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1. Executive Summary

1.1 Suivey of effort

This document summarizes effort conducted under the contract F49620-92-C-0006,
“Development of Combined Asymptotic and Numerical Procedures for Trarisonic and
Hypersonic Flows.” In the hypersonic portion of the effort, stability and transition,
unsteady aerodynamic characteristics and stability, strong inviscid/viscous interactions -
and potential application of instabilities to scramjet combustors were emphasized. Major
aspects of the work included a study of three-dimensional disturbances in hypersonic
" boundary layers. These are particularly important to scramjet inlet design. We have
investigated Jow frequency instabilities of viscous hypersonic flow over a flat plate using
triple-deck methods. QOur eigensolutions indicate the existence of an upstream
propagating stable mode which is the unsteady counterpart of the steady two-dimensional
Neiland-Brown-Stewartson solutions. We have also discovered a downstream-
propagating unstable mode. This leads to a three-dimensional instability and is controlled
moderately supersonic flow physics. Calculations of growth rates and analysis of the
forced problem for the experimentally significant time-harmonic vibrator show that at
sufficiently Jow frequencies, the downstream far field transverse projection consists of
Gaussian lobes symmetrically disp!aced about the source axis. For frequencies exceeding
a critical value, only one lobe occurs. The width of this lobe contracts, in contrast to the
expansion of conventional wakes, For wavelengths of the order of the boundary layer .
thickness and phase speeds less than unity, we have discovered new waveguide
reflectional instability mechanisms that can be important for strong, moderate and weak
interaction between the shock and boundary layers. These results can be readily extended
to three-dimensional flows. Our asymptotic analyses show that to first order in the
displacement’ thickness, the upper boundary layer edge behaves as a solid wall that
reflects boundary-layer disturbances. This is a viscous generalization of energy trapping
instability mechanisms discussed by the Principal Investigator in an inviscid context in
[C1]. These compete with other more well known instability modes that produce:
premature transition and are therefore of importance to hypersonic design and propulsion-
airframe integration. In addition to this boundary layer “lower” wave guide, and “upper”
one exists between the shock and the sonic line. At mode synchronism points between
upper and lower wave guides, singular growth spikes occur that invalidate the modal
decomposition used in state-of-the-art linear stability/transition prediction theories/codes.
The waveguide concepts have been studied in connection with control of transition
by absorbing walls and demonstrated reduction of amplification with increased wall
absorption. From the stability asymptotics, practical transition delay concepts have
been identifled using conventional thermal protection materials having
ultrasonically selective properties. For thin shock layers, we have extended steady
Newtonian asymptotic theory to the unsteady case. We have used the theory to -
demonstrate the existence of a new finite-amplitude Inflectional Instability that may
be useful to promote pre-mixing and enhanced bnrnlng efficiency for scramjet
combustors. The unsteady Newtonian model is useful in other contexts such as
hypersonic ueroelasticity and flutter. As another application of our hypersonic
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theories, similitudes have been used to collapse re-entry cone transition data to
provide an efficlent prediction tool for the scientist, engineer and designer. In the
transonic regime, we have developed the basis for wind tunnel wall interference
predictions for slender and not-so-slender bodies in wind tunnels. The singular
perturbation theory is interacting with experiments that we are conducting in the Russian
TsAGI T-128 wind tunnel leading to the generalization of our Transonic Area Rule for
Wind Tunnel Wall Interference (TARWI) to test articles of length comparable to the wall
height. The TsAGI tests have validated our matched asymptotics derivation of the
TARWL The TARWI reduces the three-dimensional wall interference correction
problem to one in two-dimensions. This will provide test engineers a basis for
estimation of transonic blockage corrections and optimization of model size for
maximum unit Reynolds number and minimum wall interference. Also to be described in
what follows are other theories for lift interfcrence in porous wind tunnels as well as
corrections for non-circular walls that we have derived in the effort. To our knowledge,
this is the first time such comrsctions have been embedded in systematic asymptotic

approximation procedures.

1.2 Personnel associated with research effort

e Dr. Norman D. Malmuth

e Professor Julian D. Cole

e Dr. Alexander V. Fedorov

o bt. André Khokhlov

e Professor Vladimir Ya Neiland
e Dr. Vera M. Neyland

o Iyofessor Oleg Ryzhov

1.3 Cumuiative list of publications associsted with effort

C1.Malmuth, N.D. “Stability of the inviscid shock layer in strong interaction flow over a
hypersonic flat plate,” in Instabilities and Turbulence in Engineering Fiows, eds. D.E.
Ashpis, T.B. Gatski and R. Hirsh. Kluwer Academic Publishers, 1993,

- C2.Malmuth, N.D., Jafroudi, H., Wu, .C.C, McLachlan, R. and Cole, J.D. “Asymptotic
methods applied to trunsonic wall interference,” AJAA J. 31 S, pp. 911-918, May
1993. '
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' C3.Malmuth, N, “Unsteady hypersonic thin shock layers and flow stability,” invited
paper at Wright Patterson Hypersonics Meeting, Wright Patterson AFB OH, May 17-
19, 1993 also invited paper International Workshop on Modeling of Aerodynamic
Flows, Hotel Amber Baltic, Miedzyzdroje, Poland, July 12-14, 1993 in Advances in
analytical Methods in Modeling Aerodynamic Flows, edited by J.D.A. Walker, M.
Bamctt and F.T. Smith. AIAA , 1994. :

_C4.Fedorov A. and N. Malmuth. “High Mach number similarity in the prediction of
boundary layer transition on circular cones,” AJAA J., 33 8, August 1995, 1523.

CS.Malmuth; N.D. Neylaxid, V.M. and Neiland, V. Ya “Wall Interference Ovér Smalland . -

Large Aspect Ratio ngs -in Wind Tunnels,” invited paper, Second Pacific
International Meeting in Aerospace Technology PICAS‘1'2-AAC6 in peer-reviewed
proceedings, Melboumne, Australia, March 1995,
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- 2. Mechanism of Hypersonic Flow Stabilization by a Semi-.
Transparent Wall

2.1 Introduction

The ability to predict and contro) the locaticn of boundary layer transition is of critical
importance in the design and optimizatioss of aerospace vehicles [1]. Transition causes
significant increases in heat transfer and skin friction. This leads to diminished vehicle
-performance, primarily because of the additional weight of thermal protection system
(TPS).

If external disturbances are small and the TPS roughness is negligible, then the transition
process is due to amplification of unstable modes in the boundary layer [1], [2]. In this
case, stability theory and experiment form a foundation for the prediction and control of
transition (3], [4), [5]. Severul different instability mechanisms may be responsnblc for
transmon on the hypersonic vehicle surface, namely

1. the first and secoud modes which are dominant in 2-D or quasi 2-D boundary layers on
a flat plate, axisymmetric bodies, wings, etc

2. Gortler vortices which can play a major role on concave surfaces.

3. cross flow instability which can be dominant in 3-D boundary layers on the leading
edge of a swept wing, axisymmetric bodies at the angle of attack, erc.

Our analysis addresses the mechanism in Item (1). Its relation to other tjpcs of instability
will be discussed at the end of this chapter.

The first mode is an extension to high spceds of the Tollmien-Schlichting waves. They
represent viscous instability at low Mach numbers. However the inviscid nature of the
first mode begins to dominate when the Mach number increases, since the compressible
boundary layer profiles contain a generalized inflection point {3]. This mode may be
stabilized by wall cooling, suction and favorable pressure gradient.

The second mode is the result of an inviscid instability present due to a region of
supersonic mean flow relative to the disturbance phase velocity. It belongs to the family
of trapped acoustic modes. For an insulated surface, these higher modes appear for Mach
numbers M >22. However, it is not until the Mach number is of the order of 4 or
greater that the second mode is st low cnough frequency to have experimental
consequences. Once the second mode sets in, it becomes the dominant instability since its
growth rate tends 1o exceed that of the first mode. For insuluted surfaces, this occurs for
"M >4, For cooled surfaces, the second mode can dominate at even lower Mach
numbers. In contrast to the first mode, the higher subsonic modes are destabilized by
cooling. The existence of the second modes was estahlished by the experiments of
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'Kendall {6), Demetriades [7], and Stetson et al. [8] [10). The most amplified second
~ mode wavelengths tend to be approximately twice the boundary layer thickness, and the

~ second mode phase velocities tend to be apprommately equal to the edge velocity of mean :

"~ flow.

The second mode induces pressure disturbances of very high frequency. For example, the
most. amplified waves observed in the experiment of Stetson et al. [8] at Mach 8
correspond to a frequency of about 100 kHz. TPS porous surfaces can absorb these high
frequency fluctuations. It is assumed that the absorption can cause stabilization of the
second and higher modes by this energy extraction mechanism. This assumption has
been examined in a theoretical study that is summarized in what follows. The eigenvalue
problem for inviscid disturbances in a supersonic boundary layer is formulated in Section
2.2." The WKB method is used to specify the boundary condition on the semi-transparent
wall for the acoustic normal modes of high frequency mcludmg the second mode. In
Section 2.3, the eigenvalue problem is solved numerically and it is shown that absorption
stabilizes the second mode. A discussion of the future effort concludes this chapter.

