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Construction of micromechanically based constitutive equations for microcracking 

solids requires an understanding of a number of rather complex issues of the mechanics of 
multiple interacting defects. Therefore, our efforts were concentrated on the following 

problems of micromechanics. 
Preferentially oriented microcracking under compressive conditions results in 

substantial stress-induced anisotropy. Therefore, it is important to understand the 
mechanics of multiple interacting microcracks in an anisotropic environment. (We note that 

these results, besides being relevant to the project, are also quite relevant for the mechanics 
of composite materials). A substantial effort was undertaken in this direction. The major 

findings, presented in papers 8, 9 and the dissertation of CMauge, can be described as 

follows. 
-It was found that the impact of the material anisotropy on crack interactions is quite 

significant. The anisotropy of Young's modulus produces the strongest impact: it enhances 
(weakens) the interactions under a loading applied in the stiffest (softest) direction. 
Sensitivity to the shear modulus of the matrix is lower and the impact of Poisson's ratio is 

small. 
-Effective moduli of a matrix with arbitrarily oriented cracks were found. An 

unexpected finding is that the approximation of non-interacting cracks (that constitutes the 
simplest approach to the problem) actually remains accurate at high crack densities. The 
underlying physical mechanism is that, although crack interactions are strong at high crack 
densities, the competing interaction effects of shielding and amplification cancel each other, 

provided the mutual positions of defects are random. This result was confirmed by 
extensive computer experiments on large sample arrays of strongly interacting cracks. 

Since the secondary ("winged") microcracks forming under compressive conditions 
are curved, it is important to understand the impact of crack curvilinearity. We addressed 
this problem and analyzed both the stress intensity factors at the tips of curvilinear cracks 
and the full stress field generated by a curvilinear crack. The results are reported in the 

thesis of H. Matsczynska. 
We investigated several physically important effects produced by microcrack 

interactions. We mention, in particular, the following problems (presented in detail in book 
chapter 2, section IV). 

-The effects of stress amplification and stress shielding and their relative strength in 
two- and three-dimensional configurations. It was found that the effect of amplification 

(that enhances crack propagation and makes the effective moduli "softer" than in the 
approximation of non-interacting cracks) has relatively short range, whereas the opposite 



effect of stress shielding has a much longer range. We also found that these effects are 
substantially stronger in the two-dimensional configurations, as compared to the three- 

dimensional ones. 
-Range of influence of a crack in the environment of other cracks. The issue of 

"short range" and "long range" interactions provides an important insight into the 
mechanics of multiple interacting cracks, particularly in connection with localization of 

deformation. The problem was analyzed by perturbing the position and orientation of a 

representative crack in the otherwise periodic arrangement. We found that, with the 
exception of extremely dense crack arrays, the influence of a defect is, generally, limited to 

one or two closest neighbours only. 
-Extremal properties of slightly asymmetric crack arrangements. We found that 

slight disturbances introduced into otherwise symmetric configurations result in an increase 
in the values of stress intensity factors. This fact may explain, for example, why "cracks 
avoid each other", when coalescing - the problem that received attention in the literature. 

-Mechanics of intersecting cracks, both in two- and three-dimensional 

configurations. We found a simple way to extend the method of analysis of interacting 
cracks developed earlier to the configurations when cracks intersect each other. 
Comparison with several available test problems shows a good accuracy of our solutions. 
These solutions are of obvious relevance to the mechanics of dense crack arrays with 

frequent intersections. 
Mechanics of narrow, crack-like cavities filled with compressible fluid (analyzed in 

detail in book chapter 2, section IV). This issue is of importance for the mechanics of 
damaged geomaterials that are fluid-saturated. We mention, in particular, the following 

developments. 
-We found that the stress interactions between cavities are strongly coupled with the 

changes of fluid pressures in cavities, and established that this coupling is governed by one 
dimensionless constant - a product of the fluid compressibility, Young's modulus of the 

material and the aspect ratio of the cavity. 
-We identified and analyzed the phenomenon of "polarization of fluid pressure" - 

dependence of the fluid pressure changes in cavities (when loading is applied) on the 

orientation of the cavity. 
-We analyzed the impact of the fluid on the interaction effects. In particular, we 

found that the fluid "dampens" the interaction effects, whether the latter are the ones of 

shielding or the ones of amplification. 



