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ABSTRACT 

The Carnegie-Mellon University team has completed the second two 
year program in advanced composites technology. The program has had 
significant impact in several areas as the CMU team, working closely with 
the engineers at General Dynamics, Convair Aerospace Division, Fort 
Worth, has continued work on several projects. The work reported herein 
included:  continuing development of university-industry interaction; 
development of educational material including reports on manufacturing 
methods, Weibull statistics, and stresses due to an elliptical hole in 
an anisotropic plate; and, advanced research into synthesis procedures 
for mechanically fastened joints and elastic fracture mechanics for 
laminated composite plates. The research projects demonstaate useful 
design capabilities, new analystic and numerical results, and experiment- 
al data. 
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CHAPTER I 

REVIEW OF THE INTERACTIVE PROGRAM 

1.1    Introduction 

This final  report is divided into three parts:    Volume I reviews 

some aspects of the Interactive Program during the contract period; 

Volumes II and III are Ph.D. theses written during the course of the 

current and preceding contract period [1].      The following chapters 

in this volume consist of selected student reports from various 

project activities. 

The Interactive Program has been a successful program of coupling 

faculty and students at Carnegie-Mellon University (CMU), The Air 

Force Materials Laboratory, and industry, most notably General  Dynamics 

Corporation, Convair Aerospace Division, Fort Worth.    The program has 

focused on the application of mechanics capabilities at CMU to the 

stress and strength analysis of advanced composite structures.    The 

broad objectives of the program have been the following: 

1. Creation of effective means of communication between CMU and 

industry; 

2. Involvement of the CMU team of students and faculty in the 

definition and solution of fundamental problems arising from 

the application of advanced composites in aerospace structures; 

and 

♦References are denoted by brackets and are located at the end 
of each volume. 



3.    Development by the CMU team of new analysis capabilities and 

results, strength criteria, design mdthods, and educational 

material  for advanced composites technology. 

Two elements were keys to the success of the CMU program.    The 

first was the development of an educational  basis for the student 

project activities.    Due to the relatively new nature of composites 

technology, this was accomplished as an early part of the preceeding 

contract.    The basic outline of the educational material and the de- 

scription of the program organization and timing are reviewed in [1]. 

The second element for success was the development of a record 

of success and expertise, coupled with a level of external  visibility 

sufficient to give credibility to the CMU team.    The major contribu- 

tion for this success has been the use of a major portion  (20-25%) of 

the program budget for travel.    These trips generally involved the 

students and/or the principal  investigator travelling to industry. 

By making frequent visits to industry and program review meetings it 

was possible to develop contacts, credibility and visibility necessary 

to the program's success.    Further aspects of the program visibility 

are described below. 

The CMU-developed philosophy also contributed materially to 

the success of the program.    It was initially decided to concentrate on 

problems which had a clear engineering significance as opposed to 

more "academic" pursuits.    Thus, initially at least post graduate students 

were not wedded to a particular research program.    Further, it was 

decided to maintain, to the extent possible, a framework of project 



activities closely attuned to current CMU faculty capabilities. 

These included fracture mechanics and elastic stress analysis.    Ample 

project problems were found that were based in these areas but which 

had immediate pay-off potential for industry. 

The two most significant derivatives of this philosophy are attached 

as separate volumes of this report, both of which are Ph.D. theses 

written as a result of projects started four years ago.   The first 

develops an efficient synthesis procedure for mechanical joints in 

composites; the second concerns a macromechanics basis for an engineering 

fracture mechanics of advanced composites. 

1.2    Research Results of the Program 

As noted above, the CMU team undertook a number of projects in 

the general  area of strength analysis of advanced composites.    The 

approach used was to retain the simple basis of two dimensional 

elasticity and elastic fracture mechanics.    Several papers [2-6] 

were published during the contract to provide visibility for the 

CMU efforts.    While much of this work retains a speculative flavor, 

particularly on the question of fracture criterion, it has received 

some positive response from industry.    As an example, General 

Dynamics engineers have made use of fracture   mechanics methodology to 

define a fail-safe composite panel. 

The research results have been described in several technical 

formats. During the current report period papers [2,6,7] were pre- 

sented at AIAA/ASME Structures, Structural  Dynamics, and Materials 



Conferences in 1971, 1972, and 1973.    One paper [3] was presented at 

the 1972 ASTM meeting on Analysis of Test Methods for Advanced Fibers and 

Their Composites.    These research results were also discussed at numerous 

Air Force review meetings and technical  committee meetings. 

In October 1972 Drs.  Cruse, Swedlow, and Halpin organized the 

first Colloquium on Structural  Reliability [9], under partial 

support of the Air Force Office of Scientific Research.    This 

meeting brought together experts in composites, fracture mechanics, 

statistics, and structural  reliability for three days of valuable 

technical  interaction.    This meeting was held at Carnegie-Mellon 

University.    Currently about 120 copies of the Proceedings [9] are 

in circulation. 

1.3    Conclusions 

It is not entirely possible to define the success of the Inter- 

active Program in Quantitative terms.    However it was clearly shown 

that it is possible to create valuable interaction between the 

university and industry environments, around a well  defined project 

area. 

Further, the program has contributed to the technical  knowledge 

in the area of strength of advanced composite materials.    This has 

been accomplished through the technical  literature as well  as through 

various technical meetings.    The fact that certain people pick us 

out to disagree with is indicative of some degree of success. 



Finally, the program has seen to members of the CMU team placed 

in the technical community concerned with composites.    Dr. H. J. 

Konish, Jr. is a post-doctoral fellow at the Air Force Materials 

Laboratory.    Dr. J. P. Waszczak has taken a position with General 

Dyaamics in San Diego, California.    The fact that both individuals 

received several  offers attests to the success of the engineering 

emphasis of the Interactive Program. 



CHAPTER II 

FABRICATION PRACTICES AND PROBLEMS FOR BORON AND GRAPHITE EPOXY 

2.1 Introduction 

Advanced composite materials, particularly boron and graphite 

epoxy have reached the stage in their development where the possibili- 

ties and problems associated with fabrication of components from 

these materials are being fully investigated. Now that the materials 

have reached a satisfactory level of design reliability, the time 

has come to determine whether structures can be manufactured from 

boron or graphite fiber composites for reasonable costs. The key 

to the widespread acceptance of these new materials is going to 

be whether the additional performance gained by using them is 

worth the additional and sometimes unique problems of their fab- 

rication. This report examines the major areas of advanced 

composite fabrication pointing out some of the current techniques 

employed by those in the "industry". The major problems in each 

area are outlined as well as advances by individual companies in 

some particular aspect of that area. 



2.2   Tooling 

The most important parameter in the choice of a tooling material 

is the coefficient of thermal expansion (a).    The value of a for 

the tool should be as close as possible to the coefficient of thermal 

expansion for the material  that is to be cured on the tool  for a 

number of reasons.    First of all, an improper match of these 

coefficients could cause the curing material to separate from the 

tool  surface and therefore not cure with the proper contour.    Secondly, 

the curing process involves the bleeding of resin from the part and 

the tool often includes dams along the perimeter of the piece to 

prevent excessive resin flow.    If the tool has a higher value of a 

than the part, the dams may separate from the perimeter and allow 

too much resin to flow from the matrix.    If the value of a is too 

low in the tool, the part will  try to expand more than the dams 

will permit, causing the part to buckle.    Finally, a high coefficient 

of thermal expansion may cause the tool   to fail  due to fatigue 

caused by thermal stresses in high-volume production. 

The use of conventional  tooling methods and materials has 

thus far proven to be adequate in the manufacture of advanced 

composite structures.    Mild steel  designated M-2, is one of the 

more popular materials since it is relatively inexpensive and has 



a value of a reasonably close to that of boron epoxy. However, most 

of the fabrication of composites thus far has been done with relatively 

smooth, flat surfaces. It is possible that the manufacture of 

components with a high degree of curvature or a number of complex 

contours may require tools with an almost perfect thermal match. 

At least two companies have undertaken programs toward this 

end. Boeing/Seattle (B/S) is currently evaluating the use of a 

ceramic castable compound which they have named Comptite II. The 

exact composition of Comptite II is Boeing proprietary information 

but it is basically composed of a betaeucryptite and a fused silica 

binder. By varying the percentages of betaeucryptite, it is possible 

to vary the coefficient of thermal expansion of the material. In 

this way, a for Comptite II can be best matched to a for boron or 

graphite epoxy. B/S reports that an exact correlation of a's may 

cause distortion and that the tool works best when its coefficient 

of thermal expansion is slightly higher than that of the boron 

or graphite epoxy which is being cured. Comptite II is easy to 

form and demonstrates high fatigue life. 

Another major exception to steel tooling was performed by 

General Dynamics Convair Division in Fort Worth (GD). In the 

prototype manufacture of a graphite epoxy F-5 fuselage component, 

GD used a female graphite epoxy tool to exactly match coefficients 



of thermal expansion.    Although tool costs were estimated at 

two-thirds the cost of a comparable steel tool, metal would be 

used in a high-volume production run because it is believed that 

steel could withstand more cycles in the autoclave. 



2.3   Lay-Up 

The crux of any fabrication technique is the method by which 

the raw material is transformed into a final  shape.    In the area 

of composite structures, this stage of operation is termed lay-up 

since a component is formed by the successive buildup of layers 

of raw material. 

2.3.1    Vucniptton o{j WatvtiaL 

Boron and graphite epoxy come in two basic modes:    3-inch 

tape on spools, by far the more common of the two, or "wide goods" 

which vary in size and shape.    The boron or graphite fibers are 

all  oriented in a single direction in the resin matrix and it is 

the varying angles of orientation of the layers which gives 

the material  its desirable strength characteristics after curing. 

Boron and graphite epoxy have shelf-life limitations which 

are highly dependent on temperature.    Most manufacturers specify 

a 3-month shelf-life for tape stored at 0°F or lower.    Once the 

boron or graphite reaches room temperature, about 70°F, it should 

be used within the next 10 days.    These rather specific time- 

temperature requirements necessitate the careful  management of 

inventories and lay-up procedures to ensure that the tape retains 

its mechanical  properties.    Some alternative methods for laying-up 

composite structures from 3-inch tape are described below. 
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2.3.2    GmwxL Dynamic* Method 

2.3.2./   Automated Machine. Lay-Up 

GD has practical experience in manufacturing pieces with an 

automated tape-laying machine.    The F-lll horizontal tail was 

done on a computer programmed basis using Narmco 5505 boron 

epoxy.    The machine is preset to lay the tape to the specified 

tolerances one layer at a time.   The head is rotated for the correct 

orientation of each layer and the machine proceeds to lay tape on 

tape until the component is built up to the correct number of layers. 

A typical tape-laying machine head is shown in Figure 1.    Incorporated 

in some models is a light-sensitive inspection device which detects 

broken and crossed fibers or excessive gaps between the fibers in 

the 3" tape.    This section of tape is automatically rejected and 

the machine does not lay any tape until  the section passing through 

the detector again meets the standards.    This type of machine is 

highly sophisticated and most of the work done by it has been 

purely experimental rather than actual production.    GD believes 

that the tape laying machine can have a valuable application if it 

is used to manufacture many parts in a single operation.    For 

example, GD has plans to manufacture the wing rib shown in Figure 

2 in the following manner: 
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SIDE VIEW 

t. '■■^■«■^—»^ 

FRONT VIEW 

Fiaure 1.    ADVANCED TAPE-LAYING HEAD 
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Skin 

1. Lay-up a solid laminate 30' x 10' and cure using the 

vacuum bag process. 

2. Cut the large laminate into multiple panels of the 

correct size. 

(Note): The 30' x 10' laminate may be cut before or after 

curing depending on the availability of composite 

machining equipment. 

Hat StllhtYizu 

1. Fabricate graphite flat sheet stock and trim to the 

required length and width. 

2. Roll form each strip to a hat shape. 

3. Locate the uncured hat sections over a rubber mandrel. 

4. Locate the rubber mandrels on the pre-cured solid laminate 

pieces and cure in place. 

