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FLUTTER ANALYSIS AND ANALYTIC SENSITIVITIES
FOR TRAPEZOIDAL PANELS

by
David Mineau
2nd Lieutenant, USAF

Abstract

Explicit expressions for the stiffness, geometric stiffness, mass, and aecrodynamic force matrices
are derived for the flutter analysis of simply supported composite wing panels. The formulation is based
on Ritz analysis using simple polynomials and Piston Theory aerodynamics. The use of simple
polynomials eliminates the need for numerical quadrature and decreases computation time. Analytic
sensitivities of the aeroelastic system matrices and critical dynamic pressures are obtained with respect to
layer thickness, fiber direction, and panel shape. The method is integrated with wing box analysis based
on either the Aequivalent plate approach or finite element method, making it possible to obtain sensitivities
of the stability boundary with respect to wing planform shape or locations of ribs and spars. The analytic

sensitivities are used to construct approximations of the aeroelastic stability boundary for integrated wing /

panel design synthesis.
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CHAPTER 1
INTRODUCTION

A substantial amount of experience and knowledge has been accumulated over the last forty years
regarding the aeroelasticity of panels in superéonic flow (Refs. 1-4). Different numerical solution
techniques have been used, including exact, as well as approximate Galerkin, Rayleigh-Ritz, and Finite
Element techniques (Refs. 5-7). The problem has practical implications associated with the design of high
speed aerospace vehicles. As an aeroelastic research problem, it is rich and interesting, encompassing a
wealth of phenomena. These include linear and nonlinear stability and dynamic response, dynamics of
systems with random parameters (Ref. 8), and interactions between static and dynamic instabilities in the
presence of in-plane loads and thermal effects (Refs. 9-10). Panel flutter has been used to study
applications of composite materials (Refs. 11-12), transverse shear effects (Refs. 13-14), active aeroelastic
control using strain actuators (Refs. 15-16), chaotic dynamics (Refs. 17-18) , and order reduction in

unsteady aerodynamics (Ref. 19). Most of the studies in the vast panel flutter literature, however, are
A confined to rectangular panels. Solution techniques and results for quadrilateral and trapezoidal panels
have been discussed in only a small number of articles (Refs. 20-23). Skin panels in typical aerospace
structures, however, are very often trapezoidal in shape. Moreover, in the course of optimization of such
aerospace structures, internal ribs, spars and stiffeners may be moved to form trapezoidal skin panels, and
these panels may change shape during optimization in addition to changing material properties and
thicknesses. The capability to efficiently evaluate the aeroelastic stability of trapezoidal skin panels under
combined in-plane loads, as well as sensitivities with respect to sizing, material and shape design
variables, constitutes an important building block in any overall structural/aeroelastic optimization
capability. For optimization strategies based on non-linear programming and approximation concepts
(Refs. 24), evaluation of alternative approximation techniques for aeroelastic constraints is required, since
very little experience exists in this area.

The optimization of panels, subject to acroelastic constraints, has been studied in cases involving
isotropic and composite construction (Refs. 25-29). These studies are usually limited to the treatment of an
isolated panel, excluding its interaction with the structure containing it. In our effort to develop effective
aeroservoelastic synthesis techniques for stressed skin aerospace structures, we have ventured into the area
of airframe shape optimization in order to make rigorous design optimization available to the designer at
an early stage of the design process, where overall shape of the vehicle is still evolving. Analytic shape
sensitivities and approximations have been developed for wing box structural modeling, integrated wing
box / panel buckling analysis, and unsteady wing aerodynamics in both subsonic and supersonic flight

(Refs. 35-38). The present work will focus on the integrated wing box / panel flutter analysis and



sensitivity problém with an emphasis on the needs of planform shape optimization. This includes the
sensitivity analysis of panel flutter in the case of the isolated panel, subject to given in-plane loads.

The thesis opens in Chapter 2 with a derivation of the equations of motions for the panel flutter
problem based on a Ritz approximation. Chapter 3 discusses the panel modeling and the simple
polynomials used as admissible functions in the Ritz analysis. Chapters 4 through 7 develop the mass,
stiffness, geometric stiffness, and aerodynamic matrices. Analytic sensitivities with respect to panel
shape, thickness, and fiber orientation are derived in Chapter 8. Chapter 9 presents the verification and

results of the present technique and Chapter 10 provides the conclusions of the work.



CHAPTER 2
PANEL FLUTTER EQUATIONS OF MOTION
2.1 Introduction

The panel flutter equations and stability analysis are developed in this chapter. The equations of
motion are derived using energy methods and Ritz approximation. The formulation uses the assumptions
of classical plate theory for symmetric composite laminates. A State Space modeling approach is used to
develop the stability analysis of the system, and the flutter problem is shown to be a linear generalized
eigenvalue problem. The determination of critical dynamic pressures calculated with and without

aerodynamic damping is discussed as well as the different types of aeroelastic instability.
2.2 The Lagrange Equations

The standard Lagrange equations, for a system with N degrees of freedom, is given as:

9 (9T ) o (T-U) _
319 q,, dq,

j=1.N 2.1)

where q; are the generalized coordinates, U is the total potential energy of the system, T is the kinetic

energy, and Q; (the generalized forces) are defined by the virtual work of non-conservative forces:
dw=Y 0,5 g, 2.2)

In plate theory, the potential energy is usually derived as the sum of the strain energy due to

bending, U, and the potential energy due to in-plane loads, V. Thus Equation 2.1 can be written as

QW+V-T) 3 (T i N .
3 q ot\agq,) - T &2

For a symmetric laminate the strain energy due to bending (Ref. 52) can be written in the form
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U=—;—H[W,}“ w.., 2w. D] wW.., |dxdy 2.4)
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where W' .y 18 the vertical displacement of the panel and [D] is the symmetric 3X3 bending stiffness
matrix defined by

D, =Jz2Qija'z 2.5)

The potential energy of in-plane loads, Ny, due to the deflection W’(x,m is (Ref. 52)

¥ vy

| i |
V=%H[W,; W,‘y{;\\;; x"’}m’f]dxdy 2.6)

Finally, the kinetic energy of the panel is given by

2
1 o w!
T=2 ” p mh(?] dxdy Q@7

where py, is the material density per unit volume and h(x,y) is the panel thickness.
2.3 Ritz Formulation

The unknown elastic deformation Wl(x,y,,) is approximated by a series of admissible functions:

N
WY, =Y, Fiend: () 2.8)
i=]

The functions f; «, satisfy the geometric boundary conditions and q; ¢ are the generalized displacements.

In matrix form the deformation is:
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The first derivatives can be expressed as:
: 9
W, o Fox o Sua
R AR A W oy 210
w 4 fl,y fZ,y fN,y .
T
and the second derivatives are given by:
q
Wl'xx fl,x.x f2,xx fN,xx ql
Wiy b=l fin Fay o Fam 2 v=[FKq} @.11)
W' | |2fin 2frm - 2fna .
N

These Ritz approximations, used to reduce the order of the system from infinite to N, can now be

substituted into the Lagrange equations.

2.4 Strain Energy

The partial derivative of the strain energy (Eq. 2.4) with respect to the generalized coordinate g;

W,
=—jj—(W1 w., 2wi]){p] w..,

2V,

W (2.12)
+w.i. w.l, 2wl [Dp] aaq W,Z dxdy

i 1
2w,



From equation 2.8 the second derivatives of W' can be given as:

W’:a = 2 fi,qui W’;y = 2 fi,yyqi W’}ty = z fr',qui 2.13)

from which follows

oW, ¢ oW, p oW, ; 014
aqj AL aqj —J oy aqj T Jjay :
substituting Eq. 2.14 into Eq. 2.12 gives:
W, A
°U _! 2 D 3 : : zwlDfmdd
dq _Eﬂ[fjxx fj,yy fj,xy][ W’yy +[W’xx W’yy ’Xy][ fj,yy xay
j 1
/ 2w, 2f; 5
(2.15)
fj.xx
Notice that the quantity [W,Lx W,lyy 2W,LyID f iy |isa1x1 matrix and is therefore
2fjvxy
symmetric. Thus
T
fj,xx fi»xx
1 1 1 1 1 i
[W’xx Wi ZW’WID Fiw |= [W’xx Wiy 2W’xy][D iy
Jxy Jrxy 2.16)
Wl
=[f1xx f/yy 2fj,xy][D W’;y
W,
Substituting Eq. 2.16 simplifies 2.15 to:
. W,
o U =
aq;jj[fj,x, fiw 2fo D] W., |dxdy | @.17)
J .

1
2w,




For all j=1...N Eq. 2.17 becomes:

(0 U
dq - -
a []l fl,xx fl,yy 2f1,xy W 1
a fZ,xx fz,yy 2f2xy ’fx
10 4, L = J.J. . . ) [D W,yy dxdy (2.18)
N . . . 1
| P 2w,
a U L/ N N,yy Noxy |
d gy )

Substituting Eq. 2.11 gives:

QU QW
QSIQ

(2.19)

Q
TR
[}

= [J[E ] [DYF Kadxdy

2.5 Potential Energy Due to In-plane Forces

The partial derivative of V (Eq. 2.6) with respect to the generalized coordinate g; is:

AV 1y o W, d_[|W.
2Lt b ot vt (e e

N. N
where [N]=|:Nx ny}

xy y

From equation 2.8 the first derivatives of W' (x,y,t) can be given as:

W’,lr = Zfi,x q; W}lJ = Z.fi,y UF (221)



from which follows

oW, P oW, P om
=f.. =f. 22)
a qJ I a qj .y
substituting Eq. 2.22 into 2.20 gives:
oV 1 W,i 1 1 fj,x
d q, =E.”[f1x Fiv IN{W,;J +[W’x W’yIN Fis dxdy 223

As in the derivation of the strain energy, the second term in the integral is symmetric because itis a 1x1

matrix. Therefore Eq. 2.23 can be written as:

oV w,!
= ‘ AN * \dxd 2.24
4 [ £, {W}j vy 29
For all j=1...N
oV
J q,
a V fl,x fl,y Wl
< 3 _ . . "
AT IR O ]
r fN X fN y .
oV
J v

Finally substituting Eq. 2.10 into Eq. 2.25 gives:



oV
d g,
oV
T
10 g, \= H [F,] [N]F, Kq}dxdy (2.26)
%
d gy
2.6 Kinetic Energy
The kinetic energy in this problem (Eq. 2.7) is a function of the time derivatives of the
oT
generalized coordinates only, thereforé =0
q;
The derivative of W', with respect to time can be written as:
oW X
a t = 2 fiqi,t ' (2‘27)
i=1

Substituting this expression into Eq. 2.7 results in:

I y :
T= 3 H pmh(g fiq,.‘,) dxdy (2.28)

Differentiating with respect to ¢, gives:

oT

N
a— = _U pmhfj (2 fiqi,t) dxdy (2.29)
9. i=1

Differentiating with respect to time gives:
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Expanding for j=1...N and substituting in Eq. 2.9 leads to:

=)

= [fon "

fi

fu

Flafasts = [[o.HF

AL HE

2.7 Virtual Work Due to Transverse Loads

10

(2.30)

(2.31)

The virtual work, 8w done by a transverse force, E]-(x,y) , on the panel is the force over the panel

area multiplied by the virtual distance:

O w= HS Wla(x’y)dxdy

Using Eq. 2.8 the virtual displacement can be expressed as:

N
=Zfi8 q;
i=1

Combining the above equations gives:

(2.32)
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N _ :

8 w= szfls qiq(x,y)dXdy (233)
i=1

By the definition of Q; (Eq. 2.2), the vector {Q} can be expressed as:

- fi

to}= ” : 00 ddy = H " G ey drdy (2.34)

fu

{ x,y) Can be any transverse load, but in the context of panel flutter it is the pressure applied to

the plate by the acrodynamic flow. Therefore the aerodynamic contribution to the system will be solely
through the {Q} vector.

