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15 January 1996

Department of Mathematics

James Madison University
Harrisonburg, VA 22807

(540) 568-6227 dpruett@math.jmu.edu

Dr. Leonidas Sakell
AFOSR/NA

110 Duncan Avenue, Suite B-115
Bolling AFB DC 20332-0001

Dear Len,

Please find enclosed three copies of the final report for AFOSR Grant F49620-95-
1-0146 entitled “Spatial Direct Numerical Simulation of Transition in Hypersonic
Flows.”

The sections on the supersonic swept wing and elliptic cone have not changed appre-
ciably since the interim report was issued in September 95. However, the discussion
regarding the first-year objective to simulate transition on a flared cone has changed
substantially to reflect the completion and documentation of this work. The results
are quite interesting in that there are obvious qualitative differences between the
straight-cone (Pruett and Chang, 1995) and flared-cone cases.

I have a question as to the status of my account on WES at the termination of the
grant period. It is my hope that I could maintain access to the data for some months;
I believe that the flared-cone results are sufficiently novel to warrant publication.
Also, should the work continue under a grant to High Technology Corporation, the
current data should be made available to them.

It has been a pleasure to work with you. Best wishes and please stay in touch.

Sincerely yours,

A\

Dave Pruett

LQ(}-
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The College of William and Mary
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1 Objectives

The general objectives of this effort, originally envisioned as a three-year project, are the
following:

1. To advance the state-of-the-art of direct numerical simulation (DNS) toward the ulti-
mate goal of configuration DNS.

2. To study the physics of transition in hypersonic wall-bounded flows. In particular, to
identify likely instability modes and paths to transition and to assess the effects on
transition of adverse pressure gradient, wall cooling, and body asymmetry.

3. To develop a transitional-flow data base for hypersonic flows that can be used 1)
to extract transition physics through postprocessing and computational flow imaging
(CFI) and 2) to develop and refine transition models (not part of this effort).

4. To begin development of a configuration large-eddy simulation (LES) capability for
high-speed transitional flows with benchmark DNS calculations against which future
LES data can be compared. (LES work per se not currently part of this effort.)

It was proposed that these general objectives be met by considering two specific test
problems.

1. In the first year, the laminar-turbulent transition of the boundary layer along an ax-
isymmetric flared-cone in Mach 6 flow was considered. The intent was to study the
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effects on transition of concave surface curvature and adverse streamwise pressure gra-
dient. '

2. The specific goal for the two follow-on years was to simulate a transitional hypersonic
boundary-layer flow along on a cone with an elliptical cross-section at zero angle of
attack. Such a configuration is of particular interest because it represents the proto-
type forebody for future hypersonic flight vehicles (e.g., the National Aerospace Plane
(NASP)).

2 Status of Project

The specific first-year objective was met and significant progress was made toward the specific
and general objectives intended for the second and third years of the project.

Specifically, progress to date has proceeded on three fronts, each of which expands ex-
isting DNS capabilities in the direction of “configuration DNS” stated in general objective
1 above. Previous experimental and numerical work on the elliptic-cone problem by others
has shown that crossflow instabilities, rather than first- or second-mode instabilities, are
likely to dominate the transition process when the eccentricity of the cross-sectional ellipse
is moderate to large. Thus, the problem is particularly difficult for two reasons: 1) existing
DNS capabilities must be expanded in terms of configuration (complex geometry), and 2)
little or no experience exists in the simulation of crossflow instability for high-speed flows.
Because of the difficulty of the problem, it was deemed best to proceed incrementally, from
the current state of the art, along three fronts: 1) simulation of transition on a flared, ax-
isymmetric cone in hypersonic flow, 2) simulation of crossflow instability on a supersonic
swept wing, and 3) simulation of a transitional hypersonic flow on a cone with an elliptical
cross section. Simulation 1) was completed and is thoroughly document below. Problem 2)
was addressed, is largely completed, and is also documented thoroughly. Problem 3) remains
in the formative stages, but important groundwork was laid. The specific accomplishments
for each of these problems are discussed below.

3 Accomplishments

3.1 DNS of Instability and Transition on a Flared Cone

INTRODUCTION: The computation documented in the recent papers of Pruett et al.
[15] (Attachment 1), Pruett and Chang [16], and Pruett and Zang [17], represents the first at-
tempt to numerically simulate the transition of a high-speed boundary-layer flow for Reynolds
numbers and configurations of engineering interest. Specifically, their work examined the




laminar breakdown of a Mach 8 boundary-layer flow on an axisymmetric sharp cone in the
absence of streamwise pressure gradient. The computation approximately simulated the
sharp-cone experiment of Stetson et al. [21] and was motivated by the hope that, when
experiment and computation are both brought to bear on the same physical problem, the
results will be more enlightening than when either approach alone is used. In the present
paper, we extend the capability for “configuration DNS” to a flared-cone configuration.

Recently, Wilkinson and Anders [24], Lachowicz et al. [9], and Kimmel [8] have each
conducted hypersonic wind-tunnel experiments on axisymmetric flared-cone models to assess
the direct and indirect effects on transition of streamwise surface curvature. We consider
here only the case of concave curvature. A concave flare induces several effects: an adverse
(positive) streamwise pressure gradient, a decrease in mean edge Mach number, an increase
in mean wall temperature, a reversal of boundary-layer growth, and Goertler instability. The
conventional wisdom, based largely on experience with low-speed flows, is that the adverse
streamwise pressure gradient should promote more rapid transition than for a configuration
without a flare. The results of Kimmel [8] are inconclusive, however. In high-speed boundary
layers, the transition zone can be quite long, due to the generally stabilizing influence of
increasing Mach number. Whereas adverse pressure gradient appears to accelerate transition
onset, in some cases the transition zone was observed to lengthen relative to the zero pressure
gradient case. Apparently, at high speeds, there is interplay among subtle effects, several of
which were mentioned above. For example, possible interaction/competition between second-
mode [12] and Goertler instabilities may occur, the latter of which are linearly stable for cones
at zero angle of attack without flare. Moreover, variations in edge Mach number and wall
temperature may tend to select or deselect certain modes of instability in different regions of
the transition zone. A further subtlety concerns the level of freestream turbulence and the
issue of boundary-layer receptivity, which is beyond the scope of the current investigation.
However, one should keep in mind that, whereas the experiment of Lachowicz et al. [9] was
conducted in a low-turbulence “quiet” facility, the experiments of Kimmel 8] were conducted
in a conventional facility with a relatively high level of freestream turbulence. Suffice it to
say, transitional high-speed flows remain poorly understood, and further experiment and
computation are warranted.

In the present work, we adapt the approach and algorithm of Pruett et al. [15] to simulate
the early stages of laminar-turbulent transition on an axisymmetric flared cone in Mach 6
flow. Our motivations are to advance the state-of-the-art in configuration DNS and to
study the subtle transition phenomena associated with surface curvature mentioned above.
Consequently, the effects of streamwise surface curvature, mean streamwise pressure gradient,
and varying boundary-layer edge conditions are incorporated into the governing equations
and boundary conditions. A DNS test case has been designed based on the configuration
and flow conditions of the experimental investigation of Lachowicz et al. [9]. This choice
of test case affords the additional opportunity to draw upon the theoretical investigation by
Balakumar and Malik [1], who conducted N-factor studies for the flared-cone geometry of
the Lachowicz et al. experiment.