5. Remove the rubber mandrels. 

The concept of deriving many parts from a single master does 

not end with this rather simple application.    GD looks forward to 

manufacturing wing skins in almost the same manner.    The tape-laying 

machine can be programmed to have the head discharge tape only at 

specified intervals, and at the proper orientation.    In this way, 
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Fiaure 2.    WING RIB 
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complex reinforcing areas can be built up on a flat skin and then 

covered with the outer layers.    A cutting device similar to a cookie 

cutter would then stamp out a number of fabricated skins from the 

master lay-up.    As stated previously, this concept has not been used 

in production as yet since it is predicated on the availability of 

effective composite cutting tools. 

The automated tape laying machine itself is far from perfected, 

however, and its real  value as a production instrument will only be 

realized after some critical problems are solved.    The light-sensitive 

defect detecting apparatus is highly sophisticated and doubts have 

been raised as to its effectiveness in spotting a defect and rejecting 

the tape when the machine is operating rapidly.    The variations 

from supplier to supplier in the tape itself make it difficult to 

design a head capable of accepting eyery brand of tape available. 

The amount of computer programming necessary to insure that the 

head lays the correct length of tape at the proper orientation 

within specified tolerances is a factor that will have to be 

reckoned with.    Finally, despite the fact that advanced tape laying 

heads can now move on five axes, there is still some question as to 

their ability to lay up pieces with a high degree of curvature or 

complex contours. 
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2.3.2.2    Hand Lay-Up 

Because of the above problems, GD does the vast majority of 

its tape laying by hand.    The material, in the form of 3" tape, 

is inspected for broken and crossed fibers and gaps between the 

fibers before it is used.    The tape is laid up on a metal tool 

with each layer at the proper orientation.    Each strip of tape 

in the same layer must be within 0.03" of the adjoining strips 

and overlapping is not permitted.    This is a more tedious process 

than using a machine but quality control as better and complex 

curves can be laid up.    Most of GD's work has been experimental, 

such as the F-5 fuselage and some fuselage bulkheads, but F-lll 

doublers have been made in some quantity using this process. 

2.3.2    Gnumman Az.MApa.ce. M&tkod 

The only actual  "on-line" production of composite aircraft 

components is being done by Grumman Aerospace of Bethpage, N. Y. 

(GA).    Under contract from the Navy, they are producing skins for 

the F14-A horizontal  stabilizer from boron epoxy tape.    GA terms 

the operation semi-automated because, although the work is done 

by hand, the tape lay-up is performed on a device which they developed 

and call the "flintstone machine" (Figure 3).    Unlike the technique 

used at GD where a bottom layer is placed on a tool  or form and subsequent 
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MOVING BELTS 

TAPE DISPENSER 

MYLAR 
TEMPLATE 

BACKLIGHTED 
AREA 

Fiqure 3.    FLINTSTONE MACHINE 

layers are built-up one atop the other, Grumman uses the flintstone 

machine to lay-up each individual  layer separately.    The outline 

of each layer and its orientation is determined by a computer analysis 

of the loads in the stabilizer.    This outline is permanently traced 

on a mylar template and oriented to match the proper orientation of 

the tape for that layer.    For example, if a layer of 45° was specified 

the outline of that layer would be rotated 45° on the mylar template. 
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The template is fastened to the flintstone machine and the operator 

moves the belts so that the mylar is in a position to receive the 

first strip of tape.    The composite tape is unwound from a reel 

by hand and placed on the template over a portion of the table that 

is backlighted.    Here, the operator can easily inspect the tape 

for broken and crossed fibers and gaps between the fibers.    If the 

section of tape is defective, it is discarded and another section 

unwound into place.    If the tape is good, it is pressed onto the 

mylar template and trimmed at the edges to exactly fit the outline. 

The operator then presses a button and the machine moves the template 

exactly three inches so that the next section of tape can be laid 

up within 0.03" of the previous one.    This operation continues  until 

the entire outline on the template is laid up with tape.    The mylar 

template is removed, the layer of tape covered with plastic to 

protect it, and the next template placed on the flintstone 

machine.    When all  the layers of a respective skin have been laid 

up, the skin itself is then built up on a metal  tool.    The mylar 

template has a series of holes which fit over pegs on the tool  to 

insure that each layer has the correct orientation.    When complete, 

the tape is pressed into the layer below it and the mylar peeled 

back.    The entire skin is bagged and sent to the autoclave to cure. 

The end product is indistinguishable from one that is laid up 

a strip at a time, but Grumman claims two significant advantages  using 
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their method.    First, the flintstone machine lends itself more readily 

to rapid production since it is semi-automated and a number of them 

can be used at once to lay up different layers of the same skin. 

Second, the backlighting on the area where the tape is to be laid 

gives visual  inspection of every piece of tape in the skin thus 

providing a high degree of quality control.    Presently, Grumman is 

manufacturing eight skins per month and they hope to double that 

figure by the end of 1972. 

The boron skins cover an aluminum honeycomb which decreases 

in density moving out toward the edges.    Boron is mounted on the 

structure by titanium fingers shown in Figure 4.    In this way, 

all drilling can be done through the titanium rather than encountering 

the difficulties of cutting boron.    The entire stabilizer structure 

is outlined in Figure 5. 

Fig. 4: Titanium multi-step splice cross-sections 
-8.25- 

Boron-epoxy 

Fig. 4A: Edge splice (dimensions in inches). 

0028 0.0)5 0.020 0.030 0.035 0.030    Boron Gloss fiber 

3  I   2       1    ! 0.040 thickness of 

1.0  |l.0|075,0.5ll0S,S,ep 

Fig. 4B: Main splice. Adhesive is Metlbond 329. 
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ALUMINUM 
LEADING 

ALUMINUM 
TIP 

BORON 

TITANIUM 
FWD INTERCOSTAL 

STEEL ROOT RIB 
AND HORN 

INNER BEARING 

TITANIUM 
AFT INTERCOSTAL 

ALUMINUM TRAILING EDGE 

Fiaure 5. F-14 BORON STABILIZER 
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2.3.4   Vnablmb ofi Ma64 Fn.odacJU.on 

Despite Grumman's apparent success in fabricating the F-14 

stabilizer skins, there are some problems which must be overcome 

before composites can be used on a mass production scale.    Probably 

the greatest single impediment to successful  fabrication with 

composite materials is the present lack of design/manufacturing 

coordination.    The people working on advanced ideas which incorporate 

graphite or boron epoxy must communicate with those involved in 

manufacturing to a greater degree.    The most efficient and promising 

design is worth nothing if the structure cannot be made in the shop 

or carries a prohibitive price tag.    An understanding of the special 

problems involved in the fabrication of composite parts will help 

designers direct their efforts toward a component that is easily 

producible.    The design/fabrication interface must be fully developed 

before the mass production of composite structures is economically 

feasible. 

It is possible that many of the composite parts manufactured 

presently are "overdesigned".    The use of a computer to determine 

the optimum size and orientation of each layer in a piece is often 

expensive and results in a complex pattern that is difficult to 

assemble and insure by quality control.    The use of less complicated 

orientations of layers may result in a part that suffers only a 
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small performance penalty and is much more cost effective. 

One of the largest hardware problems faced by manufacturers 

is the inconsistency in the amount of tack on the tape surfaces, 

even in batches from the same supplier.    Insufficient tack on the 

surface may cause the layers to separate and produce gaps in 

the component.    Quality assurance is lowered and sophisticated 

testing devices are necessary to determine the location and extent 

of these gaps.    On the other hand, excessive tack makes the tape 

difficult to handle while laying up by hand and the quality of the 

component may be impaired by the presence of overlaps and broken 

sections of tape. 

2.3.5   A&t&watd Manu^acüiting Appn.oa.ckeA 

The entire concept of lay-up is predicated in the industry 

selection of 3" tape and wide goods as the form of the raw material. 

This arrangement may be necessary to fully utilize the performance 

benefits that accrue from a structure of many unidirectional  layers, 

each very strong in its respective direction.    But for components in 

which the strength/weight ratio is not so critical, the use of a 

resin matrix impregnated with randomly oriented, short graphite 

or boron fibers should be investigated.     It is quite possible that 

some of the current manufacturing techniques employed by the fiberglas 
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industry could be successfully applied to composite technology. 

The most promising appears to be the sheet molding compound process 

(SMC) which is used to manufacture automobile parts and panels such 

as the Corvette body.    The raw material  is made by chopping long 

strands of glass fiber as they are pulled over the resin matrix so 

that they drop onto the resin in a random manner.    The compound is 

rolled onto drums and ready to be used.    Although there are no 

time-temperature requirements such as those mentioned on page 5 

with fiberglas in this form, it is not clear whether boron or 

graphite would also be relieved of this problem.    Parts are fabricated 

from SMC simply by unrolling the desired length, placing it on a 

mold, and curing it by compression.    Rapid production of parts 

on a large scale using this method is economically practical  as 

evidenced by the number of fiberglas firms  using it.    Even if a 

structure made from boron or graphite in this form could not meet 

performance criteria, SMC could still prove to be a feasible method 

for utilizing scrap to fabricate pieces which are not critical  in 

carrying loads.    From a fabrication point-of-view, an investigation 

is necessary to study the economic implications of continuing to 

manufacture boron or graphite parts from 3" tape. 
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2.4   Curing Process 

Once the part is laid up it. is sent to the autoclave to cure. 

Curing permits the resin to redistribute around the boron or graphite 

fibers so that the part is an integrated whole rather than a number 

of layers stuck together.    A typical  autoclave setup is shown in 

Figure 6. 

AUTOCLAVE SHELL 

ADHESIVE 

SKIN 

SEAL 

COMPOSITE 
CAUL PLATE 

Fiaure 6„ TYPICAL AUTOCLAVE SETUP 

24 



The part is not placed directly on a metal  tool but rather on 

a layered bleeder system which separates the two.    The bleeder system 

completely encloses the composite part to be cured and is necessary 

to remove the excess resin which flows from the piece at elevated 

temperatures.    A typical bleeder system consists of the following 

materials starting at the part surface: 

1. A layer of TX1040 separator to prevent the bleeder cloth 

from sticking to the part. 

2. Layers  (depending on the part thickness) of paper 

bleeder or 120 dry glass to absorb the excess resin. 

3. A layer of mylar film with perforations at specified 

intervals. 

4. A layer of ply paper vent cloth to measure the amount 

of resin coming through the mylar film.    This is a 

check to determine if the part is being bled correctly. 

5. A plastic pressure bag to cover the entire composite part. 

One of a number of different cure cycles is followed depending 

on the type of material used. For example, the basic cure cycle 

for Narmco 5505 specifies 2 hours in the autoclave at 85 psi and 

350°F. However, minor changes are frequently made to compensate 

for part thickness,  resin flow, and few other small  details. 
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There are a number of problems involved in the curing process 

which are presently being examined.    The most significant hardware 

problem is the volume content and type of resin used in the matrix. 

An incorrect estimate of the resin volume or chemical  composition 

can cause serious problems in bleeding during cure.    The resin may 

flow too quickly, too slowly, unevenly, or possibly not at all, 

all  of which can cause the part to be defective. 

One problem in the cure cycle that would probably not be 

readily forseeable is the tedious task involved in placing and 

removing the plastic vacuum bag over the part.    Placing the tape 

around the edges is time-consuming in itself, but removal  of 

the tape and bag after curing has taken place is even more difficult. 

Toward eliminating this problem, Grumman is doing development work 

on improved advanced composites bag molding processes.    They have 

developed a silicone blanket with a vacuum actuated 0-ring to 

hold the blanket to the part.    Work is not complete on the project 

but the major advantages that appear feasible using the silicone 

blankets are reduced lay-up and removal  time, re-usable bagging, 

and applicability to complex shapes.    Successful  development of 

such a process would be a significant step toward the fabrication 

of composite parts on a mass-production scale. 
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The greatest expense involved in the curing process is the 

time required for the cure cycles while the part is in the autoclave. 

