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INTRODUCTION

~Autofrettage is a manufacturing process whereby a thick-walled cylindrical pressure vessel
is pressurized well beyond its elastic limit. This pressurization causes the tube’s interior to
undergo plastic deformation. Under such a loading, the radial component of the stress
throughout the tube’s wall thickness is compressive, while the tangential component is mainly
tensile. In very thick-walled tubes with a significant plastically deformed inner sleeve, the
tangential stress component near the bore may also become compressive. However, upon
depressurization, both the radial and the tangential components of the stress near the tube’s bore

- are compressive. Likewise, the stress distribution throughout the wall thickness of a press-fitted
* liner inside a thick-walled tube is compressive for both the radial and tangential components. .

It has long been established that autofrettage of a pressure vessel, before putting it into
service, increases its fatigue life. However, the optimal amount of autofrettaging is not clear.
Furthermore, it is not clear to this investigator how much of the improvement in fatigue life is
due to the post-autofrettage compressive tangential stresses at the bore, and how much is due to
the small plastic deformation that takes place near the bore under compressive hydrostatic
stresses (during pressurization and possibly upon depressurization). The ability to compute the
stress distribution during autofrettage and after depressurization can be useful in determining
autofrettage optimization.

Furthermore, the ability to correlate the elastic-plastic interface and the state of stress on
that surface, due to known stresses at the bore and/or radial stresses at the tube’s outer diameter

(O.D.), facilitates the means for predicting the interfacial radial stress between two concentrically

press-fitted tubes (a tube and a liner). The derivations of equations required for the
determination of the elastic-plastic interface and the state of stress on such a surface are
presented here. Furthermore, the derivations of equations required for the determination of the
stress distribution throughout the tube’s plastic region are also presented.

EQUILIBRIUM, ELASTIC STRESS, AND YIELDING

The following is based on the assumption that in analyzing the stress distribution in the
plastic regions of elastic-plastic (partially plastic) bodies, the constraint imposed by the elastically
deformed portion (on the plastically deformed portion) can facilitate a useful added constraint
not available in the analyses of most "large plastic deformation” processes (ref 1).

As shown in Figure 1 (ref 2), equilibrium prevails when
(o, +ds ) - (r+dr) -db = -a_ - d® + 20, - dr - -‘129

or

-0, 'r'dd + o, -dr-d® + r-do,-d0 + do,  dr-db
= -¢, rd0 + G4r-dd + Ogo -dr-db




or

(r+dr)de,, = (640, )dr
which for dr — 0 becomes

a . " (1

Furthermore, it is assumed here that equilibrium in the axial plane, Eq. (1), prevails at all times
throughout the tube’s wall thickness.

When a thick-walled tube is subjected to internal pressure, p;, = -o,, @ r = a, and/or to
external pressure, p, = -0,, @ r = b, at a level which preserves its elasticity, it has been shown
that its elastic stress distribution is (ref 3)
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These equations, known as Lamé’s equations, automatically satisfy the equation of equilibrium,
Eq. (1), in the elastic region,a = 1 = b. '

and

Orria)

(2b)

It can be shown (ref 4) that if the stress, o,,,, 0T 0,4, at either of the tube’s physical
boundaries (r = a or r = b, respectively), is replaced by a known internal radial stress
component, 'o,,(d), at a surface r = d within the tube’s body, a < d < b, so that either the inner
sleeve, a < 1 < d, and/or the outer sleeve, d < r < b, preserves its elasticity, then Eqs. (2a) and
(2b) can be replaced by Egs. (3a) and (3b) and/or Eqgs. (3c) and (3d), respectively.
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in the elastic range a < r < d, and/or

1y (%)z]ow,: e
(3 -

3c)

and

(3d)

o’T
2
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d
in the elasticranged <1 < b.

