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FLUTTER ANALYSIS AND ANALYTIC SENSITIVITIES 

FOR TRAPEZOIDAL PANELS 

by 

David Mineau 

2nd Lieutenant, USAF 

Abstract 

Explicit expressions for the stiffness, geometric stiffness, mass, and aerodynamic force matrices 

are derived for the flutter analysis of simply supported composite wing panels. The formulation is based 

on Ritz analysis using simple polynomials and Piston Theory aerodynamics. The use of simple 

polynomials eliminates the need for numerical quadrature and decreases computation time. Analytic 

sensitivities of the aeroelastic system matrices and critical dynamic pressures are obtained with respect to 

layer thickness, fiber direction, and panel shape. The method is integrated with wing box analysis based 

on either the equivalent plate approach or finite element method, making it possible to obtain sensitivities 

of the stability boundary with respect to wing planform shape or locations of ribs and spars. The analytic 

sensitivities are used to construct approximations of the aeroelastic stability boundary for integrated wing / 

panel design synthesis. 
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CHAPTER 1 

INTRODUCTION 

A substantial amount of experience and knowledge has been accumulated over the last forty years 

regarding the aeroelasticity of panels in supersonic flow (Refs. 1-4). Different numerical solution 

techniques have been used, including exact, as well as approximate Galerkin, Rayleigh-Ritz, and Finite 

Element techniques (Refs. 5-7). The problem has practical implications associated with the design of high 

speed aerospace vehicles. As an aeroelastic research problem, it is rich and interesting, encompassing a 

wealth of phenomena. These include linear and nonlinear stability and dynamic response, dynamics of 

systems with random parameters (Ref. 8), and interactions between static and dynamic instabilities in the 

presence of in-plane loads and thermal effects (Refs. 9-10). Panel flutter has been used to study 

applications of composite materials (Refs. 11-12), transverse shear effects (Refs. 13-14), active aeroelastic 

control using strain actuators (Refs. 15-16), chaotic dynamics (Refs. 17-18), and order reduction in 

unsteady aerodynamics (Ref. 19). Most of the studies in the vast panel flutter literature, however, are 

confined to rectangular panels. Solution techniques and results for quadrilateral and trapezoidal panels 

have been discussed in only a small number of articles (Refs. 20-23). Skin panels in typical aerospace 

structures, however, are very often trapezoidal in shape. Moreover, in the course of optimization of such 

aerospace structures, internal ribs, spars and stiffeners may be moved to form trapezoidal skin panels, and 

these panels may change shape during optimization in addition to changing material properties and 

thicknesses. The capability to efficiently evaluate the aeroelastic stability of trapezoidal skin panels under 

combined in-plane loads, as well as sensitivities with respect to sizing, material and shape design 

variables, constitutes an important building block in any overall structural/aeroelastic optimization 

capability. For optimization strategies based on non-linear programming and approximation concepts 

(Refs. 24), evaluation of alternative approximation techniques for aeroelastic constraints is required, since 

very little experience exists in this area. 

The optimization of panels, subject to aeroelastic constraints, has been studied in cases involving 

isotropic and composite construction (Refs. 25-29). These studies are usually limited to the treatment of an 

isolated panel, excluding its interaction with the structure containing it. In our effort to develop effective 

aeroservoelastic synthesis techniques for stressed skin aerospace structures, we have ventured into the area 

of airframe shape optimization in order to make rigorous design optimization available to the designer at 

an early stage of the design process, where overall shape of the vehicle is still evolving. Analytic shape 

sensitivities and approximations have been developed for wing box structural modeling, integrated wing 

box / panel buckling analysis, and unsteady wing aerodynamics in both subsonic and supersonic flight 

(Refs. 35-38). The present work will focus on the integrated wing box / panel flutter analysis and 



2 
sensitivity problem with an emphasis on the needs of planform shape optimization. This includes the 

sensitivity analysis of panel flutter in the case of the isolated panel, subject to given in-plane loads. 

The thesis opens in Chapter 2 with a derivation of the equations of motions for the panel flutter 

problem based on a Ritz approximation. Chapter 3 discusses the panel modeling and the simple 

polynomials used as admissible functions in the Ritz analysis. Chapters 4 through 7 develop the mass, 

stiffness, geometric stiffness, and aerodynamic matrices. Analytic sensitivities with respect to panel 

shape, thickness, and fiber orientation are derived in Chapter 8. Chapter 9 presents the verification and 

results of the present technique and Chapter 10 provides the conclusions of the work. 



CHAPTER 2 

PANEL FLUTTER EQUATIONS OF MOTION 

2.1 Introduction 

The panel flutter equations and stability analysis are developed in this chapter. The equations of 

motion are derived using energy methods and Pütz approximation. The formulation uses the assumptions 

of classical plate theory for symmetric composite laminates. A State Space modeling approach is used to 

develop the stability analysis of the system, and the flutter problem is shown to be a linear generalized 

eigenvalue problem. The determination of critical dynamic pressures calculated with and without 

aerodynamic damping is discussed as well as the different types of aeroelastic instability. 

2.2 The Lagrange Equations 

The standard Lagrange equations, for a system with N degrees of freedom, is given as: 

_3_ 

d t 

fd T\ 
d Ijj ) d 1j 

d (T-U) 
= Qj j = l-N (2.1) 

V"   ^i*J 

where qj are the generalized coordinates, U is the total potential energy of the system, T is the kinetic 

energy, and Qj (the generalized forces) are defined by the virtual work of non-conservative forces: 

8 w = £ß;-8 qs (2.2) 

In plate theory, the potential energy is usually derived as the sum of the strain energy due to 

bending, U, and the potential energy due to in-plane loads, V. Thus Equation 2.1 can be written as 

3 (U+V-T)      3  ( d T~] 
■ + = Qj j = l..N (2.3) 

d q. 3 t[d q]t 

For a symmetric laminate the strain energy due to bending (Ref. 52) can be written in the form 



v = lj\[wL  w,l„  2w:xyp w, 
2W, 

i 

yy 
l 

*y 

dxdy (2.4) 

where W1 (JW) is the vertical displacement of the panel and [D] is the symmetric 3X3 bending stiffness 

matrix defined by 

D,=\z"Q,dz (2.5) 

The potential energy of in-plane loads, Ny, due to the deflection W1^) is (Ref. 52) 

v=\\\K K[ 
N*y     Ny. 

dxdy (2.6) 

Finally, the kinetic energy of the panel is given by 

*4JJp-* 
^dw^2 

Kdt      ; 
dxdy (2.7) 

where pm is the material density per unit volume and h(x,y) is the panel thickness. 

2.3 Ritz Formulation 

The unknown elastic deformation W1^) is approximated by a series of admissible functions: 

Wl(*,y,f) = X/»(x,)9.-<0 (2.8) 
;=i 

The functions f( (X,y) satisfy the geometric boundary conditions and qi (t) are the generalized displacements. 

In matrix form the deformation is: 



w. (x,y,t) V1 (x, y)    h(x,y)    -   ?N(. x,y)} 
q2(t) 

qN(t) 

=NM (2.9) 

The first derivatives can be expressed as: 

J\,x       Jl,x 

Ji.y     Jl.y 

JN,x 

JN,y 

<7l 

4N, 

= ["*} (2.10) 

and the second derivatives are given by: 

W\xx 

W\yy 

2W\xy 

Jl.XX J2,xx •      JN.xx 

Jl,yy fi.yy    ■ •      J N,yy 

2h*y 1f%„ ••   2/„, 
=[>*} (2.11) 

These Ritz approximations, used to reduce the order of the system from infinite to N, can now be 

substituted into the Lagrange equations. 

2.4 Strain Energy 

The partial derivative of the strain energy (Eq. 2.4) with respect to the generalized coordinate qj 

is: 

Trr^h^- w- 2W-])[D w, 
2W. 

yy 
l 
*y 

+[w4  w,l„  2W:VID]- 
a«,- 

V1 
'r ix 

w, 
2W, 

i 

yy 
l 

*y 

(2.12) 

dxdy 



From equation 2.8 the second derivatives of W1 can be given as: 

" 'xx       2~l J i,xxHi "^ iyy       2^ Ji,yy^i 'xy        2—1 J i,xyHi (2.13) 

from which follows 

a«, /,, 
d w, 

yy 

dqj 
= fu XV 

d w, 

dlj 

*y_ _ r 
~ J j,*y 

(2.14) 

substituting Eq. 2.14 into Eq. 2.12 gives: 

3 n       9 JJ \JJ-**    Jj'yy      Jjxy$-   . 
a  Hj       L 

wl 

w, 
2W, 

i 
yy 

l 
*y 

+ [w,l   w,l„   2W,\,lD 
fj 

2/;,. 
■yy 

■xy 

dxdy 

(2.15) 

Notice that the quantity [W,^    W,^    IW^D 
fj, 

2h- xy 

is a lxl matrix and is therefore 

symmetric. Thus 

J j,xx 

[W,^    W,\y    2W,\,lD-\ fh„ 
2h*y 

J j,xx 

[w,1^   w,lyy   iw^lp] fJt„ 
2fj,*y. 

= [/;,»    fj,„   2/^jD] w, 

xy 

Substituting Eq. 2.16 simplifies 2.15 to: 

(2.16) 

a u 
d q. 

= JJ[/^      fj,yy     2/JZ>; 

rr  'X 

w, 
2W, 

i 

yy 
l 
xy 

dxdy (2.17) 



For all j=l...N Eq. 2.17 becomes: 

a u 
a qx 

a u 
5   #2 •=IJ 
d'u 

d q» 

./2,xe J2,yy ^J2.xy 

JN,XX       JN,yy       ^JN,. *y 

[D] W,\ 
2W, 

dxdy (2.18) 

Substituting Eq. 2.11 gives: 

a £/" 

a ql 

a u 
a <?2 

a u 
a QN 

= j\MMF3][q]dxdy (2.19) 

2.5 Potential Energy Due to In-plane Forces 

The partial derivative of V (Eq. 2.6) with respect to the generalized coordinate qj is: 

3 v -If- a qj     2
JJ *3 (K ^j^;[ 

where [iV] = 

+ [w,i w,;jiv]- 
a* 

dxdy        (2.20) 

From equation 2.8 the first derivatives of W1 (x,y,t) can be given as: 

(2.21) 



from which follows 

d q} 
fj, 

aw,; 
*4j 

=fj. (2.22) 

substituting Eq. 2.22 into 2.20 gives: 

^m, u«g:j]*.i ^(fch» (2.23) 

As in the derivation of the strain energy, the second term in the integral is symmetric because it is a lxl 

matrix. Therefore Eq. 2.23 can be written as: 

f^in/, r,p^ (2.24) 

Forallj=l...N 

d V ' 

d qx 

d V 

< d q2 -11 
d'v 

d q" 

Jl,x Jl,y 

JN.x       J,N,y 

Sw, 
]_w, WT;N (2.25) 

Finally substituting Eq. 2.10 into Eq. 2.25 gives: 



a v' 
d qx 

d V 

<*   <?2. 

d'v 

d <1N_ 

= HMMF2lq}dxdy (2.26) 

2,6 Kinetic Energy 

The kinetic energy in this problem (Eq. 2.7) is a function of the time derivatives of the 

d T 
generalized coordinates only, therefore = 0. a qj 

The derivative of W^x.y.o with respect to time can be written as: 

d Wl     JL 

d t = X/^J (2.27) 

Substituting this expression into Eq. 2.7 results in: 

( N \ 
r = ölfp-Ä I^..<    dxdy 

\>=i J 
(2.28) 

Differentiating with respect to qj,t gives: 

d T 

3 ?y,i 

AT A 

= JJpmÄ/y    X fflu      **** 
.«=1 J 

(2.29) 

Differentiating with respect to time gives: 



a (d T\ 
a t ld «;.« J 

* „^ 

= l\pmhfj yLfiQi    dxdy 
, <=i        J 

Expanding for j=l...N and substituting in Eq. 2.9 leads to: 

10 

(2.30) 

a far] 
a t 

a f      1 
a t ^   ^2,< j 

a far] 
a * ,3 qN,t , 

=JK* [Fv l^dxdy = jjpmh[Fi f ft iy^dxdy (2.31) 

where 

2.7 Virtual Work Due to Transverse Loads 

The virtual work, 8w done by a transverse force, q(x }, on the panel is the force over the panel 

area multiplied by the virtual distance: 

5 w = \\?>Wlq(x<y)dxdy (2.32) 

Using Eq. 2.8 the virtual displacement can be expressed as: 

8 V1 =£/r5 ft 
i=\ 

Combining the above equations gives: 
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i=\ 

(2.33) 

By the definition of Qi (Eq. 2.2), the vector {Q} can be expressed as: 

fcWJ 
fN 

qlx,y)dxdy = \\[F^q{xy)dxdy (2.34) 

q,x , can be any transverse load, but in the context of panel flutter it is the pressure applied to 

the plate by the aerodynamic flow. Therefore the aerodynamic contribution to the system will be solely 

through the {Q} vector. 

