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IKTRODUCTION

The type of sandwich construction which 1s considered here consists
of two thin anisotropic Kirchhoff-Love shells (facings) separated by a
three dimensional orthotropic medium (core) in which the in-plane
& 9 .
stresses ’C’ P+ are zero, see figure 1. Since T P QO 1in the
%4

core, only the transverse shear resultants S and the mean normal

33 .
stress o’ need be considered when dealing with the core. On an

i

oc
element of a facing (see figure 1) the force N and couple

——

oc
~M per unit of coordinate ere evaluated at the surfaces which

are common to both a facing and the core (interfaces).

The prefix N stands for © or 1 according as the quantity is
associated with the upper or lower facing, respectively.

To avoid considering continuity of displacements at the interfaces,
the interface displacements (;37- ) are utilized. In the formulation
of the theory, the sums and differences of the interface displacements
(,iZ?ﬁ and AL, )} are introduced.

The dimensionless surface coordinates G;oc are assumed to be lines
of curvature. Hence, the metric tensors ( Czoqg andLJCJbﬁg } and the
coefficients of the second fundamental forms ( E%qg and th%xp )
are diagonal matrices. Also, the coefficients of the second fundamental
forms are associated with the curvatures of the surface under consideration.

The differential equations governing the small deflections of the

above described sandwich shell are derived from the Hellinger-Reissner

+ . .
Usual tensor notation prevails, see reference 1.
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FIG. I, COMPOSITE SHELL
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variational theorem [2}++. The equilibrium equations for the composite
shell are similar to those obtained in L3J and the boundary conditions for
the individual facings are comparable to those obtained for a homogeneous
shell in [h}. The stress resultant-displacement relations for the
composite shell obtained here have not been presented before. Repre-
sentative equations for a sandwich shell with a viscoelastic core are
displayed.

The equations presented here are applicable to plates as well asg
shells, however, they will not be specialized in their general form
since a complete theory of sandwich plates has been given by G. A.
Wempner and J. L. Baylor L5}.

Many authors have used variational principles in the derivation
of sandwich shell theories. E. Reilssner [6] and C. T. Wang {7} used
the principle of minimum complementary energy to derive the stress
resultant-displacement relations for a composite shell. Both Relssner
and Wang regarded the facings as membranes. Equations which include
the bending stiffness of the individual facings have been derived by
E. I. Grigolyuk {8} and R. E. Fulton [9} from the principle of
stationary potential energy. A non-variational derivation of sandwich
shell theory is given by Wempner and Baylor [3].

Presented here is a theory, developed from the Hellinger-Reissner
variational theorem, which includes bending resistance and dissimilarities
of the facings. The resulting equations are applied to examples
illustrating the effects of anisotropic facings and a viscoelastic core

on sandwich shell behavior.

trumbers in brackets refer to the bibliography at the end of the report.




A THEORY OF ANISOTROPIC VISCOELASTIC SANDWICH SHELLS

l. Stress Distribution thru the Core

In what follows it is assumed that the components of the displace-
ment vector and their derivatives are infinitesimals of the first order
and the squares and products of these infinitesimals are neglected when
compared with their first powers.

The core is weak in the sense that it only resists transverse shear
and transverse normal stresses, i.e. GEJ095== O. Upon setting
/2:/0V3== @, in the equilibrium equations, the core stresses

become statically determinate. Integration of the equilibrium equations

gives [3]

s _ (1= QS /e se
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where Oj33 and S/L are proportional to physical stress and
physical stress resultants, respectively.
On the edge of the core the shear stress distribution is a priori

statically determined in terms of the shear resultant. From equilibrium




of a boundary element, the shear resultant on the edge of the core is

—0OC
of = (L3

This shear resultant must be assigned on the edge of the core.

2. Core Stress-Strain Relations

The relative displacement of two particles on the normal, one at

each interface, is

-V kalg de’.

After some manipulation this ylelds
1 -H
I S 3
and

— ! \/.BIOC 3Io<_
M T 2L [T—ﬂffjei“ [l—l—SLbM oy

-+

i Coc3 d6” —_— 63 3d9 (4>

<)

Presuming the core to be orthotropic with respect to the surface

coordinates, the stress and strain components are related as follows;

4| %
633 - _J'E—_fzd33 > (5>

28 %0,
Soc = oE® . {ZZ-;{Q :;i] =¥ (6>




Because of the displacement assumption

533 = €43 <7>
and
q;cc - EE%BOC : <E3>

Substituting, in turn, (7) and (5) into (3) and (7), (8), (5) and
(6) into {4}, expanding the integrands in 2\ power series and neglecting

2
2 when compared to one, there results
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Equations (9) and (10) are the core stress-strain relations.

