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INTRODUCTION

Bak et al. (ref 1) introduced the concept of self-organized criticality (SOC) to provide a
consistent explanation for the fractal spatial structures, power law distributions, and flicker noise
commonly observed in spatially-extended, dissipative, dynamical systems. The consequences of
the SOC concept have been extensively explored through computer simulations of sandpile
dynamics (refs 1-4) and analysis of earthquake phenomena (refs 5,6).

The most dramatic application of SOC concepts pertains to the earth's crust. The state of
the earth's crust, a complex dissipative dynamical system, is thought of as a self-organized
critical system so that the Gutenberg-Richter law for the distribution of earthquake magnitudes
(ref 5) is seen as a natural consequence of the SOC nature of the system. There is also a growing
body of experimental investigations of SOC-related phenomena including studies of actual
sandpile dynamics (refs 7,8), motion of magnetic domains in garnet films (ref 9), and sliding
friction (ref 10). The stochastic character of domain wall jumps arises from the complex
patterns of local magnetic fields, internal stresses, and bulk and surface defects (pinning sites) in
ferromagnetic alloys. References 11 through 13 demonstrate that the Barkhausen effect is an
excellent candidate for SOC description.

The response of ferromagnets to applied magnetic fields is determined by the distribution
of pinning sites, the initial magnetic domain distribution, and the domain wall dynamics. For
small fields, kinetic barriers permit small reversible domain wall motions and the system
remains magnetically elastic in analogy with elastic-plastic deformation or slip-stick SOC
earthquake models (ref 5). As the applied field increases, the domain walls are able to break free
of the weaker pinning sites and domain wall motion commences. As the applied field increases
further, more extensive domain wall excursions occur. For large enough applied fields, the

_coercive force is exceeded and the specimen magnetization increases rapidly. The transition
region is characterized by random clusters of irreversible domain wall jumps (avalanches)
analogous to slip in solids when the applied force exceeds the yield strength and produces rapid,
step-like increases in strain.

Recently, Urbach et al. (ref 13) demonstrated that a domain wall dynamical model
incorporating demagnetization effects could lead to exponentially cutoff power law distributions
of avalanches near critical states over a wide range of parameter values. These were important
results. However, Urbach et al. did not establish the fractal nature of the scaling of the domain
wall structures, nor did they describe the distribution of avalanches in the subcritical (H < H) or
supercritical (H > H,) driving field cases.

In this report the behavior of the Urbach et al. model (ref 13) is examined in more detail.

It is demonstrated that the "self-organization" process passes through a sequence of states, each
one of which '



1. Yields cutoff power law distributions of avalanche sizes if perturbed, and
2. Exhibits fractal scaling over a range of scales.

Items 1 and 2 are fingerprints of SOC phenomena and it is interesting that they are exhibited for
subcritical and supercritical, as well as critical, driving fields for the Urbach et al. model
(ref 13).

Since References 2 and 12 demonstrate that cutoff power law distributions of the

. avalanche distribution give rise to flicker noise in the power spectral density, time-scale
invariance (flicker noise) over increasing time scales and length-scale invariance (fractal scaling)
over increasing spatial scales develop as the model is driven through a sequence of
self-organized states. Furthermore, the range of fractal scaling correlates with the size effect
parameters in the cutoff power law fits, and at the critical driving field H,, fractal scaling may be
observed over essentially all scales for the two-dimensional domain wall models studied. The
one-dimensional domain wall models behave like the two-dimensional models except that fractal
scaling over all scales is not observed for H > H..

THE DOMAIN WALL DYNAMICAL MODEL

The domain wall model employed in this study and its origins have been discussed by
Urbach et al. (ref 13). Its form can be traced back to fundamental ideas: Langevin equations,
Markov processes, etc. (refs 14-26). However, it may also be seen as the simplest model
incorporating domain wall rigidity, a prescribed distribution of domain wall pinning strengths,
and demagnetization effects. The model has the following elements:

Forces
11 Pinning F

Pinning sites are assumed to be located on a simple cubic lattice. The pinning force on
the lattice sites is usually taken to be normally distributed with zero mean. The pmmng force on
site {i, j, k} is denoted u(i, j, k). The variance o of the distribution is a parameter in the model,
which essentially determines the scale for the applied field H. The effects of assuming that the
pinning forces are normally distributed about a binding value are also discussed briefly.