2.8 Equations of Motion 

Recall that the Lagrange equation was given by: 

a (u+v)   a 
 +— 

d qs d t V5 lu) 
= Q, 7 = 1... AT 

Substituting the derived equations above gives: 

jj to I" MF, ][q}dxdy + \\ [F2 f [NIP, \q]dxdy + j| p „,/*[/< f ft ifydxdy = 
(2.35) 

Because the generalized coordinates, {q}, are not functions of x and y they can be placed outside of the 

integrals. The equations of motion can then be expressed as: 

[MMq\ + [K][q}+[KG]{q}={Q} (2.36) 



where [M] is the NxN mass matrix: 

12 

[M] = ft p mH
Fi]T[FiVxty (2.37) 

[K] is the NxN bending stiffness matrix: 

[K]=tifr]Timy*dy (2.38) 

and [KG] is the NxN geometric stiffness matrix: 

K] = Jil^f[NlF2}ixdy (2.39) 

2.9 Generalized Eigenvalue Problem 

It will be shown in Chapter 7 that when piston theory aerodynamics are used for the transverse 

load contribution, the nonconservative aerodynamic forces are expressed as: 

{2} =pmUm [Adamp ]|i| + 9mUl [Asüff \q\ (2.40) 

Substituting this into Eq. 2.36 gives the equations of motion as: 

[M]|^|-p^4A^]|?|+[/i:+/(:G-p^A^]|?| = |oj (2.41) 

or 

M «   + C «}+F «- o (2.42) 

It should be noted that the model presented above does not include any structural damping. This can be 

added in the form of viscous damping in the  C matrix (Ref. 31). 
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At a given altitude, Mach number, and corresponding speed, and for a given set of in-plane loads 

obtained from the wing box solution (Ref. 37), the poles of the system can be found to determine if the 

panel is stable or unstable. Applying the Laplace transform to Eq. 2.42 gives: 

s2M + sC + *]{«W }={°} (2.43) 

This is a quadratic eigenvalue problem which can be solved by converting it to a first order problem. 

Let {x{ (i
1)} = {<?(£)} and {x2 (.?)} = s\q(s)}then Eq. 2.43 becomes: 

s{xl}={x2} 

M six2}=- K {xi}~ C {xi} 
(2.44) 

or 

/ 0 

•1::)= 
0 1 

0 PI m -c 
x. 

(2.45) 

If we have N generalized coordinates, {q}, then \M\, \C\, and \K are all NxN matrices and the first 

order equations are a 2Nx2N generalized linear eigenvalue problem of the form: 

£/]{4> }=l [v]{(|) } (2.46) 

where X are the eigenvalues (poles) of the system and {§} are the corresponding eigenvectors. The 

eigenvalues and eigenvectors are found using the QZ algorithm (Ref. 42). 

2.10 Stability Boundaries 

At the given flight conditions and in-plane loads, a panel is stable if all of its poles (eigenvalues) 

reside in the left side of the Laplace plane. Each pole contributes to a transient motion in the panel of the 
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form eXt. If a pole is written as ^a+jco, then it contributes a motion of the form e(a+j0))t = eat(coscot + 

jsincot). A pole's contribution to the panel displacement grows with time if its real part, a, is greater than 

zero and therefore causes instability in the panel. A complex pole with a positive real part represents an 

oscillatory instability, or flutter. A purely real pole that is greater than zero is non-oscillatory and 

corresponds to divergence or buckling. Thus, eigenvalue analysis can capture instability due to either 

buckling or flutter. 

The point at which a panel becomes unstable is usually found by assuming a given Mach number 

and set of in-plane loads. The dynamic pressure is, then, slowly increased, keeping all other parameters 

constant. Eigenvalue analysis is repeated for increasing dynamic pressures until a pole crosses into the 

right hand side of the s-plane (Fig. 2.1). This is equivalent to flying at a constant Mach number while 

decreasing altitude. The dynamic pressure at which the panel flutters is labeled qnutter- 

J r 
jco s-plane 

Flutter 

1 

jo> s-plane 

Divergence 

Figure 2.1 Stability Analysis in the Presence of Damping 

In the panel flutter literature, it has been observed that due to limitations of Piston Theory, the 

associated aerodynamic damping can sometimes lead to counter intuitive / unreliable results. Structural 

damping effects are also quite hard to model accurately( Ref. 31). For a conservative stability boundary, 

then, the structural and aerodynamic damping are often ignored by setting   C = [0] in Eq. 2.42. This 

results in a model with no damping, and the stability analysis has to be modified accordingly. 
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As long as the system is stable its poles are purely imaginary. Only after flutter or buckling 

occurs does any root have a real part (Fig. 2.2). In the case of flutter, two poles that start out as natural 

frequencies will coalesce as the dynamic pressure is increased to the point where they become complex 

conjugates of the form ±a + jco (Fig. 2.2a). The corresponding dynamic pressure is called qCTiticai- 

Buckling or divergence occurs when one root becomes a positive, non-oscillatory root (Fig. 2.2b). The 

present analysis (and associated computer program) predict both qcriticai and qnutter- 

ja> s-plane 
, L 

<-   > t        •> 
K   i \        > 

Flutter 
1 

Instability 

a 

jro s-plane 

Buckling 
Instability 

Figure 2.2 Stability Analysis in the Absence of Damping 



CHAPTER 3 

POLYNOMIAL MODELING 

3.1 Introduction 

Simple polynomials for modeling and Ritz approximation basis functions are discussed and 

developed in this chapter. The motivation for using simple polynomials is discussed followed by a 

presentation of the wing box and panel models used in the present analysis. Finally, admissible 

polynomials for simply supported panels are developed. 

3.2 Motivation for Simple Polynomials 

Admissible functions based on simple polynomials, as is well known, lead to ill-conditioned 

system matrices (Refs. 32-34). As higher order polynomials are introduced to better approximate the 

solution, high and low order terms appear simultaneously in the system matrices, leading to a large 

difference in orders of magnitude of matrix terms. On finite word-length computers this leads to ill- 

conditioned linear equation and eigenvalue solutions. If convergence to the solution is not obtained with 

low order polynomials, the addition of higher orders will lead to ill-conditioning and the solution 

technique will likely fail. 

However, there are several advantages to simple polynomials if ill-conditioning can be avoided. 

Simple polynomials allow for integrals in the system matrices to be performed analytically, making 

numerical quadrature unnecessary. This greatly reduces the computation time required for solution. 

Simple polynomials have been successfully used as admissible functions in plate vibration and shells. In 

the context of wing optimization, simple polynomials have been used for deformation, stress, and mode 

shapes in wings of complex planforms (Ref. 35). Finally, Ref. 37 shows that panel buckling analysis can 

be successfully integrated with wing box structural analysis using simple polynomials. 

The greatest advantage of simple polynomials for the present problem of panel flutter is the 

ability to perform analytical sensitivities. Refs. 35 and 37 show that it is possible to easily obtain very 

accurate closed form sensitivities. In design oriented structural analysis there is a need to analyze the 

flutter stability boundary of the wing panels when their shapes and other design variables are changing. 

Analytical sensitivities for the stability of wing panels that can be provided quickly to a designer provides 

an important link in wing and airframe optimization. 

The success of previous experiences using simple polynomials for analysis and analytical 

sensitivities combined with the computational speed such formulation allows is the basis for using simple 

polynomials in the present panel flutter analysis. 
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3.3 Modeling 

In the polynomial based wing box analysis, the thickness of layers of fibers in different directions 

is given by simple polynomials. For layer i out of NL layers in a panel 

N. 
t;tv,A=T!+nx+Tiy + nX

2+..=   {  TlJ^.y^V   ,i = i, *i(x,y)~1l~r'2*~ri33'~rM ,NL (3.1) 
k = l 

The powers m,  and n,   are x and y powers of the ktt term of the thickness series for the i"1 

layer. The coefficients T,   serve as sizing type design variables. Unlike many studies, in which wing 

trapezoidal segments are transformed into a unit square for numerical analysis, here the thickness 

polynomial is given in terms of the physical x,y coordinates (Fig. 3.1). 

Air Flow 

Figure 3.1      Wing Planform 

Tie overall thickness of skin panels is the summation of the NL layers: 

NT N: NL 
= X  X T!x    k   -y   k 

(3.2) 

In a similar manner, cap areas for the spars and ribs of the wing box model are also expressed as 

simple polynomials of either x (for ribs) or y (for spars) (Refs. 32-34). Depth of the wing box is also given 

by a simple polynomial in x and y, to be defined later. 
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3.4 Admissible Functions 

An admissible function will be any polynomial we choose that satisfies the simply supported 

boundary conditions on the perimeter of the panel. Figure 3.2 shows a trapezoidal panel defined by 

coordinates of its vertices in the x,y axes. The subscripts L and R denote left and right sides, respectively. 

The subscripts F and A denote front and aft lines, respectively, and xp and x A are the x coordinates of the 

forward and rear points on a line parallel to the sides of the panel. 

Figure 3.2  Panel Layout 

Based on Fig. 3.2, we can write the following equation for points on the front line: 

xA(y) = (*FLyR    *FRyL) + (*F/?~*FL)y = RF+SFy 
yR~yL yR~yL (3.3) 

In a similar way, on the rear line, expressing XA in terms of y leads to: 

x   {y) = i
XALyR-XARyL)H^ARZ^AL)y= s 

A yR~yL yR~yL A      A 
(3.4) 
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The function F„ (x,y) = \x - xF (y) Ix - x . (y) ly - y, \y - y n    satisfies the zero 

displacement boundary conditions on the circumference of the panel. Using Eqs. 3.3 and 3.4, and 

expanding in terms of x and y yields 

^(x,y)=h+£/2>' + t/33'2h+V + V + V2+^ + V2> (3.5) 

or 

yM   6 mv;   nv- 3    6 mv-   nU-+nv- 
Ffi(x.y) "^^ ' jS,V J> ; "&ku'vJx h '    ' 
where the constants U and V are given in terms of panel vertex coordinates by: 

(3.6) 

VI = RARF,V2=-(RA+RF),V3=(RASF + RFSA) 

V4 = IV5 = -(SA+SF),V6 = SFSA 

Powers of x and y corresponding to constants U and Vare given in Tables 3.1 and 3.2. 