In the next sections, we discuss the governing equations, present the test case, summarize
the numerical methodology, present results, and draw some conclusions, respectively.

GOVERNING EQUATIONS: Let p, p, T, p, and & denote the pressure, density, temper-
ature, viscosity, and thermal conductivity of a compressible fluid, respectively. We assume
that the flow of a compressible fluid is exactly governed by the compressible Navier-Stokes
equations (CNSE), which can be found in many references on fluid mechanics. If we restrict
attention to axisymmetric bodies and define = as the surface arc length, 8 as the azimuthal
angle, and z as the coordinate normal to the wall, then in body-fitted coordinates, the CNSE
assume the form given in Pruett et al. [15], where u, v, and w denote the velocity compo-
nents in the principal coordinate directions, respectively. We note that the equations given
in Pruett et al. include both transverse and streamwise curvature terms and incorporate the
notation R(z) and #(z) to denote the body radius and the angle of the surface tangent rela-
tive to the axis, repectively, as functions of arc length. Four dimensionless parameters arise
from nondimensionalization of the governing equations: Mach number M, Reynolds number
Re, Prandtl number Pr, and the ratio of specific heats, 7. Throughout this work, the Pr
and 7y are assumed to be constants with values of 0.72 and 1.4, respectively. Finally, the the
dependency of viscosity u on temperature is modeled by Sutherland’s law, and & = /Pr.

TEST CASE: The experiment of Lachowicz et al. [9], on which the numerical computation
is based, examines Mach 6 flow on a 20-inch-long flared-cone model at zero angle of attack.
The model consists of a 5-degree half-angle axisymmetric sharp cone blended to an afterbody
with a circular-arc flare beginning 10 axial inches from the apex. The radius of curvature of
the flare is constant and equal to 93.07 inches; a curvature discontinuity exists at the flare
interface. The nominal pre-shock freestream conditions are

M, = 6.0

T: = 98.78°R

(I; = 810.0° R) (1)
Poo = 11.86 psf

(p; = 18,720 psf)

Re} = 2,728,087 ft™!

where Re; is the freestream unit Reynolds number. Throughout this work, asterisks denote
dimensional quantities, and subscripts oo, t, and e denote freestream, total, and boundary-
layer edge conditions, respectively.

A precise thermal boundary condition at the model surface cannot be ascertained on
the basis of information reported about the experiment. Run times were long, and it is
believed that the wall behaved approximately adiabatically under equilibrium conditions.
However, the model was thin-skinned and uninsulated, and mounting hardware prevented
the attainment of thermal equilibrium near the models’ base. Given the uncertainty as to
the experimental thermal condition and the fact that we consider only the early stages of
transition for the DNS, we have adopted the boundary condition of Pruett and Chang [16].
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The use of this thermal condition is advantageous in that it allows comparison of simu-
lated flared-cone and straight-cone results for the same boundary conditions. The boundary
conditions will be specified precisely later.

METHODOLOGY: Roughly speaking, spatial DNS is a three-step process. A laminar
and steady base state is defined, whose stability is to be investigated. The base state is
subject to time-dependent fluctuations at or near the computational inflow boundary, and
the spatial evolution of these disturbances is calculated by solution of the three-dimensional
and unsteady CNSE. The temporally and spatially evolving numerical solution is sampled
and stored periodically in time for the subsequent postprocessing and analysis that constitute
the final step. We address each of these steps in turn.

To obtain the laminar base state for their stability calculations, Balakumar and Malik
[1] computed the flow over the flared-cone configuration by both Euler and Navier-Stokes
techniques. The Navier-Stokes solution was sensitive to the choice of limiter (dissipation)
and required very high resolution within the wall layer to provide accurate first and second
wall-normal derivatives, which were needed for their linear-stability analysis. They found
that the pressure distributions computed by the two methods agreed very well except near
the tip of the cone. Moreover, N-factors computed by the two methods agreed to within ap-
proximately ten percent. Because the difference in N-factors was small, in the final analysis,

for computational efficiency, they recommended an Euler/boundary-layer approach over the
solution of the full CNSE.

For the present work, we also favor a boundary-layer equation approach. Specifically,
we exploit the spectrally accurate boundary-layer code of Pruett and Streett [13] with the
modification for varying edge conditions proposed by Pruett [14]. The post-shock edge
pressure distribution p%(z*) needed by the boundary-layer code is obtained from the Navier-
Stokes solution of Balakumar and Malik [1]. In the vicinity of the tip (a region excluded in
the DNS calculation), the pressure distribution is modified by extrapolating linearly from
downstream values. For self consistency, all other boundary-layer edge conditions are inferred
from the pressure, based on the assumption of isentropic post-shock flow. Although this
assumption is not strictly valid in the flared region, the shock is highly oblique and weak,
and errors committed by assuming isentropic post-shock flow are small. Figure 1 presents
the radius R* of the cone as a function of surface arc length z*. The edge Mach number,
edge temperature, and edge pressure distributions are also provided as functions of z*. Note
that the edge Mach number decreases almost linearly from nearly 5.6 at the beginning of
the flare to 4.9 at the end of the model. In contrast, edge pressure and temperature both
increase significantly and nearly linearly in the flare region. The evolution of the laminar
boundary-layer displacement thickness 6, is shown in Fig. 2. Note the reversal of the normal
thickening of the boundary layer in the flare region. Typical temperature and streamwise
velocity profiles for an adiabatic wall are shown in Fig. 3. The profiles correspond to axial
station 1.1725 ft. in the flare region. Note that the velocity distribution is nearly linear
across the boundary layer, a characteristic of high-speed flow, and that, because of frictional
heating, the wall temperature is nearly six times that at the boundary layer edge.




The boundary-layer solution is interpolated onto a DNS grid using a spectrally accurate
interpolation code, which extrapolates outside the boundary-layer region by solving the
continuity equation exactly in the asymptotic limit as z — oco. The asymptotic outer solution
is matched to the inner solution at the boundary-layer edge. Special attention is paid to
accurately computing the wall-normal velocity, for which we use the method of Pruett [14].
A typical wall-normal velocity distribution versus z is shown in Fig. 4. For axisymmetric
cones, the wall-normal velocity is negative, which implies that the far-field computational
boundary should be treated as an inflow boundary.

The special care used to match inner and outer solutions consistently is necessary to
prevent discontinuities in higher derivatives of the basic state, which would contaminate the
subsequent stability analysis. As a consistency check, we typically compute the residuals
of the time-independent and dimensionless CNSE by using the interpolated boundary-layer
solution as an initial state. Residuals that are quite small, say of order 10, as shown
in Fig. 5, indicate that the boundary-layer solution closely approximates the exact solution.
Because the residuals reflect the sum of approximation errors, interpolation errors, numerical
errors, and blunders, small residual errors provide a stringent test of self-consistency among
the various numerical tools exploited by DNS. Indeed, on several occasions we have uncovered
and corrected algorithmic bugs simply by examining the steady-state residuals.

For the DNS calculation, we adapt the techniques of Pruett et al. [15]. Their fully explicit
collocation scheme exploits the third-order low-storage Runge-Kutta scheme of Williamson
[25] for time advancement and both spectral and central compact-difference methods for
spatial discretization. Specifically, spectral-collocation methods are used in the azimuthal
direction, in which the flow is periodic, whereas the high-order compact-difference methods
of Lele [10] are exploited in the aperiodic streamwise and wall-normal directions. Modest
filtering is used to correct the innate tendency of central-difference approximations toward
odd-even decoupling of the solution in the far field whenever resolution is marginal. Filtering
also alleviates numerical reflections at the outflow boundary. A discussion of the necessity
for and implementation of filtering can be found in Pruett et al. [15]. With regard to
the spectral-collocation scheme used in the azimuthal direction, we implement dealiasing
according to the 1/2-rule to suppress high-frequency oscillations that could lead to numerical
instability.

