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INTRODUCTION

The problem to be considered is the analysis of rectangu-
lar, laminated, fiber-reinforced plates. The loading conditions
are assumed to consist of normal pressure applied to one lateral
face, arbitrary edge forces and moments applied to the edges
and a uniform témperature distribution. Internal boundary
conditions involve the continuity of the three components of
the displacement vector and the components of the stress vector
normal and tangent to the individual plies.

Assuming that the primary interaction is between plies,
the plate is modeled as a laminated plate for which each ply
is assumed to obey a stress-strain law with twelve independent
elastic constants and three independent coefficients of ther-
mal expansion. These local properties are assumed to vary dis-
continuously from ply to ply. Internal continuity conditions
at ply interfaces can be identically satisfied by an integral
formulation of three-dimensional stress function theory.

(References 1 and 2.)




SECTION I

FORMULATION OF THE PROBLEM

Let (x,y) be the in-plane coordinates and z the normal
coordinate to the mid-plane of the laminated plate. It will
be assumed that (1) individual laminations are homogeneous
and elastic, (2) lamination interfaces are perfect, i.e., the
displacement vector and the normal and‘tangential components
of the stress vector are continuous across all interfaces and
(3) all dependent variables are continuous in (x,y) and dif-
feren&iable to any order required. The nature of the con-
tinuity of dependent variables with respect to the z coordinate
will be specified by stating the appropriate function class
Cn(z), n = 0,1. Functions which are discontinuous in z will
be marked with an asterisk. Let a{j(z), a;(z) be the elastic
functions characterizing the kind and distribution of material
within the plate, -h < z < h.

A sufficient condition for the continuity of the dis-

placement vector within the plate (ui€CO(z)) is
z
u; = ! u;(x,y,t)dt + ui(x,y,—h) (1)
-h

The strain-displacement relations are
Yoo = l(u. .+ ou., L) (2)

where a comma denotes partial differentiation with respect to
X; = X, X, =y Or X3 = Z. Substituting equation (1) into
equation (2), three of these equations can then be solved to

give the displacement functions u; in terms of the strains.

2




(XIYIt)dt - u3<XrYr”h)

_ I ALY 3
1 Y 0X
h

- 9, d
uf = Yyz " T (x,y,t)dt - 5y u,y (x,y,~h)
-h
* =
u3 Yaz )

The remaining three equations can then be manipulated to produce

three compatibility equations.

Z
z 2
- anz j o YZZ
YXX = 2 % (x,y,t)dt - (z-t) _3_7_ (x,y,t)dt
...h —h *
- (z+h) 22 u, (x -h) + o u, (x,y,~h)
5;7 3 1Y 3% LY
A 2 2
Ay 3%y
_ Yyy = 2 [ --5-%;-5 (x,y,t)dt - J (z-t) _3—3;%& (x,y,t)dt
-h -h (4)
- - (z+h) éi_ u,(x,y,~h) + 3 u,(x,y,~h)
oy? 37" oy 2"
z Z 2
dy 3y 3%y
yo= | | =&+ 22| at - | (z-t) —2Z (x,y,t)dt
Xy 9x oy X0y
- -1 X,¥Y,t ~h

‘ 52 19 )
- (z+h) §§§§ u3(x,y,-h) + §[§§ u2(x,y,-h) + 3? ul(x,y,—h4

(4) which are obviously not independent of equations (4) and
which are satisfied when equations (4) are satisfied.

The equilibrium equations are,

— Three other compatibility equations can be derived from equations
|

| 3
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9T T 0T
XX Xy Xz _ |
0xX Yy 0z
3T 91 3T
0X oy oz
9T aT 9T
X2z v Z 2z _ (5)
90X 92

oy

These equations are identically

satisfied by a representation

in terms of six stress functions ¢ij'
Tex = 22,33 * %33,22 ~ 2923,23
Toy = 933,11 7 %11,33 T 2%13,13
Tz = %11,22 % %22,11 7 %%12,12
Tey = “%33,12 % (P13,2 % 923,17 912,33
Tez = "%22,13 T (%23,1 F %12,3 T 913,22

Tyz = "%11,23 ¥ 12,3 % 913,27 231

The stress components Ty

If T

xz,Tyzeco(z) then s

),l (6)

and T ” must be continuous in z.
STZZ asz aTyz 1l
ince —- - 5% T TRy ! TZZGC (z).

A sufficient condition for the satisfaction of these continuity

conditions is

ij

%i3
~h

933

Z

¢23(X,Y) + j ¢i*3(erIt)dt

2

0 1 ——
¢ij(x,y) + (z+h)¢ij(x,y) + f (z—t)¢{j(x,y.t)dt i,j=1,2

-h

i=1,2

(7)




The stress function ¢33 may be discontinuous since it does not

appear in T_

<z’ Tyz or T,.. Using equations (7), the stresses

become

* * - *
Tex = %22 ¥ ¢33 22 T 2033 5

= - *
Toy = 933,11 * 411 T 24931

= - * * - -
‘2z [ (2=t) [03) 22 + 935,11 2“’12,12]}{ Sft + 1,,(%,¥,~h)
-h '
- (2+h) 3 T (x -h) + 3_ T (x ~h)
ax XZ 'y' ay yz 'Y’
= =% * * - *
Txy T "%33,12 7 %13,2 * 923,17 12
z.
= * * - * - * _
sz f [¢23,12 + ¢12’2 ¢13'22 ¢22ll]x Stt + sz(xIYl h)
—h ’ ’
4
= * * -— * - * _
Tyz I [¢12,1 + ¢l3112 ¢23'll ¢ll,2 < Stt + Tyz(x,y, h)
~h 1Y

(8)

The functions ¢g and ¢ij have already been determined by evalu-

J
ating the stresses at z = -h. Assuming that this face of the
plate is free of applied stress, we can delete txz(x,y,-h),
Tyz(x,y,—h) and Tzz(x,y,—h) from equations (8).

Hooke's law for an individual ply, referred to the princi-

pal material axes (yl, Yor y3) is




Y11 = 211711 t 332722 T 313733 t T

Y2 = 831711 * 33T t 353733 + AT

Y33 = 3317171 t 33375 * 333733 * 93T

Y12 T 344712

Y13 355713

Y23 T 266723 (9)

In order to transform equations (9) to the (x,y,z) coordinate
system, the coordinate system must be rotated through an angle

@ in the x,y plane. The transformation laws for the stress and

strain tensors are

Yij = *ia®5pYap

1 .
Tij = *i0%587as
where kij = Ei . Ej. Let the primed components refer to the

(x,y,2) coordinates and the unprimed components refer to the
principal material axes (yl, Yor y3). The direction cosines

of the transformation are

cos® -sinb 0

L = sin® cosf 0
1]

0 0 1

By carrying out the transformation, substituting the results

into equation (9) and solving for the strains, the stress-strain




law referred to the (x,y,z) axes is obtained.

Yxx = bllTxx * blZTyy + b13Tzz + b14Txy
Yoy = Pa1Txx T Pazlyy * Pa3Taz * PogTxy
Yzz © b31Txx * b32Tyy * b33Tzz * b34Txy
ny = b41Txx * b42Tyy + b43Tzz * b44Txy
Yxz = P55Txz * PseTys
sz = b65sz * b66Tyz

The transformed material constants are given
constants referred to the principal material

lowing relations:

B 4 . 4
bll = allcos e + a2231n 6 + (a12 + a21
b = a cos4e + a sin46 + ( + a
12 - %12 21 a11 22
_ 2 .2
b13 = al3cos 8 + a2351n 0

. 2
- 2a44)51n Bcos™ 0

+ BlT

+ BzT

+ 63T

+ B4T

(10)

in terms of the

axes by the fol-

+ 2a44)sin26cosze

2

_ _ . 3 _ _ .3
b14 = 2(a12 a11 + a44)31n9cos 8 + 2(a22 asq a44)51n fcos

b = a sin46 + a cos46 + (a

21 12 21 +a

11 22

- 2a44)sin2600526

_ . 4 4 .2 2
b22 = a;;s8in o + a,,cos 6 + (a12 + asy + 2a44)31n fcos™ 0

- . 2 2
b23 = alBSln e + a23cos )

b24 = 2(a22 - a5 - a44)sin6cos36 + 2(al

_ 2 . 2
b31 = a3lcos 6 + a3251n )

2 " a5y + a44)sin36cos

(11)
more




_ . 2 2
b32 = a3151n 6 + a3zcos §)
by3 = az3
b34 = 2(a32 - a31)s1n9cose
b = (a - a,.)sinfcosb + (a - a )sin3ec056
41 21 11 22 12 ‘
+ a44sin6cose(l - Zsinze)
b = (a - a )sinecos36 + (a - a )sin36cose
42 22 12 21 11
. . 2
- a4451necose(l - 2s8in“0)
b43 = (a23 - al3)51necose
_ _ _ .2 2 _ L 2.2
b44 = 2(all + a5, ap, a21)51n fcos™6 + a44(l 2sin“g)
_ 2 .2
b55 = a55cos 6 + a6651n 0
b56 = (a66 - a55)51n9cose = b65
_ . 2 2
b66 = a5551n 8 + a6600s 6
_ 2 . 2
Bl = alcos 6 + a251n 0
_ . 2 2
62 = a151n 6 + azcos 8
By = 03
84 = (OL2 - a1)51necose (11)

Equations (10) may be extended to apply to the entire
laminated plate by allowing the material constants bij' Bi to

be discontinuous functions of the z coordinate. This discontinuous




dependence on z may by accomplished by allowing 6 to be a
discontinuous function of z or by considering that the con-
stants aij’ a, are discontinuous functions of z or allowing
both possibilities simultaneously. The functional dependence
of the material properties will be indicated by marking the
constants bij’ Bi with an asterisk; bij = b;j(z), Bi = B;(z).

By substituting eguations (8) into equations (10), the
strains may be obtained in terms on the stress functions ¢§j.
It is clear, however, from an examination of equations (4)

that the strain components Yexc! You? ny are continuous func-

Yy
tions of z. The remaining strain components may be discontinu-

ous. Therefore, we shall examine the strain components Yxx'

Yo,ipr Y

yy' 'xy’

- * * * — * * * * — *
Yx b11[“’22 + 933,22 2¢23,2] + b12[“’33,11 N 2¢13,1]

Z
* - * * -— * .
+ bi3 f (2 t)["’11,22 * 932,11 2¢12,12] dt

* - * * * — * *
+ b14[ 933,12 ¥ ¢13,2 * %331 ¢12] + BIT

— * * * - * * * * - *
Yyy b3 (65, *+ 9352, 2¢’23,2] * b22[¢33,11 ] 2¢13,1]
VA

* - * -
+ b33 f (z t)["’11,22 + 985,11~ 282,12 e
-h XY

X - g% * X - ¢% 3
+ b24[ 933,12 7 3,2t #3331 ¢12] * B3t ;ﬁié




= h* | % * - bk x [4x% * -
Yxy by, [43, + 933,22 2¢23,2] + by, (045 1+ ofp - 2085y

z

{ %* - * * - *
* bis J (2=6) [0 22 * 035,11 ~ 20%2,12) a.
-h XY

* - * * — *
+ b44[ 933,12 ¥ ®13,2 * 33,1 ¢iz] + BT (12)

If these strain components are to be continuous, as they
must be in order to be consistent with equations (4), then we
must seek some decomposition of the stress functions ¢§j in
terms of b;j’ 8; and a new set of stress functions which are

of class Co(z). Let us first eliminate the discontinuous

temperature terms by making the transformation

X = % *
71 = Vi1 * FI;T
$52 = ¥5p * F3,T

* = * *

and choosing Fil’ ng, FIZ so as to eliminate the temperature.

The result is

B b1 P4
D*F{; =[B3 P31 D3y
B2 bPi1 Piy
b2 BT biy
D*F3, =[P22 B3 P34
b¥, B% b, (13b)
more

10



b2 PI; B7

D¥Ff = ~|P32 P31 B3
Pia Pi1 8]

b2 P71 Pl

D* = =13, b31 P34
bl P31 Pig

The expressions for the strains then become

- * %* * - * * * *
Yxx bll[wZZ * 933,22 2¢23,2] + b12[¢33,11 ¥

z

%* - %* * - *
* bi; [ (2-t) [03) 55 *+ #5511 2012,12)

-h

+ b¥

= h* * * - * * * *
Yy b3, [v3, + 933,22 2¢23,2] * b22[¢33,11 RSS!

Z

* - * * - *
* b33 f (2=t) [031 55 + 935,11 = 2642, 15]

-h

* - * * “_ *
+ b24[ 933,12 T %13,2 * 9331 wlZ]

= * * * —- * * * *
Yy by [¥3, + %32 2¢23,2] * b42[“’33,11 YT

A

%* - * * -— *
* bi3 j (2=8) [03) 55 + 935,11 = 2013, 12]

-h

* — * % * —
+ b44[ 933,12 * ¢13,2 * 933,17 ~ ¥

11

- * * - * -
14[ 933,12 ¥ ¢73,2 7 933,171 ~ V¥

(1

3b)




Now, let

Ui, = TRy * CiaPop * CisBrn * O
V3, = C31Apq + CE R, + C3A ) + O3,
Yy = © C31A17 ~ G5By, — Ci3Ry5 ~ 9 (14)

where the new stress functions Aij are assumed to be of class

Co(z) and the discontinuous functions ng are to be chosen so

that
Yxx = A22
Yyy T A
ny - Alz (15)

This leads to a set of nine equations for the discontinuous

functions C;«,

* * * %* -
bT1C5, + bIoClp + PT4CE, = 1
* * %* * * * =
bF,C55 + bJ,Cf3 + by,C33 = 0
* * * * %* =
b31C3y + b3,CFy * b3,C5 =1
bX C*_ + bX.C*¥_ + b* C*_ = 0



- These equations can be broken down into three independent sets
1 ] * %* * {C* * * * * * i
involving (Cll'CZl’c3l)’ ‘C12’C22'C32)' (Cl3,C23,C33) respect%vely.