3. Stress Distribution thru a Facing

The force and couple, per unit of coordinate, on an element of a

facing are {see figure 1)

x A
=/ N ﬂa + VX ’n%“a

£3
and
——““ R
M7= Ly, e ar?
where Dho(fe) ano(@ and a%o( are proportional to

physical stress resultants.
Neglecting terms of order r\:1~> the stress resultants are related
to the stresses as follows;

I
N = LZQQJ.L?“deQ3> (“)

1
quﬁ= L'AQQ-QQJ/E ’_CJO('ZQ%:IQQ:S (12>
and -
J
D%«= L423L25J.foo?m3d293' (13)
e
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Notice that hﬂ £ and r\' M 7 are symmclric.

— ot

Guided by (11) and (12), the stress components are presumed to have
the following form

g
N’9~<2+39 2 LA

Aoy

XA
+ (2,0%F 1) z_if ;; - (14)

o
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IO Coan s T

The normal stress ’Zf/ is assumed to be zero.

L. Strain-Displacement Relations for a Facing

The facings are presumed to be tnin Kirchhoff-Love shells, i.e.
normals remain straight and normal to the interface surfaces.
If extension of the normal is neglected, the displacement of =

particle in a facing is

= V+ L, A,-3,). (16)

The deformed and undeformed unit normal vectors are related as

follows [3],




NI n Wy —==o
QAg_Q:s -+ :i-f-é—ga . <1'7>

Substituting (17) into (16), one finds

e 0Dy —m
Vo= 67 2R SO

The covariant components of the displacement vector are

n (=

end

. = (2 4 B2\ (22)
n~-3x n L +n ccn Vg /.

Equations (20) and (21) are obtained directly from the definitions of
/(/U';_ and /(/tf':- .

Because of the displacement assumption Lli’

! ( '
bc/x,e 2 \éc/ﬂ+ \{B/o<> (23>
If one uses (18), (19), (20), (21) and (22) in (23) and neglects terms

of order D_:)‘ 5 then




—22==5 \/ (25)
and
— 'S
Mo, —-é-[gwg% s FoWas o 2plocan (s J (26)

Equations (24), (25) and (26) are the same strain-displacement relations

obtained in [-3] Also QZ/O(B and Q’K“ﬂ as defined here agree

g;
with and L of 10 |.
b @ [J

The shear strain  3ex is zero at the interfaces and will be

assumed zero throughout a facing.

5. Hellinger-Reissner Three Dimensicnal Variational Theorem

The equiliibrium equations, stress resultant-displacement relations
and boundary conditions for a sandwich shell will be derived from the
7
following variational principle of Hellinger and Reissner LEJ.

The state of stress and displacement which satisfies the differ-

ential equations of equilibrium and the stress displacement relations

in the interior of the body, and the conditions of prescribed stress on

the partcja and of prescribed displacements on the partcjag of the

surface of the body, is determined by the variational equation
rs ~
s (z"5~w)dz = [[B, dg —
ol dl

10




~ [, = )Pds t =0 (27)

6. Contribution to the Hellinger-Reissner Theorem from the Facings

The normel stress @33 and the shear strains X3o< have been
assumed zero. Having zero shear strains, b/l 3 while there exist non-

. ox,
zero inplane stresses & %  and non-zero shear stresses = 3

requires the elastic coefficients C and C to be
0-30@¥ T n3x3@

zerc. Thus the only contributions from the facings to the volume

integral of the variational theorem are

Qg i%“ﬁa;(/g@dge3 do'de® +
+ Ig f f_’?”&a;ﬁ@c/ie‘? de'de® (28)

7

o
+‘£‘§[£§C“px7’2’“ﬁ’tx7@d£93 JoyYo? (89)

Substituting (15) and (24) into the integrals thru a facing thickness

g J;Coc,ex’zﬂﬁrz’%@cfgﬁ Jode® +

and neglecting terms of order . 3_) one finds

J
© X8 i 3 —
[{C a;ﬁdae 2.°%d,d,J o8




%P 2l P

T alra ) 2l (30)
1
O

f@’“fﬁfz: d_ 6=

l_éc/acla [dhos‘?*/‘E’Lm%‘gIdh X?‘*‘QLHX’)]—?-

3
21542, )2

+ Efﬁ"ﬁé’i em“ﬂ]@m—%i 2 Lm?@] +

3 _ _
+ 2L5d%d%Ja@nb’7teLn?‘7]@m°¢.t2Lm°ﬂ+

- ;jd4 — Eyr—ﬁ%ig L_m"‘/e]':dr'ﬁ 7+ aLmX7]§31)

The surface of a facing consists of three parts; the interface
surface, the exterior face and the edge. Over the exterior face and

the interface C%;== C)) i.e., stresses are prescribed. The integrals
~r
f P\ d,s,
S

over the interfaces, from the facings are the negatives of the corre-
sponding integrals from the core, consequently they sum to zero.