2.8 Equations of Motion

Recall that the Lagrange equation was given by:

2w 2 (AT
3q, 9tldg,) & T

Substituting the derived equations above gives:

(11T oL Yoot + [l TV Yot [ o AT e it =

H q(, yydxdy

Because the generalized coordinates, {q}, are not functions of x and y they can be placed outside of the

integrals. The equations of motion can then be expressed as:

rfa + (K Ha}+ Koo} - {0} 239
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where [M] is the NxN mass matrix:
[M]= || HE] [F Jxdy 237)
[K] is the NxN bending stiffness matrix:
[k]= [[[F.] [DIF, Kxdy 2.38)
and [Ko] is the NxN geometric stiffness matrix:

(ks 1= [[[F.] [NIF, Jxdy | (2.39)

2.9 Generalized Eigenvalue Problem

It will be shown in Chapter 7 that when piston theory aerodynamics are used for the transverse

load contribution, the nonconservative aecrodynamic forces are expressed as:

{0}=0.U_[As, ]{q} +p.U2[Ay Ka} (2.40)

Substituting this into Eq. 2.36 gives the equations of motion as:

[M ]{é} =0 Ay ]{é}+ [K+Ks-p.U2A,, ]{q} = {0} @4

or

- -

It should be noted that the model presented above does not include any structural damping. This can be

added in the form of viscous damping in the [E']matn’x (Ref. 31).
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Ata givén altitude, Mach number, and corresponding speed, and for a given set of in-plane loads

obtained from the wing box solution (Ref. 37), the poles of the system can be found to determine if the

panel is stable or unstable. Applying the Laplace transform to Eq. 2.42 gives:
2 _ = == _
[s M +5C+ K]{qm +={o} Q4

This is a quadratic eigenvalue problem which can be solved by converting it to a first order problem.

Let {x1 (s)} = {q(s)} and {x2 (s)} = s{q(s)}then Eq. 2.43 becomes:

sfat=1{x}

(37} = R - [ @4

or

NiREG G|, -

If we have N generalized coordinates, {q}, then W], F], and F(] are all NxN matrices and the first

order equations are a 2Nx2N generalized linear eigenvalue problem of the form:

[ﬁ]{q) }=2 [7]{¢ } (2.46)

where A are the eigenvalues (poles) of the system and {¢} are the corresponding eigenvectors. The

eigenvalues and eigenvectors are found using the QZ algorithm (Ref. 42).

2.10 Stability Boundaries

At the given flight conditions and in-plane loads, a panel is stable if all of its poles (eigenvalues)

reside in the left side of the Laplace plane. Each pole contributes to a transient motion in the panel of the
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(oHolt -

form e . If a pole is written as A=C+j, then it contributes a motion of the form e e(cosat +

jsinat). A pole’s contribution to the panel displacement grows with time if its real part, o, is greater than
zero and therefore causes instability in the panel. A complex pole with a positive real part represents an
oscillatory instability, or flutter. A purely real pole that is greater than zero is non-oscillatory and
corresponds to divergence or buckling. Thus, eigenvalue analysis can capture instability due to either
buckling or flutter.

The point at which a panel becomes unstable is usually found by assuming a given Mach number
and set of in-plane loads. The dynamic pressure is, then, slowly increased, keeping all other parameters
constant. Eigenvalue analysis is repeated for increasing dynamic pressures until a pole crosses into the
right hand side of the s-plane (Fig. 2.1). This is equivalent to flying at a constant Mach number while

decreasing altitude. The dynamic pressure at which the panel flutters is labeled qautter.

jo s-plane
Flutter
X
c
jo s-plane
X Divergence
2 Y

Figure 2.1 Stability Analysis in the Presence of Damping

In the panel flutter literature, it has been observed that due to limitations of Piston Theory, the
associated aerodynamic damping can sometimes lead to counter intuitive / unreliable results. Structural

damping effects are also quite hard to model accurately( Ref. 31). For a conservative stability boundary,
then, the structural and aerodynamic damping are often ignored by setting [E] = [0] in Eq. 2.42. This

results in a model with no damping, and the stability analysis has to be modified accordingly.
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As long as the system is stable its poles are purely imaginary. Only after flutter or buckling

occurs does any root have a real part (Fig. 2.2). In the case of flutter, two poles that start out as natural
frequencies will coalesce as the dynamic pressure is increased to the point where they become complex
conjugates of the form *c + jo (Fig. 2.2a). The corresponding dynamic pressure is called (eritical.

Buckling or divergence occurs when one root becomes a positive, non-oscillatory root (Fig. 2.2b). The

present analysis (and associated computer program) predict both eriticsr a0 Grutter.

jo s-plane

Lol

Flutter
Instability

L

o

jo s-plane

Buckling
Instability

o

<—>

Y

Figure 2.2 Stability Analysis in the Absence of Damping




CHAPTER 3
POLYNOMIAL MODELING

3.1 Introduction
Simple polynomials for modeling and Ritz approximation basis functions are discussed and
developed in this chapter. The motivation for using simple polynomials is discussed followed by a
presentation of the wing box and panel models used in the present analysis. Finally, admissible

polynomials for simply supported panels are developed.

3.2 Motivation for Simple Polynomials
Admissible functions based on simple polynomials, as is well known, lead to ill-conditioned

system matrices (Refs. 32-34). As higher order polynomials are introduced to better approximate the
solution, high and low order terms appear simultaneously in the system matrices, leading to a large
difference in orders of magnitude of matrix terms. On finite word-length computers this leads to ill-
conditioned linear equation and eigenvalue solutions. If convergence to the solution is not obtained with
low order polynomials, the addition of higher orders will lead to ill-conditioning and the sol.ution.
technique will likely fail.

However, there are several advantages to simple polynomials if ill-conditioning can be avoided.
Simple polynomials allow for integrals in the system matrices to be performed analytically, making
numerical quadrature unnecessary. This greatly reduces the computation time- required for solution,
Simple polynomials have been successfully used as admissible functions in plate vibration and shells. In
the context of wing optimization, simple polynomials have been used for deformation, stress, and mode
shapes in wings of complex planforms (Ref. 35). Finally, Ref. 37 shows that panel buckling analysis can
be successfully integrated with wing box structural analysis using simple polynomials.

The greatest advantage of simple polynomials for the present problem of panel flutter is the
ability to perform analytical sensitivities. Refs. 35 and 37 show that it is possible to easily obtain very
accurate closed form sensitivities. In design oriented structural analysis there is a need to analyze the
flutter stability boundary of the wing panels when their shapes and other design variables are changing.
Analytical sensitivities for the stability of wing panels that can be provided quickly to a designer provides
an important link in wing and airframe optimization.

The success of previous experiences using simple polynomials for analysis and analytical
sensitivities combined with the computational speed such formulation allows is the basis for using simple

polynomials in the present panel flutter analysis.
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3.3 Modelin
In the polynomial based wing box analysis, the thickness of layers of fibers in different directions

is given by simple polynomials. For layer i out of N layers in a panel

. . . . . mt nt
t (%) =T1’ +Téx+T§y+lex2+.,= Zl T! .x( k) .y( k) Ji= LNL 3.1)
b k=

t

X are x and y powers of the k™ term of the thickness series for the i

The powers m]t( and n

i
k

trapezoidal segments are transformed into a unit square for numerical analysis, here the thickness

layer. The coefficients T, serve as sizing type design variables. Unlike many studies, in which wing

polynomial is given in terms of the physical x,y coordinates (Fig. 3.1).

Air Flow y

N Y

Figure 3.1  Wing Planform

The overall thickness of skin panels is the summation of the Ny, layers:

N N, N. t: t:
L LNi oo e
) T By T & 2 lex by 32)

In a similar manner, cap areas for the spars and ribs of the wing box model are also expressed as
simple polynomials of either x (for ribs) or y (for spars) (Refs. 32-34). Depth of the wing box is also given
by a simple polynomial in x and y, to be defined later.
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3.4 Admissible Functions

An admissible function will be any polynomial we choose that satisfies the simply supported
boundary conditions on the perimeter of the panel. Figure 3.2 shows a trapezoidal panel defined by
coordinates of its vertices in the x,y axes. The subscripts L and R denote left and right sides, respectively.

The subscripts F and A denote front and aft lines, respectively, and X and x A are the x coordinates of the

forward and rear points on a line parallel to the sides of the panel.

yL R
y - Y
XFL
XF
Air Flow y
XAL ) *
XA \

XAR

Figure 3.2 Panel Layout

Based on Fig. 3.2, we can write the following equation for points on the front line:

X Vo= Xppy Xpp =X
~ CEL’R“TFRLy . “FR FL)y=RF+SFy

YR™YL YR™YL (3.3)

In a similar way, on the rear line, expressing x A in terms of y leads to:

x, ()

X, ¥, —X,pY X, p—X
- (FAL'R TARPL)  ZARTTAL,, _ g

xA(y) A+SAy (3.4

YRTL YRTYL
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The funétion FB (x,y) = [x —Xp (y)Ix Xy (y)][y -y ][y ~ YR ] satisfies the zero

displacement boundary conditions on the circumference of the panel. Using Egs. 3.3 and 3.4, and

expanding in terms of x and y yields

— 2 2 2
FB(x,y)_(U1+U2y+U3y ){V1+V2x+V3y+V4x +Vsxy +Vgy©)

(3.5)
or
% n# 6 m‘j n‘]f 3 6 m}’ nl“+n}f
F =YU;y" YVx 7y /7 =% >SUV.x "’y (3.6)
Bxy) "V 21 i=1/=1 ' J
where the constants U and V are given in terms of panel vertex coordinates by:
Up=ypypUpy =-Op +yg)Us =1
Vi=RgREp.Vy = ~(Rq +Rp)V3=(RySp +RES 4) o

V, =1V =—(SA +SF),V6 =SS,

Powers of x and y corresponding to constants U and Vare given in Tables 3.1 and 3.2.

