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Final Technical Report 

ROBUST GAME THEORETIC GUIDANCE AND CONTROL 
LAWS FOR MISSILE SYSTEMS 

Grant No. F49620-92-J-0327 

Jason L. Speyer 
Mechanical, Aerospace and Nuclear Engineering Department 

University of California, Los Angeles 
Los Angeles, CA 90095 

The objective of our efforts was to extend and apply a new adaptive control technique 

based on a disturbance attenuation bound. The structure of this new adaptive control 

scheme is the result of formulating a disturbance attenuation problem for a particular class of 

nonlinear systems whose solution is obtained without any approximation. A global solution 

is obtained and must be contrasted with much of the nonlinear Hoo results which assume 

that the scheme operates locally about some equilibrium condition. 

The class of nonlinearities considered is that of a linear system where the coefficient 

matrix of the control is assumed to be a linear function of an unknown parameter. The work 

performed on this grant extended this class to include state coefficients matrices linear in 

the parameter if the associated state that multiplies this term is measured perfectly. 

. To bring these mathematical abstractions to engineering practice, a significant effort was 

made to apply this new adaptive control scheme to the development of an adaptive flight 

control system for a high angle-of-attack aircraft such as the F-18 HARV (High Angle-of- 

attack Research Vehicle). We are just beginning to show performance improvements in the 

time response over that of standard adaptive controllers due to an initial reduction in the 

control effort associated with those control system parameters that are initially uncertain. 

This new adaptive controller involves not only the state and parameter estimates, but also 



the pseudo covariance matrix. This new adaptive scheme does require the determination of 

the global maxima of a certain function with respect to the uncertain parameters. 

Our current results are for a single parameter. As in the F-lll adaptive flight control 

system, we focus on estimating the moment coefficient due to elevator deflection. Our 

goals are to extend this to multiple parameters and to eliminate the restriction on perfect 

information so that all parameters in the system can be included. Our approach to removing 

this restriction is to use perturbation theory associated with an assumed small measurement 

uncertainty weighting matrix. Complementary results using perturbation theory are being 

pursued on our main AFOSR grant (F49620-91-0077). 

1    Introduction 

Current adaptive control schemes assume certain equivalence. That is, the structure of 

the adaptive controller assumes a parameter identifier in cascade with a controller such as 

the linear-quadratic-Gaussian (LQG) controller or multi-step predicted output control. Al- 

though the proper approach to adaptive control is based on stochastic control theory, it is 

untractable. Even the simplest extension of the LQG problem is unmechanizable. This ex- 

tension involves a linear system where the control coefficient matrix is a linear function of an 

unknown parameter. If this parameter set is augmented to the original state space, a finite di- 

mensional conditional Gaussian estimator is used to reduce this problem to a full information 

problem. Nevertheless, the resulting stochastic control problem of minimizing the expected 

value of a quadratic performance index is subject to a stochastic vector differential equation 

and a Riccati differential equation. To date this problem remains untractable except for 

perturbation methods based on small measurement noise spectral densities. This approach 

is showing significant improvement and is being developed under our current AFOSR grant. 

An alternate, but deterministic, approach is formulated by determining a controller which 

bounds a disturbance attenuation function against all admissible measurement and process 



disturbances and initial conditions. For the stochastic control problem described above, i.e. 

the control coefficient is a linear function of a parameter vector, a disturbance attenuation 

controller can be found via a dynamic programming solution [1]. The problem is shown in 

[1] to decompose into a controller problem with full information with an associated optimal 

return function representing the optimal cost into the future and an estimation problem 

with an associated optimal accumulation function representing the optimal cost due to the 

control and disturbances from the past. The maximum of the sum of these two functions 

with respect to the unknown current state produces the worst case state. A sufficiency 

theorem in [2] requires that for a saddle point controller to exist the worst case state must 

be a unique global maximum. For this class of disturbance attenuation problem, the global 

maximum are shown to be nonunique. However, in [1] it is shown that the resulting control 

strategy is still a saddle point strategy since it is proven that the control strategy when there 

is not a unique global worst case state is unique. An alternate and direct proof is given in 

[3] where the infinite-time results are also presented. 

This powerful result forms the basis of a new approach to adaptive control. In the next 

section we describe the work performed on this supplemental grant. In the following section 

we describe the work that would have been performed if the no cost extension had been 

allowed. 

2 An Extension of of the Adaptive Controller Based 
on Disturbance Attenuation with Application to Air- 
craft Flight Control 

In the disturbance attenuation adaptive controller of [1,3] only the control coefficient matrix 

is a linear function of an uncertain set of parameters. This new adaptive control technique 

is extended to include some of the parameters in the state coefficient matrix. To ensure 

that the estimator remains finite dimensional, only the parameters of the state coefficient 



matrix which multiplies a state element that is perfectly measured are used in the extension 

of the new adaptive control law. This generalization allows some reduction in the estimator 

dimension, but the worst case state is produced now from maximizing the sum of optimal 

return function and the optimal accumulation function subject to a constraint formed by the 

perfect measurements. Details of this analysis are given in Appendix A. In the next section, 

we discuss further generalization to the partial information case by perturbation methods. 

This research supplement is motivated by the need to learn how to implement this adap- 

tive controller in important applications such as aircraft flight control systems. To evaluate 

controller design a high fidelity nonlinear simulation of the F-18 high angle-of-attack research 

vehicle (HARV) was obtained from NASA Dryden. A parameter-robust game theoretic com- 

pensator was designed to track pilot inputs in angle-of-attack, sideslip, and stability-axis roll 

rate through stick and rudder pedal commands. Zero steady state error in the presence of 

step inputs is achieved by using a system of error coordinates which also allows for thrust 

vector commands to fade to zero in steady state. Results of this study are given in Appendix 

B. This controller and its performance were to be used as a benchmark to compare the results 

of the adaptive controller. 

To begin to understand the implementation issues of this new adaptive controller the 

longitudinal mode of the F-18 HARV was first controlled. Parameter uncertainty in both the 

state and control matrices were considered. In particular, stability derivatives that multiply 

the inertial states were used to augment the state vector to be estimated on-line. Since 

four unknown parameters were included in the adaptive controller, a search for the global 

maximum of the sum of the optimal return function and optimal accumulation function with 

respect to these four parameters was not attempted. Rather a possible local worst case state 

is obtained near the estimated state. The performance of the new adaptive controller was 

similar to that of standard adaptive controllers assuming certainty equivalence. It appears 

that this approach to adaptive control is equivalent to nonlinear Hoo controllers which assume 



local behavior near an equilibrium point. 

To obtain dramatic performance, it appeared that the global aspects of the controller 

was to be explored. The parameter set was reduced to a scalar, the moment coefficient due 

to elevator deflection. For certain initial conditions remarkable performance is obtained over 

current adaptive controllers. In regimes where the scalar parameter is quite unknown the 

control emphasizes thrust vectoring and reduces the elevator deflection to be almost zero. As 

more information is obtained the controller begins to use more elevator deflection and less 

thrust vectoring which is eventually faded to zero. This is to be contrasted with standard 

adaptive controllers in which substantial elevator deflection is used early even though the 

parameter is the wrong sign. Therefore, the initial response is in the wrong direction. The 

inherent conservative, but intelligent, performance of the new controller is associated with 

the two worst case states in which usually only one is a global maximum. In the beginning 

the global worst case state dictates a conservative policy where the elevator deflection is 

made small and the thrust vectoring dominates the response. At some time, say tc, both 

worst case states produce identical cost. Here, there is a switch from the conservative policy 

to one similar to that of the standard adaptive controller. Note that the controls do remain 

continuous, even at tc. Our current study evaluating the performance of this new adaptive 

controller for flight control is described in detail in Appendix C. 

3    Future Work in the Adaptive Disturbance Attenua- 
tion Controller and It's Application 

Based upon the encouraging performance of the new adaptive flight controller described 

in Appendix C, the following research directions are proposed. To generalize the current 

procedure to include partial information and parameter uncertainty in both the state and 

control coefficient matrices, a perturbation methodology is suggested. Here, two approaches 

are possible. Either the measurement uncertainty weighting in the disturbance attenuation 



function could be assumed small and, therefore, an expansion parameter, or the coefficient 

of the parameter in the state coefficient matrix could be assumed small and, therefore, an 

expansion parameter. This second approach in a more general setting is being explored in 

our main current AFOSR grant. Our current results are given in Appendix D. In either 

approach our current results [l,3,Appendix A] form the zeroth-order solution. As shown in 

Appendix D, additional higher-order terms remain finite-dimensional. 

Application of this new controller has been shown to produce dramatic and intelligent 

performance for one parameter. Efficient numerical methods are being sought which not 

only produce the global maximum, but keeps track of all the local maximum to determine 

when one maximum value moves past another inducing a change in strategy, but keeping 

the control continuous. 

As shown in Appendix C, the new adaptive controller is a rather cautious controller. 

When the uncertainty in the coefficient of the elevator deflection is high, emphasis is placed 

on the thrust vectoring. When the parameter becomes better known, the elevator is used 

more, and in steady state the thrust vectoring is faded out. This is required due to the 

deterioration of the thrust vectoring paddles used on the F-18 HARV. The strategy of this 

new adaptive control law is highly governed by not only the state and parametric estimates, 

but their associated pseudo error variance. This is unique among implementable adaptive 

controllers. Therefore, our future efforts are directed to understanding the behavior of this 

new adaptive technique through examples such as the adaptive flight controller of the F-18 

HARV, extensions to multiple uncertain parameters, and extensions to the theory to include 

constraints on the parameter uncertainties. This last item has the difficulty that we wish 

to preserve the saddle point structure since the controller is, in a sense, certainly equivalent 

and therefore, easier to compute on-line. Otherwise, one is left with the difficult problem of 

finding a minimax controller. 



4    Conclusion 

This supplement to our AFOSR grant has been important in bring to practice an impor- 

tant new adaptive control law conceived and developed from a theoretical viewpoint under 

AFOSR sponsorship. Charles Dhillon brings to this research project a strong background 

and interest in the underlying flight control problem and in the application and extension 

of this new adaptive control law to aircraft and missile flight control systems. Our progress 

has not been as rapid as desirable, but we have kept our sight squarely on the need to bring 

important theory to engineering practice, an activity usually overlooked. 
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Abstract 

The purpose of this paper is to present extensions to robust and adap- 
tive control design techniques based on disturbance attenuation to a class 
of systems which have a portion of the state space which is measured per- 
fectly (without additive noise) in addition to a set of measurements which 
are corrupted by noise. For the robust controller, a system results which 
is similar to that, obtained from a Parameter.Robust Game Theoretic Syn- 
thesis (PRGTS), with a reduction in the order of the state estimator. In 
the adaptive case, the techniques presented allow for the extension of the 
estimator to include plant state coefficients which multiply states which 
are measured perfectly. 

Keywords:    Robust Adaptive Control, Disturbance Attenuation, Dy- 
namic Programming. 

1    Introduction 

Several approaches to controlling dynamic systems with uncertain parameters 
have been developed in recent years [1, 2, 3, 4].The work presented in this paper 
provides extensions to two such approaches to control of uncertain systems to 
a class of systems which contains a combination of noisy and perfect measure- 
ments. First, a compensator which is robust to changes in system parameters is 
developed for this class of systems in a manner similar to [2, 4] which results in a 
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reduced order robust compensator. Secondly, the work of [1] is extended to this 
class of systems, which results in a compensator which is adaptive to uncertain 
parameter multiplying perfectly measured states as well as the controls. 

In [4], a controller was developed using a game theoretical approach to the 
solution of a disturbance attenuation problem which, when combined with the 
use of an internal feedback loop (IFL) decomposition to represent the uncertain- 
ties in the coefficients of the linear system, essentially produced a control which 
is robust to the parameter variations within the model. By extending these 
results to the class of systems considered in this paper, the order of the com- 
pensator is reduced by considering the perfectly measured states in a manner 
similar to that developed in (5]. 

In [1], a similar disturbance attenuation problem was formulated, but with an 
augmented system which included parameter uncertainties in coefficients mul- 
tiplying the controls. The disturbance attenuation problem for the augmented 
system was then solved using a dynamic programming approach, similar to that 
described in [2] to yield an adaptive compensator structure which included an 
estimator for determining values of the state and control coefficient parameters, 
a controller as a function of the state but dependent on the parameter values, 
and a connection condition which linked the two. In the connection condition, 
the sum of the optimal return function associated with the control problem and 
the optimal accumulation function associated with the estimation problem re- 
sulting from the decomposition of the dynamic programming solution process is 
maximized with respect to the current state, i.e. the worst case state. For this 
class of adaptive control problems, in contrast to the results in (2, 3], the adap- 
tive compensator structure is based on the results of {1] where the restrictive 
assumption that the worst case state be a singleton is not required. 

In both of these approaches (1, 4], it was assumed that all measurements 
received were corrupted by an external disturbance. In some systems, however, 
it may arise that a subset of the measurements may be known perfectly, (or at 
least close enough to be modeled as such). One such case could be the dynamics 
of an airplane, where body angular rates are measured very accurately, but 
measurements of state variables such as angle-of-attack and sideslip are not 
nearly as easily or precisely measured. 

In such a case, where a portion of the measurements may contain noise 
while another does not, it is possible to extend the methods described above. In 
the case of the robust controller, by assuming certain measurements are known 
exactly, a compensator of reduced order may be designed for the system. In the 
case of the adaptive approach, an additional set of parameters, those multiplying 
the states which are measured perfectly, can be included in the augmented state 
vector and subsequently be estimated on-line. The results presented in this 
paper will provide detail on these extensions. 



2    Dynamic System 
The class of system under consideration is a linear system with uncertain co- 
efficients multiplying states and controls and state dynamics which are forced 
by a random disturbance. Additionally, the class of systems considered has a 
subset of the state space which is measured perfectly in addition to a set of 
measurements which are corrupted by noise. This system can be written in the 
following form: 

a;   =   A(a)x + B{ß)u + Tw (1) 

2!     =     HiX + V (2) 

22    =   H2x (3) 

Where a € Rk and ß € R' are used to designate uncertain parameters in the 
state and control coefficient matrices. 

Two approaches will be considered in determining a control strategy for this 
system. The first approach is to design the controller so that it is robust to vari- 
ations in the parameters represented by a and ß by using an internal feedback 
loop (IFL) decomposition to include the parameter uncertainty in the design 
process, so that the resulting system is in a form consistent with the approach 
of [4]. Secondly, a controller is considered which is adaptive to the parameters 
a and ß. In order to pose the problem in a manner which is consistent with the 
theory for each approach, we can first rewrite the dynamic equations of motion 
in a form more familiar to each method. 

2.1    Dynamic System for Reduced Order Robust Controller 

In the case of the robust approach, we can write the sj'stem state and control 
coefficient matrices, A and B, in terms of a nominal plant AQ and J5o, and 
parameter dependent perturbation AA and AB: 

x   =    (Ao + AA(a))x+(B0 + AB(ß))u + rw (4) 

where 

AA   =   DLa(a)E 

AB   =   FLb(ß)G 

Using an IFL decomposition of AA and Aß, we include the parameter uncer- 
tainties as a fictitious disturbance, so that the system which we will be analyzing 
has the standard form: 

x - i4(,:i: + B(>w + f w (5) 



where w includes external disturbances as well as the fictitious disturbances 
introduced by the decomposition of the parameter uncertainties and f reflects 
how these disturbances are introduced into the system. 