(3.7) 

Table 3.1 Constants Ui and their corresponding power of y. 

i Ui 
u 

ni 

1 Ui 0 

2 u2 1 

3 u3 2 

Table 3.2 Constants Vj and their corresponding powers of x and y. 

j 
VJ 

V V 
nJ 

1 Vl 0 0 

2 v2 1 0 

3 v3 0 1 

4 v4 2 0 

5 v5 1 1 

6 v6 0 2 
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Any polynomial multiplying FB will be an admissible function satisfying the boundary conditions 

of a simply supported panel. Therefore the transverse displacement of the panel can be written as: 

i NW       m™  n™ 
W (x,y) =FB(Xy)  \ApX  y y F (3.8) 

where the coefficients q p are the generalized displacements. Substituting the Eq. 3.6 for Fß we can 

write: 

, NW        3   6 (m)+m%)  {n»+nV+n™) 
W\x,y) =   I qp ■ I  I U-V-x    J     P y   l     J    P (3.9) 

The admissible functions are thus expressed in terms of simple polynomials, where the p* 

admissible function (Eq. 2.8) is given by: 

3   6 (mv.+m%)   (nV+nV+n™) 

fP^y)=hhUiVjX " (310) 



CHAPTER 4 

MASS MATRIX 

4.1 Introduction 

Equations for the terms of the mass matrix are derived in this chapter. It is shown that the terms can 

be expressed as linear combinations of area integrals of polynomials. 

4.2 Mass Matrix Terms 

The mass matrix was derived in Chapter 2 as: 

[M]=jjpmh[FJ[F^dy (4.D 
area 

where pm is the material density per unit volume, h(x>y) is the panel thickness, and the matrix [FJ contains 

the admissible functions: 

[*i] = [/i   h   -   /J (4.2) 

Substituting the admissible functions into [M] gives the individual terms as: 

M. = j\pmhfrfsdxdy (4.3) 
area 

This equation shows that the mass matrix is symmetric. 

The panel thickness, h, is expressed as a summation of the individual layers' thickness. As shown in 

Chapter 3 the thickness is: 

V?)  = hix.y) +t2(x,y)+-+tNL(X,y)  = XW  = £ £ ^^ /*' (4-4) 
i=l i'=l  k=l 

where NL is the number of layers in the panel and Nf is the number of thickness terms in each layer. If the 

thickness of all layers are expressed by the same order of complete polynomial then all layers will have the 

same number of terms, Nt, and the same powers m'k and n[ . This restriction simplifies the formulation 

of the panel thickness while not taking away from the flexibility for representing complex panel thickness. 

A new vector, Tk is defined to add all of the Tk' terms associated with the same powers of x and y: 

—     NL 

Tk=Y.Tl (4-5) 
;=i 

Now the total panel thickness is simplified as: 
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N,   ' 

ÄC*,»=X7'**'VI (4.6) 
k=\ 

Substituting this into equation (4.3) leads to 

N,    

M„ = Pmj,Tk \\fjsx
m[yn[dxdy (4.7) 

^=1        area 

Recall that the pth admissible function was given in Chapter 3 in terms of the coefficients Ut and Vj as 

/^^iS^^V^'"1 (4.8) 
.•=1 j=\ 

Substituting into equation (4.7) leads to the explicit form of the mass matrix terms: 

M„ = P.iÜii WW^ \\xmy"dxdy (4.9) 
k=\ i=\ j=\ a=i jj=\ area 

where 

m = mVj + mVjj + m™ + mw
s + m'k 

n = n?+n?i+nv
j+nv

jj+n';+n?+nk' 

Note that all of the elements of the mass matrix are a linear combination of area integrals of simple 

polynomials 

7ra(«,) = \jxmy"dxdy (4.10) 
area 

which, for trapezoidal panels, can be carried out analytically, as shown in detail in Ref .35. It will be 

shown that all of the system matrices will be combinations of the same family of integrals ITR(m,n) • 

The mass matrix is dependent only on the thickness terms Tk' through Tk and the panel shape 

variables through Uj and Vj. The area integrals depend only on the panel shape variables through the 

limits of integration as shown in Ref 35. 



CHAPTER 5 

STIFFNESS MATRIX 

5.1 Introduction 

Expressions for the terms of the stiffness matrix [K] are derived in this chapter. It is shown that 

the stiffness terms can be expressed as combinations of integrals of simple polynomials. Quasi 

homogeneous or orthotropic construction is assumed. 

5.2 The In-plane Stiffness Matrix 

As shown in Chapter 2, the equation for the Ritz formulation of the stiffness matrix is: 

[*]= jj[Fif[DIFi¥xdy (5.1) 
area 

where [F3] contains the second derivatives of the admissible functions and [D] is the bending stiffness 

matrix. Expressions for the in-plane stiffness matrix, [A], the bending stiffness matrix and the matrix 

[F3] are required for an expression for [K]. 

The in-plane stiffness matrix is defined as 

[A] = \[Q(z)}iz (5.2) 
i 

where [Q(z)j is the material property matrix. [Q(z)] can be expressed in terms of material invarients and 

the layer fiber orientation angle by defining [Q0] through [Q4] (Refs. 37,51) as: 

[ß]' 

u, 

'Uy          V 4         01 "1    0 0" "1 -1    0 

= uA   ul    0 +u2 0   -1 0 cos(20) + £/3 -1 1     0 

0      0    £/5 0    0 0_ 0 Ö    -1 

"0   0   1" "0    0 1 

0   0    1 sin(29) + C/3 0    0 -1 sin(46) 

1 1   0 1  -1 0 

cos(40) + 

(5.3) 

The polynomial description of panel thicknesses in terms of the global x-y coordinates was given in 

Chapter 3 as a summation of the thickness terms of NL layers: 

NL   N, 

\x,y)  ~ hix.y) +t2(x,y)+---+tNL(x,y)  ~ Zj^i^y)  ~ 2j 2j^k X   ' y * (5.4) 
;=i i=l k=\ 
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For a panel containing NL layers of fibers, the in-plane stiffness matrix [A] can be expressed in terms of 

individual layer thicknesses and fiber orientation angles by substituting Eqs. 5.3 and 5.4 into Eq. 5.2: 

NL 
[A]=^J[ö0]+[ßJcos2e/+[ß2]cos4e/+[ö3]sin2e/+[(24]sin4e/j?/(Xjy) 

Let a material and fiber orientation dependent matrix, (2(0;) > a 3x3 matrix, be defined as: 

(o(6/)] = [[o0]+[j21]cos2e/ +[ß2]cos4e/ +[ö3]sin29/ +[o4]sin46-] (5.6) 

The in-plane stiffness matrix [A] can now be expressed in terms of the sizing design variables, T"j, and 

fiber directions as a polynomial: 

[A]=l  X löOp\x   k   .y   k   .Ti (57) 

5.3 The Bending Stiffness Matrix 

For unidirectional, orthotropic or quasi homogeneous laminates the in-plane and bending 

stiffness matrices are related through (Ref. 54) 

[D] = [A]^ (5.8) 

Using Eq 5.4 to express h2 in terms of thickness design variables, double summation is needed. 

The indices li and 12 are used for summation of polynomial terms associated with each layer, as follows: 

NLNil   n    (mfe     (np)     NLNi2 (|fc2)     ('/ \xv)=  I   I T{x    11    .y   II    =  z    £ T2x   72 L 
{x>y}    il=l/l=l n /2=1/2=1 ll 

,2) 
12 (5.9) 

The bending stiffness matrix, [D], can now be written in polynomial form as 



25 

[D] = [A] 
12 

N, ,NT NT  N- iV, #., 
1   ^P^    1 J-   ^  J   J.*   J,2   i     t'l     12     \   k     l\      12        k     l\     12 

12/=lL      ' Jil=li2=U=l/l=l/2=l *    ll     ll 

(5.10) 

The dependence of [D] on the sizing design variables (thickness coefficients) and fiber angles is 

now expressed in explicit form. 

5.4 The [Fjl Matrix 

Recall from Chapter 2 that the [F3] matrix is defined as: 

Jl,xx J2,x A 
L   3 J J\,yy J2,yy        ■" J N,yy 

^fl,xy       ^J2,xy        •"      ^JN,xy 

The p"1 admissible function is given as: 

3      6 

Second derivatives of the fp functions are: 

(5.11) 

(5.12) 

/nrc=II^/K+<)K+^-^    ;     P       yl     J    P (5.13) 

Note that fpxx = 0, if m ^ + m n < 1 • (representing second derivatives of zero order or first order 

terms) Similarly 

3   6 (mV+mW)   (n?+nv-+ny>-2) 
fp1yy=&ZUiVj{n?+n)+ny)(if+nv

j+n»-l)xKJ     p)yl     J    P 

i~ipY   l  J"1 

(5.14) 
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where fpyy = 0, if nf +nv- + np < 1. Finally 

3   6 v       w     u      v      w    K+<-0   W+n)+ny-l) 
2fp,Xy=2^ZUiVj(mVj+m™)(n?+nv

j+n™)x    J     P      y   l     *    P 

The term fp,Xy is set to zero in two cases: 

2fPtXy = 0, if mvj+m^ = 0, or nf +nVj + n™ = 0 

The q,p element of [F3] can be written as: 

(5.15) 

3   6     qp mf9P  nffjP 
X  X Fifx    lJ   y   lJ 

Sq.p-fä^l   V 
(5.16) 

where the coefficients F-j    and corresponding powers of x and y, m/-;    and «/,-;    respectively, are 

shown in Table 5.1. 

Table 5.1   Coefficients and powers of polynomial terms in the [F3] Matrix 

(If any of the power of x and y from columns three and four is less then zero, the corresponding F ff 

element is set to zero) 
y 

q pqp 
U mf3P nfSP in JJ 

(Row of [F3] Matrix) 
(Coefficient) (Power of x) (Power of y) 

1 UiVj(mJ+mJV 

(mj +mp -1) 

mJ+m^-2 u ,    v ,    w nj +n: +n„ 

2 UiVj(n|I+nJ+nJ')- 

(n» + ny+n*-l) 

v ,     w 
mj+mp nf + nJ+n^-2 

3 U.V^mr+m;)- 

(nr+nj+n;) 

mj + m™-l nj' + nj + nj'-l 
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5.5 The Stiffness Matrix 

Equation 5.16 together with Eq. 5.10 are substituted into the equation for the stiffness matrix 

(Eq. 5.2). The r,s term of the stiffness matrix is: 

JtB"J,J,''(F3«D«»r3taW>' <517) 

and the final expression for the Krs element in polynomial form is: 

3    3    3    6     3     6   NLNLNL   Ni Nil Ni2±  ar   bs 
Krs   JiÄ/äij£i,-,£ijj^i hiha=\ hn=m=\ i2Fii'JJFi^JJJ' 

(5.18) Qa^i)iTllTil\\^)yinrs)dxdy 

where the powers of the x and y terms in the area integral are 

nrs="ssij+"fkjij+4+"i?+»B (5l9) 

All elements of the stiffness matrix are, thus, linear combinations of the same family of integrals 

over the panel's area of the form 

777? (m,n) = j£V^ (520) 

Note the explicit dependence on thickness coefficients and fiber directions. The shape 

dependence is more complex. The coefficients Uj and Vj (Eq. 3.7) depend on the x,y positions of the 

vertices of the panel. These coefficients, in turn, determine the F coefficients in Table 5.1. In addition, 

the area integrals (Eq. 5.20) depend on the shape of the panel through the limits of integration. 



CHAPTER 6 

GEOMETRIC STIFFNESS MATRIX 

6,1 Introduction 

Equations for the elements of the geometric stiffness matrix are derived in this chapter based on 

in-plane loads from a wing box structural analysis. It is shown that the geometric stiffness matrix can be 

expressed as combinations of area integrals of simple polynomials. 

6.2 Wing Box Stress Analysis and In-plane Loads 

The geometric stiffness matrix was derived in Chapter 2 as: 

[Ka]= lll^fM^Vxdy (6.1) 
area 

The [KG] matrix thus depends on the derivatives of the admissible functions contained in [F2], and the in- 

plane loads contained in [N]. In classical linear analysis of panels the in-plane loads are assumed given. 