Grumman is currently conducting a test program using microwaves at 

the frequency of FM broadcasting (-100 MHz); this could cut cure 

time and autoclave expense tremendously.    Tests have been performed 

on fiberglass reinforced resins with satisfactory cure being achieved 

in less than half an hour.    When this cure time is compared to those 

involved with heat-treating processes the time saved can be measured 

in kouM.    Grumman is presently seeking additional funding from the 

Air Force Materials Lab to run a full scale testing program on 

boron and graphite impregnated resins.    It is quite obvious that 

if boron or graphite epoxy can be cured using microwave techniques, 

the cost of the finished component could be significantly reduced. 
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2.5    Machining Problems 

A serious drawback associated with the use of advanced composites 

is the difficulty involved in machining the finished product.    Parts 

are usually laid up to perfectly specified dimensions so that 

trimming of the composite material  itself is not necessary. 

However, there are locations where bolt holes and other 

mounting points must be drilled.    Because of the hardness of the 

fibers in advanced boron composites,  conventional  drilling and 

machining methods deliver only minimal  results.    Diamond-tipped 

drills have shown some degree of success but these tend to wear 

out relatively quickly. 

Some manufacturers have taken steps in the fabrication process 

to eliminate the necessity of drilling a composite skin.    Grumman 

uses the stepped titanium fingers shown in Figure 4 to attach the 

boron skin to the stabilizer substructure because mounting points 

can be drilled more easily in the titanium.    There has been discussion 

about the prospect of laying up the composite around plugs which 

will  be removed after cure to provide the proper holes.    The 

possibility also exists that the plugs will  be metal which can be 

drilled out after cure to provide mounting points similar to the 

titanium finger concept utilized by Grumman. 
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The real breakthrough in advanced composite machining, however, 

appears to be in the area of ultrasonic drilling.    Funded by the 

Air Force, Grumman is currently experimenting with ultrasonic 

techniques on boron/epoxy.    Thus far, the results have shown 

excellent potential  for the use of ultrasonic equipment to signifi- 

cantly reduce the times and difficulty involved in drilling advanced 

composites.    A special  diamond-studded drilling bit has demonstrated 

good endurance when used with ultrasonic assistance.    Since most 

of the structures being fabricated are composite skin and honeycomb 

metal  core it is of particular importance that drill bits which 

work well on metal are poor for advanced composites and vice versa. 

When drilling a simple hole through such a structure, the metal- 

favoring bit is used and the penalty incurred on the thin skins is 

accepted.    However, if a countersunk hole is necessary, using only 

one type of drill bit is unacceptable.    To alleviate this problem, 

Grumman has developed the two-stage drill bit shown in Figure 7. 

The neck is a metal-favoring composition which is hindered as it 

drills initially through the composite skin but becomes very 

effective in the metal  core.    The tapered base is a composite- 

favoring composition which allows the countersink to be drilled 

in the skin in one operation.    This combination drill bit coupled 

with ultrasonic assistance promises to significantly reduce some 

of the machining time involved in the fabrication process. 
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2.6    Conclusions 

The Air Force and all  the various advanced composite manufacturers 

have invested a tremendous amount of time and money in amassing the 

current store of knowledge on composite materials.    The fact that 

they are now becoming concerned with the direct problems of fabrication 

demonstrates that the materials are no longer considered just an 

experimental venture.    Prior work and investigation have developed 

a confidence in composite materials as an effective substitute 

for conventional metals in aircraft construction.    The focus has 

now been placed on the practicality of advanced composites on a 

cost basis rather than a performance or reliability one.    There are 

many problems, some of them mentioned in the report, which remain 

unsolved in the realm of composite fabrication.    But the fact that 

companies are addressing their efforts toward new tooling materials, 

automated fabrication techniques, and sophisticated yet cost effective 

practices in curing and machining, clearly demonstrates that advanced 

composite materials have a tremendous potential  in the immediate 

future. 
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CHAPTER III 

A COMPUTER PROGRAM FOR WEIBULL STATISTICS 

3.1    Review of Weibull  Statistics 

The following report outlines the basic equations of 

Weibull statistics and presents a computer program developed 

in order to fit empirical  data to the extreme value (Weibull) 

distribution.    The computer program takes unsorted numerical 

data and performs all of the standard sorting and cataloging 

routines necessary for statistical  analysis.    The data is then 

fit in a least square sense to a Weibull  distribution function 

and a chi-square confidence test is employed. 

The basis for a fatigue life prediction includes 

statistical  inference from an empirical  data base, and theoretical 

or engineering reasoning to choose a probability model.    It is 

now recognized that the extreme value (Weibull) distribution is 

the best physical/theoretical model  for the fatigue process. 

Generally speaking, the shape parameter (scatter) may be established 

by component testing and the scale parameter (roughly, the mean) 

may be established by a few (1-3) full  scale tests. 

The analytical  reliability   (or 1-cumulative distribution) 

cumulative function for the Weibull  distribution is given by 

R(x) = exp - [(x/ß)a] (1) 

where a is the shape parameter and 3 is the scale parameter.    The 
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mean value for any distribution density function f(x) is given by 
oo 

x =      fxf(x)dx (2) 

and the variance, by 

oo 

■/ 
— CO 

CO 

■/ 

(x-x)2 f(x)dx 

x2f(x)dx - x 

(3) 

For the Wei bull  distribution (1), the mean is given by 

x = 3[r(l  + 1/a)] (4) 

and the variance is given by 

a2 =  ß2[r(l   + 2/a)   -  r2(l   + 1/a)] (5) 

In general, the coefficient of variation is a/x such that for (1) 

cv = a/x   =/ Lr(l + 2/a)   r*(l + l/a)J / r(l + 1/a) (6) 

In treating experimental  results one chooses plotting 

position reliability (e.g. see Freudenthal [10]    Gumbel [11]). 

For the m     ordered data point in a sample of size-n, the empirical 

reliability is given 

R(m) = 1  - m / (n + 1) (7) 

The median for (7) is found by plotting R(m) vs. xm and taking the 
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intercept at R = 0.5. The variance from the empirical data is 

computed from the mean (average) 

1 
nH (?, -' i (s -I 

The median time to first failure is denoted x, in (1), 

and in a finite sample by m = 1  in (7) such that 

exp - [(xi/3)a]    =    1 - 1 / (n + 1) 

which can be solved for xx 

X!    =    ß [-£n(l  -   ^ )]1/a 

It has been found from extreme value statistics that the 

distribution of first failures in samples of equal size-n is the 

same as the parent population; i.e.  the same functional form 

and the same a.    This is illustrated for the normal distribution 

in Figure   8. 
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Figure 8:    First Failure Distributions 
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The scale and shape parameters for the first failure distribution 

are given by 

ß!    = ßn"1/a    ;    ax =    a (11) 

The frequency density function for first failures in samples 

of size-n is given by 

a 

fl M ■ n f(x) exp  [- (ür)(^)    ] (12) 

Eq.  (12) can be derived on the following basis.    Let R(x) be the 

probability of survival, i.e.  l-F(x), of a single item.    The 

probability of survival of n-items is [R(x)]n, which is the 

probability of no failures in n-items.    The probability of failure 

of one out of n-items is then 

Fi(x)    =    1  - [1  - F(x)] " (13) 

from which the probability density function is obtained 

fx(x)    =    n(l  - F(x))n_1  f(x) (14) 

Eq. (14) for the Wei bull density gives (12). 

The following sections outline the operation of the 

computer program as well as the numerical and mathematical 

foundations for each section. The computer program listing in 

a sample problem output are included. 
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3.2    Detailed Program Description 

3.2.7    kfüicuj VlmZYi&i.OYü) 

All  arrays are given a dimension of 100.    This is arbitrary, 

and can be changed by altering cards ("|)*s  (2), and (3).    In general, the 

following rules must hold pertaining to array dimensions.    The following 

arrays must have dimension greater than or equal  to the number of data 

points:    X, Z, F, Fl, Fll, and P.    The arrays Bl, B2, VM, T, and Tl 

must have dimension greater than or equal  to the number of groups 

designated. 

3.2.2    VataVolviU, Gwup NumbzM    (1)    [12] 

The number of data points is input.    This includes the total 

number of data values, even though two or more values may be the same. 

The data values may be input in any convenient order.    The number of 

groups is selected for the purpose of setting up a histogram.    That 

is, any convenient number of groups may be chosen.    In general, to 

make a histogram meaningful  a large number of data points is necessary. 

The number of groups would increase with the number of data points with 

a maximum of perhaps   ten.    The correlation between number of groups 

and number of data points is quite arbitrary. 

*Parentheses refer to program operation sequence numbers as listed in 
Section  3.4. 
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The input formats for N (number of data points) and N2 (number 

of groups) are identical.    They consist of printing three digits on the 

first 3 positions on two cards.    Both must be right justified and are 

integers.    No decimal point is necessary. 

Data values are input as real numbers.    They are also right 

justified with decimal points.    Each value is allotted ten positions 

for digits and decimal  point.    A maximum of five values is allowed on 

each card. 

The selected critical  chi-square value (generally used for 

comparison with the calculated value and designated by CHCRIT) and 

its associated confidence level   (SIGLEV) are input identically.    They 

are on two separate cards, real numbers, and are right justified with 

decimal points.    The first ten spaces on these two cards are allotted 

for these values.    The CHCRIT value and its associated SIGLEV are 

chosen with reference to the number of data points.    For N equal to 

the number of data points, N-l  is equal  to the number of degrees 

of freedom of the test group.    Generally tables of values of N-l  vs. 

SIGLEV result in values of CHCRIT.    These tables are found in many 

mathematical  reference books. 

In summary, input values follow the following form: 

CARP INPUT FORM 

Card 1 No. of data values (N) (13) 

Card 2 No. of groups  (N2) (13) 

Cards 3+ data values (X(I)) 5F10.0 

Card 4+ selected crit X2 (CHCRIT) F10.0 

Card 5+ selected conf lev (SIGLEV) F10.0 
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In the case of N and N2, the maximum value inputted is 999.    To increase 

this, the format must be changed. 

For all  input parameters with formats of F10.0, the maximum 

input value is 999,999,999.    To increase this, the format must be 

changed.    Data values are represented in the array X. 

3.2.3   Sotting o& Vota VaJtu&A 

The data values are ranked in ascending order, i.e. X(l) = 

smallest value, X(N) = largest value.    This is done to simpligy 

operations carried out later which require differentiation of the 

relative magnitude of the values.    Cumulative frequency evaluation, 

for example, requires that its value (F(l)) grows as the data value 

grows. 

The method of sorting is known as a  'bubble sort' where the 

following procedure is  used.    The first two data values are compared 

and the largest chosen.    It is then compared to the next value and 

the largest of those two is chosen.    It is then compared to the third, etc. 

Finally the largest value remains.    The procedure is repeated for I = 1 

through N-l  values this  time.    The remaining value will  now be the 

second largest.    The procedure is repeated until  all  values are ranked. 
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3.2.4    Calculation o{ Cumutatlvz Vfitqatnctj (4)  [13] 

The cumulative frequency value for each data point is calculated. 

For the present study the Weibull  distribution will be used to describe both 

the frequency density and cumulative frequency functions, as given by 

cumulative frequency 

F(x) = 1  - e "(?] (15) 

frequency density 

dF(x)    _    _a        a.-l (f)° nX] dx ß«    X e 

where a and g are the shape and scale parameters respectively.    It should be 

noted that these functions are valid for x > 0, a characteristic which 

determines lower bounds on groups chosen for a histogram study. 

The cumulative frequency for each data point is given by the 

following expression 

F(X.) = i/l+N (16) 

where F is the cumulative frequency associated with X., the ith data 

point in ascending order.    N is the total number of data points. 