Assuming that Mises’ yield criterion prevails in the plastic region, and in the absence of
shear due to symmetry, then (ref 1)

{¥el(0ge-0,)" + (0,-0,) + (0,-049] = o, @

where o, = the material’s yield strength, under uniaxial stress, in such a region.

In plane-stress, o,, = 0, and according to Hooke’s law, Lamé’s equations yield a uniform
axial strain, €, throughout the elastic region.

b

2
=| *06,4 -0
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which is independent of the coordinate (of the point in question). Furthermore, Mises’ yield
criterion in plane-stress can be rewritten as

1
€atn = E["u(r) = V(0 tOee)] = 2 ®)




2 |
Gog = O, * Ggg + O = O (6a)

Applying Lamé’s equations, Eqgs. (2a) and (2b), at r = a, together with Mises’ yield
criterion in plane-stress, Eq. (6a), yielding commences at the tube’s bore when

bY . .|(b) bY
3—| +1||—| to_, [|—=]| -1
T ]
ma) ~ 4
3(2) +1
a
which, in the absence of radial stresses at the tube’s O.D., ,,4, = 0, becomes

2
[.’2)-1
o =2 \2 o (8a)

r(a) 7 0
3 LA 1
a
and in the absence of radial stresses at the tube’s bore, o,,,) = 0, yields

2
!-”! -1
O,y = a — 9, (9a)
2]
a

bY .| 2_.bY
3(3) +1]°" 3(a) T ()

as the radial stress at the tube’s respective boundaries, when plastic deformation commences at
the tube’s bore, r = a.

Applying either o, ,, from Eq. (8a) or 0,4, from Eq. (9a) to Lamé’s equations, Egs. (2a)
and (2b) (with the other value being zero, 0,4, = 0 or o,,,) = 0, respectively), at any arbitrary
radius, a = r < b, results in

2 ’ 2 2
%66() ~ Oty " Cesy T Orrn < 0o

which means that by applying radial stress, at either the tube’s bore or O.D., to the point of
commencement of plastic deformation (yielding) at the bore, r=a, the remaining tube wall,
a <r < b, remains elastic.

As stated above, when the stress distribution derived from Lamé’s equations, Eqs. (2a)

and (2b), is applied to Hooke’s law, the result is a uniform axial strain distribution. Conversely,
if the tube is constrained from being deformed axially, €,, = 0, then the resultant axial stress in

4




the elastic regions of the tube is uniform

b 2
(Z) " %) T %)
0, = V(Ogy+0,) = 2v > (10
[0 -
a
Applying o,, from Eq. (10) to Mises’ yield criterion, as expressed in Eq. (4), yields
(1-v+v)oge - (142v-2v)o, - g + (1-v+vIa2 = o (6b)

as the relation between the radial and the tangential stress components, o,, and o,,, and the
material’s yield strength (in uniaxial loading), o, at the elastic-plastic interface. Furthermore, in
the computations that follow, it is assumed that Eq. (6b) prevails throughout the plastic zone in
plane-strain (axially constrained tube).

By applying Lamé’s equations, Eqs. (2a) and (2b), at r=a together with Mises’ yield
criterion in plane-strain, Eq. (6b), yielding commences at the tube’s bore when

2 A% b\
UL CL b (e e

) 3(—) + (1-2v)?
a

which, in the absence of radial stress at the tube’s O.D., Oy = 0, becomes
2
o] !
o = % a o (8b)

\Js(_”T  (1-2v)?
a

and, in the absence of radial stress at the tube’s bore, o,,,, = 0, yields
2
o -
a :
Oy = v g, (%9b)
2 - 1-v+v2 - (—)
a

as the radial stress at the tube’s respective radial boundaries when plastic deformation
commences at the tube’s bore, r=a.