2.2 Elgenvalue problem for Inviscid disturbances

. A supersonic boundary-layer. flow over a flat plate or sharp cone schematically shown in -

Fig. 1'is considered. The coordinates X, y are made nondimensionless using the

boundary laycr displacement thickness O . In the locally parallel approximation, the -
pp

‘mean flow is characterized by the proﬁle of X -component velocity U(y) and
tempcrature T(y) nondimensionalized using their corresponding reference quantities U,

~and T, at _the upper boundary layer edge. 'Ihe inviscid stability equations are obtained

from the linearized, parallel flow, viscous equations for a perfect gas with constant
‘specific heat by setting all viscous and heat-conduction terms equal to zero [11). Since
the second, third and higher modes have maximum growth rate in the two-dimensional
"case’, we consider 2-D disturbances in normal-mode form as

(@.9.5.87 (5,0 =[wv.p 0 Dexplia-ar) &)

where U and V are the velocity components in the X and Y directions, P is the

pressure normalized by the dynamic pressure, P ,U ,2 ) 0 is the tcmperat&rc_, Q is the
wavenumber, and @) is frequency. -

* This work and a portion of that described in the other chapters was pamally funded by other
sources in addition to the contract.

- This is also termed the most dangerous case.

22

LA tdad




SC71062.FTR .

UE) p -
k sonic line: U(y,) = ¢ - a(y,)

Vi

Fig. 1 Acoustic mode in a supersonic boundary layer on semi-transparent wall.

bA

Thc system of equations for v(y) and p(y) ( see for example {11]) is

, U | T-M*U-c)?
Vv = U-cv+-la U—'C
()
'=—ix -U—:ﬁ)v
p T

where ¢ =@/ is the phase speed, and prime denotes the derivative with respect to y.
The boundary conditions for Eqs. (2) are

%0) = A- p(0) ®
p(=)=0 | @

Equation (3) is a general form (Darcy’s Law) of the inviscid boundary condition on
porous or compliant walls. The coefficient A is a complex guantity which depends on
properties of the wall material, mean flow characteristics on the wall surface, and flow
perturbation parameters such as a wave frequency and wavelength. Note that the

. boundary condition (4) requires the normal mode to vanish outside the boundary layer.

The eigenvalue problem (2)-(4) provides the dispersion relation F(a,w)=0. For
temporal stability, the wavenumber O is real, and w(a) is the complex eigenvalue. If
Im(®) > 0, then the disturbance is unstable.

The system of equations (2) can be reduced to one equation for the pressure amplitude

2-3
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with the following boundary conditions

oy 4.5 |
p0)=A O p(0) ©)

p(=)=0 o)

Ac:ordi.ng to the asymptotic analysis [12] characteristics of the second, third and higher
modes can be obtained by the WKB method. Without going into details, we bricfly
describe the results of this analysis. For a subsonic disturbance with phase speed

‘l.“;?<R.°(C) <‘1+-;7 | (8)

the boundary layer behaves as an acoustic waveguide schematically shown in Fig. 1. In
the waveguide region between the wall and the sonic line:
y=,,U(y,) = Re(c)=a(y,), the pressure amplitude p(y) oscillates in the y direction.
Here the real part of the function A(y) is large and positive, and hence the solution of Eq.
(5) can be expressed in the following WKB form

(7 y
P(y) =[i’,(y)expk-if }+ 2 (Y)exp[i | My)}* oEe) @
0

]

R - U-c . M*U - ¢)? ,
= Const, , ——q "%, g = ———e |
P2 (y) = Const,, T 9.9 T |

where & =1/max(|A|) is a small parameter. The first and second terms respectively

represent incident and reflected acoustic waves to the wall. Near the sonic line, the

acoustic ray turns around us schematically shown in Fig. 1. In the upper region y> y, ,

the real part of M ¥) is negative and the pressure amplitude decays exponentially. For the

neutral modes, the dispersion relation obtained by the WKB method has the following
form for the case of a non-transparent wall (A=0)
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I\[w—azdyzz.’-n.n (10)
o T 4 ‘

“The solution of Eq. ( 10), (a) corresponds to the second mode for n 0 to the
‘third mode at n = 1 etc.

To obtain the explicit form of the coefficient A on a semi-transparent wall, we use the
WKB approximation (9). The reflection coefficient T is defined as

_5h©

~— Y
5,(0) (b

If T =1, then disturbances are completely reflected by the wall. If T <1, then some
portion of the disturbance energy is absorbed by the wall material. Dxffcrcnuatmg the
expression (9) we obtain in the first order approximation

P'(0) = =iA(0)-[5,(0) - $,(0)] | 0y

Substituting (12) iﬁto the boundary éondition (6) and using Egs. (9), (11), we get

1=
PO = -iAO)P(O) T ~ )

From Egs. (6), (13) we obtain the explicit form for the absorption coefficient

A=~

s 1 .
T©) IM?c _414 a4

c WITO) i+t

2.3 Results and discussion

The eigenvalue problem (2)-(4) is solved by numerical integration using the method of
Mack [11]. The absorption coefficient A is specified by the expression (14). The
integration starts at the upper freestream and continues to the wall along an indented
contour in the complex plane. The contour lies below the critical point y,:U(y,) =c.

The eigenvalue (@) is found by the iterative Newton method.

2-5
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In Fig. 2, the second-mode growth rate Im(w) is shown as a function of the wavenumber
O, at various values.of the reflection coefficient 7 . Calculations were performed for the
flat-plate boundary layer on a cool wall with a temperature ratio typical of a hypersonic
vehicle surface. Here, T, is the surface temperature, and7,, is the temperature
ratio T, /T, = 0.2 0n an adiabatic wall. The freestream parameters have the following
values: Mach number M =6, specific heat ratio ¥y = 14, and Prandtl number Pr=0.72.
It is seen that the semi-transparent wall reduces the growth rate by the factor of 4 at the
reflection coefficient 7=06. A similar stabilization effect has been obtained for other .
Mach numbers, and wall temperatures. Since the physics of the third and higher modes is
simijar to that of the second mode, it is assumed that the absorption of acoustic energy
can cause similar stabilization of these higher modes.

004 prmspem e T b

mdngmm

[] PUN BN | PN U ST U NN WA E S
11 12 1.3 1.4 1.8 14 1.7 14
: ’ a

Fig. 2 Effect of the wall reflection coefficient T on the second mode growth rate

Im(@) for hypersonic boundary layer at M =6, T, /T, =0.1986, Pr=072,
and y=14. L

2.4 Conclusions

1. According to inviscid stability theory, the absorption of acoustic energy by a semi-
transparent wall can essentially stabilize the second mode of a hypersonic boundary
layer. This stabilization may lcad to delay of transition on hypersonic vehicle surfaces.

2. Since frequency of pressure disturbances incident on the wall by the second mode are
very high (of the order of 100 kHz), TPS porous materials used on hypersonic vehicle
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- surfaces can be semi-transparent with respect to these disturbances. It is this property

that provides an opportunity to use absorption to maintain or increase the laminar flow
run.

Since the boundary layer stabilization is due to the absorption of disturbance energy by

_the wall, we believe that a similar effect may occur for other high-frequency instabilitics
such as unsteady cross flow vortices. A semi-transparent wall may also affect transition
past TPS roughness elements. It is recommended that these assumptions be verified by
wind tunnel experiments using models with porous surfaces.

In our analysis, we have used a simple model for the boundary condition on a semi-

transparent wall. This model permits rough estimates of the absorption effect and

formulations for its experimental verification. For reliable quantitative results, more

comprehensive models of the absorption mechanism as well as detailed experimental

studies are required. In order to demonstrate the effect of transition delay on a semi-

transparent surface and apply it to hypersonic vehicle design, the following effort should
be performcd

e Test current TPS materials and obtain their transparency characteristics in a frequency
band relevant to hypersonic instability

o Demonstrate the effect of surface transparcncy on transition by experiment on models
of a simple shape (such as a flat plate or sharp cone) in hypersonic wind tunnels

e If the demonstration is successful:

~ Develop theoretical models accounting for viscous effects as well as physics of
interaction between the flow disturbance and the TPS material microstructure.
- Conduct detailed experiments in hypersonic wind tunnels.
- Perform flight testing.
~ Develop new TPS materials provndmg maximum stabilization of hypersonic
~ boundary layer and transition delay.
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‘3. Reflectional Instability of a Hypersonic Boundary Layer

3.1 Introduction

The hypersonic speed range contains some of the most important problems in boundary
layer transition. At high Mach numbers, early transition causes temperatures high enough
to destroy air vehicle surfaces. Uncertainty in the transition locus leads to diminished
performance, primarily because of the additional weight of the thermal protection system.
This has stimulated considerable experimental and theoretical studies. The transition
problem is an initial boundary value problem which requires the identification of the
freestream disturbance field, understanding of the laminar flow receptivity to external
disturbances including surface irregularities, as well as linear and nonlinear amplification
of unstable disturbances [1]. Current knowledge is inadequate to solve and apply the
initial value problem to design, even at low speeds. However, it has been found that
transition can be correlated with linear stability theory if the external-disturbances are
relatively small. This motivates development of hypersonic flow stability theory.