Drivine F

The domain wall is driven by an applied field H, which produces an internal field h. The
internal field h in the presence of demagnetizing effects is assumed to be given in terms of the
applied field H as




h=H-nM )

where 7 is the demagnetization factor and the effective magnetization M is taken as the mean
deflection of the domain wall, i.e., '

) 1w 1 &%
M—z—zgﬁfgz(z,ﬁ | )

where the sums run over undeflected domain wall sites (which lie in a principal plane of the
pinning site lattice) and z(i, j) is the deflection at the i, j position. H, h, and n M are expressed
in units of force on the domain wall. The introduction of a demagnetizing field as in Eq. (2) was
shown to have important consequences in Reference 13. The quantity 7 is a parameter in the
model. '

Elastic Coupling

A simple form of elastic restoring force based only on nearest neighbor deflection
differences is assumed. The elastic constant k is assumed to be homogeneous and isotropic and
is a parameter in the model. Combining the three types of forces yields

f(l’ j3 Z(i, J)) = h + u(is jv Z(ia J)) + (3)
k(z(+1, j) + 2(-1, j) + 2(, j+1) + z(i, j-1) - 4z(3i, j))

for the net force £(i, j, z(i, j)) on the domain wall site at position {i, J» 2(i, j)}, where the elastic
coupling is described by the k-multiplied term in Eq. (3). On the edges of the model spaces, the
missing deflections are taken to be equal to the deflection at the reflected lattice site. For
example, the deflection ati, j = (L+1), is taken to be z(i, L-1) in Eq. (3). Essentially the same
results were obtained by replacing the 4-nearest neighbor form of Eq. (3), by a 3-nearest
neighbor form on an edge, etc.

Dynamics

At each time step, every domain wall site {i, j, z(i, j)} for which the net force is positive,
i.e., f(i, J, 2(i, j)) > 0, advances one step, i.e., (i, j) = (i, j) + 1.

In practice, one does not maintain a three-dimensional array of pinning strength values.

At each step to a new value of z(i, j), one selects at random a new value of u(i, j, z(i, j)) from the
assumed distribution of pinning strengths.




NUMERICAL STUDIES
Evolution of Domain Wall S

The domain wall structures described in this work were obtained by beginning with a
planar domain wall, z(j; j) = 0, with either a normal distribution of pinning forces or u(i, j, 0) =
0. (Results were essentially indistinguishable for H > 200 in the present model studies.) The .
driving field was then increased in small increments with respect to the “critical fields” allowing
the domain wall to move until all forces are negative. The structure as described by its fractal
scaling was not substantially changed by cutting the steps in half in the cases for which results
are reported.

\valanche Statistics and Barkd Noj

We define the SIZE of an avalanche as the number of lattice sites traversed by a domain
wall in an avalanche. The distribution of avalanche sizes obtained by sequentially perturbing
single lattice pinning sites in a static (self-organized) domain wall configuration produced by the
evolution of domain wall structure was determined as follows:

1. A domain wall site is chosen at random.

2. The pinning strength at the selected site is reset to a new value from the normal
distribution of pinning strengths.

3. If the site becomes unstable,
a. The ensuing avalanche is allowed to go (at fixed H) until all forces are
" negative.

b. The SIZE of the avalanche is stored.

c. After the avalanche is completed, the z(i, j) and u(, j) are reset to their
original values.

If the site does not become unstable, the u(i, j) is returned to its original value.
Steps 1 through 3 are repeated until the desired number of avalanches has been produced.

Essentially the same avalanche distributions were obtained in tests in which the force at
the randomly selected site was set positive. Also note that even though the same sites are
traversed by many avalanches, the pinning strengths in the lattice through which the avalanches
propagate are different each time.