Table 3.1 Constants Ui and their corresponding power of y.
i Uj nj
1 U 0
2 87) 1
3 U3 2
Table 3.2 Constants Vj and their corresponding powers of x and y.
j M m nj
1 Vi 0 0
2 Va 1 0
3 V3 0 1
4 Va 2 0
5 Vs 1 1
6 Vs 0 2
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Any polynomial multiplying Fs will be an admissible function satisfying the boundary conditions

of a simply supported panel. Therefore the transverse displacement of the panel can be written as:

Ny W oW
my n}

wlixy) = Fp M ; Z ap* T (3.8)

where the coefficients q p are the generalized displacements. Substituting the Eq. 3.6 for Fg we can

write:
Ny 3 (m}’+mw) (n”+n}’+np

Wlixy) = Z pr by Z UV« y 3.9
p=1 " i=lj=l

The admissible functions are thus expressed in terms of simple polynomials, where the p®
admissible function (Eq. 2.8) is given by:

VW VW
(mj+mp )y(nlu+nj+np )

f

p Ry~ Z Z uiv

i=l ]_

J (3.10)



CHAPTER 4
MASS MATRIX
4.1 Introduction
Equations for the terms of the mass matrix are derived in this chapter. It is shown that the terms can

be expressed as linear combinations of area integrals of polynomials.

4.2 Mass Matrix Terms

The mass matrix was derived in Chapter 2 as:
T
[M]= [[p.H[F] [F Jdxdy @
area
where py, is the material density per unit volume, hy ) is the panel thickness, and the matrix [F;] contains

the admissible functions:

[F1]=[f1 fa o Syl 4.2

Substituting the admissible functions into [M] gives the individual terms as:
M,, = ([ phf, f dxdy @3)
area
This equation shows that the mass matrix is symmetric.
The panel thickness, h, is expressed as a summation of the individual layers’ thickness. As shown in

Chapter 3 the thickness is:

Ny Ny N;
_ _ _ i_mi _ njf

Ry = tiey Fhaem Tty = Dliay = 2, 2 Tix™ y™ @.4)
=l i=] k=1

where Ny is the number of layers in the panel and N; is the number of thickness terms in each layer. If the

thickness of all layers are expressed by the same order of complete polynomial then all layers will have the
same number of terms, N¢, and the same powers m,i and n," . This restriction simplifies the formulation

of the panel thickness while not taking away from the flexibility for representing complex panel thickness.

A new vector, 7,: is defined to add all of the T,c' terms associated with the same powers of x and y:

Ny
T,=)T, | @.5)

i=1

Now the total panel thickness is simplified as:



N,

Py = 2, Tx™ y" (4.6)

k=1

Substituting this into equation (4.3) leads to

=p, ZT [J £, £.xm5 dicdy @7

k=1 area
Recall that the p™ admissible function was given in Chapter 3 in terms of the coefficients U; and V; as
(m+m) (n+n+r1)
p(x y) ZEU V 4.8)
i=l j=1

Substituting into equation (4.7) leads to the explicit form of the mass matrix terms:
N, 3 6 3 6 i
=Pn 2, 00 Y, S LUV, [[ 2"y dudy “9)
k=1 i=1 j=1 ii=l jj=1 area .
where
— v v w 1
m=m; +m; +m’ +m’ +m,
n=n'+ng+n;+n;+n’+n’ +n,
Note that all of the elements of the mass matrix are a linear combination of area integrals of simple

polynomials

ITR(m,n) _” x" y"dxdy 4.10)

area
which, for &apezoidal panels, can be carried out analytically, as shown in detail in Ref . 35. It will be
shown that all of the system matrices will be combinations of the same family of integrals Irrimy,) -
The mass matrix is de.pendem only on the thickness terms 7;: through Tk and the panel shape

variables through U; and V;. The area integrals depend only on the panel shape variables through the

limits of integration as shown in Ref 35.

22



CHAPTER 5
STIFFNESS MATRIX

5.1 Introduction
Expressions for the terms of the stiffness matrix [K] are derived in this chapter. It is shown that
the stiffness terms can be expressed as combinations of integrals of simple polynomials. Quasi

homogeneous or orthotropic construction is assumed.

5.2 The In-plane Stiffness Matrix
As shown in Chapter 2, the equation for the Ritz formulation of the stiffness matrix is:

[K]= Jf (=T [DTF Jixas | 6D

area
where [F;] contains the second derivatives of the admissible functions and [D] is the bending stiffness
matrix. Expressions for the in-plane stiffness matrix, [A], the bending stiffness matrix and the matrix
[F5] are required for an expression for [K].

The in-plane stiffness matrix is defined as

[4]= [[e@}e (5.2

z
where [Q(z)] is the material property matrix. [Q(z)] can be expressed in terms of material invarients and

the layer fiber orientation angle by defining [Q,] through [Q.] (Refs. 37,51) as:

u U, 0 1 0 0 1 -1 0
[0]=|U, U, 0 [+U,]0 -1 Ofcos(20)+U,|-1 1 0 |cos(40)+
0 0 U 0 0 0 0 0 -1
- (5.3)
U 00 1 0 0 1
720 0 1[sin(20)+U,|0 0 ~1|sin(48)
110 1 -1 0

The polynomial description of panel thicknesses in terms of the global x-y coordinates was given in

Chapter 3 as a summation of the thickness terms of N, layers:

Ny N, N, e
_ _ — img ony
Pisyy = Lieyy Thagg Tty ey = Zf«m = ZZTM y G4
i=1 i=] k=1
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For a panel contéining NL layers of fibers, the in-plane stiffness matrix [A] can be expressed in terms of

individual layer thicknesses and fiber orientation angles by substituting Eqs. 5.3 and 5.4 into Eq. 5.2:

N
[A]- [Qo [QI]COSZO [QZ]cos49i +[Q3]sin29i +[Q4]sin4(-)l-].ti (x.y) 53

Let a material and fiber orientation dependent matrix, @(G i )], a 3x3 matrix, be defined as:

[E(Gi )] = [[QO ]+ [Ql ]cosZGl- + [Q2 ]cos46i + [Q3]sin 26; + [Q4 ]sin 40 ; ] (5.6)
The in-plane stiffness matrix [A] can now be expressed in terms of the sizing design variables, Tij ,and

fiber directions as a polynomial:

N, N i)l
L nf)
[A]= 2% . §l o6, )] oy kT 57)

5.3 The Bending Stiffness Matrix

For unidirectional, orthotropic or quasi homogeneous laminates the in-plane and bending
stifftness matrices are related through (Ref. 54)
B2
[P)=[A} | (5.8)
Using Eq 5.4 to express h2in ierms of thickness design variables, double summation is needed.

The indices 11 and 12 are used for summation of polynomial terms associated with each layer, as follows:

Ny W Elll il (mll) y(nlt‘il) A;‘L Ni'z i (ml ni22)

h y (59)
() T = Vo i

The bending stiffness matrix, [D], can now be written in polynomial form as
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I
il i
{m +ml1 +ml2

2} [ntl +n ll+n l2
. 12 .x y

k1112

(5.10)

The dependence of [D] on the sizing design variables (thickness coefficients) and fiber angles is

now expressed in explicit form.

5.4 The [F;] Matrix

Recall from Chapter 2 that the [F;] matrix is defined as:

fl,xx f2,xx fN,xx
[B=| fiy  fow  Fum (5.11)
2f1,xy 2f2’xy o 2fn g

The p™ admissible function is given as:
SR (mj+my) _ (nf'+nj+ny)
m"+m nf+n’+n
Fotey = 2, UV y e (5.12)
i=1 j=l

Second derivatives of the fp functions are:

(mV4+m¥-2) (n¥4+n¥+n¥
Py P (.13)

fpxx = lz,]z_‘, Uy -(m‘;+mruv)(m}f+m;,v—1)x J J

Note that f p.xx = 0, if m‘J’ +m p < 1. (representing second derivatives of zero order or first order

terms) Similarly

(mV+m¥Y) (n#+nV+nlW-2)
fpyy ZZ‘, Jg Uz -(n;‘+n}{+nlv,v)(n;‘+n}{+ng—l)x JP y R
5.14)
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where fp,yy #O, if n;’l +n}{ +n;,v <1. Finally

3 6 (mY+m¥-1) (n¥+nV+n¥-1)
_ v Wy UV w ] P [ I 4
(5.15)
The term fp,xy is set to zero in two cases:
2fpxy =0, if mi +mp =0, ormi' +nf +np =0
The q,p element of [F3] can be written as:
3 6 mf AP nfdP
F - FP, "YU Y 5.16
3q.p iél Jél ij * y (5.16)

where the coefficients Fljlp and corresponding powers of x and y, mfqup and nfqup respectively, are

shown in Table 5.1.

Table 5.1 Coefficients and powers of polynomial terms in the [F3] Matrix

(If any of the power of x and y from columns three and four is less then zero, the corresponding F i}p

element is set to zero)

q E mf fjlp nf gp
ow of Matrix
Row of [F3] ) (Coefficient) (Power of x) (Power of y)
v w \’ w u \" w
1 Ulvj(mj +mp)' mJ +mp-2 nj +IIJ +np

(m; +mp —1)

2 .V .(nY Yia¥%y. v w u ViV
UiVi@j +nj +np) m; +mp, nj +nj+ny-2
(n}’+nj"+n§'—1)

3 v w V W_ !’l .v w_

Uivj(mj +m? ) mj +my-1 nj +nj +n;-1

(ni“ +njv+n;’)




27
5.5 The Stiffness Matrix

Equation 5.16 together with Eq. 5.10 are substituted into the equation for the stiffness matrix
(Eq. 5.2). The r,s term of the stiffness matrix is:

3 3
Krs = £ [1(F3 oDy Py sy G.17)
and the final expression for the Ky element in polynomial form is:
N LN L N . N Ny

;=553 23 3 FHA z’i Lpar b
a=1b=1i{=1 jj=lii=1 jj=1i=1if=1i321 K=11{=1/3=112 &0 i

il pi2 (myg) (nyg) (5.18)
00O LT/ T3 115575 dxdy
where the powers of the x and y terms in the area integral are
t t.
i il 12
t. t. t.
...... 1 il 12
n.o= ” JJ +nfm i +nk +nl1 +nl2 519)

All elements of the stiffness matrix are, thus, linear combinations of the same family of integrals

over the panel's area of the form

— m_n
Itp (m.n) = Aifez y" dxdy | (5.20)

Note the explicit dependence on thickness coefficients and fiber directions. The shape
dependence is more complex. The coefficients Uj and Vj (Eq. 3.7) depend on the x,y positions of the
vertices of the panel. Thg:se coefficients, in turn, determine the F coefficients in Table 5.1. In addition,

the area integrals (Eq. 5.20) depend on the shape of the panel through the limits of integration.




CHAPTER 6
GEOMETRIC STIFFNESS MATRIX
6.1 Introduction
Equations for the elements of the geometric stiffness matrix are derived in this chapter based on
in-plane loads from a wing box structural analysis. It is shown that the geometric stiffness matrix can be

expressed as combinations of area integrals of simple polynomials.