The load on the exterior face of a facing is

P = T tap®l 2 (52

12




o 3
where QP/L? and Q@/L:'Z are proportional to physical force

per unit undeformed area.
Using (18), (19), (20), (21) and (32), neglecting surface load times

rotation terms and neglecting terms of order hOL_ and 12' one

obtains

[P =4 [z

(w& vz "'(G‘SSt@SXMEi’WEﬂ‘JS' (33)

From (13), (14), (18) and (19), after neglecting terms of order

A and A2 it is found that

—f PV, d )+ Vg (v,,—%) Pd .0 =
{a] i n 2

13




This is the contribution to the surface integrals from the edge of a

facing.

7. Contribution to the Hellinger-Reissner Theorem from the Core

For the core the equilibrium equations have been identically
satisfied, the stress-strain relations have been determined, the toundary
condition has been obtained and over the interface surfaces Cj;i has
been presumed zero. Thus the only contribution to the variational theorem

from the core is

V-
(fPrsvidas.
nS
The outward unit normals to the core interface surfaces are
PN —_—
A= i:LLg_ . (35)
Equations (1), (2), (20), (21) and (35) give

jgp%\/rc/p_s =3g[@z —gd“”-— éj— N )

—

S0 +

- (5. +5W>+ (+ t+2b

* Sz )]ds, (36)

8. Hellinger—Reissner Variational Thecrem for a Sandwich Shell

Upon substituting (28), (29), (30), (31), (33), (34) and (36) into
the variational theorem (27) and using Green's *heorem [l}, one obtains

the following variational equation appropriate for a sandwich shell.

14
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In the boundary integrals of (37) the following moment

equilibrium equation was used;

o< __ ¥
n% “deﬁ‘l,e'Fi T,éa/n gald

This equation is derived in |'3]
Equation (37) is the required variational eguation for a composite

sandwich shell.

9. Equilibrium Eguations

The Euler equations resulting from cperating on (37) and corre-

sponding to 5,(4/:3’ and 6,0()3 are

F2+ Tt B,y F B -b(odbo(ﬂ

== ¥ — ¥
+Q(To¢m°§3+ T%gm“@//b/:() C38>
and
33 3 o
TR AP B0 ™ —

(o)
— o3 ==
b@x)b 7 - Il(’f‘o(ﬂ P 4

2 X—-—-«ﬂ —
AL ) = O. (39)

Forming linear combinations of the Zuler equations associated

with 6,(,1/52 and 6,{,()-/ one finds

PR~ 2 s(“)b((jf -+ :)(I“ 7+
%8 = x«s ) —
+ ara, n%®—b_ (5 (o()) s

A [T“ / ("‘) 22 b(«)

(<><) (=)
—am® [T b5+ T, “(5‘:") V=0 (40
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and

100“ —3‘“+n“5//ﬁ+ :rr*Ka Tk fr"‘—*ﬂ—

coo C>(fg/ — a(bcoo) _ﬂdﬁ//@ —

——J,mxﬁ[’f +1 Toc (b ) j
X, o< (O() (°<§O()
eN ko T SBo) [=o- (4

Equations (38), (39), (40) and (41) are the equilibrium equations for
a composite sandwich shell. If the equilibrium equations of [3} are
specialized to small rotations and if SL is neglected when compared
to one, the resulting equations are the same as (38), (39), (kC) and
(41).

Equations (38) and (40) are identified with the equilibrium cf a

gross element of the compogsite shell.

10. Stress Resultant-Displacement Relations

— X og@
Combining the Euler equations corresponding to 6!") ,8) 5}’7 N

== <,
5' 7 )0(’8 and Sf ) 8 in a suitable way, it can be verified that

)
nf/u. oJJJ_QDs. 1LQB§/“ 'BEX'G(/U" — A (o( >”ﬁ_

(oz)

-—océuﬂ——.')l_b(“)/u#> —ocb Cur —2b 5

+oc é) <f, cxu/iz?iij)'4'
—/—1[—«1" +20cY] X/w« mw>+

+

+A (T -2 L Lo Yoy =2 (X)) a’)] *
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LoJiJolilan B"fﬂ“@[ﬂ(m
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+2(F T2, )( (g iy bw )]+
- Pebel L.QB?/““@[ P

) (cx)

+/w«b )>// +§( o T O, >//
—}—J_(QT ——JLleT XW -bur*é@))v‘—

—/—1(,32’“ —I-&‘L/QT )(,ou/ +vs b:;i)], (42>

N=_ J, jook 111_‘?5?/‘”@[ oc (o2, —
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+ab, (w«-:lb?)%>—fe‘b“ﬁ@5—1£§(;)_)+
+0 (e -2 F L Xz&‘« —b) g )+
+2(-FL, -I—QIQTXXW —ak?) X>j+
+d o2’ Bf/‘*“’g[zr(/:a-«
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+a(F T —aarfr;g )(W vy bﬁgﬁ j +
+dgji5e250° aﬁgf“"‘ﬁ[ ¥ (e +
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+a(- YLROT L g iy §§§] (45)
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Remembering that rw:k‘ and ::Lfa hove been reglectoed vhen compared
to one, care must be teken vhen using (%), (43), (kh) and (45) since
Q:L and A are contained in 6(:—)0()/@_) (8 N S/_ and a/ and .1
may be contained in f3 °<ﬁ?ae7.

