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Overview

With prospective cohort studies incorporating the periodic collection of blood samples from
participants, one has the greater potential to study the temporal relationship of biomarkers
and other risk factors to the development of disease than with retrospective case-control
studies. However, statistical methods for analyzing repeated measurements have not been
fully explored and developed. Furthermore, methods for estimating and correcting for errors-
in- measurement using repeated measurements remain obscure and are seldomly applied in
epidemiologic studies. The objectives of this project are to apply as well as develop theo-
retical statistical methods for utilizing repeat determinations of serum levels of endogenous
hormones and other biologic measurements in the analysis of nested case-control studies of
breast cancer, and to estimate and correct for errors-in-measurement.

This progress report describing research accomplished during the first year of the grant
period is comprised of three chapters. In Chapter I, we describe a technique for correcting
for measurement error when subjects have a variable number of repeated measurements,
and the average of the measurements is used as the subject's measure of exposure in the
analysis. Failure to account for errors-in-measurement of exposure and confounder variables
can result in biased estimates of relative risk, obscuring the true relationship between an

-exposure variable with breast cancer risk. Our method applies a correction factor to the
subject's average value, prior to model fitting, which is a function of the number of repeated
measurements. The resulting logistic regression estimate based on the corrected exposure
measurement is unbiased. A bootstrap method for obtaining confidence intervals, which
takes into account the uncertainty in the reliability estimates is also proposed. A manuscript
based on this work is currently in preparation.

In Chapter II, we describe a method for adjusting for the systematic variability of hor-
mone levels over the menstrual cycle, based on a mixed ANOVA model with cubic splines.
The method standardizes hormone measurements obtained at different time during the
menstrual cycle, thus allowing for more valid comparisons of hormone levels between pre-
menopausal breast cancer cases and controls. This research is still in progress.

Finally, in order to fully elucidate the role of environmental contaminants, such as PCBs,
in the development of breast cancer, their rates of persistence in the body must be accurately
quantified. Individuals who are able to clear the toxic compounds from the body at a
faster rate (as measured by the half-life of the toxin) may be at lower risk of breast cancer.
Published estimates of the half-life of PCBs, however, have been widely variable, ranging
from .5 months to 17 years. The lack of consistency among study estimates may be largely
due to the small sample sizes and limited number of repeated measurement per subject
utilized in these studies. Guidelines for choosing the number of repeats and the optimal
time interval between repeats for estimating an individual's half-life with a given level of
precision, while minimizing the cost of the study, have been developed and are described
in Chapter III. Furthermore, sample size and power considerations for studies comparing
two-population half-lives are also presented. A paper describing this work has been accepted
for publication by Archives of Environmental Contamination and Toxicology.



Chapter I

Correcting for Measurement Error in the Anal-

ysis of Case-Control Data with Repeated Mea-

surements of Exposure



1 Introduction

In most case-control studies, the risk factors of interest are measured with error. For biologic

variables, such as blood pressure, nutrient, and hormone levels, measurement error can arise

from limitations in the measurement technique or laboratory assay. In addition, because the

exposure of interest is usually a subject's underlying long-term average value rather than

the level at any single point in time, intrinsic fluctuations in the variable over time can also

contribute to measurement error.

When the error is random and non-differential with respect to case-control status, it is well

known that estimates of relative risk based on the mis-measured exposure will be attenuated.

In order to minimize the effects of measurement error, many investigators advocate collecting

repeated measurements of the exposure on all subjects and using the individual's average

value (De Klerk et al., 1989). However, as noted by Rosner et al (1992), even when the mean

of several replicates is substituted for a single measurement, attenuation of relative risk may

still occur, especially when the average is based on only a few repeats or when the degree of

measurement error is large.

Methods for correcting estimates of relative risk for measurement error have been ad-

dressed in a number of epidemiologic and statistical papers (Armstrong et al., 1989; Thomas

et al., 1993). The most common method involves correcting the "naive" relative risk esti-

mate based on the observed exposure by the expected amount of bias. In the case of logistic

relative risk regression, the regression parameter will be attenuated by the factor, R, which

is equal to the reliability coefficient of the mis-measured exposure (Rosner et al., 1992, De

Klerk et al., 1989). Therefore, one can multiply the biased estimate of the regression co-

efficient by the inverse of the reliability coefficient to obtain the corrected estimate. This

method, however, is dependent on the assumption that the reliability of the exposure mea-

surement is the same for all subjects. When the average of several replicates is used as the

measure of exposure, this condition will be met only if all subjects have an equal number
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of repeated measurements, given the degree of measurement error associated with a single

measurement is the same for all subjects.

In studies in which the exposure is measured on repeated occasions, however, subjects

often have a variable number of measurements because of missing data. For example, the

data that are utilized to illustrate the methods in this paper are derived from the NYU

Women's Health Study, a nested case-control study of serum hormonal levels and breast

cancer (Toniolo et al). The study cohort consists of 15,785 women who donated multiple

blood samples over time and have been followed since enrollment for the development of

breast cancer. Most women have donated one or two samples; however, many have also

donated three or more.

Because subjects with a larger number of multiple blood samples have a more precise

measure of their true underlying serum hormonal levels than those with fewer measurements,

the reliability of the average of the available measurements will correspondingly vary between

subjects. Consequently, if the observed average is used as the measure of exposure for each

subject, the usual procedure for correcting for measurement error cannot be applied.

Liu and Liang (1992) proposed an estimating equation approach for obtaining consistent

estimates of logistic regression parameters when all subjects have the same number of re-

peated imprecise exposure measurements, which in principle could be extended to the more

complicated situation when the number of replicates is variable between subjects. In this

paper, we discuss an alternative method for correcting for measurement error in the analysis

of matched case-control data when subjects have a variable number of repeated exposure

measurements and the individual's average is used as the measure of exposure. A bootstrap

algorithm for obtaining confidence intervals, which takes into account the variability due to

estimation of the reliability coefficent is also proposed. The methods are illustrated using

data from a nested case-control study of estradiol levels and risk of breast cancer from the

NYU Women's Health Study.
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2 Methods

In describing the methods below, we assume the measurement error model of Armstrong et al

(1989) for matched case-control studies. The techniques are generalizable to the unmatched

design by assuming there is only one matching stratum.

Let xij denote the true value of the exposure variable for the Jth subject in stratum i,

for i = 1, ..., M;j = 1, ..., si Assume that xij is normally distributed with mean, p + 6 if the

subject is a case, or pi if she is a control, and variance o,. In addition, let Zijk denote the kth

repeated observation of xij, for k =1, ... , nij. Then, assuming the classical errors-in-variables

model, we have:

Zijk = Xij + eijk,

where the error term, eiJk, is independent of xij and eiik, for k -- k', and normally distributed

with mean 0 and variance, o It follows that the observed Zijk in stratum i are normally

distributed with means pi + 6 and pti for cases and controls, respectively, and common

variance, a' + oa. The variance component, o- , can be interpreted as the between-subject

variance of the true exposure, adjusted for matching stratum and case/control status, and

U2 as the variance due to measurement error.