This particular choice of    F(X)  forces the function to pass 

through the median which   forces an equal  number of data points to fall 

above and below the median value on a graph of F(X) vs.  X.    Cumulative 

frequency values are represented in the array F. 
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3.2.5    Calculation otf Statistical PaAamcteJU,  (6-8, 10, 11)  [12,14] 

Several  values which are of interest when studying a particular 

distribution are the range, mean, median, standard deviation, and co- 

efficient of variation.    The range is calculated by taking the diff- 

erence of the largest and smallest data vlaues.    That is, R = X(N) - 

X(l) for ascending values.    The mean or average is the sum of the 

data values divided by the number of data points.    It is represented 

by Q. 

The median of a ranked group of numbers is defined as the 

middle value or the mean of the two middle values.    It is in a position 

such that the number of data values, which are greater than its value 

is equal to the number of data values which are less than its value. 

For N odd, the median would be given by X(N+l/2).    For N even, the 

median is given by the average of X(N/2) and X(N/2+l).    It is rep- 

resented by DMED in the program. 

The standard deviation  (STDDEV)  is given by: 

<vv2 

i-1 

where X. is the ith data value and X is the mean. 
i m 
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3.2.6 GAoup Width Calculation 

The group width designates the width of each section used on a 

histogram plot.    Its size is arbitrary and the following discussion 

outlines the reasons for its particular selection in this program. 

AX, the width, designated by STEP in the program is simply 

given by X(N)/N2, the largest data value divided by the desired number 

of groups.    Another method of selection might be defining AX as the 

range divided by the desired number of groups.    A histogram is a wery 

arbitrary plot in any case, and the width chosen here seems to be as 

appropriate as any other. 

3.2.7 Gfioap Bounda&L&> CalauLatzd; NumbeA o{, Data ?olnti> In Each Gnoup 
VoXQJmbizd (74,   75) 
Mid-ValueJ> oft Gnowp& CalcjuJLattd [18] 

Selection of group boundaries for a histogram plot is, like 

the group width, a somewhat arbitrary choice.    That is, as far as 

selecting the lower boundary limit of the first group is concerned. 

After that selection is made all other boundaries are defined by the 

group width. 

The lower limit of the first group is taken to be 0.0.    This 

means that all data values must be greater than 0.0 which is a character- 

istic of the Weibull distribution.    Other statistical functions might 

have data values lying on both sides of the dependent variable axis. 

The value of STEP is added to 0.0 to get the first upper boundary, and 

each succeeding limit is determined by adding the value of STEP again. 
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Each data point is then checked to see which group it lies in 

and the total number of data points in each group is recorded.    In some 

instances computer round-off errors cause less data points to be included 

in the last group than actually exists.    To check for this the total 

data points in the groups is determined by summing the number of points 

in each group.    If this sum is less than N, the total number of data 

points, enough points are added to the last group sub-total to correct 

the error. 

When checking to see whether or not a data value falls between 

two boundaries the upper limit is inclusive whereas the lower limit is 

not (except for 0.0, which is inclusive). The mid-value of each group 

is found by averaging the boundaries of the group. The number of data 

points in each group is represented by the array T, whereas mid-values 

are represented by VM. 

3.2.S   Shape, and Scale. VanjxmejtenA CaZcatatzd (16,17) 

In order to solve for a and ß, the shape and scale parameters, 

the following relationship is used: 

In { In {1/(1   - F(X))     }} = alnx - aln ß (18) 

which is easily derivable from the defining equation for F(x).    In this 

expression X represents an individual data value and F(X) is its associated 

empirical cumulative frequency value.    That is, for X=X., F(X) = i/N+1. 

This relationship indicates that In { In (1/(1-F(X))   }} is a 
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linear function of Ink.    Therefore if the two functions are plotted on 

an appropriately scaled graph a straight line will  result.    In order 

to determine a and 3 a least-squares curve fit will be used. 

The first step is to transform F(X) and X into their respective 

functions of the natural  logarithm.    Inspecting the relationship again, 

it can be shown that the slope of the line is given by a and the inter- 

cept is -aln$.    Let 

F^    = In { In { 1/(1-F(X.))}} 09) 

F2i    = ln{l.) (2°) 

Then for y = mx + b, y = F2i, X = F^., m = a, and b = -a£nß.    The follow- 

ing relationships are true for the linear curve fit procedure: 

N N N N 9 N ? 

' -    [N £   FliF2i    - £   F2i    £   ^ /  FN £   <F2i)    "  <£F21>  ]    (2'8) 

-oto -  [E(F2i)
2 £F,<   -   E   F2i   E   F2iFl1] /  [«^(F21)

2 -  (EF21)
2]  (2-9) 

If the righthandside of the above expression is given as Q, then 

3 =    l/EXP(Q/a) (2]) 

3.2.9    Tkton.Qjtic.al Vn.tqu.mc.vj oh Individual Vota Vointi,    (19) 

The individual  frequencies for each data point are derived from 

the theoretical  distribution.    What this value represents for each point 

is the number of times it would appear in a group of N specimens as pre- 

dicted by the Weibull  distribution defined by the a and ß previously 
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calculated.    These frequency values are known as the expected frequency 

values and will  be used in a goodness-of-fit calculation later in the 

program. 

Consider the frequency density function, f(x).    It has been 

defined in one way as 

f(x) = dF(x)/dx {?.?.) 

The upper limit of this function is °° and the lower limit 0.    The 

following is therefore true: 
CO 

/f(x)  dx =  F(oo)  -  F(0)  =  1.0 (23) 
0 

That is, the total   cumulative frequency is 100% or 1.0.    This 

total  is made up, theoretically, of a summation of an infinite number 

of f(x)  values multiplied by an infinitesimal width dx.    Actually, we have 

a finite number of f(x) values  (that is, a finite number of X values). 

Because of this, it follows that dx becomes AX, a finite width.    Therefore 

there actually exists a series of f(X.) AX. which, when summed, total 
i        1 

1.0, the cumulative frequency over the entire range of X.  values. 

Theoretically 
b 

/ f(x)dx - F(b)  -  F(a) (24) 

a 

This is illustrated by the graph given below: 
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f(x) 

Figure 9:    Cumulative 
Frequency 

The area under f(x) from a to b represents the total  percent 

of data values which falls between xb and x .    That is, given an infinite 

population the percentage of values which fall  between xb and xa is equal 

to F(b)-F(a).    For a finite population, this area will  be used to represent 

the percentage for a single data value.    For the above graph this value 

would be X..    The question is:    "For an X.  in a population of N values, 

how are x   and x,   determined so as to give a good representation of 
a b 

F(b)-F(a)?"    The choice is quite arbitrary, and the following has been 

chosen for use in this program.    Consider the graph below: 

f(x)    § 

x2        Xi-1      Xi 

a b 

Figure 10:    Frequency Groups 

vi+l 
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(25) 

For any x., a given data value, x   and x, , the limits which determine 

F(a) and F(b), are given as the mid-points between xi  and x.j_-|, and 

x.+1  and x.  respectively.    This would imply that 

(x-,T     ,  x. \ / x. + x.  , \ 

'V   n) -F(-L-Tia) 
= expected frequency of x- 

x a 

For F(x) = 1 - e  ß 

F(bK(„ . e-(?)a-e -{¥)" <26> 
This is the calculation method used by the program to give 

expected frequency values for individual  data points. The 

individual  frequencies are respesented by the array P and are 

listed under 'CALC FREQ1. 

3.2.10    Calaulatzd Fsizqumcy oi Each Gnoup    (20) 

These values represent the total  percentiles for the groups 

defined previously.    All  they represent are the summation of the individual 

frequencies calculated over the total  data points in any 

particular group. 

The program checks each group to see if it contains data points. 

The first group to contain data points may have m values, m s n.    Then 

the first m individual  frequencies  are summed.    The next group to have 

a non-zero number of data values, say I values, then has the next I 

individual  frequencies summed. 
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These values are represented by FIT(I), and are printed 

out in 'Calc Freq in Group.1 

3.2.11 Ob&eJivzd fizqumcy Calculation ion. Each. Gnowp    (21) 

For each data point, the observed frequency is given by 

1/N+l.    This is consistant with the choice of F(Xi) = i/N+1 for 

cumulative frequency value.    For a group, the total number of 

data values in that group is determined and multiplied by 

1/N+l.    These values are represented by Tl(I) and are listed 

under 'OBS Freq in Group1. 

3.2.12 Chl-Sqaatt Calculation    (23) [14] 

The goodness-of-fit test which will be used in this program 

is the Chi-Square (x2) test.    Although for a smaller number of data 

points the Komarov-Smirnoff test may be better, the Chi-Square test 

has been chosen due to its wide applicability and the relative ease 

by which the value of Chi-square and its associated confidence level 

can be calculated. 

The value of x2 f°r a given function is defined as: 

IVü'2 (27) 2-  S     .. 
1=1 1 

x ~        e. 

where 0.  = observed frequency for data point i      (=1/N+1) 

e. = expected frequency for data point i 

This value is represented by CHISQ and is printed out under the title 

'Calc Chi-Square'. 
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3.2.7 3    Confildmce. L&veJL ofi Calaalattd Chl-Squcutt    (24) 

In order to determine the confidence level  for which the 

calculated chi-square is a critical  value the area beneath a chi-square 

curve is determined.    If the total  area under the curve is normalized then 

the area under any portion from 0 to some value of x2 represents the 

confidence level of any value of x2 and an associated number of data 

points is given by the following expressions: 

For N even: 
N-2 

2 2r-l 
Q(x2|N)  = 2Q(X) + sZ(x)     E     i.3.5...(2r-1) 

r=l 
(28) 

x2 

For N odd: 

2 ,2r 
Q(x2|N) =  ^TZ(x) 1+  E     2 4..(2r) (29) 

where:  Q(x2|^)  represents the confidence level 

Z(x)    =    —     e "xZ/2 (30) 

Q(x)    =    —       f e"t2/2 dt =    f     Z(t)dt (31) fa     J 
x 

Because the form of Q(x)  given above is in terms of a non-integrable 

function, the following approximation is made: 
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Q(x) - Z(x)      ^  L  L.  |_  1.   . .  .      , (32) 

a continued fraction expansion.    This is expressed as the following 

1 
x + 1 

-TTT <33> 
x + 3 

This infinite summation is used to calculate Q(  ) in the program.    At 

this time the error limit is given as  .0001.    If this is found to be 

too large it can easily be altered (card 232). 

In summary then, the following is used to calculate the 

confidence levels: 

N even: 

Q(x2/N) =    J_   e-X2/2   i 1_   JL   2_   3_   4_ wu /*;        «-  e ^ x+   x+   x+   x+   x+ 
/2ir 

^7 r=l 

2r-l (34) 

1-3-5...(2r-l) 

N odd: 

Q(x2/N) = e-X2/2 

N-3 
2r 

X 
2-4...(2r) (35) 

2 
Q(x /N) is represented by Q2 in the program. 

3.2.74    Compcuvaon oi CaZcxxlatdd and Sztnatzd CkL-Squcuie. \lahx2M    (26) 

The calculated.value of chi-square is compared to the selected 

critical  value of chi-square.    This can also be done by the operator as 

both values are printed out along with the calculated confidence level. 
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After comparing the two numbers, a comment is printed out regarding the 

comparison.    Basically the comments read as follows: 

1) if the calculated chi-square is the larger of the two 

then at the selected confidence level  for the N-l  degrees 

of freedom the distribution found by the program is not 

good enough.    This probably means that 

a) too few data points exist for a good fit or 

b) the scatter is such that the Weibull  distribution 

is not an appropriate descriptive function 

2) if the calculated chi-square is the smaller of the two 

than at the selected confidence level  for the N-l  degrees 

of freedom the distribution found by the program is a good 

description.     (One might note, however, that a calculated 

chi-square which is too small, and consequently a confidence 

level  about 1.0, may also indicate something is wrong with 

either the distribution or the data selection.) 
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3.3   Program Description 

In order to give the reader a quick but clear description of 

the attached computer program, the following will be used as a presentation 

guideline: 

1) The program operations, either I/O or internal  functions, 

will be listed in the order in which they are performed. 