Terms multiplied by OC, {8 and b/ when gl=_1;1 5y by
chﬁb/7 vhen the facings have the same physical properties, by

(<) ==Y ¥

:},é) and by Z and l are due to the variation in
(<) 8%} 73

the geometry thru the composite shell thickness. If the sandwich shell

is thin these terms can be neglected. Hence for a thin sandwich shell

with equal facings, (42) reduces to

AF = L’ Ef““@j:& (o g — b, >J —

_ 1 22 95fe] 5 (o)
29_1}_1 LB Ve] Mé“+wg<bcd) //ﬁ .
This is the same stress resultant-displacement relation obtained in Lll}.
Equations (9), (10), (38), (39), (40), (k1), (k2), (43), (hk) enc

bl

(k5) form a system of 21 simultaneous differential equations in the 2t
variables /u);)/tx)?)d‘ai §°c)ﬁ°qg_> l"IO("gJ Ff—')O('@onc! m°e

11. Boundary Conditions

The boundary condition for the edge of the core has already becn

given, i.e. the shear resultant on the edge of the core,

= U35
< J
must be specified.
Since on a normal to the core mid-surface at the edge of the
composite shell stresses may be prescribed for one facing while dis-
placements are prescribed for the other facing, the boundary conditions

for the individual facings will be given. Using L3}

25




5 5 3
6% <o“<><agn ot S5 >>

integrating by parts and then setting the resulting coefficients of the
varied quantities in the line integrals equal to zero, the required

facing boundary conditions are

. (<) (<)
[Dn“ﬁ(l +3\b(o<)> —Qm“ﬁb(m)]QuB =

= [ A Faks) - Areb

D (<) Q(/(,B >

oty (4-¢)

(<]
on ch and
S
aVE =oVe o
a4
2 V= n\Vs
and
S
QV3J°<* Q\/zJoc
on c

o7z
These boundary conditions have the same form as those obtained in [M}

26




12. Stress-Strain Relations for a Sendwich Shell with a Viscoelactic

Core

In the following two sections a sandwich shell with a viscoelastic
core is considered. Representative equations for this shell ere
displayed.

Only the core will be presumed viscoelastic, however, viscoelastic
facings could te treated in the same way.

The core stress-strain relations are altered as follows; & and
= are replaced by C?QKEZ and 67$K££ Oi respectively, and all
other functions of time are replaced by thelr Laplace transforms, e.g.
(9) becomes
”/‘uﬁ=_~2:._L_-‘ *6/33_,___3_- /(b }_’>_}_

3 27*5 3= o )

4 2 *s 5@‘)
32 (), o< |-

Since f3 FBB?? and EBCX]Q@?) are not functicns of time, the stress
resultant-displacement relations for the composite shell are converted
simply by substituting Laplace transforms for all time functions. To
illustrate this a few terms of the equaition curresponding to (42) are

presented;
R o S o Mo WAN-E s [55@* o —

)/Lu-’ I —oc(?’iw;( —szjﬁrj«)// _

A
—_ e — @K)ﬁﬁ L1 ©<) —
-—ocboge(/ug—— (od%}l—océ((s@g /Lb i >-I—

+a =T, 2ol Afﬁw) +

@7(
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13. Equilibrium Equations and Boundary Conditions for a Sandwich Shell

with a Viscoelastic Core

The equilibrium équations for the composite shell and the boundary
conditions for the individual facings and the core are obtained by
merely replacing all functions of time by their Laplace transforms, e.g.

{38} and (46) beccme

C;D 33_+_-¥?—-C*f é:) * — CX;3_¥;¥6————szia ZD H CXZ? -

+ A (T e ?—2;5* )= 0°

and
* X2 . kI8
n M D_Mdnuﬁ =M auoc.ou,e
It has been assumed that O/OC‘ onc{a COC are independent of
time.
EXAMPLES

The theory presented here is valid for sandwich shelis (plates)
with thin Kirchhoff-Love shell (plate) facings. However, the following
three examples are only concerned with sandwich shells (plates) with
membrane facings. The facings are presumed membranes so that the
influence of a hole, of orthotropic facings and of a viscoelastic core
on the behavior of a sandwich shell (plate) can be studied without

unduly complicating the examples.

28




1k, Circular Plate with a Circular Hole at the Center

Consider a simply supported circuler plate with a circular hole at
the center loaded by & uniformly distributed bending couple around the
outer boundary. The facings are isotropic membranes with similar
physical properties and equal thicknesses. The core is presumed

isotropic. The dimensionless surface coordinates are

o'=F ,0°=¢,

where 6) and qb are polar cocrdinates {see figure 2).