Under these assumptions, Armstrong et al (1989) showed that the probability that a

study subject is a case, conditional on an observed average based on n measurements, Z, and

membership in stratum i, is a logistic function:

= exp(ax + PRJ)

1 + exp(ai + I3Rn,)' (1)

where

R = (2)

is the reliability of ; as a measure of x. When no measurement error is present, 2 = x, the

reliability coefficient is equal to 1, and (1) reduces to:

exp(ai + Ox)

Pr(D = lx;i) = 1 + exp(ai + Ox)"
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Thus, an estimate of the logistic regression coefficient based on z will estimate the "naive"

coefficient, 03* =/3Rn, rather than the true /3. Because the reliability coefficient is between

0 and 1, the "naive" /3 will be attenuated relative to /3. We can see from (2), however, that

as the number of repeated measurements increases, the reliability coefficient approaches 1,

and the corresponding attenuation in /3 will diminish.

When all subjects have the same number of n repeated measurements, an unbiased

estimate of the regression coefficient can be obtained by fitting the logistic model using ;

for each subject's exposure measurement, and multiplying the resulting coefficient estimate,

/0*, by 1/Rn. If subjects have a variable number of measurements, however, this approach

cannot be applied, since the reliability of the exposure variable would no longer be constant

for all subjects, but would depend on the number of available repeated measurements.

For the case where the reliability of the exposure differs across subjects, the regression

coefficient may be obtained by correcting a subject's average exposure measurement by the

relevant reliability coefficient, prior to model fitting. That is, if the jth subject in stratum i

has the observed average zij., based on nij approximate measurements of xij, then replacing

the unknown xij in the conditional logistic model with the transformed average, R&i ij.,

where Rni, is calculated from (2), will yield an unbiased estimate of P3. Since the reliability

is higher for larger nij, this method effectively gives more weight to the averages based on a

large number of repeats and less weight to those based on few repeats.

This method for correcting for errors-in-measurement is analogous to the "two-stage"

approach discussed in Thomas et al. (1993) in which the expected value of the true ex-

posure given the data, E(xijl2ij.), is computed and then used as the exposure in the usual

conditional logistic regression model. Whittemore (1989) and Prentice (1982) have proposed

similar methods for correcting for errors-in-variables in linear and Cox proportional hazards

regression models, respectively.

Although fitting the logistic model to the transformed covariate will result in an unbiased

estimate of /3, the corresponding variance of / will be underestimated unless the reliability
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coefficient is known. Usually, however, the variance components in (2) must be estimated

from a separate reliability substudy or from the subset of subjects in the main study with

repeated measurements.

Assuming we have N, subjects with replicate measurements, we can estimate the variance
copnns ,2 and a2 ,•sflos e z* {Zil I"",I

components, a an e, as follows. Let z i * kzl zi } denote the ki repeated observations

of the exposure for the jth subject in the reliability study sample. Then one can estimate oC

by calculating
Nr ki Nr

)3 k,)- Nr}. (4)
i=1 1=1 =

For reasons of efficiency, 0,2 should be estimated from all subjects in the main study.
22 +o2 tebtensbet

Because the total within-stratum variance, UT, is equal to a. ., the between-subjects

variance can be estimated by subtracting &2 from &2, which may be obtained using the first

measurement of each subject in the main study and fitting the model:

zij = Iii + &Cij + eij,

where pui denotes the overall mean for stratum i, cij denotes the case (cij = 1) or control

(cij = 0) status for the jth subject in the ith matched set, and eij is the residual error. The

mean-squared error from the above model will estimate o,'. Then, &2 can be calculated from

e6_ . Given &S and e, it follows that Rnij can be estimated as .•/(&2 + .2/nij).

When Rn is estimated, variances and confidence intervals for /3 based on the transformed

covariate must take into account the extra variability due to estimation of the reliability

coefficient. Rosner et al. (1992) have derived the asymptotic variance of the corrected

logistic regression parameter, which includes the uncertainty of the reliability estimate, for

use in cohort studies under a rare disease assumption. Their method, however, is applicable

only when all subjects in the main study have the same number of repeats.

For the situation when subjects in a case-control study have a variable number of repli-

cates, we propose the following bootstrap procedure for obtaining confidence intervals for
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the corrected /. We assume that among the N subjects in the main study, the NT subjects

with at least 2 measurements are used for the reliability study data.

1. Generate a bootstrap sample from the reliability data. Consider the vector of observa-

tions, zij = {zijl, ... , zijnij}, from a particular subject as the sampling unit. In order to

keep the total number of repeated measurements in each bootstrap sample the same

for all iterations, utilize a "stratified" sampling scheme where N2 observation vectors

are sampled with replacement from the N2 subjects with 2 repeats, N3 observations

from the subjects with 3 repeats, and so on.

2. Estimate o, from the reliability bootstrap sample using (4).

3. Generate a bootstrap sample from the main study data, where the sampling unit is the

matched set. If the number of subjects in each stratum differs across strata, utilize a

stratified scheme analogous to the above to keep the total number of subjects constant.

That is, sample M 2 matched sets from the M 2 sets with 2 subjects, M 3 sets from the

matched sets with 3 subjects, etc...

4. Using the main bootstrap sample, estimate at and o,.

5. For each subject in the main bootstrap sample, transform the subject's observed aver-

age by multiplying by the appropriate correction factor from (2).

6. Estimate P by fitting a conditional logistic regression model, with xij replaced by the

transformed covariate for all subjects.

Repeat (1-6) 1,000 times to generate the bootstrap distribution of /f, which is the approx-

imate minimum number of bootstraps necessary to compute bias-corrected confidence limits

(Efron and Tibshirani, 1986). The simple (1 - a)% confidence interval can be constructed

using the a/2 and (1 - a/2) percentiles of the bootstrap distribution. Bias-corrected confi-

dence intervals should be used when the bootstrap distribution of P is asymmetric and when
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the sample sizes of the main and reproducibility studies are small (Efron and Tibshirani,

1986). We report only the bias-corrected confidence intervals in this paper.

Extensions to Multicovariate Models

Thus far, our focus has been on correcting for measurement error in a single exposure

variable, in the absence of confounders. However, the methods can also be generalized to

the multi-covariate situation, where the confounders, in addition to the primary exposure

variable, may be measured with error. We give a brief outline of the methods below, but

refer the reader to Armstrong et al (1989) for additional details on the measurement error

model and estimation of variance components.

In order to generalize the techniques to the multivariate situation, assume that xij denotes

"a (p x 1) vector of true covariates for the ith subject in stratum j, and that it follows

"a multivariate normal distribution with mean vector pi + A for the cases and p/i for the

controls, and covariance matrix E. In addition, let

Zijk - Xij + eijk

denote the k"h observed measurement of xij, for k = 1,...nij, where the eijk are independent

and identically distributed according to a multivariate normal distribution with covariance

matrix, f.

Under these assumptions, Armstrong et al (1989) showed that the probability a subject

is a case, conditional on the mean of n observed replicate covariate vectors, {z1 , ... , Zn}, is

equal to the following logistic function:
exp(ai + 2.Anfl)

Pr(D = 112.,i)= 1 + exp(ai + z.Anfl)'
where •. = (Z 1 zk)/Fn, A = (E±+n-Q)-• , and /3 is the (px 1) vector of logistic regression

parameters.
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When subjects have a variable number of replicate measures of the exposure variables, it

follows that as in the single covariate case, one can transform the observed mean covariate

vector for each subject by multiplying the vector by an estimate of the matrix, A,, , and then

fit the usual logistic regression model to the transformed covariates to obtain the corrected

logistic regression coefficients for all covariates. A bootstrap algorithm analogous to that

for the single covariate case could be used to obtain corrected confidence intervals which

take into account the variation due to estimation of AP but the method could become

very computationally intensive with a large number of confounders, since more complicated

multivariate MANOVA models would be needed to estimate E and Q. For the special

case when the confounders are measured without error, however, estimation of the variance

components is greatly simplified (see Kim et al (1995)), and the bootstrap method could be

more easily applied.

