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I. Technical Accomplishments
The following topics are the major areas investigated during the period of this Grant.
Costas Arrays (and Related Radar and Sonar Arrays)
Zero-Sidelobe Radar |
Generalized Barker Sequences (anci Other Polyphase Sequences)
Simplex Codes, and Cyclic Hadama.rd Difference Sets
Legendre and Jacobi Sequences for Radar Applications
Minimal Spanning Rulers (so-called “Golomb Rulers”) for Pulse Radar Signal Patterns
Other Areas Leading to Publications |

@ = = 9 Q w >

In the next several pages, each of these topics is described briefly, and the major publi-
cations related to this research are listed.

A. Costas Arrays

A Costas array of order n is an n X n permutation matrix in which the n(n — 1)/2 line
“segments connecting pairs of 1’s in the matrix are distinct as vectors, i.e. no two agree
in both magnitude and slope. Thus, if a;; = am = 1 and ame = a5, = 1 in the matrix,
with (3, 5) # (k, 1), (m, n) # (p, ¢), and at least three of these four ordered pairs distinct,
and if |(ayj, am)l® = (k — i)? + (I - j)? equals |(amn,ap)|? = (p — m)? + (¢ — n)?, then
lC=3)/(k-D]#@a—-n)/p-m)|. -
All known general constructions for Costas arrays (see [3], [4], [5]) involve primitive roots
in finite fields. The Welch construction, for every prime p > 2, gives a Costas array of order
- p—1 by setting a;; = 1 when j = g*(mod: p), where g is a primitive root modulo p. Removing
row p — 1 and column 1 from this construction leaves a Costas array of order p — 2. When
g = 2 is used as the primitive root mod p, the array can be further reduced to order p — 3.

In Golomb’s construction, if & and 3 are any two primitive elements in GF(q), for ¢ > 2,
a Costas array of order ¢ — 2 is obtained by setting a;; = 1 whenever o + #7 = 1. (The case
a = 3 had been discovered by A. Lempel.) If a + 3 = 1, then a;; = 1, so that by removing
row 1 and column 1, a Costas array of order ¢ — 3 is obtained. As shown in [6], for every
g > 2, primitive roots o and § (not necessarily distinct) with @ + 8 =1 can be found.

For ¢ = 4, 5, 9, or any prime p = £+1(mod 10), and for no other finite fields, there is a
primitive root @ with a + a? = 1. Thus, in the Lempel construction, a;, = a2; = 1, so that
if the first two rows and first two columns are removed, a (symmetric) Costas array of order
q — 4 results. For ¢ =4, 5, 9, or any prime p = 1 or 9(mod 20), there are primitive roots o
and § with o + 8 =1 and o? + 87! = 1. In this case, aj; = 1, agq—2 = 1, and @422 = 1.
By successive removal of rows and columns, Costas arrays of orders ¢ — 2, ¢ — 3, ¢ — 4, and
g — 5 are obtained for these values of q. (See [5].)
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In some cases, a Costas array of order n 4+ 1 can be obtained from one of order n by
adjoining a 1 in an exterior corner, i. e. in one of the positions ago, @Gon+1;, @n+1,0, OF Gnt1nt1-
Several prime order examples were obtained in this way from a Welch example of order p—1.

The total number C(n) of Costas arrays of order n is known for n < 23 (see below), with
a local maximum at n = 16.

o) | » | co)
2 13 | 12828
4 14 | 17252
12 15| 19612
40 16 | 21104

116 || 17 | 18276
200 || 18 | 15096
444 | 19 | 10240
760 || 20 | 6464
2160 || 21 | 3536
11| 4368 || 22 | 2052
12 [ 7852 || 23| 872 -

S| ool | o[ e nfcof ot 3

For prime p, there are ¢(p — 1) primitive roots, each of which leads to a different Costas
array of order p — 1. Since ¢(p — 1) can be arbitrary large, limsup,,_,., C(n) = oo. It has
been conjectured but not proved that liminf, .., C(n) = 0. This would require C(n) =0
infinitely often. No case of C(n) = 0 is yet known, but no examples of Costas arrays of
orders 32, 33, or 43 have yet been found. (Many larger orders also lack examples.)