Due to the symmetry of the plate and the applied edge couple,

5= g =g =PAE=n1"=0
2

and the remaining dependent variables are independent of 63 -

The equilibrium equations which are not identically satisfied are

+ = =0, (47)
ogP=0, (48)

AL+ s —e A% =0, (49)

1l
M —
SR 4———7—91/’722——51—-—-0. (50)

29




FIG.2, CIRCULAR PLATE
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The core ahrzes-surain relstions are

g = FgS, (50
sy == AT, "“az_e 2[_5.5— let . (52)

e stress resultant-displacement relations for the composite plate are

= AR [?_(“ 1+__I,W>__.

— 1/Lu’“+ 2 g >] (53)
Aee — (;)Q?" E IZ(VMl—I—-elM’) —

—gl@wu-/— L AUz )j (54)

(w 4’91/“”)“’

= :2. :l.FQ l ))zg
—o (A5, 1+ @L 3,,1)] (55)

The bourndayy conditionz are

[3“]91:1 =0, (57)
’“j@i_i—OJ Fw‘“]@l=%=0, (58)
[n“ oo~ %{J , [h“]91=%?= o, (59)

[/&J—E]Ql=_i =0. (¢0)
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From (48) and (51) one sees that /I/U'é = .
The solution of (W47) and (57) is

-
S = 0.
Substituting (53), (54) and (61) into (49) gives

l [ .
@l(e/ujj sid,L ©.

Equation {63) and the boundary conditiocns (58) yield

Hence,

Ail=r/2*= 0.

(61)
(62)
®3)

(64)

In the same way (64) was obtained, from (50), (62), (52), (55),

{56); (59) and (60) one finds

MM

g =

22,2 (2242 R%-r3) R E

j.

. (1——)))#?2[(94)?-‘—1]—}— 2(1+v)r(og(6")

Tris solution has exactly the same character as the solution of a

-

homogeneous plate [12J. If the facings had been thin plates instead of

membranes the problem would have been greatly complicated and the

character of the solution would have been different. The character of

AT

the solution would depend on the boundary conditions, however,

3

and :S—l in general would not be zero and /{7—/':3 would be considerably

more complicated.

A sandwich plate with equal facings and a hole (circular or not)
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loaded by the same inplane edge tensions on each facing has exactly the
In this case the facings can be

same solution as a homogeneous plate.
either membranes or thin plates.

15. Square Plate with Orthotropic Facings
To illustrate the influence of anisotropic facings consider a

simply supported square plate with orthotropic membrane facings.

The principal axes of each facing are parallel to the coordinate axes
A

The Ffacings have the same thickness and the core is isotropic.

uniform transverse load is applied to the upper facing.

The dimensionless surface coordinates are

(see figure 3) and it is assumed that

1 j
> 2t 5665 °
3

2
G 1 _ 3
£ ~oo° YT 10

o=y
is the elastic modulus in the 9 direction

For this example n Eo(

and 4 E_!.a is the cross modulus for the facings. If the facings are
isotropic N EO( and ."_"E.la are equal to Young's modulus. It will
is the largest of all the moduli., For brevity

be assumed that OE_}_

it has been assumed that
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FIG. 3, SQUARE PLATE
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Since the plate is simply supported and symmetric

ﬁw:o} (65)

nit=0

The equilibrium equations not identically satisfied are

5% _—P= 0, %6)
[2S*E+ P =0, ©7)
CKfB %3 E§‘C):===: C:D. (}E?Esj
The core stress-strain relations are
A = L o/33 (6‘7)
3 200E
Ao 165 TaLG 64_55%«' (70)
The stress resultant-displacement relations for the composite
plate are
~% = L B 4 BT g —
A 103 [B +B A8
_ L BE - a/oc@__
ﬁ_ 9B, 6#—-__
N [5 b o+ B/ 0%
b/7o$3_ Snwp
L s B°7 w3 ,9):] (72

The boundary conditions are

}:(m>:[e *=0, i—o [Mje"‘ —O (73)
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3
From (67) it is seen that <:f“3 is a constant, hence, from (69)

_ =
it follows that /(,(/3 is a constant. According to (66), S S

is a constant so that (70) reduces to

= _ Kl
GG ToTo R ~TN (74)

Us1ng (65), (71) and (72) in (68) one obtains

Uil —Jl2a__
4ooo [F— AZ gt F /‘/”3:122]—
“““l 1122 —2
ELG [F— wt F )12] +

5 __
+ %5 =0, (75)

2211__ 222z
4—000[’: A3 12 T F AT 2 | T

221l = 222 =
2LG[F Sl + FTEs, |+
+45s%=0, (76)
where
-—@coc)(ﬂ,e) G><°<)(Bﬁ>

——

®

oLl Eeeaaaucep)_ EzleeBa’aCB,B)
—B = 1l s 2222 = 1 2
F2aee ——(B Jee)
uuBae(;e,e)__ -gueeBu(e,e)

§1111§2222_ ('g.li 22)2-
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Equations (66), (75) and (76) are three simvlizneous differential