In the case of wing structures, in-plane loads can be based on wing box stress analysis from standard finite 

element techniques. In this case, in-plane forces along the sides of the panel are obtained by some 

functional approximation based on either nodal forces acting on nodes surrounding the panel, or in-plane 

stresses evaluated for the finite elements surrounding the panel. Alternatively, based on stress distribution 

in the panel, in-plane loads for buckling analysis can be evaluated throughout the panel, to be integrated 

over the area of the panel to obtain the matrix [KG]. (Refs. 43-50). 

For preliminary design purposes, if the skin panels are small relative to the wing, flutter or 

buckling analysis may be accurate enough if average Nx, Ny and Nxy are used for the panel. These in- 

plane stresses are assumed constant throughout the panel. This simplifies the integrations in Eq. 6.1, and 

makes it possible to use interaction formulas for fast approximate buckling analysis (Refs. 45,47 and 49) 

and 33). 

When an equivalent plate modeling approach is used for the wing box analysis (Refs. 32-34), the 

in-plane skin stresses are obtained from the wing generalized displacements calculated in the wing box 

stress analysis stage. In the formulation used in Refs. 32-34 admissible Ritz functions for the wing box 

analysis are given as polynomials in x and y, the global coordinates used to define the planform of the 

wing and the shape of all panels (Fig. 3.2). In this case, the transverse displacement of the wing is 
  Nw   —.   —. — 
W(x,y)=  I xmiyni

qi (6.2) 
i=\ 
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where a bar associates variables with the wing box analysis. The powers mi , n: , and the number of 

terms N w are known from the Ritz series used for the wing box displacement solution. The coefficients 

q i, are the generalized wing box displacements. Multiple load cases can be accounted for in the wing 

analysis, leading to different generalized displacement vectors {q}. 

In equivalent plate wing structural analysis based on classical plate theory using Kirchoffs 

kinematics for a wing with a symmetric cross section, the engineering strains in the x and y directions are 

given by (Refs 32-34) 

£x —=? -zW,xx 

£y —=j --zW,yy 

Y^ = ^zW,xy 

(6.3) 

Let the wing depth be given by H(X,y). Then, when skins are thin compared to the depth, they 

can be assumed located at z = ± 

H(x,y) 

Hix (*o0 

e, > = - 

Y. 

WtXX 

W,yy' 

2W<xy 

2 ■ Focusing on the upper skin, in-plane strains are: 

(6.4) 

Now, in a polynomial based formulation for the wing box, the depth of the wing is given in 

polynomial form 

N 
H(x,y) =  I Hih-x 

ih=l 

h — ..      M;j.)      (nh:u) ih •y ihJ 
(6.5) 

Since the displacement, W (x,y) and the depth, H( *,y), are polynomial, it is evident (Eq. 6.4), 

that skin strains due to wing deformation are polynomial too. There are total of NL layers, each with fiber 

direction Gj, and thickness as described by a polynomial equation. The in-plane skin stresses in each 

layer of the panel are obtained from the strains by the constitutive law: 
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G XX e,. 
  p=        1 

<Cyy •   = Ö<B,>   < e'l 
<? xy 

i huj 
(6.6) 

where [ß(e/)] was derived in Chapter 5 as: 

[ö(e/)] = [[Öo] + [ö1]cos20/ +[ß2]cos4e/ +[ö3]sin29/ +[ß4]sin46-] 
(6.7) 

The in plane loads can now be found in terms of wing box displacements by integration through 

the thickness of the panel: 

[AO <y xx 

"y M aw ■dz = \ 0(8) 

KJ z 
O xy 

z 
*y 

*-^-J|fl.,)fc- 
W.XX 

W,yy 

2W,xy 

(6.8) 

The in-plane stiffness matrix is defined as 

W = J[ß(z)]flk (6.9) 

which was derived in Chapter 4 to be 

[A]= ZlBßi)]-*^ -yk -T. 
i=U=lL      ' J ; 

which leads to 

(6.10) 

"y =-fw W_yy 

2W,xy 

(6.11) 

In order to express Eq. 6.11 in terms of the generalized displacements {q}  calculated in the 

wing box solution, we define a new vector {a} of wing box curvatures: 

...   mpwynpw —l)x   ™     y P™ 

...    npwfipw-iy^y*!™-2     ., «{-      >. (6.12) M= 
W,xx 

w,yy 
2W,xy mpw-l  npw-l mpwnpwx   ^      y y Ipw 
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where pw is an index for the p'th element in the wing Ritz series. There are N w terms in the Ritz series 

for wing displacement. The matrix [a] is thus 3 by N w. Each element of this matrix is of the form 

Wqw,pw 'x    ^'™  ■ y   Ciw-'PW  ; where the coefficient WCfW jJW , and powers of x and y, 

fhgw pW and figW ^ respectively, are described in Table 6.1. 

Table 6.1    Coefficients and Powers of x and y of the Matrix [a] 

Wqw,pw mqw,pw nqw,pw 

qw=l (Row 1 of the mpw(mpw-l) mpw-2 npw 

Matrix) 

qw=2(Row2ofthe npw(npw-l) mpw npw-2 

Matrix) 

qw=3 (Row 3 of the 
mpwfipw mpW-l npw-1 

Matrix) 

When the index qw denotes the row of the matrix (its values varying from 1 to 3) and the index 

pw specifies terms of the polynomial displacement series for the wing box (varying from 1 to N w), then 

the in-plane load Nx (Eq. 6.11) for the panel can be expressed in polynomial form as 

N   --—   I   A a      --—   I   A        ^YW W Jhqw,pw   nqw,pw- 

N   =-—?*?' A       W fflqw,pw   fiqw,pw- iy ■*■        „    *-• ,   ^ .n\ ^,¥¥aw.uwx y 1 pw 

leading to 

l*=~2qw
u=ip£=rwqw>pw 

pw 

(6.13) 

Similarly the expressions for Ny and Nxy can be derived: 

H    3     Nw 
Ny=-—     I I     A, Wn 

* aw-\ cw=l     H 

mqw,pw   nqw,pw 
'pw (6.14) 



^xy=' 
x
mqw,pw   nqw,pw - H       3     Nw 

qw=\pw=\   J'^w   *    ^ 

pw 

pw 
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(6.15) 

Now the polynomial expression for wing depth (Eq. 6.5) can be substituted into Eqs. 6.13-6.15. 
,   n    {Nr     N, 

The general expression for terms of the [N] matrix , [/VI = 
N»     N, 

is 

N        --±NY    I   NY  A W       H x
(mih+fh^P^\(nih+H^P^- 

NPPm ~    2ifclq£=\pw=l   PPP,qW   ^'P™   ih qpw 

The indices pp and qq can be either 1 or 2. Note 
If pp = 1 and qq = 1, then Apppqw = Alqw 

If pp = 2 and qq = 2, then Appp>qw - A2 qw 

When pp * qq, Appp qw = 2A3>qw 

The polynomial expression for the [A] matrix (Eq. 6.10) is now used: 

(6.16) 

(6.17) 

N 
1   Jl 

pp,qq 
3     Nw NLNi = 

0 -    I    I    II-" 1 ih=l qw=\ pw=l i=\ k=\ 
~ . I.   I -   I - .1 .1. {Qppp,qw (0.) Wqw,pw 

ih    k  qPw  x y I (6.18) 

where the index ppp means the following: 

If pp = 1 and qq = 1, then Qppp,qW = Ql,qw 

If pp = 2 and qq = 2, then Qppp,qw = Q2,qw 

When pp * qq, Qppp,qw = 2Q3qw 

(6.19) 

The matrix [N], then, can be expressed as a polynomial in x and y according to Eq. 6.18. This 

equation shows how [N] depends on the wing box solution, the depth of the wing, the thickness 

coefficients for layers in the panel, material properties and fiber directions. Of course, the wing solution 

{q}, also depends on depth, thickness of layers, fiber directions and material properties. These affect the 
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stiffness matrix of the wing as described in Refs. 32-35. It should be emphasized again that polynomial 

in-plane loads for the flutter analysis can be obtained in a similar manner from wing box analysis based 

on first order shear deformation plate theory (Refs. 35 and 37) or from finite element results, when skin 

stresses are approximated by polynomials using least square fitting (Ref. 39) 

6.3 The rF2l Matrix 

The [F2] matrix was defined in Chapter 2 as 

tel- 
Jl,x       J2,x       ■■■      JN,x 

J\,y       J2,y       ■■■      JN,y 

The pth admissible function is defined in Chapter 3 as: 

3      6 

3   6   „an    (mflfP)     (nf2?>P) 
y   v   p H->P 

2(q,p)-iilfil
t2i,j 

(6.20) 

<=1  ;=1 

The first derivatives are simply 

36 (  w       v\ (<+mVj-V     (ny+n»+n)) /^=
/J151^;K+w}f -y (622) 

fp,y=Xl^iyj[np+^+nv
j)x    P     J    y   P    l     ' (6.23) 

Thus, the element q,p of the matrix [F2] is of the form: 

F<ymn\=I.. Z. Wf ■* l,J    ^        l,J (6-24) 

The coefficients F~f'f and powers of x and y, mflf'f  and nflf'f  , defining the elements of the 

[F2] matrix, are described in the table 6.2. 
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Table 6.2   Coefficients and Powers of Terms of the [F2] Matrix 

2i,j mf2f;f nflfj 
q=l (Rowlof IF2] UiVj(nip+mJ

V) W   ,         V   , rrip +m: -1 W   ,      U    ,      V np + nt +nj 

Matrix) 

q=2 (Row 2 of [F2] UiVjOiJ' + nH+nJ) w  ,       V mp +rrij w       u        v 
n*+ n"+nj-1 

Matrix) 

6,4 The Geometric Stiffness Matrix 

Elements of the matrix [KQ] can now be expressed in polynomial form as follows: 

2    2 
KG r,s = K ■?, A F2 a,r V2 b,s^ a=16=l 

(6.25) 

The indices r and s identify terms in the panel Ritz displacement series for the panel. Using 

polynomial expressions for [F2] and [N] (Eqs. 6.18 and 6.22), the r,s element of [KQ] is written as: 

122363    6   Nh    3 Nw   N_L»!i   aa,       btS 
KGr=~l   X   X   X   X    X    X     X      X       XI   F~".    F,,.... 

(6.26) 
(mGr,s1    (nGr,s) 

Qppp,qw (0. ) " ^w,/w ' #J-/J " ^.    <lpw  i)x     r,S y dxdy 

where 

mGr,s = mfl^ + ^ 2& + m* + < + '" '-fh. qw,pw 

nGr,s
=nf2U+nf2^JJ+nin+<+n qw,pw 

The index ppp used in Q pppqW (ek) is defined in Eq. 6.19. As in the case of the mass and 

stiffness matrices, the geometric stiffness matrix is represented as summation of surface integrals of 

polynomial terms calculated over the area of the panel. Integrals of the same family 

/r/?(m,n)= \Umynd*dy v      '     Area (6.27) 
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are used. Evaluation of these integrals is accomplished using the same subroutines used in the wing 

analysis and all panel matrix analysis. 

6.5 Further Discussion of Integration With Wing Structural Analysis 

Recall that the results of the wing analysis affect analysis of the panel through the in-plane load 

matrix [N]. This matrix is obtained by integrating skin stresses (due to wing deformation) through the 

thickness of the skin, and the resulting Nx, Ny and NXy are functions of x and y as evident in Eqs. 6.18 

and 6.19. Now, while equivalent plate wing structural analysis leads to good skin stress predictions in 

stiff, low aspect ratio wings (Refs. 32-34), still equilibrium is not guaranteed for isolated skin panels. 

Thus, the in-plane loads (as given by Eq. 6.18) are generally not in equilibrium (This problem is not 

encountered when wing analysis is based on the finite element method, when in-plane loading on the 

circumference of an isolated panel is determined from nodal forces on that circumference). 