The domain dynamical model under investigation yields a single valued domain wall
deflection z(i, j). It is, therefore, possible to define a hierarchy of approximations of the domain
wall surface in terms of triangles of different sizes in an unambiguous way. The extent of the
lattice models studied has been adjusted to facilitate the triangular approximations. Taking

L =N =2"+1 for integer n

in Eq. (2) enables one to define sets of triangles whose vertices coincide with subsets of points
on the domain wall and whose projections in the xy-plane are right triangles of side lengths,
which we refer to as “yardsticks Y” given by

Y(m) = 2™ for m = {0,1,...n}

Clearly, all of the triangles for the m" approximation have areas

Am) > Y(m)*/2

Although no attempt is made to adjust the triangular approximations to obtain extremal areas
(which would be required in a rigorous algorithm for the fractal dimension) for a given class of
triangles, the small Y(m) approximations to fractal surfaces will scale approximately according
to

LIM  d In(A(m))
—_ =2 -
m = 0 g In(¥Y(m)) @)

where the area A(m) corresponding to the m™ approximation is taken as the sum of the
individual triangle areas

A(m) = 3 Afm)

and D is a fractal dimension. Note that the smallest yardstick in the set is Y(0) = 1, which is as
far as one can go in the analysis of a surface defined on a discrete lattice of points.

The reliability of the algorithm has been tested with Euclidean and "Brown" surfaces (ref
27). Brown constructions were selected for the tests because elevations are single valued, as

required by the algorithm, and because D can be adjusted to have any value between 2 and 3.
The measured area




LIM

m =0 A(m) = True Area

and D = 2.0 was returned for Euclidean surfaces. The Mandelbrot fractal dimension for 65x65
Brown constructions was given within 2.5 percent for D = 2.1, within 1.5 percent for D =22,
and within 0.5 percent for 2.9 > D >2.3 by the algorithm. The Mandelbrot fractal dimension for
129x129 Brown constructions was given within 2.5 percent for D = 2.1, within 1.0 percent for D
= 2.2, within 0.5 percent for D = 2.3, and within 0.2 percent for 2.9 > D » 2.4 by the algorithm.

To determine the fractal dimensions for the one-dimensional domain wall models,
piecewise linear approximations (where the x-axis projection of each segment has length Y(m),
etc.) replace the triangular approximations.

All calculations were performed in MATLAB™,
RESULTS

Figure 1 displays graphs of internal field h versus applied field H for models having
parameters {k = 100, n = 1, 0 = 1000}, {k = 100, n=3,0=1000}, (k=100,1=10,0=
1000}, and {k = 100, n = 1, 0 = 2000} on a 65x65 lattice. The k = 100, o = 1000 curves saturate
atH=H_ ~h ~ 0.80. As 1 increases, the break becomes less sharp; for 1) = 10, there is no sharp
transition at all. The k = 100, 1 = 1, 0 = 2000 curve saturates for H ~ h =~ 1.20. The transition
point generally increases with increasing 0. Similar curves were obtained for 33x33, 129x129,
and 257x257 lattices.

Figure 2 shows fractal dimension D versus applied field H and internal field H versus H
curves for ak = 100, ) = 1, 0 = 4000 model on a 65x65 lattice, which saturates at H = H =
6000. The fractal dimension of the self-organized domain wall structures increases with H to
approximately 2.75 at H = 1500; D is then approximately independent of H until H ~ 4000; as H
increases beyond 4000, D decreases smoothly to about 2.3 at H ~ 6000. The D values measured
for H > 6000 are scattered between about 2.25 and 2.35. Except for the actual magnitudes, the
graphs of Figures 1 and 2 are typical of results for the two-dimensional domain wall models
studied.

One also finds generally that the variations in the fractal dimension D with H passing
through the critical region become weaker as 1) increases and the value of D and its variation
with H passing through the critical region becomes stronger as o increases. Furthermore, the
influence of the k parameter in these models can be inferred from the variations with 0:one
finds that a system defined by parameters {k, 1, 6} on a 129x129 lattice, which assumes a




self-organized state at a driving field H behaves like a system defined by parameters {k/2, 1),
0/2} on a 65x65 lattice at a driving field of H/2 in the sense that the fractal dimensions are
essentially the same and the cutoff parameters scale appropriately.

Figures 3 through 7 display results obtained for the {k = 100, N =1, 6 = 1000} model on
a 129x129 lattice for a selection of values of the driving field H. The critical field H, =~ 1000 for
this model. Figures 3 and 4 present subcritical results, H = 200 and 500, "substantially below"
H.. Figure 5 exhibits results obtained for H = 700; the dramatic changes evident in the lower
panels indicate that one is entering the critical region. Figure 6 exhibits results for H = 1000 =
H.. Figures 7 presents supercritical results, H = 1500 > H.. Avalanche statistics are based on
10,000 events in all cases shown.

