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Abstract 

In this paper, we derive statistical selection procedures to partition k normal popu- 

lations into "good" or "bad" ones, respectively, using the nonparametric empirical Bayes 

approach. The relative regret risk of a selection procedure is used as a measure of its 

performance. We establish the asymptotic optimality of the proposed empirical Bayes 

selection procedures and investigate the associated rates of convergence. Under a very 

mild condition, the proposed empirical Bayes selection procedures are shown to have rates 

of convergence of order close to 0{k~*) where k is the number of populations involved 

in the selection problem. With further strong assumptions, the empirical Bayes selection 

procedures have rates of convergence of order 0(k 2r+l ), where 1 < a < 2 and r is an 

integer greater than 2. 
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1.   Introduction 

Consider k independent normal populations 7r,- = jV(#j,cr2), i = 1,...,&, with un- 

known means 0,..., 0fc, respectively, and a common variance a2. Let 90 denote a standard 

or a control. A population 7T; is said to be good if 9{ > 9Q, and bad otherwise. In certain 

practical situations, one may be interested in the selection of all good populations while 

excluding all bad populations. For example, let 9i denote the quality level of a newly 

developed manufacturing process -K{,i = l,...,k, and 90 be a specified standard level. 

Then, one may be interested in finding out all the potential manufacturing processes for 

further investigation. The preceding described selection goal can also be viewed as a first 

step of a selection problem in which the selection goal is to select the best from among k 

populations provided that the best is at least as good as the specified standard level. 

In the literature, the problem of comparing normal populations with a control has 

been extensively studied by many authors. To mention a few, for example, Dunnett 

(1955), Gupta and Sobel (1958) and Tong (1969) have proposed and studied some natural 

selection procedures. Lehmann (1961) and Spj0tvoll (1972) have treated the problem using 

methods from the theory of testing hypothesis. Randies and Hollander (1971), Miescke 

(1981) and Gupta and Miescke (1985) have derived optimal procedures via minimax or 

r-minimax approaches. 

The purpose of this paper is to derive statistical procedures which partition the h 

normal populations into "good" and "bad" ones, respectively, using the empirical Bayes 

approach. It is assumed that the parameter 9Q is the value of a specified standard level, 

and therefore is assumed to be known. 

The paper is organized as follows. In Section 2, the statistical model of the selection 

problem is introduced and a Bayes selection procedure for the selection problem is also 

derived. As seen in the later part of the paper, the Bayes selection procedure depends on 

the prior distribution. When the prior distribution is unknown, the Bayes selection proce- 

dure cannot be implemented. In such a situation, using the empirical Bayes approach and 

by mimicking the behavior of the Bayes selection procedure, we have developed empirical 

Bayes selection procedures in Section 3. The relative regret risk of an empirical Bayes 

selection procedure is used as a measure of the performance of this empirical Bayes selec- 



tion procedure. We establish the asymptotic optimality of the proposed empirical Bayes 

selection procedures in Section 4. The rate of convergence of the relative.regret risks is 

studied in Section 5. Under a very mild condition, the proposed empirical Bayes selec- 

tion procedures have rates of convergence of order close to 0(k~1!2). With some further 

assumptions, the empirical Bayes selection procedures have rates of convergence of order 

0(fc-«(»-i)/[2H-i]) where 1< a < 2 and r > 2 is an integer. 

2.   The Selection Problem and A Bayes Selection Procedure 

Let Xu,..., Xim be a sample of size m taken from a normal population 7r; = N(9i, <72), 

i — 1,..., k. All samples are assumed to be mutually independent. Let Xi = —   £  Xij 
i=i 

k       m 
and when m > 2, let Wk = £   £  (Xij - Xi)2/[k(m - 1)].   Note that given 9i,Xi ~ 

i=\   j=\ 
N(6i, £), Km - 1) Wk/a2 ~ x2(Hrn - 1)), and Xu...,Xk and Wk are mutually inde- 

pendent. 