2) These operations will be accompanied by card numbers 

corresponding to the program listing. 

3) A complete program description will be given.    The major 

operations on the sequence list will be described as to 

how the operation is done and why it is done that way. 

In the case of input the format used will be described 

in detail. 

4) Immediately following the description titles will be 

given the item number(s) of the appropriate sequence 

listing. 

5) Following item number(s) will be a list of possible 

references for further discussion.    (Each description 

will  not necessarily have a reference listed.)    The 

references are given by numbers and listed together 

at the end. 

In general, each major operation or group of similar operations 

(internal) will be followed immediately by its associated print statements 

in the program listing.    This will  provide additional continuity to the 

listing.    In some cases, the print-out will  follow later in the program. 

This provides output continuity. 
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3.4    Sequence of Program Operations 

1) Reads number of values, number of groups, data values, selected 

critical  chi-square value, and associated confidence limit. 

9-13 

2) Writes out number of values, number of groups, and data values as input. 

19-24 

3) Data values are sorted in ascending order. 

35-46 

4) Cumulative frequency values are calculated for each data point. 

47-48 

5) Ranked data values paired with cumulative frequency values are printed. 

49-50 

6) The mean is calculated. 

57-60 

7) The range is calculated. 

61 

8) The median is calculated. 

62-69 

9) Items 6 to 8 are printed out. 

70-71 

10) Standard deviation is  calculated. 

72-75 

11) Coefficient of variation is calculated. 

76 
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12) Items 10 and 11 are printed out. 

77-78 

13) A histogram group width is calculated. 

88 

14) The number of data points in each group is calculated. 

89-109 

15) The group boundaries are calculated, and along with the group number 

and the number of data points in each group, is listed. 

110-117 

16) Transformation of data values and cumulative frequency values to 

functions of natural  logarithm. 

127-131 

17) Determination of a and 3 through a linear curve fit. 

136-154 

18) The mid-value of each group is calculated. 

155-157 

19) The individual  theoretical  frequency of each data point is calculated. 

161-168 

20) The theoretical  frequency of each group is calculated. 

169-184 

21) The observed frequency in each group is calculated.    Group numbers, 

observed and theoretical frequencies for each group are printed out. 

185-190 
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22) Distribution characteristics are printed out.    These include a, 3, 

data point numbers, data values, and individual  theoretical 

frequencies. 

191-199 

23) The value of chi-square is  calculated. 

213-215 

24) The confidence level  for the calculated chi-square value is determined. 

220-255 

25) The selected chi-square, its associated confidence level  and the 

calculated chi-square with its associated confidence level  are 

printed out. 

256-261 

26) The calculated chi-square value is compared to the selected critical 

value. 

272 

27) A statement concerning the relative sizes of the selected and 

calculated chi-square values is printed out. 

273-281 
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3.5   Program Variables 

The following is a summary of the perti nent variables in 

the program, their program symbols, and their output readings. 

[Jcuiiahld VfWQhJM 
designation 

Output 
Heading 

no. of data pts. N No. of data pts. 

no. of groups N2 No. of groups 

data values array X Data- as input 
& in ascending values 

cumulative frequency 
i/N+1 

array F Paired with 
ascending data values 

Mean Q mean 

Range R range 

Median DMED medi an 

Standard diviation STDDEV Std. Dev. 

Coefficient of variation CVAR CVAR 

Lower group limit array Bl Low Lim (Not Inc) 

Upper group limit array B2 UP Lim (Inc) 

Data pts. in group array T data pts. in group 

Group mid-value array VM mid-value 

Observed frequency in group       array Tl OBS Freq in group 

calculated frequency in group   array Fll CALC   req in group 

Alpha Alpha Alpha 

Beta. Beta Beta 

• Individual calculated freqency array P CALC freq 

Selected critical x2 CHCRIT Selected Chi-Square 

Selected confidence level    SIGLEV 

Calculated Chi-Square       CHISQ 

Calculated confidence level   Q2 

Selected Conf Level 

CALC Chi-Square 

CALC conf level 

55 



In addition, the following variables appear in the program but are 

not output 

array Z = £n(X(I)) 

array Fl = £n(£n(l/(l-F(X(I)  )) 

S1     =  Z Z  F 

S?    =    Z  Z 
see part 8 of program description 

S3    =    Z  F 

s4   =   z z2 

PI, Ql, and Q3 represent the continued fraction expansion 

(see part 13). 

PROD represents the denominator in the Q(x2/N) 

summation. 

SUM represents the Q(x2/N) summation. 

P2 represents a calculated significance level   (1-Q2) which 

can be printed out of desired. 
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3.6    Sample Output 

33* 

^ ,)i,v£iMSlO,. A(inü)rT(lun}»/(inu)»FiiüO),Fl(lun),P(inu),wM(inü) 

A* [)IMEi>jS10,M    I KlUO) rKli(iOü) 

-4* & 
b*        C 

-sy* C- 

OATA   POINTS   A„U   THE   DcSlRtD   NjMöER   OF   GKOUPS   FOR   HISTOGRAM   INFORMATlOf. 
ft,TE   T-.P-'T-   rm.^nAUF   roMFTuE^Cr   i FtfFl    rtNl>   fORRFSPONniNtt   r"ITXCÜ)  

/*        C   VALuE   ARE   IiMPuT.  
£1 Q _ _ — ■ ; 

9* rttAD(5»?.)   IM 

ltj*    ULAD<ti»T»    IM? 

11* R£AD(5»1)    lX(I)»i=l»*> 
12*        HfcADCirtf)    t HiRIT  
13* R,£AD(5»5)   SlwLEV 
ll-t- ] FORMAT tbclU.U)  
lb* ? FüKMAT(I3) 

lb* 3   £XiRMAT( T.i)  
17* ti FORMAT (FiO.O) 
IB* 5 FORMAT(Fl n.fl)  
19*                           i«KxT£(b»in) 
2ii* vtH tTe:(nr 1 U   IM 

21* «/KiTt:(6M?) 
3-J* ifi-Y. iTFtfSr l^>   isP  
25* WKITE(b'^O) 
24* „mUTElfaJ-1 *> »    ( X t T ) r i =-Uxii  
2-,*        lü FX'KMATC   NO.   OF   üAlA   PIS.») 
?^* 1 1 FurtMMT(7x i iTi) 
2 7*         12 FORMAT(//•   No.   OF   bRüUPS*) 
y;-t*        1^ Fi'RMATi^rtf i 3 ) 
2** 2ü FORMATI//' L)^TA   -   AS   üMPüT») 

*JI* is FüKIVlAT(5rtf bEl1^)  
31* C 
3?* P    n   ni|nn|F   S,VT    r^   MF^Fti^.v.F,.    iO   RANK  XÜE-üAIA-ftnCÜSDTNr?   TQ   ASCOlOffz- 

CVALiiES.   THE   CUMULATIVE   hREoüE^CY   FOR   EACH   OATA   POINT   IS   CALCULATED. 
r 

35*                             K = N 
3Q* 3U l^X. 
37*        6U             If-lXU)    .ßl.   Xll + D)   GU   10   40 
3o* F-UJ I^I + l 
39* ii- (I    .LT.   N)   GO   TO   6u 
t|U* n.-rt,-l . ~  
41* IFIK   .6T.   1)   GO   10   30 

_4a* KO TO inu - 
4.3*         411              RT = X(I + 1> 

_WU4* X ( I +1 ) ^X.UJ .  
lib* XlD=RT 
Uu* ftf.i   TO   bf) ■ 
t+7*        1Ü0           i)Ü   8U0   K = 1»N 

JUi* ailfl F-JÜUJ^K^.Lx-»--tMJ  
49* wRlTE(6»llo) 
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-L>Vr* ■ ^HFTfrr^;r»-Jr2--fc>4~- ■(■-*•■(■ i-l-f ^ t T ^ » \ =t-*-W-) ■ ■■  
bi+         llfl            F-JKIMAT t//»                        uA l A-AsCcNüTi\iG   VHLUFJ   pAl^En   WITH   C'H«    FKFQ.') 

J&dj,-. 1 20 t^y^AJ-iJäjSt-M^lA-«^^^^ li > i- 1 ■■>« b t F 1 Ü »-iaj.  

_!v;-.* j- THE   R/W^E^agAi^U-toEiJ iMN^^U^iiDiVlii^aE^T^-T-Ul^-tJUiu- COLFfcüXlbHl-.-OE  
c VARIATION ARE CALCUUAJru. 5 3 '.* 

^ *7 -i- iO = U , 
-&di ^i_^^Xi—X-^U-M- 

b9*        ?b0 (J = U + A.(D 

—&>iJ-* ■ ■ Q-^vi / i «J  

bi*                                R-X (i\l) -X I 1 i 
 t)<i£,_ y:; i — i,« )j!~ti'l— 

ho* Ir(V    .LT„    U.)    bO   TU   2nd 

-ix:M: __4=4-^l4XiU  

Go* L2-N/2. +I. 
—fcw>* _44^^D^1XJLL-4J-±*-X.I_2J--L^. 

b/v iV.)   TO   21u 

.—4**i* P-«+J I.J- ( i'J + l » i /2-°  

_7u-fc -^-X-U- mj4-iTE t fa' «^-guJ  
'/I* iWf.iTir. (b»23u )    Qi>R*G>iEw 

—22^: J44.uG£.V/i.ü_*_   - 
73* Du   2.65   1-1 »M 

—ZJ** ?3J5 &4-aQfc,\/^STi)l/Fwt t X ( U-=Lw ) **,*> 
7o* ST'UDEV=S^PI (STüDLV/N; 

..Zo_* C_>IBR=SXQL)EV/IJ    ..... .  

7 7*                            WH iTE ( b f X'+LI ) 
..Zii* .     i^uJLIi-jLtu^:Xt>.L.-S-£D.üElv i l.\j_aR    
7v* 940 FuKMATC//* SVD.    QEV. CV^P») 
H i i -A- ? a s F^<,rt ;V!aX-t.!xA-i-gi.EJ-5 » 5 J 
Hi* ?20 FüKN'!MT(//' Mr W\l RA:JGE h/FL>T.A^" ) 

_h2-t 2.3.0 iLuKfA^IAhAJUi EL5JL51             
83* (" 

...Au* c_juiED&ttjOjujü!_cuL^  iii_jj.a_oiUi.CEr,_9 _iyi5.. 
6:J* C    INCLUUC.S   üIVIUT.MG   DMTH   iM'i'O   ÖKOüP;D »bEi.^cTiMb    1 He   MTU-VflUJF   Of7   TflE 

■-ik>*-       C   SHQIJP» ujiO-CQlliMT nMu-IHr    H' )ii"r.KL-QK   i)A[A   PJIPJTS   TNJEBCH   ^^O'JE^—— 

<w'*        C 
-8*i* . iitfc£=XiJlJ J.XSI^._ 
H9*                             [)0   <+(i0   K-1 >N2 

-9+^ 4-W) T ( K i =0-«  
91* J=i 

.92-* K-A 
93* 
Jä^ 3-üJä i-ib --3XU—Ls.J JU-1. 
9b* TrtX(I)    .Gl.   STEH)    Gu    10   320 

-9»*- iltiU-=LLULJL+J_«  
9/*                            L = L.+ 1 

_9ü^ 510 COiUj-LLLuE  
99*         .321)            J-L + l 

-JLXXtJ*    - . CfLP^STFF fjduxlZJbLtL- 
101* IrtSlEP . Gi„ XIN)) Gu 10 330 

. J4i^* ic^s.ia. — —  
iü-'i* i-iu   Tu   30t> 

10r>* ih>   332   I-1»'N!^ 

1U /* Ir(TuTFRt    .Lie    N)    uO   T'J   ,-i34 
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lÜu» ■ ~t¥n—?■(■<   33W  
l(j-,* ^34 v(il2i=T<.M?) + iN-TuT|f-Rr ) 

. 11 _ » m*-irVr~i^*--'-*i+y^  
111* 

-ii_* 
11.}* 
ii't* 
llri* 

-11 o ■*- 
117* 

-44t*-*- 
119* 

■42 J* 

121* 
122* 
124* 

12".* 
-l_r> + 

12/* 
-12-rt* 
129* 

-4_a4fc- 
131* 

134* 
134* 
13h* 
13t_* 
137 + 

JLi_-t- 
139* 

141* 
_iita*- 
143* 

JJ____ 
i4'i* 

-44 o* 

14/* 
-44 rtJt- 

149* 

1 5n.-fc, 

151* 
■4_t2*- 

157* 
_4&ö*- 
159* 

4-bti* 

161* 
_ h .V * 
163* 
46a* 
16:3* 

*r.lTK(b':)'!<i) 

uu   520    I-). »N? 