2.2    Dynamic System for Adaptive Controller with Some 
State Coefficients Estimated 

In order to apply and extend the theory developed in [1] to the class of systems 
being considered, we first must write the dynamic equations of motion in a form 
which is consistent with its development. To do this, we can apply a similarity 
transformation to the original system, if necessary, to obtain a system which is 
partitioned into the states which are included in the set of perfect measurements 
and those which are not. This system can then be written in the form: 

a.i _ 
. Xl J 

z\ _ 
Z-2 

a) J [ x2 J 

??][2]*[J 

Au   An( 
A21   Aiii 

H3 

i(/?)U+fri B 
Balß) 

w (6) 

(7) 

where, the parameter uncertainties in the matrices A& (")i A& {&)> B\ (ß) a"d 
B2 (ß) include parameter uncertainties in the form: 

A12W   =   (Ai7)o + 52G4i2 )j"j 

k 

A<n(a)   -    (^22)0 + Y^(A^)iai 

j 

Bi(ß)   =   (Bi)o + 5Z(Bi)ji8j 

1 

(8) 

(9) 

(10) 

(ID 

We then can form an augmented state vector, £ = [ x[x2a
TßT ]   , whose 

dynamics are defined by the sjrstem: 

i = i4{€ + £(« + ret» 

*i   =   Hit + v 

*2    =    Hit 

(12) 

(13) 

(14) 

where 



Au   (A12)o   { (>li2)i«2   •••   (A12)kz2 \    { (Bi)iTt   ...    (B^iu } 
Ml     (A22)0     { (A32)lZ2    ■■■    (A22)kZ2  }     {  (B2)lU    •••     (B2)m  } 

and 

0 
0 

0 
0 

0 
0 

0 
0 

B< = 

" (Bi)o ' 
(ß2)o 

0 
0 

r< = r2 
0 
0 

#i = [ H3   H4   0   0 ]       ff2 = [ 0   /   0   0 ] 

In this formulation, the perfect measurements z2 act as an additional known 
input to the system. Thus, they could effectively be considered as part of an 
augmented input vector ü, stich that the parameter dependence is then only 
in the augmented input matrix. This then generalizes the class of systems 
considered in [1] and is consistent with the theory presented therein. 

3    The Disturbance Attenuation Problem 

For this system, a disturbance attenuation function is formed as in [1], which is 
essentially the ratio of norms of performance outputs over disturbance inputs. 
The problem can be written as: 

^-Ii^]p<?   0>o (15) 

where the measures of performance outputs, ||j/||2 and ||«;||2 are defined as 

rl> 
n 

\\v\Y «3:(*/)llJ/+/
/(Nli + ll«liyrfr (If,) 

INI2  -  Umflk.+jT'(H|?l,_1 + !<-.)*■ (17) 

where, in the case of the non-augmented system for the robust controller, £ is 
simply x. 

This disturbance attenuation function can then be converted to a perfor- 
mance index, given by (18), which gives rise to a differential game problem. 

3  -  5{M*-JMI*}<O (18) 



The basic idea, then, is to find the control, u, which minimizes the distur- 
bance attenuation function subject to the worst case maximizing disturbance 
inputs provided by initial conditions, x(0), parameter uncertainty (a,/3), state 
noise w, and measurement noise v. 

4    Dynamic Programming Solution 

The approach taken in finding the solution to the disturbance attenuation prob- 
lem is to use a dynamic programming technique to separate the problem into 
two separate problems. The first, a control subproblem, defines an optimal re- 
turn function, *(*,,&) as in [1]. The second, a filtering subproblem, defines 
an optimal accumulation function, T (&). The dynamic programming problem, 
then, is to find the values of state and parameters, x, a, ß such that: 

T (*„ a, ß) + * (xt, Q, ß) > T (x„ a, ß) + * (*„ Q, ß) (19) 

4.1    Application to Reduced Order Robust Controller 

In applying this technique to the reduced order robust controller, we note that 
there is no direct parameter dependence in the performance index and optimal 
return and accumulation functions. This is due to the fact that, by virtue of 
the problem formulation, this parameter dependence is essentially hidden in the 
disturbance input, «;. 

4.1.1    The Control Subproblem 

The control subproblem is formulated as in [1], with a performance index as 
shown in (20). 

Jc\t,tf]   =   \{\\*iif)\\h.t 

+ J''lM% + IMIK - j(IM&-. + IMfr-)]<&■}     (20) 

Taking v\' = 0 , as in [1 j, and adding the zero quantity 

£' ±\r?n:c\dT-\\xTnx]\' i rl> d 
2 

to (20), the optimal control and state disturbance and a Riccati differential 
equation similar to that obtained in [1] are determined by substituting and 
completing squares. 



-ri = Ärn + nA + Q-n(BR-lBT -orwrT)Ti 
Wj) = Qt, (21) 

a. = -BTlBTHx (22) 

Wc = ewrTnx (23) 

Substituting these relationships back into the performance index (20), an 
expression for an optimal return function is obtained. This optimal return 
function is then given by: 

*(*«) = f *f n(/)*t (24) 

4.1.2    The Filtering Subproblem 

Next, the filtering subproblem is considered. The approach taken in solving this 
portion of the problem is essentially the same as that outlined in [5]. Considering 
only the problem from initial time 0 to current time t, and making use of the 
measurement equation (2), the performance index for this portion of the problem 
can be written as: 

J/M  =   5{-Jll*(o)-±ol£-. 
rt 

+ 
/o 
/ [Mh + \\ufR - |(|MI?v-. + ll*i " ftxtfy-r )\dr} (25) 

Adjoining the dynamic* (1) and perfect measurements (3) to the performance 
index with multipliers A and /i, (25) can be rewritten as: 

Jf\(),t)   =   Jj [(),<] 
i     rt 

-*{ / I
AT

(
AT

 + Bu + Tw - *) + fte - H2x)]dr} 
0   Jo 

Then, integrating by parts and solving for first order necessary conditions for 
an extremum yield the relations: 

*(())    =   so-fl,(A(0) + Aj/i(0) (20) 

A   =    -Är\-{HjV-lHl-6Q)x-ATHllL + HjV-lzl      (27) 

Wj   =   -WrT(X + Hjft) (28) 

First, the initial conditions are considered. By combining the relations (2f>) 
and 22(0) = #2-'c(0), »ui expression for /t(0) is obtained. 



/«(()) = -{HiP0Hj)-\z2{[)) - Ht&o + tf2P0A(())) 

Substituting this expression back into (20), we obtain the relationship: 

(29) 

x(0+) 

i(0+) 

P(0+) 

*(<>+) - P(0+)A(0+) (30) 

xo + PoHj(H2PoHl)-\z2{0) - H2x0) (31) 

P0 - PoHfiHiPoHj^HiPo (32) 

This represents the state, costate, state estimate, and Riccati solution at the 
time when the first measurement, 22(<'), is received. An important observation 
is that 

tf2*(0+) = *2(<>) 

//2P(0+) = 0      P(0+)Hj = ()      H2P(0+)H2
r = 0 

That is to say, «nee the first measurement is obtained, that portion of the state 
contained in the perfect measurements, z2, is known perfectly. Also, the Riccati 
solution P() becomes singular once measurements are taken. 

To obtain an expression for /* for time t > (), we can combine (1) and (28) 
with the constraint r2() = H2x(), which yields the expression: 

/'(•) = -(J72ni'rrtf2
r)-1{i2() - H-M-A) + £«(•) - rwTrA()]}    (33) 

This relationship, along with (28) can then be substituted back into (1) and 
(27) to give a system of differential equations for x and A. 

[i\ = Ä -TWTT 

-(HfR-iH-OQ)      -ÄT ][; 
B 

-HjR^lH-2B 
u + Gz2 (34) 

where the quantities above are represented by: 

R-2 = H2TWTTHj        H2 = H2A        G = TWTTH^R^ 

Ä = \I-GH2]A   B = [I-GH2]B   T\VTT = (/ - GH2\TWTT 

H = Hi 
Hi 

R = 
V    0 
0    R2 22 

Next, as in [4], differential equations for the propagation of the state estimate 
£(•) and Riccati solution P() are obtained by differentiating the relationship 



x(t) = x(t) - P(t)\(t) (35) 

This results in the differential equations: 

x   =   (Ä + ePQ)Z + (B-PHj'f%1H2B)u 

+PßTR-1(z-H1x) + Gz2 (3G) 

P   =   ÄP + PÄT -P{HTR-1H-6Q)P + rWrT 

PW    =    Pa (37) 

It should be noted that the differential equation which governs the dynamics 
of the state estimate, £•, contains the derivative of the perfect measurements, i2. 
For the sake of implementation, this is not desirable, but can easily be remedied 
by defining a transformed state estimate which contains only the measurement 
itself, r2 [">)■ The estimator can then be implemented by using the transforma- 
tion 

x = x - (<PH2TR^1 + G) Z7 (38) 

The next step is to determine the optimal accumulation function. To do 
this, we first substitute the relationships (28) and (33) into (25) and add the 
zero quantity 

Then, the performance index, (2.r») reduces to 

•MM  =  ~*TP>< + lJ\\\rr.fQ + \M\l 

--\\zi - ffiilft-, - iflia - H2{M + Bu)tf^,\dT     (39) 

Next, we would like to express this performance index in terms of the error 
between actual and estimated state, c() = x{) - £(■). Care must be taken, 
since P() is singular for all r > 0. First, we define a transformed error, e(): 



where Ho is defined to span the portion of the state space not contained in the 
perfect measurements 22(-)- Also, a transformed costate Ä(-) is defined such 
that 

Then, using these relationships, we can write 

XTPX   =   eliHoPHZr^o 
=   (x-xfH^HoPH^r'Hoix-x) (42) 

Substituting back into the performance index, we then obtain the desired ex- 
pression for the optimal accumulation function: 

T(*,) = </(«, *,, i2) - ^SHZiHoPHZ^Hoe (43) 

where 

g[utz,Z2)    =    i^Q-^-^-HxxfV-Hzi-H.x) 

-~[ia - H2{Ax + Bu))TR?\z2 - H2(Ax + Bu)} 

</(-,-,)t=o    =    ll-'2-H2xo||JH2^n-. (44) 

4.1.3    The Connection Condition 

Having determined expressions for the optimal return and optimal accumulation 
functions, we then must determine the connection conditions which bring to- 
gether the two solutions. The connection condition, then, is obtained similarly 
to the method presented in [1], from the constrained relationship 

max 
1    '\Tt * (s„t) + T(*«,/) + -M<r (za(<) - H2xt)\ (45) 

which is solved by considering 

(£)T*(£)'-W*>" 
n* - iH^HoPH^-'Hoix -x)- Jj#/i(i) (40) 

10 



The desired relationship between the optimal state and state estimate, then, is 
determined by combining the above with the constraint relation zi(t) = H2x{t) 
and solving the matrix equation: 

(jtf (HoPWZ)'1 Ho - eU(t))    HJ ] f x 1 = f HJ (HoPWZ)'1 #<>i 
H2 0   J L /* J      L 22 

Combining this relationship with the optimal control (22) and a transformed 
version of the reduced order optimal state estimate (3(5), we can then construct 
a reduced order compensator for the system. 

Furthermore, by examining the second variation in the manifold of the con- 
straint 22 = H2x, we can obtain an expression for a spectral radius condition 
for the reduced order compensator. This is then given by: 

F* (P - on) p± > o (48) 

(47) 

where 

HZ (H0P(t)HZ)-' Ho r\-1 

-l 
Pt2    =   I-Hj(H2Hj)  *H2 

Note, by the definition of H0, we have H0Hj = H2Hj = 0, so we can rewrite 
the above as 

P - OPiTlPt > o (49) 

4.2    Application to Adaptive Controller with Some State 
Coefficients Estimated 

In applying the dynamic programming technique to the augmented system (12), 
we first rewrite the performance index to reflect the augmented state vector, as 
in (50). 

J = \ {\\Htf)\\%, - \ ||€(0) - &||^, + jf" [iKlß + INI2« - \ (0H&-. + IM&-.)] *} («»> 

where, to reflect the extended dynamic system, Q and Qf are defined as 

Qf 

We can then break the problem into a separate control and filtering problem, 
and determine the connection condition which joins the two. 

Qf  o  o Q 0    0 
0     0    0 Q = 0 0    0 
0     ()    () 0 0   0 

11 



4.2.1 The Control Subproblem 

The control subproblem is formulated as in [1], with a performance index as 
shown in (51). 

Jc [t,tf] = \ \\\x{tf)\?Ql + £' [Ox||J + MR - \ (Ml-* + IIHIv-.)] *} (51) 

Taking v\' = 0 , as in [1], and adding the zero quantity 

\f £ [.TT(r)n(o,/3,r)x(r)] dr - \ [xT ()n (a, ß,)x (■)][' 

to (51), the optimal control and state disturbance and a Riccati differential 
equation similar to that obtained in [1] are determined by substituting and 
completing squares. 

-ri (a,ß,T) =       ,4Tn (a,/?,T) + n (a,ß,r)A + Q- 
II (a, ß, r) {BR-lBT - BYWTT) II (a, ß, r)        (52) 
t < T < if 

n(a,ß,tf) = Qf 

«(0 = -fi~1ßrn(a,/S,t)x(t) (53) 

w (t) = eWrTU (a, ß, t) x (i) (54) 

Substituting these relationships back into the performance index (51), an 
expression for an optima] return function is obtained. This optimal return 
function is then given by: 

*(xt,a,ß,)=^xjn(a,ß,t)xt (55) 

4.2.2 The Filtering Subproblem 

Next, the filtering subproblem is considered. The approach taken in solving this 
portion of the problem is essentially the same as that outlined in [5]. Considering 
only the problem from initial time 0 to current time t, and making use of the 
measurement equation (7), the performance index for this portion of the problem 
can be written as: 

12 



Jf 10,t] = \ {-§ ||e<0) - m_t + jf [m% + M« - I (■»&-. + Ui - tf^fv-.)] dr} (50) 

Adjoining the dynamic constraints to the performance index with multipliers A 
and ft, Jj can then be written as 

jf jo, t] = Jf [o, tj -1 ijl [AT (^ + £««+Te» -i) + F («a - ^o] *■} 

Then, integrating the ft terms by parts and solving for first order necessary 
conditions for an extremum yield the relations: 

€ (0) = io - h (A (0) + Hj,i (())) (57) 

/* (0) = - {H-iPoHj)'1 [z2 (0) - HaCo + H2P0A (())] (58) 

A = -ylfA - (HTV-lHi -0Q)t- A\Hjti - HjV-'z^ (59) 

w = -WrT (A + Kj/i) (60) 

Combining the constraint z2 (0) = #a£ (0) with the relationship obtained for 
/i(0), we get an expression for the initial conditions upon receiving the first 
measurement, z2 (0) 

£ (()+) = i(<)+) - P (0+) A(0+) (01) 

where 

l (0+) = & + A.HJ (HiPoHj)'* (z2 (0) - ffjft)) (02) 

P(0+) = Po-Poi/2
r(H2P0H2

T)  '//aPo (03) 

An important result of these relationships is that upon receiving the first "per- 
fect" measurement, the estimate of the perfectly measured states is then simply 
z2, and the matrix P becomes singular, with null space corres]K>nding to the 
portion of the state space which is measured perfectly. That is, 

13 



HaC(0+) = *a(0) 
H2P (0+) = 0     P (0+) Hj = 0     H2P (0+) El = 0 

Next, to obtain an expression for /t for time t > 0, we consider 

i2 = H2( = #2 [i4tf + Btxt - r^WrJ (A + Hjfi)} 

Then, 

(64) 

,«(•) = - (H^WrlHjf1 [£ - H2 (Aft + B«« - rcHT[A)] (G5) 

This then results in a system of differential equations given by 

-r«flrf 
-(HTR-lH-eQ)       -ÄJ '  J [ A J 
[ B€ 1        I"       0 G 

+ [ -RjR^H^ J U+ [ tffV-1    #2
rÄJ: 

with the matrices above defined as 

(66) 

R2 = H2Ti\VrlHj H2 = H2Ai G = TiWTjH2
rR2

1 

Ae = [I-GH2)Ae   B( = \I-GH2)B(   T^Wrf = \I-GH2]r€WrJ 

H = H2 
R = V    0 

0    fl2 

Then, differentiating the relationship 

e(t) = £(t)-P(t)\(t) (f.?) 