John P. Costas first proposed these arrays for an application to frequency hopping sonar
signals. Let the n rows represent n equally spaced frequencies, and the n columns, n equal
duration time intervals. Then the Costas array specifies a permuted order for the n frequen-
cies to be transmitted in n consecutive time intervals. As a sonar (or radar) signal, this
design has an ideal, “thumb-tack” ambiguity function (the two-dimensional autocorrelation
function in time and frequency). The horizontal (time) shift measures range, the distance
to the target, and the vertical (frequency) shift measures doppler, the velocity of the target
relative to the observer. For any non-zero shift parallel to the coordinate axes, a Costas
array has at most one “hit” (coincidence of a 1 with a 1), and thus gives the least ambiguous
reading of the correct range and doppler in the presence of noise.
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Note: This article on Costas Arrays, by S.W. Golomb, will appear in the Kluwer Ency-
clopedia of Mathematics.

B. Zero-Sidelobe Radar

The basic signal design problem for range radar is to find waveforms whose (normalized)
autocorrelation function is unity “in phase”, and close to zero “out-of-phase”. For CW radars -
with phase modulation, many articles have been published describing imperfect and ad hoc
techniques to construct such signals. However, in “Two-Valued Sequences With Perfect
Periodic Autocorrelation” by S.W. Golomb, an infinite class of such waveforms, including
arbitrarily long binary sequences as the modulating signals, is described, which achieve out-
of-phase correlation identically equal to zero. A companion article by N. Levanon and A.
Freedman shows that these signals are also highly favorable for range-doppler radar, having
nearly ideal “ambiguity functions” (two-dimensional autocorrelation functions in both time
and frequency). They assert that these new signals, derived from cyclic Hadamard difference
sets, will be widely adopted in many important radar applications in the near future.

BIBLIOGRAPHY
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C.Generalized Barker Sequences

Continuous-Wave (CW) Radars using a phase-modulated waveform have been in use for
nearly fifty years. In 1953, R.H. Barker considered the question of finding the best binary
sequences of phases, and found examples of sequences of lengths 2, 3, 4, 5, 7, 11, and 13.
Unfortunately, no longer binary sequences exist. (This was proved in 1961 for odd lengths,
and is universally believed, based on considerable evidence, for even lengths.) In 1965,
Golomb and Scholtz introduced “generalized Barker sequences”, which allow arbitrary finite
sequences of phase angles {@o, #1,...,Pn}, but with the “Barker constraint” on correlation:

[C(T)| <1 forallT,1<7<m,

where

n
C(r) =D axa},,, ax =€, af =e %,
k=0

‘Gradually, longer and longer examples of these generalized Barker sequences (GBS) have
been found, and in recent years, the list has been extended to all lengths < 35, in a series of
papers by Bomer, Antweiler, Friese, and Zottmann. '

Among the GBS of the same length L, we define the best sequence to be the one for which

max |C(7)]

1<r<L—2

is minimized. For several values of L, we can describe the terms of the best sequence
explicitly, and this work will be extended.

A very fruitful new idea has been to regard the sequence terms {ao,a1,...,an} as the
coefficients of a polynomial,

f(2) = Y,
k=0

so that 2"f(2)f*(1/z) = iC(k —n)z¥,

and to consider the set of complex roots of f(z) = 0. The generators of the transformation
group described in Golomb-Scholtz 1965 are easily interpreted in terms of their algebraic
effect on f(z), and in terms of their geometric effect on the set A of the roots of f(2) = 0.
Symmetries of the GBS correspond directly to symmetries of the root set A.

It is anticipated that this collection of new methods will lead to the construction of bigger
and better generalized Barker sequences for radar applications.
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D. Simplex Codes, and Cyclic Hadamard Difference Sets

A simplex code is a collection of n real-valued signals {s;(t)}%; normalized to the unit
interval, 0 < ¢ < 1, and to “unit energy” [y s2(t)dt = 1, such that the “simplex bound” on
cross-correlation is achieved: Cy; = [y si(t)s;(t)dt = —1/(n—1) forall 1 <i < j < n. Binary
simplex codes have s;(t) = %1 for all 4 € [1,n] and all ¢ € [0, 1], and can be constructed
if n = 2a or n = 4a, where there is a Hadamard matrix of order 4a. New examples of
simplex codes, where the values of s;(t) are restricted (pre-normalization) to a small number
of integers, are reported in [2].