52(1 

-54W- 

tl'll)=l*x (IM)/N2 

..•jNTi^UE 

5D2 
5Ü_, 

FORMAT (/• 

,FuHMrtT( * 

 ,_lSIufi4iA_UtfaijßtiL_l__L»J  
i,R_UH              u-0„   LIM                        UP   LiW 

Kin. ,M._T   TiO (Tr.iO— TM   r,RQiipi )  

R1 i i 

-C  

FORMAT (CU» i5»?_lb.-)»F1.2.5> 

C THF OAIA vALUtS 
___Jta-ti£-4=^i»eu-4£i- 

C   LlNt.Atv   KUNCTIü 

-C  

AwD   Cü^üLMTIVI-   FRFOüFICY   VALUFS   AKF   TRMNKFORMEO 

.1 MtLAK   -ra,.Ai Lu'.l.. flj_._t_l_._-t Y^F   I fii (LMJ 1 / ( 1 -F ( Yi 1-_I i_-L 

0F   _N(V. . 

5n5 

^'t.P=x (N)/ISJ2 

U_   .5:35 L-JjJü  

?ll)=AL0b(A(T)) 
.44-^-a4ü-Ji~.l«^-. 

fiin 
-C— 

Fi IK)=AUJC-"IALO_<1./ (l.-Fi*)))) 

C 
THF   VA..UES   OF   ALPMA   A./I   KtTa-    FOR   F (Xi =1-1/_VP( U/R_Trt) **AI_PHrt> > 

-__F_--X_vi_OiUU_:.ix_uSxNL__.Ä__._^S^ t  —     

S1~0-- 
c.2 = 0. 

.,<;_) ISO, 

ih. . fe-lUl I:liN. 
61J0           m=2(T)*rUI)+_l 

 a.,   61 _._4J_1JL__.  

hin S,:;' = _(   1   )+S'' 
ü„i   62 n .1-1 riN 

620 «;3=Ki(I>+So 
__u_63Jl_l.Slf-il- 

A3(l           SH = ZII )**2 + Su 
 _U_BA=1J1*--J. .=__> j____./_li i * a_- S__* _____ 

Hii_.= (S4*s3-Sp*Sl)/iN*<-;-+--.2**2) 
0 7_riFF/flJ-P--iA  
IF IQ 7   .U.   0.)   Gu 

_ai_TÄ=l-»Ai.Xr (iJ7)-  

10   7ü0 

153* <->U   TO   63/ 
-154* 7410 fcte4A-£x£ .1=_L7-4 

15-3*        336 Vj_P=X(N)/i\.2 

_5o* 1,,,_   5h0   T-1 iNv 

56.1 Vivill) =STcP*("i-.5) 

C 

-C- 

iMDlVliJUAL   DAift   POINT   FKEwilcNctE*   ARE   CALuiLA.Fü. 

Kl = l 
,\_„|_t-)HA 

r.:-1=2.*BE! A 

_;,4.Si_=4  

ijj   6h0    I = 2»M 
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if^f      C.J..Q        p (i) -i, /^p M (x * i ^ +y * T-T > )/n^) **>>) -1 ■ /FYP n(nf Ttü..tK.LUiHS.li$.A.)— 
lb7*                          P(l)=l.-l./ExPl((Xl2)+A(i))/üS)**4) 

-ifeli* P-tul) =1 . /FXP-U < X (IM ) +X < M--1 ) 1 /Bb ) *-*+ü  

.-J.-7-44S- i4y_J?4J3—-L^U-i J _ .—. _ 
i7.i*      7io        Fii(i)=n. 

178* 712 TK(T(I)    .!'■!•    0.)    GO   in   7(4 
J,_5L4^ 1 ~ i * 1  
17^*                            Tril    .GT.    IM)    GO    10   7iR 

-iT^fc (iü   TO   73^—  
17/*        714           l\o=T(I) 

-XZfi* Uij- 716, „J=.Li-kl3  
179*        718 FU(l)=FlliI)+H(J + iNm) 

-JU&U-* ^4=1^11+r4 3  
181* 1 = 1 + 1 

.XB2^- lii-L-L-«JoJ^.   w)   GO   I.CL-Z11L. 
183*                         bu   To   712 

_l^iM< _?444 G^M^-IiviUE  
1H:■>* ttf!-:iTt (6» 7'fSU ) 

_!-&»* w^.jJ£-(-b> /f.^).-  
18/*                            i):J   790   1=) ,H 

-L&ax. -       T.U-U-=J-LLJ-Xii  
189*                          iAi,dTr(6»/f)o)    I»VM( i) »Ti( | ) » Fit II ) 
UH* 7-jn f-i IINIT i r-.U IF  

191* w ,ITFjb» /nö) 
-l.H^±- 8-d.I i^,.X-X£Xfo?h!!-b)  

lÄ-iJL. ^K I: TL ( 6 f tx5-LLl_.At_£bAjJJ£_I.a.. 
19!i*                            w   iTE (6»«3«i) 

-ISo* : uu.. iTK (btn^MJ  
197*                            Uv'   780   1 = 1 » M 

-19-ti* oi^aXE ( 6 r 7 led L_-LtX-LIljLbL( jj  
199*         7H0           C^IMTI^UE 

-üUu* £fcü3 £oaMi>T(/.J laRüliP AÜLD l^b   FRLQ SLAULJEfitiiLL 
ÜÜ1*         7o2            FJKMATC            NO.                     UALUL                        I I'M   bPOMP                     IM   ^ROtjP«) 

_^4J-i-* 3U*6 j^gjü4dT ( On » i 5> 5t£lb« l:>) , _———.— 
2U.5* 7t>8 F:JKMAT(//» JTsTrv TrfUT TuN   C^AK ACTFRiS i TCS' ) 

-dim*- £a*£ F-^MATC/J : JE1X1 -=x=lZ^XH-t t X/ Rh TAl*_*JiLPHA LLL 
üiln* 842 FwKMATC AI-PHA CJETA') 

-ejüh* bbO F-^irtMAT t 5A t £E4-5-»fU  
2U7*        f,ö?          F mMATl/'           OATM               DMTA                            CAiC») 

-444W-e &«44 l-^a^WU-U P,i:.   >M.Q uAul.lt. FKFi.)» ) _ 
^09*         782 FuKMMTlOXf i8»2tilb.b) 

-2041* CL. 

211+        C   THE   CHi-S(OlJARt   VALUE   F^K   bnüCUEbS-OF-F I l    VEST   Tb   CALCULATE^, 
-2-l^fc- C   —  
^15* C>,iSu=Ü. 

—<dXti* : LUj ktj l=-l_L±J : : . . 
21r:>* 8bl CnlSW=CHlSw+(l./lM+l. )-P ( I ) )**^/h'U) 

2 In* C ■ -  
21/*        C   THE   Co^FlDEhiCt.   LEVEL.   rtSbOClaTfn   WITH   rHt   CALCHLATCD   Cril-SoiiAPE 

JiJUi* C—UAL UF,   IS --UE T E r< M1 NED.« .  
219*        f 
ii. 2 ü * y^=CriI.SQ 
221* Y = bQhiT(Y2) 

-222ir a-2 =SaEilXkuit3*JLü.lü.clI- 
225* Di=(-1 o )**IM 
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- 22 /* 
-2-Z&*- 

2'2-4* 

231* 
£3-2*- 
2.U* 
2S^*~ 
^3->* 

d'67* 

2M2* 

~2Mi->* 
214/* 

..■2.u,aA, 

-^-5.)* 
<>bl* 

*53* 
i   fc 3 lA iri ii 

^b7* 

2bb* 
Zbt»*. 

*>b^* 
_a7i)» 
271* 

, 27'2% 
273* 

- 27:•>* 

27 /* 
■■■a,?,,!*., 
2'f ->* 

2bl* 

II  tül   .11 .   0» )   0ü   10   1oü 
is,i=l./(Y + l ./Y) 
I'M t -8 

IS I Nl-1 
= N1/Y 

1 s,j 
Dü   lb?   I-UM 

^5=1./(Y+Pi) 
-W- 4iü 

C0L-Q3 
-nl-Nl + 1 

163 

hu   TO   151 
0 „i=i.Jl  

,vr-tN-P. >/?»- 
no   1S4   L-1 »M 

-4-bb 
JO   lbb   K-UL 

^i+ <,*        i3i4          sur-t=«=.UVi+ r**( P. *L-1 • )/r>.<0., 
^m ^^^*44lxlJJ2*E;CexY^^JJL±^ 1M.. 

4-bO- 
hij    TO    l5r> 
„i-UM-3. )/a.  

■ l,u)   lb7   1,-1 >^i- 
hVOD-1 • 

_^u~-lbP.-KJ JLt-L- 
1 b8 
1b7 Su'i"i=Sl-l'M+Y.-'» *i_ZHRu!L 

«o,'=(l.+Su-- i/hXH(|9/2. ) 
„■U.iilwll ■  

klb^*         1 bb           F>2 — l.""02 
/b,-.* mi^ LTF (h> 7btr ) 

w/KlTt(b» /bi+) 
-jtiraTt£(6t-/l^-)- rriCKiJJt.bXaLi 

w.  lTF(b»7HH) 
WM. iTF(br 7Rh) 

7"»? 
wtf ITF (b> 7Mb) 
FüKMATJLZl 

CnIbO»Q<r: 

CMl-S.ollrtRt Üb.i*         7n4            FwrtMAT(' 
~iUyi±-      7.bi> Cö^MAT lüucIS «.bJLlzJLgi-..-bX 

Si-LnCIFU» ) 
CuNF   LEvFu») 

7rt4 
7iifv 

FoKVIrtK/» 
FuhtMaTl,' 

CALC 
rftT-qwiiMKr 

CMLC») 

788 
-C 

FoKMAT(Ox»clb.b»rl^.b) 

THF CALLULATEü LHl-bQUAKF VAL,,F IS CO^PARtn To 1 He SEL^CTFn VALUE. 
. C- 

 iFlCriTSfl   .hT.   CHl.RiT)   ftO   TW   73ii  
WiUTF(b»74u) 

vJKiTttb» 7UM-) 
ri,UTL(b->V;.i-rj) 

-ÜO. 
GO   TO   7Su 
)MiiiT£(ia> / V> 

:lTF(t>» ^34) 
_vj,UXti-b.Jt_73nl. 