Hypersonic instability is more complicated than for moderate specds. In addition to .
Tollmien-Schlichting waves, cross flow and Gortler vortices, the following special
observations apply at high Mach numbers:

o In the region of the boundary layer that is supersonic relative to the phasc velocity,
Mack [2] showed that multiple solutions of the inviscid stability equations occur.
These additional solutions are called higher modes. Physically they represent acoustic
modes which propagate in a “waveguide™ located between the wall and the sonic line.
The first mode of this family, which is called the second mode, is the most unstable.
Its wavelength is of the order of boundary layer thickness.

e Fedorov and Khokhlov [3] demonstrated that the second mode instability is related to
synchronization between the first and second modes. Near the synchronism point,
where frequencies and phase speeds of both modes coincide, the eigenvalues split into
two branches. In the vicinity of branch points the dispersion relation is singular,
causing a strong exchange between modes due to nonparallellism. This implies that a
multi-mode approach is required for transition prediction rather than the conventional
single mode method.

e If the shock wave is close to the surfuce, which is relevant to the windward side of re-
entry vehicle at the high angle of attack, a new class of unstable modes occurs due to
reflection of disturbances by the shock. Qualitative asymptotic analyses of Fedorov
and Gushchin (4], [5] showed that, in addition to the lower waveguide of the boundary
layer, there is an upper waveguide located between the shock wave and the sonic line.
At certain conditions acoustic waves of the lower waveguide are in resonance with
those of the upper waveguide and have identical phase speeds. The synchronization
between modes causes a new type of instability.
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¢ In the hypersonic limit, the inflectional instability is related to a thin transitional layer
located near the upper boundary layer edge. This inviscid instability is called the

* vorticity mode. It has been studied by Blackaby, Cowley and Hall [6], Smith and
Brown (7], Grubin and Trigub [8] using asymptotic methods. They analyzed stability
of the hypersonic flow over a flat plate for weak and strong viscous-inviscid
interaction. It has been found that the vorticity mode weakly disturbs the flow outside
the transitional layer which separates a hot flow of the boundary layer from-a cool

inviscid flow. The phase speed of the vorticity mode tends to unity with increasing '

Mach number. Its wavelength is much less than the boundary layer.thickness.

e Malmuth [9] studied disturbance flowfield in a thin shock layer betwccn the' shock.
wave and the upper boundary layer edge. He examined the strong interaction regime -
on a flat plate at the Newtonian limit when the specific heat ratio ¥ = 1. His studies

show that disturbances of longitudinal scale of the order of the length of the strong
interaction region can strongly amplify in a thin shock layer. This new instability does
not relate to the normal-mode decomposition normally used in stability theory. It was
revealed only by solving the complete initial boundary value problem for strongly
nonparallel flow.

o Hypersonic flow past a blunt body generates a strong curved shock near the nose. This
causes an entropy layer in the inviscid region between the shock and the boundary
layer. As the shock wave approaches the limit of a sharp cone solution, the entropy
layer thickness decreases and eventually it is swallowed by the boundary layer. The
entropy layer can be unstable due to presence of the inflection point (5], [10].
Reshotko and Khan {10] found that within the swallowing region, the boundary layer
stability is affected by the nonuniform flow ncar the boundary layer edge. The .
interplay between the entropy modes and the boundary modes may st:ongly affect their .
amplification.

Coexistence of several instabilities of essentially different scale make it difficult to
predict transition from a universal stability code. Computations of the hypersonic mean
flow and its stability from codes developed for moderate Mach number flows are very
time-consuming. Computational time and intensity grows dramatically with increasing
Mach number because of the strong non-uniformity of hypersonic mean flow profiles and
the high sensitivity of the related cigenvalue problem to its first and second derivatives
[1]. Solution procedures based on combined asymptotics and numerics deal effectively -
with this difficulty since thcy systematically guide accurate resolution of the high
gradient regions in a robust way. This has stimulated the research descritied here.

- Asymptotic models have been developed to treat the short-scale vorticity mode of the
transitional layer in (6] - (8], and large-scale disturbances in [9) of the inviscid shock
layer. Both instabilities convect with a phase speed close to the freestream velocity. The
intermediate case in which the disturbance scale is of the order of boundary layer
thickness and its phase speed is less than the freestream speed has not been studied by
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asymptotic methods. This gap is targeted in the analysis that follows. In Section 3.2, the
- composite system of stability equations for a strong interaction hypersonic boundary layer
is derived. The disturbance field in the inviscid shock layer is treated in Section 3.3. In
Section 3.4, matching between the boundary layer and shock layer is used to establish
boundary conditions at the upper boundary layer edge. The weak interaction case is
considered in Section 3.5. Section 3.6 generalizes consideration of the eigenvalue
problem to 3-D mean flows and fluctuations. In Section 3.7, a self-similar solution for
steady strong interaction boundary layer flow is obtained. ‘l‘hcsc mean flow profiles are
uscd for stability computations in Section.3.8.

3.2 Stabliity equations in the strong interaction boundary layer

Consider the boundary layer on a flat plate in hypersonic flow of a perfect gas (see Fig. 1)
with speed U_, temperature T_, and dcns:ty p.. Introduce nondimensional coordinates
and time as

x.y)=(z .y)/5 1=t 1(8°1U). . m

where 8° is of the order of the boundary layer thickness. The pressure p°, temperature,
density and the velocity components u°,v* are nondimensionalized as

. . T’—. .-e:-’( 5 (u"v.)' 2
/4 _L—pj,v, :P p; i,v) = *—-—U: (2)

- Besides the fast variable x, a slow variable x, corresponding 1o the longitudinal scals L’
(sec Fig. 1) is introduced , where

x,=6-x.5=%. 3)

Consider the following hypersonic limit corresponding to the strong interaction between
inviscid flow and boundary layer (see for example Bush [11])

8> O0,M = w0, 5 M? = o0 (y=1) = (1), = )

where ¥ is the specific heat ratio. In this case, the shock-layer thickness &, is of the
order of the boundary layer thickness §°.
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shock wave 3= y?

Fig. 1 Hypersonic stf'ong intéractidn flow over a flat plate.

The mean flow and its unsteady perturbations are represented asymptotically as

- ﬁ(k,y,i) =52[?1(-‘1)""5"P(X-xhyyf)]+"'
‘5(-‘-3'-‘)'—'";!:']’5’[;7,(.?,.)')+€-p(x.x;,y,1)]+m

Fx,y.0 =y - DMP[T, (2, ) + £ T(x, 5, 3,00 ]+ -+ -
ﬁ(X.y.t)==U,(x,,y)+e~u(x,x,,y,:)‘+... , (5)‘
V(X y,8) = 8-V,(x,,7) + £ v(x,x,, 3, ) + -

-~ > il d
=1 =[(r-nm’] [ﬂ.(x,.y)-#e'd—‘;"T(x,-)'J)]’f' :
=T (%)

In (5),€ is a small parameter characterizing the disturbance amplitude, fi= '/ is the
normalized viscosity and the temperature-viscosity dependence is approximated by the
power law with the exponent n. With the exception of the vertical velacity v, these
expansions resembie those of Bush [11] for steady flow. Since the disturbance scale is of -

the order of boundary layer thickness, the pressure perturbation is not constant across the
layer and induces the vemcal vclocxly perturbation v = O(l).

Substitution of (5) into Navier-Stokes equations and linearization gives a hncar systcm
In particular, the continuity equation yields

P, M P N

a‘+p,&+v,&+p,ay+v &y o
0,2 ey ey 2,2

*‘("&.* FOR R A "l v b




From the x-momentum equation

I AN S R T
p:[a’ Ulax ay) +5[plula+ ax+

u, . M v, W 19( &
”(“"*"'ay] (” "T*V’aTJ]'Ray(“'ay)*

1 o 2
RG’ +0(R)+0(5 ).

The y-momentum equation gives

FEHRies

In (9), tbe similarily parameter R is

R= & U-p- 61[7-1\ i

>y Jfa-om

He
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M

(8)

9

(10)

The quantities G,, G,, and G, arc viscous dissipation terms that can be neglected
everywhere in the boundary layer. Viscous terms proportional to the highest y-derivative

are included in (7) and (9), since they are dominant in viscous sublayers as will be shown
below. Terms proportional to § describe nonparalicl effects associated with downstream
boundary layer growth, The small parameter § can be expressed as (see Bush [11])

6,[1; 1_[(7-254’]' ]W'Re_ el
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From (10) and (11) |

 R=Re- 5L !
71[71Mr

'Substitution of (11) into (12) gives§ =1/ R and the result that the sxmxlamy paramcter
" R = oo for the strong interaction case.