3 Example

The primary aim of the NYU Women's Health Study is to determine whether serum levels of

endogenous hormones, such as estradiol, are associated with risk of breast cancer. Between

March 1985 and June 1991, a cohort of healthy women aged 34-65 years were enrolled at

the Guttman Breast Diagnostic Institute, New York. At the time of enrollment and at

annual screening visits thereafter, women were asked to donate blood and complete a self-

administered questionnaire. Serum samples were frozen and stored for future biological

assays. Subsequent cases of breast cancer were identified primarily through active follow-up

and confirmed by reviewing medical and pathological records. In this example, only the

women who were post-menopausal at enrollment are included.

In order to limit the costs associated with measuring hormone levels in the cohort, a

nested case-control study design is used. For each incident case of breast cancer, individually

matched controls are selected at random from the risk set consisting of all cohort members
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alive and free of breast cancer at the time of diagnosis of the case, and who match the case

on menopausal status at entry, age at entry, and number and approximate dates of blood

donations up to the date of diagnosis in the case. For additional details of the study design,

see Toniolo et al (1991).

The goal of this example is to evaluate the effect of random measurement error on the

associations between total, % free, and % bound to sex hormone binding globulin (SHBG-

bound) estradiol levels and risk of breast cancer, when the average of all the available re-

peated measurements for a subject is used as her exposure. The associations between the

baseline measurements of the total, % free, and % SHBG-bound estradiol levels and risk

of breast cancer among post-menopausal women, unadjusted for measurement error, were

evaluated by Toniolo et al (1994). Total and % free estradiol were found to be positively as-

sociated with risk of breast cancer, whereas % SHGB-bound estradiol had a strong protective

effect.

Using data from both post-menopausal cases and controls, we estimated the reliability

coefficients for total, % free and % bound estradiol, adjusted for matching stratum and

case/control status, as: .47, .67, and .91, respectively (Table 1). (These estimates were

somewhat lower than those published by Toniolo et al (199 ): .51, .77, and .94 for total,

% free and % bound estradiol, respectively, which were based on data from only the post-

menopausal controls in the NYUWHS.) The estimates of the reliability coefficients indicate

that the degree of measurement error in total and % free estradiol may be sufficiently large

to attenuate observed relationships with risk of breast cancer.

The main case-control study sample consisted of 379 subjects stratified into 130 matched

sets. Ten matched sets had 1 control per case, 119 sets had 2 controls per case, and one set

had 3 controls per case. Of the 379 subjects in the main study, the 157 (41%) with 2 or more

repeated measurements were used for the reproducibility data set. Ninety-eight subjects had

2 replicates, 53 had 3 replicates, and 6 subjects had 4. Estradiol values were log-transformed

to improve normality, and to be consistent with the scale used in the main study.
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We investigated the effects of measurement error on the observed associations between

each exposure variable and risk of breast cancer by comparing the estimated logistic re-

gression parameters based on the first measurement of the exposure for each subject, the

average of the replicate measures, and the transformed (corrected) average value. Corre-

sponding odds ratios were calculated from the regression estimates by comparing women

in the 9 0th versus 1 0 th percentiles of the observed distributions (i.e., 76.5 vs 14.5 for total

estradiol, 1.7 vs. 1.04 for % free, and 57.6 vs 27.3 for % SHBG-bound estradiol).

Bootstrap confidence intervals were generated by utilizing the SAS macro facility in

conjuction with PROC PHREG, a procedure which can be used for fitting conditional logistic

regression models. All analyses were run on a DEC 3000/700 AXP computer workstation.

The results are provided in Table 2. For total estradiol and % free estradiol, the un-

corrected analyses show that using the average of the repeated measurements results in a

minor increase in the regression coefficient compared with using only the baseline measure-

ment. On the other hand, the regression coefficients corrected for measurement error based

on the transformed averages are substantially larger than the uncorrected estimates for both

variables.

The effect of measurement error on the estimated odds ratios is especially striking. When

comparing women in the 90th percentile versus the 10th percentile of the observed total

estradiol distribution, the corrected odds ratio was estimated to be 9.70, compared with

uncorrected odds ratios of 3.02 and 3.60 using the baseline and untransformed average,

respectively. Similiarly, the corrected odds ratio for % free estradiol was 5.10, compared

with 3.07 for the baseline measurement and 3.13 for the average value.

This illustrates how using the observed average of replicate measurements of exposure

for each subject may not be sufficient to offset the effects of measurement error when the

degree of error is large and when subjects have only a few replicates, and that additional

error correction procedures may be necessary. In the case of total estradiol, one would need

to take the average of 10 replicate measurements to improve the reliability to .90, based
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on the estimated variance components in Table 1. For % free estradiol, one would need 5

measurements. Thus, it is not surprising that using the average value in our example did

not appreciably deattenuate the corresponding regression coefficient since less than half the

study population had 2 or more measurements. On the other hand, because % SHGB-bound

estradiol levels are highly reproducible, the logistic regression estimates and corresponding

odds ratios using the corrected average were not very different from the uncorrected analyses.

As one would expect, the bias-corrected boostrap confidence intervals shown in Table 2

for the true regression coefficient are shifted further away from 0 and are wider than the

uncorrected confidence intervals, since the bootstrap method accounts for the variation due

to estimation of the variance components in the reliability coefficient.

4 Conclusions

Haukka (1995) proposed a similar bootstrap method for correcting for measurement error

in generalized linear models for the situation when the "gold standard" is known for the

exposure measurement and validation, as opposed to reproducibility, data are available.

When compared with the correction method for logistic regression proposed by Rosner et al

(1990) which also takes into account the variability in h, the bootstrap method was found to

yield wider confidence intervals for peaked and skewed measurement error distributions. As

discussed by Haukka (1995), this difference may result because the bootstrap method takes

better account of the measurement error variance, whereas the Rosner et al. method is based

on a first-order Taylor series approximation, which may not adequately correct confidence

intervals when the error variance is large.

In utilizing the average value of repeated measurements as the exposure, one must as-

sume that the individual measurements are distributed randomly around the unobserved true

value, and that levels of the exposure are not changing systematically over time. Among

breast cancer cases, however, hormone levels could be influenced by the development of dis-
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ease so that measurements obtained closer to the date of diagnosis may exhibit a systematic

time trend. Preliminary analyses using linear regression techniques, however, suggest the

absence of any trends in estradiol levels over time for the cases (results not shown).

The error correction method proposed in the paper is also dependent on the assumptions

that the true exposure and error are normally distributed, with variances a 2 and 0, re-

spectively, which are homogeneous across strata and case/control status. Because only one

case is included in each stratum, we could not evaluate whether cr2 is constant for cases and

controls. However, 1-, for total estradiol was estimated as .16 and .18 for cases and controls,

respectively, suggesting the error variances are similar.

The distributions of % free and % SHBG-bound did not deviate significantly from nor-

mality, so no transformations were necessary. Total estradiol, on the other hand, had a

skewed distribution so the data were log-transformed to improve normality.