Lghd &2

equations in the three dependent variables /Lt{g D) s

The following series satisfy the boundary conditions

/Zz—é =r§=OddArSS;/”)(WQ‘L)sfn(sﬁ?’Qa) \
=1
/_'_S:)_ =r¢§ Jd Br.scosé"h’ei)s;n (sf/‘/e?') S
s=o0
5= =
=) == r% c{dcrs s/n(r'//‘r‘91>cos(s77’92> 5
Szo
where
_ P
- LBEC

Substituting these series into (66), (75) and (76) one obtains three
simultaneous algebraic equations in the three sets of constants /qri§ 5

ZBFES and C:!is . Solving these equations one finds
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The remaining unknown functions can now be determined. One chtains

AL~ from (7h) and ﬂGXO() from {68} and {73);

o
P ] =2 _ ,
—L——éz——l-a(—) > V"D’Arscos(r’n’ei)sméf/\/éa> -+

rqu:oc{d

-+ 50§ Brs cos(rW@i>s)"n @7\"98))

"é5=oclcl
2 —_ —‘1— S sA__sim (rve? cos(s??’@a -+
o0 )
—+ 5Or§s:—od§:"5 sin (W91>co.s(sf/>’9‘_) 5
'5"‘ "_';’#Z N Bl"s (F;I;J).sm 6"@‘9 >5/'n CS?YQ '>)
S=0

22 [ove)
2= £ Crela)enre)in(er?),
S$=0

°

Figures 4, 5, 6 and 7 show displacements and stress resultants for
a sandwich plate whose upper facing remains isotropic while its lower

facing ranges over variocus degrees of orthotropy. E is egual to
1=L &

Young's modulus for the upper facing and lEE decreases from JE.[ .

The cross modulus is assumed to have the following form
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From the figures we see that as the lower facing ranges over various
degrees of orthotropy all displacements and stress resultants behave as
one would expect. The stress resultants gl and r‘T“ are larger than
ga and f')aa since the plate stiffness in the 91 direction is

greater than the stiffness in the @2 direction. For the same reason

the rotation/ufi is less than /(/u-é,
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16, Infinite Circular Cylinder with a Viscoelastic Core

In order to study the effect of a viscoelastic core, an infinite
circular cylinder loaded by a concentrated uniform ring load acting at
92=O is investigated. The facings are isotropic membranes with
the same thickness and physical properties. The core is isctropic
with an infinite Young's modulus in transverse extension.

The dimensionless surface coordinates are

d 2 =
69 == qb 3 é; - ﬁir

see figure 8. The assumed viscoelastic characher of the core is that
of a standard linear solid as shown in figure 9. For this example

we ftake

G _ 4 G _ |
YE= oo ° Y4E = 765 °

V= 3

In the sequel the variation =f the geometry thru the thickness
of the composite shell has been negliected.

From symmetry of the shell and the leoad

—_ —_— o 4
§'=r = oy =Rnt=n%=0

d
and all remaining functions are independent of é; -
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FIG.8, CIRCULAR CYLINDER
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FIG. 9, CORE VISCOELASTIC
BEHAVIOR
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The following equations are the time Laplace transforms of the
equilibrium equations, the core stress-strain relations and the stress

resultant-displacement relations for the composite shell

-5Ps@® +55. TR =0, (77)
5%%33—!- 5%377 PSS —*ni'=0, (78)
*nes =0, (79)
*5e X5, =0, (80)

L % *5e 8L

728
*meea Lol [B¥rm 4 %o s (82)
72810 773 2,2
¥ _ 1l 3L E [ * ] K
& [TE4800 |= 2,2 1660322 | °
* 22 _ L& * | % —
N""= 1z zsel® "2 166 392.2]. &3)

Notice that

T S %22 (84-)

10
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The boundary conditions sre

B o5

— s _ P
[S ]92——#0 2

snd /bu‘:; /uféonclw ?_vens% as 9?“» + Co.
e,
,'.f-uf; 1

(79), (82) and the boundary conditisne one finds

A =0

Z oz (86)
L E
= 65 - 87)

2
Differentioting {80) with resvect to 69 end then using {77),
[T

oY s N .
(87} end {81) one obtains

L — =Ko
160077 3,2222 8007*(; 3,22

14565 __ P&(B82)
5 oy =— 116480 I -+

eEr
+ s Q*G [5(9@] , (@8

whersa é;(Z; .> is Dirac’s delta funcition.

Teking

o g P
Lhe éE;Ea Fourier transform of (88) yields Lls {'”f

! LRSS
LU
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p[uezkss() . g<

b ’72*6
(4 4, oE 2, 1456

Lyam [fé"é'éf +8007*6§ Jo]

where \EE ig the Fourier transform parameber ond = \/ over a function

,(89)

indicates a Fourier transform.