(12)

For stability considcrations. the disturbance characteristics are represented in the normal
~ mode form

q(x.x, 1.8) =[qy(x,, ) +6 - q, (j"x It .]exp[é-ja(x! )#‘ - :’ox] 13)

Modes with phase speed ¢ = fx satisfying the condition Re(c)<1 will be considered.
If ¢—1, the disturbance is concentrated in the transitional layer located near the

boundary layer edge. This case has been studied in [6] - [8]. Substitution of (13) into (6) -
~ (9) gives the following system of stability equations to the first order approxlmatnon with

respect tod
iaU, a))p.,+p oy, P : - (14)
(] A, (4 @
p,[:(aU ~ )iy +v°'7gy ]-Hay ! Qv(“’ %;1) - (15)
y=~1dp, |
ip(alU,~® ~—'—'9-=0 : ' 16
p,(@U, ~ @), + > (16)

dT, - : 1 dT.
. p‘[l(aU, -—a))_T:, + v,-s;-]-ir}—‘-(au, -W)p, = ﬁ%{”’ ‘5‘;‘)- (17

Since the mean-flow pressurc is constant across the boundary layer, it is convenient (o
normalize the pressure to 5, so that the equation of state can be expressed as

1o el | (18)
Usingdu:notatidm _
f.-u,.¢=%.ﬂ=‘%".9=7;. o - (19)

we get (he following systcm of stability cqumons in the form convenieat for numerical
integration
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. T ‘ , 1.7~
Lasmagliv,-dreviel+iton (20
i =iy, - )(.T".-,).,.;Zq, | 21
i X e |
n'= 17_17;.(0, c)p | (22)
B g T N eily -
oon? —1;¢+(y o' +if) +i(v, C)T,' ‘(23)

where prime denotes the y-derivative. This system is a hypersonic analog of the Dunn-

Lin systern for the supersonic boundary layer. Derivation of (20)-(23) is based on an
asymptotic analysis similar to that conducted by Cheng [12], and Alekseev [13] for
moderate speeds. The asymptotic structure of disturbances across thc boundary laycr is
schematically shown in Fig. 2 for 0<Re(c)< 1.

inviscid shock layer

| Soundary layer edge yvy,
inviscid zone 2
critical layer I

'tnvh:idzom 2

- viscous sublayer

Fig.2 Asymptotic structure of the disturbance field.
The following observations are relevant:

1. In Zones 1 and 2 with the thickness O(1), viscous terms are negligible, and the system
(20)-(23) is reduced to the inviscid stability equations.

2. In a viscous sublayer of thickness & = = (aR)™?, viscous terms from (20) and (23) are

of the order of inviscid terms. Here, the solution is expanded in a power series of small
parameterd.
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3. In the critical layer of thickness &, = (aR)™, viscous terms are also of the order of
inviscid terms. This layer is located near the critical point y,: U(y,) c. Hcrc, the
solution is expanded in a power series of§ , . :

4. In the inviscid shock layer located outside the boundary layer, viscous terms are
negligible and the system (14)-(17) is reduced to the inviscid stability equatxons

Instead of solving stability equations in each sublayer and performmg matching betwccn

- asymptotic solutions, we can solve the system (20)-(23) numerically keeping the viscous

terms with the highest y-derivative throughout the entire region of integration. This

allows us to obtain a composite solution which is uniformly valid in all decks. A similar
approach has been applied by Mack (2], Gaponov and Maslov [14], Tumin and Fedorov
[15], and others to stability analysis of supersonic flows. Note that the system (20)-(23)
can be directly derived from the Dunn-Lin system by applying the hypersomc limit and
using the asymptotics (5).

Summarizing, we conclude that the disturbance structure and stability cquations in the
hypersonic boundary layer are qualitatively similar to those for supersonic flow.
However, the behavior of the disturbance amplitude near the upper boundary layer edge
and within the inviscid shock layer is essentially different from the moderate speed case.
The mean flow temperature tends to zero at the upper boundary layer edge, which
separates the hot flow in the boundary layer from the cool flow in the shock layer. As

will be shown below, the large difference between temperatures of these flows strongly ‘
affects boundary conditions for the disturbance amphtude

3.3 Disturbances In the inviscid shock layer

Consider the inviscid flow between the shock wave and thc upper boundary Iayer edge
(see Fig. 1). We specify nondimensional variables of inviscid flow as

W)=V L =C LUy

P 2 T . p (') o

p p_U 2 'T‘ T p p.: ,(u,V)- U‘. (25)
The shock-wave shape’ is defined as

y, =8-§(x,1).8=0() ‘ - (26)

* Subscript s is used interchangeably herein to denote shock quantity or (stcady) mean ﬂow This distinction
should be obviated by the uscage context. :
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The inviscid flow in the shock layer is described by the system of equations

dp i o _o
a0 @
5 %—‘-w%—w%}%:o - (28)
1 i i 1
AN
[ a:,*“a:,*"a,,)* l-O _ (29)
f9 .3 .9)._ .
p[5§+“9x, *”ay, )S-O . (30)
=;’3,- @31)

where § is the entropy functiofx'.

The boundary conditions at the shock wave are

@(x,, 3, .0) = 1-7%352(25)2 : (32)
35 yh) =~;2:;5D,§ @
PCxpu 1) = 73;,5%0,3)’ | (34
Blxyo oty = %—E—i | | (35)
Du -ﬁ-'w% ’ (36)

We assume that the shock wave has the shape
E§=go(x))+€-6-g,(x.1), 37

‘where x=x, 5,and t = t, /6 are fast variables of the disturbance flowfield. Using these,
the boundary conditions (32)-(35) arc written as

. 2

“=]"m62[g°": +2¢€g,, Dg,+...] (38)
S

v=—y+16[g°“ +¢&Dg,+...] (39)
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40)

@n

In addition, we introduce the shock layer variable y=y,/ 8, and the fast variable
Y= 0 /8% . The boundary conditions ( 38) - (41) and the structure of (27)-(30) dictate

the following scaling for the mean flow and disturbance characteristics

d= 1482w, (x,,y) + &, (x,, 5,5, 5, D1+
= 8[v,(x,,3) + v, {x,, 3, %, ¥3,1)] + -+
p=8%1p,(x.0)+ (%, 35y, )] + -
P=p,(x,Y)+Ep (X Y X, ypul) + e a

(42)
(43)
“44)
(45)

Substituting (42)-(45) into (37)-(31)‘and linearizing gives the following system of

equations for the disturbance flowfield
. s N
Dpl +V,(X,,)f),3;,‘: + p‘(x“y)j-b—;— =0
)
p. (X, W(Du. + v,,(xl.y)gyl)f 2t=0
ps(xl’y)(DVI +v (x,,y)—--) 3,! 0
| 2

DS, +v, (x,.y)

- 3,9:
P 2]
s,=f_y B
=5 7o,

)
@
@)

49)

(50)

In the first order approximation, the boundary conditions (38) - (41) at y = g,(x,) are

—“l "“_“gox,Dgl -

y+1

2
Vl:;':']'Dgx
b =280..V1
p =0

3-10
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These conditions have been shifted to the undisturbed shock using the following
expansions for the steady flow profiles '

‘ oF
F(y,)= F,(go)+853;-(go)g, '

where F signifies a flow dependent variable.

Since the coefficients appcuring‘ in (46)-(49) are functions of slow variables only, we can
apply the WKB method. Accordingly, a solution is represented in the form ‘

4 =1g10(x,y) + &ll(xlvy)"’«--]‘e"p(éij "'}‘dy"'i‘“)

In the first order approximation with respect to the small parameter$, the system of
equations for pressure and vertical velocity are

%[i(a— )+ i/lv,]fpi"- +iAv,, =0 ‘ E o (54)
-%-[i(a—m)-t-i/lv,]vw +i3.%2=0 o | (55)
=2, I 66

Equations (47), and (50) for the entropy function S, and longitudinal velocity #, can be
found separately using solutions of (54) and (55). At some point (x,,y), the system (54)-
(56) has a non-trivial solution if the wave numbers satisfy the dispersion relation

7 --J—.-((a-w) +4v,Y =0, ' (5T)

which gives
' a-o
=F=
ha =3

Accordingly, the general solution is

P = p,{c. 'cxp[;;-il.dy)*r G 'CXP[;% J &dy)] . (58)

Vo™ [C __Ea__exp[% { A,dy] +C, ;%)%-)—.,7, cxp[—ig { A,dyﬂ

‘a-w+Ay,

311




SC71062.FTR

where y, corresponds to the upper b'oundary layer edge. The constants C,, and C, must

be found from the boundary condition (53) and matching with the boundary layer
solution. '

3.4 Matching

In the inviscid zone 2 of the boundary layer (see Fig. 1), the system of equations (20)-

(23) can be reduced to the inviscid equations for the pressure T, and the vertical vclocxty '
a‘ﬂ

,_ Ul U, -e) ~(y-DT,

o -U __cgoq-i ) =0 ) (5?)
2)’(0 c) ‘ » ' . :
z+a—-——f-——-—(y I)Tq»o . - (60)

Near the upper boundary layeredge U, (y) = 1,and T, 2 0,as y—> y, - 0 the hmmng
form of (59), and (60) is

¢'+i—'-;-°-zr=o | ()
2, 202 Y(I'C) p
' +ic (7_1)2; (62)

The solution of (61), (62) is represented in the WKB form

P a-o ? &-w‘
= Aexp|—i dy) + A cxp(i dy) 63)
‘ p( {7(7- l)T. ,!,7,(7-1)7, .

