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ABSTRACT

The Carnegie-Mellon University team has completed the second two
year program in advanced composites technology. The program has had
significant impact in several areas as the (MU team, working closely with
the engineers at General Dynamics, Convair Aerospace Division, Fort
Worth, has continued work on several projects. The work reported herein
included: continuing development of university-industry interaction;
development of educational material including reports on manufacturing
methods, Weibull statistics, and stresses due to an elliptical hole in
an anisotropic plate; and, advanced research into synthesis procedures
for mechanically fastened joints and elastic fracture mechanics for
laminated composite plates. The research projects demonstaate useful
design capabilities, new analystic and numerical results, and experiment-
al data.
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CHAPTER 1
REVIEW OF THE INTERACTIVE PROGRAM

1.1 Introduction
This final report is divided into three parts: Volume I reviews
some aspects of the Interactive Program during the contract period;
Volumes II and III are Ph.D. theses written during the course of the
current and preceding contract period []].* The following chapters
in this volume consist of selected student reports from various
project activities.
The Interactive Program has been a successful program of coupling
faculty and students at Carnegie-Mellon University (CMU), The Air
Force Materials Laboratory, and industry, most notably General Dynamics
Corporation, Convair Aerospace Division, Fort Worth. The program has
focused on the application of mechanics capabilities at CMU to the
stress and strength analysis of advanced composite structures. The
broad objectives of the program have been the following:
1. Creation of effective means of communication between CMU and
industry;
2. Involvement of the CMU team of students and faculty in the
definition and solution of fundamental problems arising from
the application of advanced composites in aerospace structures;

and

*References are denoted by brackets and are located at the end
of each volume.




3. Development by the CMU team of new analysis capabilities and
results, strength criteria, design mdthods, and educational
material for advanced composites technology.

Two elements were keyé to the success of the CMU program. The
first was the development of an educational basis for the student
project activities. Due to the relatively new nature of composites
technology, this was accomplished as an early part of the preceeding
contract. The basic outline of the educational material and the de-
scription of the program organization and timing are reviewed in [1].

The second element for success was the development of a record
of success and expertise, coupled with a Tevel of external visibility
sufficient to give credibility to the CMU team. The major contribu-
tion for this success has been the use of a major portion (20-25%) of
the program budget for travel. These trips generally involved the
students and/or the principal investigator travelling to <ndustry.

By making frequent visits to industry and program review meetings it
was possible to develop contacts, credibi]ify and visibility necessary
to the program's success. Further aspects of the program visibility
are described below.

The CMU-developed philosophy also contributed materially to
the success of the program. It was initially decided to concentrate on
problems which had a clear engineering significance as opposed to
more "academic" pursuits. Thus, initially at least post graduate students -

were not wedded to a particular research program. Further, it was

decided to maintain, to the extent possible, a framework of project




activities closely attuned to current CMU faculty capabilities.

These included fracture mechanics and elastic stress analysis. Ample
project problems were found that were based in these areas but which
had immediate pay-off potential for industry.

The two most significant derivatives of this philosophy are attached
as separate volumes of this report, both of which are Ph.D. theses
written as a result of projects started four years ago. The first
develops an efficient synthesis procedure for mechanical joints in
composites; the second concerns a macromechanics basis for an engineering
fracture mechanics of advanced composites.

1.2 Research Results of the Program

As noted above, the CMU team undertook a number of projects in
the general area of strength analysis of advanced composites. The
approach used was to retain the simple basis of two dimensional
elasticity and elastic fracture mechanics. Several papers [2-6]
were published during the contract to provide visibility for the
CMU efforts. While much of this work retains a speculative flavor,
particularly on the question of fracturevcriterion, it has received
some positive response from industry. As an example, General
Dynamics engineers have made use of fracture mechanics methodology to
define a fail-safe composite panel.

The research results have been described in several technical
formats. During the current report period papers [2,6,7] were pre-

sented at AIAA/ASME Structures, Structural Dynamics, and Materials




conferences in 1971, 1972, and 1973. One paper [3] was presented at

the 1972 ASTM meeting on Analysis of Test Methods for Advanced Fibers and
Their Composites. These research results were also discussed at numerous
Air Force review meetings and technical committee meetings.

In October 1972 Drs. Cruse, Swedlow, and Halpin organized the
first Colloquium on Structural Reliability [9], under partial
support of the Air Force Office of Scientific Research. This
meeting brought together experts in composites, fracture mechanics,
statigtics, and structural reliability for three days of valuable
technical interaction. This meeting was held at Carnegie-Mellon
University. Currently about 120 copies of the Proceedings [9] are
in circulation.

1.3 Conclusions

It is not entirely possible to define the success of the Inter-
active Program in Quantitative terms. However it was clearly shown
that it is possible to create valuable interaction between the
university and industry environments, around a well defined project
area.

Further, the program has contributed to the technical knowledge
in the area of strength of advanced composite materials. This has
been accomplished through the technical 1iterature as well as through
various technical meetings. The fact that certain people pick us

out to disagree with is indicative of some degree of success.



Finally, the program has seen to members of the CMU team placed
in the technical community concerned with composites. Dr. H. J.
Konish, Jr. is a post-doctoral fellow at the Air Force Materials
Laboratory. Dr. J. P. Waszczak has taken a position with General
Dyaamics in San Diego, California. The fact that both individuals
received several offers attests to the success of the engineering

emphasis of the Interactive Program.




CHAPTER I1
FABRICATION PRACTICES AND PROBLEMS FOR BORON AND GRAPHITE EPOXY

2.1 Introduction

Advanced composite materials, particularly boron and graphite
epoxy have reached the stage in their development where the possibili-
ties and probiems associated with fabrication of components from
these materials are being fully investigated. Now that the materials
have reached a satisfactory level of design reliability, the time
has come to determine whether structures can be manufactured from
boron or graphite fiber composites for reasonable costs. The key
to the widespread acceptance of these new materials is going to
be whether the additional performance gained by using them is
worth the additional and sometimes unique problems of their fab-
rication. This report examines the major areas of advanced
composite fabrication pointing out some of the current techniques
employed by those in the "industry". The major problems in each
area are outlined as well as advances by individual companies in

some particular aspect of that area.



2.2 Tooling

The most important parameter in the choice of a tooling material
is the coefficient of thermal expansion (a). The value of o for
the tool should be as close as possible to the coefficient of thermal
expansion for the material that is to be cured on the tool for a
number of reasons. First of all, an improper match of these
coefficients could cause the curing material to separate from the
tool surface and therefore not cure with the proper contour. Secondly,
the curing process involves the bleeding of resin from the part and
the tool often includes dams along the perimeter of the piece to
prevent excessive resin flow. If the tool has a higher value of «
than the part, the dams may separate from the perimeter and allow
too much resin to flow from the matrix. If the value of o is too
low in the tool, the part will try to expand more than the dams
will permit, causing the part to buckle. Finally, a high coefficient
of thermal expansion may cause the tool to fail due to fatigue
caused by thermal stresses in high-volume production.

The use of conventional tooling methods and materials has
thus far proven to be adequate in the manufacture of advanced
composite structures. Mild steel designated M-2, is one of the

more popular materials since it is relatively inexpensive and has




a value of o reasonably close to that of boron epoxy. However, most
of the fabrication of composites thus far has been done with relatively
smooth, flat surfaces. It is possible that the manufacture of
components with a high degree of curvature or a number of complex
contours may require tools with an almost perfect thermal match.

At Teast two companies have undertaken programs toward this
end. Boeing/Seattle (B/S) is currently evaluating the use of a
ceramic castable compound which they have named Comptite II. The
exact compositidn of Comptite II is Boeing proprietary information
but it is basically composed of a betaeucryptite and a fused silica
binder. By varying the percentages of betaeucryptite, it is possible
to vary the coefficient of thermal expansion cof the material. In
this way, o for Comptite II can be best matched to « for boron or
graphite epoxy. B/S reports that an exact correlation of o's may
cause distortion and that the tool works best when its coefficient
of thermal expansion is slightly higher than that of the boron
or graphite epoxy which is being cured. Comptite II is easy to

form and demonstrates high fatigue 1ife.

Another major exception to steel tooling was performed by
General Dynamics Convair Division in Fort Worth (GD). In the
prototype manufacture of a graphite epoxy F-5 fuselage component,

GD used a female graphite epoxy tool to exactly match coefficients



of thermal expansion. Although tool costs were estimated at
two-thirds the cost of a comparable steel tool, metal would be
used in a high-volume production run because it is believed that

steel could withstand more cycles in the autoclave.




2.3 Lay-Up

The crux of any fabrication technique is the method by which
the raw material is transformed into a final shape. In the area
of composite structures, this stage of operation is termed lay-up
since a component is formed by the successive buildup of Tayers
of raw material.
2.3.1 Descniption of Material

Boron and graphite epoxy come in two basic modes: 3-inch
tape on spools, by far the more common of the two, or "wide goods"
which vary in size and shape. The boron or graphite fibers are
all oriented in a single direction in the resin matrix and it is
the varying angles of orientation of the layers which gives
the material its desirable strength characteristics after curing.