6.2 Wing Box Stress Analysis and In-plane Loads

The geometric stiffness matrix was derived in Chapter 2 as:

[Ko1= [[ [T [NTF Jxdy ©.1)

area

The [K] matrix thus depends on the derivatives of the admissible functions contained in [F,], and the in-
plane loads contained in [N]. In classical linear analysis of paneis the in-plane loads are assumed given..
In the case of wing structures, in-plane loads can be based on wing box stress analysis from standard finite
element techniques. In this case, in-plane forces along the sides of the panel are obtained by some
functional approximation based on either nodal forces acting on nodes surrounding the panel, or in-plane
stresses evaluated for the finite elements surrounding the panel. Alternatively, based on stress distribution
in the panel, in-plane loads for buckling analysis can be evaluated throughout the panel, to be integrated
over the area of the panel to obtain the matrix [Kg]. (Refs. 43-50).

For preliminary design purposes, if the skin panels are small relative to the wing, flutter or
buckling analysis may be accurate enough if average Ny, Ny and Nxy are used for the panel. These in-
plane stresses are assumed constant throughout the panel. This simplifies the integrations in Eq. 6.1, and
makes it possible to use interaction formulas for fast approximate buckling analysis (Refs. 45,47 and 49)
and 33).

When an equivalent plate modeling approach is used for the wing box analysis (Refs. 32-34), the
in-plane skin stresses are obtained from the wing generalized displacements calculated in the wing box
stress analysis stage. In the formulation used in Refs. 32-34 admissible Ritz functions for the wing box
analysis are given as polynomials in x and y , the gldbal coordinates used to define the planform of the
wing and the ihape of all panels (Fig. 3.2). In this case, the transverse displacement of the wing is

—_ Nw —. —=._
W(x,y) = _21 x"MyM g, ©6.2)

=
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where a bar associates variables with the wing box analysis. The powers m, , 7, , and the number of

terms f\J.w are known from the Ritz series used for the wing box displacement solution. The coefficients
ai , are the generalized wing box displacements. Multiple load cases can be accounted for in the wing
analysis, leading to different generalized displacement vectors {-Ci} .

In equivalent plate wing structural analysis based on classical plate theory using Kirchoff's
kinematics for a wing with a symmetric cross section, the engineering strains in the x and y directions are
given by (Refs 32-34)

— 2T —
Sx:a::_ZW,XX

—_ a;_ —

8y = 9 y =—zW.yy (6.3)
'E—_——Zzw.xy

Let the wing depth be given by ﬁ(x,y) . Then, when skins are thin compared to the depth, they

can be assumed located at Z = + H("'y% . Focusing on the upper skin, in-plane strains are:

&l W
e, =_% Wy | (6.4)
Yo 2W 5

Now, in a polynomial based formulation for the wing box, the depth of the wing is given in

polynomial form

N
— h— (mh.,) (nh.)
H(x,y) =_hZ1Hih-x th” .y~ ik | 6.5)
in=

Since the displacement, W (x,y) and the depth, Hxy), are polynomial, it is evident (Eq. 6.4),
that skin strains due to wing deformation are polynomial too. There are total of N layers, each with fiber
direction 6;, and thickness as described by a polynomial equation. The in-plane skin stresses in each

layer of the panel are obtained from the strains by the constitutive law:
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)
X
i

Gyt =rQ<e,> £, | ©6.6)

4

where |Q(0 i )] was derived in Chapter S as:

FQ_(ei)]= [[QO]+[Q1]COS26 i +[0; Jcos48; +[05]sin26; +[0, Jsin4e i] o

The in plane loads can now be found in terms of wing box displacements by integration through

the thickness of the panel:

I\II“T O xx Sx E ) W,xx

_ — Tx x, _ v
Ny =j EW = j[é(e) i dz = - (2 X J‘[é(e)}lz' u_iyy (6.8)
ny ) ny ‘ ny ¢ ZW,xy

The in-plane stiffness matrix is defined as

[4]= [[o@ )k | ©.9)

4

which was derived in Chapter 4 to be

) N N' t: t:
LYir= (mf) ()
[a]= 3 % [oep] -« 7"y kT |
i=lk=1 (6.10)

which leads to

N, — (W

H J—

N, =——2—[A] W (6.11)
N, W

In order to express Eq. 6.11 in terms of the generalized displacements {q} calculated in the

wing box solution, we define a new vector {0t} of wing box curvatures:

W xx ;zpw(_rr_zpw—l)xﬁpw_zyﬁpw
o= Wy p=| npw(npw -7y - 6.12)
Way| .. ;zpw;z—pwxmpw_lynpw_l pw
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where pw is an index for the p'th element in the wing Ritz series. There are N w terms in the Ritz series

for wing displacement. The matrix [a] is thus 3 by NW. Each element of this matrix is of the form

Wow,pw -

Mgy, pw and Rgw, pw respectively, are described in Table 6.1,

(m, ) (7, )
x qv.pw’, y WP’ where the coefficient qu, pw - and powers of x and y,

Table 6.1 Coefficients and Powers of x and y of the Matrix [o]

_qu—:pw m-c_].w W ﬁq:v, pw
gw=1 (Row 1 of the m pw(m pw-1) m pw-2 npw
Matrix) _ _ _ _
qw=2 (Row2ofthe |  npw(npw-1) m pw npw-2
Matrix) o _ _
gw=3 (Row 3 of the m pwh pw m pw-1 npw-1
Matrix)

When the index qw denotes the row of the matrix (its values varying from 1 to 3) and the index
pw specifies terms of the polynomial displacement series for the wing box (varying from 1 to N w), then

the in-plane load Ny (Eq. 6.11) for the panel can be expressed in polynomial form as

H 3 H 3 Nw Figyy 7i -
Ny=—— 3 A, .« -= 3 A S W, x DVPW L TIVPY
X 2qw=1 1,qW qw 2qw=1 1,quw=1 qw,pw
leading to
v --H % NZW A W, xﬁlqw’l’wyﬁqw’”wa (6.13)
X2 gu=lpw=l Law VPW pw :

H 3 Nw figw,pw Figw,pw =
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(6.15)

Now the polynomial expression for wing depth (Eq. 6.5) can be substituted into Egs. 6.13-6.15.
Nx ny is
N N, |’

The general expression for terms of the [N] matrix , [N ] = |:
Xy y

N Yy ~ ~
1h 3 Nw (myy +igy pw) (M gy pw)—
Nppaq === 5 th'qw,pw y ih' W, D q

L Appp.qwWaw, pwHip > pw

X X
2 ih=1qw=1 pw=

(6.16)

The indices pp and qq can be either 1 or 2. Note
Ifpp=1and qq =1, then Appp,qw = Al,qw

If pp = 2 and qq = 2, then Appp,qw = A2,qw ’ 6.17)
When pp # qq, Apppgw =24 3,qw

The polynomial expression for the [A] matrix (Eq. 6.10) is now used:

] =

3 L
2, 2 2 2 AQpppgw®) Wawpw:

. Y (n.,+ntl +7 )

g
s
3

where the index ppp means the following:

Ifpp=1and qq =1, then Qppp qw = Q1,qw
If pp = 2 and qq = 2, then Qppp,qw = Q2,qw (6.19)

When pp # qq, Qppp,(iw = 2Q3,qw

The matrix [N], then, can be expressed as a polynomial in x and y according to Eq. 6.18. This
equation shows how [N] depends on the wing box solution , the depth of the wing, the thickness

coefficients for layers in the panel, material properties and fiber directions. Of course, the wing solution
{q}, also depends on depth, thickness of layers, fiber directions and material properties. These affect the
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stiffness matrix of the wing as described in Refs. 32-35. It should be emphasized again that polynomial

in-plane loads for the flutter analysis can be obtained in a similar manner from wing box analysis based

on first order shear deformation plate theory (Refs. 35 and 37) or from finite element results, when skin

stresses are approximated by polynomials using least square fitting (Ref. 39)

6.3 The [F,] Matrix
The [F,] matrix was defined in Chapter 2 as

_ fl,x. fZ,x f}v’,x
“ﬂ{nynwn-mj

The pth admissiblé function is defined in Chapter 3 as:

3 6

_ (m;-'+m;’) (n;‘+n;+n;’)
Foem = 2 2UV,x Y

i=l j=1

The first derivatives are simply

3 6 (mp+m%=1)  (ng+nft+n¥)
fpx=3 S UV, (m;; +m‘f)x 7 J
= 1j=1 J

3 6 m¥W+mY)  (n¥W+n#+n¥-1)
fpy=2 X Uivj(”fvv*”ft*”;)x Py

Thus, the element q,p of the matrix [F7] is of the form:

3 6 (mf2§{’j’) .y(nf2§{’f)

F ETP.
2@ =2 2

(6.20)

(6.21)

(6.22)

(6.23)

(6.24)

The coefficients ﬁzlq’]p and powers of x and y, mf 2lq’Jp and nf Zlq’jp , defining the elements of the

[F7] matrix, are described in the table 6.2.
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Table 6.2 Coefficients and Powers of Terms of the [F2] Matrix

i 9P q,p q.p
in,j mfzi, - nle',
w \4 w v w u v
g=1 (Row 1 of [F3] UiVj(mp'i-mj) m, +mj-1 np +n; +n;
Matrix)
=2 Row 20f [F2] | U;Vjmp +nj +nj) m}p +m} n¥+n +n)1
Matrix)

6.4 The Geometric Stiffness Matrix
Elements of the matrix [K(] can now be expressed in polynomial form as follows:

2 2
Krs =l a§1b§1F2 arNapF2 psPD 6.25)

The indices r and s identify terms in the panel Ritz displacement series for the panel. Using
polynomial expressions for [F2] and [N] (Eqs. 6.18 and 6.22), the r,s element of [K] is written as:

N, Nt

Nw L' . ~
Z .2 Z lefl’{‘ * le-bi,s.. *
1pw=1 it=1k=1 *“bJ T (626

x(mGr s) . (nGrg)

236 3 6 N

3
K =-— Z Z 2 X X Y ¥ X
Grs 2 g=1b=1i=1 j=lii=l jj=lih=1qgw=

ppp.aw ©,) Waw.pw Hy T apw dedy

where

— ar b,s it ~
mGr s =mf2]] +mf2;5 +my +mt) + i,
it o~
nGr’S =nf2}] +nf2“ Gt at AR,

The index ppp used in 6pppqw ®,) is defined in Eq. 6.19. As in the case of the mass and

stiffness matrices, the geometric stiffness matrix is represented as summation of surface integrals of

polynomial terms calculated over the area of the panel. Integrals of the same family

Irp (mn) = [[ x™y" dxdy
i Area 6.27)



are used. Evaluation of these integrals is accomplished using the same subroutines used in the wing

analysis and all panel matrix analysis.

6.5 Further Discussion of Integration With Wing Structural Analysis

Recall that the results of the wing analysis affect analysis of the panel through the in-plane load
matrix [N]. This matrix is obtained by integrating skin stresses (due to wing defdrmation) through the
thickness of the skin, and the resulting Ny, Ny and Nxy are functions of x and y as evident in Egs. 6.18
and 6.19. Now, while equivalent plate wing structural analysis leads to good skin stress predictions in
stiff, low aspect ratio wings (Refs. 32-34), still equilibrium is not guaranteed for isolated skin panels.
Thus, the in-plane loads (as given by Eq. 6.18) are generally not in equilibrium (This problem is not
encountered when wing analysis is based on the finite element method, when in-plane loading on the
circumference of an isolated panel is determined from nodal forces on that circumference).