We have shown that in situations when the magnitude of measurement error is large and

subjects have only a few repeats, using the average of the available replicate measurements

for each subject may not be sufficient to adjust for the measurement error. The methods

proposed in this paper can be applied to provide additional correction procedures in the

analysis of case-control data where subjects have a variable number of repeated measures of

the exposure. The advantage of our algorithm is that it is conceptually straightforward and

relatively easy to implement, especially with the amount of computing power that is now

readily available to most investigators.

A manuscript based on this work is being prepared for submission for publication. Prior

to submission, however, additional work on the bootstrap algorithm will be performed. An

alternative bootstrap sampling procedure, in which the same sample, generated using the

matched set as the sampling unit, is utilized for estimation of both the variance components

of the reliability coefficient as well as the conditional logistic regression parameter. This

sampling approach may yield a more valid estimate of the corrected confidence intervals

than the above approach.
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Table 1: Reproducibility of Total, %Free, and %SHBG-Bound Estradiol, Adjusted
for Case/Control Status and Matching Stratum

Within-Subject Between-Subject Reliability
Hormone Variance Variance Coefficient
Estradiol 0.17 0.15 0.47
% Free Estradiol 0.0168 0.033 0.67
% SHBG-Bound Estradiol 9.38 99.48 0.91



Table 2: Corrected and Uncorrected Logistic Regression Parameter Estimates, Con-
fidence Intervals, and Odds Ratios for the Associations of Total, % Free, and %
SHBG-bound Estradiol Level and Risk of Breast Cancer

Exposure Variable Regression Coefficient 95% C.I. Odds Ratio*
Total Estradiolt

Uncorrected first measurement 0.66 (0.24 - 1.09) 3.02
Uncorrected average 0.77 (0.32 - 1.22) 3.60
Corrected average 1.37 (0.55 - 3.08) 9.70

% Free Estradiol
Uncorrected first measurement 1.70 (0.69 - 2.71) 3.07
Uncorrected average 1.73 (0.70 - 2.77) 3.13
Corrected average 2.47 (1.19 - 4.10) 5.10

% SHBG-Bound Estradiol
Uncorrected first measurement -0.046 (-0.068 - -0.024) 0.25
Uncorrected average -0.045 (-0.067 - -0.023) 0.26
Corrected average -0.050 (-0.070 - -0.026) 0.22
* Comparing women at 9 0 th vs. 1 0 th percentile of observed distribution
t Total estradiol measurements were log-transformed
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Chapter II

Adjusting Premenopausal Estradiol Levels for

Day of Menstrual Cycle using Cubic Splines



1 Introduction

Although levels of prolactin and bioavailable estradiol appear to be relatively stable over

the phases of a woman's menstrual cycle, other hormones, such as total estradiol, fluctuate

considerably. (Toniolo et al., 1993; Koenig et al., 1993.; Wu et al., 1976; Takatani et al.,

1991). Thus, studies investigating the association of total estradiol and risk of breast cancer

among premenopausal women must adjust the hormone level for day of cycle either in the

design or analysis stage of the study.

In the NYU Women's Health Study, a nested case-control study of serum hormonal levels

and breast cancer, one of the criteria for matching controls with a breast cancer case among

pre-menopausal women was day of menstrual cycle at the time of the first blood donation.

More specifically, the first blood donation was matched on exact day of blood specimen

relative to next expected onset of menses. Subsequent blood donations, however, could

not be matched on day of cycle. Therefore, a method was needed to standardize hormone

measurements obtained at different times during the menstrual cycle to make more valid

comparisons between subjects in the same matched set.

Rosenberg et al (1994) used the first measurement from each control subject to fit a

three-piece spline model to describe the change in estradiol levels over the menstrual cycle.

For each subject, the estradiol measurement adjusted for day of cycle was then calculated as

the number of standard deviations above or below the expected value from the calibration

curve. The limitation with this approach, however, is that because only the first measurement

from each subject was used to fit the calibration curve, the data are cross-sectional and the

resulting curve reflects not only within-subject variation in the hormone level, but between-

subject variation as well. Ideally, the estimated calibration curve should reflect only within-

individual trends.

We propose an alternative method for describing the within-subject change in estradiol
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levels over the menstrual cycle, based on a mixed-model analysis-of-variance model with

splines, which utilizes the repeated measurement data for each subject. The estimated

curve is then used to adjust each subject's hormone level for day-of-cycle in evaluating the

association of estradiol level with risk of breast cancer among pre-menopausal women.

2 Methods

Let yij denote the hormone level of the jth woman on the jth occasion for i 1,...n, j

1, ...ki. Furthermore, let tij denote the number of days prior to next menses at which yij was

measured. We assume a model of the form

Yij = ,u + ai + S(tij) + cij

where , denotes an overall mean, ai denotes a random subject effect from a N(O, 0,2) dis-

tribution, S(tij) is cubic spline function, and the cij are independent errors from a N(O, ao)

distribution. We further assume that the subject effects and the error terms are mutu-

ally independent. The presence of the random subject effect in the model accounts for the

correlation between repeated measurements on the same subject.

We chose to use cubic splines to model estradiol levels versus day of cycle because this

method provides great flexibility in fitting models, is visually smooth, and requires fewer

constants to fit than higher degree splines. Rosenberg et al utilized two parabolic and one

linear function to describe the change in estradiol over the menstrual cycle, with only a

single continuity restriction. Thus, although their overall function was continuous, it was

not smooth at the two join points.

When fitting a cubic spline model, more join points or knots are better if the variable

changes quickly over the covariate space. However, too many knots can lead to over-fitting

of the data and more parameters to estimate. Stone (1986) suggested that 5 knots should

provide enough flexibility for a reasonable number of degrees of freedom.
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Given that the average length of a menstrual cycle is 28 days, we positioned 5 knots at

the 5 day intervals: 5, 10, 15, 20, and 25 days prior to next menses. Using the + notation

of Smith (1979), let

u+ u if u > 0

u+ =0 if u < 0.

Then the cubic spline can be specified as:

S(t) #0o + #Ilt + #2~t2 + #3ta+ 4t3 5)3. + pls(t -_ 10)3_
S04t-5+)

+ 06 (t - 15)• + +3 7(t - 20 + + #8(t - 25)• + •.

It follows that the overall mixed ANOVA-model has the following form:

yij = I ± t + +t I3tij + i34(tij - 5)3 + - 5(tij - 10)+

+ 136(tij - 15)3 + fl7 (tij - 20)3 + •8(tij - 25)3+ + E•j.

This model assumes that the shape of the function describing the change in estradiol over

the menstrual cycle is the same for all subjects, but that subjects can differ with regard to

the intercept term.

The mixed ANOVA-model was fit using maximum likelihood methods from the SAS

PROC MIXED procedure. 498 estradiol measurements from 367 control subjects were uti-

lized in the analysis. 278 subjects had 1 measurement, 60 had 2, 28 had 3, and 4 had 4

measurements. Only measurements obtained less than 35 days prior to next menses were

included. Estradiol levels were log transformed prior to model fitting.

The estimated mean curve describing the change in log estradiol level over the menstrual

cycle is shown in Figure 1. A subject's hormone level adjusted for day of cycle can then be

expressed as the deviation of the subject's observed value from the expected value for that

day of the cycle based on the fitted curve:

xij = - S(tj.
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Similarly, when the average hormonal level is used as the exposure, the adjusted average can

be calculated as:

Sci. = {Eyij - S(ti)}n.

