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Geometric Invariants in Object Recognition
Final Report

Isaac Weiss

Abstract

The project has involved the use of invariants in computer vision and has shown that
invariants can greatly improve the efficiency of object recognition. As part of the project,
two kinds of invariants have been studied. 1) Geometric invariants, which assume that the
geometry of the object is given. The objective here is to use descriptors of the object that
are independent of the geometric transformations that complicate object recognition, such
as change of the viewpoint from which the object is seen, or small deformations. i1) Physical
invariants, which take into account the physical process by which the image is obtained,
such as irradiation by visible light, infra-red, radar, sonar etc. We borrow methods from
physics to apply invariants similar to energy and momentum of the physical process. In
these processes there are usually more unknowns than equations. The invariants help in

putting additional constraints on the underdetermined set of equations.
1. Geometric invariants

Geometric invariants are shape descriptors which remain invariant under geometric trans-
formations such as projection or viewpoint change. They are important in object recogni-
tion because they enable us to obtain a description of an object which is independent of
the viewpoint and other geometric transformations.

In the object recognition process, we have an image of an unknown object, and we
want to match it to an object stored in a database. However, since the image depends on
the viewpoint from which the unknown image is seen, we cannot perform the match until
we find the correct viewpoint. This involves a search in a high dimensional search space,
involving all the parameters that determine the viewpoint—a search which is very costly
if it can be performed at all.

Invariants eliminate this high complexity search, thus increasing by orders of magni-

tude the efficiency of the matching process. The number of objects that can be stored and




matched is also greatly increased because we do not need to store different views of the
same object. The basic idea is to store in the database not the object description itself, but
a set of descriptors derived from it which are invariant to the viewpoint. The descriptors
can be numbers, curves or other entities. Each object will have a corresponding set of such
invariant descriptors stored in the database. Later, when given an image of an unknown
object, we will again derive from it a set of invariant descriptors in the same way we did
for the stored objects. We will then match the observed set of invariants with the stored
ones. A successful match will give a positive identification without looking for the right
viewpoint.

Because of the advantages mentioned above, the subject of invariants has recently
gained in importance and acceptance in the vision community. Projective (viewpoint)
invariants were a very active mathematical subject in the latter half of the 19th century.
However, in vision only one very limited projective invariant, the cross ratio [Duda and
Hart, 1973], was used until recently.

Much more general viewpoint invariants were first introduced in vision by Weiss [1988].
In that paper we described invariants of point and line sets, of conics and of general curves,
and pointed out their usefulness for object recognition.

Of the invariants we described in the above paper, only simple ones were used prior to
the present project. They were invariants of very simple objects, such as points, lines and
sometimes ellipses. The present project has been much more general and dealt with general
curves. Curves are very strong descriptors of objects, and we can use either boundary
contours of the objects or contours on the objects themselves for recognizing the objects.
They are much richer descriptors of shapes, capable of describing much more complicated
objects then lines or ellipses. Thus, viewpoint invariants of general curves are very helpful
in object recognition.

Attempts to use curve invariants before this project were very limited and suffered
from several problems. An example of such an older method was plotting the curvature
of a curve against its arclength, as follows. Given a curve, choose a starting point sq on
it. Then, for any other point on the curve, calculate: (a) its distance s along the curve

from sy (i.e. the length of the arc from s to so), (b) the curvature « at s. Than plot




the curvature as a function of the arclength, i.e. plot (s). Since x and s are invariant
to translations and rotations, we obtain a “Euclidean” invariant curve that can be used
instead of the original curve for storage and matching.

There are several problems with the above method. First, it is not fully viewpoint
invariant. It is only invariant to translations and rotations, whereas a viewpoint change
1s much more general; it involves projections between planes having general tilt and slant
angles. Second, this invariant curve depends on the choice of the initial point sg, so this
starting points becomes an extra parameter that complicates the search and matching.
Third, the method is sensitive to occlusion. That is, if part of the original curve is missing,
there is no way to calculate the arclength across the missing part and thus no way to plot
the curvature against the arclength.

During the project we have developed a method which overcomes all the above dif-
ficulties. Instead of the arclength and curvature, we use two invariants I;, I, calculated
at each point of the curve. These invariants are calculated at each point according to an
algorithm that we have developed. We then plot one of these quantities, (say I), against
the other (say I2). That is, for each curve point we mark another point in an “invariant
plane”, having coordinates I, I;. The collection of all these points with invariant coordi-
nates Iy, I; forms an invariant “signature” curve. This curve can be used for recognition
and matching instead of the original curve.

These plots of I; vs. I form the basis for our object recognition system. Given an
unknown object, we extract some contours describing it, than calculate their invariant
signature curves as described above, and then match these signature curves to a library of
known signature curves. A successful match indicates that the observed object is similar
to the one in the library, even though it is seen from a different viewpoint.