One way to avoid this difficulty and simplify the geometric stiffness matrix is to use an average

in-plane loading to be assumed constant over the panel (Ref. 49). If point (x(), y() inside the panel is used

to evaluate these average in-plane loads, then the elements of [N] become

N —
N =72 2 3 A W, My Mg, pw Yo' in'qw.pw)q
(6.28)

The expression for elements of the geometric stiffness matrix (Eq. 6.24) has to be modified, since
terms including x() and y() become constant for the area integration, and can be taken out of the integral.

2363 6 V3 mwl

L Fb
K Z Z 2 XX X X X X X 2 e
Grs~ 242 =1b=li=1j=lii=1 jj=lih=1qw=1pw=lit=1k=1 2”1 2”’”

O ppp.aw ©.) Wow,pw Hy,: T g pw- (6.29)

3

xo M+ qWPw) oin e, pw)

207+ 21” it 20 nf 2b5S. 1+ rt
ﬂx(mf mf 2y s tm) y(nf nf 2 5tn )dxdy




CHAPTER 7
AERODYNAMIC FORCE MATRICES

7.1 Introduction
The explicit expressions for the terms of the aerodynamic force matrices are derived in this
chapter. It is shown that the aerodynamic damping and stiffness matrices can be formulated as
combinations of area integrals of simple polynomials. First order linear piston theory aerodynamics is
used for the formulation of the matrices. At the conclusion of the chapter the characteristics of the

aerodynamic matrices are discussed.

7.2 Piston Theory
As shown in Chapter 2, the aerodynamic contribution to the panel aeroelastic system is given by

{o)=[]. [F] a(x.ydxdy a1

where q(x,y) is the change in pressure, Ap. First order linear piston theory (Ref. 1) approximateé Ap by

p.U2 o MI-21
= W + —W 1.2)

where p.., U.., and M... are the free stream density, velocity, and Mach number, and & is the flow direction.

U,
\ n

v

Figure 7.1 Panel in Angled Flow

The simple relation between directional derivatives in the (€,,n) and (x,y) planes is
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aa—§= cosd ;—x'+ sinq)% (7.3)

Simplifying Eq. 7.2, piston theory can be rewritten as:

Ap = B, cosW, + B, singW, + BW, a4
where
UZ
F, =—p;1 = °"1 (1.5)
M2-2 1
P =F MU (1.6)

7.3 Aerodynamic Force Matrices
To express the aerodynamic forces in terms of the generalized coordinates the panel displacement

terms and their derivatives are expressed as:

4
W‘(x,y>={f1<,,,y) A fmx,y)} =R la)
n
9
W,i<x,y>={fl,x frw o f} qf =[F.,. Ka}
qw
9
W,;(x,y)={fl,y Fry o fN,y} S (T @

dn
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91,
W,(X,Y)z{f1 fro fN} q?’l =[Fi]{q“}

Ay
Substituting Eqs. 7.4 and 7.7 into Eq. 7.1 gives:

{0}=Pcosof[ [F][F.Ya} dudy+sinef[ [ET[F,Na} dedy+

Rl [R][FKa.} duy a8

It is natural at this point to break up the aerodynamic force into an aerodynamic stiffness matrix

and an aerodynamic damping matrix.

{0}=R[0.s Ha}+ P[Cuun, Ka.} (7.9
where

Quy o =Cos0[[ ff.. dedy+sing[[ ff,, ddy | (7.10)
Qianp = ][, - F.lxdy (7.11)

f, and f; are the r™ and s™ admissible functions. In chapter 3 the admissible functions were derived in

terms of the coefficients U; and V; as

3 6
Foe =2 Y UV xmimmsd yeivieny (7.12)

i=l j=1

The first derivatives of the admissible functions with respect to x and y are

3 6
o= 22UV, (my +my)x ™ ety iy / (7.13)
i=1

i j=1



3 6
Foy = 22UV (nf +n) +n2)x™ e ytisn =y (7.14)

Substituting these into Eqs. 7.10 and 7.11 shows the final expression for the elements of the

acrodynamic damping and stiffness matrices.

3 6 3 6
Quir s =COS¢2222UVUu V,(m +m! )‘U x" 'y dxdy +

i=l j=1 ii=] jj=1

§

sm(biiiiUVUuVH (ng +n; +n, )H x"y" ' dxdy (7.15)
=l j=l ii=1 jj=1
3 6 3 6
Qdamp s = EZZZU,VIU”VH Ham x"y"dxdy (7.16)

i=l j=1 ii=1 jj=1

&=

where
—- v v w w
m=(m; +m; +m’ +m)

n=n+n;+n;+n;+n’+n)

The elements of the aerodynamic stiffness and damping matrices are linear combinations of the
same integrals as the mass, stiffness, and geometric stiffness matrices.

The aerodynamic stiffness matrix is dependent on the air stream angle, ¢, the dynamic pressure
and Mach number through P¢, and the panel shape variables through U; and V;. The aerodynamic
stiffness matrix is dependent on the dynamic pressure and Mach number through Py, and the panel shape
variables through U; and V;. Of course the area integrals themselves depend on the panel’s planform
shape variables.

In the stability analysis, as shown in Chapter 2, it is convenient for the eigenvalue problem to

express the aerodynamic matrices in the form:

[Asnﬁ' ] = _M\/—'é—__l[Qmﬁ ]
[ dﬂmpf] \/—'1' MZ [Qdampf]

7.17)

.which leads to an expression for the aerodynamic generalized forces in the form:
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{0Y=p.U.[A4., Ra,}+p.U2[A, Kal (7.18)

7.4 Characteristics of the Aerodynamic Matrices
Both Qg and Quamp have interesting characteristics. Looking at Eq. 7.11 it is obvious that Qgamp

is a symmetric matrix - a fact which allows faster computation. As a matter of fact, if the panel is made of
a single material, and has a constant thickness, the aerodynamic damping matrix is proportional to the
mass matrix.
As to the matrix Qg - with the current choice of admissible functions (for the simply supported
case) this matrix is a skewed symmetric. In addition, certain elements in this matrix are identically zero.
The skew-symmetry of Qg is shown by applying integration by parts with respect to x and y to
Eq. 7.10:

Quiy = =080 [f,fs- v fsf,,de}dy +sind [| £, £ = [ £.£,,d (7.19)

Because the admissible functions are zero along the boundaries, the boundary terms are zero leaving

Quy o =—cos0[ f.f,, dxdy—sing|[ ff,, dudy

Clearly:
Qstiﬁ‘ rs = _anﬁ' sr (720)

It can also be shown that several terms including all the diagonal terms in the aerodynamic

stiffness matrix are zero. Starting from Eq. 7.10 with r=s:
Quiy » =c0SOf[ f,f,. dxdy+sinof[ f,f,, drdy (721)

Looking at the integrands:

*2
=0
X

(19 _s
Jhrteade=] 55 (Y= 21,

and
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=0 (7.22)

[f.f,,dy= ——(f My =

Therefore any diagonal term is identically zero. Of course, the diagonal elements of any skew-symmetric
matrix are zero. However, the derivation above serves to illustrate how other terms in the present
formulation may be identically zero. For example, if the flow is directed along the x axis, sin¢=0, two

admissible functions may be

fr = Falxy) "

and

fo=Ffp(x,y)-x"y"

Thus, in effect for this special case

Now, the area integral associated with the r,s element of the aerodynamic stiffness matrix is

5, fuidy =[] -5, ddy = [] 22 a‘” ydxdy

Integration in the x direction will immediately show that in the case of simply supported panels (fa(x,y)=0
on the boundary) this area integral is zero. Thus, using complete polynomials as the functions to multiply
fs(X,y) some f; and f; have the same powers of x or y for r #s. For these terms, and depending on the flow

direction, the x or y derivative components of Qs will also be zero.




CHAPTER 8
ANALYTIC SENSITIVITIES
8.1 Introduction
Expressions for the analytical sensitivities of the system matrices with respect to the design
variables are derived in this chapter. Eigenvalue sensitivities and flutter speed sensitivities are also

developed.

8.2 Mass Matrix Sensitivities

The mass matrix is dependent on the panel thickness design variables and the shape design
variables. The explicit expression for the mass matrix (Eq. 4.9) allows for easy determination of these

analytical sensitivities.

8.2.1 Mass Sensitivities With Respect to Thickness Design Variables T;

The mass matrix is dependent on Tli , the sizing variable corresponding to the k™ term of the i®

layer, through the vector ;I—': (Eq. 4.9). The derivative of a mass matrix term is given as:

oM, dM,0 T
0T, 3Ty 0T

(8.1

Recall T_k is defined as:

T=Y7 ; ®2)
i=

Therefore, for a given layer, i, and thickness term, k,

o Tw

3T,

=1 (8.3)

Substituting this back into Eq. 8.1 shows that
oM, oM s
d0 T} e

84)

for every layer i. Differentiating Eq. 4.9 for any specific k and i gives:

0 M, aMrs_ 3.6 3 6 o
3 TZ = 3 Ts _pm‘ ZZZUiVjUiiij Hx y"dxdy 8.5)

i=] j=lii=1 jj=1 area




where

—_ v v w w t
m=m; +m; +m,_ +m; +m,
n=n'+ni+ni+n;+n’+n’ +n,

rs

Notice that if all ..7: are calculated before the mass matrix, then the mass matrix can be
k
formed as:
N_ oM
M, =T —=" (8.6)
k=1 8 Tk

This allows for the mass matrix and its thickness sensitivities to be calculated at the same time with no

additional computations that would be required by calculating the mass matrix alone.