All three sets have the same determinant

* = * *
3 A* =1b3, b3, b3,
bia Pi1 Pi4 (16a)

and the functions ng are found to be

hn kvk 3 * %*
A%CTy 14P41 T1P44

Il
o)
*
o
!
on
*
oy

it
o)
*
o
*
I
o
*
o

* vk
- A*C3; = bizbis — PI4bys

*M % = * ¥%* - * *
A*C3, = bTibis - biPi;

t Tak ] = * * - * *
A*Cyy = P31P%4 = P34PI,

- *O %k = * * - * *
A*C3y = b3 bj, - b3,bhy

_ A*CY, = bi b%* - b%.b*

l Tak ] = * * - %* *
A*CIy = by,b3, - bI b3,

*k = * * — * *
A*C33 = b3,bY, - bi b3,

_ *Ok = h* - h* h*
A¥*C33 = bI,b3; - bi,b3, (16b)

- The stress functions Qij are determined by eliminating all
remaining discontinuous terms from the expressions for Yex!
Yyy’ ny' Before writing out. the expressions for these stress

functions however, it may be noted that there are only three

compatibility equations to be satisfied, equations (4). There

are already three continuous stress functions available; All’

A,,s A In the analysis of the isotropic, laminated plate

12°
13




(Ref. 1) it was found that the three stress functions ¢{3
disappeared from the final expressions for the stresses and
could therefore be taken as identically zero. It will tenta-
tively be assumed that these three stress functions will not
be needed for the present analysis. By taking these three

stress functions as zero, the expressions for Q;j are greatly

simplified.
3, = - (bI5CY, + b35CYy + DEsCY3)Agg
3, = = (PI3C3, + P33C3y + PI3C33) 235
0f, = = (bf3C3, + b33CY; + bi3C33) A5, (16c)

For convenience, a new continuous stress function

Z
- * * - * =
(z t)[‘1’11,22 932,11 2¢12,12] dt

i X,v.t
= l (z-t)[C*

+ C¥*

*
+ CloBp,22 * C13R12,22

11811, 22

+ 2C%*.A

*
+ C33%92,11 31%11,12

+ +

* *
C31811,11 1 ©22822,11

* - * * Ok *x_C*
+ 2C + 2C*.A (b*,C + b23C11 + b43Cl3)

X A
32722,12 33712,12

+ b¥

+ b 13330 233,11

- * * * *
Ay3 22 ~ (BI3C3, + b33C5

- * * * * * * *
2(b}3C3, + b33CE) + DIsCI30RA55 15 + FI1Tvp)

+ F¥

- *
2,011 2F12T,12] dt (17)

X,¥,t
has been defined. It should be noted that equation (17) is an

integro-differential equation involving all four continuous

14



stress functions All’ A22, A12’ A33 and the temperature, through

the terms Ffl' ng from equation (13). The results of this de-

composition may be summarized by writing out the final expres-

sions for the stress functions ¢§j, in terms of A 17 A

1 227 Byar

A33 and the temperature, and the corresponding expressions for

the stresses and strains.

*® - * * *
¢ Cl1P11 * CioRgp + Ci3dy,

— %* * * * * * *
(bY3C75 + b33CT) + bjsCig)Ag5 + FIT

* = * * *
932 = C31817 * C3pR,, + C33Ry,

- ® * * * * * *
(b74C3, + b33C3; + by3C33) A5 + F3,.T
* P * — X — *
72 C31811 ~ C32B5, ~ C33R4,
* * * * * * *
+{b75C5, *+ b35CE) + by3CE3) A4, + FILT
¢ty = 0 i=1,2,3 (18a)
= *
Txx ¢22
= *
Tyy d)ll
Tzz = A33
P *
Txy ¢12
pA
= * - *
Tz I [¢12,2 ¢22,1] dt
~-h X,y,t
2
T = [ b* - ¢% dt (18b)
ve ” | [ 12,1 11,2]x,y’t

15




XX

Yy

22

Y2

]

il

32
+ bY, (bI5CE, + b33C3; + bZ3C§3)]A33
+ (D% F3, + DEFYy - DY Fip + BT
A12

* — * - * - *
bS5 I [ Ci1B11,2 ~ C3rR0p,2 ~ C33B12,2

-h
* * X %* * % *
+ (b}3C%, + b33CE) + Di3CE3) A5, 5

— * - * 7 - " %
C31R11,1 ~ C32R22,1 7 C23%12,1

¥* ‘ %* * * * * - *
+ (b*_.C*, + bX_C + b43C23)A33’1 + FlZT,Z F22T,1] dt

X,¥,t
Z
* * * *
+ b3 I [ C31211,1 ~ C32222,1 ~ C33%12,1
-h
* * . * * *
+ (bF3C3, + b33CYy + bysCE3)A53
- * - * - *
CI1211,2 ~ Ci2B22,2 ~ Ci3%12,2
* * %* * * * . * — *
+ (bF4Cy + b3CYy + BI3CI3)Ag3 5 * FIOT 3 FllT,Z] dt
X,y,t
Z
* — %* — %* — *
bEs f [ C31211,2 ~ C32222,2 ~ ©33P12,2
-h
¥* * * ¥* * *
+ (bF3C5, + b33CY + DE3C33)A53 (19)
more

le



- * - %* - *
C21211,1 ~ ©22222,1 7 C33P12,1
* * * * * *® * — *
+ (by3C3 + B33C5, + PE3Ci3)R33 1 + FIOT 5 F22T,l] de
X,¥.,t
QZ
ks —_ * - %* — *
* bge j [- C31211,1 - C%22p0 1 - ChaBin
~h
* %* * * % ok
* (b73C5y + b33CE; *+ PE3C33) A3,y
— * - * - %
Ci1211,2 ~ C12222,2 ~ Ci3P12,2
* * * * * * * - * ' .
* (b3CYy + b33CTy + PI3CI3) B33 5 * FIoT 5 FllT,Z]x 3t
7 [
(19)
At this point, it may be proven without much difficulty,
using equations (4), {(17) and (19), that Aqqr Ayor Alzéco(z)
and A33€Cl(z) and the formulation of the static problem is thus
complete.

To obtain the governing equations, it is necessary to
substitute the expressions for the strains, given by equation
(19) into the compatibility equations, equations (4) and (17).
The expressions for the strains can be simplified somewhat if
several groups of terms which appear frequently are replaced

by single symbols.

IT = b3CYp *+ P33CT1 * PI3C13
I3 = by3C3, *+ P33C3; + PF3C33
1§ = byCY, + b33C5; + bj3C3E;
17 = b3;C3;) + P30 + b3,C5
If = b3,C3, + PECY, + P34CE,

=)
w
[
N
w




H
*
i

— * k. - % * -
b3y = b3 I35 - b3,I - b3,I3
%* %* * %* - % +*
b3,F5, + b3, FT) — PE,Fi, + B3

The strains can then be written in the form:

XX

Yy
Xy

ZZ

X2z

Yz

292

A1

A1)

* Ik . I% * *
I4All + 15A22 + I6A12 + I7A + I8T

Z

%* - %* - * — * - *
bZs [ [- C$1211,2 = S32222,2 ~ C33R12,2 ~ CHiBi1,n
~h
— * -— %* * .3 *
C32R22,1 ~ C33Byp,1 * 13B33,2 * I3R33, 1 * FIOT o
- FA.T ] dt
22%,1], °F,
Z
* : - * - * - * - *
+ bgg f | C31211,1 ~ ©32222,1 7 C33%12,1 T CI1P1a1,2
~h
- * -— * * X *
Ci2B22,2 = CI3Byp,2 * I3R33,7 * 17833, 2 + FioT 3
- F*_ T dt
11 ,2]X’y’t

Z

* . - * - * - * - *
bes f [- ©81201,2 ~ S32200,5 ~ 3Pi2,2 T ChiPiin
-h

- * - * * *
ClaBoa,1 ~ C33B12,1 * I3R33,2 * 138331 + FIOT »

dt
X,y,t

- *
F22T,l]

Z

* - * - * - * -— *
* bge [ [- C51211,1 = C32222,1 = C%3P12,1 ~ CiP1a,2
-h
(20)
more
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-— * . * * * *
Cl2P22,2 = Ci3Pia,2 * I3R33,1 * I11B33,5 * F1T 5
- FA.T ] dat (20)
f2%,2] %€, |

Using equations (18) and (20), the inverted stress-strain law

may be written in the form

Ix1? IXT%
275 274
* *
XX (czz ¥ I3 ) Yxx T GZl * I%) Yyy

1315 3 1318
* - : *
+ <%23 + ‘T?:) Yey T TF Yzz * (%22 + 'T?f> T

~
i

7 7 7
T*T* T*T*
175 174
= * - * —_—
tyy (%12 * I§/> Yxx ¥ <ell * I§‘) Tyy
T*T* I* T*1*
176 1 178
% - *
* <Fl3 T IE ) Yxy 1% Yoz T <?ll * Ei T
I*IT* T*T*
375 374
= * *
Txy (%32 * I$ Yex * <%31 * I7'> YYY
T*T* I* I*1*
+ [ C*_. + _é_*é Y - _% Y - F* .._3_'.;_§. T
33 I7 Xy I7 22z 12 I7
2= - 1 * * * - *
T2z f? (IZVyx + I3Vyy T8Vxy ~ Y2z T 1gT)
* - b*
T = b66sz_ b56sz
hx _Db* - * x
Xz bZgbEe = PEgPgs
—b* *
. - b65sz + bSSsz 21
yz b* . b¥. - bX bF (21)

55766 56765

The quantities CIj are the moduli of the individual plies only
under the classical plate theory assumption that the trans-
verse normal stress is negligible.. Otherwise, the correct

ex?ressions are those shown above.
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The governing integro-differential equations may be
obtained by substituting the expressions for the strains
into equations (4) and (17). However, this will not be
necessary at this point; it is only necessary to note that
these equations involve integrals of discontinuous quantities
with respect to the z coordinate. All of the terms on both
sides of these equations are therefore continuous. The stress
functions All’ A22, A12 are continuous in z of class C0 and

. . . ) 1
‘A is continuous in z of class C.

33
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SECTION II

THE LIMITING CASE OF AN INFINITE NUMBER OF LAMINATIONS

The integrals invclved in the compatibility equations are

of two types:
z

f F*(t)f(t)dt
-h

z z
J G*(t) f H*(s) f(s)dsdt

~-h -h
where F*, G*, H* represent functions which are piece-wise
constant in z and f represents functions which are continuous
in z (of at least class CO) with a bounded derivative every-
where in the interval of integration. The function f is in-
tended to represent any of the functions Aij’ and F*, G¥*, H*
represent combinations of the material property functions as
they appear in the compatibility equations. If the laminated
plate consists of an infinite number of laminations arranged
periodically by repetition of a lamination subgroup containing
a finite number of laminations, then it has been shown (Ref-

erence 2) that the integrals have the limiting values:

Z V4
i‘iﬁ‘o‘ f F*(t)f(t)dt = F f f(t)dt
-h -h
. 2 z z
Lim fG*<t) f H*(s) £ (s)dsdt = § ﬁ[ (z-t) £ (t)dt (22)
~-h ~h ~h

The average values are defined as arithmetic means taken over

the thickness of the plate. By applying this theorem successively
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to all terms contained in the governing integro-differential
équations for the stress functions All' A22, A12’ A33, it can
be shown that these equations are reduced to a form in which
all material property functions are transformed into constants
which are defined as mean values of those property functions.
The case in which the number of laminations approaches infinity
must therefore correspond to a homogeneous, anisotropic plate
since the integro-differential equations for the homogeneous
plate have constant coefficients. However, it is not known at
this point what the material properties of the equivalent,
homogeneous plate are. In order to determine this, it will

be necessary to develop the integro-differential equations for
a sufficiently general, homogeneous, anisotropic plate with un-
determined material constants and then to evaluate these con-
stants by matching coefficients between the two sets of integro-
differential equations. The form of the stress-strain law for
the equivalent, homogeneous plate must be determined by trial
unless the most general form possible is assumed. The latter
possibility is too tedious to evaluate but it seems reasonable
to expect that a laminated plate in which the individual plies
obey the stress-strain law given by equation (10) will not pos-
sess any higher degree of anisotropy than the individual plies.
If all coefficients in the integro-differential equations for
the two cases can be matched without any inconsistencies, then
this assumption will have been proven correct. Accordingly,
the stress-strain law for the equivalent, homogeneous plate

will be taken in the form:

22




Yxx = dllTxx + dlZTyy * d13Tzz + dl4Txy + elT

Yyy = d2lTxx + dZZTyy + d23Tzz + d24Txy + ezT

Yoz = 931Txx T 932Tyy T d33T,, A3y, €37

ny = d41Txx * d42Tyy + d43Tzz * d44Txy * e4T

Yxz = d55sz + d56Tyz

Yyz = d657xz * de6Tyz (23)

The integro-differential equations for a plate composed of this
material must now be derived by following formally the proce-
dures carried out in the previous section: FORMULATION OF THE
PROBLEM. It is necessary that this derivation be formal since
the enforcement of internal continuity is not now required,

and the motivation behind the development of these equations is
thus obscured. It will be clear, however, that all of the
equations thus obtained will be identical to those previously
derived with sz replaced by dij and 8; replaced by e, . The
qguantities C;j which are defined by equations (16b) are re-
placed by Cﬁj’which are defined by equations (16b) with b;j
replaced by dij' Also, the quantities I; will be replaced

by I?, defined in a similar way. We are now in a position to
compare the integro-differential equations for the homogeneous,
anisotropic case and the limiting case of the laminated plate
as the number of laminations approaches infinity. By equating
all coefficients of the two sets of equations, the following

set of relations is obtained. From equation (17):
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equation (4a):
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From equation (4b):

H
C31

H
C32

H

C33

12

il

d

dgs

dgs

dgs

dgs

ds6

d66

d66

dee

dg6

=C

65

il

31

C32
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13

Fi2

2l

31

~

C32

€33
I3

Fi2
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565
B65
565
B-65
B-66

b66
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bee

Ps6

The remaining relations

last five from equation

(4c) only duplicate those already found.