-7,
o (7)[

t a-w
A _ .
cxp[ Ij 7 1)1' dy) p[z;[ DT d)’]]
where A,, A, are constants. Usihg the dcﬁnition | , i

= T :
T= ‘i.— r=-HM’T, (64)

we obtain the following explicit forms for the disturbance amplitude, as y— y, =0
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ﬁw&[&exp[-tf—-;]-—dy)wcxp[ I“—‘/’;-’-’—‘idyﬂ T es)

, = Y ey ‘ 1 (a ~ .
Vo -)—;/"MI—-[A, ex;{-’— i{-(-g—jf—j_‘-f-w-dyJ-A, CXP["{(LJ%)E_@]J' (§6)' ,

Now wé consider the shock léycr solution (58) as y—=»y, +0. Since the mean flow

temperature T tends to mﬁmty. and the mean- ﬂow vertical vclocxty v,=0(1), the
asymptotic form of the solution (58) is ' :

Pw—’P.(Y.)[C\‘CXP( IV?r'dy]+C’ cxv[ ﬁdy]] (67)
Vo = L. C, -c;(p -iyg:—g’rdy)-c -ex _i_j'a-méy] e | (68)
e b7 K W e ]| R

Using the scaling (44), (45), and the definition (56), we obtain the relation

T

Tu =7M262'

Accordingly, the vertical velocity amplitude ¥, = v,, and the pressure amplitude p,, are -
respectively

14 - .
Po = p,(y, [A cxp(—x I -—T-—Jy)+.4 cx{i I .@_T;.)ﬂ.dyn | (69)

ff.-»%,_f-[&exp{ {‘—'f;“i’ﬂdy] Az"‘{f( = ]] . (70)

Comparison of the outer asymptotic limit (65), (66) with the inner limit (69). (70) and
accounting for the relation p,(y,)= P, shows that the pressure and vertical velocity
disturbances match at the upper boundary-layer edge, y =y, .
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On comparison of the boundary-layer flow field representations (5) with the
corresponding shock-layer flow field expressions (42)-(45) and if the disturbance
. charactcristics are normalized in such a way that the pressure amplitude is p = O(1)in the
boundary layer, then: -
L p=0()in thc shock layer.
-2. The tempcrature amplitude T=0(l)in the boundaxy laycr and T=0(8%) in the
shock layer.
3. The longitudinal velocity amplitude i is u= 0(1) in thc boundary layer, and u= 0(62

. in the shock layer.
-4. The vertical velocity amplitude is v = 0(1) in the boundary layer, and v=0(d)in the

shock layer.

Thi‘s statement is schernatically illustrated in Fig. 3.

Fig.3 Orders of magnitude for the amplitudé of the velocity, prcssufe and temperature
- disturbance, (normalized with respect to€ ).

Consequently, , the boundary conditions

up(y,) = f(3,)=0 | |
vo(y,) mag(y,) =0 | | | an
Ty(y,)m6(y,)=0 ' '
holdto 09 ).
On the wall surface the no-slip conditions are -

J(0) = (0) = 6(0) = 0. | ’ 72)
Equations (20)-(23) with the boundary conditions (71), and (72) consititute an eigenvalue

~ problem. To 0@ ), this problem does not depend on the shock-layer flow. According to
_(71) the upper boundary-layer edge separating the hot viscous flow from the cool shock-
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layer flow behaves as a solid wall. In spite of the strong interaction between steady flows
the disturbances with the phasc speed less than unity only weakly interact with each other.
However, the eigenvalue problem implicitly rather than explicitly depends on the type
of interaction, because the stability equations include the steady flow profiles.

3.5 Weak Interaction case

For weak interaction, the inviscid flow parameters tend to their freestream values as
y —>e. Then the representations of the pressure, deasity and temperature in the

boundary layer are [16)

. L ip,
P(L)’J) =WT[”:(‘|)+5'P(x»xny,f)]+’”

f(x,y.1) = (%,,3) + £ p(x, %, y.1) |+ (73)

___‘_._[
(7 - l)MZ pl
T(x, .0 = (7 - DM[T,(x,. ) + € T(xx, 7.0 -

From an analysis similar to the strong interaction case, we find that the stability equations
coincide with (20)-(23), if the similarity parameter is defined as

_SUlpl 1
T (C2)) 75

R (718)

From the expression for the boundary layer displacement thickness [ 16]

2! .
& =[(y-)m]’? 71%7' 75)

the explicit form of the small (interaction) parameter is

4]
(y-1)m?]? |
‘[—,ra-E )

From (74)-(76) we obtain the relation § =1/ R, which is similar to the strong interaction
case. To O ), the boundary conditions for the disturbance at the upper boundary layer

edge are given by (71). Similar to the strong interaction case, the upper boundary layer
edge separates a cool free stream from a hot flow in the boundary layer, and behaves as a
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solid wall reflecting the boundary layer disturbance. The eigenvalue problem (20)-(23)
‘with boundary conditions (71), (72) is valid for the weak interaction case, if we
-simply replace the mean flow profiles by new ones. Consequently we can study the
boundary-layer stability with respect to disturbances of phase speed ¢ <1 for strong,
weak, and moderate interaction regimes using the same algorithm.

3.6 Three-dimbnslonal case

The forégoing analysis has been extended to the case of 3-D disturbances in a 3-D
hypersonic boundary layer. Here, the disturbance is represented in the normal mode form

4(x. 3. 2.0) = ¢o (%, -y)'cxp[;;‘f a(x,)dx, +ifz - iat]- -

where z is the lateral (spanwise) coordinate.

For this casc; the 3-D system of stability equations is reduced to a 2-D system by the
following transformation of the mean-flow and disturbance characteristics

k2=a2+p2'ua=g_u.l_ktﬂl.'7;‘=z . | : | . 79

=L 1 Bwro=2 =2
f“k(w‘o+ﬁwo)-¢° k.'c_ k’

where W,, andw, are the mean ‘valuc' and the disturbance amplitude of z-velocity
component respectively. ’

Equations (20)-(23), and the boundary conditions (71), (72) take the form j

%f”:-i!:[i(uu-c)f+ug¢]+i%13 | o (79)
o' +if =ilU, ~c %-n]«&%l | (80)
%= —1;1_—1%(0,, o  a
Pconx By o'+ ) +lU, - ®
f©=p0)=60)=0 - )
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fy,)=0(y)=6(y,)=0 ' (84)

Note that this system may be used to study cross flow instability at hypersonic speeds. In
contrast to the full Navier-Stokes stability equations, the system (79)-(82) does not
contain second derivatives of the mean-flow profiles. This saves cornputational time in
otherwise time-consuming and intense calculations of the basic flow distributions.

3.7 Interactive steady flow

Strong interaction mean flow profiles forl,and 7, can be obtained using a self-similar
solution of the boundary layer equations (see for example [11], and [17]). We consider
the boundary layer on a flat plate with constant surface temperature. For brevity we
assume that the exponent of the viscosity-temperature law is n=1. On introduction of
the similarity variables

P j"dy

n=s———57 —1-_- ‘ .(85)
(2} }:dx,] 9%
0
1 : :
U,(m)y=F'(n),H,(m) =-2'G('7) (86)
! . : ‘

Lm=5(G-F"), 8D

thc‘ boundary layer equations become
T w Y 1 2 |
F” +FF +-T(G-F )=0 (88)
| ’ ’ Pr-1 ol . ‘

(ﬁo)’wc +2(—Pr FF) =0 (89)

F(0) = F’(0) =0, G(0)=G, (90)

F'(e) =1,G(0) = 1. o 9n
For strong interaction, the pressurc is

P(x) = By, | ©2)
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where the constant B, is obtained from the interaction law. With the Tangent-Wedge
approximation’, this constant is (17

B, = -:-A‘ fi’%ﬂl’l,z& =TO)[Tmdn. ©3)
Y ° :

The system of equations (88)-(91) was integrated using a fourth order-accurate Runge-
Kutta method. Distributions of the velocity U, (1), and temperature T'(1) are shown in
Fig. 4. The calculations were performed for an adiabatic wall; the specific heat ratio
isy =14, and the Prandtl number is Pr=072. Integrating the temperature profile, we
obtain from Eq. (93) that A = 14€3. ‘ . :

| n 5o
| 4.0
3.0

2.0

1.0

0.0 'r""l'll"l"ll'lrr[l'l’Vl'lll""'f'll’]’l"l’ll"I

0.0 0.2 0.4 06 - 08 1.0

Fig. 4  Self-similar profiles for velocity, U, () and temperature, T,(1) in a hypersonic
boundary Jayer on an adiabatic flat plate; Y=14,Pr=072,n=1. -

* More ssymptotically consistent valucs for this constant can be obtained l'onﬁ Hypersonic Small
Disturbance Theory. Numerical solutions can give other estimates, However, neither will change the
esscntial stability behaviors discussed hers.
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3.8 Stabllity computations and results

To obtain the results to be discussed, the eigenvalue problem (79)-(84) was solved
_numerically using the strong interaction mean flow profiles (86), (87). The system of
stability equations is transformed into the form convenient for integration

| -d—n=A(k.a),U,,1;.R)Z : (93)

Z,(0)=Z,(0)=2,(0)=0
Z ()= Z,(o0) = Z,(00) =0

where Z(n) =(f,f’,9.,7%,6,8) is the eigenvector. According to the definition (85) of
7, the similarity parameter , frequency and wavenumber are rescaled as

R=TR&=Tw.k=Tk 94)
12 ' : '
r= -};(2} P,dt,) =28, x4, (95)
s [ '

Founh order-accurate Runge-Kutta integration of the boundary problem (93) was
performed uqmg an the orthogonalization technique. For the spatial stability problem, the
" eigenvalue k(@) is searched at fixed real frequency @ by the Newton iteration method.