we obtain differential relations for an estimator and Riceati equation given by 

i   =    {Äi + ePQ)i+{B(-PHlR2-1H2Bc)u 

+PHTV-i (zj - Ha) + PHjR2 
! (i2 - H2£) + Gz2       (08) 

P   = A^P + PAJ - P {HTiclH -OQ)P + riwriT 

P(()) = P(0+) 

(09) 
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As in the case of tlie robust controller design, it is desirable to introduce a 
transformation which eliminates the measurement derivative, i2 from the esti- 
mator equation. This transformation is given for this system by 

£=Z-(PHjR;1 + G)z2 • • (70) 

The next step is to determine the optimal accumulation function. To do 
this, we first substitute the relationships obtained above into Jj and add the 
zero quantity: 

-To{[XTpX]- /it™'*} (71) 

Then, we can rewrite Jj as 

u [ic+«•* - i»" - "4i, -1 h - * (^+
M it; 

Next, we define the error between augmented state and estimate as e = £ -f, 
and define 

dr 

to r H01 
C2 Ha 
eQ HQ 

. g" . [*?ß\ 
where 

#« = [ 0   0   Jtxt   0 ]        ff, = [ 0   0   0   JM ] 

Also, the multiplier A can be written as 

A = 

Combining terms, we can then write 

r #01 
T r Hoi T r äO i 

H2 Ä = H2 A2 
HQ Ha A* 

iHp J [Hß\ L VJ 

(72) 

(73) 

ArPA   = 

(74) 



where e^ = H^e, and 

eo Ho 
eQ 

Hi = Ha 

. eß . [Hfl 
The optimal accumulation function, then, can be written as 

1   T 
T(&) = </(«, *i, Z2) - 2^ct

J Stet (75) 

where S(/) is defined as 

S, = HT (H^PHJ) 
1
H-Z 

and 

»(«, *i, i2)   =    \\iTQi\ - ^(21 - HdfV-Hzi - HÄ) 
l_ 

20' 

20 
[i2 - H2{A£ + B^Yfq^h - H2(A€t + Btu)] 

<J (•. •. -)<=o    = '■1 — H-2%0 
{H2PHJYX (76) 

4.2.3    The Connection Condition 

Having determined expressions for the optimal return and accumulation func- 
tions, we must then determine the connection conditions which join the two 
solutions. As in [1], we first partition S(t) as 

S(t) = ^xa       SQ       £>aß 

$x0     &aß       Sß 

Then, as in the case of tiie reduced order robust compensator, we adjoin the 
constraint z2 = #2<:- Performing the optimization with respect to the state 
yields: 

fej   +fej   -^ = ° <77> 
= n, (o,ß)x, - i [Sx (x, - x,) + Sxa (a - a) + Sx0 (ß - /§)] - ±tf2

T/i. 

lfi 



This relationship, combined with the constraint of the perfect measurements, 
yields the state connection condition. 

Next, solving for the state coefficient parameter connection condition yields 

(Xt-xt)
TSxo + (a-&fSa+(ß-ß)TSlß=

e-Xr^^lXt        (78) 

The control coefficient parameter connection condition is given by 

(xt -xt)   Sxß + {a-a)   SQß + \ß-ß)   Sß = -x} ^—xt (79) 

The connection conditions can then l*e used to provide the link between the 
estimation problem and the control problem. 

5    Conclusions 

The results presented in this paper extend the existing results in robust (2, 4] 
and adaptive [1] control based on disturbance continuation to a class of problems 
where a combination of perfect and imperfect state information is available. In 
the case of the robust controller, this allows for the reduction of the required 
order of the compensator in such systems. This may be of practical impor- 
tance in applications where some measurements are known nearly exactly, and 
compensator size is of concern. 

In the adaptive case, the approach used in this paper allows for the esti- 
mation of parameters multiplying perfectly measured states, which may help to 
increase performance in some uncertain systems with some measurements which 
are known exactly. 
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Parameter Robust Game Theoretic Synthesis for the F-18 HARV 
Charles H. Dillon* and Jason L. Speyert 

University of California, Los Angeles 

Abstract 

A parameter-robust game theoretic 
compensator has been designed for the F-18 High 
Angle-of-attack Research Vehicle (HARV). 
Modelling uncertainties due to parameter variations in 
the aircraft dynamics over varying flight conditions 
are included in the design process by using a internal 
feedback loop (EFL) decomposition and incorporating 
the resulting state space into a disturbance attenuation 
problem. The compensator is designed to track pilot 
inputs in angle-of-attack, sideslip, and stability-axis 
roll rate through stick and rudder pedal commands. 
Zero steady state error in the presence of step inputs 
is achieved by using a system of error coordinates 
which also allows for thrust vector commands to fade 
to zero in steady state. Linear and nonlinear 
simulation results are presented. 

1.    Introduction 

The effort to date in the development of a 
parameter-robust controller for the F-18 high angle- 
of-attack research vehicle (HARV) using game 
theoretic controllers [1] has concentrated mainly on 
compensator design and evaluation. The design 
objective was to create a compensator capable of 
tracking state command inputs in the presence of 
uncertain dynamics at high anglerof-attack. 
Additionally, physical limitations of the thrust 
vectoring vanes dictated that the design be such that 
thrust vectoring be used mainly for enhancement of 
transient response, with aerodynamic controls being 
used in steady state. The approach taken in designing 
the control system was a linear design technique based 
on game disturbance attenuation [1] with parameter 
uncertainty included in the design process as a 
fictitious disturbance via an internal feedback loop 
(TFL) decomposition [2]. As with other linear 
controllers, this technique utilizes a linearized model 
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of the aircraft about a particular flight condition. The 
game theoretic synthesis essentially produces a 
controller which reduces the sensitivity of the closed 
loop system to disturbances. By including parameter 
uncertainty as a fictitious disturbance, the sensitivity 
of the closed loop system to parameter variations is 
reduced, and this decomposition helps to extend the 
region in which the resulting linear control gains can 
be used. Therefore, by extending the usable region 
about each design point, fewer design points are 
required, thus reducing the number of gains to be 
stored in the final implementation of the controller. 

The main analysis tool used in generating 
linearized models, obtaining estimates of the 
parameter uncertainties, and evaluating controller 
performance has been the Dryden F-18 HARV 
nonlinear batch simulation. This simulation provides 
a detailed nonlinear model of the aircraft, including an 
aerodynamic database containing data for "clean" 
(angle-of-attack less than 40 degrees), high alpha 
(angle-of-attack between 40 and 90 degrees), power 
approach and takeoff flight regimes. The simulation 
is currently hosted on a SUN workstation at UCLA. 
Capability for using interchangeable control laws, 
through a simulation control law interface provided 
by NASA Dryden exists within the simulation and 
has been used in testing a FORTRAN 
implementation of the linear controller with the full 
nonlinear aircraft dynamics. 

2.     Modelling   Assumptions 

The full nonlinear equations of motion for 
the F-18 HARV are given below [3,4]. The 
moments, denoted L, M, and N, and the forces, 
denoted Xw, Yw, and Zy,, where the subscript w 
indicates a wind axis reference frame, have 
components due to gravitation, aerodynamics, and 
engine thrust These forces and moments are strongly 
dependent on the values of state and control 
deflections. The vehicle mass properties are reflected 
in the inertia tensor, /, and vehicle mass, m. Aircraft 
velocity is given by Vand body angular rates by p, q, 
and r. The matrix TJB is a coordinate transformation 
from body to an inertial reference frame, which is a 
function of the Euler angles 0,0, and y. The matrix 
TBW is a coordinate transformation from wind to 
body axes, which is a function of angle-of-attack and 
sideslip. The rates ps and rs indicate stability axis 



roll and yaw rates, respectively. The dynamics are 
given as: 

A 
dt 

0 

0 

a= q-Ps tanß+ 

sin<j>tan9 cosQtanB 

costp        — sintp 

sinQ 
cos8 

mVcosß 

COSQ 

cosQ 

(1) 

A 
dt 

= TIB TBW 

ft]- 

m 

'V 

0 

LOJ 
cos a   sin 

-sin a cos :]m 

where the A and B matrices contain the linearized 
force and moment coefficients at the given flight 
condition. 

A vital part of the controller design was in 
determination of the model uncertainty for use in the 
synthesis procedure. To accomplish mis, several trim 
conditions about the nominal were selected and linear 
models were generated at these points. Linear model 
coefficients were then compared at the varying flight 
conditions to determine which coefficients represented 
the greatest sources of uncertainty. Upon 
examination of these variations, it was found that 
many of the coefficients varied in magnitude over the 
ranges considered, but some varied in sign as well. 
The state coefficients that seemed to exhibit the 
greatest amount of uncertainty were Lß, Ma, and Nß. 
The control coefficients which variedthe most 
significantly were YsAiLr Y&HTr> LSRDRy and 

NdHTr A sample of the variations in these 
coefficients is shown in Figs. 1-6. 

Compensator Design and 
Implementation 

3.1    Design of State Space for 
Compensator  Design 

For the controller design, a linearized model 
was extracted from the nonlinear vehicle dynamics at 
a particular flight condition. A S-state system was 
chosen to represent the dynamics of interest in 
controller design which included angle-of-attack a„ 
sideslip ß, and roll, pitch and yaw body angular rates 
(p, q, r). Control surfaces, a total of 8, included 
leading and trailing edge flaps {SIEP, &TEF\ rudder 
(SRDR), differential and collective horizontal tail 
(Sfn)t differential aileron (4i/L)t and pitch and yaw 
thrust vectoring. The linearized model then had the 
form as shown below. This model was generated 
using the linearization routine in the nonlinear batch 
simulation at a given trim condition. The condition 
selected for controller design was at an angle-of-attack 
of 50 degrees and an altitude of 25000 ft The states 
of the linearized model, then, represent perturbations 
of the nonlinear model states about their nominal 
trim values. Actuator dynamics were not included in 
the state space used for design. The linear dynamical 
system is then represented by: ~ 

x = Ax + Bu 
x=[a,ß,p.q,rf 

u-[Sm-r Si£Fr SrEFf, 8rvcr SAIL,, &T„ SRDRJ, frvcj 
(2) 

The goal in designing the compensator for 
the linearized dynamic system was to track state 
command inputs such that steady state errors due to 
step inputs would go to zero. This was accomplished 
by using a system of error coordinates, ej = x - Xc, 
where xc is the input vector step command. By 
differentiating the error coordinates, the resulting state 
space is a linear system having the derivative of the 
control surface deflections as a controlling input, 
which decays to zero in steady state in the presence of 
step commands [5,6]. Also, it was desired that the 
thrust vector control commands be driven to zero in 
steady state to avoid damaging the thrust vectoring 
control vanes. This was accomplished by defining as 
a state a subset of the controls, vj - B^u, where Bw 
is defined such that vj = [Srvcp. $TVCy1T- The 
resulting linear state equations were then given by: 

(3) 

To model parameter variations in the 
linearized state space, an internal feedback loop (1FL) 

ei 

h. 
-Vl. 

"0 / 0" 

=   0A0 

-0 0 0- 
[•]• 

"o" 
B 



decomposition was used [2,7]. This decomposition is 
represented by the system: 

Xe = UleWf 
x<-(Ao + AA)xe + (Bo + AB)ü   (4) 
AA^DLJtfE    AB = FL^e)G 

The matrices L^e) and Ltfe) contain functions which 
describe the fonn of the parameter variations, with e 
in this case representing uncertainty in the linearized 
state and control coefficients.. By decomposing the 
parameter variations as such, the system can be 
rewritten in a form where the parameter variations act 
as fictitious disturbances to the nominal system. 
This resulting system is men written as: 

Xt ~ A(fiCe + BQÜ + I\v 

w 

LO 

-[ :i ]• 

X« + 
0 

Gl 
Ue)   0 

0   Lfc(£)J 

(5) 

yi 

where r is a new disturbance input matrix which 
includes the ficticious disturbances representing 
parameter uncertainties, yj is an output vector 
associated with the parameter uncertainty and w is 
considered as the disturbance vector. 

3.2    The Disturbance Attenuation Problem 

Once the system has been written in the 
above form, a controller can be designed which 
reduces the sensitivity of the closed loop system to 
parameter variations, acting as disturbances to the 
nominal linearized system. This is done by first 
constructing a disturbance attenuation function, which 
is essentially the ratio of desired performance outputs 
to disturbance inputs. For all admissible 
disturbances, a controller must then be found which 
bounds this function: 

sup 
weLa 

ipyT: y + ybi wf 
Jo 

w Twdt <Y2 (6) 

The vector y represents a linear combination of states _ 
and controls to be weighted quadraticaUy to attain a 
desired level of performance and pis a scalar which is 
used to adjust the relative weighting between 
performance and sensitivity. The performance output 
y is represented by: 

y= 
c x + 0 

L 0 J [ Ci J 
u  (7) 

The disturbance attenuation problem can 
then be converted to a differential game problem with 
a quadratic performance index given by: 

Jo 

The solution of this problem, as presented in [1] is 
obtained by allowing final time to extend to infinity, 
and then solving the resulting algebraic Riccati 
equation (ARE): 

J7+ nA0 - nl BQR^BI —UT
T

 \ -,( J7+ß = 0 

I - nT^i Q = pC'C + ElE 

R = pCiCi + GTG 

This algebraic Riccati equation, however, 
has a sign indefinite quadratic term. The parameter y 
must be adjusted until a solution exists. As gamma 
extends to infinity, this becomes equivalent to the 
standard linear quadratic regulator problem. The 
resulting controller obtained by solving the ARE, 
then, is a linear combination of the states of the 
form: 

Ü = -R-1BQITX     (10) 

For the error coordinate system, this results 
in the derivative of the control being a function of the 
state errors, their derivatives, and the thrust vector 
commands. The control, then, results in a linear 
combination of the error, the integral of the error, and 
the integral of the thrust vector commands. 

(9) 

«—[* «1 *vj [Lr*r L'T" (ID 

The resulting compensator is essentially a 
proportional plus integral system. A block diagram 
of the implementation of the above controller is 
shown in Figure 7. State command inputs are 
obtained as a function of pilot longitudinal and lateral 
stick and rudder pedal inputs. The baseline 
implementation commands angle-of-attack as a 
function of longitudinal stick, stability axis roll rate 
as a function of longitudinal stick, and sideslip as a 
function of rudder pedal.   This combination was 



selected to be somewhat consistent with the baseline 
Research Flight Control System [8]. It should be 
noted, however, that any combination of the 5 states 
may be commanded by combinations of diese pilot 
inputs if desired. For example, a pitch rate command 
system would be just as easily implemented, as the 
baseline implementation simply uses zero as the 
commanded pitch rate. A first order prefilter was 
added with natural frequency of 5 rad/s to effectively 
limit the bandwidth of command inputs so as to avoid 
actuator rate saturation. 

The selection of the state and control 
weightings C and Cj was made such that reasonably 
fast step response to command inputs could be 
achieved without causing actuator saturation. A 
baseline controller was first designed without 
including uncertainty in order to determine a 
reasonable set of state and control weightings to be 
used. Once these were determined, the IFL 
decomposition was used to include uncertainty effects 
in the controller design. The parameters p and /were 
adjusted accordingly to produce a controller which 
bounds the associated disturbance attenuation function 
and provides a reasonably good balance between 
system performance and parameter sensitivity. 