3 Conclusions

This work is still in progress. The next phase will focus on fitting conditional logistic regres-

sion models to total estradiol levels adjusted for day of cycle, using the estimated calibration

curve from above. The resulting estimates of relative risk will be compared with the estimates

based on the unadjusted exposure variables.

Although much of the within-subject variability in the estradiol levels adjusted for day

of cycle will be reduced since the variability due to cycle will in principle be eliminated,

the remaining within-subject variance, due to laboratory measurement error and short-term

fluctuations, may still be non-negligible. Methods for correcting for errors-in-measurement

in the adjusted hormonal levels will also be explored.
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Chapter III

Sample Size and Study Design Considerations
for Half-Life Studies



1 Introduction

The accumulation of PCBs (polychlorinated biphenyls) and DDE (1,1 dichloro-2,2-bis(p-

chlorophenyl) ethylene) residues, and other environmental contaminants in the body may

potentially have adverse health effects. Individuals who are able to clear these toxic com-

pounds from the body at a faster rate, and thus have shorter half-lives, may be at lower risk

of diseases associated with the toxins. Thus, in order to fully elucidate the role of environ-

mental contaminants in the development of disease, their rates of persistence in the body

must be accurately quantified.

Previous studies estimating the half-life of PCBs have yielded inconsistent results, how-

ever. Reported estimates of half-life range from .5 months to 17 years for PCB mixtures.

(Yakushiji et al., 1984; Phillips et al., 1989; Elo et al 1985; Lawton et al., 1985). For specific

PCB components, half-lives have been estimated to be from less than 1 year to about 30

years (Yakushiji et al, 1984; Chen et al, 1982). Similarly, data on the half-life of DDE are

variable and limited.

The lack of consistency among study estimates of half-life may be largely due to the small

sample sizes and limited number of repeated measurements per subject utilized in these

studies. For example, Chen et al (1982) examined the rates of elimination of PCBs from the

blood of PCB-poisoned subjects in Taiwan using two to three serial blood samples from 17

individuals taken over a period of 6-14 months. Similarly, Steele et al (1986) calculated the

half-life of PCBs using two measurements of PCB concentrations made 7 years apart.

Phillips (1989) investigated how analytical (laboratory) error and the time interval be-

tween measurements affect the variability and possible bias in estimates of half-life calculated

from two measurements. Results indicate that half-life estimates based on only two mea-

surements become increasingly variable at shorter time intervals between measurements and

at higher levels of analytical error.

The precisionof half-life estimates, however, is not only dependent on the magnitude of
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analytical error and the time interval between measurements, but also on the number of re-

peated measurements utilized in the estimation procedure. Given laboratory cost contraints,

time constraints, and other limitations on the physical resources of a study on half-life, in-

vestigators must decide where to allocate the resources in order to obtain the most precise

estimate of half-life.

Issues of sample size and study design for estimating subject-specific, as well as pop-

ulation half-lives of environmental contaminants have not been formally addressed in the

environmental and epidemiologic literature. The objectives of this paper are to provide

useful guidelines for choosing the number of repeats and the optimal time interval between

repeats needed for estimating an individual's half-life with a given level of precision, while

minimizing the cost of the study. In addition, sample size and power considerations for

studies comparing the population half-lives between two groups will be investigated. An

example is presented using data from a study on PCBs and breast cancer.

2 Methods

For most environmental toxins, the rate of elimination from the body may be described by

the following one-compartment exponential decay model:

C(t) = Coe-,(1)

where C(t) is the concentration of the toxin at time t, Co denotes the initial concentration,

and A is the rate constant. The half-life, tl/2, which is the time after which the level of toxin

is reduced to half its original value, is equal to ln(2)/A.

If both sides of (1) are log-transformed, then we have the linear relationship:

ln{C(t)} = ln(Co) - At. (2)

Thus, given C(t) = {C(tl), ... ,C(tk)}, the set of serial measurements of the toxin obtained

on a subject at times, {ti,..., tk}, the rate constant, A, may be estimated from the slope
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of the linear regression of ln{C(t)} versus t. The least-squares estimate of A is equal to

S Ek>l{ln{C(tj)} t -)/ Zj 1 (tj - t)2 where C and ! denote the average logarithm

of the level of toxin and average time of measurement, respectively. The corresponding

half-life for the subject may be estimated by tl/ 2 = ln(2)/A.

The sample size and study design issues associated with estimating the half-life will

depend on whether the focus is on obtaining a precise estimate of an individual's half-life

or a population half-life. The former would be of interest, for example, in studies exploring

the relationship between an individual's rate of elimination of the toxin with a particular

genetic characteristic. On the other hand, a precise estimate of a population half-life would

be pertinent when the investigator is interested in comparing the average half-lives between

two or more groups, such as diseased and non-diseased subjects.

Study Design for Estimating Individual Half-Lives

If the goal is to estimate individual half-lives with a certain level of precision, then clearly,

the number of subjects to include in the study is not relevant. The frequency of measurement

and duration of follow-up are the primary factors which will determine the precision of the

individual's half-life estimate. This can be shown as follows.

The variance of A, the least-squares estimate of the rate parameter, is equal to a0/ (

t)2 , where ae is the variance of the deviation of the observed ln{C(t)} from the value pre-

dicted by the regression line in (2). Then, using the Delta method (Cox and Hinkley, 1974),

the variance of i1/2 is equal to,

V(i ln2) l(2\2 (, Ok e (3)
n A kA] J~1 tj - F)2

Let t = {t1,t 2 ,...,tk} denote k equally spaced points in time, where the time interval

between points is equal to I. Then the study duration, D, is equal to I(k - 1). Following

the arguments in Schlesselman (1973), we can express ý=1 (tJ - t-)2 as a function of D and
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k: k: k D2 k(k + 1)
=1(t3 -t) 2 = {12(k- 1)}"

It follows that the variance of i1/2 can be expressed as:

(1 )•U2 {12(k - 1)} _ otr/2  
2 f{12(k" 1)}y(il/2) = ln(2 )2 (t1/ e~(T) (4)

Thus, (4) describes how the precision of i1/2 is a function of the study duration, D, the num-

ber of repeated measurements on a subject, k, ae, and A. For fixed values of the underlying
F 1.(2)212(k-1)

rate parameter, A, and a,, the variance of t1/2 is directly proportional to w = D2k(k+l)

Schlesselman presented tables which show how the precision of a slope changes over different

values of k and D. Table 1 describes analogous results for the precision of the half-life.

Specifically, we calculated w for various values of k and D. One can easily see how w, and

thus, the variance of the half-life, decreases as the number of repeats and the duration of

study increases. The exception, however, is that for a fixed duration of study, obtaining 3

measurements does not result in additional precision compared with 2 measurements. (This

is due to the algebraic result that the term (k - 1)/k(k + 1) in (4) is the same for k = 2 or

3.) Furthermore, for large k, the variance of tj/2 is proportional to 1/(D 2k). Thus, a unit

increase in the duration of the study will result in greater precision of the half-life estimate

than a unit increase in the number of repeated measurements. Finally, note that some com-

binations of k and D will yield the same level of precision. For example, 10 measurements

obtained over 7 months result in the same precision as 7 measurements over 8 months, and

3 measurements over 10 months.