Let Q = {9 = (öi,..., &k)\ — oo < 8i < oo, i = 1,..., k} be the parameter space, and 

let A = {a = (at,..., ak)\a,i = 0, 1, i = 1,..., k} be the action space. When action a is 

taken, it means that population 7T; is selected as good if a2- = 1, and excluded as bad if 

a; = 0. For each 9  €  ft and a  €  A, the loss function L(9, a) is defined to be 

it 

L(9,a) = Yl £(9i,ai) (2.1) 
j=i 

and 

i(9i,ai) = ai(90 - 9i)I(9Q - <?,) + (1 - *)& - Ö0)I(^ - ö0), (2.2) 

where I(x) = 1(0) if x > 0 (otherwise). Note that in (2.2), the first term is the loss due to 

selecting TCI as good when <?,• < 9Q , and the second term is the loss due to wrongly excluding 

%i as bad when 9{ > 9Q. 

It is assumed that for each i, the parameter 9i is a realization of a random vari- 

able 0,-; and ©i,...,©* are independently distributed with a common but unknown 

prior distribution G. Under the preceding assumption, Xi,... ,Xk and Wk are mu- 

tually independent, and X\,...,Xk are identically distributed, having a marginal pdf 

/O) = / f(x\9,a2)dG{9), where f(x\9,a2) denotes the pdf of a normal N(d, £) distri- 

bution. 



Let Xi = (Xu,... ,Xim),i = l...k and X = (Xi,... ,Xk). Let X be the sample 

space of X. A selection procedure 8 = (81,... ,8k) is defined to be a mapping from the 

sample space X into the product space [0, l]k, such that for each i — 1,..., k, 6{(x) is the 

probability of selecting population -K{ as a good population when X — x is observed. Let 

V be the class of all selection procedures. Also let R(G, 8) denote the Bayes risk associated 

with the selection procedure 8. It is assumed that -E[|0i|] < oo so that the Bayes risk 

R(G, 8) is finite. By Fubini's theorem, a straightforward computation yields that the Bayes 

risk R(G, 8) can be expressed as: 

fc 

R(G,8J = Y, Ri(G,Si) (2.3) 

and 
r k 

Ri(G, Si) = I [90 - <fi(xi)}8i(x) JJ fj (xj)dx + C (2.4) 

where v?i(?i) = E[Q,\Xi = Xi] :   the posterior mean of 0; given Xi = x,-; fj(xj):   the 
oo ~ ~ ~ . 

marginal joint pdf of Xj, and C = J(9 - 80)dG(9).   Thus, a Bayes selection procedure 
So 

SB = (8BI, ■ ■ ■, 8ßk), which minimizes the Bayes risks among all selection procedures in V, 

is clearly given by:   For each i = 1,..., k and x  €  X, 

{1    if<pi(xi)>90, 
(2.5) 

0    otherwise. 

Algebraic computation yields that 

r2 

m 

2 

<Pi(xi) = xi + —fW(Xi)/f(Xi) = ^Xil (2.6) 

where /(x,-).is the marginal pdf of the sample mean Xi and f^(xi) denotes its corre- 

sponding derivative. That is, the posterior mean (fi(xi) depends on x; only through the 

sample mean value x^. From (2.5) and (2.6), the z'-th component Bayes selection procedure 

Sßi depends on x only through x*. Therefore, (2.5) can be expressed as 



1    if ißi(xi) > 9Q 

ÖBi(xi) — 
0    otherwise. 

1    ifTi(^)>0 
(2.5') 

0    otherwise. 

where Ttfa) = £f{1)fa) + fa - WOO-   Note that ^i(-) = ... = M') and Ti(0 = 

... = Tjfc(-) since X\,... ,Xk are identically distributed. 

One can see that the posterior mean ißi(xi) is a continuous function in X{-, also ißi(x{) is 

strictly increasing in x; if the prior distribution G is non-degenerate. Let A\ = {x\tßi(x) < 

0o} and A2 = {x\ipi(x) >9Q}. Define 

(sup Ai    if Ai ^ <f>, 
(2.7) 

—oo        if A\ = <f>. 