As in the case of plane-stress, applying either o,,,, from Eq. (8b) or o,,4, from Eq. (9b) to
Lamé’s equations, Eqs. (2a) and (2b), (with the other value being zero, a,,4, = 0 0r 0,,,) = 0,

* - respectively) at any arbitrary radius,.a < r < b, results in

(1-v +v2)o§9(,) - (1+2v +2v2)o"(,) * Ogggy * (1-V +v2)of,(,) < o

which means that by applying radial stresses at either the tube’s bore or O.D. to the point of
commencement of plastic deformation at the bore, r=a, the remaining wall, a < r < b, remains

elastic.

ELASTIC-PLASTIC INTERFACE

If, however,

in plane-stress, or

|°n(a)| >

- e
a a a \ L \a .ty a (10a)
17y | > . i [0
3(2) +1
a
2
[3(2)2+(1—2v)2k2)2+ (2)2-11\ [3(—”)4+(1-2v)2l 0 ) -3(1—2\»)(—”)4
a a] \\a a LI a)| o |
XY ) o)
3(3) + (1-2v)
(10pb)




in plane-strain; or conversely, if

e

(11a)

I“n-(b)l >- 'lon(a)l

in plane-stress, or

{2 o] s e
a a \ 3 (1-2v)% 9,

4(1-v +\;2)(—IZ)2
a

(11b)

|°n(b)| > ']Or,(a)|

in plane-strain, then there is a radius r=p, where a < p < b, at which Lamé’s equations (Eqs.
(2a) and (2b)) prevail, while the yield criterion (Mises’ in this case) is also satisfied. Thus, the
cylindrical surface, r=p, is an elastic-plastic interface; the material in the sleeve p < 1 < b is
elastic and the region a < r < p is plastic and satisfies the yield criterion.

For the case where there is no radial stress at the tube’s O.D., 0,,4,, = 0, Eqs. (10a) and

(10b) are reduced to
2
(-
> _\4 y

rr(a 0

3()‘+1

b 2
-1 -1
|o > (a) o
(g b 2
\13(—) + (1-2v)?
a

|o

SHES )

in plane-stress and to

in plane-strain, and conversely in the absence of radial stresses at the tube’s bore, r=a, g,,,, = 0.
Eqs. (11a) and (11b) are reduced to




in plane-stress, and to

in plane-strain.

By applying the selected yield criterion (Mises in this case) to Lamé’s solution at the
elastic-plastic interface, r=p, the result is

.. H—::—r+1}(3)’{(%)’(j}[s(-s)‘ﬂl(o:wra(sr%

in plane-stress, and

i R v o 3 o i 3

Oy = v )
3(

21+ (1-2v)?
P

(12b)

in plane-strain, for the radial component of the stress at the elastic-plastic interface, r=p.

Applying the value of o,,,,, obtained through Eq. (12a) for a plane-stress problem, or
Oreoy obtained througt} Eq. (12b) for a plane-strain problem, into Eqs. (3'c) and (3d) (where r=d
is replaced by r=p), yields the stress distribution in the tube’s elastic region,p = r < b. As
previously stated, Lamé’s equations automatically satisfy the equation of equilibrium, Eq. (1).




THE PLASTIC REGION

In the plastic region, a < r < p, however, the equation of equilibrium is the basis for the
calculation of the stress distribution (refs 5,6). In order to solve Eq. (1), the value of the stress
difference, oy - 0., has to be expressed in terms of the radial stress, Oy Assuming that
Tresca’s yield criterion prevails (ref 7), then oy, - 0., = constant and the solution is simply

hL=—l—[o
o

o ~ Lot = Opol

where the value of o,,,, is applied as the known boundary condition at r=p. Here, however, it is
assumed that Mises’ yield criterion prevails in the plastic region, a < r < p. Thus, according to

Egs. (6a) and (6b), respectively
2 2
_ Oy * 40,-30,) (13a)

Oe0) ~ )

in plane-stress and

(142v-2v9)0, ) + {4(1-v+v?)a’-3(1-2v)20%, (13b)
2(1-v+v?)