Boron and graphite epoxy have shelf-1ife limitations which
are highly dependent on temperature. Most manufacturers specify
a 3-month shelf-life for tape stored at 0°F or lower. Once the
boron or graphite reaches room temperature, about 70°F, it should
be used within the next 10 days. These rather specific time-
temperature requirements necessitate the careful management of
inventories and lay-up procedures to ensure that the tape retains
its mechanical properties. Some alternative methods for laying-up

composite structures from 3-inch tape are described below.
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7.3.2 General Dynamics Method
2.3.2.1 Automated Machine Lay-Up

GD has practica1‘experience in ménufacturing pieces with an
automated tape-laying machine. The F-111 horizontal tail was
done on a computer programmed basis using Narmco 5505 boron
epoxy. The machine is preset to lay the tape to the specified
tolerances one layer at a time. The head is rotated for the correct
orientation of each layer and the machine proceeds to lay tape on
tape until the component is built up to the correct number of Tayers.
A typical tape-laying machine head is shown in Figure 1. Incorporated
in some models is a light-sensitive inspection device which detects
broken and crossed fibers or excessive gaps between the fibers in
the 3" tape. This section of tape is automatically rejected and
the machine does not lay any tape until the section passing through
the detector égain meets the standards. This type of machine is
highly sophisticated and most of the work done by it has been
purely experimental rather than'actua1 production. GD believes
that the tape laying machine can have a valuable application if it
is used to manufacture many parts in a single operation. For
example, GD has plans to manufacture the wing rib shown in Figure

2 in the following manner:

11




SIDE VIEW

FRONT VIEW

Ficure 1. ADVANCED TAPE-LAYING HEAD
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Skin

1. Lay-up a solid laminate 30' x 10' and cure using the

vacuum bag process.

2. Cut the Targe laminate into multiple panels of the

correct size.

(Note): The 30' x 10' Taminate may be cut before or after
curing depending on the availability of composite
machining equipment.

Hat Stigfenens

1. Fabricate graphite flat sheet stock and trim to the

required length and width.

2. Roll form each strip to a hat shape.

3. Locate the uncured hat sections over a rubber mandrel.

4. Locate the rubber mandrels on the pre-cured soiid laminate |

pieces and cure in b]ace.

5. Remove the rubber mandrels.

The concept of deriving many parts from a single master does
not end with this rather simple appiication. GD looks forward to
manufacturing wing skins in almost the same manner. The tape-laying
machine can be programmed to have the head discharge tape only at

specified intervals, and at the proper orientation. In this way,
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Figure 2. WING RIB
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complex reinforcing areas can be built up on a flat skin and then
covered with the outer layers. A cutting device similar to a cookie
cutter would then stamp out a number of fabricated skins from the
master lay-up. As stated brevious1y, this concept has not been used
in production as yet since it is predicatéd on the availability of
effective composite cutting tod]s.

The automated tape Taying machine itself is far from perfected,
however, and its real value as a production instrument will only be
realized after some critical problems are solved. The Tlight-sensitive
defect detecting apparatus is highly sophisticated and doubts have
been raised as to its effectiveness in spotting a defect and rejecting
the tape when the machine is operating rapidjy; The variations
from supplier to supplier in the tape itself make it difficult to
design a head capable of accepting every brand of tape available.

The amount of computer programming necessary to insure that the
head Tays the correct length of tape at the proper orientation
within specified tolerances is a factor that wf]] have to be
reckoned with. Finally, despite the fact that advanced tape laying
heads can how move on five axes, there is still some question as to
their ability to Tay up pieces with a hﬁgh degree of curvature or

complex contours.
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2.3.2.2 Hand Lay-Up

Because of the above problems, GD does the vast majority of ’
its tape laying by hand. The material, in the form of 3" tape,
is inspected for broken and crossed fibers and gaps between the
fibers before it is used. The tape is Taid up on a metal tool
with each layer at the proper orientation. Each strip of tape
in the same layer must be within 0.03" of the adjoining strips
and overlapping is not permitted. This is a more tedious process
than using a machine but quality control as better and complex
curves can be laid up. Most of GD's work has been experimental,
such as the F-5 fuselage and some fuselage bulkheads, but F-111

doublers have been made in some quantity using this process.

2.3.2 Guumman Aerospace Method
The only actual "on-line" production of composite aircraft
components is being done by Grumman Aerospace of Bethpage, N. Y.
(GA). Under contract from the Navy, they are producing skins for
the F14-A horizontal stabilizer from boron epoxy tape. GA terms
the operation semi-automated because, although the work is done
by hand, the tape lay-up is performed on a device which they developed
and call the "flintstone machine" (Figure 3). Unlike the technique

used at GD where a bottom layer is placed on a tool or form and subsequent
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MOVING BELTS

TAPE DISPENSER

MYLAR

TEMPLATE
BACKLIGHTED ‘%7
AREA |

Figqure 3. FLINTSTONE MACHINE

Tayers are built-up one atop the other, Grumman uses the flintstone
machine to lay-up each individual layer separately. The outline

of each layer and its orientation is determined by a computer analysis
of the loads in the stabilizer. This outline is permanently traced

on a mylar template and oriented to match the proper orientation of
the tape fbr that layer. For example, if a layer of 45° was specified

the outline of that layer would be rotated 45° on the mylar template.
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The template is fastened to the flintstone machine and the operator
moves the belts so that the mylar is in a position to receive the
first strip of tape. The composite tape is unwound from a reel
by hand and placed on the template over a portion of the table that
is backlighted. Here, the operator can easily inspect.the tape
for broken and crossed fibers and gaps between the fibers. If the
section of tape is defective, it is discarded and another section
unwound into place. If the tape is good, it is pressed onto the
mylar template and trimmed at the edges to exactly fit the outline.
The operator then presses a button and the machine moves the template
exactly three inches so that the next section of tape can be laid
up within 0.03" of the previous one. This operation continues until
the entire outline on the template is laid up with tape. The mylar
template is removed, the layer of tape covered with plastic to
protect it, and the next template placed on the flintstone
machine. When all the layers of a respectfve skin have been Taid
up, the skin itself is then built up on a meta1.t001. The mylar
template has a series of holes which fit over pegs on the tool to
insure that each layer has the correct orientation. When complete,
the tape is pressed into the layer below it and the mylar peeled
back. The entire skin is bagged and sent to the autoclave to cure.
The end product is indistinguishable from one that is laid up

a strip at a time, but Grumman claims two significant advantages using
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their method. First, the flintstone machine lends itself more readily
to rapid production since it is semi-automated and a number of them
can be used at once to lay up different layers of the same skin.
Second, the backlighting on the area where the tape is to be laid
gives visual inspection of every piece of tape in the skin thus
providing a high degree of quality control. Preéent]y, Grumman is
manufacturing eight skins per month and they hope to double that
figure by the end of 1972.

The boron skins cover an aluminum honeycomb which decreases
in density moving out toward the edges. Boron is mounted on the
structure by titanium fingers shown in Figure 4. In this way,
all drilling can be done through the titanium rather than encountering
the difficulties of cutting boron. The entire stabilizer structure

{s outlined in Figure 5.

Fig. 4: Titanium muiti-step sp!ice cross-sections

' 825 0028 0015 00200030 0.035 0.030 Boron Gloss fiber
l 0.0|20 0050 00_70 . Titgpium | S l | %
- — Y ?_T‘mmum ! e =
P ‘ 1 RN .
Boron-epoxy 094(,”) 0116 | 6]5 ]84 I 32 ] 1 ?.O40rhlcknessof
. ) ‘ tst
519 lﬁ|10|1o|1o|0751051°Ssep
Fig. 4A: Edge splice (dimensions in inches). “ Fig. 4B: Main splice. Adhesive is Metlbond 329.
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2.3.4 Problems of Mass Production

Despite Grumman's apparent success in fabricating the F-14
stabilizer skins, there are some pYob]ems which must be overcome
before composites can be used on a mass production scale. Probably
the greatest single impediment to successful fabrication with
composite materials is the present lack of design/manufacturing
coordination. The people working on advanced ideas which incorporate
graphite or boron epoxy must communicate with those involved in
manufacturing to a greater degree. The most efficient and promising
design is worth nothing if the structure cannot be made in the shop
or carries a prohibitive price tag. An understanding of the special
problems involved in the fabrication of composite parts will help
designers direct their efforts toward a component that is easily
producible. The design/fabrication interface must be fully developed
before the mass production of composite structures is economically
feasible. |

It is possible that many of the ébmposite parts manufactured
presently are "overdesigned". The use of a computer to determine
the optimum size and orientation of eaéh layer in a piece is often
expensive and results in a complex pattern that is difficult to
assemble and insure by quality control. The use of less complicated

orientations of layers may result in a part that suffers only a

21




small performance penalty and is much more cost effective.

One of the largest hardware problems faced by manufacturers
is the inconsistency in the amount of tack on the tape surfaces,
even in batches from the same supplier. Insufficient tack on the
surface may cause the layers to separate and produce gaps in
the component. Quality assurance is Towered and sophisticated
testing devices are necessary to determine the location and extent
of these gaps. On the other hand, excessive tack makes the tape
difficult to handle while laying up by hand and the quality of the
component may be impaired by the presence of overlaps and broken

sections of tape.

2.3.5 Alternate Manufacturning Approaches

The entire concept of lay-up is predicated in the industry
selection of 3" tape and wide goods as the form of the raw material.
This arrangement may be necessary to fully utilize the performance
benefits that accrue from a structure of many unidirectional layers,
each very strong in its respective direction. But for components in
which the strength/weight ratio is not so critical, the use of a
resin matrix impregnated with randomly oriented, short graphite
or boron fibers should be investigated. It is quite possible that

some of the current manufacturing techniques employed by the fiberglas
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industry could be successfully applied to composite technology.

The most promising appears to be the sheet molding compound process
(SMC) which is used to manufacture automobile parts and panels such
as the Corvette body. The raw material is made by chopping long
strands of glass fiber as they are pulied over the resin matrix so
that they drop onto the resin in a random manner. The compound is
rolled onto drums and ready to be used. Although there are no
time-temperature requirements such as those mentioned on page 5
with fiberglas in this form, it is not clear whether boron or
graphite would also be relieved of this problem. Parts are fabricated
from SMC simply by. unrolling the desired length, placing it on a
mold, and curing it by compression. Rapid production of parts

on a large scale using this method is economically practical as
evidenced by the number of fiberglas firms using it. Even if a
structure made from boron or ‘graphite ih this form could not meet
performance criteria, SMC could still prove to be a feasible method
for utilizing scrap to fabricate pieces which are not critical in
carrying loads. From a fabrication point-of-view, an investigation
is necessary to study the economic implications of continuing to

manufacture boron or graphite parts from 3" tape.
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2.4 Curing Process

Once the part is Tlaid up it is sent to the autoclave to cure.
Curing permits the resin to radistribute around the boron or graphite
fibers so that the part is an integrated whole rather than a number
of layers stuck together. A typical autocTave setup is shown in

Figure 6.