Note that if A2 ^ (j> and A\ ^ <f>, then -co < a* < oo; and if A2 — (f>,a* = oo. In terms of 

a*, the Bayes selection procedure 8B can be written as: 

(1    if X{ > a* 

(2.5") 
0    otherwise. 

Finally, the minimum Bayes risk is: 

k 

£(G,£B) = ]T Ri(G,8Bi), (2.8) 
i=l 

and 

Ri(G,8Bi) = f{eQ - ^ifa)]8Bifa)ffa)dxi + C. (2.9) 

In the following analysis, we consider those prior distributions G such that     lim 
I; —<■ — oo 

ipi(xi) < 90 <    lim    tjjifa). Hence A\ ^ ^ and A2 ^ <£. Therefore, -co < a* < oo. 
It—►+oo 

3.   Empirical Bayes Selection Procedures 

Since the prior distribution G is unknown, it is not possible to implement the Bayes 

selection procedure 8B for the selection problem at hand. However, according to the sta- 

tistical model described previously, the k components share certain similarity. Therefore, 



the empirical Bayes approach is employed to incorporate information from among the k 

populations to provide robust selection procedures for each of the k component selection 

problems. 

The proposed empirical Bayes selection procedures mimick the behavior of the Bayes 

selection procedure 6B- For this, the forms of (2.5') and (2.5") provide important moti- 

vation for the construction of the empirical Bayes selection procedures. To construct the 

empirical Bayes selection procedures, first, we need to have estimates for f(x) and f^\x). 

For an integer r > 2 and for each i = 0,1, let K\ be the class of all Borel-measurable 

bounded functions vanishing outside the interval (0,1), such that for k0   €  ££, 

1      ifj = 0, 

Jo 
yJk0(y)dy = < 

and for ki   €  £[, 

Jo 
yJki(y)dy 

0 ifj = l,...,r-l, 

I B\ if j = r; 

1 if y = 1, 

0 ifj = 0,2,...,r-l, 

. B% if j = r. 

(3.1) 

(3.2) 

We may let B3 be a positive value such that \ki(y)\ < B3 for all y   €    (0,1) and 

i = 0,1. Also, let h = h(k) be a decreasing function of k such that h{k) —> 0 as k —*■ oo. 

Define 

(3.3) 

Note that for each fixed X, = Xi, fik(x{) and /^ (x,-) are consistent estimators of 

f(xi) and f{1)(xi), respectively; see Singh (1977, 1979). 

When the variance cr2 is known, for each i = 1,..., k, let 

a   c(D, T?k{Xi) = (Xi - 9o)fik(Xi) + —MiXi). 
lib 



Also, let {Ck} be a sequence of positive numbers such that Ck is increasing in k and 

Ck —*• oo as k —> oo. We consider an empirical Bayes selection procedures 8* = (<5*,..., 8k) 

defined as follows, 

( 0    if either (Xt < -C*k) 

or(|Xi|<Qand^(Xi)<0), 
8*(X) = 8i(Xl,X(i))={ 

1    if either (Xt > C%) 

I OT{\Xi\<C*kBIldT*k{Xi)>Q), 

(3.4) 

where X{i) = (Xi,...,Xi_i,Xi+i,... ,Xk). 

When the variance a1 is unknown, we estimate <r2 by Wk- For each i = 1,..., k, let 

Ti*(X0 = (Xi - 90)fik(Xi) + 5Ü. /£> (*.). 

We then consider an empirical Bayes selection procedure 8 = (8i,..., 8k) defined as follows, 

f 0    if either (Xi < -C*k) 

or (|X,| < C*k and fik(Xi) < 0), 
Si(X) = Si(Xi,X(i),Wk)= < 

1    if either (Xt > C*k) 

k       or(|X,-|<CJandfijfc(Xi)>0). 