21 765

22 945

dgs

dg 5

22 965

11 Y6

12 966

de6

H
I) dg6

d66

for this equation are the same as the

(4a). Similar relations for equation
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property of the arithmetic mean has been used in some of the
above relations. Asterisks have been omitted from the quantities
bij’ Bi' Cij and Ii' All such quantities appear in terms under
a bar which designates the arithmetic mean taken over the z
coordinate.

The task now at hand is to solve the foregoing set of
relations for the twenty equivalent elastic constants dij
and the four equivalent coefficients of thermal expansion e,

Considerable simplification may be obtained by noting that the

foregoing set of equations can be represented by the more com-

pact set:
clfj = Ty i,9 = 1,...3
i = T, i=1,...8
dgg = Pgs dgg = Pgg
dgs = DPgs dee = Pgg
Fg_lj = Fy; i,j =1,2 (24)

There are thus twenty-four equations available for the deter-
mination of the twenty-four unknown coefficients. Consider

first the solution of the first nine equations C?j = Eij for

. are
J

defined by equation (16b) with b;j replaced by dij’ the C?.

the unknown coefficients dij' Remembering that the C?

]
then satisfy the nine equations following equation (15) with

H
* *
Cij replaced by Cijband bij replaced by dij'
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41,621

dy1Cop *

dy,C53

C +

d,1C21

21
d71%22
dp1Co3 *
d41C21
d41C2

d4:C23

C

d;,C13

dy,C12

d,,C

12713

d52C11

d52C12

d,,C

22713

d42C11
d42C12

d42C713

+

d

14%31

dy4C3,

d14C33
d24C31
d24%32
dp4C33
d44C31
d44%32

d

These are readily solved in sets of

of equations having the same determinant.

0l

21

=1
f
0l

22

23

The result is:

A dll

A d12

e

dig =

B

dyy =

€11
C12

€13

— e

= C

C

31713

— -

= C

C

C

C33

21
1123

12%33

- Cy1
- T

- C

C33

31C23

21%13

= G363

27

4433 =

three with all three sets

(25a)
more




B dy; = T3C5; = Tpplsy
B dyy = CyyC15 = 50y
Bdyy =T33 - Tl
B dyy = CTyCsp — Ty
Fdyy =Cyt, - T10, (25a)

The next six equations I? = Ii can now be solved for the six
unknown coefficients dl3' d23, d43, d3l’ d32, d34. Referring
to the definitions preceding equation (20), and remembering
that the I? are defined by replacing the bIj by dij and the

H -
* = .
C*. by Ci. Cij’ we have:

i3 j
dy3Cyp + 330 + 44503 = T,
dy3Cp + A58, + 443055 = T,
dy3C3p + d3C3) + dy5C55 = T3
d3;Cp1 * 4358 * 3,05y = T
d31Cpp + A58, + d3,C3, = T
d31Cp3 * 43,83 + dg,Cq5 = T

These can also be solved in two sets of three equations, each

having the same determinant A as the previous equations.

dyy = Ijdy, + I,dp) + 1340,

d., = I,d.. + I.4.. + T.4 ' (25b)
23 1722 2721 3724 more




These r

terms o

dg3 = I194p ¥

dy; = T4d21 + I
dy, = f4d22 + I
Ay, = T4d24 + I

esults are

f the nine

6 44

(25Db)

in the most compact form when written in

previously computed dij'

The transverse shearing constants are given directly as

dgs = Pgjs de6
dgg = dgg = bgg = Bgg
Also, from Is = T7, Ig = TS’
dyy = Byy + dyT) + dgpT) + dg,T
ey =By + (byFyy) + (ByF )
The

3

(

= b

66

b34F12

(bsyyI,)

)

(b

d3lF

3217)

22

- d

32F11

(b34T3)

+ d34

(25¢)

equivalent thermal expansion coefficients are then obtained

in terms of the previously calculated material constants.

. D
1 D

. o
2 D

e:PE
4 D

[Fll(D D

[Fll(D4D9 - D

[Fll(D4D8 - D

Dg) + FZZ(DZD9 - D
D,) + FZZ(Dng -D
D,) + FZZ(DID8 - D

di2 431 94

dyp dp1 dyy

dgp g1 g

29

D8) + F12

(D,D

375
D7) + F12(D3D4
D7) + F12(D2D4

- DzDsq
- D;Dg)]

- Dleﬂ

(25d)
more
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2 3
D = —D4 D5 —D6
D.7 —D8 D9

D, = d,.d - d,,d4

1 21744 24741

Dy = dyydyy = dy49y,

Dy = dj;dy, = dy,dy;

Dy = dypdyy — dy4dy,

Dy = dypdyy = 9149,
Dg = dypdyy = 4149y
Dy = dypdysy ~ 9319
Dg = djpd4; = 4179y,
Dg = dypdy; = 41192 (25d)

Since all of the equations have been satisfied without any
inconsistencies, the original assumption concerning the form

of the equivalent stress-strain law was therefore correct.
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SECTION IIT

THE CORRESPONDENCE PRINCIPLE

Since the stress functions Aij are continuous in z of at

least class Co, it follows that

Lim - AH

A, . .
n-+o 1] 1]
where the label "H" refers to the homogeneous, anisotropic
plate. The temperature and displacement fields obey similar

limiting laws.

Lim T = TH
n-+w

Lim a.= uH
n>e i i

Referring to equations (18) and (17), it can immediately be

seen that the stress components Tyt T are identical

yz' T2z
in the limit to the corresponding stress components for the

homogeneous, anisotropic plate.

H

T
Xz Txz
Lim . _ TH
n-+e vz N
T TH
ZZ z2Z

The remaining stress components in the laminated plate are:

Lim _ s oH . LH R . . H
nre Txx T C21R11 t CopBpp *f Co3By, — IZAg3 + FIOT
Lim oy LH .« AH R . oH
nro Tyy - Cl1811 + CipRpp + Cl3R), - IfAz5 + FT (26)

more
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H H

Lim *
+ C338, 3833 12

B
= C*_ A" *
n-+o Txy c3l“l + C3A

1 32822 T (26)

The same stress components in the homogeneous plate are:

H _ H ,H H H H H _ H,H ., H H
Tex = Co1B11 T Coalgy + Co3hyy — IoAg3 + FooT
Ho_oclal ¢ cflal 4 cflal - rHpH o pl ol

Tyy 11711 1222 13712 1733 11

g _ H _H H  H H H _ . HH _ H H
TXY = C3lAll + C32A22 + C33A12 I5A Fo,T (27)

The elastic constants in equation (27) are, of course, known at
this point, having been developed in the preceding section. It
is now possible to obtain the stress components in the lami-
nated plate, given by equation (26), in terms of the stress
components in the homogeneous plate, given by equation (27),

by eliminating the stress functions A?j common to both sets

- of equations. The result of that calculation is

Lim - * * * H
n--« Txx (CZlel + C22dll + C23d4l)Txx

+ + C%*.,4,,)

*
+ (C C32912 * €339y,

H
51922 tyy

H
* *
+ (CHydyy + Chpdyy + Co3d,) Ty

d 2’ "zz

+ (Cﬁld + d + 43

* *
23 ¥ €32933 + C33

- * P
+ [Py - (Ch1a,) + C3yd ) + C53d,))F,

* %* * =)
(C31dpp + C3pdyy + C53d,0)Fy
+ (C*.d., + C*x.d,, + c*.d, )F ]TH (28)
51924 * C32d74 + C33d44)F15 (28)
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Lim . _

Lim
n+~ "Xy

= *
.(C3ld

* *
(CPpdyy *+ CIpdyp +

*
+ (CPidy, + Cfodyy

d + C

{l 24 d

+ (C

*
12714

d

*
dy3 + CPpdys

*

11923
* — *

+ [Fll (Cfpdyy +

(c

+ (C

* *
11922 * C1ody5

d + d

24 T €I,

<+

(c

*
11 14

a +

*
21 T C32911

* *
+ (C31dy, + C3,4d5,

d d

*
+ (C3ydyy + C3d1y

*
31

*
+ (C31dy5 + C35dy5

- * %
[Flz + (Cidy,
+ (€395, + C3,44,

* *
(C3;d54 + C3odpy

H
*
Cl3d4l)Txx

+ C*.,d,.)

TH
13742 "yy

H
* Cf3d44)Txy

H
* - T*
Cl3d43 Il)Tzz

+

C*,d + C*¥. 4, F

12711 137417 22

* =
+ Cid,0)F g

+ C*.d

H
I3 44)F12]T

H
*
C33d4l)Txx

H
*
+ C33dy)) Tyy

H .
*
* C33d44) Tyy

d - 1I* TH

+ C§3 43 3) zZ2

* % il
C%pdyy + C33d9y,)F,,

. _
+ C3d ) Py

- H
*
+ C*. 4 )Flz]T

3394 (28)

Some simplification has been accomplished by making use of

equation (25b).

The Correspondence Principle for the stresses, as sum-

marized by equation (28), gives explicit relations for the

stresses in the laminated plate in terms of the stresses in
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a corresponding, homogeneous, anisotropic plate subjected to

the same boundary conditions. The equivalent elastic constants

and thermal expansion coefficients for the laminated plate
are also determined and are summarized by equations (25).
The only assumption made in deriving these relations was
that the number of laminations was indefinitely large. 1In
that sense, this theory may be regarded as an asymptotic
theory. The error involved in using these results for some
finite number of laminations must be evaluated by the calcu-
lation of some specific cases. One caution to be emphasized
is that the assumption of a very large number of laminations
restricts these results to balanced laminates.

A computer programAhas been written to permit the calcu-
lation of the twenty equivalent elastic constants and the
three equivalent coefficients of thermal expansion. This
program was written in Dartmouth BASIC computer language and
is listed in Appendix I together with the results of several

sample runs using the Dartmouth Time Sharing Computer System.
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SECTION IV

NUMERICAL RESULTS

In order to evaluate the use of the Correspondence Principle
for a finite number of laminations, a comparison solution is
needed. The case of cylindrical bending of an isotropic, lami-
nated plate is easily solved and will provide the required com-
parison solution. If the ui(x,y,—h) are functions of x only
and the A.. are functions of x and 2z only, then equations

ij
(4) and (20) reduce to the two compatability equations

32
ul(x,-h) - (z+h)3§7 u3(x,-h)

hd
il
Spe

22

+“* | I‘TE;TT A + 123;-A ds dt

(2 V¥ 1 2(v¥*)?2
* J_h (z-t) [T__*'-v Br2,11 8% (- T“*“) B33,11 9t

z t
_1 % [ Lav E*
Bip = 7 3% Y2 (x/7R) - [h —EF J p TFoF Pig,1p ds dt

As the number of laminations increases indefinitely, the strain

distribution A,y approaches

3 9
b
66
+
( _\,) ][h (z-t) A22 11 4t
2

[T I=29) VA
[ E(I-v) ] *+ 2 <IT-’\>‘> bse] j_h (z-t) Agy 5y 4t
L g
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The integro-differential equations for A,, and A§2 may be
solvea approximately, using Volterra iteration and retaining the
same number of terms in each case.

) b4
A, 2 |24 (z=t) e dt
22 X -h T-V¥

_n EF T-(v9yZ s dt| 3w | Uy (xp-h)

-h

32 z v*
- (Z+h) 5;(7 + N (Z—t) (t+h) m dt

4 t
_ 1+v* E* dt
2 [—h 2 J—h m (s+h) ds dt] E;T] Uy (Xl—h)

_ 5 P22%6| (ztm)?  »? S
A 2 3.3 | Y1

b=
N O
N
2
| S |
Qo
x‘w
+
L
TN
'_.1
Il<
<

b, b
_ 32 v _ 22°66 (z+h)® o
[(Z+h) %z K = ) 2] A 5 5er | Yalxemh)

The terms containing Ayy are regligible.

The lower order terms in these expansions will be recognized from
classical plate theory. The higher order terms are corrections
which are of the order of the square of the plate thickness. The
boundary displacements are determined from the differential equa-
tions which result from applying the boundary conditions at the
upper face of the plate, z = h. In a plate with a finite number
of laminations, the longitudinal strain distribution A,, is

seen to be of class C°(2z) with a kink at every lamination inter=-
face. As the number of laminations increases, the kink locations
approach one another‘and the strain distribution approaches a

function having a continuous derivative.

36




The two cases may be compared by simply comparing the
z-dependent coefficients in A22 with the constant coefficients
. (-]
in A22 .
so that, in terms of the assumptions of classical plate theory,

The coefficients of the lower order terms are identical

the Correspondence Principle gives exact results. The most mean-
ingful comparison is thus between the coefficients of the bending

strain terms

z %
c(z) = J (z-t) (t+h) o dt
-h v
(2 I4y* Jt E*
- 2 — ————— (s+h) ds dt
J_h E -h 1-(v*)?2
and
b b - 23
°z) = [< T Y- 2 222 66] (z:0)

which are "thick plate" corrections. Results are shown in

Figures 1 - 3 for the case in which the plate is made up of an odd
number of laminations of identical thickness. For the.odd numbered
plies, E=10 x 106, v = ,25 and for the even numbered plies,

E = lx106, v = .45, The rapid approach of the solutions for a
finite number of plies to the Correspondence Principle solution
may be interpreted as indicating that a condition of nearly com-
plete mutual constraint exists between plies, even when the number
of plies is relatively small. Taking into account the equality

of the classical bending terms in A22 and AZZ , the maximum
error in using the Correspondence Principle is less than one per-

cent for three plies and decreases rapidly for any greater number

of plies.
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SECTION V

SOME SIMPLE, EXACT SOLUTIONS FOR EDGE
LOADED PLATES AT UNIFORM TEMPERATURE

If the lateral pressure is zero, then solutions of equations

(4) and the boundary conditions

T ( yy,th) = TYZ(X$YFih) - T (x,v,zh) = 0

Xz 27

described by

LT
e = AL, AT, L, =
Al:j Alj + oz i ¢ Alj constant

are possible.

