 1°J 

-1 

46 
N3n 

1 + 
N 

1-t 
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or 

where 

-2- 
da rr = -2- 

•„♦N 

1 ,  Ö     2    0   2 

n N   n 

i/Fü- 

y56 
3TI 

y/46 

3H 'V 

^ 
2r+l 

•<fr 

= -2- ■dt 

(r2+l) 1M 
, N i   1 

■>-(■ 

do. 

°rr + ' Nn N 
4-o0-3a^ 

-21/ <ft 

w ■f+1 ■ft* (t2 + l) 

= -2- 
v^ V N ^1 

1*1 
IN I   / 

•(*2+i) 

r_£L = tan-i^ = tan-1 

fz+l \ 

46 

3TI 

/n   \2 

\V 
-1 
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Whereas for 

let 

r dt_ 
J / ,     \ 

IN *I    ) 
(*M) 

then 

Thus, 

Thus, 

N *1 

N 
•dt = dz 

and 

t = z-l_ 

3 

z2-2z + 1+- z2-2z+4-^- 
n / , 

'2' 
(2) 

since 

3+Ti = 3+(l-4v+4v2 = 4(1-v+v2) = 46 ,2\   = 
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or 

/ 
dt 

!i+i IN *i   ) 

-f- 
2-4 

it2
+l) NV f'2^) 

31 *  In—£ 
Nriifi6 

2   r      & 

8-    z2-2z+4-      8-" z2-2z+4- A     8* 
n       n 

/■ 6^ 

n 

2 
Nu 

-In- 
8*     z2-2Z+4A      4A 

-tan -l 2z-2 

*   > 
16--4 16 A-4 

6 N n 
2ln- 

z2-2Z+4A    4 A 

1 .   _, z-1 + tan ' —— 
3 

Nn 

^tan"1 

4A        N 3t| 
40 / n   \2 

0„ \    "7 

I«* Nn N3ri 
45 /n   \2 

-1+1 

4A 
Tl2 

/n   \2 
- 24 

V°T/ 

A - -tan'1 

Nn      N 
46 
3n 

/ r,   \2 

\°rr, 
-1 

32 



taü- 1\ 
4 

--Un 

3 46 
3TI 'rr(r) 

-1+1 

4-2- 
»2 

/    n     \2 
- In 

3 46 
3TI 

\2 

l°"<p)/ 
1 + 1 

V aMr)) 

\2 

V °»<P>; 

which for 

and 

becomes 

'\ 
tan" 

N 
46 

3TI 

\2 

V arrif)) 
-1 -tan"1 

\ 

46 
3n 

\2 

v°^p)y 

/fc\4 

(   a    V 

v°"<p)y 

+ (l-2v)2 

-1 

48 
3TI 

a. \2 

V°"<P)/ 
1   = er- 

3t| 
\2 

\P 

3 

Nn Nj 
45 fa \2 

3TI \V 

46 
-1 + 1 = 

/U\2 

l\ 
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\nL 
4 
u 

2 46 
3n 

\2 
-1+1 

\2 

I 0~ V   "7 

48 - 

-In      Vp' 
(* \4 

vpy 

-2 
A 

tan" 
48 (o0Y 

N 3t| V°"/ 

/ 

1-tan"1- .Pj  

v/3n 
,P> 

1 
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In order to solve the integral 

4 

let 

where 

Therefore, 

APPENDIX C 

da. 

l-v/3 '*•* 

V°T/ 
"I 

2 3 

4      2 
— *o„ 

o„ = 
*2+l 

4 

N 3 

and 

Qrr = 
i/5 

v^TT 

A 2,1 

fi      ypTi 

Let 

then 

or 

f2 + l = s2 

2f-rff = 2s ds 
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and 

Hence, 

and 

Thus, 

and 

ds = I 
dt     s      .Hi V*M 

d_ 
dt ,^J 

d_ 
ds 

'l\ds =   1 .     t      = t_ 

2-o-t 
do_ = °-  dt 

v^VöM? 

In   \2 

^3 K°rrj 
-1 

=   O 

( n   \2 

^3 

_ fi 

v^T 
[i-VM 

-2 
do. 