AUTOCLAVE SHELL

PRESSURE

BAG ADHESTVE

SKIN

SEAL

“T=COMPOSITE
§ CAUL PLATE

Figure 6. TYPICAL AUTOCLAVE SETUP
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The part is not placed directly on a metal tool but rather on
a layered bleeder system which separates the two. The bleeder system
completely encloses the composite part to be cured and is necessary
to remove the excess resin which flows from the piece at elevated
temperatures. A typical bleeder system consists of the following
materials starting at the part surface:
1. A layer of TX1040 separator to prevent the bleeder cloth
from sticking to the part.
2. Layers (depending on the part thickness) of paper
bleeder or 120 dry glass to absorb the excess resin.
3. A Tlayer of mylar film with perforations at specified
intervals.
4. A layer of ply paper vent cloth to measure the amount
of resin coming through the mylar film. This is a
check to determine if the part is being bled correctly.
5. A plastic pressure bag to cover the entire composite part.
One of a number of different curescyc1es is followed depending
on the type of material used. For example, the basic cure cycle
for Narmco 5505 specifies 2 hours in the autoclave at 85 psi and
350°F. However, minor changes are freduent]y made to compensate

for part thickness, resin flow, and few other small details.
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There are a number of probiems involved in the curing process
which are presently being examined. The most significant hardwara -
problem is the volume content and type of resin used in the matrix.
An incorrect estimate of the resin volume or chemical composition
can cause serious problems in bleeding during cure. The resin may
fiow too quickly, too slowly, unevenly, or possibly not at ail,
all of which can cause the part to be defective.

One problem in the cure cycle that would probably not be
readily forseeable is the tedious task involved in placing and
removing the plastic vacuum»bag over the part. Placing the tape
around the edges is time-consuming in itself, but removal of
the tape and bag after curing has taken place is even more difficult.
Toward eliminating this problem, Grumman is doing development work
on improved advanced composites bag molding processes. They have
developed a silicone blanket with a vacuum actuated 0O-ring to
hold the blanket to the part. Work is not complete on the project
but the major advantages that appear feasible using the silicone
blankets are reduced lay-up and removal time, re-usable bagging,
and applicability to compiex shapes. Successful development of
such a process would be a significant step toward the fabrication

of composite parts on a mass-production scale.
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The greatest expense involved in the curing process is the
time required for the cure cycles while the part is in the autoclave.
Grumman is currently conducting a test program using microwaves at
the frequency of FM broadcasting (~100 MHz); this could cut cure
time and autoclave expense tremendously. Tests have been performed
on fiberglass reinforced resins with satisfactory cure being achieved
in less than half an hour. When this cure time is compared to those
involved with heat-treating processes the time saved can be measured
in howws. Grumman is presently seeking additional funding from the
Air Force Materials Lab to run a full scale testing program on
boron and graphite impregnated resins. It is quite obvious that
if boron or graphite epoxy can be cured using microwave techniques,

the cost of the finished component could be significantly reduced.
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2.5 Machining Problems

A serious drawback associated with the use of advanced composites
is the difficulty involved in machining the finished product. Parts
are usually laid up to perfectly specified dimensions so that
trimming of the composite material itself is not necessary.

However, there are Tocations where bolt holes and other
mounting points must be drilled. Because of the hardness of the
fibers in advanced boron composites, conventional drilling and
machining methods deliver only minimal results. Diamond-tipped
drills have shown some degree of success but these tend to wear
out relatively quickly.

Some manufacturers have taken steps in the fabrication process
to eliminate the necessity of drilling a composite skin. Grumman
uses the stepped titanium fingers shown in Figure 4 to attach the
boron skin to the stabilizer substructure because mounting points
can be drilled more easily in the titanium. There has been discussion
about the prospect of laying up the composite around plugs which
will be removed after cure to provide the proper holes. The
possibility also exists that the plugs will be metal which can be
drilled out after cure to provide mounting points similar to the

titanium finger concept utilized by Grumman.
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The real breakthrough in advanced composite machining, however,
appears to be in the area of ultrasonic drilling. Funded by the
Air Force, Grumman is currently experimenting with ultrasonic
techniques on boron/epoxy. Thus far, the results have shown
excellent potential for the use of ultrasonic equipment to signifi-
cantly reduce the timesand difficulty involved 1p drilling advanced
composites. A special diamond-studded drilling bit has demonstrated
good endurance when used with ultrasonic assistance. Since most
of the structures being fabricated are composite skin and honeycomb
metal core it is of particular importance that drill bits which
work well on metal are poor for advanced composites and vice versa.
When drilling a simple hole through such a structure, the metal-
favoring bit is used and the penalty incurred on the thin skins is
accepted. However, if a countersunk hole is necessary, using only
one type of drill bit is unacceptable. To alleviate this problem,
Grumman has developed the two-stage drill bit shown in Figure 7.
The neck is a metal-favoring composition which is hindered as it
drills initially through the composite skin but becomes very
effective in the metal core. The taperéd base is a composite-
favoring composition which allows the countersink to be drilled
in the skin in one operation. This combination drill bit coupled
with ultrasonic assistance promises to significantly reduce some

of the machining time involved in the fabrication process.
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?.6 Conclusions

The Air Force and all the various advanced composite manufacturers
have invested a tremendous amount of time and money in amassing the
current store of knowledge on composite materials. The fact that
they are now becoming concerned with the direct problems of fabrication
demonstrates that the materials are no longer considered just an
experimental venture. Prior work and investigat{bn have developed
a confidence in composite materials as an effective substitute
for conventional metals in aircraft construction. The focus has
now been placed on the practicality of advanced composites on a
cost basis rather than a performance or reliability one. There are
many problems, some of them mentioned in the report, which remain
unsolved in the realm of composite fabrication. But the fact that
companies are addressing their efforts toward new tooling materials,
automated fabrication techniques, and sophisticated yet cost effective
practices in curing and machining, clearly demonstrates that advanced
composite materials have a tremendous potential in the immediate

future.
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CHAPTER TII
A COMPUTER PROGRAM FOR WEIBULL STATISTICS

3.1 Review of Weibull Statistics

The following report outlines the basic equations of
Weibull statistics and presents a compUter program developed
in order to fit empirical data to the extreme value (Weibull)
distribution. The computer program takes unsorted numerical
data and performs all of the standard sorting and cataloging
routines necessary for statistical analysis. The data is then
fit in a least square sense to a Weibull distribution function
and a chi-square confidence test is employed.

The basis for a fatigue Tife prediction includes
statistical inference from an empirical data base, and theoretical
or engineering reasoning to choose a probability model. It is
now recognized that the extreme value (Weibull) distribution is
the best physical/theoretical model for the fatigue process.
Generally speaking, the shape parameter (scatter) may be established
by component testing and the scale parameter (roughly, the mean)
may be established by a few (1-3) full scale tests.

The analytical reliability (or l-cumulative distribution)

cumulative function for the Weibull distribution is given by

R(x) = exp - [(x/8)%] (1)

where o is the shape parameter and g is the scale parameter. The
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mean value for any distribution density function f(x) is given by

2]

X = fxf(x)dx

-00

and the variance, by

o]

o2 =/ (x-x)2 f(x)dx

-00

o

=/ x2f(x)dx - x

-C0

For the Weibull distribution (1), the mean is given by

x = 8[r(1 + 1/0)]
and the variance is given by
02 = g2[r(1 + 2/a) - T2(1 + 1/a)]

In general, the coefficient of variation is o/X such that for (1)

cv = o/x =/IT(1 + 2/a) T2(1 + 1/a)] / t(1 + 1/a)

In treating experimenta1 results one chooses plotting
position reliability (e.g. see Freudenthal [10] Gumbel [11]).
For the mth ordered data point in a sample of size-n, the empirical
reliability is given
R(m)=1—m/ﬁ(n+}1)
The median for (7) is found by plotting R{m) vs. x, and taking the
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intercept at R = 0.5. The variance from the empirical data is

computed from the mean (average)

g2 = —'L En: X2 - J" zn: X ’ (8)
ntl o i n Fee I

The median time to first failure is denoted x, in (1),

and in a finite sample by m = 1 in (7) such that

exp - [(x1/8)%1 = 1 -1/ (n+1) (9)

which can be solved for x;

X o= e [ - o0/ (10)

It has been found from extreme value statistics that the
distribution of first failures in samples of equal size-n is the
same as the parent population; i.e. the same functional form

and the same «. This is illustrated for the normal distribution

in Figure 8.
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Figure 8: First Failure Distributions
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The scale and shape parameters for the first failure distribution
are given by

By = Bn-]/a 5y o1 = O (11)

The frequency density function for first failures in samples

of size-n is given by

f1(x) = n £(x) exp [— (%)(%) a] (12)

Eq. (12) can be derived on the following basis. Let R(x) be the
probability of survival, i.e. 1-F(x), of a single item. The
probability of survival of n-items is [R(x)]n, which is the
probability of no failures in n-items. The probability of failure

of one out of n-items is then
Fo(x) = 1-[1-Fx1" (13) -
from which the probability density function is obtained

fF1(x) = n(1 - FOOT () (12)

Eq. (14) for the Weibull density gives (12).