Oeorry =

in plane-strain or

2 2
__ Omiy F y40,-300 (13c)

%e0¢) ~ Orrty™ 2

in plane-stress and

o g L 2o, J4-v+v?)al -3(1-2v)20%, (13d)
ee() rr(r)

2(1-v+v?)

in plane-strain.




From Egq. (3c),

2
+1

)2 %o

° |o

|9w| >

2
° |

then oy, and o,,,) have the same sign. While if

(‘_s_l’:

O] < AV 19re)
{2)

then oy, has the opposite sign of o,,,,. Furthermore, In L <0 inthe rangea <r <p,

P
while |o,, | decreases with decreasing r when
2
_b_ +1
p
(| > v [® e
1:)
and increases with decreasing r when
2
..b_ + 1
p
(| < V2 [07rto
A
Equations (13c) and (13d) can be rewritten as
_ —
(]
1-(-1)" 4( ] -3 (14a)
o -6 -~ N\ .,
06(r) ) 2 ()

in plane-stress, or
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2
(1-2v)2-(-1)y -\ 4(1-v+vd) [ o:)) -3(1-2v) (14b)
3 Oy
2(1-v+v

%00) ~ Oty =

in plane-strain, where n = 1 when

-

|0y | < Y2 g AN
%)
and n = 2 when
[ ]2
k +1
|0y] < B |0y

b 2
3
Thus, for the case where the radial loading of the bore, o,,,, dominates or where

2
k) +1
! p

b 2
o)

Eq. (14a) is applied to Eq. (1) (the equation of equilibrium), the result is

2

0] < " O]

dr _ . do,

r 2 2
G, + \/400—30”

Mises’ solution (refs 5,6), as presented in Appendix A of this report, is

(1a)
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2
- 23 tan"\J g(——-"” ) -1 - tant —\P »
0, 2
" Az -
| o) ]

in plane-stress.
In plane-strain, applying Eq. (14b) to Eq. (1) results in

dr _ 5 (1—v+v2)dc"

r

2
(1-2v)? + \J4(1—v+v2)[f-‘1) - 3(1—2v)2]o,,
g

m

Letting § = 1-v+v? and n = (1-2v)* = 1-4v+4v%, the above can be written as

dr 6 .don'

= -2
o \2
n o+ 45(—") - 3njo,,
orr

and the solution, as shown in Appendix B, is

r
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(15a)
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If, however,

then

ERp
P
wl-xs
3 |0
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© | o
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2 loﬂ(P)l
2( b)
]

ooy * Orrgey > 0

(15b)

(or the tangential and the radial components of stress at the elastic-plastic interface have the
same sign), for which the exponent n = 2 in Egs. (14a) and (14b). Thus, applying Eq. (14a) to

Eq. (1) yields

dr do

LA id

R
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The solution, as shown in Appendix C, is

[4

el

Orrr)

for the cases where

in plane-stress.

Similarly, in plane-strain under radial

2 2
o [l T
h{i) ol N30 _ b 3%
S B o ool
Crrir) G rrip)

(15c¢)

pY2 |9rto)

©
——

compressive stress, and when the tangential

component, oy, ,, at the elastic-plastic interface, has the same sign as the radial component of the

stress, o, then

_ (+2v-2v)o,, - \/4(1—v+v2)o§—3(1-2v)2of, a

144

Ogo

only in the narrow range of

9,
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<

However,
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lo,,|
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n

o
00
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satisfies these conditions wherever
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(1-v+v?) ol
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- 2
lo | < 2VIZVHVE o

rr

v3(1-2v)

Applying the above value of g, into Eq. (14b) with the exponent n = 2 and (with the
substitution of § = 1-v+v® and = (1-2v)* = (1-4v+4v?), into the equation of equilibrium, Eq.