The edge forces and moments are all constant and the trans-
verse shear forces are zero. If the edge forces and moments at
the edges and the temperature are specified, then the six constant

n C : . .
values Ai' are determined from the matrix eguation

CA=N
where

0 0 0 1 1 1
Cor Cpg  Co3 Gy Cop Cog

0 0 1 1 1
Ciy C35 ©33 C33 0 Gz Ci3

L0 § 0 i 1 1

= - €31 %32 C33 S Sz Ca3

1

ol ot c? 2 2

i 21 22 23 21 22 23

L1 1 1 2 2 2
- 11 iz ©13 S35 Ci2 Ci3

1 1 1 2 2 2
C3; ©C3p C33 €31 Cap C33
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0 0
A1 Ny = FooT
.0 0 |
P N, = Fp7T
1 0
_ Al _ Nyy * F1oT |
A = N =
1 1
Ay My = FooT
{
1 1
A, M, - FpT
1 1
AT, M, + F1oT
h
n _ * n
Cij = f Cij z dz
-h
h
n _ * n
Fij = J—h Fij z dz

The displacement components at the lower lateral face may then be

found by evaluating equations (4) at 2z=-h and integrating

0 1
ul(x,y,-h) = <A22 - hA22>x + ay + B
_ 0 1 0 _ 1 _
u2(x,y,—h) = <%ll - hAll y + 2(?12 hA12 X axX + v

1 x2_ 1 1 y?
u3(x,y,—h) = - A22 = - Alzxy - All 5 + k + xx + ny
The six constants of integration o, 8, v, k, A, u are determined
from the displacement boundary conditions. If the displacements
referred to the mid-plane are desired, they can be calculated
from equations (1), (3) and (20).
This set of solutions describes all possible cases of uniform

edge loading and thermal warping. The transverse shear stresses
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are, of course, zero. The solutions are exact only in regard to
the matching of arbitrary edge forces and moments at the bound-
aries. At a free edge, for example, the edge forces and moments
vanish but the stresses, in general, do not. The stress distri-
bution near an edge is, in general, three-dimensional.

In the case of unrestrained thermal warping, if the edge dis=~
placement conditions are chosen so that the corner (0,0) of the

plate is fixed,

u; (0,0,-h) = u,(0,0,-h) = uy(0,0,~h) =

Bul Buz
,,8u3 ‘ 8u3
= —5—}-{-‘ (0,0,""1’1) = —-75-17 (0,0,“1’1) = (0

then the displacement field is

_ 0 1 0 1
ul(x,y,-h) = (AQZ - hAzé) X + <A12 - hA12> y
= (29 -l 0 _ .1
uz(x,y,—h) = (All = hAll y + (Alz hAl%) X
2 2
- -l oxT a1 L1
uy(x,y,-h) = - Ay 3~ = Ap,xy - Ay ¥

For the case of simple tension in a balanced laminate, the elastic
constants computed from this solution agree exactly with those

found from eguations (25a).
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SECTION VI
APPROXIMATE THEORY FOR THIN PLATES

The governing integro-differential equations to be solved are
obtained by substituting equations (20) into the compatibility
equations (4). The unknown quantities to be determined are the
four stress functions All' A22, Alz’ A33. The other equation
needed is equation (17). By evaluating equations (4) at z = -h,

the displacement components at the lower lateral face are obtained.

3.
AZZ(X,y,-h) 3% Y1 (x,y,~h)

)
All(x'yl_h) = 3? u2 (XIYI-h)
ZAlz(x,Yy—h) = -3—% u2 (XIYI-h) + 'é‘%ul (XIYI_h)
QA 2
22 P}
3Z (x,y,~h) = - ;;? u3 (x,y,-h)
2A
11 _ _ 92 _
Y (x,y,-h) = 5;? u3 (x,y,~h)
8A12 52
—n— (x,y,-h) = - 3%y U3 (x,y¥,-h) (29)

The displacement components are thus determined when the stress

functions have been specified.

The boundary conditions on the lateral faces of the plate will

be taken to be:

sz (XIYIih) = Tyz(XIYIih) =0
Ty, (X/¥,-h) =0
Ty (x,v,h) = -p(x,y) (30)
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The boundary conditions on the edges of the plate will be left
arbitrary. The temperature is assumed to be uniform. The order
of the various terms in the compatibility equations can be ascer-
tained by examining equations (20). If All' A22 and A12 are

assumed to be of order h° then Ygxr Y are of

order h° and and are o(h). The transverse shearing

Yxz Yyez

strains are, in terms of the displacements:

aul . ou

_ 3

2 Yxz 3 =3
Z X
) ~ 8u2 8u3
Yoz 55 Ty

If the stress functions are assumed to be given in terms of power
series expansions in z, then the displacements are given by

similar expansions.

u g U+ zU

1 1
u2 = V + le
ug = W

If the transverse shearing strains are to be of order h then,

2 gy = Uptax =0
= oW _

Therefore, the displacements are

_ oW
u, = U=z
W
- - ., oW 31
u, \V/ Z 5y (31)
u3 = W
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and the stress function expansions in terms of U, V and W are

2
A o du_ g3 W
22 0X ax2
2
o AV 3w
A = e = Z 32
11 5y ay2 (32)
Az 1 (U, 3w\ _a%
12 - 7 \3y 3% 2 5%oy

According to equation (31), the functions U, V and W are the dis-
placement components referred té the middle surface. However,
this is inconsistent with equation (29) which identifies W as
the transverse displacement referred to the lower surface. This
inconsistency should be regarded as resulting from the truncation
of the power series expansion given by equation (31).

If equations (32) are substituted into the compatibility
equations (4), it is found that these equations‘are identically
satisfied to order h, that is, the error is proportional to hz,
which is consistent with equations (31) and (32). Satisfaction
of the boundary conditions (30) then results in three differential
equations to be solved for the three displacement components U,

V and W. Equation (17) will supply the expression for the other
stress function Aj3. An examination of the integrand of this
equation discloses that the terms containing Ay are small com=-

pared to the terms containing All’ A22 and A12 and may be

neglected. A suitable expression for Ajg is therefore

A ~ (% f * 52 * 52 * 52
33 - ), TP Ca 5 Pwmy tCugpr | Pu
(33)

more
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. o 82 Lo s 42
22 Sxz T “C32 Ty T 12 g7 | Mez

(33)
23 3%7 33 3x0y 13 332 12
The governing differential equations are J
LU + LV = LW = Py
LU+ LV - LW = Py (34)
LU + LoV - LgW = Py
Ly = Cy \%;Z * (C§2 + 3 033)“5‘% + 3 C3 ‘3’;‘2'
L, = 3 C33 2; + (5 3 Cgs\) ‘5332’2? + C3p %iz'
Ly = C3, :; (Céz + %3) aijay * (Cél + C33)9x3y
3
* C%l 3;3
e =g, 33{3 +(Cgp * 3 c35) aijy +3Cly %‘3’5
Lg = 3 €35 2; + (c3; + 3 C13) aijy +Cqy %;2,?
3
Lg = C%z §i3 + (Ciz + C%3) aijay (C%l + i3) aiay
red b
0 1y 3 1 1.9 1.1y 3°
L, = (hc3, - c3) 3 T (anc3, - 203, + 3 hCy3 - 3035 x5y
(ne CI, + BCy3 = C3y) ai; + 3 (hC13 13) ‘2‘3‘37
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| ; 5
1.0 1\ 3 o 1 o 1 >
Lg =3 (h023 - C23> Fcl <hc21 Ca1 * BC33 C33) Sxloy

| 3 3
o 1 . 1.,.° 1.1\ 53 o 1\ 9
+ <2hC31 - 2C3; * 3 hC3 -3 Cl3> Sy (hcll C11) oy
1 2y 34 1 2 1 2y »?
Ly = {nc3; - C3y) —— + (2nc3, - 23, + neyy - C33) %30y
1 2 1 2 1 2 5
+ (ncy; - C5) + hCT, - €, + 2hCyy - 2C33) 3xZay?
1 2 1 2 54 1 2y »°
+ (2ncy; - 205; + hepy - Cf3) axoy? (be1y - cfy) L
‘h *
_ 3 * 3
Po= |, (T 7% + I3 ‘337) Ay dz
rh *
. ] * 3
P, = | (133-}?+:[1 5-3-’) A,y dz
-h
P3 = =P

Equations (34) are a set of three differential equations of eighth
order in the three displacement components. Before considering
the general case, it will be helpful to consider two special cases
which are much simpler and which will provide some insight into

the nature of the solutions.
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1. Homogeneous, Isotropic Material

This is a single ply plate of isotropic material. The elas-

tic constants of the material are

_ _ 1
bip = byy = b3y =5
_ — - = = = - 3
by, =by) =Dbyg = bgy =Dby3 =Db3y == g
_ _ _ 14y
byg = bgg = bgg = =5
big = byy = byy =Dby; =Dby,=by3 =Dbgg = Dbgg =0
_ _ E
€11 = €22 T 172
_  Ev
€12 = €21 = 7732
O E
C33 = 175
C13 =C33 =Cp3 =C35, =0
. h
Cl] = J-h Clj dz = 2hCij
1 _
ciy =0
h
2 2 2.3
-h
Il = 12 = I3 =0
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The differential operators of equation (34) are

2Eh [ 1 2 132]

L = 1w T o * 752

L . Eh 52
2~ I-y 3xdy

4~ TV Ixdy
L _ 2Eh |1 82, 1 82
5 - I+\) ‘2- 3X2 1=V 8y2

L6 =0
L oozen? | 8393 |
7 1-v2 | 3x3 axdy?

=
. 2ER’ 23, 23
8  1-y2 ax23y  ay3
3
L - —2Eh o4

9 3(1;v2)

Since P and P are zero, the displacements U and V may

1 2
be taken as zero provided that this is consistent with the bound-

ary conditions. The third equation then reduces to
4 _ P

VW = s

3

The edge forces and moments are

_E QU 3V
NX = ————1_\)2 [—8-;{— 4+ \)-a-§]

.. B oV oU
Y T 1oe [337 * 's;]
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E ~ 99U oV

Ney = 2TTE) [5§ + Ei]

w oo - _En’ w2
X 3(1-v?) |ax? dy?2
M = _"‘Ehz’ 32W + QBZW
y 3(1-v2) |oay? ax2
w - _ _En? 3%
Ry 3{I+v) 9xdy
. 2
Eh ) 2
Q = == — - VW
X 3(1_v2) X
N 3(1-v?%) a3y
and the stresses are
2 2
_ _ EZ 3 3
Txx 1-v? [3x2 v dy? w
2 2
EZ ) o
= - ~ +
tyy 1-v2 [v Ix< dy? ] w
__ Bz 3%
Txy 1-yZ 3x9y
= - __Z_3. - zh’ - i) E v
T2z T 6 2 3 1-v2
2 .2
. - E(Z°-h") 53 VZW
XZ 2 (1-v2) X

T. =

'E(22 ;.hZ)..B 5
Yz 2(1=-v2) 9

VAR
y
If the plate is simply supported,

. mmX . nmw
W = W si si —Bz
mn n a n ’

and the transverse shearing stresses are
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2 L2 . 2
- E(z”-h") mm mn
xz T T 2(1-v?) Wn (75) {k"g) *

nm mmx . nry
+ --B) ‘} CcOs a sin —E—-

v = - B, () (%) -

T ——
+ (BT 2 sin MX cos BT
i) a
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2. Balanced Laminate
A balanced laminate is defined as a laminated plate for which
1 1

iy = Ii = 0. The material property distributions are even-

C
symmetric functions with respect to the mid-plane of the plate.
In this case, the operators L3 and L6 are zero and the in-
plane displacements can thus be determined independently of the
transverse displacement. By inspection, the particular integrals

of U and V are of order h®. Substituting these into the

last of equations (34), the equation

LoW ~P (1+0 (hz))

is obtained. Since the terms in this equation arising from U

and V are of order h2 compared to unity, they may be discarded
with the result that the transverse displacement is approximately
uncoupled from the in-plane displacements. Since U and V are
of order h3W, they may be ignored compared to W. However, this
does not necessarily mean that the effect of U and V on the
edge forces and moments is negligible; this remains to be evalu-
ated. Contributions to various terms will be considered negli-

gible only if they are of order h2 compared to unity. The edge

forces and moments are

x = Cua 3y T C223x 7 Ca3 *

oV o 23U 1l .o U ENA
oy ox

50



: h
_ o "3V o 33U 1 o 29U OV _ * o
NY = Cll ‘é.if— + C12 % + Vi Cl3 <3y + 3X> J_hIl TZZ dz + F..T

Xy 31 5y T G323 Y 2 Caslay T oox n 3 Tz 12
Cw o o2 2w 2 w2 afW
x Y21 By? 32 yx2 23 3x3y
2 2 2
2 w2 3 2 %w
y T izt G2z TG oy
2 2 2
2 % . 2 2%w ., 2 3%w
- Mxy = C31 =57 C32 3 %2 * C33 333y
P ) rcz 2w, 2 22w, o2 2w
X oy 31 3y? 32 yx2 33 9xdy
2 2 2
3 |2 %W, 2 3w, .2 ow
tox |21 532 T C22 5%z * Cas Bxay]
2 2 2
s 12 w2 w2 %W
-0, =35% |C31 557 T C32 332 t C33 T3y

_ 2 2 2

* ey [Cilggg‘”ciz%;g"cﬂ%]

Terms have been discarded from the moment and transverse shear
force expression which are of order hz. Since the in-plane dis-
placements do not appear in the moments and transverse shears and
the transverse displacement does not appear in the edge forces,
the problem is truly uncoupled at this level of approximation.
The transverse pressure terms which appear in the expressions for
the edge forces are due to the Poisson constraint effect. The

presence of these terms means that the vanishing of the in-plane
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displacement terms does not ensure that the edge forces vanish.
This must be taken into account in the specification of the bound-
ary conditions.