= +- 
4-o0-r 

•A 

"rr-f^Mr yfiVS^* — —^-  [1 -,/3'f] 
v/3  y^TJ 

= -2- 
(t/5M)-(*2+l) 

•<ft 
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where 

•if- = -2f- 
Orr-f^Mr (^"D'('M) 

dt 

fi 

fit~\ ■dt + f- dt 

(fit-l)-(t2+l)      J (fit-l)-(?2+l) 

fill t2+i J 0t-i)-(t2+i) 

! 
dt       .   -i^     .    _i   = tan lt = tan i 

f2+l \ 

'«.* -1 
\  "7 

Whereas for 

17*7* (fit-l)'(t2 + l) 

Let 

Then 

fit-l = z 

fidt = dz , t = —,and f2+l 
fi 

z2+2z+4 

Thus, 

/ 
dt 

(fit-l)-(t2+l) 
= f        3'dz 

* fi-z-(z2+2z+4) 

= fi[ *  
J z«(z2+2z+4) 

2 

[8    z2+2z+4    4J z
2+2z+4j 

1, = fi- |±ln- 

z2+2z+4 
:2        1 -tan ■i 2z+2 

8   z2+2z+4   4^16^4        yiö^J 
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where 

z2 = 3t2-2fit+l 

= 3 
(a \2 

vV 
-1 -%ß- 

to* 

K°n; 
-1+1 

&' 

I n   \2 

^3 v°-y 
-1-1 

and 

z22z+4 = (3r2-2,/5r + l) + (2fit-2) + 4 
= 3r2+3 

f o. N2 

= 3(f2+l) = 4 
v% 

Therefore, 

/ 
dt J^lfitll-l^X 

0t-l)-(t2+l)      I«      3(f2+l)    4 

and 

-2f 1 dt = -2- 
J(l/5M)-(f2 + l) v^ 

fan'lt + 1 
3 .  [i/3f-l]2    T   -i, 

N 8      3(f2+l)    4 

-lLi^d£+2V3.tan^l 
4f 3(f2+D J 

4 
In 

sß- 
f n   \2 

N 3 V^L 

-1-1 

/n   \2 
J-+2^/3-tan"1 

va-/ 
N 

/0   \2 

K°rr, 
-1 

or 
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v/3 
tan -i 

N 

\2 

\°rr(r)/ 
-1 -tan"1 

> 

\2 

V°"<P)/ 
-1 

However, for the cases where 

<V°ee > °   >   <W) * ° 

and hence one has to calculate 

from the pertaining Eq. (12a) or (12b) before using the above equation (presented also as Eq. 
(15c) in the text). 

/ u\* 

(   °o  * 

\°rr(p)J 

+ 1 
=      \r/ 

LVP/ 

and 

Thus, 

N 

(  a   \2 

\ °rKp)J 
1   = .pi  

V5 '»f-1 
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In-L = -±%L 
4 

l/3' 
N 

(o \2 
-1-1 

\2 
-ln- 

vV er + 1 

2v/3 tan -1 4' 

N3 

\2 

\°»l 

3-^ 
,\2 

+ 1 

-1-tan"1 

ß 
/U\2 

-1 
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APPENDIX D 

In order to solve the integral 

1 p 

let 

da. 

1-, 
NlN 3n 

4 6 /n   \2 

V   "7 
0 rr 

2 

46    2 

*2+l 

where 

then 

and 

t = 
N 

46 .(_°0 

3T| * 

\2 

V   "7 
-1 

0_ = 

46 

N 3^1 
^1 

Let 

da    = rr 
46 .    1 o-d- 

N3n   •   ^ *2+i 

r2+l = s2   ,   then 2t-dt = 2sds or — = - = —- 
VrM 

and 

r i 
rfr Iv/^ij 

= _^/lV* = -J_._L_ = * 
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Hence, 

whereas 

Thus, 

or 

rr 

46 

3T)    • 

V5^i? 
<fc 

<>„-< i N 
4-oJ-3«4 - on-t 

*1 \ 

46 

31 

/«   \2 

V°"/ 
-1 

= a. 2 46 (n   \2 

31) vV 
-1 

46 

N3n ., 
^M 

i-, 

-2 
Ja. 

2.A.^i-lin 
46 

V 

^M? 

N 
1 , 6     2   ,»   2 

*1   N    tl N 
48 
3n 

'O. 
\ 
i,-i 

2«* 

(f2+l) 
IN 

I,-I 
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6 r don 

-*!/—7= 
°rr- 

\ 

1 .02,2 

V\    N     »1 

■"4/ •<fc 

IN1'"1 
IN n    ; 

•C2+i) 

where 

Let 

then 

= - 2 6 

fin 
r—i^—dt + f—* J/.  \       it.  \ 

2t-i 
. IN n   J 

■<?*\) 
IN n    ) 

(f2+D 

v/3rj. J t2+\   J 

dt 

> 

.        \ 

1,-1 
n    J 

•CM) 

/ 
  = tan-1* = tan"1 

*M N 
46 

3TI 

In   \2 

V   "7 

-1 

Whereas for 

r <ti 
J i .     \ 

IN n    ; 
(f2+D 

> 
-M = z 

N 
— •dt = dz 
1 
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and 

t = z+1 

Therefore, 

,M BMl+i = 
Z2+2z+ 1+ J). z2

+2z+^a 
 n 

z2+2z+4- 

i)      ß)      0     (I 
since 

3+Ti = 3+(l-4v+4vz) = 4(1 -v+v2) = 46 

Thus, 

/ 
dt 

IN1'"1 

/- 
dz 

CM) 
— z2+2z+4- 
3 n 
— -Z L 

NT, 

N f/- 
dz 

n     z[z2+2z+4^] 

3 

Nn 
l   .       z2 

— «In — 
•/■ 

dz 

18-2-     z2+2z+4-2-      8-5-     z2+2z+4-5- 
l   1 *1 *1 I!. 