The method just described is well understood in theory. However, implementing it
in practice has presented us with several problems that we had to overcome during the
project.

One problem was calculating reliable derivatives. The invariants Iy, [, that we use
require the use of derivatives of the curve, and these are notoriously unstable when the

curve has to be extracted from a real image. We have developed a method to calculate




derivatives robustly. We have studied in detail the sources of errors that corrupt the deriva-
tive values and found ways to eliminate them. The basic idea is to fit certain polynomials
over a relatively wide neighborhood around a point, and then calculate the derivatives
of the polynomial at that point. We have derived a formula characterizing the trade-off
between the accuracy of the derivative, the order of the polynomial, and the width of the
neighborhood. Based on these concepts, we have designed filters that can be applied to
a curve to find its derivatives. This method is of course of a very general applicability in
vision, beyond the applicability for invariants.

Another problem involved small deformations of the curves. Images of curves are often
slightly different from each other, even if they represent a similar object. There are several
sources of such deformations, including lens aberrations and differences between samples of
the same kind of object. For example, different human bodies will have somewhat different
outline curves but will retain the general shape of a human. The problem is less noticeable
in machine made objects. We have discovered that invariants of certain viewpoint trans-
formations, namely affine transformations, are rather insensitive to these deformations.
These transformations are a subset of the general viewpoint (projective) transformations,
and they are a good approximation of the general viewpoint transformations when the ob-
ject is far away from a camera. This condition is usually satisfied in practical applications
such as tracking an airplane by a camera. Thus we can usually use affine transformations
instead of the general projective ones. The insensitivity of their invariants to small defor-
mations has been shown theoretically and demonstrated experimentally. These invariants
can thus be called “quasi-invariants” of small deformations.

A third problem involves discontinuities in the curves. Since our curve invariants
depend on derivatives, they cannot be calculated at discontinuities. This problem is a
subject of a proposéd continuation project. For the present project, we have concentrated
on smooth natural objects such as apples and pears which have few discontinuities. The
proposed project will deal with man-made objects such as airplanes which contain many
discontinuities.

We have demonstrated an application of the methods described above to the recog-

nition of natural objects such as fruits. Our system extracts the outline of the fruit,
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calculates its invariant signature curve using the methods described above, and matches
to a library of signature curves of various fruits. We have demonstrated, for instance, that
a the signature curves of all pears are quite similar even if they are viewed from different
angles (except from directly above or below). On the other hand, these pear signature
curves are different from those of apples or bananas. This enables us to distinguish a pear
from other fruits without searching for the correct viewpoint. We are currently developing

a system for a similar recognition of man-made objects.
2. Physical Invariants

The invariants described in previous sections are purely geometrical, i.e. they rely on
knowledge of the geometry of the shape. In practice, the geometry is not given directly,
but has to be inferred from a physical process involving a physical medium such as visible
light, infra-red radiation, radar, sonar, etc. This adds additional unknowns besides the
geometry, such as light intensity, surface reflectance characteristics, etc. Normally we have
more unknowns than equations and the original shape cannot be recovered without some
modeling assumptions.

Invariants can play a key role here by eliminating some of the unknowns of the problem.
Invariants of physical processes are very well studied in physics and are of great value there
in simplifying problems. For example, the law of energy conservation means that energy
is an invariant of the physical process. Using this law, we can calculate various physical
quantities without knowing all the exact details of the process. If we drop a bomb from
a certain height, we know at what velocity it will hit the ground without calculating its
trajectory. This is because the bomb’s kinetic energy at the ground level is equal to its
potential energy at the height of the airplane.

This concept is greatly generalized in mathematical physics. Besides energy, other
invariants are momentum, angular momentum etc. Invariants are usually a result of sym-
metry of the physical procéss. For example, conservation of energy is a result of symmetry
with respect to time: the law of physics are the same whether we measure them now or
at some time in the future. Conservation of momentum is a result of symmetry to trans-

lation in space: the laws are the same here as in another lab at a distance from here. The




symmetry refers to the laws of physics themselves, not to the shapes of the objects we are
experimenting with or to the instruments.

These symmetries provide the modeling assumptions mentioned above. When a situa-
tion possesses a symmetry, one can immediately derive a corresponding invariant constraint
that helps solve the problem. The basic result that connects symmetries with invariants
is Noether’s theorem.

It turns out that the mathematical formalism mentioned above has a wide applicability
in vision problem and is not necessarily limited to physical processes. Purely geometrical
problems such as shape from texture can be cast in a way suitable to be handled by the
physical invariants method. We have concentrated on the shape from shading problem, and
found that geometrical entities such as the slopes of the surface are analogous to physical
momentum and obey a law of momentum conservation.

During the present project we have laid the theoretical foundations for these ideas.

In a proposed continuation project will implement the theory in practical applications.
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