8.2.2 Mass Sensitivities With Respect to Shape Design Variables v;, Vg, Xp. Xpr. Xar. and Xag

The mass matrix is dependent on the shape variables through the coefficients U; and V; (Eq. 3.7)
and the integrals Irram,n, because the limits of integration depend on the shape variables (Eq. 4.10).
Analytical sensitivities for U; and V; are obtained through direct differentiation of Eq. 3.7:

Derivatives with respect to y

2 U, _

3y, =Y¥Yr

o U, —1

dyy

o U, -0

dyy.

a Vv, _Xa¥r _XARZYR R, + X@YR _XFRZYR R,

Jd Yy (YR "YL) (YR _YL) 8.7
vV, __XaYr ~XarYr _XmYr ~XmYr

Jdy, (YR _YL)2 (YR _YL)2



3V,

=Xn¥r “XmY¥rg , Xar "Xa p

XaL¥Yr ~XarYr

F

Xm — X
RS S A

Oy (e-v)  (e-y) Ve =) Ve -y.)
aV,
=0
dy,
d V; - _*m X _ Xar T Xa
2 2
oYL (YR “YL) (YR —YL)
g Ve _ XFR_XFL2 S, + XAR_XALZS
Yi (YR _YL) (YR "yL)
Derivatives with respect to yg
JoU,
3 ve Yo
o U, -1
d yg
o U,
=0
d Yr
JV = XarYL “XaLYo R, +XFRYL XYL R,
d Ve ( YL) (YR YL)
d Vv, __ XYL T XaYr  XmYL T Xm YL
2 2
d Ye (YR"YL) (YR_YL)'
.V, _XmYL ~Xp ¥, S, XAL ~ XarR R XarYL ~Xar¥L X~ Xm R
a 2 2 F
Yr ( YL) ( R"YL) (yR_YL) (yR_yL)
oV,
=0
dyg
d Vy ~_*nTXm _ Xa—Xa
Ve (Ye-y) (e-w)
0V, _ Xg —Xg XaL ~ Xar
dyy 27A S
Yoo (Ye-vi) T Gr-v)

A

(8.8)




Derivatives with respect to xa.
3 U,
0 Xar
o U,
0 Xy B
dU, _
d Xy
d Vv, __Yr

d Xy Yr—Vi
0V, _ Yr

d X, Yr =YL
oV -1

3 — RF+ yR
JdXa Yr—VeL Yr — YL
3V,

=0

0

0

Rp

Sk

=0
d X,
IV, 1
0 Xa Yr—VL
IV, __ -l ¢
= F
d Xae Yr—VL

Derivatives with respect to Xar
U,
0 X,
3 U,
0 X,p
3 U,
0 Xup
d V, —-_ YL

0 X YR~V
oV, v

d X Yr—VYL

=0

=0

=0

R

(8.9

(8.10)
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oV 1 -
L= R, +—2L 5,
d Xar Yr—Ye Yr =YL
oV, ~0
d X,p
JvV, -1
dXpe Yr—YL
oV |
6 = — SF
d X Yr—YL

Derivatives with respect to xg.

aU1=O

0 Xp

aU2=O

0 Xp

8U3=O

0 Xp

oV, _ ¥g
aXF‘L-YR_YLRA
aV2= ~¥r

d Xg  Yr—YeL

oV, Yk -1
aXFL—YR_YLSA-*-YR—YLRA
0V, ~0

0 Xp

oV, 1

d Xp  Yr—Ve

8V6= -1 S,

0 Xp Yr—VYL

8.11)
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Derivatives with respect to Xgr
3 U,
0 X
2U, _
9 Xm
3 U,
0 X
Vv, __ Vv R,

0 Xm  Ye Vi (8.12)
dV, Yo

0 Xm Yr—Ye

oV, Yo 1
dXm Ye—Yr = Ye—VL
aV,
d X
d Vi 1

0 X Yr =YL
d Vg 1

d X Yr Vi

=0

0

=0

d Iy
The derivatives 3 , where x is any shape variable, are prepared using Refs. 34 and 35.
X

‘The shape sensitivities of the area integrals are linear combinations of other members of the same table of
integrals. No new integrations are needed for the sensitivities.

With this information, the derivative of the mass term My is calculated as follows:

oM IR NN AAD. 9 LR

5o5 VT Ay W UVUV, R 8.13
a X Pmk=1 k;;;; ax TR(m,n) [ R A /] ax ( )
with

Y v w w t
m=m; +m; +m’ +m’ +m,

—_—a U u v v w w t
n=n; +n;+n;+n;+n’ +n +n,
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8.3 Stiffness Matrix Sensitivities

With the explicit expression of stiffness matrix elements in terms of thickness, fiber directions

and shape of the panel available in Eq. 5.18, it is straightforward to obtain sensitivities analytically.

8.3.1 Stiffness Sensitivities With Respect to Thickness Design Variables Ti(
Planform shape variables and orientation angles are fixed in this case. The thickness coefficients
Ti( appear in the expression for the stiffness matrix (Eq. 5.18) explicitly in a triple summation over the

indices k, 11 and 12. Sensitivity is then obtained by direct differentiation, noting that if the design variable

AT
involved is Trq , then k p =1 only when i=q and k=r. Otherwise, the derivative is zero.

oT

r

Differentiating Eq. 5.18 leads to:
3K 3 3 3 3 6 NNy Np NNy Np

rs 1 ar o bs =
’ZZZZEZZZZ DI —F 0 F 0, p(0: )

oT9 a=lb=lii=l jj=liii=1 jjj=1i=1ii=1i2=1 k=11i=1/2=112 >0 U] a,b( ’)
;

0 irilri2 (myg)  (yeg)
- {TlelTl2 }“x Sy T dxdy
p

(8.14)
with

- + + tl+ ll+ l2
m . =mfi mfiii i mk my T myg

_ i1, k2
=nfii’; +”fiii i +”k +”1’1 /2

8.3.2 Stiffness Sensitivities With Respect to Fiber Direction 6 ;

The angle represents the direction of fibers in the i-th layer, and the stiffness matrix Ky depends
on 0, through elements of the matrix [5(9 ; )] (Eq. 5.6). The derivative of each term in the stiffness
matrix will be calculated in the following manner. In the summation (Eq. 5.18) over i=1 to N, all

matrices [Q_(Q ; )]are set to zero, except the matrix E(G ; )]corresponding_to the O, variable

considered. This particular |Q(8, )] is replaced (in Eq. 5.18) by the following expression:
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9 aQ((aii) = -2[0, Jcos26; — 4]0, Jcos4s; +2[05 |sin26; + 4]0, ]sine, (8.15)

Equation 5.18 is , thus, used for the sensitivity of the stiffness term, with the derivative Eq. 8.15 replacing
[26,)]

8.3.3 Stiffness Sensitivities With Respect to Panel Planform Variables yy . YR. XFL. XFR. XAl and XAR

Thickness coefficients and orientation angles are held fixed. The terms Krs of the stiffness

matrix depend on the shape through the matrix [F3] and the integrals Itgenqy . If x is any planform design

variable then:
d F¥ |3 U, d Vv,

= LV, + U, —= |- (Integers from table 5.1) (8.16)
d x Jd x 0 x

The derivatives of the U; and V; coefficients and the integrals Trrm ) are the same as for the mass matrix

developed in section 8.2. With this information the derivatives of the stiffness matrix can be calculated

as.

0K;s_ 333 6 3 & MeNeNp NNyl
—_ T X X X X XXX X o=
Ox  a=lb=1if=1 jj=Lit=1 jj=1 i=1if21i0=1 k=ui=12=112

a,r Fb,s

i, Jj _ Wl pbs . par _ ULJJ ‘Za,b(e )Tl il pi2 g

3 x i Tl T gy ki TR mon) @.17)

a1
ar i —il ~i2 _ TR (m,n)
G Pl Boplor)rf 1ff 13— B0

8.4 Geometric Stiffness Matrix Sensitivities
Equation 6.24 gives the geometric stiffness matrix explicitly in terms of the thickness, fiber

direction, and shape design variables.

8.4.1 Geometric Stiffness Sensitivities With Respect to Thickness Design Variables Tlit

The design variable in this case is the k-th coefficient in the polynomial thickness series for the i-

th layer. Examination of Eq. 6.24 reveals that the geometric stiffness matrix is explicitly linear in the



thickness coefficients Ti(t . Itis, of course, also dependent on those coefficients via the wing box solution

{21_} , unless it is assumed that in-plane loads [N] do not change. Differentiation of Eq. 6.24, using Eq.

33 leads to

oK 22363 6 M 3 Fw NN
Gr,s 1 h w L b,
E=-5 55353 S S S S YRME.
Ty, 2421521051 f=1il21 jj21ifm1 gl pivl Re1§=1 260 20 jj

(8.18)

0 it,R = R 24 pw
Cppp.gw ©.)  Waw,pw - Hy (T 's - qpw +Tg - —-1- Lo (mG, .nG, )

where
_ a,r- b.s it ~
mGr s =mf2 +mf2;7 +my, +mt + i,
— b,s it ~
nGr,s =nf2{] +nf2;% +n, +nt;, +7_, .,

and I“,’f § is equal to 1 only when it=R and k=S. Otherwise, it is zero.

8.4.2 Geometric Stiffness Sensitivities with Respect to Fiber Direction 6

Layer orientations affect the geometric stiffness matrix through the material matrices
é . ) and the wing box generalized displacements {a} . The analytic sensitivity with
pppqw )

respect to fiber direction in a given layer is:

E)Q -
pppgw 0, ) - . = 9 4 pw
26, 1ot Ompaw 6 70, =22 Wy pw Hyp T 1 (G, 1G, )

(8.19)

Where the derivatives of é . ) are the same as for the stiffness matrix (Eq. 8.15)
pppsqw ®;) (Eq
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8.4.3 Geometric Stiffness Sensitivities With Respect to Planform Variables yj . YR, x xp_&_kql and

XAR

Thickness coefficients and orientation angles are held fixed. The geometric stiffness matrix Kg
=—ar =b,s
depends on the planform variables through Uj and V; terms in F Z?j and F ) i (Table 6.2 and Eq.

6.24). There is also a dependence on the area integrals ITR as discussed previously. The derivatives of

the [F,] terms are calculated by:

=

Foj ; JdV

0 Fai _ U, V,+U, —— |- (Integers from table 6.2) (8.20)
x

_8
0 x 0 x ‘0

which is substituted into the derivative of Kq,

0Kgrs 122363 6 M 3 Nw NNy
—=-c 2 X X X 2 X DI

d x 2 a=1b=1i=1 j=1ii=1 jj=lih=1qw=1 pw=1 it=1k=1

0 FT a0

P it L,] ==b,s | Ta,r wj |-
(QPPP"IW("M'W‘IW’PW'H!‘ Tk ) ox 2ig 2 ok | IPTR@
+F—a,r—b,s 1= J ITR(m,n) 9 4 py

2ij " 2iji I T g x 3 x TR(m,n)

8.21)

where the powers of integrands in ITR(m,n) are m=mGy g and n=nGy . In Eq. 8.21 it is assumed that
overall wing planform is fixed, and panels are changing shape and location due to moving of control
surfaces, ribs and spars. If overall planform shape of the wing is changing, then derivatives of the wing
depth coefficients with respect to the shape design variables, 0 Hik / 0 x , must be added, since the wing
depth is defined in global x,y coordinates (Eq. 6.5).

When a constant in-plane load matrix is assumed using loads at a point (xo,yo) on the panel (Eqgs.

6.27 and 6.28) then the motion of point (xo,yo) must be taken into account in the K shape sensitivity.
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8.5 Aerodynamic Matrix Sensitivities
The aerodynamic stiffness and damping matrices are dependent only on the shape design

variables through U; and V; and the integrals Irgamp). The sensitivities are obtained by direct
differentiation of Eqgs. 7.15 and 7.16.