- Unstable regime corresponds to Im(k) <0.

Calculations were performed for 2-D eigenmodes withf =0 and the phase speed
Re(c) <1. The mean flow corresponds to the adiabatic case for specific heat ratio
y=14, and Prandtl number Pr=072 (sec Section 3.7). The exponent of the

" temperature-viscosity law is n=1. '

In Fig. 8, distributions of Re(k) are shown as a function of the fréqucncy @ for
Reynolds number K =2795. It is seen that spectrum contains two families of normal
modes denumerated as 1,2,..., and 1°2’,.... At the intersection points,
Re(k,)=Re(k,), the phase speeds of two modes coincide implying their
syachronization. This pattern is qualititatively similar to those obtained by Fedorov and
Gushchin [4], [5] from the inviscid stability analysis of the short-scale disturbances in a
shock layer. According to this model, the family 1, 2, ... in Fig. § corresponds to the upper
waveguide located between the boundary layer edge and the second turning point
¥3:U,(y,1) = Re(c) +a(y,;), where a(y)=/(y -~ 1)T,(y) is the normalized local sonic
speed. The family 1’,2’,...corresponds to the lower waveguide located between the wall
and the first tuming point y,:U,(y,)=Re(c)=a(y,). Thc disturbance pattern js
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schcmaucally shown in an 6 for the short-wave limit. Large number modes behavc as
_acoustic waves with small dampmg due to viscous dlsmpauon

E@)so

Ak A

- . N
. o
PO SR U SN VK WU WOE T S0 WOV IO S N Y |
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O BLALAD Bn A Sn S0 Rtk b S i S o G S B SN I S0 S S Rt N S A 20 M) S BB A e M S S SN 2t M :

o 5 10

Fig. 5 Distributions ReE_(@) for the lower waveguide modes m= 1'2,..., and for the
upper waveguide modes m=1,2,...; R =2795. o

]

n <<

b —— 1~

Fig. 6 Schematic pattern of dismrbance flowfield in the boundary Inyer

Near synchronum points however, the upper waveguide wave interncts with the
comspondmg lower-waveguide wave through the quict zone depicted in Fig. 6. In
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accordance with asymptotic model [4], [5], this interaction causcs a splitting of the
dispersion curves k(@) that can lead to instability. L

o 0016

]
]

0014 4
]
]

0.012 4

0.010 1
1
]
b

0.008 Jrrrrrrr vy rrrrr—rrrr—r—
6 6.5 70 75 D

Fig. 7 The growth rate & = -Imk,(@) for the mode 1 in the vicinity of the synchronism
point 1-1°; R =2795.

As an example, Fig. 7 shows a spike of the growth rate o =~Imk,(@) near the
synchronism point 1~1’. For this case, the cigenfunction of the unstable mode 1 is
shown in Figures 8a-8c. It is seen that the pressure waves are excited in both waveguides
and interact with each other through the quiet zone.

The temperature distribution clearly indicates the presence of critical and viscous
sublayers (sce Fig. 8c). In accordance with qualitative pattern of disturbance structure
shown in Fig. 2, viscous sublayers are scparated by a relatively thick inviscid zone. In the
critical layer, viscous effects cause strong lemperature perturbations and very high
gradients. The velocity and temperature amplitudes quickly vanish as 1] — e, whereas
the pressure disturbance is of the order of O(1)at the upper boundary layer edge. This
feature Jooks more graphic and realistic if the physical coordinate y is used instead of the
coordinate 7] which is highly stretched near the boundary layer edge.
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Fig. 8a Pressurc amplitude #(n) of Moce | at the synchronism point 1-1";
- R =2795.T =691,k =11.03~i.0.015.
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Fig. 8¢ Continued; the temperature 8(7) .
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Fig. 10a Exgenfuncuon of Mode 1 at the frequcncy @ =039, R =2795,
' k =2813~i-002; the pressure m(1).
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Fig. 10b Continued; the vertical velocity v(1).
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Fig. 10c Continued; the longitudinal velocity u(n).
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Fig. 10d Continued; the temperature 6(n) .

For the modes depicted in Fig. 5, the most unstable is Mode 1. Its increment Imk, (@) is
shown in Fig. 9 for the Reynolds number R =2795. It is seen that the growth rate
achieves its maximum at the frequency @ = 0.39. The cormresponding eigenfunctions are
given in Figures 10a - 10d. For this case, the pressure amplitude is relatively large in the
upper waveguide. The lower waveguide does not exist because its upper boundary is
¥n <0. Since the phase speed is small, the critical layer is merged with the wall sublayer
and blends to one deck as clearly seen in Figures 10c, and 10d. We believe that the Mode-
1 instability is due to reflection of the pressure disturbance by the upper boundary layer
edge. For this reason, we refer to this mode as a “reflectional instability.” Distributions of
its wavenumber Rek,(R) and growth ratc o(R) =~Imk,(R) at the frequency & = 039
are shown in Figures 11a and 11b respectively. The reflectional instability has a relatively
small phase speed Re(c) ~0.14, which is typical for acoustic modes. For reference we
recall that the vorticity mode located in the transitional layer has the phase speed
Re(c) = | [6]. From data shown in Figures 9, and 11b we conclude that the reflectional
instability has a relatively high growth rate, of the order of 2.107. Such a strong
instability may achieve the critical amplification neccessary for transition.
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Fig. 11a Reflectional instability wavenumber Rek,(R) at frequency @ = 0.39.
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Fig. 11b Reflectiona! instability growth rate 0(R) = ~Imk,(R) at frequency @ =0.39.
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Since the eigenvalue problem (79) - (84) is isolated from the outer shbck layer, we can
assume that similar mechanism of the reflectional instability exists in hypersonic .
boundary layers at the modcratc and weak interaction. Analysm of these cases is in -

progress.

3.9 Discussion

We have investigated the instability of the flat-plate hypersonic boundary layer to the - -
normal modes with wavelength of the order of boundary layer thickness and phase speed
less than 1. These modes are associated with acoustic waveguides located in the boundary
layer. Asymptotic analysis showed that in the first order approximation with respect to the
small parameterd, the upper boundary layer edge behaves as a solid wall which reflects
the boundary-layer disturbance. In spite of strong interaction between the steady shock
and boundary layer mean flows, the unsteady disturbances under consideration only
weakly interact with each other. From asymptotic analysis for the weak interaction case
we have found that the eigenvalue problem has the same form for both weak and strong
interaction. This allows us to study the boundary layer stability for the strong, moderate
and weak interaction regimes using a single approach. The eigenvalue problem is easily
extended to the 3-D case and can be used for analysis of the cross ﬂow instability in three
dimensional hypersonic boundary layers.

From our eigenvalue problcm solution for lhc strong interaction case, we conclude that

~ the reflection of disturbance by the upper boundary layer edge leads to instability of the

upper-waveguide modes. We refer to this mechanism as the reflectional instability.
Similar waveguide mechanisms have been ascribed to the dramatic effect of thinning the
shock layer fory —» 1in [9]. There, thinning produccs downstream amplification of
otherwise long wavelength fluctuations that decay downstream for thicker shock layers.

Calculations have shown that the reflectional-instability mode has a relatively small phase
speed ¢ =0.14. This is consistent with recent experiments of Maslov and his group.
performed on a flat plate in hypersonic wind tunnel at Mach 20 (private communication).
They observed slow waves propagating in the strong and moderate interaction region with
a phase speed of the order of 0.2, and growing downstream. Since the reflectional-
instability mode has a large growth rate, it can compete with other unstable modes such:
as the vorticity mode. We expect that downstream amplification of this mode can lead to
early transition on hypersonic vehicle surfaces. These findings motivate us to study the
reflectional instability mechanism fusther.