A Simulation   Results 

In order to evaluate the controller design, 
simulations were performed using both the linearized 
model and the full nonlinear batch simulation model. 
To generate nonlinear simulation results, the 
controller was implemented as a FORTRAN 
subroutine and connected to the batch simulation via 
the control law interface provided by NASA Linear 
simulation results were generated using linearized 
models in MATLAB. A nominal trim flight 
condition at angle-of-attack of SO degrees and altitude 
of 25000 feet was selected to perform the evaluations. 
Step inputs in angle of attack and doublets in 
stability axis roll rate were performed in both the 
linear and nonlinear simulations. Comparisons 
between control designs synthesized with and without 
the presence of parameter uncertainty were made in 
both the linear and nonlinear case. Gains generated 
with the effects of parameter uncertainty used a value 
of 1000 for the parameter y. Results from the 
nonlinear simulation were then compared to linear 
results to verify the effectiveness of the controller at 
flight conditions varying from the nominal trim 
condition. 

4.1   Linear  Simulation  Results 

Linear simulation results were generated to 
determine the response of the controller in the linear 
region about the nominal trim operating point State 

and control performance weightings were adjusted in 
the design process to provide adequate time response 
to step inputs in the commanded states, without 
requiring overly large commands from any of the 
controls. As the effect of parameter uncertainty was 
added to the design, comparisons could be made to 
show die resulting effect on time response. 

Figures 8-9 show time responses of the 
linear system using gains generated with and without 
parameter uncertainty. Linear step responses in 
angle-of-attack and doublet responses in stability axis 
roll rate are presented. Linear responses to 
longitudinal step inputs are virtually identical with 
and without uncertainty included in the design, while 
there is a slight difference in lateral response. This is 
mainly due to the fact that most of the uncertainty 
accounted for in the design process was in the lateral 
coefficients. 

4.2 Nonlinear Simulation Results 

Responses were generated in the nonlinear 
batch simulation starting from the nominal trim 
condition of 50 degrees angle of attack at 25000 feet 
altitude. Step responses in angle-of-attack were fairly 
consistent near the nominal point, but had some 
difficulty achieving the higher angle-of-attack flight 
conditions due to actuator saturations. This is 
illustrated in Figure 10. Lateral responses, shown in 
Figures 11-12, showed only small differences between 
the design with and without die effects of uncertainty. 
The main difference between the two can be seen by 
examining the actuator responses shown in Figures 
13-16. The parameter robust controller tends to use 
the" thrust vectoring, whose effect is known with 
greater certainty, than the aerodynamic controls, 
which are less well-known. 

5.     Conclusions 

A parameter robust controller based on game 
theoretic synthesis has been designed for the F-18 
HARV and implemented in nonlinear batch 
simulation. The goal of this design was to be able to 
track pilot command inputs in the presence of 
parameter uncertainties. A linear controller was 
designed and game theoretic synthesis used to extend 
the valid range of the linear controller. The use of 
error coordinates in the controller design provided for 
a compensator which achieves zero tracking error to 
step command inputs in steady state. Also, the 
compensator design allows for any combination of 
angle-of-attack, sideslip, roll, pitch and yaw body 
rates to be commanded with zero steady state error. 

From simulation results, it was seen that 
this controller produced some improvement in the 



lateral response, although limitations due to actuator 
effectiveness and saturations at the high angle-of- 
attack flight conditions considered limited the amount 
of improvement which could be observed. The most 
significant effect of the use of the parameter robust 
controller is seen mainly in the use of different 
actuators to obtain similar responses. That is, 
actuators which influence the behavior of the dynamic 
response with more certainty, such as thrust 
vectoring, are used more heavily than aerodynamic 
controls which have less well-known effects at high 
angle-of-attack. 
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figure 7. Controller Implementation 
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Disturbance Attenuation Approach to Adaptive 
Control Applied to Longitudinal Flight Control of 

the F-18 HARV 

C. H. Dillon and J. L. Speyer 
University of California, Los Angeles 

Abstract 
The disturbance attenuation approach to controlling systems subject 

to external disturbances and uncertain coefficients has recently been un- 
der investigation. In this approach, a ratio of performance outputs to 
disturbance inputs is formed, and a controller is found which maintains 
this ratio below a certain bound. This disturbance attenuation problem 
is solved by converting the disturbance attenuation function to a perfor- 
mance index of a dynamic game problem. This game problem is then 
solved using dynamic programming. The resulting compensator structure 
is adaptive in that, estimates of uncertain coefficients are calculated on 
line, and robust in that the control is a function of the worst case state 
and parameter values. This paper demonstrates the application of such 
a compensator to the problem of longitudinal flight control with uncer- 
tain aerodynamic control moment coefficient and well known thrust vector 
control. Step responses in angle of attack are presented which illustrate 
the effectiveness of the robust adaptive compensator. 

1    Introduction 

Over the past several years, techniques have been developed for controlling 
uncertain linear systems subject to external disturbances by considering a dis- 
turbance attenuation problem. In this approach, a measure which is essentially 
the ratio of norms of performance outputs to disturbance inputs is created, and 
a robust compensator is sought which bounds this ratio below some limit. In 
[1, 2], this problem was approached by converting this disturbance attenuation 
function to a performance index and then using a game theoretic approach to 
find the minimizing control for the worst case maximizing disturbance. This 
approach extended the results of H^ analysis to include not only time invariant 
systems on infinite intervals, but time-varying systems on finite intervals as well. 

In the work presented in [3], this disturbance attenuation approach was 
applied to a class of problems in which uncertainty exists in one or more param- 
eters in the system control coefficient matrix. Using a dynamic programming 

1 



approach suggested in [1], the problem was split into two parts. Optimizing 
from current to final time yielded a controller as a function of the states and 
parameters and an optimal return function which represents the cost to go from 
the current time to the final time. Optimizing from initial to current time 
yielded an estimator structure which provides estimates of the current state 
and parameter values based on past measurements up to the current time as 
well as an optimal accumulation function which represents the cost accumulated 
up to the current time. An algebraic "connection condition" was then deter- 
mined by maximizing the sum of the optimal return function and the optimal 
accumulation function with respect to the states and parameters at the current 
time. This then resulted in a compensator structure which is both robust in 
that it chooses a control based on the worst case disturbances and parameter 
uncertainties and adaptive in that the uncertain parameters are estimated using 
available measurements. 

The problem of flight control design at high angles of attack presents a 
natural application of such robust and adaptive compensators. In [4], a robust 
controller was designed for high angle of attack flight conditions of the F-18 
HARV (High Angle-of-Attack Research Vehicle) aircraft. The compensator was 
designed for zero steady state tracking of pilot inputs by augmenting the state 
space with integral error states. Additionally, flue to the physical limitations 
of the thrust vectoring hardware on the aircraft, additional "washout" states 
were added so that thrust vector commands were faded to zero in steady state. 
The robust compensator design was then used to effectively expand the usable 
region of the linear controller about each design point. 

One difficulty which arises with such a design is that parameters in the 
linearized system may change rapidly and in some cases switch signs over dy- 
namically varying flight conditions. By estimating the parameters which tend 
to vary the most and/or have the greatest effect on system performance, it may 
be possible to increase the overall performance of the compensator as parameter 
values become more well known. The unique advantage of a robust adaptive 
compensator such as that which is presented in this paper is that by forming 
the control based on the worst case values of state and parameters, the com- 
pensator can effectively use the controls whose coefficients are better known 
until enough measurements have been taken to reduce the uncertainty in the 
unknown coefficients to the point where the associated control can be used with 
confidence. 

In the example presented in this paper, the longitudinal dynamics of the F- 
18 HARV are considered at a given flight condition. The plant states are angle 
of attack, a, and pitch rate, </. The controls to be used are elevator deflection, 
c5e, and thrust vectoring, f>rvc- The problem is to follow step commands in 
angle of attack with zero steady state tracking error while fading the thrust 
vectoring commands to zero in steady state due to the hardware restrictions 
of the paddles used for thrust vectoring on the F-18 HARV. To demonstrate 
the behavior of the robust adaptive compensator, the moment coefficient due to 
elevator deflection, M/s,, is considered to be unknown and is to be estimated on 
line. Results are shown which illustrate the effect of the disturbance attenuation 



bound. 

2    Disturbance Attenuation Problem 

The problem of disturbance attenuation is one of finding a control which limits 
the effects of all admissable disturbances and uncertainties on the compensated 
system. A disturbance attenuation function is formed which is essentially a ratio 
of the norms of performance outputs over disturbance inputs. The problem, 
then, is to find a positive parameter 0 such that this disturbance attenuation 
function is bounded. This function can be written as: 

n = Jlill < A    0 > o (1) 

where the measures of performance outputs, \\y\\   and ||w>||   are defined as 

\\vf    =    \\*(tf)\\l,+ £ (Ml + \W\\n)dr (2) 

INI2    =    ll€ (0)||?,-i + y*' (j|«Hlw-i + ll«llv-i) dr (3) 

where x represents the states, u the controls, w the plant input disturbance, v 
the state measurement noise, and £ represents the augmented state defined as 
£ = [ xT ßT ] , where ß represents the unknown control coefficient matrix 
parameters. The dynamic: system under consideration is of the form: 

x Ax + B{ß)u + Tw (4) 
z    =    Hx + v (5) 

(6) 

where 

k 

B(ß)   =   B0 + Y,Bißj (7) 
i=l 

ß    =    0 (8) 

To approach this problem, as in [2, 3], we reformulate the disturbance atten- 
uation problem as a differential game problem, with performance index given 
by: 

=   ^{ll?7l|2-^IHI2}<o (9) 



For a given value of 6, then, the problem becomes one of finding the control 
u which minimizes this cost in the presence of the worst case maximizing distur- 
bance inputs provided by initial conditions, £(()), and state and measurement 
noise (w,v). 

3    Dynamic Programming Solution 
It is shown in that the minimax problem associated with the performance index 
given by (9) reduces to a saddle point problem so that the operations of mini- 
mization and maximization can be interchanged [3, 5]. This leads to a dynamic 
programming solution with an accompanying decomposition, which is further 
developed in [3]. The first part of this decomposition, a control subproblem, 
defines an optimal return function, \I'(xt,/?), which represents the cost to go 
from current time, t, to final time, tj. The second part, a filtering subproblem, 
defines an optimal accumulation function, T(xt,ß), which represents the cost 
accumulated from initial time, 0, to current time, t. The dynamic programming 
problem, then, is to find the values of state and parameters, x, ß such that: 

T (xu ß) + * (xt, /?) > T (xt, ß) + * (xt, ß)   \fxu ß (10) 

3.1    The Control Subproblem 
The control subproblem represents the task of finding the control, u, which 
minimizes the cost to go from the current time, t, to the final time, tj. To 
accomplish this, we first write this cost as: 

Jo [«,*,] = \ {||* (*/)ll2Q/ + ft' [iMlJ + INI2* - \ (HH&-» + IMIv-,)] <*r} (ii) 

Appending the dynamic« (4) to the cost and solving as in [3] yields an 
expression for the minimizing control, u, and maximizing disturbance, w, as a 
function of the states and parameters. The parameter dependence arises through 
the associated Riccati equation, which is calculated using the control coefficient 
matrix, B (ß) evaluated for the given values of the parameters, ß. Thus, we 
have: 

U(T)    =    -R-'Bißf U(ß,r)x(T) (12) 

W{T)    =    eWTTTl(ß, T)X(T) (13) 

where the matrix II (/?, T) is defined as the solution of the Riccati equation 

-ii  =  ATu + nA + Q-n(^B(ß)R-1B(ß)T-erwrTyju   (u) 
U(tf)   =   Qf 



Substituting the expressions obtained for the control and disturbance back into 
the performance index (11) gives the desired expression for the optimal return 
function: 

9(xt,ß)=y?n(ß)xt (15) 

The control which arises from this portion of the solution, then, is based 
upon full information of the state and parameter values. This solution has been 
further extended to allow infinite final time in [5]. 

3.2    The Filtering Subproblem 

The second part of the problem considered is that of solving the optimization 
problem in reverse time from time 0 to the present time, t. To do this, the cost 
is first written in terms of the augmented state, £. 

Jf lo,t] = \ [-\ \i (<>) - &![,_, + jf [lltlg + HI2* - \ (HhV- + h - Bi\\U)\ dT} <16) 

where 

Q = 
Q     o„xp 

and the dynamic's of the system (4) are rewritten in terms of the augmented 
state, £ as: 

i   = 

with A, B, T, and H defined as 

Ä£ + Bu + Tw 

Rt + v 
(17) 

(18) 

Ä = 
A   Biu 
0 

Bku 
B = Bo 

0 
r 
o H=[ H   0 ] 

Adjoining the augmented dynamics, (17) to the performance index (IG) and 
solving the optimization problem results in an equation for an estimator which 
gives estimates of the state and parameter values at time t based on the in- 
formation contained in the measurements, z, up to time t. This estimator is 
represented by: 

£  =   (Ä + ePQ)z + Bu + pRTv-1(z-Ht) 

€(0)    -    6> 

(19) 



where the matrix P is the solution of a Riccati equation given by: 

P   =   ÄP + PÄT + fWtT-P{HTV-1H-0Q)P (20) 

P(<>)    =   Po 

Combining these relations with the performance index as in [3] gives the 
desired relationship for the optimal accumulation function: 

where 

T(x()/3)    = <l(uto,io)-2QeTSe (21) 

i («Tflu + xTQx) -^j(z- Hxf V-'iz- Hx) 

e 

S =    Pi 
6 - 6 

-i 

3.3    The Connection Condition 
The final piece in forming the adaptive compensator is to perform the maxi- 
mization of the sum of the optimal return function (15) and the optimal accu- 
mulation function (21) at time t. That is, we wish to find the worst case state 
and parameter values, x* and ß* which are found from the maximization 

max[*(x,,/?) + T(*t,/3)] (22) 

This maximization can be simplified somewhat by first solving the maxi- 
mization with respect to the state xt which gives an algebraic relation as a 
function of the parameter ß. Partitioning the matrix S as 

S = 

the expression for the worst case state x* as a function of the parameter ß is 
then given by 

xt = [on {ß) - sxx]-1 \sxß (ß-ß)- Sxxxt 

with the requirement that 

(23) 

en (/?) - sxx < o v/3 (24) 



The maximization problem can then be solved as a function of the parameter 
only. It should be noted, however, that since the Riccati solution U(ß) is 
dependent on ß, the resulting function to be maximized becomes quite nonlinear 
and may have more than one local maximum. It is possible that at some time t 
there could be two peaks of equal magnitude. Should such a case arise, it should 
be noted that although the worst case state and parameter values at these peaks 
will be different, the resulting control will be the same [3]. 

4    Application to Longitudinal Flight Control 

The basic dynamic system to be considered in this example is a system consisting 
of two states (angle of attack, a, and pitch rate, q) and two controls (elevator 
deflection, 6e, and thrust vector command, STVC)- The basic dynamics for 
this system are obtained by linearizing the dynamics of the airplane about a 
particular trim condition. For this partieullar example, a flight condition at an 
altitude of 25,000 feet and angle of attack of 10 degrees was selected. The basic 
dynamic system, then, can be written in the form: 

a 

. <1 . 
= 

Zn     Ztl 

MQ    M,, 
a 

. <1 . 
+ 

r i o i a 1>a 
Z      — 

0    1 . '/ . 
+ 

.   '"'/   . 

Zf,^ Z&TVC 
Mfc    MATVC 

6e 
STVC 

+ wa 
(J25) 

(26) 

In formulating the dynamic system to be controlled, we first consider the 
objectives of the control design. Primarily, we would like to be able to track step 
commands in angle of attack, a, with zero steady state error. As a secondary 
objective, we would like to fade the thrust vector control command, STVC, to 
zero in steady state to avoid damaging the paddles which are used as actuators 
for thrust vectoring on the F-18 HARV. Also, since the control effectiveness of 
the elevator can change at varying flight conditions, we consider Msc as the 
uncertain parameter to be estimated on line. 

To accomplish our first objective, we formulate a change of variables and 
define the error coordinate ea as the error between actual angle of attack, a, 
and commanded angle of attack, ac. 

ea = a — ac (27) 

To track step commands in a with zero steady state error, a constant value 
of the control deflection 6e will be required in steady state. To assure that the 
problem remains well posed we must form a new state space by differentiating 
the error so that the control in the dynamic system used in the design synthesis 
is actually the derivative of the actual physical control. This assures that we 
have a state space for which the performance index will remain finite as final 
time becomes infinite [fi]. 