One way to avoid this difficulty and simplify the geometric stiffness matrix is to use an average 

in-plane loading to be assumed constant over the panel (Ref. 49). If point (xo, yo) inside the panel is used 

to evaluate these average in-plane loads, then the elements of [N] become 

N — 
Npp,qq = "7 I    I,   I^pp^qw^ih^ih^^^h^ih^^^^pw 

* ih=lqw=l pw=l in 

(6.28) 

The expression for elements of the geometric stiffness matrix (Eq. 6.24) has to be modified, since 

terms including xo and yo become constant for the area integration, and can be taken out of the integral. 

1  2    2   3   6    3    6   Nh    3    ~Nw NLNti ~ n r  ~ h , 
KGrs = -jrl   I I  I   I   I    I    I     II   ZF2?f"F2iVV 

Qppp,qw (6it) • Wqw,pw ■ Hih • ^k'lpw- 

xQ^mih+m^w'Pw * ■ ?(/W ./w) • 

(mf2^r+mf2l?,s..+mtit)    {nf2<W+nf2l?.J..+nt\t) 
rj*        i,J u,JJ      k   .y       I,; u,j]     k dxdy 

(6.29) 



CHAPTER 7 

AERODYNAMIC FORCE MATRICES 

7.1 Introduction 

The explicit expressions for the terms of the aerodynamic force matrices are derived in this 

chapter. It is shown that the aerodynamic damping and stiffness matrices can be formulated as 

combinations of area integrals of simple polynomials. First order linear piston theory aerodynamics is 

used for the formulation of the matrices. At the conclusion of the chapter the characteristics of the 

aerodynamic matrices are discussed. 

7.2 Piston Theory 

As shown in Chapter 2, the aerodynamic contribution to the panel aeroelastic system is given by 

{Q}=\j    [Fl]
Tq(x.y)dxdy (7.1) 

where q(x,y) is the change in pressure, Ap. First order linear piston theory (Ref. 1) approximates Ap by 

Ap = P-tf-   L,i     Ml-2   1 
yJMl-l 

W + W 4 ' Mi-lU   "J (7.2) 

where p„, IL, and M„ are the free stream density, velocity, and Mach number, and h, is the flow direction. 

\       J\ 

X 

Figure 7.1 Panel in Angled Flow 

The simple relation between directional derivatives in the (2j,,Ti) and (x,y) planes is 



—- = cos()) —+ sin<|) — 
dc, ax dy 
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(7.3) 

Simplifying Eq. 7.2, piston theory can be rewritten as: 

1   ,   mi/1 £sp = P% cos§W;x + /> sm$Wl
y + PtW

l
t (7.4) 

where 

P,= 
9JUI (7.5) 

'       l Mt-\U„ 
(7.6) 

7.3 Aerodynamic Force Matrices 

To express the aerodynamic forces in terms of the generalized coordinates the panel displacement 

terms and their derivatives are expressed as: 

wl(x>y) = \fu,.,>   f: l(x,y)        J2(x,y) JN(x, y) 

qN 

= [*} 

w,lx(x,y) = \fliX   f2,x   ... fNA\ 

9i 

IN 

=KK«> 

K(*>y) = \fi.y     ft,     -   W 

9i 

=Kfe} (7.7) 

Itfjvj 



38 

WJ(x,y) = \fl     f2     ...  fN 

4u 

=»} 

Substituting Eqs. 7.4 and 7.7 into Eq. 7.1 gives: 

{Q}= P%co^\\ajF^[Fu\q} dxdy + P%sin^\\ajF^[FXy\q} dxdy 

pJLfcffcK«,} dxdy 

+ 

(7.8) 

It is natural at this point to break up the aerodynamic force into an aerodynamic stiffness matrix 

and an aerodynamic damping matrix. 

{Q}=P,[QstiffWi+p\QäcmP\^} (7.9) 

where 

Qstiff rs = cos<|>fJ    /,/,,,   dxdy + sintytt    frf     dxdy 
JJ area J J area J 

Qdamp  rs=\\       frisky r JJarea 

(7.10) 

(7.11) 

fr and fs are the r"1 and s"1 admissible functions. In chapter 3 the admissible functions were derived in 

terms of the coefficients Uj and Vj as 

3      6 

f,M=lluyj**™)y""'™) (7.12) 
i=l   y=l 

The first derivatives of the admissible functions with respect to x and y are 

3      6 

A. =XX*W«; +m;)x^^'-ny^^) (7.13) 
;=i j=\ 
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3      6 

fP,y = XZ*W< + n) +n;)*(m>>y""+">'-1) (7.14) 
(=1 ;=1 

Substituting these into Eqs. 7.10 and 7.11 shows the final expression for the elements of the 

aerodynamic damping and stiffness matrices. 

3      6      3      6 

Qstiff rs =cos^Jj^JjUiVjUiiVjJ(m]j+m:)JleaX
m-ly"dxdy + 

i=i /=i II=i jj=i 

ä^iXXX^Vy.I/fiVA.(ii-+nr.+n;)ff    xmy"-ldxdy (7.15) 
i=l  y=l (1=1 jT/=l 

G^ „ = HitvyjV^j !Lxmyndxdy <7-l6> 
i=l   j=\ ii=l jj=\ 

where 

m=(mvj+mvjj+m;+m™) 

n = (n,u + < + n) + n]j + n? + <) 

The elements of the aerodynamic stiffness and damping matrices are linear combinations of the 

same integrals as the mass, stiffness, and geometric stiffness matrices. 

The aerodynamic stiffness matrix is dependent on the air stream angle, (j), the dynamic pressure 

and Mach number through P^, and the panel shape variables through Ui and Vj. The aerodynamic 

stiffness matrix is dependent on the dynamic pressure and Mach number through Pt, and the panel shape 

variables through Uf and Vj. Of course the area integrals themselves depend on the panel's planform 

shape variables. 

In the stability analysis, as shown in Chapter 2, it is convenient for the eigenvalue problem to 

express the aerodynamic matrices in the form: 

[Adampf \ ~    rjp—^  M2 -I I" Pf J 
«i-2, <7'I7) 

which leads to an expression for the aerodynamic generalized forces in the form: 
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{Q}= P^\Admp\qt}+^Ul[As!iff\q} (7.18) 

7.4 Characteristics of the Aerodynamic Matrices 

Both Qstiff and Qdamp have interesting characteristics. Looking at Eq. 7.11 it is obvious that QdamP 

is a symmetric matrix - a fact which allows faster computation. As a matter of fact, if the panel is made of 

a single material, and has a constant thickness, the aerodynamic damping matrix is proportional to the 

mass matrix. 

As to the matrix Qsüff - with the current choice of admissible functions (for the simply supported 

case) this matrix is a skewed symmetric. In addition, certain elements in this matrix are identically zero. 

The skew-symmetry of Qstiff is shown by applying integration by parts with respect to x and y to 

Eq. 7.10: 

Qstiff   rs   = COS<()J    frfX^-jfJrJ*   rfy + SlIHfrJ frf,\*-\fsfr,ydy<k (7-19) 

Because the admissible functions are zero along the boundaries, the boundary terms are zero leaving 

Qstiff n=-c°s§\\    fsfr,*   dxdy-sin§\\    fj     dxdy JJ JJarea JJarea J 

Clearly: 

Qstiff   rs  ~      x^stiff   sr (7.20) 

It can also be shown that several terms including all the diagonal terms in the aerodynamic 

stiffness matrix are zero. Starting from Eq. 7.10 with r=s: 

Qstiff rr=™^\\arJrfr,x   dxdy + suKfrj]^ /,/,,,   dxdy (7.21) 

Looking at the integrands: 

j/,/„*-j^>-:ki:=o 2dx 

and 
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jA/,,*=J~(/,>-kt=° <"2> 23y 
y        J 

Therefore any diagonal term is identically zero. Of course, the diagonal elements of any skew-symmetric 

matrix are zero. However, the derivation above serves to illustrate how other terms in the present 

formulation may be identically zero. For example, if the flow is directed along the x axis, sin<|)=0, two 

admissible functions may be 

fr=fB(x,y)-xm 

and 

Thus, in effect for this special case 

/,=/,■/ 

Now, the area integral associated with the r,s element of the aerodynamic stiffness matrix is 

\jfr.fsxdxdy = j\fr-fr-y
ndxdy = jjj^ß±y''dxdy 

Integration in the x direction will immediately show that in the case of simply supported panels (fB(x,y)=0 

on the boundary) this area integral is zero. Thus, using complete polynomials as the functions to multiply 

fB(x,y) some fr and fs have the same powers of x or y for r *s. For these terms, and depending on the flow 

direction, the x or y derivative components of QsUffls will also be zero. 



CHAPTER 8 

ANALYTIC SENSITIVITIES 

8.1 Introduction 

Expressions for the analytical sensitivities of the system matrices with respect to the design 

variables are derived in this chapter. Eigenvalue sensitivities and flutter speed sensitivities are also 

developed. 

8.2 Mass Matrix Sensitivities 

The mass matrix is dependent on the panel thickness design variables and the shape design 

variables. The explicit expression for the mass matrix (Eq. 4.9) allows for easy determination of these 

analytical sensitivities. 

8.2.1 Mass Sensitivities With Respect to Thickness Design Variables Tk 

The mass matrix is dependent on Tk, the sizing variable corresponding to the km term of the itt 

layer, through the vector Tk (Eq. 4.9). The derivative of a mass matrix term is given as: 

d Mrs     d Mrs d ft 

Recall Tk is defined as: 

(8.1) 

_ NL 

Tk=J,n (8-2) 
1=1 

Therefore, for a given layer, i, and thickness term, k, 

JIT
1 

Substituting this back into Eq. 8.1 shows that 

a Mrs j Mrs 

9 Tl       d Tk 

for every layer i.   Differentiating Eq. 4.9 for any specific k and i gives: 

d    M„ d    Mrs 3      6      3      6 

T7iL=7yL=pmIEES^A^jJ^v^ (8.5) 
°   lk Oik /=i ;=i ,;=i jj=i area 

(8.4) 
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where 

m = mVj + frfjj + m™ + m™ + m'k 

n = n? +nl +n) +n)} +< +< +n'k 

Notice that if all =— are calculated before the mass matrix, then the mass matrix can be 
d  Tk 

formed as: 

Mrs=J,Tk-^ (8.6) 
k=\ Oik 

This allows for the mass matrix and its thickness sensitivities to be calculated at the same time with no 

additional computations that would be required by calculating the mass matrix alone. 

8.2.2 Mass Sensitivities With Respect to Shape Design Variables vL. vE. x^, xm. x^, and XAE 

The mass matrix is dependent on the shape variables through the coefficients Uj and V, (Eq. 3.7) 

and the integrals lTR(m,n) because the limits of integration depend on the shape variables (Eq. 4.10). 

Analytical sensitivities for Uj and Vj are obtained through direct differentiation of Eq. 3.7: 

Derivatives with respect to yL 

d U, 

dyL 
= Yi 

3U>. = _1 
dyL 

° yL 

° % = 
xALyR-xARyRR , xFLyR-Xn,yRR 

d y^      (yR-yL)
2      F     (yR-yL)

2     A (8.7) 

d v2 =    xALyR-xARyR     x^yR-x^yR 
5yL~     (yR-yL)

2       (yR-yJ2 
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"   V3   _  XFLYR ~
X

FRYR O       -     XAR ~ XAL   r>       ,   XALyR ~X
ARYR  C      ,     XFR  ~XFL    r. 