The following sections outline the operation of the
computer program as well as the numerical and mafhematica]
foundations for each section. The computer program 1isting in

a sample problem output are included.
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3.2 Detailed Program Description

3.2.1 Anray Dimensions

A1l arrays are given a dimension of 100. This is arbitrary,
and can be changed by altering cards (1)*, {2), and (3). In general, the
following rules must hold pertaining to array dimensions. The following
arrays must have dimension greater than or equal to the number of data
points: X, Z, F, F1, F11, and P. The arrays B1, B2, VM, T, and TI
must have dimension greater than or equal to the number of groups

designated.

3.2.2 Data Points, Group Numbens (1) [12]

The number of data points is input. This includes the total
number of data values, even though two or more values may be the same.
The data values may be input in any convenient order. The number of
groups is selected for the purpose of setting up a histogram. That
is, any convenient number of groups may be chosen. In general, to
make a histogram meaningful a large number of data points is necessary.
The number of groups would increase with the number of data points with
a maximum of perhaps ten. The correlation between number of groups
and number of data points is quite arbitrary.

*Parentheses refer to program operation sequence numbers as listed in
Section 3.4.



The input formats for N (number of data points) and N2 (number
of groups) are identical. They consist of printing three digits on the
first 3 positions on two cards. Both must be right justified and are
integers. No decimal point is necessary.

Data values are input as real numbers. They are also right
justified with decimal points.‘ Each value is allotted ten positions
for digits and decimal point. A maximum of five values is allowed on
each card.

The selected critical chi-square value (generally used for
comparison with the ca1c;1ated value and designated by CHCRIT) and
its associated confidence level (SIGLEV) are input identically. They
are on two separate cards, real numbers, and are right justified with
decimal points. The first ten spaces on these two cards are allotted
for these values. The CHCRIT value and its associated SIGLEV are
chosen with reference to the number of data points. For N equal to
the number of data points, N-1 is equal to the number of degrees
of freedom of the test group. Generally tables of values of N-T vs.
SIGLEV result in values of CHCRIT. These tables are found in many
mathematical reference books.

In summary, input values follow the following form:

CARD INPUT FORM
Card 1 No. of data values (N) (I3)
Card 2 No. of groups (N2) (13)
Cards 3» data values (X(I)) 5F10.0
Card 4+ selected crit X° (CHCRIT) F10.0
Card 5+ selected conf Tev (SIGLEV) F10.0
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In the case of N and N2, the maximum value inputted is 999. To increase
this, the format must be changed.
For all input parameters with formats of F10.0, the maximum .
input value is 999,999,999. To increase this, the format must be
changed. Data values are represented in the array X.
3.2.3 Sonting o4 Data Values
The data values are ranked in ascending order, i.e. X(1) =
smallest value, X(N) = largest value. This is done to simpligy
operations carried out later which require differentiation of the
relative magnitude of the values. Cumulative frequency evaluation,
for example, requires that its value (F(1)) grows as the data value
grows.
The method of sorting is known as a 'bubble sort' where the
following procedure is used. The first two data values are compared
and the largest chosen. It is then compared to the next value and
the largest of those two is chosen. It is then compared to the third, etc.
Finally the largest value remains. The procedure is repeated for I = 1
through N-1 values this time. The remaining value will now be the

second Targest. The procedure is repeated until all values are ranked.
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3.2.4 Caleulation of Cumulative Frequency (4) [13]

The cumulative frequency value for each data point is calculated.
For the present study the Weibull distribution will be used to describe both

the frequency density and cumulative frequency functions, as given by

frequency density

f = ) L ol (-gi)

dx pQ

where o and 8 are the shape and scale parameters respectively. It should be

noted that these functions are valid for x 2 0, a characteristic which
determines lower bounds on groups chosen for a histogram study.

The cumulative frequency for each data point is given by the
following expression |

F(Xj) = i/T+N (16)

where F is the cumulative frequency associated with Xi’ the ith data
point in ascending order. N is the total number of data points.

This particular choice of F(X) forces the function to pass
through the median which forces an equal number of data points to fall
above and below the median value on a graph of F(X) vs. X. Cumulative

frequency values are represented in the array F.
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3.2.5 Calewlation of Statistical Parametens (6-8, 10, 11) [12,14]

Several values which are of interest when studying a particular
distribution are the range, mean, median, standard deviation, and co-
efficient of variation. The range is calculated by taking the diff-
erence of the Targest and smallest data vlaues. That is, R = X(N) -

X(1) for ascending values. The mean or average is the sum of the
data values divided by the number of data points. It is represented
by Q.

The median of a ranked group of numbers is defined as the
middle value or the mean of the two middle values. It is in a position
such that the number of data values, which are greater than its value
is equal to the number of data values which are less than its value.
For N odd, the median would be given by X(N+1/2). For N even, the
median is given by the average of X(N/2) and X{(N/2+1). It is rep-
resented by DMED in the program.

The standard deviation (STDDEV) is given by:

N
o = (XX )?
i-1

where Xi is the ith data value and Xm is the mean.
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3.2.6 Group Width Caleuwlation

The group width designates the width of each section used on a
histogram plot. Its size is arbitrary and the following discussion
outlines the reasons for its particular selection in this program.

AX, the width, designated by STEP in the program is simply
given by X(N)}/N2, the largest data value divided by the desired number
of groups. Another method of selection might be defining AX as the
range divided by the desired number of groups. A histogram is a very
arbitrary plot in any case, and the width chosen here seems to be as

appropriate as any other.

3.2.7 Gnroup Boundaries Calewlated; Number of Data Points in Each Group
Deteamined (14, 15)
Mid-Values of Groups Calculated (18)

Selection of group boundaries for a histogram plot is, like
the group width, a somewhat arbitrary choice. That is, as far as
selecting the Tower boundary limit of the first group is concerned.

After that selection is made all other boundaries are defined by the
group width.

The lower limit of the first group is taken to be 0.0. This
means that all data values musf be greater than 0.0 which is a character-
istic of the Weibull distribution. Other statistical functions might
have data values lying én both sides of the dependent variable axis.

The value of STEP is addéd to 0.0 to get the first upper boundary, and

each succeeding limit is determined by adding the value of STEP again.
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Each data point is then checked to see which group it lies in
and the total number of data points in each group is recorded. In some
instances computer round-off errors cause less data points to be included .
in the last group than actually exists. To check for this the total
data points in the groups is determined by summing the number of points
in each group. If this sum is less than N, the total number of data
points, enough points are added to the last group sub-total to correct
the error.

When checking to see whether or not a data value falls between
two boundaries the upper 1imit is inclusive whereas the Tower limit is
not (except for 0.0, which is inclusive). The mid-value of each group
is found by averaging the boundaries of the group. The number of data
points in each group is represented by the array T, whereas mid-values
are represented by VM.

3.2.8 Shape and Scale Parametens Caleulated (16,17)
In order to solve for o and B, the shape and scale parameters,

the following relationship is used:

n { n {1/(1 - F(X)) 1} = alnx - aln 8 (18)
which is easily derivable from the defining equation for F(x). In this
expression X represents an individual data value and F(X) is its associated
empirical cumulative frequency value. That is, for X=X1, F(X) = i/N+1.

This relationship indicates that &n { £n {1/(1-F(X)) }} is a
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linear function of £nX. Therefore if the two functions are plotted on
an appropriately scaled graph a straight line will result. In order
to determine « and 8 a least-squares curve fit will be used.

The first step is to transform F(X) and X into their respective
functions of the natural logarithm. Inspecting the relationship again,
it can be shown that the slope of the T1ine is given by o and the inter-

cept is -alnB. Let

1]

F £n { Lo £ 1/(1-F(X,))3} (19)

11

Foi = 2n(X;) (20)

Then fory =mx + b, y = F21, X = F]i’ m=a, and b = -0fng. The follow-
ing relationships are true for the linear curve fit procedure:

N 5 N 2
gl /D03 (F)" - (L Fpy)7 (2:8)

N N
a= [NY F.Fpe - 20 F.
= TR I s TR = i

N 7 N N N N 2 N 5

If the righthandside of the above expression is given as Q, then

8 = 1/EXP(Q/a) (21)
3.2.9 Theonetical Frequency of Individual Data Points (19)
The individual frequencies for each data point are derived from
the theoretical distribution. What this value represents for each point
is the number of times it would appear in a group of N specimens as pre-

“dicted by the weibu11vdi§tribution defined by the o and g previously
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calculated. These frequency values are known as the expected frequency

o

values and will be used in a coodness-of-fit calculation later in the

Drogram.

Consider the frequency density function, f(x). It has been

defined in one way as

The upper T1imit of this function is « and the Tower Timit 0. The

following is therefore true:

[ee]

(%) dx = Flo) - F(0) = 1.0 (23)
f]

That is, the total cumulative frequency is 100% or 1.0. This
total is made up, theoreticaily, of a summation of an infinite number
of f(x) values multiplied by an infinitesimal width dx. Actualiy, we have
a finite number of f(x) values (that is, a finite number of X values).
Because of this, it follows that dx becomes aX, a finite width. Therefore
there actually exists a series of f(xi) Axi which, when summed, total
1.0, the cumulative frequency over the entire range of Xi values.

Theoretically

b
ﬂaf(x}dx = F{b) - F(a) (24)
2

This is illustrated by the graph given below:
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The area under f(x) from a to b represents the total percent
of data values which falls between X and X - That is, given an infinite
population the percentage of values which fall between Xp and Xq is equal
to F(b)-F(a). For a finite population, this area will be used to represent
the percentage for a single data value. For the above graph this value
would be Xi. The question is: "For an Xi in a population of N values,
how are Xy and Xq determined so as to give a good representation of
F(b)-F(a)?" The choice is quite arbitrary, and the following has been -

chosen for use in this program. Consider the graph below:

f(x)

s g e m——— d—

Figure 10: Frequency Groups
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For any Xis @ given data value, x_ and Xy s the 1imits which determine

a
F(a) and F(b), are given as the mid-points between x, and Xi 1 and

X and X respectively. This would imply that

F(b)-F(a) = F <iﬁiﬂiri;jil> —F ( fi_tﬁfi:l_) (25)

expected frequency of X;

i+]

]
™ |

This is the calculation method used by the program to give
expected frequency values for individual data points. The
individual frequencies are respesented by the array P and are

1isted under 'CALC FREQ'.