Next, we need to incorporate a means of fading the thrust vector command, 
STVC, to zero in steady state. To do this, we include STVC in the state space 
which we can then weight in our performance index so that it is driven to zero 
in steady state. However, we must also note that the system must remain 
controllable for all values of the parameter ß. To assure that this condition is 
true, we redefine Se as two controls, 

(*e) known + (Se) unknown 

where (Se)known is multiplied by a fixed value of the control coefficient, (MSJ0 

which allows the system to remain controllable for all values of the unknown 
value of M6, which multiplies {Sr)unknmim- Since, in reality, the value of Msc is 
uncertain, we choose the control weightings in the performance index so that the 
cost associated with using (Sc)knnwn is much greater than the cost associated 
with using (A)mifc„„„m. 

The dynamic system used in the solution of the control subproblem, then, 
is defined as in (4) with 

'I 
a 

<] 

STVC 

nknown 

known 
STVC 

and 

0 0 1 0 0 
0 0 0 1 0 
0 0 zn Z<, 0 
0 0 Ma M„ 0 
0    0      0 0      0 

B = 

0 0 0 
0 0 0 

ZK z«. 6f>TVC 

MAe (MOo MeTVC 

0 0 1 

' 0   o ' 
0    0 

r = 1    0 
0    1 
0   0 

For the filtering subproblem, the augmented state is simply 

i 
X 

As an additional note, since for the objectives we have specified, the pitch 
rate q does not need to be controlled, we effectively ignore that state when 
formulating the controller. To be able to control q we would either need to 
include another aerodynamic control such as flap deflection, or allow the thrust 
vectoring command to attain a nonzero steady state value. 

In solving the maximization problem to obtain the connection condition, we 
note that the state STVC is actually something which we calculate directly and 



its dynamics are decoupled from the rest of the states, so that we may simply 
adjoin the constraint f>rvc = !>TVC to (22). Partitioning the Riccati matrix II 
as 

n = i Ixx      1 *xu 

1lux      *bm 

the connection condition for the worst case state becomes 

[011« (/?) - Sxx}-1 [Sxß (ß-ß)- SxxXt - OUXJTVC] (28) 

5    Simulation Results 

To demonstrate the behavior of the adaptive controller at varying values of the 
parameter 0, step responses in angle of attack were simulated. To emphasize 
the effect of 0 on the behavior of the compensated system, the initial parameter 
estimate was taken to have the opposite sign of the true value of M«„. A step 
input of 10 degress from the initial trim condition at 10 degrees angle of attack 
and 25,000 feet altitude was commanded. The linearized system coefficients at 
this flight condition are given in Table 1. To best demonstrate the effect of the 
adaptive controller, the initial estimate of Mt,c was taken to be 2.0. 

Coefficient Value 

za -0.3367 

ZH 0.9970 
Mn -0.2005 
M„ -0.1229 

ZK -0.0093 
Zif,TVC -0.0278 
MK -2.7320 

Mf,TVC -1.4747 

Table 1: Linearized System Coefficients, a = 10 deg, h = 25,000 ft 

In Figure 1, 10 degree step responses in angle of attack are presented. In the 
case of 0 = 0, the response initially moves in the opposite direction before rising 
to the commanded angle of attack and eventually settling to a zero steady state 
error. As 0 is increased, hence the disturbance attenuation bound decreased, 
the step responses become faster and no longer exhibit the characteristic of an 
initial response in the negative direction. This is also reflected in the pitch rate 
responses shown in Figure 2. 

To understand why this increase in 0 improves the step response, we can 
examine the control commands.  First, examining the elevator deflection rate, 



6e, shown in Figure 3 and elevator deflection, 6C, shown in Figure 4 we see 
that for 6 = 0 a great deal of effort is applied using this control, although it 
is actually moving in the wrong direction due to the erroneous initial estimate 
of Mte. As 6 is increased, though, we see that the controller initially uses very 
little elevator. Conversely, in Figures 5 and 6, we see that at 0 = 0 that a 
relatively small amount of thrust vectoring is used, but as 6 is increased, thrust 
vectoring is used more heavily initially before fading to zero in steady state. In 
essence, the controller seems to hedge against using the elevator initially, due 
to its uncertain effects, while relying more heavily upon the thrust vectoring, 
whose effect is known with much greater certainty. 

The estimated values of M«e shown in Figure 7 reflect the heavier utilization 
of elevator for 0 — 0. As 9 is increased from 0, the estimator response is initially 
slower, but becomes faster as 0 increases. The key factor in the behavior of 
the controller, however, lies in the worst case parameter value, M|e, plotted in 
Figure 8. Initially, the true value of the parameter is highly uncertain, which 
is reflected in the "variance" of the parameter M^e, shown in Figure 9 and the 
"cross covariance" between the parameter and state, as shown in Figure 10. At 
some point, as the parameter value becomes more well known, this worst case 
value begins to follow the estimate, M/,r, and the controller then begins to use 
the elevator deflection more confidently. 

The point in time at which the controller begins to follow the estimated 
value of Mf,t is a function of the maximization (22). At a particular point in 
time, it is possible for this function to have more than one local maximum. 
For 0 = 5, Figure 11 shows that this sum around the time that the worst 
case paramter begins to follow the estimated parameter has two peaks. At 
a certain point in time, the peak which more closely follows the parameter 
estimate begins to dominate as the decreasing variance causes perturbations 
from the estimated value to be weighted more heavily. At this point in time, 
the worst case parameter jumps to a value corresponding to this peak. Then, 
as this peak begins dominating the other peak, the controller begins to use the 
elevator deflection more heavily. 

6    Conclusions 

The results presented in this paper demonstrate the performance of a robust 
adaptive compensator based on disturbance attenuation. These results show 
that as the disturbance attenuation bound is lowered, the compensator tends 
to rely more upon controls whose effects are know with more certainty until 
estimates of uncertain coefficients are known with enough confidence to be used 
effectively. The most dramatic improvements in performance occur when the 
initial estimates of the unknown parameters are farthest from their true values. 

For systems which contain a great deal of parameter uncertainty in some or 
all of the coefficients, such as flight control systems, this type of compensator 
can prove to be very useful. Without any a priori restrictions on the structure 
of the compensator, the disturbance attenuation approach results in a design 

10 



which is both robust in that it tends to hedge against uncertain states and 
parameters, and adaptive in that it uses the measurement history to update 
its knowledge of the unknown parameters. This type of design is particularly 
useful for systems, such as the flight control system examined in this paper, in 
which parameters may vary in magnitude and/or sign over varying conditions. 

By using this robust adaptive compensator, the controller not only has the 
ability to update its information of the system model, but is designed in such 
a way that it chooses its control based on how well this model, or parameters 
within the model, is known. As more information becomes available to the 
controller, the parameters within the model become more well known, and the 
controller is able to use this increased certainty in the system model to utilize 
controls which are most affected by the uncertain coefficients with more confi- 
dence. By using the controls which are known with the greatest certainty, the 
overall performance of the system can then be improved. 
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Abstract 

For a class of linear dynamical systems with nonlinear perturbation, an approximate 
optimal estimation scheme is derived based on a deterministic game-theoretic crite- 
rion. Using the calculus of variation approach, the process disturbance and initial 
state vector are first maximized. The resulting optimality condition is then expanded 
with respect to a small parameter to solve for the worst case state and the Lagrange 
multiplier term by term. Subsequently, the approximate optimal estimator is de- 
rived by minimizing a series of cost criterions over its corresponding state estimate 
vectors. The estimator Riccati differential equations (RDE) necessary for the first 
and higher order correction terms are shown to be the same as in the zeroth-order 
case. Then, the infinite order approximate minimax estimator is shown to be dis- 
turbance attenuating. In addition, the N-th order approximate minimax estimator 
is proved to achieve disturbance attenuation with a higher threshold proportional to 
the N + 1 power of the expansion parameter. Therefore, as more and more terms 
are added, the N-th order threshold moves closer and closer to the infinite case. For 
a similar class of linear dynamical system with similar perturbation, an approximate 
game-theoretic measurement feedback controller is obtained. As in the estimation 
problem, first a maximization problem with respect to the disturbance and initial 
state vector is performed. Then, a minimax deterministic game is considered where 
the measurement noise is acting as a maximizing player and the control is treated as 
a minimizing player. The analytical form of the zeroth-order term for the approx- 
imate controller resembles the linear solution. However, the first and higher order 
correction terms of the controller require two estimator where one of the estimator 
is almost the same as in the pure estimation case. The other estimator is derived 
from a two-point boundary value problem associated with the control minimization 
sub-problem. For the zeroth-order case, the two RDEs for the control problem are the 
same as in the linear case. Although the estimator RDE remains the same as the order 
of the problem progresses, the controller RDE for the first and higher order problem 
is different from the zeroth-order case. Finally, the approximate game-theoretic con- 
troller is proved to have disturbance attenuation property when infinite order terms 
are used. Furthermore, this property is kept when only finite correction terms are 
used for the approximate controller using an increased threshold value proportional 
to the N + 1 power of the expansion parameter. As expected, this threshold moves 
closer and closer to the infinite order threshold as more and more correction terms 



are utilized in the approximate controller and recovers the original threshold when 
infinite correction terms are incorporated. 

I. Introduction 

In the literature, the research in the area of the deterministic approximate op- 
timal guidance has been well documented [1, 2, 3]. Two approaches, namely the 
Hamilton-Jacobi-Bellman equation expansion technique [1] and the calculus of varia- 
tion approach [2, 3], are related to our works here. Surprisingly, very few reports on 
the equally important approximate optimal estimation problem using the above two 
deterministic approaches have been investigated. In addition, the disturbance atten- 
uation property of the approximate guidance scheme as derived in [1, 2, 3] has not 
been studied. To the authors' knowledge, only the stochastic approximate optimal 
estimation using also a power series expansion technique is found in [4]. In [4], for 
a specific polynomial nonlinearity of order 3, an approximate estimation scheme is 
derived by indirectly calculating the approximate conditional density function using 
perturbation method. Their results are only valid for a scalar system. Furthermore, 
in [4], explicit formula to determine the expansion terms of the conditional density 
is obtained only for a very simple example. Recently, in [5], a deterministic game 
problem as here is formulated for a singularly perturbed dynamical system. Only the 
linear dynamical system is treated in [5]. 

In this work, using a regular perturbation approach, for a class of linear dynamical 
system with nonlinear perturbations in both system dynamics and measurement equa- 
tions, an approximate estimation scheme is derived. A calculus of variation approach 
[6] is used to derive the estimator based on a deterministic game-theoretic perfor- 
mance index. First, by expanding a nonlinear, two-point boundary value problem 
with respect to the small parameter, a series of linear, solvable two-point boundary 
value problems are obtained and solved for the worst case state and Lagrange multi- 
plier vectors term by term. Next, setting the small parameter to zero, the zeroth-order 
solution for the approximate filter is shown to be the linear H^ estimator as derived 
in [7]. Furthermore, first and the higher order correction terms for the approximate 
game-theoretic estimator are derived via the minimization of a series of performance 
indexes with respect to its corresponding state estimate correction terms. The per- 
formance indexes are results of the power series expansion of the original performance 
index with respect to the same small parameter. Since only the filtering problem is 
of interest here, the resulting estimation equation is simplified by substituting the 
boundary condition of the Lagrange Multiplier into its associated optimality condi- 
tion. The RDEs for the higher order correction terms are derived to be the same as 
the RDE in the linear Hoc problem. 

Subsequently, the disturbance attenuation problem as defined in section II is 
shown to be solved by this infinite-order approximate game-theoretic filter. Fur- 
thermore, the N-th order disturbance attenuation problem is proved to be solved by 



the N-th order approximate game-theoretic filter which is truncated from the infinite 
order filter. Particularly, the disturbance attenuation threshold for the approximate 
game-theoretic filter of arbitrary order is shown to be upper bounded by twice the 
original threshold and the increase in the threshold is proportional to the N + 1 
power of the expansion parameter. Therefore, as the order of the estimator increases, 
the threshold decreases and reduces to the original threshold as the order approches 
infinity. 

Next, the approximate game-theoretic control is formulated and derived by solving 
a disturbance attenuation problem with a regular perturbation approach bu using 
the calculus of variations. The derivations are separated into two parts. First, a 
maximization problem is solved with respect to the disturbance and initial state 
vectors. Following that, the first-order necessary conditions are derived. Similarly as 
in the estimation case, a nonlinear two-point boundary value problem is formed based 
on the original system dynamics and the first-order optimality conditions. Naturally, 
both this nonlinear two-point boundary value problem and the cost function are 
expanded using a combination of power series expansion and Taylor's series expansion. 
Secondly, a series of linear minimax deterministic game problems with respect to the 
expansion terms of the cost function are solved sequentially again using a calculus of 
variation approach. In each problem, the first order necessary condition is derived, 
then another two-point boundary value problem is formed based on the necessary 
condition. 

The zeroth-order solution of the approximate controller resembles the linear case 
as obtained in [9]. The first order and higher order correction terms of the controller 
require two estimator. The first estimator is almost the same in the pure estimation 
case. The second estimator is derived from the two-point boundary value problem 
from the control minimization part of the problem solution. For each expansion term, 
the controller requires the solutions of two RDEs, namely the estimator RDE and the 
controller RDE. The estimator RDe remains intact as the order of the correction 
terms progresses. However the controller RDE for the first and higher order case is 
different from the zeroth-order solution. This is due to the fact that the measurement 
vector is a given sequence and thus not expanded. Therefore, the measurement vector 
is treated as a zeroth-order term only. As expected, similar disturbance attenuation 
results are proved. 

The present paper is organized as follows. In section II, the disturbance atten- 
uation problem for the approximate game-theoretic estimation is folumated. The 
problem is then solved using a game-theoretic approach. Using a caculus of varia- 
tion technique, the first order necessary condition is derived for the maximization 
problem. In section III, the zeroth-order solution is obtained solving a minimization 
problem with respect to the zeroth-order term of the cost function. The first order 
and higher order correction terms for the approximate estimator are derived in sec- 
tion IV. Section V presents the results of the disturbance attenuation property of the 
estimator. Finally, the approximate game-theoretic controller for a output feedback 



control problem is derived in section VI. 

II. Problem Formulation 

Consider a linear dynamical system with nonlinear perturbation 

x = Ax + tg(x) + Yw (1) 

and the measurement equation with nonlinear perturbation as 

z = Hx + th(x) + v (2) 

where xeRn, weRd, and veRm are the state, process disturbance, and the measurement 
noise vectors, respectively. In this paper, g(x) and h(x) are assumed to be continuous 
and infinitely differentiable. To start, denote a disturbance attenuation function as 

Daf{x, w, x(0)) = —— ——     t         —  (3) 
\\x(0) - X(0)\\2   t + J0 HlvC-> + \\Z -Hx- cÄ(x)||2r_1(fT 

' o 

where x is the state estimate vector. The numerator and the denominator of the 
disturbance attenuation function are measures of the output and input energy using 
quadratic norm. Based on (3), the disturbance attenuation problem is defined as to 
find an optimal estimator x*(-) such that 

DaJ{x*,w,x(Q))<0,  9>0 (4) 

for all weL2[0,t] and x(0)eRn such that (W(T),V(T)) ^ 0 for all re[0,t} and ar(0) # x{0). 
In (4), 0 is called the disturbance attenuation threshold, x*(-) is defined as a causal 
mapping as 

X'(T) = *[Z(T)] (5) 

where Z(T) = {z(s)\0 < s < T} is the measurement history. Intuitively, 0 can be 
interpreted as a upper bound of a transfer function measuring the effect of the input 
norm upon the output error norm. 