Each figure in the set has four parts.

1. The upper left-hand subplot shows a contour map of the domain wall
displacements. A 65x65 section of the domain wall is shown for H < 700; the full 129x129
contour map is shown for H > 1000. There are five equally spaced contour levels in all cases.

2. Plots of log,(A(m)/A(7)) versus log,(Y(m)/Y(7)) and the small yardstick fits are
given in the upper right-hand graphs.

3. The lower left-hand subplots show the distribution of avalanche sizes in
logarithmically-spaced bins and the results of one or two least squares fits. The straight lines are
least squares fit to the smaller size half of the distributions; the curves are least squares fit to the
form '

y = C(1)x @ exp(-x/C(3)) (5)

using the MATLAB™ function fmins, which is a realization of the Nelder Mead Simplex
Algorithm (ref 28). We refer to the straight line fits as "sharp cutoff" fits and to curves of the
form in Eq. (5) as "exponentially cutoff" fits. The author is not aware of any theoretical basis
for choosing one form over the other. In some cases sharp cutoff fits provide a better description
of the data, in some cases exponentially cutoff fits are better, and in other cases either functional
form seems to describe the data equally well. One should note that even in the exponentially
cutoff fits, there is an implicit sharp cutoff, since one does not attempt to include the next
(unoccupied, N = 0) bin in the fitting.

4. The lower right-hand subplots show the distribution of avalanche sizes in
linearly-spaced bins and the results of a least squares fit to Eq. (5) employing fmins (ref 28). In
some cases the least squares fits are weighted with In(N)? in order to force the fit curves to more
closely approximate the first bin occupation. The x values plotted and used in the least squares
fits are taken at the center of mass rather than the centers of the bins. The linearly-spaced bin
distributions fit Eq. (5) better than a sharp cutoff form in every case.




Figure 3 gives results for H=200. The contour plot illustrates the cell-like substructure,
which obtains for H substantially less than H,. The fractal scaling extends out to yardsticks of
about 2® and is consistent with D = 249, The log-binned avalanche statistics fit both the sharp
cutoff or the exponentially cutoff forms reasonably well. The linear-binned results fit Eq. (5)
well also. The denominators in the exponential cutoffs are of the order of the area of the largest
triangles in the scaling range (i.e., (2%° = 16).

Figure 4 gives results for H = 500. The contour plot again exhibits cell-like substructure,
however the cells are larger than those observed in the H = 200 case. The fractal scaling extends
out to yardsticks of about 2° and is consistent with D = 2.52. The log-binned avalanche statistics
fit both the sharp cutoff and the exponentially cutoff forms well. The linear-binned results fit
Eq. (5) also. The denominators in the exponential cutoffs are of the order of the area of the
largest triangles in the scaling range (i.e., (2°)? = 64).

Figure 5 gives results for H = 700. The cell-like substructure is larger scale than the H =
500 case. The fractal scaling extends out to yardsticks of about 2° and is consistent with D ~ -
2.40. The log-binned avalanche statistics fit both the sharp cutoff and the exponentially cutoff
forms reasonably well. The linear-binned results fit Eq. (5) well. The denominator in the
exponential cutoff is of the order of the area of the largest triangles in the scaling range (i.e.,
(2°)* = 1024). The reduction of the fractal dimension and the appearance of substantially larger
avalanches are indications that H is entering the transition region in the class of domain wall
models studied. The jump in the C(3) parameter determined by the least squares fit to Eq. (5)
and the estimated "sharp cutoff" value provide additional quantitative indications that H is
entering the critical region.

Figure 6 gives results for H = 1000. The domain wall structure is now on the scale of the
entire construction. The fractal scaling extends out to yardsticks of about 27 and is consistent
with D=2.30. This is the critical case. The log-binned avalanche statistics fit both the sharp
cutoff and the exponentially cutoff forms reasonably well. The linear-binned results fit Eq. (5);
however, almost all the events correspond to the smallest avalanche bin; the denominator in the
exponential cutoff is of the order of the area of the largest triangles in the scaling range (i.e.,
(2')* = 16,384), which corresponds to the full spatial extent of the model. The sharp cutoff also
approximates (27)%.