3.2,10 Calewlated Frequency of Each Group (20)
These values represent the total percentiles for the groups

defined previously. A1l they represent are the summation of the individual
frequencies calculated over the total data points in any
particular group.

The program checks each group to see if it contains data points.
The first group to contain data points may have m values, m s n. Then
the first}m individual frequencies are summed. The next group to have
a non-zero number of data va]ues, say £ values, then has the next £

individual frequencies summed.
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These values are represented by F11(I), and are printed
out in 'Calc Freq in Group.'

3.2.11 Observed Frequency Caleulation for Each Group (21)
For each data point, the observed frequency is given by

1/N+1. This is consistant with the choice of F(Xi) = i/N+1 for
cumulative frequency value. For a group, the tota] number of
data values in that group is determined and multiplied by
1/N+1. These values are represented by T1(I) and are listed

under 'OBS Freq in Group'.

3.2.12 Chi-Square Caleulation (23) [14]

The goodness-of-fit test which will be used in this program
is the Chi-Square (x2) test. Although for a smaller number of data
points the Komarov-Smirnoff test may be better, the Chi-Square test
has been chosen due to its wide applicability and the relative ease
by which the value of Chi-square and its associated confidence Tevel
can be calculated.

The value of x2 for a given function is defined as:

N (0.-e.)?
2 _ 1 1
X7 e.
i=1 i
where 01 = observed frequency for data point i (=1/N+1)
e. = expected frequency for data point i

i

This value is represented by CHISQ and is printed out under the title

'Calc Chi-Square’.
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3.2,13 Congidence Level of Calewlated Chi-Square (24)

In order to determine the confidence level for which the
calculated chi-square is a critical value the area beneath a chi-square
curve is determined. If the total area under the curve is normalized then
the area under any portion from O to some value of 2 represents the
confidence level of any value of x? and an associated number of data

points is given by the following expressions:

For N even:
N-2
, ) 2 2r-1
Q(x?[N) = 2Q(x) + sZ(x) :2,1 T3E ()
(28)
x =T
For N odd:
N-3
2 or
Q(X2|N> = ‘/é;r—z()() 1+ Z 24 ’)Y‘) (29>
Y‘:] ° ae o \ L
where: Q(x%|N) represents the confidence level
1 -x2/2
Z(x) = — e * (30)
or
i T -t2)2
Qx) = — e dt = Z(t)dt (31)
yen

Because the form of Q(x) given above is in terms of a non-integrable

function, the following approximation is made:
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Q(x) = Z(x) prrlinralivrnilivrni v (32)

a continued fraction expansion. This is expressed as the following

X+ 1
x+ 2 (33)
X+ 3
This infinite summation is used to calculate Q( ) in the program. At
this time the error Timit is given as .0001. If this is found to be
too large it can easily be altered (card 232).
In summary then, the following is used to calculate the
confidence levels:
N even:
2 -x2/2 { 1 1.2 3 4
2 - _£ X*fe yp Al e 2 I
Q(x2/N) o e X+ X+ xt xt x+ }
o he P (34)
2 -x%/2
e 2. . -
s = 1-3'5...(2r-1)
N odd: N-3
2 . 2 2r
2 = o X2
QGEN) = e {H PR SN ¢1) (35)

Q(XZ/N) is represented by Q2 in the program.

3.2.14 Companison of Caleulated and Selected Chi-Square Values (26)
The calculated value of chi-square is compared to the selected

critical value of chi—sdﬁare. This can also be done by the operator as

both values are printed out along with the calculated confidence level.
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After comparing the two numbers, a comment is printed out regarding the
comparison. Basically the comments read as follows:
1) if the calculated chi-square is the larger of the two
then at the seiected confidence level for the N-1 degrees
of freedom the distribution found by the program is not
good enough. This probably means that
a) too few data points exist for a good fit or
b) the scatter is such that the Weibull distribution
is not an appropriate descriptive function
2) 1if the calculated chi-square is the smaller of the two
than at the selected confidence level for the N-1 degrees
of freedom the distribution found by the program is a good
description. (One might note, however, that a calculated
chi-square which is too small, and consequently a confidence
level about 1.0, may also indicate something is wrong with

either the distribution or the data selection.)
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3.3 Program Description

In order to give the reader a quick but clear description of

the attached computer program, the following will be used as a presentation

guideline:

1)

The program operations, either I/0 or internal functions,
will be listed in the order in which they are performed.
These operations will be accompanied by card numbers
corresponding to the program listing.

A complete program description will be given. The major
operations on the sequence list will be described as to
how the operation is done and why it is done that way.
In the case of input the format used will be described
in detail.

Immediately following the description titles will be
given the item number(s) of the appropriate sequence
listing.

Following item number(s) will be a Tist of possible
references for further discussion. (Each description
will not necessarily have a reference listed.) The
references are given by numbers and listed together

at the end.

In general, each major operation or group of similar operations

(internal) will be followed immediately by its associated print statements

in the program listing. This will provide additional continuity to the

listing. In some cases, the print-out will follow later in the program.

This provides output continuity.
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3.4 Sequence of Program Operations

1) Reads number of values, number of groups, data values, selected
critical chi-square value, and associated confidence 1imit.
9-13

2) Writes out number of values, number of groups, and data values as input.
19-24

3) Data values are sorted in ascending order.

35-46
4) Cumulative frequency values are calculated for each data point.
47-48
5) Ranked data values paired with cumulative frequency values are printed.
49-50
6) The mean is calculated.
57-60

7) The range is calculated.
61

8) The median is calculated.
62-69

9) Items 6 to 8 are printed out.
70-71

10) Standard deviation is calculated.
72-75

11) Coefficient of variation is calculated.

76
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12)

13)

14)

15)

16)

17)

18)

19)

20)

21)

Items 10 and 11 are printed out.

77-78

A histogram group width is calculated.

88

The number of data points in each group is calculated.

89-109

The group boundaries are calculated, and along with the group number
and the number of data points in each group, is listed.

110-117 |

Transformation of data values and cumulative frequency values to
functions of natural logarithm.

127-131

Determination of o« and g through a linear curve fit.

136-154

The mid-value of each group is calculated.

155-157

The individual theoretical frequency of each data point is calculated.
161-168

The theoretical freqﬁenqy of each group is calculated.

169-184

The observed frequency in each group is calculated. Group numbers,
observed and theoretical frequencies for each group are printed out.

185-190
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22)

23)
24)
25)

26)

27)

Distribution characteristics are printed out. These include o, 8,
data point numbers, data values, and individual theoretical
frequencies.

191-199

The value of chi-square is calculated.

213-215

The confidence level for the calculated chi-squaré value is determined.
220-255

The selected chi-square, its associated confidence level and the
calculated chi-square with its associated confidence level are
printed out.

256-261

The calculated chi-square value is compared to the selected critical
value.

272

A’statement concerning the relative sizes of the selected and
calculated chi-square values is printed out.

273-281

54




3.5 Program Variables
The following is a summary of the pertinent variables in

the program, their program symbols, and their output readings.

Variable Progham Quitput
Desdignation Heading
no. of data pts. N No. of data pts.
no. of groups N2 _ No. of groups
data values array X Data- as input
& in ascending values
cumulative frequency array F Paired with
i/N+1 ascending data values

Mean : Q mean
Range R range
Median DMED median
Standard diviation STDDEV Std. Dev.
Coefficient of variation CVAR CVAR
Lower group limit array Bl Low Lim (Not Inc)
Upper group Tlimit ' array B2 _ UP Lim (Inc)
Data pts. in group array T data pts. in group
Group mid-value i array VM mid-value
Observed freguency in group array T1 0BS Freg in group
calculated frequency in group array F11 | CALC ' req in group
Alpha Alpha Alpha
Beta. f Beta Beta
Individual calculated fregency array P CALC freq
Selected critical x2 : CHCRIT Selected Chi-Square
Selected confidence Tlevel SIGLEY Selected Conf Level
Calculated Chi-Square CHISQ CALC Chi-Square
Calculated confidence level Q2 . CALC. conf level
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In addition, the following variables appear in tne program but are

not output
arvay Z = In(X(1))
array Fl = Pn(Ln(1/(1-F(X(I) ))
S] =5 ZF
52 = 11
see part 8 of program description
S, = ¢ F
3
_ 2
54 = 1 Z

P1, Q1, and Q3 represent the continued fraction expansion
(see part 13).

PROD represents the denominator in the Q(x2/N)

summation.

SUM represents the Q(x2/N) summation.

P2 represents a calculated significance tevel (1-Q2) which

can be printed out of desired.




3.6 Sample Output

L% DIMENSION A(lnu)rT(lun)'Aflﬂu)vF(luﬂ).?1(1Uﬂ).P(lﬂU).VM(100)
£k g‘)}’.;\qsex_‘c.l‘ﬂm r«l(‘qgn).;«?(lnn)
5% DIMENSION +1(100)F1L(100)

Ldecks [

Sk C DNATA PUINTS Ani THE DeSLReD NUMBER OF
Bk r oAnE TiwuTe CHi=SQUARE CONFTIUENCE LEVEL

SGKOUPS FOR HISTORRAM INFORMATION
ANU CORRESPONDINMG CoITICAL

7% C VALUE ARE INPuT.