Minor modifications to the scheme of Pruett et al. are necessitated by particulars of the
current flared-cone problem. Because boundary-layer edge conditions vary for the current
problem, flow quantities are nondimensionalized by the pre-shock freestream temperature,
velocity, and density, etc., given or implied in Eq. 1. Previously, flow quantities were scaled
by appropriate post-shock values at the boundary-layer edge, which were presumed constant
along the axisymmetric cone without flare. For both the work of Pruett et al. and the
current work, lengths are scaled by the boundary-layer displacement thickness 67 at the
computational inflow boundary z;,. Previously, R(z) was computed internally and ¢(z) was
constant; for the present problem, both quantities are computed externally by the boundary-
layer code and read as input to the DNS algorithm. As was done in Pruett et al., grid




spacing is uniform in the z direction, and, in the wall-normal direction, grid points are
tightly clustered near the wall and near the critical layer. For the present problem, the
DNS computation includes only a region of flow aft of the flare, where the boundary-layer
thickness diminishes (Refer to Fig. 2). This is in contrast to the growing boundary layer
along the cone without flare. In either case, to account for the variation in boundary-layer
thickness, we exploit a mapping of the form

z=nf(z) (2)

However, for the present problem, the mapping function is linear and is given by

r—= t
f(z) =1— 05— 3
( T = Tout 3)

where 2,1 is the coordinate of the computational outflow boundary.

The boundary conditions for the present problem are taken without modification from
Pruett et al. [15]. In brief, all flow variables are specified along the inflow boundary, a buffer
domain approach (Streett and Macaraeg [22]) is exploited at the outflow boundary, and
Thompson [23] conditions are adapted along the far-field boundary n = gmax. At the wall,
all velocity components vanish; the thermal boundary condition may be either adiabatic or
isothermal. As mentioned previously, to facilitate comparison with the straight-cone results
of Pruett and Chang [16], we adopt their hybrid thermal boundary condition whereby wall
temperature is held fixed at its laminar adiabatic-wall value. Density at the wall is computed
directly from the governing equations.

PRIMARY INSTABILITY: The hot-wire data of Lachowicz et al. [9] were examined
to identify unstable disturbances. These data show that the most unstable frequency F*
downstream of the flare is in the range 218-228 kHz, in close agreement with the 230kHz
predicted by Balakumar and Malik [1] on the basis N-factor studies. Unfortunately, the
signal-to-noise levels of the data of Lachowicz et al. are too low in the region ahead of the
flare to provide useful information there. Neither was information available in regard to
the obliqueness angle of the primary instability. For this work, additional information was
needed to identify a transition mechanism. Consequently, a parameter study was conducted
by Chang [6] on the basis of nonlinear parabolized stability equation (PSE) methodology to
identify a likely transition scenario. Chang considered primary disturbances with temporal
circular frequencies w* = 2rF™ close to those observed or predicted in the investigations
of [9] or {1]. The study confirmed, as anticipated, that Goertler modes of instability are
linearly unstable for a broad range of azimuthal wavenumbers #*. In contrast, Goertler
modes (which have zero temporal frequency) are linearly stable for the cone without flare
and gain energy only through nonlinear interactions. For F* = 230 kHz, a fundamental
azimuthal wavenumber given by n = 8*R* = 15 was shown to lead to highly unstable
disturbances. (Note that because of periodicity in the azimuthal direction, n must be an
integer.) A transition scenario was constructed based on a disturbance consisting initially
of three fundamental components whose nonlinear interactions lead to a transitional state.
Subsequently, we refer to the fundamental components and their harmonics by integer pairs
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(I,m), where the integers [ and m identify the harmonic with respect to the fundamental
values of temporal frequency w and azimuthal wavenumber 3, respectively.

The amplitudes of selected harmonics from the PSE calculation are shown in Fig. 6. The
- PSE computation spanned the region z* = 0.58 ft., ahead of the flare, to z* = 1.4 ft. in the
flared zone. At the inflow boundary, the calculation was initialized with a disturbance triad
comprised of Fourier components (1,0), (1,1), and (1,-1) (not shown). The (1,0) component
represents an axisymmetric disturbance, whereas the (1,1) and (1,-1) components represent
symmetric oblique (helical) disturbances. All other harmonics emerged spontaneously from
the nonlinear interactions among the fundamental triad. Fig. 6 shows saturation of the
fundamental components of the disturbance near z* = 1.0 ft. occuring simultaneously
with significant distortion of the mean flow (0,0) and rapid growth of higher harmonics
to significant amplitudes. These conditions indicate that the flow is transitioning from a
laminar to a turbulent state.

RESULTS: The computational domain of the DNS encompassed a section along the body
downstream of the beginning of the flare. Specifically, the computational domain spanned
the region

2, =09< ot <12=agly fi.
2
0< 6 <= (n=15) (4)

n
0< 7 <75

The time-periodic inflow condition at z% = 0.9 was derived from the PSE results at the cor-
responding station. At this station, the fundamental (1,0) component of the disturbance had
attained a large (nonlinear) amplitude, and numerous harmonics of the disturbance showed
significant amplitudes. All significant harmonics were incorporated into the DNS inflow
condition. Relative to the wavelength of the fundamental components of the disturbance,
the computational domain encompassed approximately 26 wavelengths in streamwise extent.
The resolution of the computational grid was 2304 x 18 x 128 in the streamwise, azimuthal,
and wall-normal directions, respectively. At this streamwise grid density, each fundamental
wavelength was resolved by approximately 90 grid points, sufficient, according to Pruett et
al. [15], to resolve at least the first six streamwise harmonics. The azimuthal resolution,
significantly less than that of Pruett et al., was sufficient only for the initial stages of laminar
breakdown, and was dictated largely by available computational resources. Consequently,
the simulation was halted prior to end-stage transition.

The DNS computation was performed on the Waterways Experiment Station (WES)
Cray C90 at Vicksburg, MS. Approximately 250 hours of single processor time and 115
megawords of main memory were required for the computation. The code is optimized to
run in parallel, and during the production runs, we typically requested three CPUs. In
physical terms, the computation proceeded for approximately 30 periods of oscillation at
the fundamental frequency. The dominant instability waves were observed to propagate
downstream at approximately 90 percent of the boundary-layer edge velocity; consequently,
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the physical computation time was approximately that necessary for the a fundamental
instability wave to complete one traverse of the computational domain.

During the computation, the numerical solution was periodically written to output and
archived at a rate of 64 samples per period of the fundamental frequency. These data were
later postprocessed to extract quantitative and qualitative information about the evolution
of the flow. Most of the results to follow were obtained by Fourier time-series analysis of the
final period (29-30) of the computation.