In the determination of the stresses, the dominance of the
transverse displacement is clearly evident since the in-plane
displacements contribute only to O(h2) compared to the trans-

verse displacement terms.

2 2 2. A
_ - * oW * 2°W * 9°W *
Txx = [CZl ayz T €22 32 T C23 TRy Z+Fyy T
2 2 2. "
_ * %w . % %W, % W *
Tyy = [Cll ayz G122 5%2 T Ci3smy | 27T
2 2 2.

T afw o, ¢ w ¢ 30w ¥
Txy = [C31 ay? T C32 52 * C33 3y | Z2 - Fp T
= jz tlz-t) |Co s + (2cx, + c*) h

T — z-— —— r————
ZZ -h 22 ax‘+ ( 32 23 BXSBY
* * * ) 34 * * 34
+ (cl2 +Coy * Xa3) samer (2c5; + Cl3)""—"axay3
RS a
11 557 | W9t
rZ 3 3
_ x 3w % S
‘xz T I_h [022 w7+ (a3 * %) Ty
3 3
* * O°W * 3 W
+ (c5 + c33) e T Cangs ]t at
z 3 3
_ a~W % * W
Tyz © J_h [‘332 w3 (12 + c33) %20y

3 3
* * oW *« O°W
+ (C13 + C3l) W + Cll--é-—F } t dt

The transverse shearing stresses automatically vanish at 2z=h

due to the even-symmetric material property distributions.
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3. The General Case

If the laminate is not balanced, none of the operators in
equations (34) vanish and the in-plane displacements and the
transverse displacement are coupled. The edge forces and moments

will be needed in order to formulate boundary conditions.

1 o oU oV
t*3C;3 3yt 5§>

=
N
r_J
<<
N ©
N

W
21 55z ~ 22 532 T C23 Ty

o 3V ., ° aU ., 1 .o (3U , 3V
Ny C11 357 * C12 3¢ * 2 C13 <§§ + Bx)
h 2 2 2
( * ° 1 3“W _ .1 3w _ .1 3w
T L Tz dz + F13 T - Cqy 557 ~ Cl2 3327 C13 wmey
e OV . o 3U , 1 .o [3U , 3V
Nyy = G155 ¥ C23x * 7 C33 (§§ * Ei)
h
2 2 2
- x o 1 02w _ 1 %W _ .1 3w
j-h I3 72292 " F1p T 7031 532 7 %32 52 T C33 twRay
1 v . 1 U, 1.1 (au _ av
My = a1 3y+C22 5% T 7 Ca3 (By Bx)
h L o2 2% 2 % 2 ofw
- [_hz I, T,y dz + Foo T 21 5y2 22 32 23 9x0dy
1 sv 1 U, 1.1 [3U, 8V
My = Gyt Cl2ox 7 G (‘537+3§>
h 2 .2 2
x 1 2 2% .2 3w 2 %W
- J_h z Iy t,,dz + F; T -Cpy 5= = €15 557 ~ C13 530y
1 v, 1 su, 1.1 [au, av
Mey = G313y * C323%x + 2 C33 <3§ + §§)
h 2 2
_ * 1 2 %W _ 2 .2y _ .2 3°W
J—h 213 75292 = F1p T 7 C31 552 €32 45 = %33 Ty

53




2 2
1 2%V 1 1, e 1 32y
Q, = (C3; = h Cyy) Py + 5 (C33 = h C33 + 2C5; = 2hCy1) g3y
2 2
1 ( ey 1 a1 32y
+ = (c ety 2V, (c neel) &8
7 \C23 23) w2z 2 33 33) oy ?
+ Ll heS . + 20Y. - 2nccL) "’ZU + (cl hCo E.i‘l
3 (Co3 23 32 32) TRy 22 22) w2

3 3
L (€3, - k) EH L (o2, - ncd 2 .1y 3%
(c3, - be3) sgs | V33 T "G5 " hey) Sx0y
- (2, - nck, + c2, - ncl) W _ (o2 _hcl)a3w
32 32 7 C23 23] 33x%ay (c32 221 353
o, = (c3, - ncy,) %0, 1 (c3; - nc3y + 2cy, = 2hcy,) 2y
g = (35 -1003,) 5=+ 3 (€3 33 12 12) %5y
2 2
1 .1 23U L1 (1 a0y 3V 1 (1
+ 3 (o1 - hep) oy T 7 33 he3) =5+ 3 (15 - het;
2 2
1 27V 1 o o7V
+2C3) - 2nC3;) gy + (011 - bhey) S
h z ;
* 0 * 0
-h J-h
3 3
2 1y %W _ g2 _ .l 2 - el )
(635 - ne3,) 757 - (C53 - hCy3 * €1y = BC) ooy
3 3
2 1 2 1y 3w 2 1y o3
- ¢}y - negy + cfy - negy) oxay? (c11 ncyy) 3y3
The stresses are
C*
% OV * oU 23 (3U , oV
xx " Ca 3y T Ca2wx Yt 7 <é‘y‘+ax)
L a2 2 2 * *
* 9T W * O W * oW - I T + F T
- (\C2l gz T C22 3%z T C23 “"“axa3:>z 2 zz o 22
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*
oot W, eroau G13 fau o
Tyy T €11 8y+clz 3% T 73 <ay+ax>

2 .2 a2
% W | k 3W k0 3°W % *
(\cll 72 T C12 532 * i3 "“‘axay) 2 m Iy Ty PE T

*
e
% oV * 3U 33 73U , AV
xy - C313y TCanwt o (337*532)
2 2 2
* O W 3 * "W * *
- <C31 ay? C32 372 * C33 Bxay) z' = Iz, =F, 7T
z 3 3
_ * ) * 1% 3
TZZ - j_h (z-t) {_(CZZ 3x3 + (2032 + EC23) ax?_sy
3 3
* * o 1 * P
+ (3, + c33) xoy? © 2 C13 _—3y3> v
3

3 3 .
1 % 3~ * * ) ( * 1 % 3
+ <‘2‘ Ca3 377 7 (c5y + C33) sx2sy T \Ca1 * 3 ClB)_""'axayzg

+2C* + c¥ —-——34+c +CT_+ 20 4—--———4
( 32 23) 3x33y (21 12 33 3X243y2

4 4
% * 3 * 9
+ (2C31 + Cl3) -5-;-5-}—,3‘ + Cll B—F} W dt

z L2 2. 2
, _ * 07U * 1l % 370U 1 % 27U
Txz = "J_h [sz 5wz | <C33 7 C23) X3y * 2 ©33 557
2 2 2
1l » 237V * 1 . 9V * 07V
*3Cn it (c31 * 3 €33 axey | ©31 332

3 3 3
* * "W % * COTW
<C22 %3 T (023 + C3y) sx2oy | (C21 + C33) 3x0y?

3 z
%* oW * 2 * 0
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| z .2 2 L2
- LY * 1 . * 3°U 1 .+ 93U
Tyz J_h [C32 3wz (c12 + 7 C33) 3y * 7 C13 ay2
+ 1 C* "a‘2V + (C* n 1 c* 82V + C* "3'2V

.3 | .3 .3
*  9TW * * "W * * 3
'@3’2 w3 T (35 + 1)) xiay | (c15 + ¢31) %3y?

3 2
* O0°W % 0 * 0 4

Let us consider first the case in which the laminate is

severely unbalanced, that is C;j and h—lcij are of the same

order of magnitude. Then, W = p(h_3) and,vfrom the first two
of equations (34), U, v=0(h"2). Thus, P, and P, are of order
h and are therefore negligibly small compared to LW and LgW
which are of order h_l. In the edge force and moment expres-
sions, the Poisson constraint terms which contain the quantities
I; are negligibly small. None of the other terms can be dropped.

Now, let us suppose that the laminate is only slightly un-

balanced, so that Cij

U, V are of order h°. None of the terms in the first two of

= 0(bY). Then, w=0(h"3) as before and

equations (34) can be dropped but the terms LU and LgV in the
last of equations (34) are negligibly small. No terms can be
dropped from the edge force expressions but the U, V and I?
terms can be neglected in the expressions for the moments and the
transverse shear forces.

If the equations for the general case are to be equally appli-

cable regardless of the degree of unbalance of the laminate; then
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no terms can be dropped from the differential equations (34).

The only terms which can be dropped from the edge force and mo-
ments are the I; terms in the bending moment and transverse
shear forces. The terms containing I; in the stresses can be
dropped since they are negligible in both of the above cases.

The eguations derived in this section, which are the equa-
ticns of ordinary, laminated plate theory, have been derived from
the equations of elasticity for laminated, anisotropic plates by
making two assumptions:

(1) The displacements are linear functions of the 2z coordinate.
(2) Terms of order h2 are negligible compared to unity.
The assumptions customarily made in deriving the ordinary lamin-
ated plate equations are therefore dependent only on these two
assumptions. The expressions for the transverse normal and
shearing stresses which have been derived are those which would
be obtained from the ordinary theory by using the equilibrium

equations.

A BTXX BTXY
xz T —I—h 5% T T3y dt
Z 9T 0T T
= - Xy Yy
Tyz f—h [. s Tt 5y J dt

z 32TXX BZTX 82T
7 J (z-t) = +2 N Yy dt
-h X Ixdy dy?

If the "first order theory" of laminated, anisotropic plates (the

~
il

present simplified theory) proves inadequate, then the reason
must be due to the above two assumptions and their modification
must then lead to improvements in the accuracy of the theory.

An obvious modification is to assume that the displacements are
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quadratic functions of the 2z coordinate. It should be rémem—
bered, however, that any representation of the displacements in
terms of continuously differentiable functions is inherently
limited due to the fact that the displacements are, in reality,
elements of class C°(z).

The expansion (32) is a formal one and the relative magni-
tude of each of the terms is unknown at the start. In fact, it
has been shown that, in the general case, the first and second
terms in the expansions for wu, and u, are of the same order of
magnitude. For a balanced laminate, the second terms are actu-
ally larger than the first terms. One can onily hope that, in
creating a higher order theory, the correction terms eventually
turn out to be smaller than the first few terms in the expansion.

This, of course, must be verified after the fact.
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SECTION VII

A PLATE THEORY CORRECTED FOR
TRANSVERSE NORMAL AND SHEARING DEFCRMATION

As was pointed out in the previous section, the ordinary
laminated plate eguations are based on the assumption of a dis-
placement field which is linear in the 2 coordinate and on the
neglect of all terms of order hz. Even with this limitation,
however, the complete stress field, including the transverse
normal and shearing stresses, can still be obtained, at least to
an accuracy consistent with the stated assumptions. For moder=
ately thick or highly anisotropic plates, the previous assumptions
are open to guestion. In order to develop a theory which is cor-
rected for transverse normal and shearing deformation, both of
the previous assumptions will have to be discarded, since as will
be shown, they are actually not independent of one another. |

The linear displacement field given by equation (32) implies
that the normal derivatives of the displacement components are
continuous across ply interfaces, an implication‘which is not sup-
ported by equations (1) and (2). An examination of these equa-
tions discloses, however, that the discontinuities are propor-
tional to the transverse shearing strains and therefore must be
small if the shearing strains are small. It seems reasonable,
therefore, to develop a higher orde; plate theory by assuming
arbitrary but small additions to the displacement expressions
given by equation (32) which are of class Co(z). The "smallness"
of the corrections will be of value in simplifying the resulting

analysis. Since the corrections are proportional to the trans-
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verse shearing strains and since the transverse shearing stresses

must vanish on the lower lateral surface, the correction terms

must also vanish at 2z = =h.

In accordance with the previous remarks, the displacements

will be taken in the form

b
U, = U -z %g + J“h u* dat
u, = V -z %g + JZ v* at
-h
(2
u; = W+ j ‘ w' dat
-

(35)

These modified expressions are thus consistent with equations

(1) and (2) and with the boundary conditions.

It should be noted,

however, that the interpretation of the displacement components

u,

face of the plate is no longer possible.

o
uy (x,y,0) = U+ { u* at
Jap
(o]
u, (x,y,0) = V+ I v* dt
-h
o
U, (x,y,0) = W+ J w* dt
~h

If the corrected

V and W as the displacements referred to the middle sur-

theory is to be easily reducible to the previous

theory, this inconvenience will have to be tolerated.

This approach may be compared to an alternative method which

consists of a Volterra expansion of equations (4) and (17) for

the stress functions All' A22, A12 and A33.

Equations (29)

and (32) are, in fact, the first few terms of such an expansion.

The displacements u; (X, ¥, ~h), u,(x, v, ~h) and u,(x, ¥, -h)
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are carried along as unknowns and later determined by applying

the boundary conditions at the upper lateral face,

Tyy (X,¥,h) = ryz(x,y,h) = 0

These result in three differential eguations fcr the determina-
tion of the displacements ug(x,y,-h), u,(x,y,-h), u3(x,y,—h).
This procedure is thus directly comparable to that recommendéaﬂwww
at the beginning of this section.

The expressions for the strains which follow from equations

(35) are
2. p A *
_ _ _dU _ 3w 5U
Yxx = P2 %3zt J_h 7% 4t
2 z *
3V 3w J 3V
= A, = o - Z — + dt
Yyy M1 T 5y T % Gy2 _n ¥
2 ?2A -"”J+W-—2z--—-—""2""’+z ——BU*+3V* dt
Txy ° 12 - %y T 3% 3X0y n LY X ‘
_ *
zz W
VA ®
2 = u* + M gt
Xz J—h X
*
' rz  OW
* —  dt
2 = V <+ P
yz J=h o

*
Using the fourth of equations (20) gives an expression for W .

2 z *
9
w* o= 1) ___v_z____aw+J W at
Y dy2 -h Y
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R su* | av*
t3 J_h (Ty“*ﬁ‘) dt]

Terms of order h? have been neglected.