Rk e
Yk READ(5:2)
l;l* thH(R.’S) )
11x READ(591) (X(I)oi=don)
12% READ(Se k) CHCRIT
15% READ(HPS) SIeLEV
libx 1 EORMAT (S 10a0)
1o% 2 FORMAT(I3)
Lok 3 EouMaT(Ta)
17% Y FURMAT(F10.0)
13« [ EORMAT(FE 111401
19% wt TECor L))
U Wl TE (e 1i) iy
21% wkiTE(Br12)
22% Wil TE{(HAe 153) N2
23% wiITE(Bro0)
24x o LTE (e i3) (X(T)e =1 e:d)
2k 1u FORMAT (Y Nue OF UAIA PISLY)
20k 1.1 EuRMAT(T7Xe13)
27x 12 FGRMAT(//' NOo OF GROUPSY)
2% 1a ELRMAT(RAri3)
24% 24 FORMAT (/7 _ DATA = AS TiPuT")
3% 14 EuMAT (S 0E15:.5)
3ix C )
220 % € oA aull e SORT IS pPERFURIMEN 10 RANK THE UATA ACCORDING TO ASCFiNING
33% C vVaLuES. THE CuMulAaTIVe FREQUENCY FOR FEACH NDATA POINT IS CALCIIWLATED,
Dbk al '
35% K=iN
Ak 21 1=] :
37% FU IFIX(I) «Gle X{I+1)) GU 10 B0
Bk oy 1-1+1 : -
39% (F(I «LTs ®) GO TO 60
ik Pl N |
41x [F(K «6Te 1) GO 10 3u
142k GO T 100
4ax YY) RT=X(I+1)
gk Y (i+1)=X(1)
5% x{L1JI=RT
ebbink GO TO 80
47* 1400 DO Bud Kz=1leN
[Ty 200 ElR)IoK/Z{iati)
49x% wiiTE(BrL1U)
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Sk T o A L e
oy 110 FourMaT(//9 UATA=ASCENDTNG VALUF S PALRED WITH Clive FRFQ. ')
[P 120 L.‘w;—/l\fgﬂT(ﬁ&p;‘lh.hn—WUA"an—1~\.."i»i~1;i-“;!L] Dotk 1an) e
C
By (o THE RAGEsMEAN s MEHTAN STANNAR G OEVTIaT (DN Ay COEFETCIEMT OF
5% C VARLIATIUON ARE CALCULAIFU. -
o o
SN RN=Ue
LT (o250 Toiel -
L on0 wowta (1)
- f‘:; i3 "3 l\:"‘,\/,vl e o e v+ ot e s e e -
£ L% REa(Nd) =X 012
£ Ok yidl=laldks
Ea% irfv oLTe Us) 60O T 204
g L =NA2s e e
ok Le=N/2eY e
ki k DX e (L2) /2
&7 G T 214
o 204 psm it Ll o ) L s
B DaeD=YX{La)
cFm 23wl Te e 220 o U -
71K W 1Telee2i0) QR Db
d P SluDEVEQ e B} .
7o% iy 2355 Tavend
Tivk ARG CIUNEVZSTOUEVHEIX (T ) =y) ®%k
7ok SIulEVE=SuR 1 (STuDEY 7))
Tk CyRRZSIDUAV/ R e . o
YA welTE(hernu)d
Tk wiid TE e sin) SIDOEVeaLYAR I . . I
7% 240 FORMATL/ /¢ <iD, DEv. CV.ape)
Fiilax 209 AT (D T 15:9)
Bix 224 FURMAT(/ /7 Me s iy RAGE MELTAMT)
J 2ai EuanMaT (SaenF15.5) e e
BA3% U

Bbs 0 INEORMALION CunLERMING A ATaTuARAM F0 jHE DATA TS PRODUCED, THIS
Hox CoOINCLULES DIVIUTAG DATA 4810 GxOUPSssEL~LTiNG THE mMTID=vaLUFE §F TrE

ik CoGROUP. vaD COUNT MG THe wleite R AF A TA PoTnTs TN FaCH oRUUE,
G i¥ C
Bk CiEP=X (f.“_/,iu;a_ e e e e
§I% DO G40 K=felp
Qe L) LK) =0, . B
1% J=1
QZ?* woJl
ERT . L=
b mls i, B330 JTxdeild _
Yk Tr{X(I) =1 STFP) Gu 10 320
ST Ll =T () +1. ] A
Y7/ % LEetd
Giex 310 Coani T INGE
9ok 220 JZL+l
10U STEPZSTERFaA () /N2 s
101= IFISITEP «Gie XIN)) Gu 10 330
10.2x% Koot
10a% o Tu 305 -
LAl thek 2 50 b P O P2 et £
10mh% o 332 IxieNe
R AED Tl lExE=ToTrRe+ {4
lu/x Ir(TuTFRE oLTe N} w0 TU 434
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—~ - J—

L IS ETIN
e

o s G Y.
e AN MY SRNIE AL e g

LO9* 254 Tl2) =T (a2) +(N=TUTFRF)

31 R & L

11h# w: ITE(Bronie)

bt B e an

115% Dy B20 T=1eiN2

bk ISR S 5-J I FE BN L HANERIN.

119« Ao D) =TI () /N2

liok wicd TELEenlu) TeRLCiY 2 1o T(T)

117+% £20 CoinT LHUE

Llesx 5440 ratMaT (/L0 AlNTubGRAM . PR0P 211e8)

119% 502 FURMAT (/Y wRLUUK LOw LIw uP LM DATA PTSY)
12.4x 500 EuRMAT (! N0 (MOT TiNC) (Liuic) LN _GROUPY)
i2lx K101 FORMAT(0X 9 L5959 2E1D .00k 12eh)

] pa .2 |: (\ - — e

125% C THFE DATA VALUES AND CUMULATAVF FRENUE .CY VALUFS ARF TRANSFORMED
12 C_To BE GSEu 1M A LIMNEAKR caAL Lol OF IHe 1 YFE LeGiN(1/ZQ1=F(x))) Yo A
12n%* C LINEAR FUNCTIO ¢ OF LNIX).

Iehw (&

ler7x GiePz{{N) /2
_l2nx a- SHnh . IzleM | S

129« 555 ZLL)=AL0GIALT))

130 e 810 Kxlaent e - — S

131% 410 FLIK)TALUGLALOG(Le/ (1 =F (%)) ))

1 32 % (‘ .

133% C THFE VALUES OF ALPHA AT BrTar FOR F(X)=l=1/EXP ({X/RETA) ®x*%Al_PHA))
134Gk C apF Cal CULATE  USING A LEAST GCOUARE S FIdae R .
135+ C

1363k Gi=(a e - R —_—

137+ Q=0

13z S imila

139% Sie=0e
BERISIE 4 o600 Imie N U S -
14ix AUl g1zZ (1) ¥r1T)+51

L2 % SYEIN =% BA =5 WAL

145% AL QomZil)+50

1hyx 11 H20 I=1e

LYk a£20 Gaz=F1L L) +S0

ik o 6A0 I1z1 0

14 7% A30 Gu=Z (1) *x2t5u

LSk AL PHAS (N®S =60 x84/ (e ol=52%%2) -

L49% REET (S4k53=80%xG51) / UG a= 2%k )

180k aleREEZALPHA

151 % If“‘@] olof o D.) Gu 10 7u0

152% BolA=leZrielaTl)

155% GG TO 637

150% 700 HBe JAZEXR (=nl)

159+ 356 SiEP=X (M) /N2

| S VST | T.-1 2012

157x% 590 vnil 1) =5TePx(1=e5)

150x% L U

159% C INDIVIOUAL DATA POINT FREGICNCTES ARE CALUCIILATFU.

181« G ’ —

161 * Ki=1

—t i A Al

165% 135=2 « ¥BE 1A

Lok PN | . . - . ]
165% 30 660 IzZ2»M
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S N Cind) Pld)st ol X L (XL )X LT=0 ) /B k)= /EXO(LIX(THIVHEXATIILBS)HEA)
167« PlL)=le=1/7EXPX2)4+A01))/85)%%4)

L6k PA) =l o ZExp X U)X (M=) ) /RS ¥k, )

Lo N+4=0e

b Ak RV AN B S I N

L= 719 Fiidp)=n, -
LS AR it

175% 712 F(TCI) ot NW) GU T 734 i
e Joidy

175 i (I .GTO N) GO 10 718

LK GoT 71 —

177% 714 NS=T (L)

175k i 216 Jale A

179« Tih FritD=Fiic)+P (utng)

LE K TR N ITE OV

1a01% T=1+1

Aok YEdT aGYa w) GO 1D 7318

183% Gu Tu 7ie

1By 214 G TINGE

Léins WwolTE(Br 7RU)

__J,_r‘fsr\)k Whi IIR{((\D /l'/)

1873 N 790 Izted

L8ux TiAT)=T )0 e

189% wiclTeE(Be r60) Tovm{Ld»TE () eFLEILT)

L9 % 730 CuNTitUE

19ix wlTE(B? InD)

192 % A7 il Telbemiu ). . —— _ _ e

19 5% w?lTel{benuc)

19 wicITElRenSu) ALPHA» By Tiv

1Y95% W LTE(prsde)

1 Q4% i LT (F\l)«.?“)

197% g 789 I=1e0

19,0k il TES e 7 ) TeXATler(i) -
199x% 780 CONTINUE

200w 7614 EoMaT (/F GROQUE w10 VS FREN CRALC FREU')

201 % 762 FoMaT (! N e VAU Iiv GROUIP IN apnyPt)

202 B 2N EanMal{0x 315,31 5.0])

2U 5% 7ol FURMAT(/ /7 UTaT<TRUTTON CRARACTFRLISITCS?Y)
DU 640 oRrMaT (/0 FiX)Z =1/ XP ((X/BETA) xkAl PHA) 1) - —
20% P FOrRMAT (! ALPHA sETAY)