Figure 7, obtained by Fourier transforms in the periodic temporal and azimuthal dimen-
sions, displays the streamwise evolution of the amplitudes of selected harmonics of the DNS
calculation. The corresponding PSE results are also provided for comparison. Several impor-
tant observations can be made. First, the DNS and PSE results agree well for approximately
the first third of the computational domain of the DNS. Downstream of the first third of the
domain, the DNS and PSE results gradually diverge, but the methods continue to indicate
agreement in the qualitative behavior of the selected harmonics. Downstream of z* = 1.15
ft., some vestige of the initially undisturbed laminar state remains; here the DNS results
cannot be considered fully developed and should be disregarded.

Figure 8 displays the streamwise evolution of various mean quantities computed by av-
eraging both temporally and spatially over the azimuthal coordinate. For comparison, the
corresponding quantities are shown also for the undisturbed initial laminar state. Clear in-
dications of transitioning flow are evident: principally a dramatic drop in the shape factor
H = 67/65 below its laminar value. We note that the laminar shape factor, which is nearly
constant for the cone without flare (Pruett and Zang [17]), diminishes with z in the flared
region for the present configuration because of the decrease in Mach number. At this stage
of the transition process, the decrease in H is due almost entirely to an increase in momen-
tum thickness é; rather than to a decrease in displacement thickness §;. Near the end of
the computational domain, the skin-friction coefficient Cy has increased approximately 25
percent over its laminar value, where

_ 27wall
Cr = pruz?
_Ou

Twall = “5;'30 (5)

However, at the same station, the coefficient C), of thermal stress at the wall has more than
doubled. Taken together, the plots for Cy and C}, call attention to an ambiguity in defining
the location . of transition onset for high-speed flows. On the basis of mimimum wall
shear, z;, = 0.95 ft. On the basis of minimum heat transfer, transition onset apparently
occurs upstream of the computational inflow boundary.

An overall impression is that, relative to the straight-cone case, transition on the flared
cone, as indicated by skin-friction and heat transfer, begins earlier and proceeds more grad-
ually. The reason for this qualitative behavior may have to do with the linear instability of
Goertler modes for the flared-cone problem. These modes manifest significant velocities near
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the wall, and because of their linear instability, they grow to significant amplitudes early in
the transition process. As a result, mean skin friction is also affected relatively early. In con-
trast, for the straight cone, the disturbances tend to “live” far from the wall near the critical
layer. Disturbance activity spreads toward the wall only through strongly nonlinear effects,
which occur much later in the transition process. This observation of early transition onset
but gradual transition for the cone with concave flare is not inconsistent with the experi-
mental results of Kimmel [8]. However, because different researchers use different measures
of transition onset, it is difficult to draw definitive comparisons between computation and
experiment. In our judgement, the transition community would benefit by consensus in the
definition of transition onset for high-speed boundary-layer flows.

Figure 9 presents the streamwise evolution of the principal components of the Reynolds
stress tensor, namely pu'u/, pv'v’, and pw'w’, where overlines denote temporal and azimuthal
averages and primes denote fluctations about the mean states. Dramatic differences relative
to the results of Pruett and Chang [16] and Pruett and Zang [17] are immediately obvious.
First, whereas for the cone without flare, the Reynolds stresses are dominated by the stream-
wise component, along the flared cone the streamwise and wall-normal stresses are of nearly
equal magnitudes. Second, the dominant Reynolds stresses show profiles which peak quite
close to the wall, in contrast to the peaks that occur about a displacement thickness from the
wall in Pruett and Chang [16]. Similar trends are observed in turbulent Mach number M;
and (density-weighted) turbulent kinetic energy K as shown in Fig. 10, each of which peaks
close to the wall for the flared-cone case. (Turbulent kinetic energy is defined as one-half the
trace of the Reynolds stress tensor.)

The differences noted above between the flared-cone and straight-cone cases may be
due to a combination of effects manifest in other quantities. Figure 10 also displays the
streamwise evolution of the root-mean-square density fluctuation. For the flared cone, the
density fluctuation is very large at the wall, nearly 30 percent of the reference density. For
the case of the cone without flare, the density fluctuations are non-zero but relatively small
at the wall. Both configurations show peaks near the critical layer (about one displacement
thickness from the wall). We speculate that the large density fluctuation near the wall is
directly related to the significant streamwise pressure gradient of the flared-cone problem and
its associated in wall-temperature gradient (Fig. 12). As shown in Fig. 11, most harmonics
of the disturbance manifest significant velocity fluctuations in close proximity to the wall,
in contrast to the usual character of second-mode disturbances. The combination of large
density fluctuations and significant velocity fluctuations near the wall probably accounts
for the trends observed above for Reynolds stress and (density-weighted) turbulent kinetic
energy.

In addition to displaying the structure (amplitude envelope) of the velocity and temper-
ature components of selected harmonics, Figures 11 and 13 also present a comparison of
DNS and PSE results. The comparison is made at z* = 1.05 ft., the midpoint of the com-
putational domain of the DNS. In contrast to the previous close agreement between DNS
and PSE obtained by Pruett et al. [15] and Pruett and Chang [16], the agreement between
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methods can only be considered good in a qualitative sense for the flared cone, except for the
fundamental (1,0) component, for which the agreement is relatively good. The discrepancy
comes as a surprise, and, at the present, we do not know the cause.

Finally, we note that Lachowicz et al. [9] observes “second-mode” waves at the edge
of the boundary layer in schlieren images made during his flared-cone experiment. Similar
structures have been observed in hypersonic boundary-layer flows by several other experi-
mentalists and have been referred to previously as “rope-like” waves. See, for example, the
excellent review by Smith [20]. Computational flow imaging (CFI) of the present numeri-
cal experiment also clearly reveals instability waves of rope-like appearance (Fig. 14). To
crudely approximate the physics involved in schlieren imagery, the instantaneous wall-normal
density gradient has been averaged over the azimuthal coordinate and projected as a two-
dimensional image in greyscale. The numerically derived image is qualitatively similar in
appearance to the actual schlieren image obtained by Lachowicz et al. [9]. In particular, the
wavelength of the instability is approximately two boundary-layer displacement thicknesses,
in keeping with the nature of second-mode disturbances.

CONCLUSIONS: The early stages of laminar-turbulent transition on a flared cone in
Mach 6 flow have been investigated by nonlinear PSE and spatial DNS techniques. For the
computations, the full effects of streamwise surface curvature have been taken into account.
These include adverse streamwise pressure gradient, decreased edge Mach number, a reversal
of boundary-layer growth, and increased wall temperature.

Physical experiments, N-factor studies based on compressible linear stability theory, non-
linear PSE methodology, and DNS all confirm that disturbances of very high frequency (on
the order of 230 kHz), are responsible for transition from a laminar to a turbulent state for
the flared-cone configuration under study. Disturbances in this frequency range are classi-
fied as “second-mode” disturbances in the nomenclature of Mack [12]. A further indication
that the primary disturbances are of second-mode type is the appearance of so-called “rope-
like” waves in schlieren images from the physical experiment or in schlieren-like images from
the numerical experiment. These disturbances manifest a wavelength that is approximately
twice the boundary-layer displacment thickness, in keeping with the high-frequencey nature
of second-mode disturbances.

The results obtained by nonlinear PSE and DNS methodologies show significant quan-
titative disagreement as the flow evolves spatially from identical upstream initial states.
Qualitative agreement in the growth rates and structures of harmonics persists quite far
downstream. Despite these quantitative differences, the transition mechanism identified as
viable by PSE methodology is confirmed by DNS to lead to a transitional state. The transi-
tional state is triggered by the interaction of a triad of fundamental disturbance components
whose nonlinear interactions generate all possible harmonics in ({,m) wavenumber space,
where integers [ and m refer to the harmonic with respect to the fundamental temporal
frequency and aziumuthal wavenumber, respectively. The transitional state is characterized
by a decrease in the boundary-layer shape factor relative to its laminar value and increases
in both skin friction and thermal stress at the wall.