To solve the disturbance attenuation problem as defined in (4), we adopt a mini- 
max approach. A seperable performance index is obtained from (4) as 

J(x;w,x(0))   EE   -||k(0) - ^(0)11^-, + ^ |||o: - Ä||^ - flll^ll^-! 

+||* -Hx- ehWl^dr (6) 



The problem is to find an estimation scheme based on the optimization of the per- 
formance index in (6) for the system described as in (1) and (2). Thus, consider the 
following deterministic game 

minxmaxx(0)tW J, (7) 

where x(-) is trying to minimize J while the adversaries, x(0) and w(-), are intending 
to maximize J. J is as chosen in (6) subject to constraints (1) and (2) which is 
explicitly introduced into the cost J using a Lagrange Multiplier A. Note that the 
maximization of the measurement noise is implicit through the constraint (2) since 
the measurement vector z is given and the maximization of the initial state vector 
x(0) and the process disturbance w leaves no more freedom to the measurement noise. 

The maximization procedure is tackled first. For our conviences, denote 

J*(x;x*(0),w*) = maxx(p)yW J. (8) 

From the calculus of variation approach [5], the first order necessary conditions of 
optimality are easily obtained as 

AT(0) = H0)-x(0)]TPo-\ Ar(*) = 0, 
\T + \Tcgx + \TA + (2 _ Hx - ehfV-\H + ehx) + 0~\x - x)TQ = 0 

-u^W-1 + ATr = 0 (9) 

where the partial derivativve matrices are defined as hx = -^p and gx = -§*p. From 
(9) and (1), a nonlinear two point boundary value problem is formed as 

x 
Ä 

A YWYT 

(H + eKfV-'H-O-'Q    -AT-e(gx)
T 

x 
A 

+ tg 
■{H + ehx)TV-\z-th) + 6-lQx 

, a;(0) = £(0) + PoA(0),  A(*) = 0    (10) 

II. 1 An Ordinary Perturbation Approach to the Solution of the 
Disturbation Problem 

In general, it is impossible to solve for the worst case x and A analytically from 
(10). Therefore, the worst case x and A are determined approximately by expanding 
(10) in a power series [2]. Note that z is a given data sequence and is not expanded 
below. To start the expansion, let 

j=0 j=0 j=0 
(11) 



Subsequently, g, gx, h, and hx are expanded using Taylor's series expansion with 
respect to XQ as 

where 

g(x)   =   g + gx{x - x0) + -(x - x0)Tgxx(x - x0) + 

=   go + zg\ + <?9i 4- • • • 

9x{x)  =  gX0 + tgXl + tgX2-\  

(12) 

(13) 

9o 

9\ 

9 = g{x)\x=x0 

_ dg(x) 
=   9xX\ = 

dx 
\X=XQX\ 

1 T_        _ dg(x) 
92   =   9x^2 + riifo^i = —ä— 2 ox 

T-   „   —uy\^)\       „       x   Tg g(x) 1 

2l ÖX2 3j=:co'''l (14) 

<7;ro     —    9x — 
dg_, 
dx\x=xo 

d2g{ 
9xi       —      9xx%\   —    n    2\x=x0"^^ 

1 .T- 
9x2                9xX%2   T   nX\ 9xXX%\ 

Note that gxx,gxxx, etc., are tensors. For example, for our conveniences, denote 

(x - Xo)T^l,a 

(x - x0)Tgxx(x - x0) = • (x - x0) 

(15) 

(16) 

^X       XQ)   9n,xx 

as a column vector instead of using tensor notation. Similarly, h(x) and hx{x) can be 
expanded. The related notation is self-explanatory. Equation (10) is then expanded 
using (11), (12), and (13). After equating the coefficients of like powers of e, a series 
of linear, two-point boundary value problems are obtained as 

c°: Xo 

. V 
= 

xo(0)   =   x 

e1: 
Xi 

A. 
= 

A TWTT 

{HTV-XH - e-'Q)    -AT 

x(0) + PoAo(0); Ao(<) = 0 

A TWYT 

(HTV-'H-O-'Q)   -AT 

Xo 

Ao 

Xi 

Ai 

+ 0 
-HTV^z + e-iQxo 

(17) 



+ 9o 

*i(0) 

x2 

A2 

-hT
X0V-\z - Hx0) + HTV~lK - <7j0A0 + 9~lQxx 

PoA^O); Aj(0 = 0 

A rwTr 

(iFV-iH-O-iQ    -AT 

(18) 

^2 

A2 

+ 0i 
5/ 

x2(0)   =   PoA2(0); A2(0 = 0 (19) 

where 

gs   =   -hT
XlV-1(z-Hx0) + hT

XoV-1(h0 + Hxl)-gl\0-gl0\1 

+HTV-1h1 + 0-1Qx2. (20) 

Let x^ and Aj be the solutions to the corresponding problems in (17)-(19). Denote 

oo oo 

j=o j=o 

Similarly, 

j=0 j=0 j=0 j'=0 

Furthermore, J* is expanded as 

a    °° ft I      °° °° 
J* = -pEwiipo+/ öiKE^-cE^iß 

2     j=0 J°    Z      j=0 j=0 
-       OO ß oo oo 

~ll E ^'Hnm - 2II2 " ^E ^ - <E ^)llv-^- 
j=0 j=0 

(23) 
3=0 

Denote J* = J^Zo J«e'- Thus 

Jo   = 

Ji   = 

-f l|AS(0)|||,o + jf |||*S - ÄollJ - ^IIAoll^ " f II* - ^Sll2v-irfr (24) 

-ö[A;(o)]rPoAi(o) + [ (x*0- x0)TQ(x; - Xl) - e[\*0]
TrwrT\i 

Jo 



-6{z-Hxl)TV-\-Hx\-hl)dr (25) 

h = -ö[A;(o)]TPoA;(o)-?i|A;(o)ii^ + jf(*s-xo)Tg(*;-Ä2) 

+\\\*i - *ilß - ö[AS]Tr^rTA; - liiAiH^ 

-*(* - ^sf^C-ff«; - K) - e-\\Hx\ + KWl^dr (26) 

Note that the e° terms in (17) and (24) are exactly the same as in the linear case [6]. 
Thus, zeroth-order solution is indeed the linear Hoo estimator which will be derived in 
section III by minimizing J0 with respect to x0 subject to its associated constraints. 
As shown in section IV, the first order correction term for the estimator will be 
obtained by minimizing J2 with repect to the first order correction term of the state 
estimate, namely, xi subject to its associated constraints. Based on this philosophy 
of the perturbation method, the higher order correction terms of the estimator are to 
be determined in section IV. 

III. Zeroth-Order Solution - the Linear H^ Estimator 

To derive the zeroth-order solution, consider the linear, two-point boundary value 
problem as in (17). Assume 

x* = Xco+P\*0 (27) 

where x^ is an intermediate variable and P is the Riccati variable, both of which are 
to be evaluated later. Differentiation of the above equation and substitution of both 
sides of (17) yields 

[AP + TWTT -P- P(HTV-lH - 6-xQ)P + PAT]\*0 

=   -Axe, + xC0 + P{HTV~lH - 0-1Q)xCQ - PHTV-Xz + e~xPQx0 

Since AQ is arbitrary, the choices of 

Xco   =   AxCo + PHTV-1(z-Hxc<i) + 6-1PQ(xCo-x0),xc{0) = x(0)      (28) 

P   =   AP + PAT + TWTT-P{HTV-1H-e-1Q)P, i>(0) = P0.        (29) 

guarantee the satisfaction of (27). Add the zero identity 

^I|A;(0)||
2

PO - t\\W)\\2m + \ jf ii(K)TPK}dr = o 

to Jo as in (24). Thus 

8 
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Now consider the minimization problem 

\\l-Wz-HxJ\Udr. - M\o ~ (30) 

minz0J0(xo,xCo) 

subject to constraints (28) and (29). Note that the advantage of perturbation method 
is exploited here to obtain the optimal x0 by neglecting first and higher order terms 
of the expansion of the cost function. Thus, using the Lagrange Multiplier technique, 
the first order optimality condition is obtained as 

0 =   Q(xC0-x0) + QP( (31) 
1 =   -Är( + HTV-1HP(-e-iQPC-e-1Q{xCo-xo)-HTV-1(z-HxCo), 

C(t)   =   0 (32) 

The result of substitution of the boundary condition ({t) = 0 into (31) is subsequently 
substituted into (28). Thus 

3?0 = Axl + PHTV~l[z - Hx'0], x*o(0) = x(0), (33) 

where P is determined from (29). Note that (33) is obtained using the fact that the 
current time t is arbitrary. Equations (33) and (29) form the linear i/oo estimator. 
Note that the worst case strategies for x0 and A0 are denoted as XQ and A£ which are 
calculated from 

A TWTT 

{HTV-lH-6-xQ)    -AT 

xl(Q)   =   £(0) + PoAS(0);AS(<) = 0 

Xr\ + 0 
-iFV-iz + e^Qxo 

(34) 

Using XQ, the minimax strategies of x0 and A0 are denoted as x™ and A^1 which are 
determined from 

Xfi A TWTT 

{HTV-xH-e-lQ)    -AT 
o 

\m 
Ä0 

+ -HTV-xz + 9-lQxl 

^(0)   =   Ä(0) + PoA^(0); AS,(<) = 0. 

IV. First and Higher Order Correction Terms 

IV. 1 First Order Correction Term 

(35) 



To obtain the first order correction term for the approximate estimation scheme, 
we first solve for worst case xi and Ai from the c1 term in (18). After that, the 
correction term is obtained from the minimization of e2 J2 with respect to Xi subject 
to its associated constraints. Note that the first order necessary condition of the 
minimization problem of J\ with respect to xx is equivalent to the first order necessary 
condition of the minimization problem of J0 with respect to x0. Using the sweep 
method [5], assume 

x* = xCl + PXl (36) 

Differentiation of both sides of (36) yields 

[-P + AP + PAT + rWTT - P(HTV-lH - 6-lQ)P)X[ 

=   xCl - AxCl + PHTV-\K + HxCl) - e-xPQ{xei - xx) - P(K0)
TV-\z - Hx*0) 

-9o-P(9*JTK 

where (18) is used. Choosing 

xCl   =   AxCl - PHTV-\K + HxCl) + e-'PQixc, - Xl) + PiKfV-'iz - Hx*0) 

+9*o + P(9:o)
TK, xCl(0) = 0 (37) 

P   =   AP + PAT + TWTT-P(HTV-1H-6-1Q)P, P(0) = PQ (38) 

renders (36) an identity and the boundary condition of (18) satisfied.   Before we 
proceed further, add the zero identity 

o = 8[\t(o)fPo\;(o) - o[y0(t)}TP(t)\;(t) + 6
-\\K(O)\\

2
P0 - f I|A;(<)IIPW 

+e f ^[(K)TPK + \(KfPK}dr (39) 

to J2. It follows that 

J2 = 6 I I2dr (40) 
Jo 

where 

h   = 
ß-i i 
— ||xCl - XiWl + 0-\x* - x0)

TQ(xC2 - x2) - -\\HxCl + hZWl-i 

-WfPKKfV-H* - Hxl) + (glfXl) + (z- HxcfV-^Hx* + K) 
+mTPWjrv-1{Hx*1 + K) - (KfV-\z - Hxl) 
-(alfK-ialfK}- (41) 
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after some algebra. Next, assuming that the zeroth-order term of the state estimate 
vector and the zeroth-order adversaries play optimally, 

Ü2     —     J2\Zl-,%2->xCii%C2ix\) 

■^K - *ilß - h\HxCl + hz\\U - (KfP[K)Tv-\z - Hx%) ••f Jo 
+«)3 X?) + (z- HXcofV-\HxC2 + h\) + (KYPKY V~\Hx\ + K) 

-(KfV-\z - Hz?) - (gZfXl - (glfX^dr (42) 

where the arguments of J2 of are written out explicitly to avoid confusion. In (42), 
note that a:Cl,a:J, AJ, and xC2 are all driven by x\. However, from (36), xCl,xJ, and 
\\ are not completely independent. Thus, it is sufficient to consider, say, only the 
constraint equations of xCl and xj. 

Now, when the first order disturbance and initial state vectors play their worst 
strategies, (18) becomes 

A? 
A TWTT 

{HTV-lH-e-^Q)    -AT 
K 

+ 9o 
-hTV-\z - Hx%) + HT

V-'K ~ 9^K + o-'Qxi 

x*(0)   =   PoAJ(O); Xl(t) = 0 (43) 

where the zeroth-order term of the state estimate vector and the adversaries are 
assumed playing their minimax strategies. Substituting AJ = P_1(xj — xCl) into the 
dynamics of x\ yields 

x\ = Ax\ + YWV
T
P-\X\ -xCl) + <tf\ xa(0) = i>0 A;(0). 

After minimization of xo, (37) becomes 

(44) 

xCl   =   AxCl - PHTV-\h™ + HxCl) + e-'PQixc, - X!) + P{h™fV-\z - Hx™) 

+9on + P(970)
TK^c1(0)=0. (45; 

The dynamics of xC2 is similarly obtained as 

xC2   =   (A-PHTV-1H)xC2-e-1PQ(xC2-x2)+gl + P(h:ifV-1(z-HxG
n) 

-P{Kfv-\K + Hx\) + P(9:f\Z + P{gl)TK - PHTv-'h\, 
XcM (46) 
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Next, consider the following minimization problem 

minXlJ2(x1,x2,xCl,xC2,xl) (47) 

subject to the constraints in (46), (44), and (45). Introducing Lagrange Multiplier 
vectors /?i,crx, and 71 to combine the constraint equations as in (46), (44), and (45) 
with J2 as in (42). Thus, the first order optimality conditions from the minimization 
problem (47) are 

0   =   Q{xCl - Xl) + QP71 (48) 

7l   =   -AT
ll+tiTV-1HPTl + P-1gZPßi+P-1TWTTai-P-1gZPX? 

-{CfK ~ KfV-'iz - HxZ) 4- HTV-\HxCl + K), 71« = 0    (49) 

&1   =   -ATal-P-'YWYTal + &TV-lHPßl-{^)TV-\z-HxC0) 
ax\ ox\ 

+[-(z - Hx-fv-^p + HTv~'KaP - {Kfd-^P - P-'CP 

-(|^)T](Ä - AS1) + {KfV-\z - Hxn ^(0) = 0, (50) 

Ä   =   -ATß1 + HTV-1HPß1-6-lQPß1-HTV-1(z-HxCo)-0-1Q{xCo-x*o), 
ßx(t)   =   0, (51) 

where 

-m        99] 7m 92g .-hm_9h. #  -       _ d2h 
9x = ^1*=*™' 9xx = -Q^\X=^, nx - ^k=x-, nxx - ~\x=x™. (bZ) 

In deriving (50), we have used the identity 

[^^]T = (<)r (53) 

Recall from (17), 

A™   =   -ATX^ + HTV-1HPX^-e-1QPX^-HTV-1(z-HxC0) 
-r1g(a:co-x;)A-(t) = o (54) 

Comparison of (51) and (54) reveals that for all r 

\Z(r) = ßi(T). (55) 

After substitution of (55) into (50), 
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&i = -Ära1-p-1TWTTcru (Ti(0)=0, (56) 

where the zero identity 

0 = HPß1-(z-Hxco) + (z-HxZ) (57) 

is used to derive (56). Thus, for all r 

ffi(r) = 0. (58) 

Substituting (55) and (58) into (49) yields 

7,   =   -AT>n + äTV-1NP>n-(gZf>Z-{hZ)TV-1(z-Hx?) 
+HTV-1(HxCl+hZ), 7i(0 = 0. (59) 

Substituting ^(t) = 0 into (48), 

Q[xCl(t) - Xl(t)] = 0 (60) 

Thus, the first order correction term of the optimal state estimate is obtained 
after substituting (60) into (45) as 

i; = Ax\-PHTV-'{h^Hx\{t)}+P{hl)TV-\z-Hx-)^+P{glfX-, x*(0) = 0. 
(61) 

and P is calculated as in (38). In (61), hZ,h™,g™, and 3™ are defined as in (12-15) 
when Xi plays its minimax strategy x?. But from (27), \*Q = P"1^ - xj), then 
substitution into (17), we obtain 

x*0 = (A + rWT3>-1)aS " riy^p-1^. (62) 

Then the first order correction involves the integration of a 2n-vector [(£i)r, (XQ)
T

]. 