The last two of the above equations can now be used to obtain

expressions for u* and v¥.
P4 *
* oW
U = 2 sz - J "R dt
-h
Z *
* _ oW
v = 2 sz J—h P dt

Assuming that U, V and W are given, the last three equations,
when written out in full (using equations 20)), together with
equation (17), are a set of four integro-differential equations

* *

for the four unknown gquantities U*, v, W and A33 in terms

of U, V and W.

V4 7 o
*  _ * _ * O 0 vV _ 0 W
Ut = 2 bgg j_h [(CZl 5% T Ca1 ay> <8y t 57
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+

<+

ot 52w N t (BU*
0Xay ~h oy

I* EX z ﬁfﬂ
4 ay 3y2
2

+

0X

- 64

1 /23U, 3V
2\ 3y 7 X
* 9

+<I3 %
gz_tazw+Jt sv"

Y oy Jop !
L p* (30 , 3V
2 6 \3%y X

7

*
5V *
-—--) ds)-l- I A33:} at

(37)

(38)




2 2 2 B
* 9 % 0 * 0
(IZ Py + I 553 + 213 323?2) A33j dt

Equations (36) through (39) are exact equations of elasticity.

The equilibrium equations, the internal continuity conditions, and
the boundary conditipns at z=-h have all been identically
satisfied.

Equations (36) through (39) are integro-differential equa-
tions of Volterra type. Solutions of these equations obtained by
Volterra iteration will be rapidly convergent since the range of
integration (2h) is small. The Volterra iteration solutions coin-
cide with the asymptotic solutions of these equations in powers
of the thicknéss parameter, h. The powerful existence and unique-
ness theorems of Volterra equation theory guarantee that these
solutions are regular for all values of z. Further, since u* and

2

v* are of order p h™! and W* is of order p h™ %, the correc-

tions to equations (35) are of order h2 compared to the terms
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U, V and W. The one-term Volterra iteration solutions of equa-

tions (36) through (39) will therefore produce a plate theory which

is correct to within terms of the order of h2.

VA
X ~ * * * %
- 2b¥ ? tru+t*v-r¥w | oat
56 ), | 4 5 6
z 2 2
- [o% 3 1l % 3
J-—h [ \15 7 + 5 Ig ax8y> U (40a)
+ (L 1* 22 ¥ )2
e 1* 23 x 03 x 85 > .
S 3x3 6 3x23y 4 Hxoy?
v e ot “ oo s*vertwl at
R - R S 2 3
V4
* * *® *
- 2b J{LU-!—L V - L w} at
66 ) |4 5 6 (40b)
z 2 2 2 2
® 9 1 .% 3 1<* 3 % 9
- I a1 SN+ eI, — )V
[-h [:( 5 3xoy = 2 6 3y2> 2\"6 xoy 4 5y2
3 3 3
-t<1* RS L +12-i—)w dat
5 ax2dy 6 3xdy?2 5y 3
* . * .9 1 % 9
W= I ezt 5 I 3-?:, U
Cflwa sy - \
+{516 =t I 337} (40c)
-z I* ‘82 I*‘ 32 * 82
5 3X2 6 axay 4 ayz
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2
A z f, (z - t) [L;U-!-Lgv—‘L;W} dt (40d)

The operators L; are defined by

~h

They are thus obtained from the operators following equations (34)

by replacing the material constants C;j with the material prop-

. * 1 2 . 2 . *
erty functions Cij ' Cij i3 with 2z Cij .

It is now possible to write corrections (6Aij) for transverse

with =z Czj ,and C

normal and sheéring deformation to the stress functions A;.

»

1]
z *
. oV
11 -h 0y
*
z oU
§ A22 = ,J X dt
~h
z * *
1 [5U oV
z * t * * t
) A33 = [ (z=-t) L.7 J U” ds + L8 J V' ds
=-h ~h -h
2

2 2
* 3 £ 3 * 3
- (Iz oxz T Tl 5yz T3 ”"_‘axay> A33] de

These corrections will, in turn, lead to correction terms in the

differential equations (34). Let the correction terms which are
to be added to the left-hand sides of equations (34) be designated
by ¢

;7 6 and &, respectively.

1 2
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~h -h
h x (2 . z

52=I [L‘lj Udt+L§J th} dz
~h ~h ~h

(41)
h

53=J (h- 2) [L
-h

- (135 —732 + 10 -—732 b oort 22 Jz (z-t)
2 3 dy “3 X3y -h

~ ¥

st

X
* * %
[L7 U + L8 v - L9 W] dt ] dz

The full expressions for these corrections aré, of course, obtained
by inserting the expressions for u* and V* from equations (40).
An examination of the results of the expansion shows that the

coefficients of the correction operators are of the form

kP9 - [P Pt [0 pr © s? ¢c* das dat 4
ijkemn h i3 oy kv )y mn “° z
i,j=1,2,3 k,2 = 5,6 m,n=1,2,3 p,a = 0,1
h t ’
Pq = P % g % .
Kijk [—h b4 Cij J—h S Ik ds dt dz (42)
i,j=1,2,3 k=4,5,6 p,g=0,1
h * 2 *
Jg¥9. = I zP 1% J (z~t) t% c¥, dt dz
ijk “h i -h Jjk
p=0,1 q=0,1,2 i=1,2,3 j,k=1,2,3
There are 1296 possible coeffiqients of the type Kggklmn and

108 coefficients of the type Kggk .
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The expansion of equations (42) can be facilitated by using

notation
jolef ' - p > g
Kijkzmn - Kij Rxe Kun

coefficients of the first type, and

kP9 - xP, k9

ijk 1j 7k
coefficients of the second type, with the understanding that
indicated operations are not commutative. The corrections to

differential equations (34) may then be written, in operator

tion, in terms of a set of coefficients L 0 My o, oWy which
be calculated by a computer program,
4 4 4
0 d 0
L, = 8, ~——— + 8, ————0 — 2
1 1 54t 2 sx3oy 3 5x25y? 4
4 4 4
3 d 9
L, = 4, — + & + g, —————— o+ Q
2 6 8X‘+ 7 3X33y 8 ax23y2 9
5 5 5
3 ] ]
L, = 2 —_—t R —— —_—
3 11 BXS 12 axhay 13 8x38y2
5 5
9 3
Y s Syt 16 5yF
L, =m ~3§ + m, - 84 + m ——Ef~— + m
4 1 5xb 2 3x35y 3 3x23y2 4
_ 4 4 4
d 9 9
L., =m, — + m, + My ——emmee— + M
bomm S e o am —s
6 11 545 12 axbray 13 3x38y2

5> 3
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"05 "'05 ..... 5 . 35
§L, = n, —— + n ‘
77 71 3x5 0 U2 axtay 3 axday? 4 sx?ay?
. 5 .. a5
o ' 9
+ n + n, —
5 axayl& 6 3y5
2D a5 5 . 5
3 3 3 R I
6Ly = Ny —— + N + ng ——— "+ n —_—
8 7 axb 8 axli»ay 9 ax3ay2 10 3x23y3

85 , 35
+ nll axayl+ + nlz 3Y5
6 6 6 6
3 5 3 3
6Lg = Nyq =— + Nqy ——— + N, ——— + N, ——T
9 7 T3 e T T gussy L5 gytayz 16 gy35y3
20 50 N

T P17 3xZayt T 18 Fxayo t N9 5y

The computer ﬁrogram for calculating the constants Kﬁ?k&mn ’
Ki?% and the coefficients of the above operators is described
in Appendix Ii together with the results of a sample calculation
for a five ply plate.

Theﬂcoef%icients of the uncorrected differential equations

(34) for an "isotropic", five ply, 0-90 laminate are given below.

These coefficients were calculated by the computer program PLY.

DIFF. EQ. COEFF. ARE (multiply by E6)
(listed in decreasing order of X-derivatives)

FIRST EQUATION

1.57975 1.33807 E-6 0.06 1.39452 E-6 0.442785
3.56595 E-6 O -1,48389 E-15 -2,54365 E-10 =-1.84575 E-15
SECOND EQUATION |
~5.64515 E-8 0.442785 5.3573 E-6 0.06 8.92325 E-6
1.57975 2.87856 E-17 -2.39822 E-10 -6.69603 E-15 -7.02698 E-10

THIRD EQUATION
9.47848 E-2 7.6897 E-8 3.01671 E-8 3.21438 E-7 8.36712 E-8
3.01671 E-2 7.49352 E-7 9.47848 E-2 =-2.62481 E-3 -1.8733 E-9

-1.20668 E-3 -1,24926 E-8 ~-1.16658 E-3



The coefficients of the correction operators given by egua-
tions (43) are shown in the following table. These were computed
by the computer program DIFFCO.

COEFF., OF CORRECTION OPERATORS: DELTA L(l):

(MULTIPLY BY E6)
(LISTED IN DECREASING ORDER OF X-DERIVATIVES)

FIRST EQUATION

-0.190196 1.12672 E~2 -2,42698 E-2 -4,51758 E~4 =-1.83759 E-4
4,37318 E-3 =3,07968 E-2 2.65778 E-3 =-2,38774 E-2 -1.83943 E-7

~7.22392 E-3 6.70288 E-4 =2,2455 E-3 6.30183 E-5 =-6.03174 E-4
-4,37178 E-9

SECOND ZEQUATION

-1.1275 E-9 ~-5,60855 E-2 5.52693 E-3 =-4,68619 E-2 =3.46724 E-3

-3.67503 E~4 4,14684 E-4 =-1,08149 E-2 -1,10292 E-2 =-0.078595

-1.20691 E-10 -2,19585 E-3 3.46082 E-4 =2.77002 E~3 -3,05428 E~-4

-1.,90015 E-3

THIRD EQUATION

-4,22148 E-3 2.4875 E-4 -0.002003 -2.06286 E- -1.60055 E-3

-8.88607 E-4
~3.4868 E-4

~1.35644 E~4 1.51649 E-6 -1.32916 E-4 6.70463
-4,26205 E~4 =2,87753 E-3 -1.89911 E-4 1.52315
1.19751 E~5 ~1.30294 E-4 =-1.95585 E=5 =7.73107

bit;il:!jt!j
(GG RE R

Some of these coefficients should be identically zero for a bal-
anced laminate but are not computed as such due to roundoff errors.
In order to make a valid comparison between the coefficients of
equations (34) and the correction operators, the coefficients of
the correction operators should be divided by the square of the
plate length since the order of the correction operators is two
higher than that of the coefficients of equations (34). It can
be seen that, even for an "isotropic", balanced laminate, some of
the corrections are not negligible.

The corrected plate theory leads to a set of governing par-
tial differential equations of eighteenth order in the three dis-
placement components U, V and W. Once these three functions have

been determined, the stresses can be found from equations (18) and




(20) . The transverse normal and shearing stresses are included
and all of the stresses in the plate are determined to high
accuracy.

From an asymptotic point of view, the solutions for U, V and
W fall into two classes; slowly-varying "interior"solutions and
rapidly-varying "edge-effect" solutions. The interior solutions
correspond to particular solutions of the differential equations
in terms of the in-plane variables. The edge-effect solutions
correspond to the complementary solutions which are rapidly-
varying, a fact which may be determined by inspection. Equations

(36) -(38) disclose that the rapidly-varying solutions for U, V,

* * 1

. % ) -
W result in U , V , W terms which are of order h In the edge
zone, therefore, all of the stresses are of the same order of

magnitude.

In order to apply the high order plate theory to practical
plate problems, it will be necessary to develop the proper
boundary conditions from a variational principle. Expressions
for the sErain energy and work done by the external forces are

thus required.
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SECTION VIII

WORK AND ENERGY EXPRESSIONS
FOR THICK PLATE THEORY

In accordance with the principle of virtual work, the varia-

tion of the quantity v - w must vanish where

v B B
sw = “ - p S uy (x,y,h) dS + H T, § u; dB (44)
S
and
B _ = B ~B _ = B
Ti = le nj y nTo= ea na

S 1is the area of the upper lateral surface of the plate and B

is the area over which the edge forces are applied. The dependent
variables of the problem are the three "displacement" components,
U, V, W. The first task is to develop the expressions for the
strains which follow from equations (35). This can be expedited

by writing the displacements U*, V*, wW* in the form

ik * *
U = XllU + Alzv + Al3W
* %k * *
\Y = )\ZIU + )\22V + )\23W (45)

w*

% * *
A31U + A32V + A33W

where the Azj are the appropriate differential operators in the
variables x and y and integral operators in 2z with piecewise
constant coefficients. The term I; Ajq in W' is of higher

order and has been dropped. The strains can now be written in




+the form

XX

Yy

Xy

Xz

YZ

Zz

The strain

6u1 =

11 12

- . vz . [
v, 2N +-j = [a¥u s atvaeatuw | ae

22 23

. . Z
%% -z 3;% ¥ J %§ {5;1U + ¥ v o+t W:} at

1 z 3 * * *
+ 5 J_h = [A31U + A3,V + x33wi] dt

1 * * *
Vi }-)\ZlU + }\22V + )\23WJ

e

+ fz 2t U+ Aty o+ atw | at
2 3 210 T 432 33
¥ u o+ Ak v+ atw

31 32 33

energy per unit plate thickness is thus

. z
3 3 * 3
‘[J {Txx X T Txy 5y 7 Txx J_h-xll 7= ot
S

. z z .
% 9
Tyy J_h‘AZl 3y dt + Txy th <All 3y +_A21 §§:> dt
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iy o Lars A
T xz M2t Txz [ 32 9% Tyz 122
(47a)

+ PSSR A sV

Tyz _p 32 3y Tzz 32

] 2 2 2 z

L 3 3 2 * 3
M 1 éxx 3% 2 Txy X9y | 'yy 9y?2 Txx [_hhl3 7% 4t

From equations (35), (44) and (45), the work done by the surface
pressure is
SW., = ‘faw A YOSV + AL dz | d
= - Pl + - <A3l §U + A32 + )\33 <SW> z S
(47b)
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The components of the stress vector on the edge of the plate are