11




The results of the present numerical flared-cone experiment differ dramatically from those
of Pruett and Chang [16], who simulated laminar breakdown on a right circular cone without
a flared afterbody. In particular, for the present configuration, the dominant Reynolds stress
components, turbulent kinetic energy, and turbulent Mach number all manifest large values
close to the wall, rather than near the critical layer as observed previously. Moreover, very
large density fluctuations occur both at the wall and near the critical layer for the present
configuration. For the present problem, Goertler modes of instability (i.e., harmonics of zero
frequency of the form (0,m)) are linearly unstable. These harmonics manifest significant
structure near the wall and result in earlier transition onset than is observed on the straight
cone, if transition onset is defined on the basis of skin friction or thermal stress at the wall.
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Figure 1: Radius and boundary-layer edge conditions versus surface arc length z* for flared-
cone model.
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Figure 2: Boundary-layer displacement thickness versus surface arc length for flared-cone
model. Boundary-layer growth reverses at body flare.
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Figure 3: Normalized temperature and streamwise velocity distributions versus wall-normal
coordinate z at axial station z* = 1.1725 ft.
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z* = 1.1725 ft.
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Figure 14: Computational flow image of instantaneous wall-normal density gradient showing
“rope-like” appearance of dominant instability waves.
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3.2 DNS of Crossflow Instability on a Supersonic Swept Wing

From a computational point of view, DNS for the elliptic-cone problem is particularly in-
tensive because of the absence of azimuthal symmetry. That is, the computational domain
must include at least one full quadrant of the elliptical cross-section. In contrast, for the
circular-cone geometry of Pruett and Chang [16], symmetry considerations in conjunction
with assumptions about the fundamental azimuthal wavenumber (8*R* = 18) allowed re-
striction of the computational domain to just 1/36-th of the circumference of the circular
cross section. Still, the simulation of Pruett and Chang required well in excess of 1000 CPU
hours on a Cray C90. Consequently, to compute laminar breakdown on the elliptic cone
could consume in excess of 10,000 hours on existing supercomputers. Such a computation
will be practical only on the next generation of supercomputers. In the meantime, we believe
that it is important to develop the algorithms that will be needed when the next generation
arrives and to gain experience with the instability mechanisms that are likely to arise on
the elliptic cone and other aerospace configurations. Moreover, one can continue to validate
other methodologies (e.g., PSE) against DNS by considering linear and weakly nonlinear
instability waves, whose simulation is currently practicable.

As mentioned previously, it is believed that crossflow instability will dominate on the
elliptic cone, but no experience exists in simulating crossflow instability for high-speed flows
other than the PSE calculations of Chang et al. [5]. By considering a different configuration
than the elliptic cone, namely the infinitely long swept wing, we have been able to gain
experience with the simulation of crossflow instability in a supersonic boundary-layer flow.
The configuration considered is the 77-degree swept wing of Cattafesta et al. [3], which is
undergoing stability and transition tests in NASA Langley’s Mach 3.5 quite wind tunnel.
Near the aft station of the wing, cross sections are similar and pressure isobars are nearly
parallel to the leading edge. Consequently, one can approximate the flow as quasi-three-
dimensional; that is, the base flow varies only in the streamwise and wall-normal directions
and not in the spanwise direction (parallel to the leading edge). This approximation is
equivalent to assuming that the wing is infinitely long in span and permits a spanwise
periodicity assumption for the perturbed flow. As a result of the particular periodicity
assumption, DNS can be performed with reasonable CPU requirements.

This work was begun under NASA contract NAS1-19656 and was brought to the current
state under the present AFOSR grant. The production run was accomplished under the
auspices of AFOSR on the Waterways Experiment Station (WES) Cray C90 at Vicksburg,
MS. Progress to date is documented thoroughly in Attachment 2, a NASA Contractor Report
entitled “Simulation of Crossflow Instability on a Supersonic Highly Swept Wing,” and the
reader is referred to the attachment for further details. At present we have considered only
stationary crossflow modes; traveling crossflow modes also need to be considered.




3.3 Setup of Elliptic-Cone Problem

To avoid confusion with the flared-cone work presented earlier, please note that different
coordinate notation is used for the elliptic-cone problem. Here z, y, and z denote major
axis, minor axis, and axial coordinates respectively,

e The few available documents (Refs. [7], [11], and [19]) on the elliptic-cone problem

were reviewed. It was realized that, in essence, the elliptic-cone configuration can be
considered a “fat” and symmetrical highly swept wing, and if the eccentricity ratio is
moderately large, the flow will be dominated by crossflow instability. This realization
precipitated the swept-wing study mentioned in the previous subsection.

Some thought was given to determination of the laminar base state, which may turn
out to be the most difficult task for the elliptic-cone problem. Unlike all other prob-
lems addressed previously by this P.I., the elliptic-cone problem presents ultimately
the difficulty of a fully three-dimensional base flow. Two possible options currently
exist to determine the basic state. Both Lyttle and Reed [11] and Huang et al. [7]
exploit parabolized Navier-Stokes (PNS) technology to determine the base flow. How-
ever, Lyttle and Reed state: “The treatment of the subsonic pressure gradient terms
introduces errors that make the calculated basic state unsuitable for stability analysis.”
In our experience, PNS calculations often require numerical dissipation that may ar-
tificially but significantly alter the stability of the base state. Moreover, well-resolved
PNS computations can be expensive computationally, requiring on the order of 100
CPU hours on a supercomputer. Consequently, we prefer at the present time to use
an Euler/boundary-layer approach whereby the outer flow is determined by solution of
the Euler equations and the inner solution is obtained from the boundary-layer equa-
tions. Fortunately, for conical flows, including flow over an elliptic cone, the inviscid
flow does not vary along cone generators, as will be verified later. Once again, this
permits a simplifying assumption by which the flow can be approximated as quasi-
three-dimensional. It is not altogether certain that this approach will work, however,
because the conical-flow boundary-layer solution will not automatically satisfy symme-
try conditions. Our intuition is that the approach will work for the case of zero angle
of attack but that viscous-inviscid interaction will become too strong when the cone is
at non-zero incidence angle to the flow.

An elliptic-cone configuration was defined based on the model used by Schneider [19] for
his Ludwieg-tube experiments; nominal freestream conditions were also obtained from
Schneider’s experiment. The model is 5 inches long with a sharp apex and elliptical
cross sections. The eccentricity ratio is 4:1, and the major-axis semi-vertex angle is 17.5
degrees. At a freestream unit Reynolds number of Re; = 1,431,070, the freestream
conditions are M, = 4.0, pX, = 13.66 psf., and T} = 128.7 Rankine, for a ratio of
specific heats, v = 1.4.
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e The Euler equations were solved for the configuration and flow conditions above.

Specifically, the marching Euler code “ARROW?” of Salas [18] was used to obtain the
inviscid solution. The pressure coefficient so obtained is shown versus the scaled minor-
axis coordinate y in Fig. 15, for several streamwise stations z. Note that, in scaled
coordinates, all profiles collapse onto one as the solution is marched downstream; thus,
the conical-flow assumption is verified for this configuration. Since the starting condi-
tion for ARROW assumes the cross-section is circular, the initial profiles are in error
but do not significantly affect the z-asymptotic state.