We also found that the upper waveguide modes can synchronize with the lower
waveguide modes. Near synchronism points, additional growth rate spikes have been
found. This instability mechanism is sirilar to those obtained from qualitative analysis of
a simplified flow in a shock layer [4), [S). In the vicinity of synchronism points the
normal mode decomposition is not valid due to the singular nature of the dispersion
relation. This situation has been studied by Fedorov and Khokhlov (3] for the case of
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moderate Mach numbers, Using their results, we assume that the nonparallel effects’ may
cause strong exchange between modes near synchronism point.
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-~ 4. Low-frequency instability of hypersonic interactive boundary layers
~ on a cooled surface

4.1 Introduction

This chapter reviews research supported by the contract and other funding concerning
propagation of unsteady three-dimensional perturbations in hypersonic interactive
boundary layers on a cooled surface. Such high speed boundary layers that are subject to
the combined effect of the interaction with a shock layer and cooling of the surface are
typical of realistic flight conditions and lead to substantial heat transfer and drag. The
geometry of a flat plate is considered herein. For this simple shape, the stability of even
the steady flow is complicated by a multiplicity of different mechanisms not exhibited at
moderate supersonic Mach numbers. Two classical limits naturally evolve at high Mach
numbers in this flow. Near the leading edge, a strong interaction regime occurs in which
the shock wave is not far from the surface and the viscous boundary layer and inviscid
shock layer are strongly coupled. Further downstream, the effect of the shock wave
disappears and the boundary layer develops under zero pressure gradient (weak
interaction). Strong and weak interactions have been studied extensively (see for
example, [1-3]. Transition to turbulence has been observed in the last region only.
However, as the Mach number increases, the strong interaction region expands rapidly.
This could significantly influence the early stages of transition, since it will affect
important receptivity and linear amplification processes.

In the limit of infinitely large Mach number, the temperature distribution has increasing
nonuniformity and cannot be described in closed form independent of the Mach number,
Additional distinctions are made in[4]. These include the observations that the domain of
importance is not semi-infinite as in lower speed regimes, the shock is strong and curved
and non parallelism can be more important and typical. Accordingly, the Orr-Sommerfeld
approach cannot be applied a priori, and a suitable hypersonic limit involving the Mach
and Reynolds numbers needs to be applied. Different types of instabilitics can be studied
using appropriate scalings rclevant to the characteristic wave lengths present.

An interesting type of instability is inviscid which is due to a generalized inflection point
within a thin transitional layer near the boundary layer upper edge. It was anaiyzed for the
moderate interaction regimc in (5] where the transitional layer between the cxternal flow
and a shear layer was considered and in [6] for a gas with a Chapman viscosity law and a
unit Prandt! number. The main conclusion of these studies is that there is a numerous set
of relatively weakly unstable acoustic modes and a most unstable vorticity mode. The
acoustic modes were also analyzed in (7] and (8]. The phase speed of all the modes is
close to the external flow velocity o that the relative growth is small. The results are in
good qualitative and quantitative agrcement with the computations for finite Mach
numbers in [9]. The more general case of arbitrary Prandtl number and power law
viscosity was considered in [10) where the effect of the viscosity on the stability
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characteristics was included. Continuation into the strong interaction zone was treated '

in[11] assuming the Sutherland formula for the viscosity and Prandtl number equal to

"unity. Weak and strong interaction regimes were considered and it was concluded that -

although the scaling is quite different, the qualitative features of the vorticity mode
instability are the same. The interaction leads to differences in the unperturbed flow
profile only and does not change the physical mechanism of the instability. No influence
of the shock wave arises because the perturbations are mostly concentrated in the
* transitional region between the shock and boundary layers. However, as shown in [8] for
~ the non-interactive boundary layer on a wedge such influence may occur in some
situations when there is a proper comrelation between the wavelength scale and the

thickness of the shock layer. Another example of amplification of the small time-
harmonic perturbations in the curved shock layer was obtained in [4] by analysls of the
~ initial boundary-value problem in the downstream direction. B

Other types of unstable waves are smal] phase speed viscous modcs described within thc |

framework of triple-deck theory in [12] which showed that in supersonic flows, unstable

modes of this type are essentially three-dimensional, where the direction of propagation -

lies outside the Mach cone. They dominate at moderate Mach numbers, but have
negligibly small growth rate at hypersonic speeds and inviscid instability prevails. The
last conclusion is correct if the temperature of the wall is of the order of the stagnation

" temperature. The effect of surface cooling at moderate Mach numbers was estimated in

(13] in which it was found that it increases the growth rates and compresses the scales of
the eigenmodes. For sufficiently strong cooling, the wavelength becomes comparable
with the boundary layer thickness and a new moderate cooling regime occurs. Surface
cooling is typical for hypersonic flight conditions. Its influence on the viscous modes may
be significant. Special study of the strong interaction case is particularly warranted.

Ahaiysis of the viscous cigensolutions in the strong interaction boundary layer was
initiated in [14] for the s:.ady two-dimensional case. It showed that their streamwise
evolution is controlled by a power rather than exponential law in the weak interaction

case. According to (15], the exponent in this power law grows to infinity as the specific
heat ratio tends to unity. Therein, an analytic formula for the exponent was obtained and -

it was shown that the disturbance field is governed by the interaction between the viscous
region and the main part of the boundary layer, while the upper region plays a passive

role. A relationship between this mode and the Lighthill mode in the weak interaction

region was postulated. This conjecture was subsequently verified by Brown ez al. (1975).
Another important result is that the exponent exhibits a sharp growth when the surface of
the.plaw is cooled. A similar conclusion was obtained in [17).

_This effort focused on three-dimensional unsteady disturbances. From the foregoing, it
can be assumed that cooling of the surface will lead to appearance of short wavelength
eigensolutions in the unstcady three-dimensional us well as the steady two-dimensional
case. Moreover, thesc perturbations can be effectively confined within the boundary layer.
Because the local Mach number within the boundary layer is of the order of unity, a three-
dimensional instability similar to that considered in [12] for the moderatc Mach numbers
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may -be anticipated. In- Section 2, the proper scaling for the perturbations field is
developed. The asymptotic expansions, aralysis of the each region and matching leading
to the complete formulation, which is a type of the triple-deck problem with a new
interaction law, are discussed in Section 3. As a simple framework to exhibit some of the
high Mach number physics and relate to the earlier two-dimensional steady effort, the

" linearized forced wransien problem of a harmonically oscillating hump starting its motion
at some instant of time is considered in Section 4.

In Section 4, the dispersion relation is analyzed and all eigenmodes with respect to
upstream and downstream propagation are classified. In particular, the mode of Neiland -
Brown and Stewartson is shown to propagate upstream. As a confirmation of
expectations, another three-dimensicnal mode appears that is unstable in the downstream
direction. Its growth rate is not bounded in the short wave limit so that the forced problem
is well-posed on the set of functions with compact support in wavenumber space. A
limiting process to a wider class of functions demonstrates that the part of the solution
containing the fast growing modes is convected downstream. Hence, in the large-time
limit the perturbation field consists of the time-harmonic component without an infinitely
growing mode. The far-field asymptotic of this component is estimated and the direction
of the maximal amplification versus frequency is determined.

Other possible mechanisms of instability and correspondence with cxpérimémal
observations in [18] and [19] are discussed in Section 5.

4.2 Formulation

We consider three-dimensional short-scale unsteady perturbations in a hypersonic flow
past a s¢mi-infinite flat plate developing at a distance L from the plate leading edge in a
region where strong interaction regime occurs. The Cartesian coordinates (x,y,z) and
corrszponding  velocities (4,w,v) are chosen in streamwise, vertical and spanwise
directions, respectively. Freestream pressure, density, temperature and viscosity are
- denoted asp_, p_, T_,u_and the external flow velocity as U..

The specific heat ratio 'y and a Prandtl number o are assumed to be constant, and the
dependence of the viscosity on the temperature is taken in a power law form

u/n.‘.=(T/T)" _ (2.1

The mean flow is basically controlled by mteracuon between the boundary and shock
layers and allows seif-similarity. Its profilc shown schematically in Fig. | includes three
characteristic regions: viscous high-temperature boundary layer, inviscid shock layer and
transitional layer sppearing due to singularity in temperature behavior near upper edge of
the boundary layer [2]. As the plate temperature decreases, the boundary layer solution
becomes singular at the wall because the viscosity vanishes there, and according 10
[13,17], an additional fourth buffer layer occurs near the surface where heat and
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momentum fluxes are constant while the temperature is of the order of the wall
temperature and changes rapidly together with the velocity. o

Ayt | ' vr - o
|  —

shock layer  — Oth) ' on’my . .
“\\“\T\\\;\\‘ : :-—_.

boundary layer 0Of(h) of1) .