Figure 7 exhibits results for H = 1500. The domain wall structure is again on the scale of
the entire construction. Although there are small deviations from perfect scaling for some of the
larger yardsticks, the fractal scaling extends out to yardsticks of about 2’ and is consistent with D
= 2.30. The log-binned avalanche statistics fit the sharp cutoff form well, but the fit to Eq. (5)
degenerates to a pure power law form. The linear-binned results fit Eq. (5), almost all the events
correspond to the smallest avalanche bin, and the exponential and sharp cutoff values are of the
order of the full spatial extent of the model.




Essentially the same sequence of fractal structures and parameter values is obtained for a
{k =100, n =1, 0 = 1000} model on a 65x65 lattice, except that the maximum scaling range
only extends to 2° and maximal cutoffs correspond more closely to 64% (= 4096). Less
systematic results for {k = 100, n) =1, 0 = 1000} models on 33x33 and 257x257 lattices are
consistent with those on the 65x65 and 129x129 lattices. Similar sequences were obtained for
all two-dimensional {k, 1, 0} models studied. :

The effect of taking the pinning distribution normally distributed about a negative
(binding) mean is to make the buildup of the fractal dimension of the domain wall more gradual.
However, once the driving force H exceeds the "binding force" by 6H, the fractal structures
become indistinguishable from those occurring for H = 8H in the case that the pinning
distribution has zero mean.

The one-dimensional domain wall models studied exhibited similar trends, except for the
fractal scaling at H> H,. Figure 8 shows results for {k = 100, =1, 0=1000)} model on a
length 1025 one-dimensional lattice (H, ~ 1500) for H = 1000. The upper left-hand figure now

~shows a length 100 section of the domain wall deflections. The fractal scaling extends out to

yardsticks of about 2° and is consistent with D = 1.37. The log-binned avalanche statistics fit the
sharp cutoff form and Eq. (5) reasonably well. The linear-binned results fit Eq. (5) and the
exponential and sharp cutoff values are of the order of 2°.

Figure 9 shows results for the same model for H = 1500 =~ H.. The spatial scaling is now
more complex. There is a region of approximate fractal scaling (D = 1.13) for yardsticks
ranging from 1 to 2° and a second region of approximate fractal scaling (D = 1.59) for yardsticks
ranging from 2* to 2. The log-binned avalanche statistics fit the sharp cutoff form and Eq. (5)
reasonably well. The linear-binned results fit Eq. (5). The exponential and sharp cutoff values
are of the order of the full spatial extent of the model rather than 27.

The one-dimensional models yield results consistent with the two-dimensional models
for H <H,. However, the H > H_ results generally split into two scaling regions as in Figure 9
for the one-dimensional models. At larger values of H, the small yardstick scaling range is
essentially unchanged and the large yardstick scaling range becomes larger with D values near

'1.60 for the {100,1,1000} model on a 1025 length lattice. The avalanche distributions are

generally consistent with a cutoff hyperbolic form as observed in Reference 13 for the one-
dimensional domain wall models studied.

The fitting parameters deduced from the data in Figures 3 through 9 are given in Table 1.

DISCUSSION

The size effect parameters C(3) correlate with the scaling range of the fractal structures
and with the cell structure apparent in contour plots of the domain wall configurations for H <
H, and with the geometrical size/dimensions of the models for H » H,




As had been observed for H = H, in Reference 13, the one- and two-dimensional domain
wall models yield linear-binned exponential size effect cutoff power law avalanche distributions
for all H > H/5. However, as observed in References 11 and 12, in many practical cases almost
all avalanches fall into the shortest avalanche linear-spaced bin and as shown, for example, in
Figure 2 of Reference 13, the probability of the longest avalanche detected is frequently of the
order of 10™ times as large as the probability of observing a short avalanche. Thus, in order to
represent the avalanche distribution for linearly-spaced binning correctly, one needs to detect
rare events very accurately.

In the event the smallest avalanche bin dominates the distribution in linearly-binned
cases, the data are also consistent with a sharp cutoff pure power law form for logarithmically-
binned data. Thus, it is a good idea to keep open the option of employing logarithmic sharp
cutoff fitting in cases of experimental data where the form of the linearly-spaced bin distribution
is dominated by low probability events.