The governing boundary-layer equations for conical flow were derived so that the spec-
trally accurate boundary-layer code of Pruett and Streett [13] could be modified to
incorporate conical flows. The modification to the code has not yet been accomplished.

An interpretation routine was written to convert the output of the inviscid solution into
edge conditions for the boundary-layer code. The boundary-layer equations exploit a
body-fitted coordinate system for which coordinates z’, y’, and 2’ specify the distance
along the cone generators, the arc length perpendicular to the generator, and the wall-
normal distance, respectively. The corresponding edge velocities, u¥, v, and w}, are
shown in Figs. 16, 17, and 18, respectively. By definition, the normal velocity w?*
should vanish for inviscid flow; hence, the small values shown in Fig. 18 serve purely
as a check that the inviscid solution has been properly computed and/or interpreted.

Some thought was given to derivation of the compressible Navier-Stokes equations in a
body-fitted coordinate system for the elliptic-cone configuration, as was done by Pruett
et al. [15] for the cone and/or flared-cone configurations. Unfortunately, the absence
of azimuthal symmetry adds a quantum leap in complexity to the metric terms for the
elliptic-cone problem. Thus, it is our judgement that the elliptic-cone problem is best
treated by resorting to generalized curvilinear coordinates. From a computational point
of view, generalized coordinates will likely increase CPU and memory requirements each
by a factor of two relative to the current baseline code. The advantage, however, is
that configurations other than the elliptic cone could be tréated readily in a generalized
coordinate system.

Additional thought was given to optimal parameterization of the azimuthal coordinate
for the elliptic-cone configuration. Huang et al. [7] parameterize as if the cross-section
were circular; that is, based on the angle £* formed by rays from the center to points on
the surface. This parameterization has the unfortunate trait of placing points further
apart in regions where curvature is largest. We favor parameterization based on the
“clock angle” { formed by the surface normal. Fig. 19 contrasts the two parameteriza--
tions for the edge Mach number M,. Note that the Mach number distribution is much
smoother in the preferred parameterization.
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Figure 15: Inviscid surface pressure coeflicient versus scaled minor-axis coordinate at three
axial stations obtained with ARROW code of Salas. Collapse of all three profiles onto one
curve indicates that flow is conical on elliptic cone. (Length of major semi-axis is ¢,.)
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Acoustic Radiation
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17. Contours of constant disturbance density in computational plane nor-
mal to both leading edge and wing surface showing acoustic energy
generated by strong nonlinearity in wave-packet region.
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4 Personnel

This grant has supported the research efforts of the Principal Investigator, Dr. C. David
Pruett, Dept. of Applied Science, The College of William and Mary, Williamsburg, VA.
In addition, Dr. Chau-Lyan Chang of High Technology Corporation, Hampton, VA, has
contributed substantially to this effort without remuneration from AFQOSR.

5 Publications

e C. D. Pruett and C.-L. Chang, “Spatial Direct Numerical Simulation of High-Speed
Boundary-Layers Flows-Part II: Transition on a Cone in Mach 8 Flow,” Theoretical
and Computational Fluid Dynamics, Vol. 7, No. 5, 1995, pp. 397-424.

e C.D. Pruett and T. A. Zang, “On Simulation and Analysis of Instability and Transition
in High-Speed Boundary-Layer Flows,” Computing Systems in Engineering, to appear.

e C.D. Pruett, “Spatial Direct Numerical Simulation of Transitioning High-Speed Flows”
(Invited Paper), presented to the Second Symposium on Transitioning and Turbu-
lent Compressible Flows at the ASME/JSME Fluids Engineering Annual Conference,
Hilton Head, SC, 13-18 August, 1995.

6 Interactions/Transitions

e Addressed the Virginia Consortium of Engineering and Science Universities (VCES)
Seminar in Hampton, VA, on 10 March, 1995, on the topic of “Direct Numerical
Simulation of Transitioning High-Speed Flows.”

e Visited AFOSR at Bolling AFB, DC, on 24 July, 1995, to discuss current and future
directions of this effort with the technical monitor, Dr. Leonidas Sakell.

e Addressed the Second Symposium on Transitional and Turbulent Compressible Flows
at the ASME/JSME Fluids Engineering Annual Conference, Hilton Head, SC, 13-18
August, 1995. (See “Publications.”)

7 Discoveries, Inventions, or Patents

A qualitative difference exists between transitioning hypersonic boundary-layer flows on ax-
isymmetric straight and flared cones. For the case of the straight cone, Reynolds stresses are
largest near the critical layer, spreading toward the wall only through nonlinear effects. For
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the flared cone, Goertler modes, associated with concave streamwise curvature, are linearly
unstable and introduce large fluctuations close to the wall in the the relatively early stages of
transition. As a result, Reynolds stresses peak close to the wall. From an engineering-design
point of view, transition onset, as determined by increased wall shear and thermal transfer,
will be observed sooner in the flared-cone case. However, the transition process is relatively
gradual and the transition zone may be relatively long for the flared cone.

8 Honors and Awards

Invited to address the Symposium on Transitional and Turbulent Compressible Flows at the
ASME/JSME Fluids Engineering Annual Conference, Hilton Head, SC, 13-18 August, 1995.

(See “Interactions” and “Publications.”)

9 Attachments

1. Paper by Pruett, Zang, Chang, and Carpenter entitled “Spatial Direct Numerical Sim-
ulation of High-Speed Boundary-Layer Flows—Part I: Algorithmic Considerations and
Validation.”

2. NASA Contractor Report by Pruett entitled “Simulation of Crossflow Instability on a
Supersonic Highly Swept Wing.”
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Abstract. A highly accurate algorithm for the direct numerical simulation (DNS) of spatially
evolving high-speed boundary-layer flows is described in detail and is carefully validated. To
represent the evolution of instability waves faithfully, the fully explicit scheme relies on non-
dissipative high-order compact-difference and spectral collocation methods. Several physical,
mathematical, and practical issues relevant to the simulation of high-speed transitional flows are
discussed. In particular, careful attention is paid to the implementation of inflow, outflow, and
far-field boundary conditions. Four validation cases are presented, in which comparisons are
made between DNS results and results obtained from either compressible linear stability theory or
from the parabolized stability equation (PSE) method, the latter of which is valid for nonparallel
flows and moderately nonlinear disturbance amplitudes. The first three test cases consider the
propagation of two-dimensional second-mode disturbances in Mach 4.5 flat-plate boundary-layer
flows. The final test case considers the evolution of a pair of oblique second-mode disturbances in
a Mach 6.8 flow along a sharp cone. The agreement between the fundamentally different PSE and
DNS approaches is remarkable for the test cases presented.