The Bayes risk of the empirical Bayes selection procedure 8* is: 

k 

(3.5) 

Ä(G,n = EÄi(G!'Ä") (3.6) 
i=i 

and 

Ä,-(G,S?) =Et[J[9o ~ MxiM^Xii^fix^dxi] + c 

= J[6o-Mxi)]Ei[fii(xi,X(i))]f(xi)dxi + C, 

(3.7) 

where the expectation E* is taken with respect to the probability measure generated by 

*(0- 

The Bayes risk of the empirical Bayes selection procedure 8 is: 

k 

R(G,8) = J2Ri(G,8i) (3.8) 

7 



and 

Ri(Gji) = f[0o - Mxi)]Mkxi,X(i),Wk)]f(xi)dxi + C. (3.9) 

where the expectation E{ is taken with respect to the probability measure generated by 

m),wk). 
Since 8B is the Bayes selection procedure, for any selection procedure 6 = (8\,..., Sk), 

Ri(G, St) - Ri{G, 8Bi) > 0, * = 1,..., k and R(G, 8) - R(G, 8B) > 0. Define 

p(G, 8) = [R(G, 6) - R(G, 8B)]/R(G, 8B). (3.9) 

p(G,8) is called as the relative regret risk of the selection procedure 8 compared with 

the Bayes selection procedure 8B. The relative regret risk p(G,8) is used to measure the 

performance of the selection procedure 8. 

Definition 3.1. (a) A selection procedure 8 is said to be asymptotically optimal if 

p(G, 8) —> 0 as k —»• oo. 

(b) A selection procedure 8 is said to be asymptotically optimal of order {a*} if p(G, 8) = 

0(ak) where {a*} is a sequence of decreasing positive numbers such that ak —► 0 as 

k —*■ oo. 

The asymptotic optimality of the empirical Bayes selection procedures 8* and 8 will 

be investigated in the next two sections. 

4.   Asymptotic Optimality of the Empirical Bayes Selection Procedures 

Under the preceding described statistical model and the loss function, one can see 

that for the Bayes selection procedure 8B, Ri(G,8Bi) = ... = Rk(G,8Bk) and R(G,SB) 

= kR1(G,8ßl). 

Also, by the symmetric properties of the empirical Bayes selection procedures 8* and 

|, wehavei?1(G,<5*)= ,..= Rk(G,8*k) and R(G,8*) = k Äi(G,^)» Ri(GJi) = •■• = 

Rk(G,8k) andi?(G,S) = k R^Gjt). 

Therefore, p{G,8*) = ^(0,5?) - Ri(G,8Bl)]/R1(G,8Bl) and p(G,8) = [R^Ch) 

—Ri(G,8Bi)]/Ri(G,8Bi). Since R\{G,8B\) is a fixed positive value, to study the asymp- 

totic optimality of the empirical Bayes selection procedures, it suffices to investigate the 



asymptotic behavior of RX(G, 6*) — RX(G,8BI) and RX(G,8X) —RI(G,6BI) for sufficiently 

large k. 

Theorem 4.1   For the statistical model previously described in Section 2, assume that 

-S[|©i|] < °° an<i a* is a finite number.  Then, the empirical Bayes selection procedures 

8* and 8 are asymptotically optimal in the sense that p{G,8*) —> 0 and p(G,8) —► 0 as 

k —> oo. 

Proof:   It is assumed that k is sufficiently large so that a*   €  (—C£, C£), where {C%} is a 

sequence of increasing positive numbers such that   lim   C% =oo as described in Section 
k—*oo 

3. By the finiteness of a* and from (2.5"), (2.9), (3.4) and (3.7), 

Rx(G,8*)-Rx(G,8Bi) 

= J [e0-M^W1{^u^^))-^Bi(x1)}f(x1)dx1 

a* 

+ J tyx{xx) - 90}P{8*(xx,X(l)) = 0,8Bi(xx) = l}f(xx)dxx. 

a. 