00 iff 3 6.3 6 (9
St rs (U V Uu )
—_= COS(DEZZZ {‘—J'J'—( M) g iy
J X i=1 j=1 ii=l jj=1 dx
YUYy +mpy e }+
X 8.22)
3 6 3 6 a(UVU“ ) . , y
SIHQ)ZZZZ {—a_‘L( ng tng+n g, +
i=1 j=l ii=1 jj=1 X
U V U ITR (m,n -1)
( i ji )(nu +n +I’l )T
a Qa’ p 3 6 3 6 (9
amp 15 U, V U, o
ZZZZ{ ( V) Mg ommy VUV UV —SR ""”} (8.23)
i=l j=1ii=l jj= X

in both equations m = (m; + m}; +m” +m)and n=(n/ +n; +nj +n; +n’ +n})

Recall from Eq. 7.17 that the coefficients relating At and A gamp t0 Qe and Qgamyp are functions
of the Mach number only, which is held constant in this analysis (although sensitivities with respect to

Mach number are easy to calculate). Therefore the sensitivities of Ay and A ganp are:

a Astiﬁ _ 1 a Qstiﬁ'
d DV M? -1 0DV

(8.24)
a Adamp _ 1 M 3, - 2 a Adampf

oDV [m?_1 M2-1 3DV

8.6 More on the Analytical Sensitivities
It is clear, examining the analytic sensitivities of the system matrices derived in the previous
sections, that all involve area integrals of polynomial terms over the panel's area. Since members of the

family of integrals ITR(m,n) are generated for the analysis stage, there is no need to generate them again

for the sensitivity calculation stage. No numerical integration is therefore needed for either analysis or
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sensitivity calculations. This is similar to the process by which analytic sensitivities are obtained for the

wing box analysis (Refs. 34 and 35). A table of area integrals over the wing surface has to be generated
once (using the same analytic formulas used here for the panel). The integrals are subsequently used for
wing box analysis and sensitivities.

Of course, when the wing changes shape, panels change shape too. There is linking, therefore,
between overall wing planform design variables and panei vertex locations. This linking has to be

accounted for in the sensitivity computations when overall wing / panel shapes are changing.

8.7 Eigenvalue Sensitivities
The panel flutter problem was shown in Chapter 2 to be a generalized eigenvalue problem of the

form:

F]{q) }=2 [7]{¢ } | | (8.25)

Let the left eigenvectors be {y} from the adjoint eigenvalue problem:

v} F] =) {y} F] | (8.26)

Recall that the matrices P] and P] are made up of the mass, aerodynamic, stiffness, and geometric

stiffness matrices (Eqgs. 2.41 and 2.45).
The sensitivity of the eigenvalues with respect to any design variable, DV, is obtained by
differentiating Eq. 8.25:

ZLEV]{‘D} r]a L2 [—]{4’} }»3 H{¢ HA F]%—g){; @2

oDV E)DV oDV

Premultiplying by {y}" gives:

w2l an{¢}+{w}[ﬂ N L o

oDV oDV oDV aDV



From 8.26 the second term is zero leaving:

B

oDV aDV

Ir _ _ (8.29)
oDV Y P]{q, 1

The derivatives of [;] ] and [‘;] are obtained using the sensitivities of all of the system matrices:

a[?]_ 0 0

apv | 3 [l 3 a
9DV | oDV
— | (8.30)
3 v] 0 0
oDV 3 [
O ——
I oDV |
where
oM _aM
aDV oDV
aa E '—pMU” aaAdamp
=V DV (8.31)
dK 09K 9K, , 0 A,y
oDV 2DV 9DV P-"=3DV

Therefore, we can calculate the eigenvalue sensitivities directly from the eigenvectors,
eigenvalues, and the individual matrix sensitivities. The eigenvalue sensitivities are useful to the designer

because the real part of the sensitivity will show the rate at which a particular root is going towards the
right-half s-plane indicating how quickly that root is nearing instability.

54
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A more useful piece of information, however, is the sensitivity of the flutter dynamic pressure

itself. If we look at the real part of an eigenvalue, o, and allow the design variable and dynamic pressure
to change then we have 6 = 6(qauer.DV). At the flutter dynamic pressure, the real part of the root is zero

by definition of the flutter point. A variation of o at flutter is then given as:

K Kol
06 =——09 DV +———9 =0 8.32
°=3DV dq 9 funer 632

flutter
which can be rearranged to give the sensitivity of the flutter dynamic pressure as:
oA
i 30 —Re(—
q fluster a DV _ a DV

= = 8.33

oDV dc oA ®39

—— Rel ———
a qﬂutter a qﬂutter

The numerator is known already from Eq. 8.29. The denominator is found by replacing DV with qqyqer in
Eq. 8.29 where

a[?]z o' l 0

2
Wpur | —2[4,,] ‘ - [Aam] . 534
du
3. =[0]
qﬂuner

The sensitivity of the flutter dynamic pressure with respect to the design variables tells the
designer where the stability boundary will move if a design variable is changed. The sensitivity can also
be used to construct approximations for optimization based on approximation concepts (Ref. 39). A final
note on the flutter sensitivity equation (Eq. 8.33): some special cases may be encountered when multiple
roots with non-distinct eigenvalues appear in the stability analysis. These cases are beyond the scope of

this work, and more information can be found in Refs. 40 and 41.



CHAPTER 9

VERIFICATION OF RESULTS

9.1 Introduction

The numerical results of the computer code implementing the techniques described in this work
are compared with data from the panel flutter literature to verify its capabilities. First the convergence of
the solution for increasing orders of Ritz polynomials is shown to establish the number of terms necessary
for accurate results. Then results are presented for configurations of increasing cdmplexity and compared
with available data. The capability to accurately predict flutter boundaries is shown for simply supported
skewed and trapezoidal shapes, yawed flow, variable composite fiber orientations, in-plane loads, and
combinations of the above. The analytic sensitivities are compared with finite difference approximations
for validation. Finally, the capability of the code to use analytic sensitivities for direct and reciprocal
approximations of flutter boundaries is demonstrated.

All of the isotropic test cases use aluminum material properties of E = 6.8959 x 10'° Pa, p, =
2768 Kgpass/m’, and a poisson’s ratio of 0.3. All of the composite test cases use the material properties of

E;=137 x 10° Pa, E,=9.7 x 10° Pa, G1,=5.5 x 10° Pa, py=1580 kguas/m®, and v,,=0.3.

9.2 Convergence to Solution
Results are compared with Refs. 5 and 23 to show the convergence rate of the present analysis.

The panels chosen from Ref. 5 are a square and rectangular isotropic aluminum panel (Fig. 9.2). The
panel in Ref. 23 is a 45° skewed panel made up of a single layer composite with a fiber angle of 15° (Fig.
9.4). Figure 9.1 shows that satisfactory convergence is obtained with either a fourth or fifth order
polynomial Ritz series (Eq. 3.8). While the computational time is significantly reduced by using a fourth
order polynomial, Figure 9.1 shows an example of a panel that requires a fifth order polynomial. Most
panel configurations converged with fourth order series, but because of the exceptions, a fifth order
approximation is necded. Therefore all of the results presented here are based on a fifth order Ritz

polynomial.
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Figure 9.1 Convergence of Solution for Critical Dynamic Pressure with no In-Plane Loads

9.3 Isotropic Rectangular Panels in Yawed Flow

| Results are compared with the analytical and FEM data of Ref. 5 to show the effects of yawed

flow and rectangular aspect ratios. An aluminum plate was used with the following geometry.

Uso

Figure 9.2 Panel Geometry for Ref. 5
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Reference 5 defines the flow angle differently than the present analysis (Figure 7.1). The relation is o =

-¢. The panel width, b, is held constant at 1.0m and panel thickness, h, is varied from 2 mm to 5 mm so

that the panel flutters at a meaningful dynamic pressure. The Mach number is held constant at 2.0. The

results are given as a non-dimensional critical dynamic pressure,
3

— 2qcn’t a

Acrx't -
DVM?* -1

.1

Table 9.1 Ay for Rectangular Isotropic Panels
(No In-Plane Loads)
a/b Model o=0°| 00=30° | aa=45°

0.5 Analytical | 385.0 —_ —
Sander 382.0 213.0 172.0
Present 383.2 | 2149 175.5
1.0 Analytical | 512.6 — —_
Sander 503.0 | 516.0 523.0
Present 511.9 527.0 530.7
1.25 Analytical | 615.0 — —
Sander 612.6 — —
‘Present 614.1 658 712
2.0 Analytical | 1110 [  — —_
Sander 1081 1206 1388
Present 1106 1201 1415

Table 9.1 summarizes the results. It shows that the present technique compares well with both the

analytical and FEM results of Ref. 5 for variable aspect ratios and yaw angles.

9.4 Isotropic Skewed Panels Subjected to In-Plane Loads

We show the effects of skewed panels, yawed flow, and in-plane forces by comparing data with
the FEM results of Ref. 21. Here we use a simply supported aluminum panel with h = 2mm and M..= 2.0.
The geometry is defined in Fig. 9.3.
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Figure 9.3 Panel Geometry for Ref. 21

The results are given in the same non-dimensional dynamic pressure:

29 . I® .
rit =———D q;’;z 1 ©.2)

A

Table 9.2 shows results for a flow angle of ¢ = 0° and Table 9.3 shows the same configurations

“with ¢ = 15°. The present results do not agree with Ref. 21 very well for some of the configurations.

Recall from Chapter 2 that g is found by ignoring damping and looking for a coalescence of
eigenvalues. In most cases the coalescence frequency is between the first and second or second and third
frequencies. However, in the cases marked by ** our results showed a coalescence of the 14th and 15th
roots before the first and second roots. The cases marked * had a coalescence of the fifth and sixth roots
before the first and second roots. The results of such cases are shown as the first and second frequency
coalescence followed by the higher pole coalescence.

Table 9.2 Ay for Skewed Panels with ¢ = 0°

L/S | Model |y=0° |y=15° | wy=30°
0.5 | Ref.21 374.1 303.9 3253
Present 3834 | **289/50.7 242.4
1.0 | Ref.21 518.2 548.4 668.2
Present | 5119 | 518.0 522.0
2.0 | Ref.21 1147 1247 1500
Present 1106 *1118/622 1138
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Table 9.3 Ay for Skewed Panels with ¢ = 15°

L/S | Model y=0° | y=15° vy =30°
0.5 | Ref. 21 2922 222.1 243.5
Present 2747 | **222/195 1939
1.0 | Ref.21 5211 487.0 579.6
Present 515.1 501.4 482.6
2.0 | Ref.21 1188 1169 1948
Present 1134 | *1149/656 1167

The cases marked by * and ** in Tables 9.2 and 9.3 were re-computed with aerodynamic
damping for comparison. With the damping, the same higher order poles converged, but there was
enough damping to keep them stable. Therefore, the model with damping converged to flutter boundaries
in better agreement with Ref. 21. These additional test cases are shown in Table 9.4. Reference 30
discusses cases involving modes of nearly identical frequencies, but weak aerodynamic coupling, that lead
to inaccurate results in the abscence of aerodynamic damping. This may be occuring in these cases and
should be further investigated.

Table 9.4 Aqueer and Aoy for Skewed Panels

y=15°

L/S Model ¢=0° ¢=15°
0.5 | Ref. 21 Ay 303.9 221.1
Present Aqy 306.3 229.7
2.0 | Ref.21 A 1247 1169
Present Aqy 1135 7 1168

Finally we compare results with in-plane forces. Reference 21 uses a non-dimensional in-plane
force that can be defined as:
2
N i L
n’D
The results are for a square panel (L/S=1) with ¢ = 0°.