3   V      ~        ( \2 A        ( \2       P f \2 F      7 \2"KA ^     (yR-yL) (yR-yL) (yR-yL) (yR-yL) 
av<=o 
5yL 

"    ^5   _ XFR       XFL XAR       XAL 

9yL     (yR-yL)
2   (yR-yL)

2 

"    *6   _    XFR ~XFL    p       ,     XAR ~ XAL   g 

Derivatives with respect to yR 

d \Jl 

3 yR 

d u2 

■3 yR 

a u, 

= yL 

= -i 

= o 
3 yR 

d vi =
xARyL-xALyLo  , xFRyL-xFLyLT? 

3yR~   (yR-yL)
2     F     (yR-yL)

2   *' 
9 v2 =  

xARyL-xALyL   
xreyL-xFLyL 

ay*"    (yR-yL)
2       (yR-yL)

2 

"   ^3   _ XFRyL ~XR,yL c       ,     XAL ~ XAR   n       ,   XARyL ~ XALyL c      ,     XFL ~ XFR    r> 

3y«"   (yB-yL)
!    *   (y.-yj'     (y.-ytJ*    ' V-yL)

2   " 

a yR 

"    * 5   _ XFL ~XFR XAL ~ XAR 

(8.8) 

ayR     (yR-yL)
2   (yR-yL)

2 

"    *6   _    XFL ~XFR    g      ,    XAL ~ XAR   c 



45 

Derivatives with respect to XAL 

a u! 
3 xAL 

= 0 

a u2 

d xAL 

= 0 

d u3 

^ xAL 
= 0 

3 V, 
=     ^     RF 

d   XAL yR-yL 

a v2 ya 
a xAL yR -yL 

3 v3 

a xAL 
—                Rp 1                Op 

yR-yL      yR-yL 

5V4 

d xAL 

= 0 

a v5 l 

^ xAL yR-yL 

5 V6 

3 xAL yR-yL 

Derivati1 /es with respect to XAR 

a ul 

d xAR 

= 0 

a u2 

^ xAR 

= 0 

au3 

3 xAR 

= 0 

av, 
=    -yL    RF 

^ xAR yR-yL 

a v2 _   yL 
3 xAR yR-yL 

(8.9) 

(8.10) 
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3V,_      1    .RF + ^SF 

3     XAR yR-yL 

3V4 

Ö      XAR 
= 0 

a v5 -i 

Ö      XAR yR-yL 

av6 l 
2    -      -s* 
"M   yR-yL 

Derivati ves with respect to XR. 

a U, 
= 0 

<* X
H. 

a u2 = 0 a x^ 
a TL 

= 0 
^ X

R. 

a v, _   yR RA 
<*   XFL yR-yL 

a v2 _  -yR 

3   XpL yR-yL 

a v3 _     YR SA +     -1     RA 
C*   XFL yR-yL yR-yL 

^ v, 
= 0 

^   XFL 

a v5 l 

9   XFL yR-yL 

a v6 -l 
3 „ sA 

(8.11) 
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Derivatives with respect to XFR 

3u'=o 

0 

a xra 

a u2 

a xre 

au3 

a XPR 

3V, 
a XPR 

a v2 

a xre 

a v3 

a xra 

3V4 

a xm 

a v5 

a XPR 

3V6 

= 0 

-yt 

yR-yL 

yL 

yR-yL 

-yL 

yR-yL 

R, 
(8.12) 

sA+- 
1 

R, 
yR-yL 

= o 

l 

yR-yL 

l 

d xra     yR-yL 

The derivatives 
a i IEL , where x is any shape variable, are prepared using Refs. 34 and 35. 

The shape sensitivities of the area integrals are linear combinations of other members of the same table of 

integrals. No new integrations are needed for the sensitivities. 

With this information, the derivative of the mass term Mre is calculated as follows: 

3      6      3      6 aM~=pJb*EXE£ 
it=i       ;=i ;=i ;;=i jj=\ a x ox 

TiM+UtVjUaVj,- 
31 TR(m,n) 

ax 

with 

m = mVj + mVjj + m™ + m™ + m'k 

(8.13) 

n = < +< + n) +nvjj +n? +< +n[ 
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8.3 Stiffness Matrix Sensitivities 

With the explicit expression of stiffness matrix elements in terms of thickness, fiber directions 

and shape of the panel available in Eq. 5.18, it is straightforward to obtain sensitivities analytically. 

8.3.1 Stiffness Sensitivities With Respect to Thickness Design Variables Tj. 

Planform shape variables and orientation angles are fixed in this case. The thickness coefficients 

T^ appear in the expression for the stiffness matrix (Eq. 5.18) explicitly in a triple summation over the 

indices k, 11 and 12. Sensitivity is then obtained by direct differentiation, noting that if the design variable 

dT* / 
involved is T^, then       *■/        = \ onjy when j=q ^ k=r Otherwise, the derivative is zero. 

r /dTq 

/        r 

Differentiating Eq. 5.18 leads to: 

dK 
rs 3    3    3    6     3     6   NLNLNL   Ni Ni\Ni2  l    ar   bs   -     ,   N 

= XXXXXXXXXXXX —FiViiFiifiiiQabfai)' 
r 

r 

^l\Tll}l\x{mrs) y^ dxdy 

(8.14) 

with 

8.3.2 Stiffness Sensitivities With Respect to Fiber Direction 8 i 

The angle represents the direction of fibers in the i-th layer, and the stiffness matrix Krs depends 

on 0, through elements of the matrix   ß(6,)   (Eq. 5.6). The derivative of each term in the stiffness 

matrix will be calculated in the following manner. In the summation (Eq. 5.18) over i=l to NL, all 

matrices  ß(8;) are set to zero, except the matrix   (2(6,) corresponding to the 0 (. variable 

considered. This particular  ß(0 (.)   is replaced (in Eq. 5.18) by the following expression: 
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a 0(6;) 
30 

l— = -l^Q^coslQ; -4[ö2]cos40 ■ +2[<23]sin20/ + 4[ß4]sin40 • (8.15) 

Equation 5.18 is , thus, used for the sensitivity of the stiffness term, with the derivative Eq. 8.15 replacing 

[3(6,)]. 

8.3.3 Stiffness Sensitivities With Respect to Panel Planform Variables yj^. VR. xpi, xpp, XAL and XAR 

Thickness coefficients and orientation angles are held fixed. The terms Krs of the stiffness 

matrix depend on the shape through the matrix [F3] and the integrals ITRCIH^) • If x is any planform design 

variable then: 

d   x 

d  u. d V. 

d   x    J d   x 
V 

(Integers from table 5.1) (8.16) 

J 

The derivatives of the Uj and Vj coefficients and the integrals lTR(m,n) are the same as for the mass matrix 

developed in section 8.2. With this information the derivatives of the stiffness matrix can be calculated 

as: 

3Krs      3    3    3    6     3     6   NLNLNL   Ni Nil Ni2  l 

3x      a=lb=\ii=ljj=liii=ljjj=li=ia=U2=l jk=l/l=l/2=l 12 

U>JJ pb,s    + pu 
m,JJJ 

dFb.:s... 
a,r      in,]]] 

dx Qa^iYl k'll\   ll2   y77?(m,n) 

3L 
,E-a,r   Pb,s     n     (a \Ti   Ti\  Ti2       TR(m,n) 
+FiiJjFiii,jjjQaHdiFkTl\   T12 Yx  i 

(8.17) 

8.4 Geometric Stiffness Matrix Sensitivities 

Equation 6.24 gives the geometric stiffness matrix explicitly in terms of the thickness, fiber 

direction, and shape design variables. 

8.4.1 Geometric Stiffness Sensitivities With Respect to Thickness Design Variables T, It 

The design variable in this case is the k-th coefficient in the polynomial thickness series for the i- 

th layer. Examination of Eq. 6.24 reveals that the geometric stiffness matrix is explicitly linear in the 
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thickness coefficients T ^ . It is, of course, also dependent on those coefficients via the wing box solution 

{q} , unless it is assumed that in-plane loads [N] do not change. Differentiation of Eq. 6.24, using Eq. 

33 leads to 

dKGrs        1   2    2    3    6    3     6   Nh    3     Nw    NLNti „ar   „/, ? —^£L = — I  X X X   2   2   2    X     X      X   I F0
a>r-F0

b:s..- 
dT1,1 2a=\b=li=lj=lii=ljj=\ih=lqw=lpw=\ R=lS=l  ll>J     In>JJ lk 

(8.18) 

where 

nGrs =nf2% +nfl% +nih +ntkk +nqWtPW 

it R 
and r, '^  is equal to 1 only when it=R and k=S. Otherwise, it is zero. 

8.4.2 Geometric Stiffness Sensitivities with Respect to Fiber Direction 8,t 

Layer orientations affect the geometric stiffness matrix through the material matrices 

Qppp,qw (6. ) and the wing box generalized displacements [q].  The analytic sensitivity with 

respect to fiber direction in a given layer is: 

3*Grs        122363    6   ^A    3    IVw    NLNti~ar~bs -rp = --I XXXXXXXX     X   ZF">rF*:s..- 
3 6it 2a=lb=U=lj=lii=ljj=Uh=lqw=lpw=l itt=lk=l  ll>]   ln^ 

dQppp,qw(Qi )_ = dq 
[ _ qpv+Qpppw (ßivt)-Jö~ywgw,pWHihTk ITR(mGrs,nGrs) 

(8.19) 

Where the derivatives of Qppp;qw (0. ) are the same as for the stiffness matrix (Eq. 8.15) 
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8.4.3 Geometrie Stiffness Sensitivities With Respect to Planform Variables vj_. vp. xpi. XFR, *AL and 

XAR 

Thickness coefficients and orientation angles are held fixed. The geometric stiffness matrix KQ 

depends on the planform variables through Uj and V; terms in F o: : and F o ••' ••  (Table 6.2 and Eq. 

6.24). There is also a dependence on the area integrals ITR as discussed previously. The derivatives of 

the [F2] terms are calculated by: 

a F d  U. 9  V,  ,-v.+ui '- 
d   x    ] d   x 

(Integers from table 6.2) (8.20) 

which is substituted into the derivative of K0, 

3 K N, "Ä7«,     NT Nt; Grs        I   2    2    3   6    3     6   iyh    3     Nw    "L'~i 

d x 2a=lb=li=lj=lii=ljj=lih=lqw=lpw=\ it=lk=l 

it 
Qppp,qw (6it) ' wqw,pw • Hih ' Tk )'' 

(    —a,r Trb,s ^ 
d F0-  ■       u OF. zi,j —b,s —a,r       Lu,j] 

d x       2ujj 2ij       a x 

V 

'^/w/7K(m,n) 

J 

—a,r—b,s 
2i,j    2 a,}} 

a / 
pw 

TR (m,n) 
a x 

a q 
W 

+ - pw 
3x     r/?(m,n) 

(8.21) 

where the powers of integrands in IiR(m,n) are m=mGr>s and n=nGrjS. In Eq. 8.21 it is assumed that 

overall wing planform is fixed, and panels are changing shape and location due to moving of control 

surfaces, ribs and spars. If overall planform shape of the wing is changing, then derivatives of the wing 

depth coefficients with respect to the shape design variables, d H.,/d x , must be added, since the wing 

depth is defined in global x,y coordinates (Eq. 6.5). 

When a constant in-plane load matrix is assumed using loads at a point (x0,y0) on the panel (Eqs. 

6.27 and 6.28) then the motion of point (x0,y0) must be taken into account in the KG shape sensitivity. 
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8.5 Aerodynamic Matrix Sensitivities 

The aerodynamic stiffness and damping matrices are dependent only on the shape design 

variables through Uj and Vj and the integrals ITR(m,n)- The sensitivities are obtained by direct 

differentiation of Eqs. 7.15 and 7.16. 