Also, from (2.5"), (2.9), (3.5) and (3.9), 

Rx(G,8x)-Rx(G,8Bi) 

a* 

=   f [Oo- </>i(xi)]P{Mxi,X(l), Wk) = l,8BX(xx) = 0}/^!)^! 

-c:                                                                                                                    (4.2) 

C£ 

+ /[V>i(*i) - 0o]P{*i(*i,*(l), Wk) = 0,8Bi(xx) = l}f(x1)dx1. 
a* 

From a corollary of Robbins (1964), to prove the asymptotic optimality of 8* and 8,              ' 

it suffices to show that for each xx, and e = 0,1, 

P{81(xi,X{l)) = e,8Bx{Xl) = 1 - e} - 0 

9 



as t -. oo. Note that for eaoh fixed z,, f,,(x,) and f(D ,    , 
»,,|„j,|l),    , . /lU  üand/»   f1') are consistent estimates of 
/(.,) and /<>(*,), respectlvely. Also,^isaconsislentestimatoro^2 

S° 

- a consent estinrator of Tl{xi) for the ff2 known case - ' ^ r»W 

estitnator of Tl(ll) for the ^ mknom _ ^^^ ^ ^^ » » — 

Similarly, 

=p{^(^)>0, T1(x1)<0}^OasA; 

=P{T^i) < 0,71^) > 0} - 0 as & -> oo 

oo, and 

Hence the proof of the theorem is complete 
G 

5.   Rates of Convergence 

Theorem 5.1   For the statistical model described in q„ r      o 
j   * •      „ uescnoed m bection 2, assume tW PTlö n ^ 

and a* is a finite number. Al|0i|J < oo 

(a) If we take h = Cl(k - l)-V(2r+i)       , _ _       _ 

and c2  then o(G^     nru-^ * " SOme fiXed P°sitive value* * net c2, then, p(G, $ ) = 0(k   *rr) and ,(G-|} = 0(£-^ 

(b) Furthermore, suppose that for some 1 < a < 2, and for some , > fl> 

(Al)yk^g^^i<ooand(A2)     /Mii!^^ 
where M(xxM and N(x, h) an> M    A-   r J        P^M v u   j ana    [Xl, h) are defined m Lemma 6.3. If we take 

P^ 'AÄ^eore^Sl-Ä T^ 
only   The oroof f«. ♦», • •    , " empirical Bayes selection procedure 8 

uiy.   xne proof tor the empirical Bayes seW.inn ™«   J 

and hence is omitted n        A, P ~ 1S ^S™3 to that * * 
omitted here. Also, assume that * is large enough so that a*   6 (_Q, C^ 

< oo 

10 



From (4.1) and Lemma 6.1 - 6.3, by noting that [i>i(xi)-90]f(xi) = Ti(zi), we have, 

CT 

-CT 

< 
&i(a) 

P - l)/i3]*/2 

ci 

j  [Mix^hT12 I \Ti{xxT-ldXl 

^k 

+   h{a)ha^   J   Na{xub) l\Tl{xx)\a-ldxl 

-CT 

+ 62(a) 
[(& - l)/l]«/2 

^k 

- J \x! -d0\
a Ma/2(xuh) I \T1(x1)\a-1dx1 

-CT 

+   k 

^k 

>{a)har J \x1-90\
aNa(x1,h) I ITxOc!)!«"1^!. 

-CT 

Since f(Xl) = / -$L e-"^LdG{6) <^JL = Bi for all xu 

0 < M(xuh) = j   f(xi -vh)dv < 
Jo 

B4 

(5.1) 

(5.2) 

for all £1 and h. Also, 

drf(t) 
dtT 

t = xi—hw •I \/m m( xi —hw — sy 

2ira 
e l"* y j aj(xi — hw — oy 

j=o 

dG(9) 

where a,j,j = 0,..., r, are finite numbers. Therefore, drf(t) 
d f 

t = xi—hw- 
< B5 for some 

positive number B5 for all xi, w and h and hence, for all xi and h 

N(Xl,h)<B5. 