7b(l CONTINUE 

fil 



—^414-*- 7411 

«^ 8 r> * 

HMKMAT(//'    THF   CALL'.ILMEH   V/ALUE- 

74? FOKMATP    EivUAL   TO    iHf- 
-5H4 F,-;KMA T < *    ;JgaU-^-O-O^-S-ixixBwTinf-g 
746           FuKMATC   hJaJtClEü» ' ) 

-7-^2 E^^ii.'KUUZ/J—T+4E- CiiU-U-LA I"F.J-A/ALU^- 

CRJTICAL   VMLUF,    |HF   HYPOTHESIS   THAT   THF') 
-Is   GOUn J1AL1A[£LE—ü£jLL 

uF   CnX~-SgLlA5U^. 
7-34 FüKMMTC   TnE   CKH'TCAL.   y/AUJE.   THF   HyPOTHEsTS   VHAT   THF   HERIVtO») 
-M6 fa^MaTC8    i'ilSTr?LEULT.iOij   Hi.MpTTiiM   Ts   HDHH   MMQT   rip   P£ jFrTEÜ.^.1-1 „., 

Ft:Ü 
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MTTT--ÜI-   üAl a   PIS*"' 
If* 

r, i~ -t)V    l3Rül)H>5 
I 4 

, 37iiOU+nt5 
,<i3noü+nr> 
,b0ii0ü+n5 

-trvfPrff- 
,370i.il + 0h 
^b-QuU + Qb 
.S10iiü + 0h 

._^j±&üllu±ii5-. 

.auouo+ob 
.jJtbüUiLtü-ä- 

,4?onu+ns 
,u.Qnnn+n5- 

.Sboun+Db 

.a7t)fU) + i)S 

.ItüUilD + nb 

■.Mi-iiinu+ns 

£WJlnO ynLUF.5 |ifti^fcfV-V4rM-feWt-^-R^J 
.0*667      .37nu0 + 0o    .13333 

__»a«64>7— ,.liMlXiSl±il ^ *SHx5 a 
.4n667 .(+Dnun + no .D333/J 

.b'+iirH) + i»t> 

.6n6b7 

.8^6D7 

.5unun + !iu_ 

.5bHü0+0o 
.. 73 33-» 
.9333. 

•39u0u+ü5 
_.ü.jiü.ajü-i.a&- 
•u6uou+ü5 

■.f-iit.inm-QS- 

_*jmauo.. 
.6üOOO 

—yttnvrJ  
,4b;>l4+nS 

—R-Antftc  
IbOüÜ+Ob ,4tSoÜ,j + üci 

-frFÖT-tHrVr- 
,b696ö+n4 

 c-v^-*-— 
.12fSu0 + 0n 

■Hl-iTuOi<f.H   PRoPf: 

■WKÜIIV» 

—i— 
2 

-3- 
4 

_b_ 
b 

-2. 
ö 

iü 
-tX- 
12 

14 

ortOiiP 

1 
-2- 
3 

JA- 
b 

■LOW   L-4-M- 
(NOT   ir-JC) 
. ÜDDlUl  
.39;>rt6+04- 

.11786+06 
^lüZJLittah. 
.ly<s<+3+nb 
.236 71+ns 
.27SU0+06 
.3lM?q+n6, 
.3^367+06 
.3^?rt6±HS- 
.i+3?i4+0b 

.bm/i+os 

MIO 

.19h43+04. 

.9*214+0«* 

.1 *>7bil + (Vv 
,17679+Üb 

.2b63h + 0!-> 

 l*H   uI-M- 
UiviC) 

. iq,-i»oti)'t 
,78b7j. + i>4 
,11 /Rh + 116 
.I5 7l«++n6 

_*.XäaiUt+-US_ 
.23b7i+u6 

_._2£afl-U+u5- 
.31«+?y+<>6 

. 3c^Kb+ii6 
.^J43^JUt±US.-. 
.i+7i«-3 + u6 
-..b1ii7i+ii5- 
.bbuOu + llS 

odS   FkErt 

.UOwOü 

.QQui'i-u.-— 

.üOüUü 
...OnilCUJ 
. Ü 0 ü 0 ü 

•OOuOu 

i^.T-rt—^IS- 
IN   GKOuP 

__ .Jlü/lüIL 
.riuöun 
.n.in.,0 
.nunun 

•OüOnO 

♦nuOnO 
■^JMIOIIO 

3.0J0un 

.i*HjJiluf]_ 
.■?. n u o 11 n 

CAL.C   FR£Q 
__LtL_GUÜJLlE- 

.OüOuO 
-»DiJfl.iJQ- 
.nuO,,n 

,t"t)OitO 
• nuOiiO 

.nuOiio 
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.,2v,<Un'.t*0l-> - -UXLU-üU- ..nüQii.0.. 
9 

-4-U-- 
II 

13 
■44- 

.3/>;-W5+nb 

.^Ip-iO + Oh 

.4-^107 + nb 
-*-&-40..nVH)^— 

. Ü 0 ü 0 u 

.2l^py+un 

.OüOun 

.?ü3,,u>+nu 

DTSTKTiHiriON   CMAr<ACTclFU5"i"ICS 

(X)-1-l/FxP( U/riFTA;**ALPfiA; 
 Al.-.-PtlA , 44-4-A—  

DATA 
Pf   M;I 

-2- 

.78.»fiö + iU 

— U^-U4£_ 

.478fi7 + ÜH 

. 37(iü O + Ob 
»3/flün-Klb 

CHLL 

 ElttrlU- ■ ■ ■- ■ 
. l?bl / + iu'i 
.£6r>3b-ill 

3 
-4- 
5 

-6- 
7 

.3^n()n+nb 

»4-^nutH-nb 
-^.^^nuii-fc-as- 
• «♦bi.iüü + Ob 

.47»*,o-til 

.6Rlc,/-ii1 
->xz7.?j-ta- 

-ZSk iTU_Ü_ 

9 
-Ul- 
li 

13 
-iü. 

• fhOiiil + i'jh 

.biinuO + nb 

.SlPiHH-Oh- 

•b0i7u-ul 
.-«-U.iÜ.'i.tüJGL.. 
.öS1.--U-II1 

.5uni)t)+0b 
..«SbUUXU^Üb- 

• o4.+ 73-i)l 
■j-bit."i7ö"*u,L„ 

-^ferFt^-i-H 
Crtl-SUUAPF 
.23fr?Qü+U£— 

J^rtf^Xiil  
COHI-   LT.VFL 

 .^^5üG  

CALC- -UU=C- 
Crll-SÜÜA^t 
.lBLr.7 + nO— 

C(t,>   LFV/EL 

T^L   CALCüUUTEIJ   V/Al I IF   Or    CHI-S.^UHRF    IS   LcSS    IH,,:.!   OR 
£.<UAL   TO   rufr   C!<:1TTG/U..^ALUF.    iHfc   MYPO i H^SiS.  T.iAT   THfc. 
DtKiv?;/ umTRT-tjTioivi FUNCTION IS ^OüD CANI^OJ  ,->E 

■ RtJECTFÜ«   
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CHAPTER IV 

TENSION OF AN ANISOTROPIC PLATE WITH ELLIPTIC CUTOUT 

4.1 Introduction 

Consider an infinite two-dimensional plate with an elliptic 

cutout, subjected to uniform tension at an angle <{>.    The dimensions 

of the cutout and manner of loading are shown in Figure 8.    The solution 

may be obtained by superposition of the solution to two problems. 

The first problem is an infinite plate with no cutout and tension at 

an angle <j>; the second problem is a plate with an elliptical  cutout 

with no loading at infinity, but tractions applied along the cutout 

surface corresponding to a uniform stress at infinity.    These two 

solutions combine to give a stress-free elliptical boundary (see   Figure 9). 

4.2 Problem Solution:    First Problem 

The solution to the first problem is a uniform stress given 

by equations (36) below. 

a =     p  C0S2<j> 
X 

a        =    p sin2c|> (36) 
•    y 

T       =   P sincf) cos* 

Vftoblzm Solution:    Second Vnobtom 

The second problem will be solved using the stress function 

method of Lekhnitskii [15].    Stresses and displacements are obtained 

in terms of the stress function *kUk) and its derivatives with 

respect to Z. . 
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a        =      2Re[yx2$i + y22ä>2] 

a        =      2Re[$f + *£] (37) - 

T       =    -2Re[y!${ + y2$2] > 

U        =        2R2.[p1$1   +   p2*2] 

v     =      ZRe-Cqx*! + q2$2] 
(38) 

The parameters p and q of equations   (38) are functions only 

of the material  compliances ß., and the roots yk of the characteristic 

equation for the material. 

Si/  - 2316u3 +  (23i2 + 365)^2 " 2326v + ^22    =    0 (39) 

Pi =    3iiui2 + 3i2 " ßißVi 

P2   =      ßny22   +   ßl2   "   ^16^2 
(40) 

qi =    ßi2^l    + 322/yi  -  ß26 

q2 =    ß12y2    + $22/^2 -  ^26 

The constitutive relations employed assume only that the materi - 

al  is midplane symmetric; otherwise the material may be generally 

anisotropic.    The roots of the characteristic equation are in general 

obtained numerically, as, for example in reference [16]. 

The Z.   coordinate frame results from a linear transformation 

from x-y space, where m and-y2 are solutions to the characteristic 

equation. 

Zx =    x + v\y 
(41) 

z2 =   x + v-2y 

• 
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The stress function may be represented as an infinite series 

in the variable £k> as: 

(42) 

'k    =    Ak lo^ k 
+ 2) Akn 5~ 

The variable £.   is the result of a conformal mapping of 1^, 

such that the elliptic boundary maps onto the unit circle.    The mapping 

is given by: 

5|c   =    (Zk ± v/Z^ - a^ - y*b*) I (a - iykb) (43) 

The problem is now reduced to the determination of the stress 

function $.. Since the net load on the interior boundary is zero the 

coefficients A. reduce to zero. The remaining coefficients Akn are 

determined from the boundary tractions on the cutout, which may be 

represented by a Laurent series. 

The boundary stresses are related to the surface tractions by 

Tx = 0xnx + Tx?y (44) 

Ty = V*"x + °y*ny 
The components of the unit normal to the cutout surface must 

now be determined. The equation of the ellipse may be given in 

parametric form as: 

x = a cose 

y = b sine 

Consider an incremental arc length dS along the elliptic 

surface (see Figure 11). 

(45) 
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H- 

Figure 11: Local Coordinates 
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dx = -a sine de 

dy = b cose de 

nx = dy/dS 

n = -dx/dS 
y 

The stresses a *, a * and x    * at the boundary of the cutout 
x       y xy w 

are known, since they must correspond to a uniform stress applied at 

infinity, so from equation   (36): 

a *      =    -p cos<j> 
x 

a *     =    -p sin<)> 

T    *   =    -p sin<() cosc|> 
xy 

The boundary tractions are now fully determined: 

x *   dy * dx 
Tx =   ax     dS   "   Txy   dS 

T   =    T    * dy_   _        * dx 
'y       Txy    dS °y    ds 

The boundary tractions can be shown to have the following 

relationship with the coefficients of the stress functions. 

fi\ * ny) ds - -<px + ipy) £• 

-ime 
+    E   C(ui-i) Alm

+(^-i) A2m]e 
m=l 

'+   £ C(yi-i) Ä    + fa-*) Ä2n] e 
n=l 

(46) 

(47) 

(48) 

(49) 

(50) 
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Representing the integral  above in terms of a Laurent series 

it is possible to solve explicitly for the coefficients needed for 

the stress function. 

y*(Tx + iTy)dS = Bo0 + e       + 
n=l m=l 

D    e 
m 

-im0 (51) 

1+-JH2 
B_     + il=2h 

1m   "   .2(yi-y2)    m 2(yi-T7) 

2m 
1W        B 
2(y2-yi)    m 2(y2-yi)      m 

[52) 

Returning to the expressions for the boundary tractions (49) 

the value of the integral  in (51)   is computed. 

/(V"y> dS 
: * dv    * d|  .  * dy^ _. *dx\ dS 
x dS   xy dS    xy dS    y dS j 

/"(Txy* + iay*)dX + (°x* + UW*)  dy 

t(x   * + ia *) a sine de + (ax* + i-rxv*) b cose de 

(T    * + ia *)'a cose + (ax* + ^xy*) b sine + k 

/(Tx+iTy)dS 
T...."'(b-a) 
1L. 