1. Introduction

A worthy “grand challenge” for the computational boundary-layer-transition community is the accu-
rate direct numerical simulation (DNS) of the complete laminar-turbulent transition process in a
spatially evolving high-speed boundary-layer flow. Even for such simple geometries as the flat plate or
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sharp cone, this remains a daunting goal. It was only in the late 1980s that the corresponding
challenge for temporally evolving incompressible flow was met by Gilbert and Kleiser (1990) for the
relatively simple problem of channel-flow transition. For spatially evolving compressible boundary-
layer flows, the recent landmark simulations of Rai and Moin (1991) and Thumm (1991) have come
closest to the realization of this goal. In the former simulation a fully turbulent state was attained
from an initially laminar state subject to high-amplitude random forcing imposed in the free stream.
However, although the algorithm was designed for compressible flow, the low subsonic Mach number
(Mach 0.1) of the numerical experiment guaranteed that the flow was essentially incompressible in
behavior. The latter computation of Thumm (1991) considered a relatively low-speed supersonic flow
(Mach 1.6), and, while simulating highly nonlinear stages of transition, it did not proceed into a
fully turbulent regime. (For a thorough background of DNS for transitional incompressible and
compressible wall-bounded flows, including a discussion of the temporal and spatial problems, see
Kleiser and Zang (1991).)

The first tentative steps were taken in the use of DNS to investigate transition to turbulence in
supersonic, wall-bounded flows in the mid to late 1980s. Bayliss et al. (1985) presented the first DNS
results for supersonic boundary-layer flow along a flat plate. These results were for spatially evolving,
but two-dimensional, flow. The first three-dimensional DNS of a perturbed high-speed (Mach 4.5)
flat-plate boundary-layer flow was accomplished by Erlebacher and Hussaini (1990). This numerical
experiment used temporal DNS to examine boundary-layer stability, but stopped far short of
attaining a transitional state.

Recently, due partly to increased supercomputer capacity, there have been many noteworthy
three-dimensional simulations of compressible wall-bounded flows. Among these are temporal simula-
tions by Normand and Lesieur (1992), Pruett and Zang (1992), Dinavahi and Pruett (1993), and
Adams and Kleiser (1993); and spatial simulations by Thumm et al. (1990), Maestrello et al. (1991),
Thumm (1991), Normand and Lesieur (1992), Eissler and Bestek (1993), Ng and Zang (1993), and
Pruett and Chang (1993). Among these, the temporal simulation of Dinavahi and Pruett (1993) is
unique in attaining a well-resolved fully turbulent state without recourse to modeling.

To date, with the exception of Rai and Moin (1991), virtually all of the numerical experiments cited
have simulated controlled rather than natural instability processes. In a controlled experiment,
instability waves of a particular wavelength (temporal) or frequency (spatial) are excited by imposed
forcing. In contrast, in natural transition the input is random, and the flow itself selects the preferred
instability modes. A few of the cited simulations are hybrid in the sense that the primary instability
wave is imposed, whereas secondary instability is triggered by low-level noise. A distinguishing feature
of high-speed boundary-layer flows is that multiple primary instability modes can coexist (Mack,
1984). The viscous first-mode instability, the counterpart of the Tollmien—Schlichting (TS) wave in
incompressible flow, predominates in low-speed compressible flows. In hypersonic boundary-layer
flows second-mode instabilities arise, which are acoustic in nature, and which eventually predominate
as the Mach number increases. Thus far, all simulations of instability and transition in compressible
flows have focused on first- and second-mode instabilities and their associated secondary instabilities,
rather than on crossflow or Goertler modes.

Several observations gleaned from temporal DNS are worthy of note. Normand and Lesieur (1992)
performed both DNS of a low-speed (Mach 0.5) compressible flat-plate flow and large-eddy simula-
tion of a high-speed (Mach 5) flow. They observed transition to occur by means of fundamental
secondary instability in the former case and subharmonic secondary instability in the latter case. Their
findings are consistent with those of Pruett and Zang (1992), Dinavahi and Pruett (1993), and Adams
and Kleiser (1993). Pruett and Zang (1992) and Dinavahi and Pruett (1993) considered the case or
Mach 4.5 flow along a hollow cylinder (the axisymmetric analog of a flat-plate boundary layer) and
observed subharmonic secondary instability triggered by second-mode primary instability to lead to
transition. Adams and Kleiser (1993) performed a similar computation for a Mach 4.5 fat plate using
random noise to trigger secondary instability from a base state perturbed by a second-mode distur-
bance. The secondary instabilities they observe are of subharmonic type and agree in growth rate and
structure with the predictions of temporal secondary instability theory (Ng and Erlebacher, 1992).
Moreover, despite the difference in geometry, their results are in qualitative agreement with those of
Pruett and Zang (1992). A potential weakness of each of these simulations, however, is the failure to
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account for growth of the boundary layer, a somewhat ambiguous task in the context of temporal
theory. Recent experimental results (Stetson and Kimmel, 1993) and numerical results obtained
from the parabolized-stability-equation (PSE) method (Chang, 1993) suggest that subharmonic sec-
ondary instability may not be the preferred path to transition in a growing high-speed boundary
layer. The issue can probably only be resolved by spatial DNS, which incorporates the evolution of
the boundary layer.

The temporal simulations cited above required upward of 108 grid points and consumed hundreds
of Cray Y-MP CPU hours. There are several reasons for the great expense of computations of
high-speed compressible flow relative to simulations of incompressible or subsonic flows:

1. The time discretizations in the compressible cases were fully explicit. In many instances the
allowable time step was limited by the viscous stability condition rather than by the advection
condition. For incompressible simulations the viscous stability limit is usually absent due to the
conventional implicit treatment of the viscous terms.

2. The second-mode disturbances associated with high-speed transitional flows have a double-
peaked structure (Figure 1) with amplitude peaks occurring both near the wall and the critical
layer (z ~ 1 in Figure 1). In contrast to low-speed flows, at high speeds the critical layer lies far
(approximately one displacement thickness) from the wall, necessitating concentrations of grid
points in both regions of strong gradients.

3. At high speeds the growth rates of both the primary and secondary instabilities are much slower
than for low-speed flows. This requires much longer time integrations.

4. In contrast to DNS of incompressible flow, flow-field oscillations due to inadequate resolution
are potentially fatal in the compressible case since spurious negative densities, pressures, and/or
temperatures can arise.

Relative to temporal DNS, spatial DNS is yet more computationally demanding, primarily because
of the greater length of the computational domain. Nonetheless, the computational boundary-layer
transition community has recently produced several spatial simulations of particular importance. The
simulations of Thumm et al. (1990) examine the very early stages of secondary instabilities of both
fundamental and subharmonic type in Mach 1.6 boundary-layer flows along a flat plate. Subse-
quently, Thumm (1991) turned his attention to investigating a new “oblique-mode” transition mecha-
nism, again for Mach 1.6 flat-plate flow. Conventionally, transition is triggered by secondary instabil-
ity originating from a finite-amplitude two-dimensional primary disturbance and a pair (or array) of
low-amplitude oblique secondary disturbances. For Mach 1.6 boundary-layer flow, however, the most
amplified linear instability turns out to be oblique and not two-dimensional, in contrast to the case
for either incompressible flow or flow at very high Mach numbers. This suggests the possibility of
triggering transition simply by the nonlinear interactions of a pair of symmetric unstable primary
modes. Thumm (1991) presented an extensive set of results, comparing fundamental-, subharmonic-,
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and oblique-breakdown scenarios. The simulations, which were carried into the early nonlinear stages
of laminar breakdown, have recently been summarized by Fasel et al. (1993). Maestrello et al.
(1991) performed three-dimensional spatial simulations of Mach 4.5 flows excited simultaneously by a
two-dimensional second-mode disturbance and a single oblique disturbance of the same frequency.
They computed to the early nonlinear stages of transition and demonstrated significant interactions
between the forced modes, which then generated other rapidly growing instability modes. Eissler and
Bestek (1993) performed several simulations at Mach 4.8 using periodic suction and blowing at the
wall to excite instability waves. In addition to the excitation of the expected oblique second mode,
their results showed excitation of an additional “viscous” mode of the same frequency but of different
wavelength. The evolution of these modes was tracked from the first-mode region into the second-
mode region.