-We found that orthotropy of the effective elastic properties is lost when the crack 

cavities are fluid-filled. The underlying physical mechanism is that the fluid strongly affects 

the normal compliance of a crack, but leaves its shear compliance unchanged. 
The second part of our effort was focused on localization of deformation and 

formation of shear bands in inhomogeneous brittle materials under compression. The 
previous studies of the subject focused on the phenomenological approach that does not 

explicitly reflect the development of micromechanical events. However, the conditions of 
localization and formation of shear bands are very sensitive to the exact structure of 

constitutive equations, in particular, to the factors like violation of the normality rule, 

formation of a vertex on a loading surface, dilatancy and stress-induced anisotropy. It 

appears, therefore, that a purely phenomenological analysis may not be adequate. We study 
the localization on the basis of constitutive equations that are micromechanically-based and 
reflect the actual inelastic mechanisms. In addition to making the analysis physically sound, 
such an approach allows one to link.the macroscopic localization conditions to the 

micromechanical events. 
This research is relevant for applications to a number of materials; among them: 

geomaterials, concrete and certain ceramics. In geophysics, for example, the investigations 
of localization shed light on the mechanics of large scale geological processes (including 
earthquakes, for which localization of deformation constitutes one of the main 
mechanisms); dependence of localization on various physical parameters (for example, on 
the porous pressure, for a fluid-saturated rock) is a problem of significant importance. 

When a brittle elastic material is loaded by stresses that are compressive (but the 
principal stresses are different) then, the shear stresses, if they are sufficiently high, initiate 

local fractional slidings along interfacial microdefects (weak grain boundaries, microcracks, 
kerogen flakes in petroleum source rocks). Wedging action produced by these slidings 
drives the process of nucleation and propagation of "wing" tensile microcracks giving rise 
to a configuration of winged frictional sliding crack. The concept of winged crack was 
suggested in a number of papers but was later criticized by several authors on the grounds 
that such cracks have rarely been clearly identified in the SEM studies of geomaterials; 

rather, tensile microcracks seemed to originate at a variety of sources. 
Micromechanics of local inelastic events may indeed vary and is by no means 

unique. However, several reasons can be given to support the relevance of the winged 
crack mechanism; among them the recent data suggesting that the focal mechanism for 
stress-induced acoustic emissions involves shear motion. Winged configurations were also 

directly observed in ice under compression and a micromechanism similar to a winged 
crack exists  in  semi-brittle ceramics. Note,  also,  that various  sliding-driven 



micromechanical events (for example, sliding grain that pushes sideways the neighbors) 

are, in fact, similar to the "winged" crack mechanism, in the sense that frictional sliding 

acts as a driving force for dilatant microstrains. We accept, therefore, the concept of a 
"winged" crack as at least one major micromechanism of inelasticity under compression in 

the elastic-brittle range of behavior. 
The macroscopic stress-strain relations are obtained by averaging the microstrains 

produced by winged cracks (frictional slidings and opening of wing cracks being two 
sources of inelastic strains). These constitutive relations are path-dependent and have to be 
formulated in the incremental form (in this sense, they resemble the equations of metal 
plasticity). However, the presence of internal friction and dilatancy makes them distinctly 

different from the equations of plasticity. 
Therefore, a considerable effort has been devoted to establishing sound constitutive 

equations that reflect the essential features of actual micromechanics of inelasticity - internal 
friction, dilatancy, stress-induced anisotropy. Thus, the constitutive equations are based on 
(a) sound micromechanical model of a single inelastic event - growth of a winged frictional 
sliding crack. Such a model should, in our opinion, be correct in the asymptones of short 
wings (when the crack just starts to grow) and, particularly, in the asymptotics of long 
wings (the latter make the dominant contribution to the overall strain); (b) incorporation of 
strong interaction of such winged cracks into the model. This is essential for the stages of 
well developed microcracking and, in particular, for the localization problem. It will be 
done on the basis of the method of analysis of many cracks' problems developed earlier by 
the PL However, since this method in its original form has been formulated for rectilinear 
traction free cracks, it required a further development, to account for the fact that 
interacting objects - winged cracks - are substantially different from rectilinear traction-free 
cracks. Formulation of constitutive equations is then incorporated into the general 
framework of thermodynamics with internal variable, using the formalism developed by 
Rice; the latter appears to be the most convenient tool for transition from the micro- to the 

macrolevel of description. 
We also investigate the effect of presence of fluid in crack cavities (fluid-saturated 

materials). This factor may alter the overall behavior of the material quite significantiy. In 

particular, the fluid tends to dampen the interaction effects. 
We undertook an in-depth study of the localization process along the above 

mentioned lines. More specifically, some of the findings are as follows: 
- At the stage of frictional sliding on pre-existing cracks, localization does not 

occur, even at very high ratios of the maximal compressive stress to the lateral stress. 



- At the stage of small wings, localization does not occur, either (although small 

wings tend to promote the tendency to localization). 
- At the stage of long wings, we have a clear-cut localization. Our analysis gives the 

values of applied stresses at which the localization occurs, in terms of the micromechanical 
parameters (friction coefficient, fracture toughness of the material, density of the initial 

sliding microcracks). 
As expected, lowering of the friction coefficient or increase in the initial rmcrocrack 

density facilitates localization. In addition, we found that the increase in the average size of 
the microcracks while keeping their density the same (smaller number of larger cracks) 

facilitates localization as well. 
Some of these results are illustrated in Fig. 1. 
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Fig. 1. Tendency to localization and shear band formation at the stage of well developed 

microcracking. I X —   "y- — stress ratio; friction coeffltient = 0.6; crack density = 0.2 j 
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