AR AR AR R R AR S
\Eb uffer layer of ‘i\\?mlw )
(< i
N\<onstant fluzes \OI?

ot %)

‘, - YA

Fig.] Qualitative distribution of mean flow temperatures and velocity ‘across boimdary
layer. :

For convenience, the following two small parameters characterizing mean flow are

introduced
h=Re™“M* e=T, I(M’T.), . Lo 2.2)

where M is the Mach number, and Re is the Reynolds number. Both of these parameters

are based on freestream conditions and the distance L. The quantity T, is the wall -
temperature. For the rong interaction approximation to be applicable, the

parameterh which is the , lative thickness of the boundary layer must meet the additional
constraint ‘
hM =5 oo,

4.2.1 Preliminary considerations and scales

In this unsteady framework and consistent with the foregoing discussion, the
characteristic length of the disturbances are assumed to be small in comparison with the
global scale L, and their structure in the y -direction consists of multiple layers. There are
at least two different regions: the main part of the boundary layer and a thin viscous wall
sublayer. In what follows, the characteristic length and time of the perturbation are
tespectively denoted as Dx and Dr ;velocity and pressure variations as Du and Dp all
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values referting to the viscous sublayer and to the main part of the boundary layer by

subscripts v and b, respectively. For order-of-magnitude estimations it is assumed that:

(@)
(b
(c)

(d)

()

)

the pressure variation across the boundary layer is negligibly small.

streamwise and spanwise scalings are the same.

the viscous sublayer lies at the bottom of the buffer layer so that the undisturbed
flow in that region has a linear shear «elocity profile whose slope can be evaluated
by comparison of the momentum flux on the surface with that of the boundary layer,
so that ‘

KT, ty, ~ (T, 15,7, ~T,

Within this sublayér. the viscous forces are in balance with the inertia and pressure
gradient terms so that ‘

puAu | Ax~Ap/ Ax ~p Au ly,;.

in the main part of the boundary layer the perturbation field is mainly inviscid so
that only inertia and pressure gradient terms must be kept in balance. This implies

Py Au, | Ax ~Ap / Ax,

interaction occurs basically between the main part of the boundary layer and the
viscous sublayer and perturbations of the displucement thickness have the same
order in these layers

yAu,lu ~yAulu,

(This follows [15] for the steady case.)

(®

flow in the viscous sublayer is unsteady and aonlinear with respect to the time and
amplitude scaling of the disturbance

Ax/At~u, Ap~pu’

For completeness, these estimations must be supplemented by the order of the mean
boundary layer values

W~ u.vu. - U__p. - P_th’.T. -~ T.Mz,

as well as the equation of state

p/(pT) = Const.
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These relations lead to a unique scaling for the perturbation field in the viscous sublayer
and the main part of the boundary layer. To provide matching between these regions, an
intermediate layer of the constant momentum and heat fluxes is considered. Its thickness
Y, may be evaluated by comparison of the heat flux near the surface and with that of the

boundary layer. Thus,

MTIT, 1y, ~(TOT, 1 y,. .
‘Also for matching, a fourth upper layer located at the bottom of the shock layer is
introduced. In that region, pressure variations in the vertical direction are assumed to be
essential. Neglecting viscous forces, the thickness of this layer, Dy is given by the

condition that the local slope of the characteristics has the same order as the relative
thickness of the region,

where the local Mach number, Migc is connected with the local temperature Tjoc |
within this layer : '
My~ M(T, I1T.)™",

whfch, in turn, may be explicitly written following the asymptotic formulas (3.02), (3.13)
in [2] reexpressed in terms of physical variables as

Tioe ~T.M 2hz(Ay/ Lh).

This completes the estimates. As shown in [15] for the upper layer, [17] and (13] for the
buffer layer, both layers play a secondary role in the interaction but are necessary for
rational formulation of the problem.

Coupling of all of the above estimations gives us the appropriate scaling, which may be
written in terms of the small parameters h and e in the form

2e40

x=LU+€""%%,), : _ | (2.3)

: = Lez‘f”zl " .
f=(L/U,)€“3°l,.

2520)(3y-2) (3y-1)

y= u‘(elom}'l’ ekﬂyz' yl’yw+e y‘).
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The perturbation field is schcmatically shown in Fig. 2. It is decomposed into four '
characteristic rcgions: the lower viscous region y, = O(1), the buffer layer y, = O(l), the

mean part of the boundary layer y; = (XI), and the upper layer y, = O(1) located at the
bottom of the shock layer above the boundary layer upper edge y, = y,,. Assumption (a)
that the pressure variation across the boundary layer is negligible will be correct if the
following restriction on the small parameters is valid:

het*® 50, - | e
i.e. , the streamwise scale is greater than the thickness of the boundary layer. With such a

restriction, the upper deck will always be thicker than the transitional layer at any realistic
(0.7,0). : :

0(52+403)

0(524—4&)

Upper Deck O(heq)

O(h)  Main part of the boundary layer

e - Buffer Deck O(he!+vy,

O(hei1 +20) Viscous Deck

§C.1820€.022198

I —>
1

Fig. 2 Asymptotic structure of the perturbation field, ¢ = 2(1+ 2w)(3y -~ 2)(3y - 1).
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4.3 Asymptotic approach.

From condition (g), a typical amplitude of the perturbation within each layer can be
‘formulated. For these, the independent variables for the n" region are {x,.2,1,, y,}.
respectively, withn =1,...,4. These will be studxcd in the next subsections.

4.3.1 The viscous sublayery, = 0(1)’

The solution in this layer is represented in the form

1420

p=p. M (py+€"*p, +...) . @D

u=U"",+...
w= U_e'“’lwu-i-..'
v = U ke vy ...

| T =T.M*(Ty+...)

P =P A (€7D .)
In the absence of pcnurbations, the solution is a uniform shear flow

Tor =L Po = P10 = Boothyy =CYpowyy = 0, . 3.2)

where the undisturbed pressure p, and shear stress C, are determined by matching with

the remainder of the mean flow. Substxtutmg the expansions in the equations and
retaining like orders gives

P, (0w, /3t + 4y Ouy, / 3%, +v,,0u;, / Iy, + w“au,, 19z, +
y'op, 19x, = 0%u, 1 oy o (3.33)

Po(Owy 108, +u, 0w, / Ox +v,,0w,, / Oy, +w 0w, / 3z,

¥7'9p,, 19z = 3w, /Ay, (3.3b)
Py = Py (X200ty) . ' | : (3.3¢)
duy, 1 3x, + 3wy, / 0z, + vy, / 3%, =0 (3.3d)
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The boundary cbﬁditions on the surface are the no-slip conditions ‘
U =y Ewy =0aty =0. (3.3e)
At the outer edge of the layer, the asymptotic behaﬁor of the solution is
u, =Gy, +A(x,.z,,t,j+...,
Wi =>"(7Poq)’| )" .I{(ap“ /&,)dx, +...
wy = =( mC}y. )" K3p,, 13z2,)dx, +... as‘ »n = - | (3.3)

To complete the problem (3.3) a relation between the pressure perturbations p,,(x,,2,,¢,)
and the displacement thickness —A(x,,z,,#,) must be applied. This relation (interaction
law) will be obtained after analysis of the other decks. '

4.3.2 The brdfer region y, = 0(15

Although this layer is still thin in comparison with the boundary layer, ‘variations of the
mean flow temperature and density within it are not small. Requirement of continuity of
the pressure and the appearance of the asymptotics (3.3f) rewritten in tenm the variable
y2 implies the followmg expansions in the buffer region

le2w

p: p.h M (pn +€ P2,+...) | ) : ’ (3-4)
u=U_(e1,y(y,) + " %uy+...)

J2e

w=UE" wy+...

T= T.M? (T (y,) + €T, +...)
P =P K€ Pr(y)

The orders of the temperature and density disturbances in the above expansions are
estimated from the energy and state equations. Substituting these expansions gives the

problem for the mean flow and unsteady perturbations. The mean flow is charactcnzed ‘

by constant fluxes of heat and momentum, i.e.
d((T,,) duy, / dy,)idy, =0 (3.5

d(Tyy)*dT,, /dy,)/ dy, =0
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PxTs = Py = Const.

- The boundary conditions are

T, =lu,=0aty, =0, | B | (36
This systcm leads to the solunon | N |
| Te=Q4GUeols , - (3.7
hn =(G/ G)Ty =1
'P_zo =P .
Pu=p /Ty, |
The pressﬁrc P,, wall shear stress C, and heat flux C, cannot be specified until the global

mean flow solution is obtained. The next approxnmauon gives us the perturbation field
equations

UpOUy, | OX, + vz,du,o /dy, =0 - ' (3.82)
Py, 135, + ‘f'&)z,‘/az,“: o | @8
py ! dy,=0 | S o . (3.8¢)

| T, 13%,+ v, dTy, 1dy, = 0 | - (38d)
Pty / 3 + uxdp;, / Ox, +a(pmv,, )/ a,, | (3.8¢)
Pul P+ Ty /T, =0 ‘_ | | e8n

- This is a system of linear inviscid equations with the absence of the pressure gradient in

the x -momentum and energy equations. Note also that this deck and all decks above are
quasi-steady in contrast to the viscous sublayer as for other speed regimes. Formally, the
problem (3.8) is second-order with respect to the vertical variable y, (egs. (3.8¢),(3.8¢)).
To obtain.a unique solution it is therefore sufficient to specify continuity of the pressurc
and matching of the y-component of the velocity with asymptotic (3.3f) at the outer edge

of the viscous sublayer. By direct substitution, it can be verified that a solution of the
system (3.8) meeting these condmons is

Py = Pu(*p2t1