The inverse Leplace trancform of (89) is

25 o2, 1456
N e i
Iy 128000 ez § 4 n
O - yaw 4 Jooo 2, 232960
FHZIFE Tz
5 22, 1456 1456
_+[w4§ + M4§‘*zu i
4, OO g2, 222960 4 .Looo 2, 232960
£+ T f -+ _.:.Zﬂ_mw f -+ ——-———————-4i
o
. g4y e, 232%0
¢ EXP | L oo g4, 200g2 232960 (70)
41
here

Cbscrving that /UJE is en even funciicn ,Zf it is geen that

/ﬁié ;/2—,.?" (g) cos(f@ >d§ (‘?1}

Bzpanding the exponential function

4, lOOO =2, 238960
— 7 F7F 41 A
ex

P 4007 4, 200

20C 232940
g5+ PP e+ BT

(32)

53




in a power series and comparing the integrals which result from substi-
tuting (90) and the power series of (92) into (91), it is seen that in

approximating (92) by exp (_%oow:) only a term of order 10-3 as
compared to one is being neglected when ?;4%: < 1200. with this

approximation (91) reduces to

v

/Z(—g 3020@ o m) — 6. 62.9

[COS (5. 686?‘)4—0 602 sin (5. eaea)j —
—257@@ ; E S 6-246 E:OS (6 04_92> -+

+O.90 7 s/n /6-04- & a):] CC?\'B)

Making the same approximation in the integral form of (A= and

a2

satisfying (85) one finds

2 = /pD— 120@ e4 > -6.620°

[ (5 6892> O. 164 s/n (5 629%)_:7 —
— 1l20e m§6’249 [;os(é.o4éa> —

—0.0324sin (6.046%) . (94)
11

H?'

The stress resultant [ ) can be determined from {87) and (93).

Tc determine S one uses (77), {87} ard {86) to obtain

2

5)2 — = /ou-’
I CPR a- ) (95)

Integrating (95) and using the boundary conditions on,u_j"a’

and :S—a

one finds
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=2
= =H(92)—-%—-— (96)

Equatics (31) can be wril

/de: =—8J5(z_ _!-50(_—_)_/-

+ é—l_?fj e 4,007:@5 t'>[— [f’)]dﬁ‘ (97)
Agair approximating (92) by exp /_z

\ Oofz:) V1) penines
:ﬁ":’"_,, -—[4—66(1—-@, 400”"\

“ééeeios(b“éee) Ea’&z@ e40—_>—-

z 2
N ol 626
—l6.4 (;,LO?“‘"'O" o=l > e #°° & 3 SN (5 . 6’892> +

S - A2
—i—[o.eaz—f—ioo( 2o ]e F00eS O P42 s (6.046%)-

¢
—E37’7+3.24(Z%t>]em 624§m(é.o492) 8)

Equaticns (8%}, (8L}, {96} snd (86 yisld
N 50085(6%) - 4—005‘_“%;‘?5(92) —
P 116480

Maa>+5( >“"

55




ol
In evaluating /{,U‘/aa it 1s seen that it contains 6(9 ) and

that (92) can no longer be approximated by exp( /00,9 Here one

must use
# G _/__10 f +232@6O

ex
F 400 §4+ aoof +aza%o

( %O*Of’ >]
400’51&54_# 200 34?1?60 _

After some manipulation cne finds

|

2

ae _ Tt
100 f; = — [3_75(1_ o 4ooT ) —
—Z_ "_ 2
—1.29(252—&%) e "“"n’je 628 os (5.626%) 4
S - + —,E
-+ [4. 45ﬂ —e 400%) -+ 0778 @——-*——OO@) e 400’5]-
-

— = £.246%<
. © 400T o ios(é 04-9?') -+ [4—.4—2 —

—~ 1 00(4007:)]@%_0—?9 é. 2495m @‘0492)' (99)

From (78) and (84) we have

Lec/.?s - 22
=— =—66%) + 24(%— ) (100)
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Equations (93), (94), (98) end (99) are only valid for f/t < [200
ad 822, ror O°L (D it is observed that L0 end ) 22
are even functions of &% and that T3 end 47 are odd functions
of Q? Equations (96), (87) and (100) are valid for all € and 5

For zf:oo

/{Z:% _ 302056’6292[c05(5.6298> +

+ 0.602 sin (5.6292>] >
% oo 12055-5892[co5(5—6292)—

— 0 Lt sin(5.620%) ] el
FE = 466 e—é‘é’eea[c:%@-éaga) -

— 82.0sin (5.6292,>] ) OOE}

100(%%-2): — 5785440 [cos(é?. 620?) —
— .18 sin (5.6292>j.

Equations (98) and (102) show that,(,u-é is discontinuous at 62=O
which does not agree with physical reality. From (83) it is seen that
,(/U'é must be discontinuous if ﬂaa is to finite at 92'—"—0,

If the facings had been thin shells instead of membranes this incon-
sistency would not have arisen.