The choice between different pairs of (k, D) for estimating the half-life will depend upon

the relative costs of each measurement and each time interval of follow-up (which may include

staff salaries and other administrative costs). If the two costs are equivalent, then results

from Table 1 suggest that resources should be directed toward extending the duration of the

study, since this will result in larger gains in precision than will increasing the number of
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measurements. When the costs of (k, D) differ, however, the allocation of resources which

will result in the most precise estimate of tl/ 2 is less clear.

For each subject, let C = elk+ c2D equal the total cost of measuring the subject k times

over a duration of D years, where cl denotes the cost of an individual measurement, and c2

denotes the cost per year of follow-up. Assume that the goal is to estimate an individual's

half-life with variance equal to V, while minimizing the total cost per study subject. If we

make the simplifying assumption that for large k,
)2(1)4 12u,2 1t/2)2 12o-,2

V - ln(2)2  D2k -=LAD_ k (5)

then a Lagrange multiplier may be used to minimize C subject to the constraint in (5). After

some algebraic manipulations, we have the result

{ln(2)23c2Oe2 }11/3 7 {3 C 2 (c)2 (tl/2)2}1/3(6

and {ln(2)224c 1 24}1/2 2V 21/3

D - (7=)CJ

as the optimal values of k and D which will minimize the cost for a specified level of precision,

V. As expected, the optimal k and D depend on c2/c 1 , the ratio of the cost per month of

follow-up to the cost per measurement. As this ratio increases, the optimal design favors

increasing the number of repeated measurements and decreasing the duration of follow-up.

In order to calculate k and D from (6) and (7), respectively, values of A and 0r2 must be

assumed. Estimates may be obtained from the literature or preliminary studies.

The above result is valid only when k is large enough so that (k - 1)/(k + 1) - 1. When

this assumption does not hold, closed form solutions are not available for calculating the

optimal k and D, and iterative methods must be utilized. Investigators who are unfamiliar

with iterative numerical techniques may need to consult a statistician.

Study Design for Estimating and Comparing Population Half-Lives
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In the above discussion, it was assumed that the primary focus was on estimating the

subject-specific half-lives. Thus, the size of the study population was not relevant. However,

when the goal is to estimate the average half-life in a particular population, or to compare

the half-lives in two different populations, then one needs to consider the number of subjects

to include in the study, in addition to the frequency and duration of measurements.

Assume that the sample population is comprised of N subjects, and that each subject

has a "true" rate parameter, Ai, which is distributed with mean Ap and variance, c". Thus,

Ap can be interpreted as the underlying population rate parameter, and or' is the variance

in Ai between individuals. Furthermore, assume that the frequency of measurement, study

duration, and oc, are the same for all subjects. i1 N•} the population half-life,
Given the estimated subject-specific half-lives: {N1/ 2,'" t 1/2}

1/2, may be estimated by: tl1/ 2 = {t/ 2 + --- + ±i 2}/N. Using result (4) and the assumptions

above, it can be shown that the variance of /2is equal to
P 2r 112(k - 1)}. 1 1--•

V(ti/ 2) = ln(22)2( 1 )4 01 + e ) (8)

Ap D2k(k±+IF]N'

Equation (8) can be used to determine the k, D, and N which will result in a certain level

of precision in the population half-life estimate. One can see from the form of the equation

that the precision of {P/2 improves as k, D, and N increase, and that increases in N will

diminish both the contributions of a~ 2and o2 to the variance. Note that the variance is no

longer directly proportional to a factor which is a function only of k, D and N. Thus, tables

similar to Table 1 cannot be generated unless values for U2 and U2 are assumed. The use of

(8) will be illustrated in the example.

Design issues for studies comparing the half-lives between two populations will now be

considered. Let t1/2and 1/2denote the half-lives in the two populations. The null hypothesis

isHo :tl 2 = t22 . We assume that the sample sizes in both groups are equal to N, that

all subjects have the same number of repeated measurements obtained at the same time

intervals, and that the between-subject variance of the true rate parameter is equal to C2 for
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both populations. It is shown in Appendix I that for fixed values of k and D, the required

number of subjects per group for attaining a (1 - 0) level of power to detect the alternative

hypothesis, HA :#/2 # t•/2 at an a significance level is

N Z'6 V 1 /T4[ -- 012(k - 1)1
N ln(2) 2  2 01 2 + e

S(tll P• 2 D2k(k + 1)(9

where z,/ 2 and zp denote the standard normal deviates corresponding to a/2 and 3 signifi-

cance levels, respectively, and A = (A1 + A2)/2.

Note that since the required sample size depends on A1 and A2, the actual values of t'/2

and t1/2 need to be specified, and not just the magnitude of their difference. Equation (9)

can also be easily re-expressed to determine the k or D to attain a specified level of power,

for fixed values of the other parameters.

The formula for determining the sample size was derived assuming that the duration

of the study and the number of repeats are fixed. However, the most common situation

when designing a study is that k and D, in addition to N, need to be determined. Methods

similar to the above may be utilized to calculate the optimal values for the number of

subjects, number of repeats, and duration of study which will minimize the overall study

cost, while attaining a specified level of power. The total cost of the study can be denoted

as C = co + (clk + c2D + c3 )2N, where co denotes overhead and other fixed costs which are

independent of k, D, and N; cl and c2 are the costs associated with each measurement and

each interval of follow-up, respectively; and c3 denotes the cost of enrolling each additional

subject.

The optimal parameter values for k, D, and N can be determined by minimizing C,

subject to the constraint in (9). Unlike the previous problem, however, this has no closed

form solution and must be solved iteratively. A Newton-Raphson algorithm, written in SAS

PROC IML, was utilized to estimate the optimal parameters (Press et al., 1986). This

algorithm requires calculation of the first and second order derivatives, with respect to the
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parameters of interest, of the function which is to be minimized. In this case, the function

is C = co + (clk + c2D + c3)2N, with N substituted by the expression in (9). Expressions

for the first and second-order derivatives of C with respect to k and D, and details of the

algorithm are given in Appendix II.
2, O2 t2Specific values of z,, 2o, Us 1/2, and t/2, as well as the costs, Cl, c2 , and c3 , must be

assumed. Note that because the first and second-order derivatives of C with respect to k and

D are independent of co, the overhead cost will not affect the outcome of the minimization

process, and hence, need not be specified. Given initial starting values for k and D, the

algorithm iteratively finds the values which minimize C. The optimal number of subjects,

N, is then calculated from (9). An example illustrating the methods is presented in the next

section.

3 Example

In this section, utilization of the methods to design a study to compare the differences in the

half-life of PCBs between subjects with and without breast cancer will be illustrated. First,

values of the variance components, o', the between-subject variance in the true rate param-

eter, and ar2, the variance of the deviations of the observed measurements (log transformed)

from the values predicted from equation (2), must be assumed. Variance estimates were

obtained using pilot data from the NYU Women's Health Study (NYUWHS), a prospective

cohort of 14,291 women who have been donating multiple blood samples over time (To-

niolo et al, 1991). A breast cancer case-control study nested in this cohort found elevated,

but non-significant, levels of PCBs measured at enrollment among cases relative to controls

(Wolff et al, 1993). No half-lives were measured at that time because only one blood do-

nation per subject was analyzed. Subsequently, pilot data became available on subjects in

the NYUWHS who had at least 3 blood donations. Concentrations of PCBs were measured

in serum specimens that have been collected and stored since enrollment; the assays were
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performed under the direction of Dr. Mary Wolff at Mt. Sinai Medical Center. Details of

the experimental protocol are provided in Wolff et al (1991).