B _ = "3y _= '3

- T ——

1 - Txx 52 Xy 9%
T A
T2B Txy 98 Tyy ER)
T B _ = 9y - 03X

Txz 3¢ 7 Tyz 3%

where & 1is the arc length measured along the edge of the plate
in the middle plane and considered positive when the plate peri-
meter is traversed with the area on the left. A bar over a stress
- component denotes an applied stress. The work done by the edge

force is now

h - oy - oX 3
GWB = § J-h Tex 57 Txy 3T {GU - Z =5 SW

(47c)

(2
* * *
+ (Apq U + a5, 6V + A5 W) dt‘}

Q3

_ oy - sx z *
* Ty 7 - Typ 5h SW + J_h <>\3l 5U

* * 1
+ A3, 8V + A3, aw) dt] f dz ds

where L is the perimeter of the area S.
In order to formulate the admissable boundary conditions and
to check the previous derivation of the differential equations

governing the thick plate theory, the integrals over the surface
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S in equations (47a) and (47b) must be transformed by means of
Gauss 's theorem. After this has been done, the full expressiohs

for the stresses in terms of U, V and W can be inserted into

the variational principle.
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SECTION IX

FORMULAS FOR INTEGRATION BY PARTS

Gauss's theorem is:

¢ /.9F- . oF.
1 _ 2 _ 9y X
U ( =~ 3y ) 9% < § (Fl 3t t F2 H) s
S L :
Various formulas for integration by parts can be obtained from

this theorem by allowing Fq and F, to be products of two func-

tions. For example, if F = fu and F2 = 0, we have

fj 5% (fu) ds = é fu Y d%. However, beginning with the mixed,
L

second order derivative, it is found that two or more forms can
be obtained for the surface integral. Taking Fl = f %% and
F2 = %éu for example, leads to the expression

2, 2
9"u  _ 3 f _ du 9y o f X
” (f 9Ky  0X03Y u> ds = '}g < 5y 51 T 3% U SL) ds

S L
Taki of _ Ju .
aking Fl = gy-u and Fp=- £ X leads to the expression
f'azu - che: ds = - g 20 dx  3f Y 4y
5%X5y 3%y = 3% 3% | By - 3%
S L

In order to show that both forms are correct, it is necessary to
use the fact that the integral of a perfect differential taken

around a closed curve vanishes.

_ du 9% au 9 of ox of 9y _
éLd(fU) —éL[f<§;{‘W+W§%>+U(-§}?§T+-§§W>] de = 0

hence
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way 9 amN 4 L L d e 2w m L BE . oy
é(f-é-?;'—l-—-—u——) dg = § (f3X39,+-é‘§uW ds
L

The number of possible forms for each of the deritatives appearing

in equations (60) is shown in the follewing table.

ot 5 mﬁn Number of
(m,n) in f ———— ds
axmayn

‘ possible forms
s

i
mrm,_nww-.wwuwwmwwww_ﬁﬁ
i

(1,0)
(0,1)
(2,0)
(1,1)
(0,2)
(3,0)
(2,1)
(1,2)
(0,3)
(4,0)
(3,1)
(2,2)
(1,3)
(0,4)

o s s W W RN

From the enpirical evidence presented in the table, the number of
possible forms for the mixed derivative of order m+n is m+n.
The following table lists all of the combinations of functions
which can be used to evaluate the mixed derivatives through the

fourth order.

Integrand Fl F2
Cnd
37 u au of
£ X0y £ 3y 7x ¢
2
9% f of S u
3%y ° 3y ¢ - £y
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Lo d3u e d2u o 92f S 9f " du
£ 2x20y f 5oy "oy ¢ 5% 3%
u
CFf du |, 9%f - f S
+ 2 £ u 3y 0oX + dX0Y u %2
- 2 R . . .
e g 22u_ _ of du A%E
0X0y X 9y  ax?
— L s s : :
A .9y 93y - 20 g £y
- axay? ‘ 0X3y Xoy
ke A g, 3f
53f 3y? 3%3y | 9y oK
¥ 2 ! 2 2
T - 3% tu - £ gxg - gxg u
£ - 9y 3y Y Yy
‘,4.”. — e . 3 ,<é._ R 3 .‘: - S
‘ £ a2u gxgy %% - - g- u 2f 3%u
e 2tu Ly T XTOY R TxF
L exday - 3f 3%u 32 du _ 83t _ ¢ 2lu
: 9y px?  9X3Y 9X  jx?3y ax3
QgL SR azu - 2 gxu - azf u _ 3%f su
- ax3ay - x?ey 0 Y sx23y 57 %
| e 2% _af 22w 22f uw 2%
: 9%X23y 9X 99XV Ny2 Y 5% 3 -
| TUUf 92y g 8% _ 32f duq 33f
| 5Y ay? sxay?  °X3Y Y sxoy?
|y ot A |
}
8x3y3 32f du g 3°u , 3f 8Zu 33f a
oy" oY R axdy? Y 9XIY - Hxay?
oo [1, P S
- fa u 3¢ _¢ 2% of d%u _ 3%f 3u
e Taer S oaxay? YBROY ay? X
; ¢ 2%u O0f 2%u _ 3%2f du . _83f
oy’ X 3y?  9x0y 3y axdy?
)_‘....._._..- s
' 2 3
| 3u 52f su 8f 37u , 9°f
# 3 77 X 9Xay AX2 Y)Y
gty . 3xAy2. OXJy 3y . ool 19Xy
: p 53 2 2 53
axlavyz cu g_f_ a‘u - ¢t E_T:l_ + 9°f u
i o ; £ 3X3yz 9X 3y2 dxZ oY axzay
! p — e e T .
f—_‘g._...:éf--—zu ‘_.3_2 3211 _ 33f a g 3311 _ 32 f 911.
dX<3Y 0y 9X3y ax9y? o ,,QXZQY .?xay X
3% w3 _e 3%, of 2%u
| | yZ R T may? o, axPay | BV aw?
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Since the natural boundary conditions are to be obtained by setting
equal to zero the coefficients of the various derivatives of SU;
8V and Gw; the form taken by these coefficients is extremely
important. It seems clear that, in order to obtain correct results,
the various possible forms of the results of the application of
Gauss's theorem should be averaged. This procedure leads to the
following set of formulas for integration by parts.

(
(J £ 30 4¢
axX .

fo3g

iﬁ u ds + é fu ¥ dsg
X

- L 38
g S L
Ju : ([ 3f P
Jj f -a—y- ds = JJ 5? u ds - é f u 'a—:@- dQ,
S S i
( 220 2% du _ 3f |\ 3y
) f —-—-axz ds = IJ ax2 u ds + é) (f —a—}z - -é-i Ul) Y dag
S S L
( 2 2
Jf?—‘-‘-ds=”9—§uds~§(f33-3-f-u> X 4
J 3y 2 3y2 5y 3y 58
s S L
2 2
( 2y _ Def 1 du 9y _ du 90X
J £ XY - 3%y ds + 3 £ 3y 88  9x ok
S S L L
5f 9x  3f dy
! (332 3T 'a'?ﬁ)} ds
( 3 53¢ ‘ 32u  3F au . 9%f 3
JJfaXB ds = - [Ts.-udS'l'é\( —;{'-’—-}-{--5-}?+-§-x7-11>32 as
S S L
¢ 3 3 2 2
Jfé_&ds=_ja__f_uds_3£ 37u _ 9f du . 37E N 9% 4
J ay3 ay3 ay2 Yy ay 3y2 92
3 2 2
Irfauds__Ja uds+1(}gf(23u§1_au§_>5>
) ax2 3y ax29y 3 dXJY 3% jx2 @
s s L
+ ‘ 2X _ 3u ayy _ of du a3y
% \¥% 3 T 3 az) Y 3X 3
2 a2
3°F 3y _ 9°f X
¥ (2 9X0y 8%  px2 _3—> h ds




2 N2
3°f 3y _ 3°E 9x
+<3y2 7T~ 2 %oy az) u] ds
4 4 3 2
o u o £ 3 u 9f 37u
f ——ds = ——uds + P lf —s = = —e
JJ ax™ I axt } ( x3 X 3x?
s s

4 4 3
“f 2uds-” 3fuds+%§> £ (3 B8
ax3ay ax3ay ! ax2ay 9%
_ 83u 9X + 8ffe™u 9x d"u oy
3%3 0% 90X\ 3x2 0% oxoy ok
_afazugz+32 du 9 du 9x
7Y 5x2 0L  3x2 \dy 38  Bx 9%
+ 2 azf.ﬁu 9y 3 33f EX.+ 83f u 39X as
TXIY T B8 %25y 3 %3 )
4 4 3
d°u 9 f 1 d”u 3y
£ d ds + ¢ f (=~
” sxoyd o [ sways o % T I (}Q [ <a 3 5%
s s L
83u 90X of azu X of 82u X

sy2 9% OX3y 0dY dy2 y
_amax) g 2 e 2% eyl g,
X 0% axay?_ 9 3v 3 9%
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_of (2fuoy _pfaoax ) | 2% ouoax
oY 9X3y £ ax2 38 ‘ BXZ Yy 92
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SECTION X

BOUNDARY CONDITIONS

By applying the preceding formulas for integration by parts,
the boundary integral part of the variational principle gives the
boundary conditions on the edges of the plate. Results have been
derived for a general form of curved boundary for which the direc-

3 © 99X

tion cosines of the outward unit normal are <5% ;- 3§> where

ds is the element of arc length of the boundary curve measured by
traversing the boundary with the interior of the region on the
left. The coefficients appearing in these expressions are defined

by the following:

n z * t n ¥
p*n % 2 n o % a a n -
ke T Piy ) P G 9 T @@ Fiske
n 2 t n
Pi = j j s 1 ds dt
~h ~h
pin = ’ 21 oar = L p0
i 7 ).y i - dz i

*
Stresses written with a bar above are applied stresses on the edges

of the plate.
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* Stresses are designated by the symbol Tij'
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Other boundary conditions can be written which involve the coeffi-

cients of the following variations:
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There are, in all, 22 natural boundary conditions. Further, all
of the natural boundary conditions are inhomogeneous. These are
all extremely complication expressions. Because of the length

and complexity of this corrected theory, its practical application
seems highly questionable and, for this reason, the remaining

natural boundary conditions will not be written out in full.




SECTION XI

DISCUSSION

The Correspondence Principle results are exact within the
limitations of the small deformation theory of elasticity. How-
ever, the application of these results will be for a finite number
of laminations. It was shown in Section IV that good agreement
between the Correspondence Principle and "exact" results can be
obtained with a relatively small number of isotropic plies. In
other cases, the errcr depends on the ply properties and the lami-

nation scheme. In general, the error depends on functions of the
type
z

2z
J F* (z) f (z) dz - Lim. F j

£f (z) dz
-h ;

-h

n+o
where F* (z) is a piece-wise constant function. If the mean
value F defined over the entire plate thickness is identical with
the mean value defined over a comparitively small number of plies,
then good agreement should be expected. Considerations of this
nature limit the application of the Correspondence Principle to
plates which are constructed using a lamination scheme which con-
sists of a repeating subgroup containing a number of plies which
is small compared to the total number of plies in the plate. This
rules out the use of the Correspondence Principle for unbalanced
laminates.

The attempt to derive a plate theory corrected for transverse
normal and shearing deformation, described in Section VII, although

technically successful, results in a set of partial differential
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equations of high order and an extremely complex set of boundary
conditions on the edges of the plate. The difficulty of solving
this problem in any practical case renders this attempt & practical
failure. Corrections to the classical plate theory are important
only in *the neighborhood of the edges of the plate where the stress
distribution is three dimengicnal. The starred correctiong to the
displacement field in equation (3%} represent the rapidly varying
part of the displacement fileld near the edges of the plate. The
high order corrections to the differential eqguaticas (34) which
resulted from the inclusion of these additional terms contribute
additional, rapidly varying, edge-effect soluticns to the problem.
In the edge zone, the displacement corrections to equations (35)

in terms of U¥*, V¥, W* are of the same order as the respective
displacements U, V, W.

An alternate approach to the development of asymptotic solu-
tions to the stress field near the edges of a laminated plate is
to employ the procedure recommended by Reiss and Locke (Ref. 3)
for the solution of the generalized plane stress problem in homo-
geneous media. Briefly, the recommended procedure would be to
perform a "stretching transformation®™ on the coordinate normal to
the edge of the plate in eguations (4) and then to develop regular
asymptotic solutions in powers of the thickness parameter h . The
greatest advantage of this procedure is that it would give the
edge solutions directly without having to resort to the simultane-

ous solution of a high order set of differential equations,.
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APPENDIX I

"BASTIC" COMPUTER PROGRAM FOR THE CALCULATION
OF EQUIVALENT MATERIAL CONSTANTS

This program allows the rapid calculation of the equivalent

material elastic compliances & and the eguivalent coefficients

i3
of thermal expansion ej defined in Section IX, It is written in
"BASIC® language and compiled and run on the Dartmouth College
Time;sharing Computer System.

The input data is inserted sequentially in the DATA statements

898 through 910. The meaning of the symbols used in the program

is given in the following chart.

SYMBOL _MEANING

El, E2 vvseeose.. Longitudinal and transverse moduli of a single
Plyi Eps Eg

Gl, G2 veeoeeoess Shear moduli of a single ply; GLT” GTT

Nl, N2, N3 ...... Poisson’s ratios of a single ply; Vimpr Ve Vpp

T1, T2, T3 ...... Thermal expansion coefficients of a single
plY; a’lﬁ azi 0'3

M teeevoenesoscono Number of plies

O(K) eveevceososas Principal direction of each ply relative to
the x axis, degrees. (K = 1 to M)

H(K) vveeeecesaesse Thickness of each ply, units arbitrary

(v represents the contraction in the longitudinal

LT
direction due to an applied stress in the transverse

direction.)