T       * 
xy 

(a+b) 
+    i 

(aay* + bax*) 

(aay* - bax*) 

10 

(53) 

■10 

The coefficients of the Laurent series of   (51) are now easily 

calculated, and lead directly to the coefficients of the stress function. 
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T   *(b-a) i(aa * + ba *) 
R,     =      _M__  _      1 *  ö! 2 2 

(54) 

-T   *(a+b) i(ao * - ba *) 
n,    =     —£i  -     i 5— ui ? 9 

B      =    0 for n > 2 
n 

Dn    =   0 for n * 2 

_   1 + i^2     - 1 - jy2 
A" "   2(yi-y2)    B-i   +     2H^7) °i 

(55) 

A2i -   Z(y2.Vl)'  
Bl -2(y2-vi) Dl 

An    = A2    = 0 for n s 2 

The stress function is now fully determined, and may be 

differentiated to obtain the required stresses. 

*iUi) = And" $2(52) 
= A21C2 (56) 

*£   =   dydzk   =   (9V35k) (^k/
3Zk) 

'     *i    = (-And'1) / v^- a* - yi*b* 
157) 

H    = (-A2i52
_1) / ^2Z- az " P2zbz 

' The equations (37) and (38) may now be used to obtain stresses and 

displacements at any point in the plate, due to a given load p. 

A computer program has been written to implement this solution, 

and a listing appears in the next section. 
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4.3 Program Listing 

H 

STRESS FUMCT1 
A A ■ SE.M.I-M*«J 
f-.B « SFMI * M 

PP ■ VALUE OF 
BETA..a..FLExLS 
MU a SOLUTION 

C 0 H M Q M / H 
COMMON / G 

. .. DlME.N.S_!.fiji__ 
COMPLEX MU 

..I....PHU.21.*A< 
READ (5,30 
NC-a N.C__.e.. 
IFlNCiLT.O 

R f A D « 5 , J © | 

R E A 0 ( 5 , 1 Ö 2 
....WÄ4T.ElA^.O 
READ(5,}D3 

.. WRITE14...20 
READ(5,IÖ3 
.SP ITEM. .20 
TwFTA a 3§ 

.. IJ ..* ...IQ^AJ 
CALCULATE UN 

SIS 1..." ___■__. P 
S!G2 * <• P 
S ! G ! 2 ■ - 
ÄRITE(6,29 
FORMAT( JO 

C CALCULATE A<K 
6..e...«.5 » S 
P »««5 

 ..AU.jJ..« 
1  ♦ (I 
Aj2i ll 

J ♦ (1. 

C  CALCULATE 
CALL CONST 

C  GENERATE p£Sl 
CALL GEM{Q 
DO 1« ._»!_■__ 
Y<J> « 0*0 
.XUL.AAA... 
X(J) ■ QQ( 
JLQ..JL5_J[JL_.B. 
J * JJ + 5 
X(j) ■ nf0 
Y(j> ■ QQ< 

WRITE(6.2Ö 
DO 3? J. «? 
DO «4 0 K B 

KEY » 0 
5IG M = 1,0 

299 

» S 
•A. 

a ( 
» T 

ON S 
OR, A 

I NOR 
IN AT 
TEN 
JUT 
S TO 

AP / 
EOK 
TITL 
,ZE? 
ia) 

t 
) ST 
21. N 
) T! 
1) T 
) (BE 
JJ (B 
)     (M 
2) {M 
) AA 
21AA 
ItjS 
1.05 
IFOR 
P« C 
P* s 
p.p.* 
9» "'s 
Xs3E 

|N) 
I6S2 
IGS2 
1.« t 
TI • 
1 » * 
I * 
J AN 

OLUTIOM I- £lLlpTjC CUTOUT JN iNrfNlTE PtAl£ - JAN 7 
11? . ( XfA.XJS ) 
AX is { Y AXIS I 

iON_ANGLE< OEG* >'«!TH X-AXjS OF TgNSjOü ÄT INFINITY 
5 I ON AJ INFINITY 
y MA T R1X F 0R . MA T FRT AI 
"CHARACTERISTIC EQUATION FOR MATERIAL 

..E_(2) »Q(2).*E3ET.«J6J tMU«a) 
/ AA* BB9 xC0R(5s)tVC0R(55) 
M.2.Q). sXf 200 1 »Y «200 ! §GQ|5&S 
A<2)iZ<2>stsl6xICSISYJGTAU,CU,CV|RADCL,TI»DPtfI(2) , 
,B..»O.P.Q  ... 
C 

OP 
c - - 
TLE 
-1I-LE-- 
?A< I ) 
ETA? I 1 
u (n   » 
u(I) t 
, B8S 
 fi-B-».. 
92653'-» 

M STRE 
OS(THE 
jNfTHE 
Sl-NI^H 
I 6 ! • S I 
20.10. 

*    {PB 
»    «BB 
TI   * 
MLM2) 
Ti    * 

MUU ' 
p   0 ( ! ) 

,    S -•! » 6 ) 
«    I*S s6 ) 

I « I 9 2 J 

PP,   THETftO 
PP., ..THET.AD          
89 * THETA.O / SSQoQ 

$S FfELD 
T A ) « C 0 q < T H E T A 5 
TA) « SIM(THETA) 
ETAI $ CQS{THETä| 
62,5JG!2 
) 

»AAj.   *   Ti   *    .5   V<AA«SIG2   +8B*S1 
* A A )    »   T ?    *    «5    9    *AA*5!G2    i»   B B * S : 

5IJ 
161) 

H U | 2 1  J ./    «2s   *   i«UM>    -   .VUC2 > .) )    *   B 
I    /    (2«    *    (Hull!    -   M IJ (2) } )    *   0 

MUU »    »    >    (2*    *    f Mu<2)    -   MUdDl    *   B 

»    /    «2,    *    (MU!2 J    ■»   MIJ( S I ) )    *   0 

31 
3H 

35 
35 

RED JNTEPJOR SOLUTION POJNTS 

l.tS5 

♦ QQ.ljJ__.  
J)    ♦   0#227 
-.1x55   
5 

JJ>    *    S»025 
+   QQ.IJJJ  
H ) 

1 i 1 i 0 
1 «2 
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I'   S 

Et 

Et. 
Et 

J'?0 
£Ls 

10. 
10 
I Q i 9 g, 

E I» P I 0 2 Ü 0 
ELP102Q5 
ELPJ02IQ 
EiPa02|i 

EI.P1022Q 
£, L P I ü 2 ? £ 
E L P 1 0 2 3 n 

■€tP|023S 
ELPJ02'-!0 
.£LP|02'

!
YS 

ELP102SG 
EtPI02Ss 
E t. P j 0 2 6 C 
EL,P1026S 
ELPI027U 
ELP1027S 
ELPH028Ü 



H K.l.J*_Xl«U-*~-Mu.t K)..*.. Yt^L —  —■-              -■-- EIPJ02B5 
RADCL » Z(K) * Z(K) » AA • A* - MU<K* • MU(K> * BB * RB ELP10290 

<4«4 2ET^(X^-*-t Z(>f4-* SIGN * cSaRTi«A0CL4 ) /l*A » TI *-MVU* -* ■ frB~) EtPI-0295 
IF (KEY «EQi I) 60 TO 50 ELP103ÜQ 
R2-E-T-A «-»EAUZrM-m-Y ELPIQ30S 
TIZETA « Al^AGf ZETA(K) ) ELP|03lO 
 T-W-*-fiZ-eJr-A—*-*fc€-*-A- ♦"■T.f^f-T* -» T IZET A - ■     - — ■ £LP|0315 
ZEE ■ SQRT(TM) ELPI032Q 
2W_« JU-m-ltt  -     - - -      ...    ■- -   -■■■ -        EUPI0325 
IF (ZM ,UT. I.E-3)  GO TO 50 ELPJ0330 
SlGN_l_«_SiGN-._                                        - EUP1033S 
KEY ■ 1 ELPIOS^Q 

 .Gfl-Iß-JU.-.. ...- ■ - — - - - -- ~  -«UP 103-9 5... 
50 CONTINUE         y ELP10350 

PJtI_üa_tJLlK.»J.iy^-ZETA.lK).-.                        - -_                                   -  EUP10355 
HÖ   OPHI(K)    •   -   A(K,1>   /    (SIGN   *   CsQRTIRADCU    *   ZETA(K)    > £l,PJQ360 
CALCULAT_£_SXR-E5S1^  ANO J)ISPLACEMENTS  ELPIG36S 

CSI6X   ■   MU(J)    •   MUU)    •   0PHI(1)    ♦   MUJ2)    •   M(j(2>    *   DPHI(2) ELPI0370 
. €S-t4.V_JL_&£H44-4 +-ä-üPM±42l  - ■■ - --            — — -■-■ £LP1Q37S 

CTAU   ■   MU(t)    •   DPHH1)    ♦   Ml) (2 I    •   DPHI<2> EUPJ0380 
. XU_-»-*M-t4... A_p4i|4+4-J! -*HM2\   *  fM2»                       -                                              £LP|03fi5 

CV   e   QU)    •   PHI(J)   ♦   0(2)    •   PHK2) £L,PIQ390 
.S4.4X-M_.j-,- ..«   REAM   CSIGX    >-/Pp-*  SIGJ ELPJ039S 
SI6Y   ■   2.   •   REAU   CSIGY    )   /   PP     *   SIG2 EUP10<*00 
XM»-*ft2.._ A_lWAt4—CI^U-4-/-** *-S JG4 2   — - - £UP IOH-05 
U   ■   2.   •   REAL«   CU   » EUP»0110 
V  *2. ^  R£Ai(-CV- I Ei-Pl04}5 
WRITE(6,?05)    X(J) ,Y( j) ,SlGXiSlC,Y,TAU,U,V ELPlQ<i20 

39   COfll-UiUE     . ._ - -     -      —                          - --EUP-4-OH2S 
GO   TO   II EUP10H30 

101    FORM A.IJ^M.«i.~.-----..—■ ~                                                               •    - EL.PJ0935 
1 0 2   F0«MAT(AEl3i7) E_P|0**HQ 
103 .F.0.RMAI..(.«2üJlQ.I .._                                                                                                      . £i,P|0ftH5 
201 FORMAT«    JX.6EI7.7) EUPIQM50 
202 FOKMAT.L^lXA«L£2aJulO>          —- -                                        £LP10^55 
2Q<4   FOftMAT(//'////   AXi'X.^X.'Y* ,10X,»SIGX» ,9x,»SiGY» ,9X,'TAU' ,11X, EUPlO«60 

.     ..1..*A1±*±2X+M.UJLLJ..    -..  _ .--.-. ■       - -.—-.-. — -~ EUP104.6S. 
205   F0RMAT(2F»DtM,3Fi3t7,2FH.8    ) EUPJ0H70 
301 FORMATl ...131                  .                                                                                                         — ■ ELPIOHJS 
302 FORMAT«JHJ,13) ELPlOffBQ 

EN__                   __             _      .gLPiimas 
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50 

SU ft. 
T5 C 
C 0 i-1 

D 1,1 

CWf| 

Q( l 
DO 

IF( 
IFC 
IF( 
}F< 
IF 
N a 

Q'J 
RET 

E N D 

POUT J 

0 0 R p I 
HON / 

r.NSi.o 
G ■ » 

) «..0 
50 J 
4 <? 6 T , 
J.6T, 
JifiT, 
J • G T » 
! J • fi.T 

vJ - 

) . ■.._£!. 
URN 

ME G 
MATE 
GEO 

M Q{ 

001 
.0. . 
« 2, 
!U 
20) 
29) 
Hh) 
.i5Q.l 
i 
INI. 

EN(Q) 
S FOR EULIPTjC CljTOUT SOLUTJON POINTS 

M > AA» B8, xC0«(B5l |YC0R(55) 

55]  

55 
CHMG...« 

CHNG * 
CHNG a 

CHr-jG » 
...C.HN6.J 

+ XH MG 

»01 
»10 
• 50 

'   5sn 

El.Pl 
EUP J 
Ei.Pl 

r i P ! 
SS. fe. !     s» 
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