(1), yields
dr _ _2£ bdo,,
r n RV (1d)
- (48— - 310
-] -k
The solution of Eq. (1d), as shown in Appendix D, is
2 2
3. ii( °o)_1_1 3 12( °o]_1_1
nl - - Wl N3 % VN3 1 %
\ 1%\ %y 1% %rrie)
[ 2
+2ﬁm-l\jiﬁ( o, )2_1_m_1\Ji£( oo)_l] (15d)
1 31 Oy 31 %)

for the cases of

p
1O 2 b |9 o)
"

in plane-strain.

15




Depending on whether the stress at the bore, o,,,, or at the tube’s O.D., 0,4, dominates
the stress distribution (namely, whether o,,,) ® gy, < 0, 0T 0,,,) ® 044,y > 0, respectively) in
plane-stress or in plane-strain, respectively, Egs. (15a), (15b), (15¢), or (15d) are used to
determine the radial component of stress as a function of its radial location, r, within the plastic
region a = r < p. The corresponding tangential component of stress is computed by using the
corresponding Eqs. (13a), (13b), (13c), or (13d).

Equations (15a) and (15c¢) for plane-stress and Eqs. (15b) and (15d) for plane-strain can
be combined respectively, as follows:

In plane-stress,

h{’ ) - -1 [42-302%, - (-1)"°°n(r)]2 _

p) 4 . 4c

B} m[V4°«2>‘3°3r<p) - (‘1)"“’"(9)]2

402

o

' 7 . 2 7 .2
+2 ‘\/5'(-1)" Jtan™! V4° -30"(7) - tan™! V4°o - 30rr(p) (16a)

\/5 |°n(r) | \/5 | on(p)l

where n = 1 for o,%0, < 0 and n = 2 for o,,%0,, > 0 and where according to Eq. (12a)
2 2 2 4 o \2 4
£ Lo e e )
P P P \NL\p 0,r0) p
Cro) = .
ﬁ(_) +1
p
from which, when loaded at the bore only, namely when o,,%0, < 0 and o,,,, = 0 becomes
2
!-’-’-! -1
= _\P
1000 ] = bV
o
P

Oy

16




and

b 4
[‘/4"3'3%@)‘(‘1)" "rr(p)]2 - 4(;)
4

2
40'0 3(__b_) +1
p
and
b 2
\/4°i‘3°,,(p) _ 3(?) i
S C
P
CONCLUSIONS

The levels of uniform radial stresses, either at the tube’s bore or O.D., when plastic
deformation commences under plane-stress or plane-strain conditions have been established.
Similarly, with a known uniform radial stress at the tube’s O.D., the radial stress at any given
radial surface, r=p (for any arbitrary radius, a < p < b) corresponding to plastic yielding at that
surface has been established in plane-stress as well as in plane-strain.

Equations that correlate the radial stress component with its radial location, r, have been
discussed. The actual derivations of these equations have been demonstrated for the cases where

2
IR

p
1O < —2( b)2 190

o
2
(-

p
BT [C o

{0
in plane-stress as well as in plane-strain. The details of these derivations, as they apply to the
plastic region, a < r < p, are presented in the Appendices of this report. The corresponding
tangential component is computed from the radial component and when plane-strain is

considered, the corresponding axial component is computed from its two other orthogonal
components.

9me) >
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APPENDIX A

In order to solve the integral

r
do
-2 f L o,
] 2
‘\‘ 3lo,
as in Appendix C, let
4.0
o
o =3
t2+1
where
g \?
t = i[——o) —1
3| o,
Therefore,
2,
[/
mn
t2+1
and
do, = —2—00 -d 1
V3 t2+1
Let
2 +1 =s?
then
2t - dt =25 - ds
or
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.and
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Thus,

a1 ). 4
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do,, 4
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o, 40'0 30,., ‘/" (t2+1)3 . _2_ . 9, [1+\/§‘t]
V3 2+
= +2 ! - dt