9.3)

Ty =
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Table 9.5 Critical Dynamic Pressures With ryy = 1, = 0

Model fra=-3 [rg=0 | re=3
Ref. 21 | 275.7 518.2 789.0
Present | 265.1 512.6 793.1

Table 9.6 Critical Dynamic Pressures With ry =1y, =0

Model Iy=0 |[1g=2 |1y=4 |1yg=6
Ref.21 | 518.2 487.0 418.9 321.5
Present | 512.6 4731 381.7 274.3

Note the expected decrease in critical dynamic pressure with increasing axial compression or in-plane

shear.

9.5 Skewed Composite Panels

To show the effects of skew angle and composite fiber angle, results were compared with Ref. 23.
The geometry is defined in Fig. 9.4.

100

NJ v

S

Figure 9.4 Panel Geometry for Ref. 23

a

Table 9.7 compares the results for the case of an isotropic aluminum panel with a=b=1.0m,

b=3mm and M..=2.0. The results are in terms of the nondimensional critical dynamic pressure:

2 . @
e = Dqﬁ , 9.4)
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Table 9.7 Ay for Various Skew Angles

v=0° |y=15 [y=30°

Ref.23 | 511 522 664
Presnt 513 532 606/347*

With a skew angle of 30° the fifth and sixth poles coalesced at the lower dynamic pressure, however this
did not occur with aerodynamic damping.
Table 9.8 shows the critical dynamic pressure for composite panels with various fiber and skew

angles. Table 9.9 shows the corresponding critical frequencies. The results are non-dimensionalized as;

3
chrit a

crit = (95)
E,h*NM* -1

Q =w_a’ f P 9.6)
cr cr E2h2 (

The composite panel used had a=b=1 m and h=4 mm.

A

Table 9.8 Ay for Skewed Composite Panel

y=15° y=30° y=45°
0 A Ref. 23 | A, Present | A, Ref.23 | A, Present | A, Ref.23 | A, Present
0° 358 387 367 389 427 *429/104
15° 248 246 299 301 321 319
30° 170 163 202 195 257 254
45° 120 116 138 133 183 180
60° 81 79.5 92 88.5 160 128
75° 60 57.5 87 731 188 135
90° 69 574 124 81.8 238 164
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Table 9.9 Q. for Skewed Composite Panels

y=15° , y=30° y=45°
(5] Q. Ref.23 | Q. Present | Q. Ref. 23 | Q. Present | Q. Ref. 23 | Q. Present
0° 28.4 30.4 293 30.9 344 *34.7/53.3
15° | 243 24.7 30.3 31.1 32.6 331
30° | 234 235 26.6 27.0 30.7 317
45° | 22.0 22.0 23.0 23.6 28.4 | 286
60° | 19.3 194 21.0 21.0 30.3 28.7
75° | 17.9 17.9 225 21.8 35.8 33.5
90° | 19.3 18.9 26.6 24.6 41.7 39.0

The case marked by * had a coalescence of the third and fourth frequencies before the first and second.
However, the results for most of the above configurations are very close to Ref. 23. As skew angle and
fiber angle increase, correlation of the present results and Ref. 23 deteriorates. Notice that the above
geometries are very close to the geometries of the skewed panels in Ref. 21 but the results compare much
more favorably. ‘

Data for the flutter dynamic pressures and frequencies (aerodynamic damping present) was also
obtained for these test cases and is shown in Table 9.10. The addition of the aerodynamic damping
changed the predicted stability boundaries by only a few percent and the results are very close to Ref. 23.
As before, with aerodynamic damping, any higher frequencies that coalesced remained stable and the

solution converged to an appropriate Aqu.

Table 9.10 Agqyer and Qe for Skewed Composite Panels

y=15° y=30° y=45°
0 A¢Present Q¢ Present A¢Present Q; Present A¢Present ) Present
0° 449 36.8 439 34.1 447 35.5
15° | 268 26.1 307 32.0 324 322
30° | 166 23.6 198 27.1 257 31.8 ‘
35 | 117 220 134 2356 181 287 |
60° | 80 194 89.2 21.0 129 28.7
75° | 57.8 17.9 73.5 21.8 135 335
90° | 57.7 18.9 82.3 24.6 165 39.0
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The results are presented in graphical form in Figs. 9.5 and 9.6. The present results show the same effect
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The present analysis shows the same effects of fiber angle on the critical pressure and frequency
as Ref. 23. Qverall, except in cases of high skew angle (45°) and high fiber angle, the results obtained
here are in good correlation with the references.

9.6 Analytic Sensitivities

This section shows the accuracy of the analytic sensitivities and demonstrates some of the
capabilities that they give the designer. Figure 9.7 shows the accuracy of the analytic fiber angle »
sensitivity compared with a finite difference approximation for a range of step sizes. The plot is based on
the composite panel geometry shown in Fig 9.4 with y=15°, 6=45°,and a=b=1.0m. For a step size
between 10 and 107 the finite difference and analytic sensitivities are nearly identical. A smaller step

size results in an inaccurate finite difference estimate because of round off errors.
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Fig. 9.7 Fiber Angle Sensitivity vs. Step Size

Table 9.11 compares the analytic sensitivities of skewed composite panels (Fig. 9.4) at 0=45°
with finite difference approximations based on a step size of 10™.

Table 9.11 Fiber Angle Sensitivities at 0=45°

y=0° y=15°
oA, -153.0 -300.2
08
Finite Diff. -153.0 -300.7
0 Aq. -155.8 -305.7
06
Finite Diff. -155.8 -306.2
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The analytic sensitivities above and the corresponding dynamic pressures are used to predict the

effect of fiber angle on the stability boundary that was shown in secton 9.5. Figures 9.8 through 9.11

show the Taylor series and reciprocal approximations (Ref. 39). These approximations, both with and

without aerodynamic damping, are good for a range of 6 at least +15°,
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To show the capabilities of the shape sensitivities we use Xag as an example. A composite panel
with y=30°, 8=15°, a=b=1.0m, and h=3mm was used as the referenc panel. X, was varied from 0.5 to

2.5 m to range from a triangular to trapezoidal panel as shown below.
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Xar

Figure 9.12 Panel Geometry For X 4r Sensitivity

Aerodynamic damping was included for this test case. The flutter dynamic pressure was

normalized as:

A — zqﬂutt a ’

utt (9.7)
BRI MY -1

oA
At Xar=1.5m the analytic sensitivity was computed to be It = .415.9. Figure 9.13 shows that both
AR

the first order Taylor series approximation and the reciprocal approximation give a good estimation of the

affect of X g on the flutter boundary.
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Finally, we demonstrate the capability of predicting the effect of changing in-plane loads on the
flutter boundary. Recall that the in-plane load matrix, [N], affects the equations of motion linearly
through {Kg]. Therefore, we can keep the ratio of the Ny’s the same but allow for changing magnitudes
by simply multiplying [K¢] by a factor, 1. We used an isotropic panel defined by the geometry in Figure
9.4 with y=30°, a=b=1m, and h=3mm. The in-plane loads were applied as N,= -2000, N,= -1000, and

Nyy=0. The load factor was varied from -5.0 to 3.0 to range over tension and compression up to the

. . PP _ a Aﬂutt _
buckling point. The sensitivity was computed at n=1.0 to be —-—5— =-99.99.
n
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The present technique gives results in aggreement with the available literature for a wide range
of panel variables. The analytic sensitivities are very accurate when compared with finite difference
approximations, and they have been shown to successfully predict the effects of changing shape, fiber

angles, and in-plane loads.



CHAPTER 10
CONCLUSION

The capability to include configuration shape design variables, in any multidisciplinary design
optimization of airplanes in the conceptual or preliminary design stages, is essential. Developments
in recent years advanced the state of the art in Design Oriented Structural Analysis (DOSA) covering
approximate stress, deformation, structural dynamic and buckling analysis as well as analytical behavior
sensitivity techniques, where wing box structures, and skin panel structures, are subject to shape as well as
material and sizing variations. The present work has focused on the design oriented aeroelastic analysis
of optimized skin panels in supersonic flow. Since, in typical optimum aeroelastic synthesis of wing
structures, many skin panels can be buckling-critical, and since stressing a panel up to a point close to its
buckling load may have a serious effect on its aeroelastic stability as a panel, it becomes important to
develop efficient analysis and sensitivity capabilities for panel flutter constraints.

It is shown in this work how modeling and Ritz formulations based on simple polynomial
functions in global coordinates, lead to efficient evaluation of panel stiffness, geome‘m‘c stiffness, and
mass, as well as aerodynamic damping and aerodynamic stiffness matrices. Using analytic formulas for
area integrals of polynomial terms over general trapezoidal area shapes, it is shown that no numerical
integration is needed for evaluating panel structural or aerodynamic matrices. A table of area integrals for
the panel, including area integrals over the panel of terms of the form x™y" , needs to be evaluated only
once for a given panel shape. Then, structural and aerodynamic matrices, as well as their analytic
sensitivities with respect to sizing, material and shape design variables, can be obtained by linear
combinations of elements of this table of integrals.

Systematic evaluation of the resulting panel flutter prediction capability was carried out,
comparing results from the present work with results from other references. Cases involving rectangular
and skewed panels, isotropic and composite construction, and different types of in-plane loads were
covered. Overall, the current capability led to good correlation with other prediction techniques up to
panel leading edge sweep angles of 30°. Large differences in panel flutter boundary predictions between
the current technique and other approximate techniques including finite elements, were observed for
panel sweep angles of more than 30°. Additional work is needed in this area to find out whether the
discrepancies are due to limitations of the current polynomial Ritz analysis or the other approximate and
finite element techniques used for comparison. Unfortunately, only a few papers on panel flutter address
the aeroelastic stability of panels of general trapezoidal shapes.

Expressions for analytic sensitivity of panel aeroelastic poles and resulting flutter dynamic

pressure, have been obtained, and checked against finite difference sensitivities. Excellent correlation, and




~1
n

a wide range of step sizes for the finite difference derivatives, have been found. Used, in turn, in direct
and reciprocal Taylor series approximations for the flutter dynamic pressure, the flutter and sensitivity
results have been shown to lead to quite robust approximations over a wide range of design variable
changes (wide move limits). The work has also shown how to integrate the panel aeroelastic analysis and
sensitivity predictions with a wing box analysis and sensitivity capability, where in-plane loads
determined by the wing box behavior serve as inputs to the panel aeroelastic behavior. Shape variations of
the wing and its internal structure affect the panel both via its in-plane loads, and directly through the
effects of its shape on its structural and aerodynamic matrices.

This work was limited to linear panel flutter using Piston Theory aerodynamics, and quasi-
homogeneous composite construction. An effort to extend the work to cases of linear potential
aerodynamics, active piezoelectric actuation, and non-linear structural and aerodynamic behavior is

currently underway.
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