It would appear that the dimension should grow on each iteration since the exact 
filter is infinite dimensional. However, the estimate itself using only zeroth-oder and 
the first order terms is x* = XQ + tx\. 

IV.2 Higher Order Correction Terms 

Higher order correction terms for the approximate estimation scheme are derived 
similarly to the first order case. Thus most of the derivation details will not be 
shown. Only the important results are given. For n > 2, the correction terms for the 
approximate game-theoretic filter are derived as 
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- E nKfv-^K.^ + #*»,_,.) + E P(g?fK-i-i, 
:"=0 t'=0 

K(0) = 0 (63) 

where P is same as in (38) and x* = xCn + PA* has been used to derive (63). In 
deriving (63), the expansions of J1 as in (23) up to the order of magnitude e2n (not 
en) are necessary for the minimization problem 

min^J1 = minin(J0 + eJi + h e2nJ2n) (64) 

subject to its related constraints. In (64), for m = 1, ...,2n 

Jm   =   6       "—(TrjQr^-i-z + HxlfV-^Hx^ + h^) 
Jo    l    »=o 

  co> 
i=0 

m-2 

t'=0 
m—1 

-E^-a-^.K,...,*;-!)^ (65) 
i=0 

where 

ri   =   xCi - Xi,  i = 0, l,...,2n, (66) 
t-i 

*.■ = -(Ä;i)
rv-i(-*+^x;)-E(^-i-i)Tv"1(/rafi+i + Äi) 

j=0 

+ E^:-Jr^' «' = 0,l,...,2n-l, (67) 
k=o 

9*Xi   =   K( = 0, i < 0. (68) 

V. Disturbance Attenuation and the Approximate Minimax 
Estimator 

The approximate game-theoretic estimator using up to infinite order correction 
terms as derived in sections III and IV is first developed as a minimax estimator 
asympotically. Then, the disturbance attenuation problem as defined in section II is 
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shown to be solved by this infinite order approximate game-theoretic filter. Based on 
these, a N-th order approximate game-theoretic estimator is then proved to satisfy a 
disturbance attenuation inequality with a higher disturbance attenuation threshold. 
To begin, J* as in (23) is rewritten as 

J*   =   Jo(xo,a;o(0),u;;) + eJ1(Äi,xo,Xi(0),a:o(0),w;i,uJo) 

+€2J2(x2,«i,x0,
x2(°)>xi(°)ixo(°)>whwhwo) + *'- 

ft ß-i 

=   0      -Y-\\{xdo-xQ) + e(xcl-xi) + e2(xC2-x2) + ---\\Q 

-i||(-z + HxM) + e(h*0 + Hxd) + e2(hl + Hxc2) + • • .||£_, 

-t\\{x*0 - X&a) + e{x{ - xcl) + •••ll(s.o(*0)+e,.i(*1)+...)T''-1 

+e[(x*Q - Xc0) + e(x{ - xcl) + ...}T(Ko(x0) + eh*Xi(Xl) + ...fV"1 

[(-z + Hx*0) + e{h*0 + Hx\) + ...]dr. (69) 

(69) is obtained by first adding up the component equations as derived in (30), (40), 
etc. and then using the completing the square technique. Note that g* and h* are 
tacitly assumed to be continuous and differentiate. Thus, the cost using the minimax 
strategies derived in sections III and IV is 

JM   =   J0(^,^(0),0 + eJ1(x*,^<(0),^(0),<,0 

+e2J2(x*2,x'1,x*0,x2
n(0),x™(0),xZ(0), <,<,<) + • • • 

=   0 f -\\\{-z + Hxl) + e{h™ + Hx\) + t\h™ + Hx*2) + • • -fv-> 

-e\\(X0    ~ Xo) + e(XT -«!) + •' 'Il(flm(£.)+e5m(i.) + ...)rp-l 

+*[{*? - xo)+<x? - xd + -]r(^(*s)+<*%(*!) + ■ ■ -fy-1 

[(-z + Hx™) + e(h%(x*0) + Hx?) + ■ ■ -}dr (70) 

After some algebra, (70) is recast as a perfect square expression as 

JM   =   0 ft-^\\(-z + Hxl) + e(hZ + Hx;) + e2(h? + Hx*2) + ---\\2v-1 

-4(xZ - x*Q) + t(x? - xl) + • •-\\l 
e2 

+j\\K + ehZ + ■ ■ •)[(*? " xl) + e(x? -*:) + •• -IH^dr (71) 

where 

G = (9Z(xo) + <(*!) + ■ • -fP-' ~ (hKxo) + '/£(*!) + • • -fV-'H.       (72) 
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Assumptions: 

(1). g(x) and h(x) continuous and infinitely differentiable 
(2). MO) = ^|,=o = • • • = 0 
(3). The matrix functions A(-),T(-), and H(-) are continuous. 

Theorem V.l: 

For the dynamical system as given in (1) and (2), if Assumptions 1 and 2 are 
satisfied, then the infinite-order game-theoretic filter derived in previous sections solve 
the disturbance attenuation problem. 

Proof of Theorem V.l: 

For e = 0, the dynamical system (1) and (2) reduces to 

x = Ax + Tw,  z-Hx-Yv (73) 

Therefore, the disturbance attenuation problem as defined in (4) degenerates to its 
corresponding linear problem [6, 9]. It is well known that the minimax strategy, 
obtained from an approach as used here for a linear problem, is unique when the 
initial state estimate vector is chosen as zero. Furthermore, from the estimation 
theory for a nonlinear dynamical system obtained from a small perturbation of a linear 
dynamical system as given in (73), there exists a sufficiently small perturbation such 
that the minimax estimation strategy is also unique. Now, since (iü,-,Ät-,x,-,z) = 0, 
for i — 0,1,2, • • •, satisfy the first order necessary condition as derived in section III 
and IV, thus zero is indeed the minimax trajectory produced by the unique minimax 
strategy. From (71), if Assumptions 1 and 2 are satisfied, then 

JM = 0. 

Consequently, the strategies x*,x?(0), and w? derived in sections III and IV are 
indeed the minimax estimator asymptotically. Naturally, when the adversaries do 
not play their minimax strategies, 

J»   =   Jo(xl,xo(0),wo) + eJ1(x'l,x*o,x1(0),xo{0),w1,wo) 

+e2J2{x2,x*1,x*o,x2(0),xi(0),xo(0),W2,wuwo) + • • • < 0. (74) 

Alternatively, (74) is recast as 

Daf(x*,w,x(0))<6, (75) 

for all weL2[0,t] and x(0)eRn s.t. (W(T),V(T)) ^ 0 for all re[0,<] and x(0) / x(0), 
where the disturbance attenuation function for the infinite order approximate game- 
theoretic estimator is defined as in section II. 
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0 

Denote 

N 

x* = Nx* + Rx* = Y, & +   Y,  %**> (76) 

i=0 i=N+l 

Now, Daf(x*,w, x(0)) is decomposed as 

where 

Daf(x\w,x(0)) = ?-th<e, (77) 
c-\- a 

a=  I \\x-Nx%dT (78) 
Jo 

b=  f -2(x-Nx*)TQRx* + \\Rx*\\2QdT 
Jo 

= \\x(0) - ^'(0)11?,-, + f ||u>|lw-i + \\z -Ex- th{x)fv-,dr 0       Jo 

(79) 

(80) 

d = -2[x(0) - "r(0)]TPo-
1V(0) + ||*r(0)||'  ,. (81) 

Corresponding to the disturbance attenuation problem defined in section II, a N- 
th order disturbance attenuation problem for the N-th order approximate estimator 
truncated from the infinite order minimax estimator is defined as to find Nx* such 
that 

Daf{
Nx*, w, x(0)) < 6' > 6 > 0 (82) 

for all weL2[0,t] and x(0)eRn such that (W(T),V(T)) ^ 0 for all re[0,t] and x(0) ^ £(0) 
and where 

...,.^_ Jo\\*-Nn2
QdT 

Daf(
Nx,w,x(0)) = 

MO) - ^(O)IIJ-, + £ NlSr-i + II* -Hx- ehix^dr' 

(83) 
Not that Nx* is the truncated state estimate vector as defined in (76). Note that, 
from (78) and (80), 

Daf(
Nx,w,x(0)) = -. 

c 

17 



Theorem V.2: 

For the dynamical system as in (1) and (2), if the disturbance attenuation problem 
(4) is solved by the infinite order minimax estimator, then, the N-th order disturbance 
attenuation problem as defined in (82) is solved by the N-th order estimator, Nx*, 
with a threshold which is at most twice of the original threshold. 

Proof of Thm V.2: 

From (77), using the fact that c + d > 0, thus, 

c c c 
In (81), Rx*(0) = 0, therefore d = 0, (84) is further reduced to 

«<0 + H<0 + ^±J;<20. (85) 
c c c + d 

0 
Remarks V.3: 

Since TV is arbitrary, (85) shows that the disturbance attenuation inequality is 
always bounded by 26 no matter how many terms are used in the approximate game- 
theoretic filter. 

Theorem V.4: 

For the dynamical system as given in (1) and (2), if the disturbance attenuation 
problem is solved by the infinite order minimax estimator and assumption (3) is 
satisfied, then the N-th order disturbance attenuation problem (82) is sloved by the 
N-th order approximate estimator. Moreover, the upper bound of the threshold is 
proportional to N + 1 power of e. 

Proof of Theorem V.4: 

Under assumption 3, one can show that there exists 0 < K\ < oo s.t. 

|&|<tfieN+1, (86) 

where b is defined as in (79).  From (80), c is a zeroth-order term.  From Theorem 
V.2, & <0. Therefore, there exists K2 such that &. < K2. Thus 

\ä<«^<K^<*. < AVV+1 < 0. (87) 
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0 

Remarks V.5: 

As N -> oo, K2t
N+1 -+ 0, thus ^ -» 0. Therefore, as N -» oo, 

c c 
This recovers the infinite order threshold 0. 

£a/("x*, u>, x(0)) = -<0+IM^0. (88) 

0 
VI. Extension to the Measurement Feedback Control Case 

An extension of the approximate game-theoretic estimator as derived in sections 
III and IV is presented here. In [9], a linear game-theoretic controller is derived via 
solving a disturbance attenuation problem. To generalize, consider a small perturba- 
tion of the dynamical system in [9] as 

x   =   Ax + Bu + Tw + ef(x) (89) 

z   =   Ex + r> -I- eq(x) (90) 

First, a disturbance attenuation function is defined as 

Daf(u,v,w,x(0)) = — ~—- . (91) 
||x(0) - xfOJIIJ., + /0

T Hl^-a + M\2v-idT 
1 o 

Based on the definition of (91), the control disturbance attenuation problem is defined 
as to find an approximate optimal ocntroller u* s.t. 

Daf(u*,v,w,x(O))<0, 6>0, (92) 

for all w, veL2[0, T] and x(0)eRn such that (W(T), V(T)) ^ 0 for all re[0, T] and x(0) ^ 
x(0), simultaneously. 
Similarly as in [9], to obatin a measurement feedback control based on causal mapping 
of the measurement sequence, consider the minimax optimization problem 

minumaxvmaxWiX(o)J < 0 (93) 

subject to (89) and (90) where 

J = -5HO)-*(o)|g,-, + i||x(r)||JT 

+\ [ \\A\l + IMft - '(IMIk-» + IMft- )dr. (94) 

19 



In (94), T is the terminal time which is different from the present time t in the 
estimation problem. Note also that the maximization of v is not trivial in this problem 
due to the unknown measurement sequence in the future. 

First, begin with the maximization problem for fixed u and v 

J* = maXu,iX(0)J (95) 

subject to (89) and (90). J is rewritten as 

J   =   -5NO)-4(0)11^+i||x(T)||Jr + 

\ I   Ikllq + \HR ~ 8\H\2w-> ~ Hz -Hx- eq\\Udr (96) 

where V = TiVTl[ (I\ nonsingular). Furthermore, adjoin (89) to J using a Lagrange 
multiplier p. The first order necessary condition for problem (95) follows easily as 

x(0)   =   x(0) + Pop(0), p{T) = 0-lQTx{T), w = WTTp, 

p   =   -efJp-ATp-(H + eqx)TV-1{z-Hx-eqs)-0-1Qx.        (97) 

Next, form a nonlinear two point boundary value problem from (97) and (89) as 

x 

P 

A rwrT 

(H + eq^V-'H-O-tQ   -AT-e(fx)
T 

ef + Bu 
-(H + eqx)TV-l(z-eq) 

x(0) = x(0) + Pop(0), p(T) = 0-xQTx{T). 

x 

P 

+ 
(98) 

To obtain an approximate game-theoretic control scheme, expand x, p, and u as 

(99) x ~ X xie'' ^ = Xp^' u = X uit3 

j=o j=o j=o 

Also, from Taylor's series expansion, let 

/ = X ^'q = X ^ /* = X f*s> ** = X I***-      (10°) 
j=o j'=o j=o i=o 

After substitution of the expansion, we have a series of linear two point boundary 
problem as 
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Xo 

Po 

A TWTT 

iFV-iH-O-iQ    -AT 
x0 

Po 
+ -HTV~lz 

+ 

xo(0)   =   x(0) + PoPo{0), po(T) = 0-1QTxo(T) 

' xx 1    _   f A YWYT 1 f xx 
px J   ~   [HTV-lH-9-lQ    -AT  \[px 

/o + Bux 
-fJ0Po + HTV-\0 - qlV~\z - Hx0) J 

xx(o) = iWo), pi(r) = r1gTa;1(r) 

(101) 

(102) 

X2 

h 
A YWYT 

HTy-'H-e-'Q   -AT + X2 

Pi 

fx + Bu2 

. vlV-^Hxx + qo) - qT
XlV-\z - HxQ) - fJoPx - /> + HTV~% J 

x2(0)   =   Pop2(0), Pi{T) = e-lQTx,{T) (103) 

Furthermore, let x*j and p*j, called the worst case jth order state and Lagrange 
multiplier, be the solution to the corresponding problem in (103). Assume 

x) = Xi + Pp), j = 0,1,2,... 