A conjecture mentioned in [1] is that if there is a cyclic Hadamard difference set (i.e. a
cyclic (v, k, ) design with v =4a — 1,k =2a — 1,A = a — 1) then v must be of one of three
types: v = 2" — 1;v = 4a — 1 = prime;v = 4a — 1 = u(u + 2) where both u and u + 2 are

-primes. In [3], it is shown that all v < 10,000, except for seventeen values not yet checked,
satisfy this conjecture.
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E. Legendre and Jacobi Sequences for Radar Applications

The main constructions for the three classes of cyclic Hadamard difference sets mentioned
in the previous section are: m-sequences for v = 2" — 1; Legendre sequences (based on the
Legendre symbol) for v = 4a — 1 = prime; and the “twin prime” construction (based on
the Jacobi Symbol) for v = u(u + 2) where u and u + 2 are both prime. All of these
constructions are valuable as signal patterns for CW radar signals with ideal (two-level)
periodic autocorrelation.

When the period is a prime of the form p = 4a+1, no corresponding Hadamard difference
set exists. However, if we define a periodic binary sequence by

k
ag = {(p)’ the Legendre symbol, for 0 <k < p , and cross-correlate it against

1, k=0
k
b = {(f )1’ t: iI(;)egendre symbol, for 0 <k <p , we get a two-valued cross-correlation,



=2 =0 (mod
C(r) = %, : £0 gﬁz d z; . This is proved in [1], by a method which generalizes from

the Legendre symbol to the Jacobi symbol.
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F. Minimal Spanning Rulers

The signal design problem of optimum spacing of the pulses in a pulse radar, or pulse
sonar, system, leads to a combinatorial design problem referred to as the construction of
minimum spanning rulers (also referred to in the literature as “optimum Golomb rulers”).
A spanning ruler with n marks is a set of n non-negative intergers 0 = a; < a2 < a3 <

... < @, = L (the n “marks on the ruler”) such that all the (g) differences a; — a;, j > 1

(the “measured distances”) are distinct. (This guarantees that the out-of-phase values of the
unnormalized autocorrelation function never exceed 1.) The minimum L for the given value
of n is the length of the minimum spanning ruler, and gives the shortest pulse pattern with
the desired properties. This minimum L = L(n) has now been determined for all n < 19.

Navy-related applications of these patterns include not only pulse-radar signals, but
also sets of sequence delays for convolutional codes (a widely used form of forward-error-
correcting coding), and linear spacing patterns for antennas for phased-array radars and for
radio astronomy.
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G. Other Areas Leading to Publications

Examples of other recent technical publications by S. W. Golomb, listed below, are in
the areas of 1) Probability and Information Theory, 2) Combinatorial number theory, 3)
Ramsey theory, 4) de Bruijn sequences, and 5) Classification of Reed-Solomon codes.

- [1] S. W. Golomb, “Probability, information theory, and prime number theory,” Discrete
Mathematics, vol. 106/107, September, 1992, pp. 219-229.

[2] S. W. Golomb, “An identity for (2#),” American Mathematical Monthly, vol.. 99, no.
8, October, 1992, pp. 746-748.

[3] S. W. Golomb (with H.-Y. Song and H. Taylor), “Progressions in every two-coloration
of Z,,” Journal of Combinatorial Theory (Series A), vol. 61, no. 2, November, 1992,
pp. 211-221.
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Bruijn sequences,” Advances in Applied Mathematics, vol. 13, no. 4, December, 1992,
pp. 454-461.

[5] S. W. Golomb (with I. S. Reed and H.-Y. Song), “On the non-periodic cyclic equiva-
lence classes of RS codes,” IEEE Transactions on Information Theory, vol. I'T-39, no.
4, July, 1993, pp. 1431-1435.
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