In calculating the half-lives for this cohort, the concentrations of PCBs within subjects

are assumed to be decreasing over time. In principle, however, the body burden of PCBs

may actually increase in individuals who are chronically exposed to low levels of the toxin

and whose initial concentrations were in the range of normal background levels, resulting in

negative half-life estimates. For our example, the analysis was restricted to include only the

15 subjects with at least 3 measurements of PCBs available who had a positive estimate of

half-life. The mean half-life of PCBs among these subjects was estimated to be 10 years.
2

An estimate of a., was obtained by fitting the following linear mixed ANOVA model:

Yij = p' + ai + Aitij + eij, (11)

where Yij is defined as the logarithm of the Jth measurement of PCB from subject i, pt

denotes the overall mean, ai denotes a random subject effect, Ai is the rate parameter for

subject i, tij is the time since enrollment for subject i and donation j, and eij is the residual

error, which is assumed to be distributed with mean0, and common variance, o,.2 The mean

squared error resulting from model (11) estimates o,. Fitting (11) to the NYUWHS data

yielded &2 .046.

Obtaining an estimate of the between-subject variance of the true rate parameters, or, was

more problematic. If the measurements from all subjects were made at the same set of time

points, t ={tl, ... , tk}, then one could estimate cr, by first estimating Ai for all subjects and

subtracting I from the observed variance of Ai, since the unconditional variance of

Ai is equal to ora + -k & _2-2- . However, in the NYUWHS and in most other studies, subjects
j= (t, 0~)

have different numbers of repeated measurements obtained at varying time intervals. In this

case, a conservative estimate of a. would be to use the observed variance of Ai. Although

this leads to an overestimate of the required sample size, the approximation improves as the

number of repeated measurements and the duration between measurements become large.
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The observed variance of the rate parameters of PCBs from our pilot data was estimated to

be .0028.

Before determining the optimal design for comparing the half-lives between two popu-

lations, we illustrate how one can generate tables using (8) and the estimates of os2 and

a2 to evaluate the effect of increasing k, D and N on the precision of the estimate of a

single population half-life. Suppose one assumes that the true underlying half-life of PCB

for the breast cancer cases is 11 years. This corresponds to a population rate parameter of

AP = ln(2)/ll = .063. Using (8), we generated Table 2, which shows the variance of tP/2

for selected values of k, D and N. For example, with a sample size of 75 subjects measured

four times over a period of 8 years, the variance of the estimated half-life will be 1.66, cor-

responding to a 95% confidence interval width of: 2 x 1.96 x V'1.6 = 5.05 years for the

true population half-life. In this particular example, increasing the duration of study by a

given number of years, say x, results in greater gains in precision compared with increasing

by x the number of repeats or number of subjects. This result, however, may not apply for
2 n

different values of o2 and o,.

The optimal design for comparing the population half-lives of PCB between breast cancer

cases and controls will now be determined. The following values for the costs of the study

were assumed: $200 for each PCB assay (cl), $25 for each year of follow-up (c 2), and $75

to enroll each subject (c3). Assuming that the half-life of PCB among control subjects is 8

years and that the study should have 80% power to detect an increase in the half-life to 11

years among breast cancer cases at an a = .05 significance level, we found, using the iterative

algorithm described in Appendix II, that the optimal design is to enroll 100 subjects per

group, and to obtain 2 measurements per subject over 12 years.

Even though this design is the one which will minimize the overall cost of the study, in

practice, it may not be feasible to conduct the study over a time period as long as 12 years.

Suppose that 5 years is the maximum feasible duration of study. Then, one can minimize

C with respect to k and N, while keeping D fixed at 5 years, to obtain the optimal design
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for a 5 year study. Iterative methods similar to the above were used to determine that the

optimal design for a 5 year study is to obtain 2 measurements per subject on 186 subjects

per group. Although this design will yield the same level of power over a shorter duration

as the first design, it will cost an additional $6275.

Figure 1 shows how the optimal k, D and N change as a function of the cost of the

assay, assuming the values of the other parameters have not changed. For example, if the

cost of the PCB assay were only $2 rather than $200, then the optimal design is to obtain

26 measurements per subject over 5 years and enroll 103 subjects per group. The greatest

changes in the optimal values for k, D and N occur when cl ranges from $1-$9. For assay costs

greater than $9, the optimal value for k remains stable at 2 measurements. Corresponding

changes in the optimal D and N in this region of cl are minimal. Similar graphs can be

generated to evaluate the impact of varying the values of the other parameters on the optimal

values.

It is straightforward to show that specification of the level of power, type I error rate, and

population half-lives only influence the determination of the optimal N, and not k and D

(see Appendix II). Thus, in order to evaluate how the optimal design changes as a function

of a, 1 - 0, t4/ 2 , and t/ 2, one need only to re-calculate N using (9), since the required k and

D will remain unchanged. For instance, continuing the initial example from above, in order

for the study to attain 70%, as opposed to 80% power, the required number of subjects is

reduced to 77 per group, while the optimal k and D remain as above (k = 2; D = 12). The

values for k and D are affected only by the costs, c1 , c2 and c3, and the values of the variance

components, 2 and a 2

4 Conclusions

Understanding the pharmacokinetics, and in particular, the rate of excretion from the body

of environmental contaminants is crucial for ascertaining the etiologic role of these risk factors
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in the development of disease. In this paper, methods for designing studies on estimating

and comparing the half-lives of environmental toxins have been described. The ability to

utilize these methods, however, may be limited by the availability of preliminary estimates for

the variance components. Although most studies on population half-lives provide estimates

of the variance of the population rate parameters, which may be used as an upper bound

estimate of o2, of, are rarely published. The availability of pilot data becomes

especially important in this case. Also, because iterative methods are required to determine

the optimal design for comparing two population half-lives, the techniques may not be easily

implemented in practice for some investigators and a statisician may need to be consulted.

Finally, the techniques in this paper are based on the assumptions of a one-compartment

exponential decay model and a linear least-squares regression estimate of the rate parameter,

A. Thus, they cannot be applied to the multi-compartment case. Extension of this work to

accommodate the multi-compartment assumption will be the subject of future research.

Most published reports on the half-lives of environmental contaminants have been based

on small numbers of subjects and small numbers of repeated measurements. The large

variability in the published estimates of the half-lives of toxins such as PCB may reflect the

lack of precision that results from inadequate study designs. This paper demonstrates the

gains in precision and statistical power that may be achieved by increasing the sample size,

number of repeats, and time interval between repeats, and underscores the importance of

study design when planning studies on half-life.
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Table 1: Values of w (x 10) as a function of the number of repeats, k, and the duration
of study, D.