(3t+1 - (@7 +1)
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and
do ¢

-2[ '2' - zf — .
0”+\/400—30” (/3t+1) - (¢*+1)

dt

_ 2 J3t+1 dt-f dt }
AU QB+ - @+ Jt+1) - (2 +1)

_ 2 at 'f dt }
B 2+ 7 (B - @+ D)

where
2
[ -t = | F 2] -1
t2+1 3lo,,
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g 2
z? _3_t2 + 2\J—;t+1 =N§t+1] | 13.]145(% -1+1
" n n n \ 3o,
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Thus,

( . ]
2
> (BT CoE
= V31 }m 1N\ % - + 2 tan™! 4—5—(—1) -1
88 4_@_(&) 3 3n\o,
L n*{ % 1
from which
5 do,, 25 [ dt dt
- 2'“[ ™ f 2.1 f
M 1 6 2 2 LR
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n N n
2
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o c
28 Lot ‘19[_1] P I PRALA KUl N
3n 3n\o, 8E N 4_6_ %
1 n*\ o
Whereas for
- | dt
(V3e+1)-?+1)
let
V3t+l =z
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Then

2
J3dt = dz , e= 2L | and 241 = L2214
/3 3
Thus,
f | dt =f 3-dz
(/3t+1)-(12+1) ﬁ z° (z2 -2z+4)
i z (zz—2z+4
_ 2 1[__d&
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»
[ 2
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oﬂ
Thus

f dt = 1 \/§1n 4} %
(/3t+1)-@>+1) | 8 A{oo )2 4 3
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Hence, in plane-stress

—2‘/5
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APPENDIX B

In order to solve the integral

as in Appendix D, let

where

then

and

Let

4_62
2 _3n °
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g
t = ﬁ(_c_"] 1
3n {0,
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Hence,
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=_‘i(l).§__i t ¢
ds\s) dt sz t2+1 (t2+1)3

[Zan

do, = 1N g
(t2+1)3

8 2 o2 3 45(9,Y
4—0,-3 + | =0 | —|-2] -1
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Whereas for
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which for
4 2 b 2
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APPENDIX C

do,
2
1-/3 li(fl) -1]0,,
3lo,

In order to solve the integral

r

2]
°[
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4.2
2 3 °
o =
t2+1
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2
;- 5{&) 1
3 a,
Therefore,
2
g, = ﬁ o,
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2t-dt = 2s-ds
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where

z? = 3t2-2,/3t+1

and

z22z+4 = (3t2-2,/3t+1) + 2/3t-2) + 4

= 31243
a \
= 3(t%+1) = A(_")
orr
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However, for the cases where

6,0 >0 , Oty * 0
and hence one has to calculate

Oy = ROy

from the pertaining Eq. (12a) or (12b) before using the above equation (presented also as Eq.

(15c¢) in the text).
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let

where

then

and

Let

and

APPENDIX D

In order to solve the integral

241 =52 , then 2-dt =2s-dsor B =1 - !
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= an dt

d
_2_5_f O
n
1 6 2,2
a”-,’-—'.’4—oo—3o,, lé -11-(¢2

(
[
=_26f n dt+f dt

([etfer |

\Jzt—l}(tzﬂ)
n )

26 dt+f dt

‘/37] 2+1
\ l }—t-—l '(t2+1)
n

where
2
[ ¥ tan s = tant |20 2]
t2+1 3n S,
Whereas for
f dt
( it—l]-(rhl)

n
Let

341 - 2

N
then

3.t - ar

M

43




and

= 2
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M
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2 2
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As the case of o, ¢ gy > 0, where o, # 0, in plane stress, here too one has to calculate

O,y = f(0,4) from the pertaining Eq. (12b) before using the above equation (presented also as
Eq. (15d) in the text).
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following relation:

The relation between the radial stress, o,, and its radial distance, r, complies with the

Ly n\3o,) | [ e
4
4_6..(_?_".) 53(2 +n]
2
n m P
3(2 +1
[
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