5 Q. tiff   rs 3      6      3      6       \d (UV U  V   ) 

" X i=l   j=l ,7=1 jj=\     I O X 

W,-*WK +m;)    dx"\+ 

3    6    3   6    (3 f[/ y T] y \ 
(8.22) 

,=1   ;=1 «=1 yy=l 

(uyjU.Vjj)« + „; + „;)?/ra (m-n -1' 
dx 

a a ̂  »      3   6   3   6   3 (UyjUuVj,) 3 /ra fmj0 
(8.23) 

in both equations m = (mj + mv
u + ra" + m") and n = (n" + n," + n] + nv

u + n? + nw
s ) 

Recall from Eq. 7.17 that the coefficients relating Astiff and A^p to Qstiff and Q^p are functions 

of the Mach number only, which is held constant in this analysis (although sensitivities with respect to 

Mach number are easy to calculate). Therefore the sensitivities of Astiff and A^p are: 

dAstiff _       1       dQsm 

3DV     fi^lTidVV 

d Afaq, =       1 Af ^ - 2 3 Arfamp/ 

3 DV     ^Ml-\ Ml-I   d DV 

8.6 More on the Analytical Sensitivities 

It is clear, examining the analytic sensitivities of the system matrices derived in the previous 

sections, that all involve area integrals of polynomial terms over the panel's area. Since members of the 

family of integrals lTR(m,n) are generated for the analysis stage, there is no need to generate them again 

for the sensitivity calculation stage. No numerical integration is therefore needed for either analysis or 
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sensitivity calculations. This is similar to the process by which analytic sensitivities are obtained for the 

wing box analysis (Refs. 34 and 35). A table of area integrals over the wing surface has to be generated 

once (using the same analytic formulas used here for the panel). The integrals are subsequently used for 

wing box analysis and sensitivities. 

Of course, when the wing changes shape, panels change shape too. There is linking, therefore, 

between overall wing planform design variables and panel vertex locations. This linking has to be 

accounted for in the sensitivity computations when overall wing / panel shapes are changing. 

8.7 Eigenvalue Sensitivities 

The panel flutter problem was shown in Chapter 2 to be a generalized eigenvalue problem of the 

form: 

U^> }=l p]{4> } (8.25) 

Let the left eigenvectors be {v|i} from the adjoint eigenvalue problem: 

{vfu =Mv}rk (8.26) 

Recall that the matrices \U and \V n are made up of the mass, aerodynamic, stiffness, and geometric 

stiffness matrices (Eqs. 2.41 and 2.45). 

The sensitivity of the eigenvalues with respect to any design variable, DV, is obtained by 

differentiating Eq. 8.25: 

F] 
~BDV 

77l3 {<> }      dX   \T: Fl Fl 
dDV     dDV F>>+w^F] dDV 

(8.27) 

Premultiplying by {\|/}T gives: 

(Wr 
a 
di 

u 
w 

d 

az 
n {4>hWY[fi]-xft\ d {(?}       dk 

dDV      dDV w}fY^ (8.28) 
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From 8.26 the second term is zero leaving: 

W}7 

3DV 

Flv 
dDV dDV {*} 

ty}Tv$} 
(8.29) 

The derivatives of U and are obtained using the sensitivities of all of the system matrices: 

P] 
dDV 

0 0 

a K d C 

L   dl W dL >v_ 

F]_ 
dDV 

0 0 

0 
3 M 

a DV 

(8.30) 

where 

d M      dM 
3DV 

BC 
9DV 

al 

3DV 

a K 

aA damp 

aDv 

a Kn 

a Dv   a Dv  a Dv -PJJI 
dA 

(8.31) 
iftJSr 

3DV 

Therefore, we can calculate the eigenvalue sensitivities directly from the eigenvectors, 

eigenvalues, and the individual matrix sensitivities. The eigenvalue sensitivities are useful to the designer 

because the real part of the sensitivity will show the rate at which a particular root is going towards the 

right-half s-plane indicating how quickly that root is nearing instability. 
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A more useful piece of information, however, is the sensitivity of the flutter dynamic pressure 

itself. If we look at the real part of an eigenvalue, c, and allow the design variable and dynamic pressure 

to change then we have a = a(qnutter,DV). At the flutter dynamic pressure, the real part of the root is zero 

by definition of the flutter point. A variation of c at flutter is then given as: 

-L        3o , _.,      da   _. 
a a = ^—a DV+- a qflu 3DV dq 

= 0 (8.32) 
flutter 

which can be rearranged to give the sensitivity of the flutter dynamic pressure as: 

d^jfo 

9DV 

dq 
dDV 
da 

-Re 
( dX 
3DV 

aq 
Re 

flutter 

dX 
(8.33) 

aq V     M flutter 

The numerator is known already from Eq. 8.29. The denominator is found by replacing DV with qnutter in 

Eq. 8.29 where 

iEL 
" Q flutter 

d \v 

-AA<*] 

d<lflu 
= [0] 

0 

-—\A    1 JJ     I    damp] 
U (8.34) 

The sensitivity of the flutter dynamic pressure with respect to the design variables tells the 

designer where the stability boundary will move if a design variable is changed. The sensitivity can also 

be used to construct approximations for optimization based on approximation concepts (Ref. 39). A final 

note on the flutter sensitivity equation (Eq. 8.33): some special cases may be encountered when multiple 

roots with non-distinct eigenvalues appear in the stability analysis. These cases are beyond the scope of 

this work, and more information can be found in Refs. 40 and 41. 



CHAPTER 9 

VERIFICATION OF RESULTS 

9.1 Introduction 

The numerical results of the computer code implementing the techniques described in this work 

are compared with data from the panel flutter literature to verify its capabilities. First the convergence of 

the solution for increasing orders of Ritz polynomials is shown to establish the number of terms necessary 

for accurate results. Then results are presented for configurations of increasing complexity and compared 

with available data. The capability to accurately predict flutter boundaries is shown for simply supported 

skewed and trapezoidal shapes, yawed flow, variable composite fiber orientations, in-plane loads, and 

combinations of the above. The analytic sensitivities are compared with finite difference approximations 

for validation. Finally, the capability of the code to use analytic sensitivities for direct and reciprocal 

approximations of flutter boundaries is demonstrated. 

All of the isotropic test cases use aluminum material properties of E = 6.8959 x 1010 Pa, pm = 

2768 kgmass/m
3, and a poisson's ratio of 0.3. All of the composite test cases use the material properties of 

Ei=137 x 109 Pa, E2=9.7 x 109 Pa, G12=5.5 x 109 Pa, pm=1580 kgmass/m
3, and v12=0.3. 

9.2 Convergence to Solution 

Results are compared with Refs. 5 and 23 to show the convergence rate of the present analysis. 

The panels chosen from Ref. 5 are a square and rectangular isotropic aluminum panel (Fig. 9.2). The 

panel in Ref. 23 is a 45° skewed panel made up of a single layer composite with a fiber angle of 15° (Fig. 

9.4). Figure 9.1 shows that satisfactory convergence is obtained with either a fourth or fifth order 

polynomial Ritz series (Eq. 3.8). While the computational time is significantly reduced by using a fourth 

order polynomial, Figure 9.1 shows an example of a panel that requires a fifth order polynomial. Most 

panel configurations converged with fourth order series, but because of the exceptions, a fifth order 

approximation is needed. Therefore all of the results presented here are based on a fifth order Ritz 

polynomial. 
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Figure 9.1 Convergence of Solution for Critical Dynamic Pressure with no In-Plane Loads 

9.3 Isotropie Rectangular Panels in Yawed Flow 

Results are compared with the analytical and FEM data of Ref. 5 to show the effects of yawed 

flow and rectangular aspect ratios. An aluminum plate was used with the following geometry. 

U° 

Figure 9.2 Panel Geometry for Ref. 5 



58 

Reference 5 defines the flow angle differently than the present analysis (Figure 7.1). The relation is a = 

-<|>. The panel width, b, is held constant at 1.0m and panel thickness, h, is varied from 2 mm to 5 mm so 

that the panel flutters at a meaningful dynamic pressure. The Mach number is held constant at 2.0. The 

results are given as a non-dimensional critical dynamic pressure, 

Cril I T  DVM2-1 
(9.1) 

Table 9.1 Acnt for Rectangular Isotropie Panels 

(No In-Plane Loads) 

a/b Model a = 0° a = 30° a = 45° 

0.5 Analytical 385.0 — — 

Sander 382.0 213.0 172.0 

Present 383.2 214.9 175.5 

1.0 Analytical 512.6 — — 

Sander 503.0 516.0 523.0 

Present 511.9 527.0 530.7 

1.25 Analytical 615.0 — — 

Sander 612.6 — — 

Present 614.1 658 712 

2.0 Analytical 1110 
■  — — 

Sander 1081 1206 1388 

Present 1106 1201 1415 

Table 9.1 summarizes the results. It shows that the present technique compares well with both the 

analytical and FEM results of Ref. 5 for variable aspect ratios and yaw angles. 

9.4 Isotropie Skewed Panels Subjected to In-Plane Loads 

We show the effects of skewed panels, yawed flow, and in-plane forces by comparing data with 

the FEM results of Ref. 21. Here we use a simply supported aluminum panel with h = 2mm and M„ = 2.0. 

The geometry is defined in Fig. 9.3. 
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Figure 9.3 Panel Geometry for Ref. 21 

The results are given in the same non-dimensional dynamic pressure: 

A     _    2qcri[L
3 

crit  ~ I i  DVM
2
-I 

(9.2) 

Table 9.2 shows results for a flow angle of (j) = 0° and Table 9.3 shows the same configurations 

with <|) = 15°. The present results do not agree with Ref. 21 very well for some of the configurations. 

Recall from Chapter 2 that q^t is found by ignoring damping and looking for a coalescence of 

eigenvalues. In most cases the coalescence frequency is between the first and second or second and third 

frequencies. However, in the cases marked by ** our results showed a coalescence of the 14th and 15th 

roots before the first and second roots. The cases marked * had a coalescence of the fifth and sixth roots 

before the first and second roots. The results of such cases are shown as the first and second frequency 

coalescence followed by the higher pole coalescence. 

Table 9.2 A^ for Skewed Panels with <|> = 0° 

L/S Model \|/ = 0° V=15° y = 30° 

0.5 Ref. 21 374.1 303.9 325.3 

Present 383.4 **289/50.7 242.4 

1.0 Ref. 21 518.2 548.4 668.2 

Present 511.9 518.0 522.0 

2.0 Ref. 21 1147 1247 1500 

Present 1106 *1118/622 1138 
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Table 9.3 A^, for Skewed Panels with <j) = 15° 

L/S Model v = o° y=15° y = 30° 

0.5 Ref. 21 292.2 222.1 243.5 

Present 274.7 **222/195 193.9 

1.0 Ref. 21 521.1 487.0 579.6 

Present 515.1 501.4 482.6 

2.0 Ref. 21 1188 1169 1948 

Present 1134 * 1149/656 1167 

The cases marked by * and ** in Tables 9.2 and 9.3 were re-computed with aerodynamic 

damping for comparison. With the damping, the same higher order poles converged, but there was 

enough damping to keep them stable. Therefore, the model with damping converged to flutter boundaries 

in better agreement with Ref. 21. These additional test cases are shown in Table 9.4. Reference 30 

discusses cases involving modes of nearly identical frequencies, but weak aerodynamic coupling, that lead 

to inaccurate results in the abscence of aerodynamic damping. This may be occuring in these cases and 

should be further investigated. 

Table 9.4  Anhand A^t for Skewed Panels 

¥ = 15° 

L/S Model <H>° <H5° 

0.5 Ref. 21 A,*, 303.9 221.1 

Present Anutt 306.3 229.7 

2.0 Ref. 21 Acnt 1247 1169 

Present Anutt 1135 1168 

Finally we compare results with in-plane forces. Reference 21 uses a non-dimensional in-plane 

force that can be defined as: 

r9 = 

N- Ü ij 

K2D 
(9.3) 

The results are for a square panel (L/S=l) with <j> = 0°. 