D
k 1 2 3 4 5 6 7 8 9 10
2 9.609 2.402 1.068 0.601 0.384 0.267 0.196 0.150 0.119 0.096
3 9.609 2.402 1.068 0.601 0.384 0.267 0.196 0.150 0.119 0.096
4 8.648 2.162 0.961 0.541 0.346 0.240 0.176 0.135 0.107 0.086
5 7.687 1.922 0.854 0.480 0.307 0.214 0.157 0.120 0.095 0.077
6 6.864 1.716 0.763 0.429 0.275 0.191 0.140 0.107 0.085 0.069
7 6.177 1.544 0.686 0.386 0.247 0.172 0.126 0.097 0.076 0.062
8 5.605 1.401 0.623 0.350 0.224 0.156 0.114 0.088 0.069 0.056
9 5.125 1.281 0.569 0.320 0.205 0.142 0.105 0.080 0.063 0.051
10 4.717 1.179 0.524 0.295 0.189 0.131 0.096 0.074 0.058 0.047
15 3.363 0.841 0.374 0.210 0.135 0.093 0.069 0.053 0.042 0.034
20 2.608 0.652 0.290 0.163 0.104 0.072 0.053 0.041 0.032 0.026



Table 2: Values of V(IP/2) for N = 25,50,75, 100; a .0028; u'2 .046; Ap .063,
as a function of the number of repeats, k, and duration of study, D.

N = 25
D

k 2 4 6 8 10 15 20

2 31.48 10.43 6.53 5.17 4.54 3.91 3.70
4 28.67 9.73 6.22 4.99 4.43 3.86 3.67
6 23.46 8.43 5.64 4.67 4.22 3.77 3.62
8 19.78 7.51 5.23 4.44 4.07 3.71 3.58
10 17.19 6.86 4.95 4.28 3.97 3.66 3.55
15 13.24 5.87 4.51 4.03 3.81 3.59 3.51
20 11.03 5.32 4.26 3.89 3.72 3.55 3.49

N =50
D

k 2 4 6 8 10 15 20
2 15.74 5.22 3.27 2.58 2.27 1.96 1.85
4 14.33 4.86 3.11 2.50 2.21 1.93 1.83
6 11.73 4.21 2.82 2.33 2.11 1.89 1.81
8 9.89 3.75 2.62 2.22 2.04 1.85 1.79
10 8.60 3.43 2.47 2.14 1.98 1.83 1.78
15 6.62 2.94 2.25 2.01 1.90 .1.80 1.76
20 5.52 2.66 2.13 1.95 1.86 1.78 1.75

N 75
D

k 2 4 6 8 10 i5 20
2 10.49 3.48 2.18 1.72 1.51 1.30 1.23
4 9.56 3.24 2.07 1.66 1.48 1.29 1.22
6 7.82 2.81 1.88 1.56 1.41 1.26 1.21
8 6.59 2.50 1.74 1.48 1.36 1.24 1.19
10 5.73 2.29 1.65 1.43 1.32 1.22 1.18
15 4.41 1.96 1.50 1.34 1.27 1.20 1.17
20 3.68 1.77 1.42 1.30 1.24 1.18 1.16

N- =100
D

k 2 4 6 8 10 15 20
2 7.87 2.61 1.63 1.29 1.13 0.98 0.92
4 7.17 2.43 1.56 1.25 1.11 0.97 0.92
6 5.86 2.11 1.41 1.17 1.05 0.94 0.90
8 4.95 1.88 1.31 1.11 1.02 0.93 0.89
10 4.30 1.71 1.24 1.07 0.99 0.92 0.89
15 3.31 1.47 1.13 1.01 0.95 0.90 0.88
20 2.76 1.33 1.07 0.97 0.93 0.89 0.87
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Appendix I: Determination of the Sample Size for Comparing Two Population

Half-lives

We assume that the sample sizes from the two populations are the same and are equal to N.

Let t•/2 and -4/2 denote the observed half-lives in the two populations, and A, and A2 denote

the estimates of the corresponding rate parameters. Then the test statistic for evaluating

Ho t1/2 1/2 is of the form:

pl j2

z 1/2 -1/2

/L [U2r + D2k-1) ln(2)2(2/A4)-N D2k(k+l)J

where Z is distributed as N(0, 1), and A = (A, + A2)/2.

If the test statistic is to have power (1 - ,) to detect the alternative hypothesis, HA

1/2 >/2 at a 1-sided a = .05, then we have the following expression:

{r 1 [ /2 ± 1/ > z,, HA} I 3 1
[,2+ ý212(k-1) ln22(2/A4)

where zc, denotes the critical value corresponding to the a proportion in the upper tail of

the standard normal distribution.

After some algebra, (1) can be re-expressed as:

1-0 = 1i / 2 - 1/2 - (t1i 2 -1 t9 Pr 1 [a' 2_1(k~lJn22•+9
u,2l -1) ] l 2)( 1+ 1

Z" 1 [s2 + a,212(k-1)] ln(2) 2(2/A 4)_ (tl_2  t2Z t" D2k(k+l) j / 12

[0, +1 a12(k-1) ] ln22

1k[V8 + D~ ln(2)2(k11 + 9)

Under the alternative hypothesis, the expression on the left-hand side of the inequality has

a N(0, 1) distribution. Thus,

1 -1 [0,2 + Pr312(±- )2 (/
4 ) - (tl 2 - t2

1-0=Pr Z> -V n 2k(k+l) ln2(/ 12 12

_L [0,32 + a21_ (-) ln(2)2(-L + 1)
-N D 2k(k+ l) A4 -
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Note that the definition of A requires knowledge of "1 and A2 , which are available only

after completion of the study. However, for large n, A may be well approximated by A

(A, + A2)/2. After substituting A for A above, setting the expression on the right-hand side

equal to -zp and solving for N, we have

_ 2

N = ln(2) 2  0 2/A + Ole 12(k- 1)1 (2)
Wt1  t1 2 ) S " D2k(k +1I)1](2

This sample size was derived under the assumption of a one-sided alternative hypothesis.

When HA is two-sided, the required sample size is obtained by simply substituting z,/ 2 for

z, in (2).
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Appendix II: Details of the Newton-Raphson Algorithm

The overall cost of the study is equal to

C = co + (cik + c 2D+ c3 )2N

2 4 o[(,212)(k -1)

L (ti1 - t1/ 2) J D2k(k + 1)J

with N substituted by the expression in (10). The optimal k and D which will minimize C

are the values which will solve the following first derivative equations:

00C = A C2 +cl o,,12 [ 2 + C3 U,212 +C 20,212 1±+2k -k 2 ] 0
- = D2 (k [ D 2  D 1(k 22+ k) 2

aC A 120,2(k- 1) (2cik 2 2c3B -

a - k(k- -) D+ D2 D1)0
2

where A = 21n(2) 2  2 ( -t 1 /2) . Note that since A is not a function of k and D,

the constant can be omitted without affecting the final solution.

The Newton-Raphson method for solving the above equations requires calculation of the

corresponding second-order derivatives:

02C 12o, [ --4c + (c 3 + c2D)2(k 3 - 3k2 - 3k - 1)

Ok2 - D 2 [(k+1)3 (k 2 +k) 3

020C 24(k - 1)0, (3c, k c2 . 3C3

D2 - (k+l)k (D
[2C.2 4c , +l1+ 2k - k2 (2c3 ,-2"

MkD 12a (k +1) 2D 3  (k2 +k)2 D,3-c2 •

Given the preliminary values, (ko, Do), the algorithm calculates updated values for k and

D according to:
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ho a22C ,2 C
a_ k2 akaD "-k

D D o a2 c j2c ac

[8Dk LD2 aD

The algorithm repeatedly updates (k, D) and calculates the above until convergence is

obtained.