As can be seen from (94) and (101), ,u_fé at 62=OO is

independent of 'é_
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In figures 10 to 14 only the functicns for t equal zero and
infinity are plotted. The functions at f%%:::1§2CDC)are g0 clonse to the
functions at 1f =00 that they are almost indistinguishable on the
figures.

For the numerical values of the physical constants chosen the
displacements and stress resultants dec not vary greatly as functions of
time. However, for a different set of numerical values for the physical

constants this may not be true.
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KOTATIONS

The tensor notations of LE} are utilized. Latin suffixes take on
numbers 1, 2 and 3 while Greek suffixes take on numbers 1 and 2.
Repeated indices are not summed when enclosed by parentheses. The
prefix N  stands for gz or _L according as the quantity is associated
with the upper or lower facing, respectively. If two signs appear, i.e.
j:-r_)CKéf the upper (or lower) sign applies whenever reference is being

made to the upper (or lower) facing. A comma denotes partial differen-

tiati i.e, ==§i£3
iation, i }?)o( Seo-
differentiation with respect to the three dimensional space while a

A vertical bar (') denotes covariant

double vertical bar ( “) denotes covariant differentiaticn with respect

to the core mid-surface coordinates.

Symbol Description

a characteristic length of the core

mid-surface

thickness of the core

thickness of a facing, N =0 or 1

Q_
o™
r~

dimensionless surface coordinates,

lines of curvature

3 3
69~) ,,E; dimensionless normal coordinates
[o%) I°N
base vectors i
-~ T PJOL vhere P is
the dimensionless position vector of
A the core mid-surface
C)LJB unit normal to core mid-surface
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dimensionless interface base vectors
(see O, )

A\

@oN 3

coefficients of the second fundamental
form for the core mid-surface
coefficients of the second fundamental
form for the interface surfaces

L{o;( K= bu Qﬁ,babe vectors

PA)

LB,

es —
%)
% e

Q.D" Qﬁ

Yo" e

determinant /Qo('el

determinant 1904,8 l
y (@} where is the

a e°<,63 Crst

permutation symbol
defocrmed unit normal to interface
surfaces
i “
L,LocQ unit normal to core edge
at the mid-surface
__-x

QUMQQ unit normal to the edge
of a facing at the interface

A oC unit t to the ed
o «QO unit tangent to the edge
of a facing at the interface

mean curvature of core mid-surface

Gaussian curvature of core mid-surface
1 . ] )

/L'352.L) gd + /Z__gidid
M25ed = 713
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GI\N

3

0| O

h]

0\!

RN

[

0P

BB

%_a Jad® T l/LeJJJda
l/L - Jed & A_,ui

/L_QJQd‘B"" J/Liu;cﬁ
Y pded®= b,

Christeffel symbols of the second

kind evaluated at the interface

surfaces

¥ ¥
/:cﬁ — [[: ]63=O
Y 5
oo+ Lo
.4 y
g/:[gc,a —g_’n,é

volume of a tody

surface of a body

core mid-surface

interface surfaces

exterior faces of the facings

part of cﬁ’ on which the stresses
are prescribed

part of cj/ on which the displace-
ments are presc;ibed

cji for the edges of the facings
Cﬁ%i for the edges of the facings
part of interface boundary curves on
which the stress resultants are

prescribed
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(b}

13
&

part of interface boundary curves on
which the displacements are prescribed
dimensionless arc length along inter-
face boundary curves

dimensionless arc length along the
normals to the edges of the facings

at the interfaces

\/ 4 displacement vector

V'é? R o n

Virls + Vs

Vr—)s _ \/s / .

interface displacement vector

Y ——— I

Q. _- (\/""' V average displacement
r\e’ 'L

of the interfaces

—— g — pa——

QF.(QV—J..\/) relative displacement

cf the interfaces

strain tensor

stress tensor

oA +1 3
= | yg=3>de
= | T

D212

33 33
ou [1/90'2%’ +y/,0 T ]
Naleah Naket
Neaheal S Naoke'
l(gmoqs-émoge)
o7
e T LF
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m

m
R

©

<113

B#%
2 BFY7

2B

=E7)

2C

<><,33/7
2C,, ’BX7

Yuung‘s moduins for trensverse
extension of the core

shear modulus of an orthotropic core
shear moduiug of en isctropic core
Young's modulus of an isctropic facing
Poissen's ratis for both facings
elastic coefficients for a facing

oBoc,éb’7+ chxﬂX,7

onxﬁa//?_ ) 50(,@ 3/7

elastic coefficients defined hy

QBX7°§CX7F# 2(5 RN )
2Cupty * 4 ooy

_ec“/sa/o _Ac“ﬂa/’)

L Coopy T P B4

rs

l

a symbol placed cver a guantity
indicating that the quantity is
prescribed on the edge of a facing
a symbol placed over a functicn of
time %o indicate the Laplace trans-
form of the function

Laplace fransform parameter

/DT% = lF2ah+25k
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