2Bk iy EORMAT (S e eE 1505 - -
20 7% 552 FoORMAT (/9 NDATH DATA caLcY)

2ok S BEV IRTERY 2T W ) SIS MALLIE ErEnt)

2U9% 7a2 FURMAT(OR?» 495e20155)

2.3 i C. PR B

2lix C THE CHi=SRUARE VALUE FOR @nUDNESS=N=F 11 TEST 15 CALCULATEN.
-2 l2x L e e [

215% CrilS=0e

Clux o Al Tziand

21o% 6ol CrilSuSCHISur (Lo /(MN+L ) =P (1) ) xx2/p (1)

21nw el - -
21 7% C THE COWFIUGENCE LEVEL ASS0CTATeN WiTH THo ealChllaTeD CAT=SQNARE
2N WE CoMALUE 1S uFTERMINEN, -

219 C )
L0y Yo G160

22 1¥ YZSQRT Y L)
—R22x PSR T (283, 14109)

PAE Di=(=1lo)x¥nN
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o Hd Db G-t b
EPN% W1Z1le/(Y+1s/Y)
A iyk T
- 22 (% 151 MmnNle=1
ek PN
229« Ny 1H2 IZ1eM
=2 Bk 1o ui*(‘\n_T)V/lY,&DL\
231 % Ws=1e/(Y4i1)
232x P WL PTI WATCV_ T U0 W B outidl ) B0 Tu 15Hho
253% OL=Q3
< Bk AR X1
235 % iy TO 151
bk 353 RV EINE |
237x% ST =
A% T, el LI\L-?-)/').
23 3% iy 194 L=1eM
Sk u‘,;u‘l’)"l - e
241 * Uy 1n% K=tebL
2 s - v p —L‘)
2H A% 154 quui=SUMtYxx (2 axL=14) /00,
Sl =2 kW1 (UPAEXPAY /2 1) 420 /(TR¥= X2 (X2/2 ) ) X511l
245H% vy TO 156
PYTE 1450 A NmB e )/ T — e e e e
24 /% SuUMT e
— DeddoZ Ll e
R PruD=1e
_E2840% O 1nf Kol . e e
251« 154 PRODZPRO ¥ o %K
2524 157 GuMzSUMtY 2% /PRUD
255% (»)r’:(l-"'SU)/["XH(‘?/?_c)
PLYTE 4 (declmila
2H"% 1h6 PeZle=u2 .
2hink m!*élTl:(i;ll 15.) . e
257« Wi iTe{ar 794) p
29k w1 TELE e 2 0) CHCRI Lo ol M
29I W LTF (B 7H4)
ey ok m:-lj_'[r'(hr 180)
261 % wWRITE (or 740) CHIBNQC
2blk  Tn2 FoRMAT(/? SeleClED SeLeCizl!)
260k 754 FoRMAT(? Chl=SullARE CuNF LEVELY)
Dok 06 ELaMAT(OAsc10abek12aD)
2bbHx 734 FURMAT (/9 - CaLc CALLY)
—LBak 235 EaEMaT Y Chl =Syl tnike CONE  WEVELY)
26 % 788 FORMAT(OX s lbebrir12e0)
2‘(\ Ak C R -
269 % C THE CALCULATED LHI=SQUARF VAL F 15 COWPAREN To fHe SELFCTEN VALUF,

2Tk O A SIAFEMENT RESARDING Tiif CUMRARTSON 1S PixInTeENS,

27T1x C

2724 1EACHISA T, CHCRIT) 90 TO 730
2Ta% wWwiedTE(be74u0)

Lk Wiz ATE(Hp 2 2)
- 27 5% W lTE(Hr 704) v

21Xk widTe(Be Lin) -~
27 1% Gu T 75Hu

274k 230 it LT (inp £ 32)

21 % v‘l'<lTF.(i)'/54)

ek .uvl'TF(hD -/—5())

28 L% 750 CONTINUE
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YTy Zu4 o MAT (LS TeEe Cal Ll a T E VAL 0F CHT=SQUARE 1S | £SS THAM ND°)

2H3x T4? FORMAT (' BEwUAL Tu 1HF CRUTICAL ViLUE THF HYPOTHESLS THAT THE®)

P ik r STUTY FoRMATL Y De R VED D SEeBGTION = CiTun Yo G0N CaMNOT BE )

2Bm% 746 FURMAT(® redeCliEu. ')

2 5y ke 752 FaRMAT (ALY Tl CalL UL ATE , YyALIE OF CrniT=SollaQc IS ARFATER THAMT)

PALNA 754 FURMAT(Y TrE CRITTLAL VALUE. THE HYPOTHEQTS 1HAT THE NERIVENT®)
etk Zah b LA U STRIBUTIOM FIGCTION To G0uD MUST oF REJECIED. 1)

PRS- L vl

7
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CHAPTER IV
TENSION OF AN ANISOTROPIC PLATE WITH ELLIPTIC CUTOUT

4.1 Introduction

Consider an infinite two-dimensional plate with an elliptic
cutout, subjected to uniform tension at an angle ¢. The dimensions
of the cutout and manner of loading are shown in Figure 8. The solution
may be obtained by superposition of the solution to two problems.
The first problem is an infinite plate with no cutout and tension at
an angle ¢; the second problem is a plate with an elliptical cutout
with no loading at infinity, but tractions applied along the cutout
surface corresponding to a uniform stress at infinity. These two

solutions combine to give a stress-free elliptical boundary (see Figure 9).

4,2 Problem Solution: First Problem
The solution to the first problem is a uniform stress given

by equations (36) below.

= 2
oX p cos<¢

= sin? ' 36
o p ¢ (36)
Ty = p sing cos¢

Problem Solution: Second Problem

The second probTem will be solved using the stress function

method of Lekhnitskii [15]. Stresses and displacements are obtained
in terms of the stress function @k(Zk) and its derivatives with

respect to Zk'
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2Re[u 207 + uy2es ]

(e}
0

2Re[ 0] + @3] (37) -

‘ZRQ[Ml(I)f + qu)é]

-
il

u = 2Re[p;91 t 0]
v.oo= 2Re[q;2; *+ q50;] (38)
The parameters p and q of equations (38) are functions only
of the material compliances Bij and the roots My of the characteristic
equation for the material.
Bpiut = 2B16u3 + (281, * Bgg)u? - 2Bpeu * Bpy = 0 (39)
p1 = Br1m1” + Bz - Bigi
Pp = BriMe® * Bia - BigH
(40)
g1 = BiaM1 T Baa/wy - Bog
gz = BioWp * Baa/up - Boe
The constitutive relations employed assume only that the materi-
al is midplane symmetric; otherwise the material may be generally
anisotropic. The roots of the characteristic equation are in general
obtained numerically, as, for example in reference [16].
The Zk coordinate frame results from a linear transformation
from x-y space, where and;pz are solutions to the characteristic
equation.
Zy = x+ uy
(41)
L, = Xt wy
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The stress function may be represented as an infinite series

in the variable gk, as:

_ 3 -n
B = A Toge %; kn S
The variable &k is the result of a conformal mapping of Zk’

such that the elliptic boundary maps onto the unit circle. The mapping

is given by:

(z, + /I - a% - wd?) / (a - inyb) (43)

5

The problem is now reduced to the determination of the stress
function o - Since the net load on the interior boundary is zero the
coefficients Ak reduce to zero. The remaining coefficients Akn are
determined from the boundary tractions on the cutout, which may be
represented by a Laurent series.

The boundary stresses are related to the surface tractions by

= * *
TX GXnX + Txyny (44)

* *
Ty Txy”x + gyny

The components of the unit normal to the cutout surface must
now be determined. The equation of the ellipse may be given in

parametric form as:

X a Ccoso

b sine

y

Consider an incremental arc length dS along the elliptic

surface (see Figure 11).
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Figure 11: Local Coordinates
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dx = -a sino do
. dy = b coso do
ng = dy/dS
= -dx/dS
ny X/

* * *
The stresses o % oy and Txy at ghe boundary of the cutout

are known, since they must correspond to a uniform stress applied at

infinity, so from equation (36):
cx* = -p COS¢
oy* = -p sing
* = - 3
Ty p sing cosoe

The boundary tractions are now fully determined:

—
il

O*Q.Y.__T*dx

X x dS xy dS
= dy _ dx
Ty Txy* ds Oy* ds

The boundary tractions can be shown to have the following

relationship with the coefficients of the stress functions.

f(TX +4T,) dS

: o_
-(PX + 1Py) 5

® : -ime
m§=:1 [(upm1) Agy + (ua-1) Ayl o

® - _ . _ _-ine
2 [(ny-1) A]n + (uz-i) A2n] o
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Representing the integral above in terms of a Laurent series,
it is possible to solve explicitly for the coefficients needed for -

the stress function.

/(TX+1T )dS = Boo + 3, B e "0+ 3 D e 1m0 (51)
Y n=1 w1

1+He2 - (1-iMy,
CR S +
A 2{u1-u2) B 2(u1-up) O

P T - € % L) I
2m ZiuZ-Ul) m 2 UZ-UI) m

Returning to the expressions for the boundary tractions (49)

the value of the integral in (51) is computed.