- J5S 
86 / 

In- 
Z2+2z+4- 

4   .   _! 2z+2  tan   —-— 

"Ni 
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where 

z+\ = 2 
> 

46 

3n 

(a \2 

\°rr, 
-1 

and 

z2+2z+4- lr2-2, 
V*i A 1*1 

ft 
-f-2 +4- 

= 2,2+46-a= 3(f2+1)=4_6_ /„,* 
yV 

Thus, 

/ 
dt 

IN i1     J 

86 
\ 

2 46 /o   \2 

3n 
"■/ 

-1-1 

•(*2+D 
4± 

r\2 

/o ^2 

KJ 

1-JL-tan- 
46 

46 /«   \2 

N 3tl \V 
-1 

and 

6 
-**/ 

rfr = - 

V N n 
-(t2+i) 

26 ,   _! tan ' 
v^n        N 3TI 

46 fo \2 

\°n; 
-l+-ln 

4 
^\ n \ 3TI 

46 
/(02 
-^   -1-1 

4A 
Tl2 

/n   \2 

\a-/ 

-i-'tan-1 

^ 

2 
ii 

N 
46 //i   \2 

3n \°n, 

45 



= --tn 
4 

3 45 (°o* 
3n 

l-i 

4 — 
Tl2 

\2 

V   "7 

■Ji +2j^-tan-1 |i5. 
\2 

V°T/ 

"I 

since 

26 _    1     _ JLfi-JL) - 28 f48-11 \ _  1 

vGn       3 \/3n 48 2\ 
2 

or 

In-Ü 
4 

Hn 
Nn N 3TI 

48 

'nW, 

-1-1 

' o2 

V°Mr)/ 

■In 
Nl > 3TI 

48 \2 

'rrM 

-1-1 

4A \2 

v°"<p)y 

+2 
\ 

tan" 
\ 

46 
3TI 

\2 

V arr{r)) 

-1 -tan"1 

N 
46 

3ri 

\2 

V °r*p)J 

As the case of a„ • aee > 0, where an(b) # 0, in plane stress, here too one has to calculate 
arr(p) = fiPrrib)) fr°m the pertaining Eq. (12b) before using the above equation (presented also as 
Eq. (15d) in the text). 
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and for 

\2 

V °rrip)J 

= _A ±1 
-1 

-I +n[48-3] 

3ti 
/ U\2 

1 
LVH; 

N i f •* 
/ fc\2 
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3t|| 
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-1 

VP> 

"?r- 
N 3t| 

/U\2 
-1 
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The relation between the radial stress, a„, and its radial distance, r, complies with the 
following relation: 

P 4 

N 
2 46 

3tl 

\2 
-1-1 

4A 
ri2 

\2 
-In 

lza-r»f+, 

V   "7 er 
+ 2 
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/ j,\ 

tan" 45 In   \2 

> 3TI V   "7 

-1-tan"1- 
— |2 + r| 
P, 

v^ 
/fc\2 

LVP/ 
-1 
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CHIEF, DEVELOPMENT ENGINEERING DIVISION 
ATTN: AMSTA-AR-CCB-DA 

-DB 
-DC 
-DD 
-DE 

CHIEF, ENGINEERING DIVISION 
ATTN: AMSTA-AR-CCB-E 

-EA 
-EB 
-EC 

CHIEF, TECHNOLOGY DIVISION 
ATTN: AMSTA-AR-CCB-T 

-TA 
-TB 
-TC 

2 
1 
1 
1 

TECHNICAL LIBRARY 
ATTN: AMSTA-AR-CCB-O 

TECHNICAL PUBLICATIONS & EDITING SECTION 
ATTN: AMSTA-AR-CCB-O 

OPERATIONS DIRECTORATE 
ATTN: SMCWV-ODP-P 

DIRECTOR, PROCUREMENT & CONTRACTING DIRECTORATE 
ATTN: SMCWV-PP 

DIRECTOR, PRODUCT ASSURANCE & TEST DIRECTORATE 
ATTN: SMCWV-QA 

NOTE: PLEASE NOTIFY DIRECTOR, BENET LABORATORIES, ATTN: AMSTA-AR-CCB-O OF ADDRESS CHANGES. 