Based on x*- and p*j, J* is expanded as 

(104) 

*--£ iiE^oyiift + öiiE^^'ißr + ö / IIE^II 
j=0 j=o -70       j=0 

+ii EV'iß - «ii E^'iifuTT - «ii* - tf(E^v') - «(E^IIU**) 
j=0 j=0 j=0 j=0 

where the expansion series 

oo oo oo 

*• = E x>^ p* = E ^ «oo = E & 
j=0 j=0 j=0 

are used. Denote «7* = X)°l0 ^fee • Thus 

(106) 

•ft = -%0m\ + h\4(T)\\2
QT + 

| jf T KIIQ + IKIli - nPlfrwvT - 0\\z - HxlWUdr, 
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J*i    =   -0{P*O(0)]
T
POP*I(0) + [*O(0)}

T
QTX'1(T) + 

(T{xl)TQx\ + ulRu, - 0{pl)TTWTTp\ - 6{z - Hx0)TV-\-Hx\ - 
Jo 

q*)dr, 

r2   =  -^S(0)]rPo^(0) - 1\\PI(0)\\% + K(T)]
T

QTX*2(T) + i||xl||jr 

+ j\xl)TQxl + \\\x% + uT
QRu2 + ||Mß - 0{plfTWYT pi - 

«HrillrHTr - '(* " HxlfV'\-Hx*i - tf) - \\\Hx\ + q*0\\Udr. (107) 

VI. 1 Zeroth-order Solution - the Linear Game-theoretic Controller 

Consider the c° term of (103). As in the estimation problem previlously, we obtain 
from sweep method using the assumption (104) 

x0   =   Ax0 + Bu0 + PHTV-'iz - Hx0) + 0-\PQxo, x0(0) = x(0) (108) 

P   =   AP + PÄr + TWTT-P(HTV-1H-e-1Q)P. (109) 

To determine the zerith-order term of the approximate game-theoretic control, add 
the zero identity 

0 = limfhPoiO) - \[p*0{T)]TP{T)pl{T) +e-j* ^{[pl]TPpl)dr) (HO) 

to JQ as in (107). Thus 

Jo = ^Po(r)|||r + \£ \\x0\\2Q + ||«o|ß - B\\z - HxoWUdr (HI) 

where ST can be evaluated from 

\\\xo(T)\\lT   =   -l[pl(T)]TP(T)p;(T) + \\\xl(T)\\lT (112) 

ST   =   QT[I-0-
1
P{T)QT}-\ (113) 

Now, consider the minimax game problem 

minUomaxz0jQ (114) 

subject to (108) where v0 = z — Hx0. For conveniences, (108) is rewritten as 

x0 = AXQ + BuQ + Tv0 (115) 
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where 

Ä^A + e^PQ, f = PHTV-\ (116) 

Obviously, from [8], the zeroth-order correction of the approximate game-theoretic 
measurement feedback controller is 

u*0   =   -R~1BTSx0 (117) 
v*0   =   e-1VtTSx0 = e-1HPSx0 (118) 

where S is determined from 

-S   =   SÄ + ÄTS-S{BR-lBT-0-lYVYT)S + Q 

=   S(A + e~xPQ) + {A + e-'PQfS - S{BR~lBT - 0-1PHTV-1HP)S + Q 

S(T)   =   ST (119) 

VI.2 First Order Correction Term of the Game-theoretic Controller 

Consider the e1 term of (103). As previously in the estimation problem, using 
sweep method, the first order correction term of the approximate game-theoretic 
controller is derived via the minimax game problem of J£ with respect to the first 
order correction terms of the controller and residual. Note that as previously in the 
estimation problem the minimax game problem of Ja* with respect to the first order 
terms of the controller and residual is not significant for the similar reason. First, 
the first order estimation correction term of the approximate measurement feedback 
controller is derived as 

Xl   =   Ax^But + ff + Pi&fV-^-HxW-PlfV-^Hxi + ffl + e-ipQx! 

+P(fZfPo, *i(0) = 0, (120) 
P   =   AP + PAT + TWTT - P{HTV-*H - e~lQ)P, P(0) = P0. (121) 

To proceed, after substituting u^ and v^ into J% as in (107) and using an appro- 
priately chosen zero identity as before, Jj is converted to 

j;(u*0,v*0)   =   (xl)T(T)STx2(T) +1-\MT)\\2sT + 0Jo   hdr (122) 

where 
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72   =   9-\xlfQx2 + e-l(u*0)
TRu2 + (z - Hxl)TV-\Hx2 + tf) + (fifPK&fV-1 

(C + Hx\) - (q:fV-\z - Hx%) - {fZfP-^xl - h) - (fZfpZ) 

^Hl*i||g + ^HM* - \\\HXl + q-\\U 

-K " ZiFKCfV-^z - HxZ) + (f™)TpZ] (123) 

To obtain the first order correction term of the approximate control, consider the 
minimization problem 

subject to 

where 

mmUlJ2*(xi,x2,Ui,U2,a;i) (124) 

xx = Axx + Bux + voi,  xx(0) = 0, (125) 

'x2 = Äx2 + Bu2 + vo2, z2(0) = 0, (126) 

x\ = Ax\^YWYTp-1{x\-xx) + Bux + fQ, (127) 

x\(T) = [/-r^r^Tr^iCO (128) 

A   =   A + ß-1PQ-PHTV-1H, (129) 

%  = -P^y-^ + P^f^^-^O + Zo' + W^f^ (130) 
s02 = p[-^Ty-1^ + (C)Tv-1(z-^0"i)-(c0)

Tv-1(^ + c) 
+(/;1)^om+(/I

n:)r^]+/r (wi) 
Next, using Lagrange Multiplier Techniques, the 1st order optimality condition 

for the problem (124) is derived as 

ß   =   -ATß-P-1TWTTß-[(z-HxZ)TV-1^P-HTV-1q™P 

+(Po)Tj^tP + p-xf«M* - PO) + (ff f[rr* - v-*vo] 

+(^)^V-1(*-^Sl)-(^)T* + (/S)TÄ,, ß(0) = ß(T) = 0,  (132) 

5   =   -Är7-6-1Qxx-(f™)T
PZ-(q2)TV-1(z-HxZ) + p-1rWTTß 

+P-1%P(& ~ Po) + HTV-\Hxx + 9o
m), 7(T) = ^Srx^T),    (133) 

* = -i^-r1^;-^?-1^, ä(r) = r15r^(r), (134) 
u*   =   -6R-1BT(ß + ^), (135) 
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From (101), 

ft = -ATp% - e-'Qx; - HTV-X, Po(T) = ö-'ST^T) (136) 

Comparison of (134) and (136) reveals that P™(T) = a(r), for all r. In addition, note 
that 

l^p]T = COr; [^?V = «)r; rT* - ^ = -v~\z - Hx™). (137) 

Substitution of (137) into (132) yields 

'ß = -ATß - p-*TWTT~ß, ß(0) = ß(T) = 0. 

Thus, ß(r) = 0, for all r. Clearly, (133) is reduced to 

(138) 

7 = -iT7 - O-'Qx, - UZ)TPo ~ {€0)TV-\z - Hx™) + HTV-\Hxx + qf). (139) 

From (102), after some algebra, 

ft   =   -AT
P^ + {HTV-lH-e-1Q)x\^HTV-lq^-{ql)TV-\z-HxZ) 

-U2?p™, P?(T) = e-lsTx;(n (140) 
Comparison of (139) and (140) reveals that for all r, 

(141) 7*(r) = P?(T). 

Substitution of ß(r) = 0 and (141) into (135) yields 

u* = -6R-1BTp^ = -6R-1BTP-I(x^ - x*), (142) 

where P is calculated from (121).   Unfortunately, (142) is not implementable since 
both x™ and x^ are required to calculate uj. 

Alternatively, form a two-point boundary value problem from (125) and (139) as 

Xi 

7 
A -0BR-xBT 

ETV-XR-Q-XQ        -ÄT 

«01 

xx 

7 
+ 

Xi(0)   =   0, 7(r) = r15rx1(T). 

(143) 

(144) 
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As previously, let the solution of (143) and (144) be x\ and 7*. Using sweep method, 
assume 

x[ = xx + Ö5-X7*. (145) 

The choices of 

-S   =   SÄ + ÄTS - SBR-1BTS - 6{HTV-XH -O^Q), S(T) = ST  (146) 

an   =   izi + üoi, 5i(T) = 0 (147) 

render (145) as an identity, where 

Ä = A + 0-lMQ-MHTV-lH\ M = P + Ö5"1; (148) 

v0l = -MHTV-\Z + M(qZ)TV-\z - HxZ) + M{f%f ft + /0
m- (149) 

Finally, the first order correction terms of the approximate game-theoretic controller 
and the residual are derived as 

u* = -JR"1BT5(x* - xx) (150) 

Note that in (147) boundary condition is at the terminal time. Therefore, in order to 
implement u{, for the time interval from the present time to future we need to rewrite 
z — Hx™ as 

z-HxZ = v'0 + H{k-O> (151) 
due to the fact that the measurement vector in the future is not available to the 
designer. 

VI.3 Higher Order Correction Terms of the Approximate Game-theoretic Controller 

Similar to the first order case, higher order correction terms of the approximate 
game-theoretic control and residual is derived as, for n < 2, (using x*n = xn + 0.S_17*) 

u*n = -R-lBTS(x:-xn); (152) 

where 

iB   =   Axn + Bun + v0n, x„(0) = 0, (153) 

in   =   Axn + v0n, 5B(0) = 0, (154) 

(155) 
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*°n = -p\^:fy-\Hxu.i+q:_2_i)-u:fP*n.x.i]+fu, use) 
i=0 

von   =   -MfctäfV-1 (H x^ + qUt-d-i&fpl-i-i) + £-i,    (157) 

«:, = -*. '" (iss) 

Furthermore, P and S are evaluated from (121) and (146), respectively. 

VI.4 Disturbance Attenuation and the Approximate Controller 

The disturbance attenuation property for the approximate game-theoretic con- 
troller derived in subsections VI.2 and VI.3 is established. Two disturbance attenu- 
ation properties are presented here. First, the disturbance attenuation property for 
the infinite order controller is proved. Based on this, the disturbance attenuation 
property for the finite order approximate controller is shown. For the later case, the 
threshold is first derived as twice of the original threshold. Then, as the number of 
correction terms increased, this threshold is proved to shrink and converge to the 
original one when infinite order controller is used. 

The disturbance attenuation property of the approximate controller using infinite 
correction terms can be proved similarly as the estimation problem in section V. 

To start, J* as in (105) is rewritten as 

J*   =   \\\x0(T) + ex1(T) + ---\\2ST + eJ   ^-\\x0 + ex1 + ---\\2Q + —\\uo + eu1 + - 

-fracl2\\(z - Hx0) + c(-^ - Hxx) + e2{-q\* - Hx2) + ■ • -f^ 

-t\\(x*0 - x0) + e(x* -xi) + - •||(/i.o+£/.i+...)Tp-i 

+e[(x* - xo) + e(xl - xx + • • -]T(<4 + < + • • -fV^-z + Hx*0) + e(q*0 + Hx\) + ■ • -}dr. 
(159) 

Suppose Uj, for i — 0,1, • • •, play their minimax strategies, then 

i|2 
\\R 

JM = \\\x'o(T) + €xi{T) + ---\\lT + 0 J ^■||*S + «; + ---IIQ + ^-K +«*! + ••-Hi 

-fracl2\\(z - Hx*0) + e(-q^ - Hx\) + t\-q? - Hx*2) + • • #_, 

-eWixZ - X*0) + e(z? -Xl) + -- •||(/m+e/m+...)T/»-. 

+e[« - *S) + <*i -*!) + " 'f(£ + < + * * 'fy-X\{-* + Hx™) + e(qZ + Hx?) + •; 
(J 

27 



Assumptions: 

(4). f(x) and q(x) continuous and infinitely differentiable 
(5). <?(()) = 9*(0) = ••• = () 

Theorem VI. 1: 

For the Dynamical system as given in (89) and (90), if Assumptions (4) and (5) 
are satisfied, then the infinite-order game-theoretic controller derived in sub-sections 
VI.2 and VI.3 solve the disturbance attenuation problem (92). 

Proof of Theorem VI.l: 

The proof here is brief since it is similar to Theorem V.l. To begin, it is clear that 
(wi,Vi,Xi,Ui,z) = 0, for i = 0,1,2, • • •, satisfy the first order necessary conditions as 
derived in section VI, therefore zero is indeed the minimax trajectory produced by 
the minimax strategy. Thus, if Assumptions (4) and (5) are satisfied, then 

JM = 0 (161) 

Consequently, the strategies u*, x™(0), w™, t>™,   i = 0,1,2, •••, are indeed the minimax 
controller asymptotically. If the adversaries do not play their minimax strategies, 

J,(uo,u*,- • -;a;o(0),xi(0),- ■■;w0,w1,- '-',Vo,Vi,-' ') < ° (162) 

Alternatively, (162) is recast as 

Da}(u*,x(0),w,v)<6 (163) 

for all weL2[0,T], veL2[Q,T] and x(0)eRn s.t.   (W(T),V(T)) ^ 0 for all re[0,T] and 
x(0) ^ x(0). 

0 

To show that a finite order approximate controller, truncated from the infinite or- 
der controller, achieves the disturbance attenuation property, first, Daf(u*, v, w, x(0)) 
is decomposed. To proceed, denote 

N oo 

u* = ^* + V = J]<ci+  ]T «,V. (164) 

Using (164), Daj(u*,v,w,x(0)) is rewritten as 

Daf(u\ v, w, x(0)) = ^- < 0, (165) 
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where 

S   =   \\x(T)\\lT+ [T\\xfQ + \\NurRdr (166) 
Jo 

b   =    [T2(Nu*)TRRu*\\Ru!2RdT (167) 
Jo 

c  ==   ||*(0)-A(0)||J.,+ /  Nik-» + IMIv-i*- (168) 

Corresponding the disturbance attenuation problem defined in section VI, a N-th 
order disturbance attenuation problem is defined as to find    u* s.t. 

Daf{
Nu\v,w,x(0)) <0'>0>O, (169) 

for all w,veL2[0,T] and x(0)eRn such that (W{T),V(T)) / 0 for all re[0,T] and x(0) ^ 
x(0), simultaneously. Clearly 

Daf(
Nu*,v,w,x(0))="c (170) 

Theorem VI. 2: 

If the infinite order disturbance attenuation problem as posed in (92) is solved, 
the N-th order disturbance attenuation problem is achieved with a threshold which 
is at most twice of the original threshold. 

Proof of Theorem VI.2: 

From (165) and (170), 

Daf(
Nu\ v, w, x(0)) < 9 + ^ < 0 + ^ < 20 (171) 

0 

Theorem VI.3: 

For the dynamical system as given in (89) and (90), suppose the infinite-order 
disturbance attenuation problem as defined in (92) is solved by the infinite-order 
minimax controller, then the N-th order disturbance attenuation inequality as defined 
in (169) is achieved by Nu*. The upper bound of the threshold is shown to be 
proportional to the (N+l)-th power of c. 

Proof of Theorem VI.3: 
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From (167), there exists 0 < Kc\ < oo such that 

.J N oo oo 

|6| = / |2(£ utffBfc «:<•') + ii E u*^dT <172) 

J° »=0 JV+1 N+l 

< Kcle
N+\ (173) 

From (168), c is a zeroth-order term. Moreover, from Theorem VI.l, ^ < Ö. There- 
fore, there exists A'c2 satisfying ^f- < Kc2. Thus, c 

CN+1 
IM < /ClC +   < Kc2e

N+x < 6. (174) 
c c 

As iV -» oo, Ac2e
iV+1 -+ 0, thus § -* 0. Therefore, 

Daf(
Nu\ v, w, x(0)) = "<0+IM_+0. (175) 

VII. Conclusion 

Both nonlinear minimax estimator and controller are derived via a regular per- 
turbation technique by solving disturbance attenuation problems. The disturbance 
attenuation problems are first converted to their associated deterministic game prob- 
lems. Then, adopting a calculus of variation approach, the estimation and control 
game problem are solved. In the solution processes, both nonlinear two-point bound- 
ary value problems and the cost functions are decomposed. Following the perturbation 
techniques, the expansion terms for the estimator and the output feedback controller 
are derived sequentially. The optimization of the odd expansion terms of the cost 
function are proved to be insignificant. Most importantly, using only finite terms, say 
the zeroth-order and the first order correction term, both the nonlinear approximate 
estimator and controler are proved to have disturbance attenuation property. In addi- 
tion, these property is a priori. Using arbitrary term in the estimator and controller, 
the disturbance attenuation threshold is first proved to be twice of the original op- 
timal threshold. As more terms are used, the threshold decreases according to e^"*"1 

and converges to the original one when infinite order is used. This approach is demon- 
strated here as a very powerful tool to provide implementable estimation scheme and 
control algorithm in the output feedback case for the class of linear dynamical sys- 
tems perturbed by a small scale of nonlinearities both in the system dynamics and 
the measurement process. 
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