The program operates in one of three modes, depending on the value

of the integer control number G@ in data statement 898. If G@

95




is @, the program ccmputes the compliances and thermal expansion
coefficients; using the Correspondence Principle. It is up to the
user of the program not to insert data defining an unbalanced
laminate for this part of the program as the results will be mean-
ingless. If G@ is 1, the zeroth, first and second order moments
of the C;s are computed. These quantities are needed to define
the edge force and moment relations in terms of the stress func-
tion components, and to evaluate the coefficients of the equations
to be solved. If G@ is 2, the program computes and prints the
individual C;j’ I? and thermal expansion coefficients for each
ply.

Several assumptions have been made in writing this program
which should be pointed out. First, the program assumes that all
plies are of the same material and that the ply orientation angle
is the only variable which changes from one ply to the next.
Second, it was assumed that the coefficients of equation (9) are
constrained by the relations which appear in statements 35, 45, 55
and 64. This was done for expediency since data giving these
coefficients was not available. All of these assumptions can be
easily changed, if desired.

The results for a five ply plate are shown below. The data

shown in the listed program in lines 898 - 910.
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PLY

 FLIES

PLY THICHNESSES ARE

B.32 @.02 D.02 D53 .82
PLY ANGLES ARE

g o3 # 96 @

COMPLIANCES ARE (MULTIPLY BY E~6 S0 IN/LRE)

8.86937 E-2 «].95541 E-2 ~3.20612 E-2 =1.29663 E-7
2195548 E-Z2 836997 E-2 -1.0@619 E-2 ~6+75107 E~6
~A85 ~GHe 8% io =4,12569 E~13

619039 E-7 “2. 40729 E~¢ B-A8T13 E-7 §o

%5 G

G 225

THERMAGL, COEFFICIENTS ARE (UNITS ARE PER DEG)

1908502 E-8 1.06502 E-5 B RHOAI -6.52183 E~11

ZERGTH MOMENTS OF uil,»J) &RE (MULTIPLY BY E6)

1.87975 %.38B2745 107146 E-5

A e3IHZTHS 157975 £.78904 E-6

3.356595 E-6 -5.64515 E=8 G118
FIRST MOMENTS OF C(I.,J) ARE (MULTIPLY BY E6&)
~7.02698 E~10 ~1.7G3033 E~1%9 -4.85329 E~15
~1eR4846 E~1T =9.14042 E~-19 ~1.51268 E-~15
~1684575 E~-15 2.87856 E~17 ~6.95195 E~11
SECOND MOMENTS OF C(IsJ) ARE (MULTIPLY BY ES)

1.16658 E-3 647696 E=4 753623 E~9
2.7%987 E-4 2.62481 E~3 1.98235 E-9
249616 E<9 =3.95161 E-11l GoJ0144
ZERQOTH MOMENTS OF (1) ARE (MULTIPLY BY EZ3

~1.97468 E-2

FIRST MOMENTS OF I(I) ARE

8.3844 E-12
SkuINT MOMENTS
. =2.97722

Ewy

-2 617334 E~3

(MULTIPLY BY EO)
2.357A5 E-12 <«2.97&13 E~17

QF I€¢1) ARE (MULTIPLY BY E3J)

~1.762733 E-5 4.32133 E-11

=-1:97468

THIRD MOMENTS OF I(1) ARE (MULTIPLY BY EZ)

433265 E~14 2.39253 E-14 <=5.%4453 E-2%

ZEROTH MOMENTS OF F(I,J) ARE (MULTIPLY BY E6&6)

~2.09813 E=S ~2.%9013 E-5 2095504 E-11 . . :
FIRST MOMENTS COF F(I.,J) ARE (MULTIPLY BY E&) ’
9216281 E~15 1.22263 £-14 <«1.3383% E-28 ' ’

DIFF.

FIRST EQUATION

EQ. COEFF
(LISTED IN DECREASING ORDER

o ARE (MULTIPLY BY E&5

OF X~DERIVATIVES)

1.57975 1.33807 E-~6 B.36 139452 E-6 0.442735
356595 E~6 Y -1.48389 E-15 =2.54365 E-18. -1,84575 E~15
SECOND EQUATION
=5.64515 E-8 B442775 5.3%73 E-6 Be06 8492325 E~6
1.57975 2.87856 E~17 =2.39822 E~10 <-6.69603 E~15 =7.02698 £-1f8
THIRD EQUATION
Q47848 E-2 - T<68%97 E-8 301671 E~2 3.21433 E-7 B+.36712 E-8
J-.A167! E-2 Te43352 E~7 G.4TRAH E-2 -2:5624%) E-3 ~1+8733 E-9
-1.20668 E-3 ~1.24926 E~8 =1.16658 E~3 :
LOADING COEFF. ARE (DIMENMNSIONLESS)
(LISTED IN DFCREASING OHDER OF X-DERIVATIVES)
FIRST EQUATION .
6.16034 E~3 =1.84343 E~§
SECOND ERUATION
=1.84343 F-8 700422 E-3
THIRD EQUATION
-2.22785 E-4 596756 E<9 «1.681G] E=-3 -1
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PLY

2 READ Gd ] .
3 REM INSERT DATA IN LINES 898 THRU 910 . MODULI IN LINE 920 SHOULD BE

4 REM IN MILLIONS OF LBvSQ@ IN . ALL OTHER DATA IN NORVAL UNITS .
8§ READ E1,E2,51,G2,N1-N2,N3,T1,T2,T3

18 LET
1S5 LET
22 LET
25 LET
32 LET
35 LET
40 LET
45 LET
$3 LET
55 LET
606 LET
64 LET

ACl,1) =1./E1
At2,2) = 1./E2
AC3,3) AC2,2)
A(‘l:‘.) l-/(2.*Gl)
A(S5,5) 1e7€2.%G2)
A(6,6) A(5,5)
AC1,2) ~Ni/EL
AC1,3) A(l1,2)
A(2,1) -N2/E2
AC3:1) a(251)
AC2,3) ~N3/E2
A€3:,2)7A(253)

%o ow H fioHon 8

" 65 READ M

66 FOR

K=1 TO0 M

67 READ Q(K)

68 LET
69 NEXT
.70 FOR

P(K)Y=Q(K?
K
K= TO M

71 READ H(K)

72 NEXT
73 LET
74 FOR

K
H=@.
K=1 TO M

7SLET H=H+H(X>

76 NEXT
' 77 FOR
78 LET
79 NEXT
8¢ For
81 LET
85 LET
93 LET
95 LET
184 LET
185 LET
118 LET
115 LET
129 LET
125 LET
13¢ LET
135 LET
148 LET
145 LET
159 LET
155 LET
160 LET
165 LET
173 LET
175 LET
184 LET
185 LET
190 LET
191 LET
192 LET

K
K=1 TO M
QCUI=C6.2832736F0 I *Q(K)

24

K=1 TO M

A=J (K
Q1=SINCQ)
22=C05¢(Q)
Q3=n112

Qa=Q2+t2

Q5=3113

Q6=0213

07=Ql 14

Q8=Q214

AF=AC1,23+A25 1142 . %ACA,4)
Al=AC1,1)+A(2,2)=2.%0(¢454)
A2=zAC1,2)-AC1,1)+AC4,4)
A3=A(2,2)~A(2,1)-A04,4)
A4=A(3,2)~AC3,1)

A5=AC2,13-6C1,1)

A6=A(2,2)-AC1,2)

A7=A(2,3)2AC1,3)
ARZAC1,1)4A(2,2)-0C1,2)=-AC2,1)
A9=A(E56I~A(5,5)
BCl1s1)=AC1,1)*NR+A(2,2)*0T7+AA+*Q3*Q4
Bl1,2)=AC1,2)+*Q8+AC2,1)%07+A1 +03*Q4
BC1,3)=AC1,3)%Q4+A¢2,3)+03
BC1,4)=2.%A2%01 *06+2 . *A3*Q5+Q2
8¢1,5)=0. '
B(1,6)=0.
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195
230
203
£16
214
212
215
220
e2s
237
233
232
235
243
- 245
250
251
238
2ss
260
261
262
263
264
265
274
271
272
273
274
275
278
280
£85
287
296
295
303
315
310
35
325
azs
330
335
340
345
350
ass
360
365
370
a7s
384
385
396
391

LET
LET
LET
LET
LET
LET
LET
LET
LET
LET
LET
LET
LET
LET
LET
LET
LET
LET
LET
LET
LET
LET
LET
LET
LET
LET
LET
LET
LET
LET
LET

LET
LET
LET
LET
LET
LET
LET
LET
LET
LET
LET
LET
LET
LET
LET
LET
LET
LET

"LET

LET
LET
LET
LET
LET
LET

2,5 320%+412Q3%Q4
(E,81%(8:AR*Q3%Q4

B(2,1inACE 20
B(2:,2)=201,

Bi{2,33=220 i, 30 n0320(8,3 3004
BlZ2:4¥=2. GRPaLe8. 28220502
B(2,5)0,

afan‘g))ﬂ@c-

‘512% A3
b I ESTAT L)

Be3,1 32031 2a04
B(2,2)xA00,1 0203
B€3,3zp¢5:30

B34 ¥=E o il w0

B{3:%)=8o
BL3,6=0o .
BC4,1)2a5501 208 240 051026

B452i=A6%=(

B(4,3¥=Q7 401>

B(4,4 =2 =2A8u04 83 2014
B(4,5)=0.

BC4,6)=08.

B(5,5)=/0%,5 3 £ B0,6IuQ3

B(5:6)=A0uf =02
B(5,13=3, )
B(3:,23=0-
B{S:s3)=20.
B(Ss4)=0.
B(6,5)=B{5.-0)
BC6,6)=A(S, S ulEwR06, 5502040
8(63 l Juc

B(6:,2)=0o

BC653)=0.

B(6s4)=Go

TCI=T R ald+TE 03

T(23=T1s Q3 ¢TE LS
TC33X»=T3
T4)=2(T2-T1 %01
Di=B(1,232(B{2,1%
D2=BCi,1302(BC2, 4
D3=B(l,4=(R{Z, &
D=D1-D2+133
CCl,1)=(BCL. 42
C(2,13=(RB({,8

Got3-Bl254)%B(451))
DAL A3-BC2,48)%B(4,2))
BiLs,13-Bl251)%8(4,2))

Bl 3)-B{ls,03%BC4,4))/D
ir&¥-BC01,4)%B(4,2))/D
Ce3,1)=(B1,L3=Bl5.:23-B(1,2)*BC4,1))/D
Ce1,2)=(B(2.1 J A 42-B(2,4)%B(451))/D
Cl2,2)alBl2,4inBlL,21-B(2,2Y%B(4,4))/D
C(3,2)=(B(2,2:4E(4,131=-8(8,1)%B(4,2))/D
Cll,3)=(BCI,1I%BIE.43-B(},4)%B(2,1))/D

C(2,3)= (B@an)”“Cgoﬂ‘~B€?sE)*B(ana))/D
C(3-,3)=(B1:2I=BI2,13-B¢1,1)3%8¢2,2))/D
ITC1d=B01,332001.:230(2,312C{151)+B(4,3)%C(1,3)
1(2)=BCi,3I=x02,23+BC2,33%C0(2,51)+8¢4,3)*C(2,3)
1€3)=BC1,3120(3,23+B(2-533%C(3,1)+B(4,3)%C(3,3)
1€4)=B(3,12%C{2,11+R¢(3:23%CC151)+B(3,4)%C(3,1)
1(5)=B(3,11*C(2.,83B(3,234C(1,2)+B(3,4)%C(¢3,2)
1€6)=BC3,13*CC2,33+B(3-,23%C(1,3)+B(3,4)*C(3,3)
[C73=B(3:33-BC3,1121¢23-B(3,2)%1(1)=-B€3,4)%[(3)
D4==B(l,23x(B (2,1 158(4:85-B(2,4)*B(4,1))
DS=BC1l, 132 (B{2,23+B{L4,4)-BC2,4)+B(4,2))
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392
393
394
395
396
397
398
399
402
401
402
403
494
495
406
412
412
414
416
418
422
422
424
426
427
428
429
430
432
434
436
438

439

449

. 441

*

442
443
a44
445
446
447
448
449
450
451
452
454

‘456

457
458
460
462
464
466
468
470
472

LET
LET
LET
LET
LET
LET
LET
LET
LET
LET
LET
LET
LET
LET
LET
LET
LET
LET
LET
LET
LET
LET
LET
LET

D8==B(1,4)%(B(2,2)*B(4,1)~-B(2,1)%B(4,2))
D7=D4+DS+DE
Fl=TC(1)+(B(2,1)+*RC4,4)=-B(2,4)*B(4,1))/D7
F2==T(2)*(B(1,1)*B(4,4)-3(1,4)*B(4:1))/D7
F3=T(4)%(8(1,1)*B(2,4)=-B(1,4)*B(2,1)>/D7
F1=F1+F2+F3
F2==T(1)%(8(2,2)*B(4,4)-B(2,4)*B(4,2))/D7
F3=T(2)%(B(1,2)*8(4,4)=-B(1,4)%B(4,2)>/D7

F4==T(4)%(B(1,2)+%B(2,4)=-B(1,4)%B(2,2))/D7

F2=F2+F3+F4
F3==T(1)%(B(2,2)*B(451)-B(2,1)%B(4,2))/D7
F4=T(2)%(3(1,2)%B(4,1)-B(1,1)%8(4,2))/D7
FS==T(4)*(B(1,2)*%B(2,1)=-B(1,1)*B(2,2>>/D7
F3=F3+F4+F5
1(R)=8(3,2)*F1+B(3,1)%F2-B(3,4)%F3+T(3)
JC13=B(3,1)*I(2?

J(2)=B(3,2)%1(1)

J(3)=8(3,4)3*[(3?2

JC4)I)=B(3,1)*F2

J(5)=8(3,2)*F]

J(6)=8B(354)*F3

J(7)=F1

J(8)=F2

J(9)=F3

IF G3=2 THEN 920
IF G9=1 THEN 432
IF GA=3 THEN 600

LET
LET
FOR
FoR
LET
LET
LET

F(3)==H/2.

F(X)=F{K=1)+H(K)

J=1 T0 3

I