Of these simulations, the typical spatial accuracy was fourth-order, occasionally with a spectraily
accurate Fourier collocation method in the (periodic) spanwise direction. In most of these spatial
simulations the spanwise resolution was modest, in some cases admitting just a single oblique mode.
Although Thumm (1991) used up to 17 grid points in the spanwise direction, and Maestrello
et al. (1991) used up to 32 spanwise grid points, such resolution is believed to be insufficient for the
later stages of transition, in which there is typically an explosive broadening in wave space of the
energy spectrum in the spanwise direction. The simulations at the higher Mach numbers call attention
to the difficulties (and impracticality) of simulating the entire laminar-turbulent transition process
when the dominant second-mode instabilities are of high frequency but slow growth. To begin from a
linearly perturbed laminar state, the computational domain must be extremely long in streamwise
extent (relative to the disturbance wavelength). Alternately, the forcing amplitudes must be quite
large, in which case nonlinear interactions are significant at the inflow boundary and consistent inflow
conditions are difficult to obtain.

This work focuses on the development of an algorithm and additional procedures for which spatial
DNS of such challenging high-speed transition problems is feasible. With regard to the algorithm, its
origins can be found in Ng and Zang (1993), who compared spatial DNS with secondary instability
predictions for Mach 1.6 and Mach 6.8 flows in artificial, quasi-parallel boundary-layer flows.
Their work validated both the basic spatial DNS code and the spatial secondary instability code, but
it was not an investigation into the physics of transition. Their work, however, formed the starting
point for the algorithm developed by Pruett and Chang (1993) for the spatial DNS computations and
the results reported in this paper. Pruett and Chang (1993) made detailed comparisons of spatial DNS
and PSE for two-dimensional linear and nonlinear second-mode disturbances in Mach 4.5 flat-plate
boundary layers. They achieved remarkable agreement between the methods for these cases; however,
they found that the numerical methods utilized in the DNS had to be extremely refined in order to
obtain accurate results. Careful attention was given to many details often overlooked. Among the
issues addressed were: obtaining self-consistent inflow conditions for nonparallel flows, the necessity of
filtering to suppress spurious high-frequency modes and boundary reflections, obtaining reliable
estimates for the numerical stability limits on the time step as a function of the precise spatial
discretization, and the imposition of nonreflecting far-field and outflow boundary conditions.

Our present position is that the “grand challenge” of simulating transition in high-speed boundary-
layer flows is best met by a combination of numerical tools. The PSE method is much more efficient
than DNS for computing the early linear and weakly nonlinear stages of the transition process. Thus,
we advocate the use of PSE to furnish accurate and consistent inflow conditions to a DNS that
commences near the highly nonlinear laminar-breakdown stage. The primary objective of this paper is
to provide thorough validation and documentation of the DNS algorithm. In the cross-validation of
DNS with PSE, however, we demonstrate convincingly the fidelity of the PSE method within the
appropriate flow regimes.

An alternative, but still developing approach, is that of large-eddy simulation (LES). In this method
large-scale structures are resolved, but a model is employed for the subgrid-scale fluctuations. The
LES approach is fairly well developed for incompressible flows (see Kleiser and Zang, 1991), but only
a few results are available for supersonic flows (see Normand and Lesieur, 1992; Zang et al,
1992; El-Hady et al., 1993). Because the cost of PSE increases much faster than that of DNS as the
number of spanwise modes is increased, PSE is limited in practice to investigations of narrow-band
forcing. At present, LES appears to be the only hope for complete simulations of natural (broad-band)
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transition. In the same way that the spatial DNS described herein has served to validate PSE, it is
hoped that it will also be useful in validating LES approaches.

This paper consists of a reprise of the Pruett and Chang (1993) results, with an emphasis on the
subtle numerical issues that are essential for accurate spatial DNS of high-speed boundary-layer flows.
Their previous work is also extended to the simulation of three-dimensional second-mode distur-
bances propagating in the boundary layer of a sharp cone immersed in a Mach 8 flow. The
motivation for this example is the stability experiment by Stetson et al. (1983), in which the
second-mode disturbance was observed as the dominant instability in such a flow. The ultimate
objective of this work, and the subject of the sequel to this paper, is the combined PSE/DNS
investigation of the complete laminar-turbulent transition process in a hypersonic boundary-layer flow
along a cone.

In the next section the three-dimensional compressible Navier—Stokes equations are presented for
flow along a two-dimensional or an axisymmetric body. The fully explicit numerical method, which
combines high-order compact-difference and spectral collocation methods, is presented in detail in
Section 3. Algorithm details are discussed in Section 4. In Section 5 compressible linear stability
theory (LST) and the PSE method are discussed very briefly, and the DNS code is thoroughly
validated against these yardsticks. Three of the four validation cases examine the evolution of
two-dimensional second-mode instability waves in a Mach 4.5 flat-plate boundary-layer flow. Both
linear and nonlinear disturbance amplitudes are considered. The fourth case examines the evolution of
a pair of oblique second-mode disturbances on a sharp 7° half-angle cone in a Mach 6.8 (free-stream
Mach 8) flow. Conclusions which relate both to the numerical method and to transition physics are
presented in the final section.

2. Governing Equations

Consider the body-fitted orthogonal coordinate system x =[x, 6, z]" on an axisymmetric body as
shown in Figure 2, where x is the arc length along the body, 6 is the azimuthal angle, and z is the
coordinate normal to the body. Associated with x is the fundamental metric tensor g,,,, which has the
nonzero components

g11 =% 9o =1 gsz=1 (1)
where

r(x,z) =R + zcos ¢,
@

do
dx’
and where R(x) and ¢(x) are the body radius and the angle of the surface tangent in the plane of
symmetry, respectively. For convenience, we define the following partial differential operators, which
incorporate the metric quantities r and s:
10u 0. _ 10u ou L 1 0(ru) . 1 0(rsu)

Oy = _ _ 0y =_" = — = =
Du= s 0x’ o4 =156 Dzu= oz’ D"u—rs D;u rs 0z

s(x,z)=1—z

3)

P(x,0,2)

Figure 2. Body-fitted coordinate system on axisymmetric
body.
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In the coordinate system of Figure 2 and in the terminology of (3), the dimensionless compressible
Navier—Stokes equations assume the following conservative form:

%—-?+D§E+D§F+D§G+H=0, “)

where Q = [p, pu, pv, pw, E]]T is the fluid state vector of conserved quantities; p is the density;
u, v, and w are velocities in the e,, e,, and e, directions, respectively; and E, is the total energy. For
later use, we also define the vector of primitive variables U = [p, u,v, w, p]", and, for state and flux
vectors in general, Q = [Qo, @1, @2, O3> 0.7% etc. Vectors E, F, G, and H are defined as follows:
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where p is thermodynamic pressure,
K 0
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are the heat flux components, T is the temperature, x is the thermal conductivity,

2 2l s ¥

Ty i 3Re Y

ij = 'R;
is the stress tensor, y is the dynamic viscosity, d; is the Kronecker delta, d=D}u+ DJv + D}w is the
divergence of the velocity (dilatation), and oy is the symmetric rate-of-deformation tensor with
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