The parameters reported in Table 1 can be compared to the measured sharp cutoff log-
binned values of M reported for Barkhausen effect in Reference 12, where values of -M ranged
from 0.58 to 1.1, and to the value of C(2) measured as 1.33 for linearly-spaced bins in Reference
13. The models do not reproduce the larger values of -M observed in Reference 12 for the range
of {k, 0, n} explored here; however, it is clear that the value of C(2) (viz., 1.29), which results
from the present two-dimensional domain wall model for H = 700 (and is approximately the
point at which the transition to critical behavior begins), is in good agreement with the value
measured in Reference 13.

The splitting into two separate scaling regions for H > H_ in the one-dimensional domain
wall models is interesting, but may not be observable.

CONCLUSION

The principal result of the present study is that domain wall dynamical models
incorporating

. A normal distribution of pinning strengths on a simple cubic lattice of pinning
sites,

. Only nearest neighbor elastic interactions, and

. A simple description of demagnetization effects

that are governed by a simple dynamical rule give rise to domain wall configurations, which
evolve through a hierarchy of fractal structures, which are scale-invariant over increasing ranges
of scales as the driving field H increases toward and through a critical value H,, and which at all

10




stages of development yield size effect cutoff hyperbolic (power law) distributions of avalanches
(Barkhausen noise) when perturbed. Size effects are determined by physical dimensions for H
> H; and by self-organized cell substructures for H < H.
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Table 1. Summary of Fitting Parameters Derived From the Data of Figures 3 Through 9

Two-Dimensional Domain Wall Models (Figures 3 Through 7)
Log-Binned Avalanches Linear-Binned
Avalanches
H D CQ2) C@3) -M Sharp C2) C@3)
Cutoff

200 2.49 0.421 20.7 0.598 30 0.825 11.7

500 2.52 0.269 117 0.340 70 1.065 89.6

700 2.40 0.280 4,191 0.297 2,000 1.290 9,863
1000 2.30 0.322 68,650 0.317 10,000 1.142 27,160
1500 2.30 0.333 o 0.333 20,000 0.961 21,160

.Oné—Dimensional Domain Wall Models (Figures 8 and 9)
1000 1.37 0.0556 82.6 0.167 80 0.870 65.8
1500 1.13% 0.107 7,926 0.197 1,100 0.919 3,051
1.59%*

* 1.13 (1 < Y(m) < 16)
. 1.59 (16 < Y(m) < 256)

Notes: The fractal dimension D is computed from Eq. (4). The fitting parameters C(2) and C(3)
are defined in Eq. (5). M is the slope of the sharp cutoff, linear fit to the log-binned avalanche

data. The sharp cutoff values for the log-binned data are estimated from the curves in Figures 3
through 9; they are not fitting parameters.
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Figure 1. Internal field versus applied field on 65x65 lattices. Legend: x = the {100,1,2000} model;
o =the {100,1,1000} model; + = the {100,3,1000} model; Line = the {100,10,1000} model.
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Figure 2. Internal field versus applied field and fractal dimension versus
applied field for the {100,10,4000} model on a 65x65 lattice.
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NOTES: (1} The upper left-hand subplot shows a contour map of the domain wall displacements for a
65x65 section of the domain wall. There are five equally spaced contour levels. (2) The upper right-
hand graph exhibits a graph of log,(A(m)/A(7)) versus log,(Y(m)/Y(0)); the slralght line is the sma]l
yardstick fit. (3) The lower lefi-hand subplot shows the distribution of avalanche sizes in
logarithmically-spaced bins; the straight line is least squares fit to the smaller size half of the distribution;
the solid curve is least squares fit to Eq. (5). (4) The lower right-hand subplot shows the distribution of
avalanche sizes in linearly-spaced bins; the solid curve is least squares fit to Eq. (5).
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Figure 3. A sclection of results for the {100,1,1000} model for H = 200 on a 129 x 129 lattice.
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Figure 6. A selcction of results for the {100,1,1000} model for H = 1000 on a 129x129 lattice. The
subplots are arranged as in Figure 3, except that the full 129x129 contour plot is shown.
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Figure 7. A selection of results for the {100,1,1000} model for H = 1500
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Figure 8. A selection of results for the {100,1,1000} model for H = 1000 on a 1025 linear lattice. The
subplots are arranged as in Figure 3, except that the contour plot is replaced by a displacement
plot of a length 100 section of the domain wall and the upper right-hand subplot shows a
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