ﬁTX+1Ty)dS

dy dx , dy . dx
* =i . * =L * —_ * L
<Ox S VA VA S ) @

- * 3 * * 1 *
f(TX}/ + w}/ Ydx + (OX + i,y ) dy

* 4 94 % ; + * 4 7 * 5
e)f T(Txy 1oy ) a sine do (cx 1Txy ) b cose de

= -(rxy* + 1oy*) a cose + (cx* + 11Xy*) b sino + k
. *(b-a) (ac_* + bo_*) .
Sy = | B i L] e
X y 2 2 (53)

T *{ a+bh * — h * .
{_Z(L_;i__) + (ag}’ > GX)] o190

The coefficients of the Laurent series of (51)are now easily

calculated, and lead directly to the coefficients of the stress function.
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Ty *(b-a) 1(acy* + box*)

2 2
(54)
-t_ *(a+b) i(ac_* - bo_¥*)
Dy = 7 - 7
B = 0 fornz2
n
Dn = 0 forn22
Ao = 1+ iv2 B+ 1 - W2 D
117 20u-wg) 2 2(u1-up) 1
(55)
A, = 1+ Ml B, + 1 -dm1 D
21 2(U2'U15 1 _Zzuz_ulj 1
Aln = Azn =0 fornzx2
The stress function is now fully determined, and may be
differentiated to obtain the required stresses.
-1 -1
01(£1) = Aty 02(82) = Az1Es (56)
or = d@k/dzk = (a¢k/agk) (agk/azk)
-1 .
q)’:(_Alg )//Zz_az_uzbz
1 1181 1 1 (57)
-1 .
07 = (-Ap1Ex ) [/ YIp%- a% - wp®b”®

*  The equations (37) and (38) may now be used to obtain stresses and

displacements at any pointlin the plate, due to a given load p.

A computer program has been written to implement this solution,

and a listing appears in the next section.
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4,3 Program Listing

STRESS FUMETION SoLUTION » plilpTye CUTOUY IN gINgINITE oLATE = JanN 725
AA & gEMlemaJOR AxIS { Xepxi5 :
BER B SEMT » MINOR AXIS (Y AXIS )
THETAD & INgLINATION ANGLE{pEG) #1Tr X=AX1S OF TgnSJO0n a7 INFINITY
Pp = VALUE OF TENglanN AT IMginivy
BETA = FLExIBILITY MATRix Fnft MaTeR1AL
MU = SOLUTIONS T0 crARACTERISTIe eOUaTION FOR wATERIAL
ComMMAN 7 HAD / pPl2),0{2) BETal&)  MULE) )
comMman , GEONM ; AAy BB, xCOR(55},7C0R{55)
CDIMENSTan TITLE(20)ex{200) .Y (200} ,00455)
COMPLEX MU ZETa(2)1 9202405164 :€816YsCTAU,CU,Cy,RADCL ,TIs0PHI12),
L PRIG2Y.A02,2) QE.;Q 1Pan
READ (5,301) Ne
14 NC. = NE = o
IF(NCeLT,D) STaP
WRITE(A,302) N¢
READ(D.1l) TITLE
ERITELALLOLY TyTLE. .
REAN(S,102)(BEFALT) ; f=i1sb)
CWRITELAL2QINU(BpTALL s Y23 06])
READ(S,103) (Mp(l) » §123,2%
CWRITELS,202) (ML) v [8§,2)
READ(5,103) AA, BB, PP, THETAD
L WRITELA202)AA, BB, PP, THETAD _ o
THETA = 39]141%592453489 » THETApn / 18000
T = (DlfGsleQd )
¢ cALCULATE UNIFORM STREgS FELD
SIGl. % w PP® Cns{THEYA) ¢ £0glizHETA)
S162 = » PP2 SIN(THETA) & SIN{THETA)
L S1612 = = PPa GINITHETA} ¢ CoS(THETA)
WRITE(64299) S161+5162,516G612
259 FORMAT( 10XRe3E2n0,10
C  CALCULATE A(KyN)
B & +5 & SIGI2Z ¢ (BR=ad) % T1 & o5 ® (445162 +BB*S]51)
D B=e5 ¢ §1Gi2 ¢ (BBeap) = Ty ® o5 ¢ {(pAe85]62 = REBEs31GL)
LALLaL) B f)e ¢ TT o MUG2) ) 4 (26 ® SMU(L) = wyt2))) = B
1+ (le = TI ® MUL2} 1 7/ (2¢ & (MULE) = MUL3)Y)) * D
Al251) 2 (1 # T1 & MUIL) ) 7 (2« ¢ {MUL2) = Muti))) w B
P ¢ (1o = 71 & putlid 3/ (20 & (MUl2) = MUlLL))) » D
C CcALCULATE p(1}) ANp Q(I}

Y 0O 7y &y 3 &% T

CaLt CONWST ' FLPIDZ0D

C _GENERATE DESIRED INTERIOR SpoluTyON POINTS ELPID205
CALL GEN(OQ) ELPIOZID

SO .1 o I E. S L Y3 - - . ELPINZIE

Y{J) & .0
C 34 X(J) = ap +Q0Q(g)
34 Xty) = qQld) ¢ pe227
SO o5 ¢ Jc § ~TO0P IV L. I .- 1 -V
J = JJ ¢ 585
oo Xtyy - n,0 o , N o
3% Yiy) =2 galJJd) + 1028
C 35 Y(J) = BB + QQ(JJ)
WRITE(A,204)
DO 39 U 2 1elin
DO 40 K = 192
KEy = D

[

SIGN = |40 7 ELF10280




44

50
—>

40

a9

101.

102
103
201
202
204

2ﬂé

301

anz2

c CALCULAIE_SIRESSEQ,AND DISPLACEMENTS. ... .
. MUIZ)
L CS1GY-.m pPHYI()y 2 DPHIAL2 b e
: o DPHI(2)
S CUm PLy) & PHELH) 4 PHIGZ) s-pl2) -

L2tk bl o mplK) e vl gl
RADCL = 2(K) ® 2(K) = AA ¢ AA
ZETA(KY = & Zlx)—+ SIGN. & CSoRTLRADCL)
IF (KEY +EQes 13y GO 70 SO
RZETA = REAL(ZETALKYL } -

TIZETA o AIMAGE ZETA(K)

”;Mw,mngg*un_aie;gmg,Iyzﬁqim*wT!zgykmm B,

ZEE = SHRT(TM)

CSIGX = MUC]) o MUCL)Y & pPHI(1)

CTAU = Mytt) » pPHIt1) + Mu(2)
CV = Q1) & PHI(]) + Q(2) » PHI(2)
S16X-m 24 8 REAL( CSIGX )-/Pp = S1G1.
S1GY = 2. & REaL( CSJGY ) / PP

CYAY mm2, & _REALG-CTAU. )/ PP
U s 2, ¢ REAL! CU )

V. m 2., o REALL V)

- MU(K& . MU(K)

L MU(Z)

» S]1G2
e 81612

« BB » nB

IM = 1o =« 26 . . . . U [ — -
1F (ZM oLTe lepw3) GO To 50
SlgH. 8 o SIGN . . - -
KEY = |

B0 IO M . I
CONTINUE
PH](K) n,A(K.iL,é/QETAiﬁlw, . e
OPHI(K) = = A(K,1) /7 (SIgN ¢ CSQRTiRADcL) . ZETA(K) )

* DPHI(2)

WRITE(4,205) X(J).Y(J).SIGXvSIGY TAU U v

CONTINUE . . - R

GO TO 14

FORMATLZOAY Y oo e e e e re

FORMAT(6E1307)

FORMAT(4E20010)

FORMAT( 1Xy8E17,7)

FORMAT( 1X44620010)

FOQMAT(/////// 6Xn'X'.9x.'v'
U 12X, Y el ). et i

FORMAT(2F1Dst9aF1307 ,2F 10408 )

FORMAT( 13)

FORMAT (1M1 ,13)

CEND e
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10K, *STGX Y 49X, 1S1GY ",

qxl'TAU'lllX|

ELPIO285-
ELPI0Z290
ELP}O295
eLPI0300
ELPIO305
gLPIC3I0
gLPJO3IIS
gLP10320
ELPID325
FLPI033D
£LPI0A3S
ELPIO3AG
ELP 0345
cLP10350
ELP10355
ELP)D36D
ELPlC365 .
ELPIOCATO

gLPI0375 -

ELP1038O
ELPIO38B5 -
ELP10390
€ELP1O395
cLPIO400

+uP 0405

ELPIO410
ELPIO&})S5 -
gLPI0420

_ELPYD425
CELP1O430

ELP)10435
gELP10440

gLPJO4YS

gLP10450

LELP1O4BS.

ELPI046O

ELPIDYAS.

gLP10470
£LPLO4TS
ELPJO48BO

ELP1O48S




SURPOUTINE GEN(Q) . - | CELFIBO0D
“ETS CAGRDIMATES fFOR ELLIPTIC CuToutT SCOLUTION pDINTS ~ ELPIBDOG
COMMON 4 GEOM , Aby BB, xCOR{G5}1,,VCOR(SG] ELPISOLD
pIMENSION Q(85) , FLPIBGLS
CHHG ® 201 ELP1BOZD
G{1) m_pe0. &
P2 50 J = 2,85
[FldeGToi1) CHMG
IF(Je6T,20) CHNG

201 ELPISN3E
o i 0 ELPESOHN0
IF1JeGT,429) CHNG 050 ELPIG04E
JFLJeGTous) CHLG le0 ELF15050
IF (JeGTe50) CuNG = 5,0 o , , ‘ CELPIBOBE.
N o= J = | pLPIBOAY
50 Q0J) 2 _o(N) + CHNG : : . ELE1BDSE
RETURN ELPIENTIL
END e L _ , L ELPIENTE

SUBROUT {nE CONST o  gLPR00DL
COrMON. 2 HAD /. PL2):Q(2) ,BETALL) ,MUL2) , . ELPZ00OS
COMPLEX pyQ@,MU ELP2O01D
0 b6 K =492 — - : . - . ELP20615
PiK) ® BpTA(L) & MULKY * Hulx) + BETA(2) = BETA(3) ® MUK} ELP20020
6 Uik 2 ppTaAL2) 2 MUIK) & BETaia) ¢4 MUIK) - RETA({D) B - ELPZOO2E
RETURN ELPIONID

3l ST
R RS S, e e - L - - ELP 200
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