Table 9.5 Critical Dynamic Pressures With % = r^ = 0 

Model rxx = -3 rra = 0 rM = 3 

Ref. 21 275.7 518.2 789.0 

Present 265.1 512.6 793.1 

Table 9.6 Critical Dynamic Pressures With rn = r™ = 0 

Model fxy = 0 r*y = 2 r*y = 4 r*y = 6 

Ref. 21 518.2 487.0 418.9 321.5 

Present 512.6 473.1 381.7 274.3 
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Note the expected decrease in critical dynamic pressure with increasing axial compression or in-plane 

shear. 

9.5 Skewed Composite Panels 

To show the effects of skew angle and composite fiber angle, results were compared with Ref. 23. 

The geometry is defined in Fig. 9.4. 

Figure 9.4 Panel Geometry for Ref. 23 

Table 9.7 compares the results for the case of an isotropic aluminum panel with a=b=1.0m, 

h=3mm and M„=2.0. The results are in terms of the nondimensional critical dynamic pressure: 

A _      Merita 
cri<  ~ I i  DVM2 -1 

(9.4) 
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Table 9.7 ACTit for Various Skew Angles 

y = 0° y=15° y = 30° 

Ref. 23 511 522 664 

Presnt 513 532 606/347* 

With a skew angle of 30° the fifth and sixth poles coalesced at the lower dynamic pressure, however this 

did not occur with aerodynamic damping. 

Table 9.8 shows the critical dynamic pressure for composite panels with various fiber and skew 

angles. Table 9.9 shows the corresponding critical frequencies. The results are non-dimensionalized as: 

A     =      2clcri, a 

£,/Z
3
VM

2
-1 

(9.5) 

Q„ =co„a" 
E2h' 

(9.6) 

The composite panel used had a=b=l m and h=4 mm. 

Table 9.8 A^t for Skewed Composite Panel 

\|/=15° V=30° y=45° 

e ACTRef. 23 ACT Present Aa. Ref. 23 ACT Present A«. Ref. 23 Ac- Present 

0° 358 387 367 389 427 *429/104 

15° 248 246 299 301 321 319 

30° 170 163 202 195 257 254 

45° 120 116 138 133 183 180 

60° 81 79.5 92 88.5 160 128 

75° 60 57.5 87 73.1 188 135 

90° 69 57.4 124 81.8 238 164 
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Table 9.9 Qcri, for Skewei 1 Composite Panels 

V= 15° V= 30° V= 45° 

e ßCT Ref. 23 tic- Present Q.a Ref. 23 £2CT Present QCT Ref. 23 Ü.CT Present 

0° 28.4 30.4 29.3 30.9 34.4 *34.7/53.3 

15° 24.3 24.7 30.3 31.1 32.6 33.1 

30° 23.4 23.5 26.6 27.0 30.7 31.7 

45° 22.0 22.0 23.0 23.6 28.4 28.6 

60° 19.3 19.4 21.0 21.0 30.3 28.7 

75° 17.9 17.9 22.5 21.8 35.8 33.5 

90° 19.3 18.9 26.6 24.6 41.7 39.0 

The case marked by * had a coalescence of the third and fourth frequencies before the first and second. 

However, the results for most of the above configurations are very close to Ref. 23. As skew angle and 

fiber angle increase, correlation of the present results and Ref. 23 deteriorates. Notice that the above 

geometries are very close to the geometries of the skewed panels in Ref. 21 but the results compare much 

more favorably. 

Data for the flutter dynamic pressures and frequencies (aerodynamic damping present) was also 

obtained for these test cases and is shown in Table 9.10. The addition of the aerodynamic damping 

changed the predicted stability boundaries by only a few percent and the results are very close to Ref. 23. 

As before, with aerodynamic damping, any higher frequencies that coalesced remained stable and the 

solution converged to an appropriate Anutt. 

Table 9.10 Anutter and Gutter for Skewed Composite Panels 

V=15° v|/=30° vy=45° 

e Af Present Of Present Af Present D.f Present Af Present Q.f Present 

0° 449 36.8 439 34.1 447 35.5 

15° 268 26.1 307 32.0 324 32.2 

30° 166 23.6 198 27.1 257 31.8 

45° 117 22.0 134 23.6 181 28.7 

60° 80 19.4 89.2 21.0 129 28.7 

75° 57.8 17.9 73.5 21.8 135 33.5 

90° 57.7 18.9 82.3 24.6 165 39.0 
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The results are presented in graphical form in Figs. 9.5 and 9.6. The present results show the same effect 

of fiber angle on critical dynamic pressures as Ref. 23. 
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Fig. 9.5 Adit versus Fiber Angle for Different Skew Angles 
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30 40 

Fiber Angle (Deg) 
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Fig. 9.6 Qcnt versus Fiber Angle for Different Skew Angles 

The present analysis shows the same effects of fiber angle on the critical pressure and frequency 

as Ref. 23. Overall, except in cases of high skew angle (45°) and high fiber angle, the results obtained 

here are in good correlation with the references. 

9.6 Analytic Sensitivities 

This section shows the accuracy of the analytic sensitivities and demonstrates some of the 

capabilities that they give the designer. Figure 9.7 shows the accuracy of the analytic fiber angle 

sensitivity compared with a finite difference approximation for a range of step sizes. The plot is based on 

the composite panel geometry shown in Fig 9.4 with y=15°, 8=45°,and a=b=1.0m. For a step size 

between 10"6 and 10"2 the finite difference and analytic sensitivities are nearly identical. A smaller step 

size results in an inaccurate finite difference estimate because of round off errors. 
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Fig. 9.7 Fiber Angle Sensitivity vs. Step Size 

Table 9.11 compares the analytic sensitivities of skewed composite panels (Fig. 9.4) at 0=45° 

with finite difference approximations based on a step size of 10"4. 

Table 9.11 Fiber Angle Sensitivities at 9=45° 

\|/ = 0° V=15° 

9 Acrit 

ae 
-153.0 -300.2 

Finite Diff. -153.0 -300.7 

dAflutt 

ae 
-155.8 -305.7 

Finite Diff. -155.8 -306.2 
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The analytic sensitivities above and the corresponding dynamic pressures are used to predict the 

effect of fiber angle on the stability boundary that was shown in secton 9.5. Figures 9.8 through 9.11 

show the Taylor series and reciprocal approximations (Ref. 39). These approximations, both with and 

without aerodynamic damping, are good for a range of 9 at least ±15°. 
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Figure 9.8 A^, vs. Fiber Angle for \|/=15° 
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Figure 9.9 Aflutt vs. Fiber Angle for \j/=15° 
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Figure 9.11 Anutt vs. Fiber Angle for \y=45c 

To show the capabilities of the shape sensitivities we use XAR as an example. A composite panel 

with \|/=30°, 9=15°, a=b=1.0m, and h=3mm was used as the referenc panel. XAR was varied from 0.5 to 

2.5 m to range from a triangular to trapezoidal panel as shown below. 
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-X AR 

Figure 9.12 Panel Geometry For XAR Sensitivity 

Aerodynamic damping was included for this test case. The flutter dynamic pressure was 

normalized as: 

A 
2<?fiu.t a 

flutt 
E.h^M2 -1 

At XAR =1.5m the analytic sensitivity was computed to be 
dA flutt 

ax 

(9.7) 

= -415.9. Figure 9.13 shows that both 
AR 

the first order Taylor series approximation and the reciprocal approximation give a good estimation of the 

affect of XAR on the flutter boundary. 
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Finally, we demonstrate the capability of predicting the effect of changing in-plane loads on the 

flutter boundary. Recall that the in-plane load matrix, [N], affects the equations of motion linearly 

through [KG]. Therefore, we can keep the ratio of the Ng's the same but allow for changing magnitudes 

by simply multiplying [KG] by a factor, T|. We used an isotropic panel defined by the geometry in Figure 

9.4 with v=30°, a=b=lm, and h=3mm. The in-plane loads were applied as Nx= -2000, Ny= -1000, and 

Nxy=0. The load factor was varied from -5.0 to 3.0 to range over tension and compression up to the 

buckling point. The sensitivity was computed at r)=l .0 to be 
dA flutt 

dr\ 
= -99.99. 
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The present technique gives results in aggreement with the available literature for a wide range 

of panel variables. The analytic sensitivities are very accurate when compared with finite difference 

approximations, and they have been shown to successfully predict the effects of changing shape, fiber 

angles, and in-plane loads. 



CHAPTER 10 

CONCLUSION 

The capability to include configuration shape design variables, in any multidisciplinary design 

optimization of airplanes in the conceptual or preliminary design stages, is essential. Developments 

in recent years advanced the state of the art in Design Oriented Structural Analysis (DOS A) covering 

approximate stress, deformation, structural dynamic and buckling analysis as well as analytical behavior 

sensitivity techniques, where wing box structures, and skin panel structures, are subject to shape as well as 

material and sizing variations. The present work has focused on the design oriented aeroelastic analysis 

of optimized skin panels in supersonic flow. Since, in typical optimum aeroelastic synthesis of wing 

structures, many skin panels can be buckling-critical, and since stressing a panel up to a point close to its 

buckling load may have a serious effect on its aeroelastic stability as a panel, it becomes important to 

develop efficient analysis and sensitivity capabilities for panel flutter constraints. 

It is shown in this work how modeling and Ritz formulations based on simple polynomial 

functions in global coordinates, lead to efficient evaluation of panel stiffness, geometric stiffness, and 

mass, as well as aerodynamic damping and aerodynamic stiffness matrices. Using analytic formulas for 

area integrals of polynomial terms over general trapezoidal area shapes, it is shown that no numerical 

integration is needed for evaluating panel structural or aerodynamic matrices. A table of area integrals for 

the panel, including area integrals over the panel of terms of the form x™/ , needs to be evaluated only 

once for a given panel shape. Then, structural and aerodynamic matrices, as well as their analytic 

sensitivities with respect to sizing, material and shape design variables, can be obtained by linear 

combinations of elements of this table of integrals. 

Systematic evaluation of the resulting panel flutter prediction capability was carried out, 

comparing results from the present work with results from other references. Cases involving rectangular 

and skewed panels, isotropic and composite construction, and different types of in-plane loads were 

covered. Overall, the current capability led to good correlation with other prediction techniques up to 

panel leading edge sweep angles of 30°. Large differences in panel flutter boundary predictions between 

the current technique and other approximate techniques including finite elements, were observed for 

panel sweep angles of more than 30°. Additional work is needed in this area to find out whether the 

discrepancies are due to limitations of the current polynomial Ritz analysis or the other approximate and 

finite element techniques used for comparison. Unfortunately, only a few papers on panel flutter address 

the aeroelastic stability of panels of general trapezoidal shapes. 

Expressions for analytic sensitivity of panel aeroelastic poles and resulting flutter dynamic 

pressure, have been obtained, and checked against finite difference sensitivities. Excellent correlation, and 
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a wide range of step sizes for the finite difference derivatives, have been found. Used, in turn, in direct 

and reciprocal Taylor series approximations for the flutter dynamic pressure, the flutter and sensitivity 

results have been shown to lead to quite robust approximations over a wide range of design variable 

changes (wide move limits). The work has also shown how to integrate the panel aeroelastic analysis and 

sensitivity predictions with a wing box analysis and sensitivity capability, where in-plane loads 

determined by the wing box behavior serve as inputs to the panel aeroelastic behavior. Shape variations of 

the wing and its internal structure affect the panel both via its in-plane loads, and directly through the 

effects of its shape on its structural and aerodynamic matrices. 

This work was limited to linear panel flutter using Piston Theory aerodynamics, and quasi- 

homogeneous composite construction. An effort to extend the work to cases of linear potential 

aerodynamics, active piezoelectric actuation, and non-linear structural and aerodynamic behavior is 

currently underway. 
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