TECHNICAL REPORT EXTERNAL DISTRIBUTION LIST 

NO. OF NO. OF 
COPIES COPIES 

ASST SEC OF THE ARMY COMMANDER 
RESEARCH AND DEVELOPMENT ROCK ISLAND ARSENAL 
ATTN: DEPT FOR SCI AND TECH 1 ATTN: SMCRI-ENM                                          1 
THE PENTAGON ROCK ISLAND, IL 61299-5000 
WASHINGTON, D.C. 20310-0103 

MIAC/CINDAS 
ADMINISTRATOR PURDUE UNIVERSITY 
DEFENSE TECHNICAL INFO CENTER 2 P.O. BOX 2634                                                  1 
ATTN: DTIC-OCP (ACQUISITION GROUP) WEST LAFAYETTE, IN 47906 
BLDG. 5, CAMERON STATION 
ALEXANDRIA, VA 22304-6145 COMMANDER 

U.S. ARMY TANK-AUTMV R&D COMMAND 
COMMANDER ATTN: AMSTA-DDL (TECH LIBRARY)         1 
U.S. ARMY ARDEC WARREN, MI 48397-5000 
ATTN: SMCAR-AEE 1 

SMCAR-AES, BLDG. 321 1 COMMANDER 
SMCAR-AET-O, BLDG. 35 IN 1 U.S. MILITARY ACADEMY 
SMCAR-FSA 1 ATTN: DEPARTMENT OF MECHANICS      1 
SMCAR-FSM-E 1 WEST POINT, NY 10966-1792 
SMCAR-FSS-D, BLDG. 94 1 
SMCAR-IMI-I, (STINFO) BLDG. 59 2 U.S. ARMY MISSILE COMMAND 

PICATINNY ARSENAL, NJ 07806-5000 REDSTONE SCIENTIFIC INFO CENTER     2 
ATTN: DOCUMENTS SECTION, BLDG. 4484 

DIRECTOR REDSTONE ARSENAL, AL 35898-5241 
U.S. ARMY RESEARCH LABORATORY 
ATTN: AMSRL-DD-T, BLDG. 305 1 COMMANDER 
ABERDEEN PROVING GROUND, MD U.S. ARMY FOREIGN SCI & TECH CENTER 

21005-5066 ATTN: DRXST-SD                                           1 
220 7TH STREET, N.E. 

DIRECTOR CHARLOTTESVILLE, VA 22901 
U.S. ARMY RESEARCH LABORATORY 
ATTN: AMSRL-WT-PD (DR. B. BURNS) 1 COMMANDER 
ABERDEEN PROVING GROUND, MD U.S. ARMY LABCOM 

21005-5066 MATERIALS TECHNOLOGY LABORATORY 
ATTN: SLCMT-IML (TECH LIBRARY)         2 

DIRECTOR WATERTOWN, MA 02172-0001 
U.S. MATERIEL SYSTEMS ANALYSIS ACTV 
ATTN: AMXSY-MP 1 COMMANDER 
ABERDEEN PROVING GROUND, MD U.S. ARMY LABCOM, ISA 

21005-5071 ATTN: SLCIS-IM-TL                                        1 
2800 POWER MILL ROAD 
ADELPHI, MD 20783-1145 

NOTE: PLEASE NOTIFY COMMANDER, ARMAMENT RESEARCH, DEVELOPMENT, AND ENGINEERING CENTER, 
BENET LABORATORIES, CCAC, U.S. ARMY TANK-AUTOMOTIVE AND ARMAMENTS COMMAND, 
AMSTA-AR-CCB-O, WATERVLIET, NY 12189-4050 OF ADDRESS CHANGES. 



TECHNICAL REPORT EXTERNAL DISTRIBUTION LIST (CONTD) 

NO. OF 
COPIES 

NO. OF 
COPIES 

COMMANDER 
U.S. ARMY RESEARCH OFFICE 
ATTN: CHIEF, IPO 1 
P.O. BOX 12211 
RESEARCH TRIANGLE PARK, NC 27709-2211 

DIRECTOR 
U.S. NAVAL RESEARCH LABORATORY 
ATTN: MATERIALS SCI & TECH DIV 1 

CODE 26-27 (DOC LIBRARY) 1 
WASHINGTON, D.C. 20375 

WRIGHT LABORATORY 
ARMAMENT DIRECTORATE 
ATTN: WL/MNM 
EGLIN AFB, FL 32542-6810 

WRIGHT LABORATORY 
ARMAMENT DIRECTORATE 
ATTN: WL/MNMF 
EGLIN AFB, FL 32542-6810 

NOTE: PLEASE NOTIFY COMMANDER, ARMAMENT RESEARCH, DEVELOPMENT, AND ENGINEERING CENTER, 
BENET LABORATORIES, CCAC, U.S. ARMY TANK-AUTOMOTIVE AND ARMAMENTS COMMAND, 
AMSTA-AR-CCB-O, WATERVLIET, NY 12189-4050 OF ADDRESS CHANGES. 