11 

(5.3) 



For a = 1, substituting the inequalities of (5.2) and (5.3) into (5.1) we obtain, 

<  2b1(l)B1J2 C% I \{k - l)h3]^2+2W(l)B5 Ct hr~l 

+   b2{l)B\>2   J   lan-tfol^/p-l)^1/2 

~cl 

ci 

(5.4) 

+   b2(l)B5 hr    (   \xx-9o\dxx 

<  2h(l)Bl/2 C*k I {{k - l)/i3]1/2 + 2bx(l)B5 C*k hr~x 

+   b2(l)B\'2 {2\BQ\Ct + ££}/[(*- I)/*]1/2 

+   &2(l)55/rJ2|0o|Cfc* + ^} 

=  0(Ct/[(k-l)h*]1/3) + 0(Cth'-i) 

+   0(Ct2 I [(* - 1)/>]1/2) + 0{Cf hr). 

Thus, if we let h = cx{k — l)-1/(2r+i) and Ct = c2h~l where cx and c2 are positive 

constants, then, from (5.4), RX(G,8$)- Rx(G,8Bx) = 0(£~£TT). 

This completes the proof of part (a). 

For each k, let I£ = [-C£,a*-c0)U(a*+c0, C£]. Since Tx(xx) = [V>i(xi)-0o]/(xi), by 

Lemma 6.4, for xi G I, |2i(a?i)| > |xi -a*|/(zi)63, and for xx € Ic
k,\Tx{xx)\ > f(xx)b4. 

Combining these inequalities with (5.1) together, we obtain 

12 



< 6i(g)gi 61(^)^2 61(a)/iQ(r-1)i;3 

"   b^-1((k-l)h3)a/2 bl-l{{k-l)h*)<*l*    + b^-1 

h(a)ha(r^E, b2(a)E5 b2(a)E6 
(5'5) 

6?- ((& - l)A)«/2 ft«"1 ((fc - l)Ä)«/2 6; a-l 

b2(a)harE7 b2(a)harE8 

b*-1 +        br1      ' 
where 

and 

f        M*l\xuh) 
1     7/  [ki-a*!/^)]-1     *' 

/•   M»/a(gl,fe) 
E2"4 /-H*I) dXu 

F   =  f Na(xi>Q , 
3     Ji   [|*i-a1/(*0]«-idX1' 

_   /•|a1-g0|
aMa'/a(gl,fe)J 

5     Ji    [Isi-al/C*!)]-!    ^ 

„        /    lari-gorM^Can^), 
7/= /a  1{xi) 

_   /•|a:1-go[aiV"(x1,fe) 
7     7/  [ki-al/C^i)]-1      '' 

ES   =  7^-T— dxi. 
Ji*        f   Ol) 

Since I is a bounded interval and 0 < M{xuh) < J54, 0 < N{xx,h) < B5 for all 

xi and A, one can see that for 1 < a < 2, 0 < Et < 00, i = 1,3,5,7.   Also, under the 

13 



assumptions (Al) and (A2), 0 < Ei < oo,i = 2,4,6,8. Therefore, 

Äi(G, 81) - Ä!(G, fci) = 0(((Ar - l)h3)~a/2) + 0(ha<r-»). 

If we take h = (k - 1)~Ä, then Äi(G,5J) - Äi(G,5Bi) = OCJfe"2^). 

Hence, this completes the proof of part (b). □ 

Remarks 

(a) In Theorem 5.1(a), we have demonstrated that under the very mild conditions that 

-^[l®i|] < °° and a* is finite, the relative regret risk converges to zero with a rate of 
r — 2 

order 0(k 2r+1) where r > 2 is a positive integer, involving in the choice of the kernels 

k0 and fci, see (3.1) and (3.2). According to (3.1) and (3.2), there is no restriction 

about the choice of the value r. Therefore, we may choose r as large as possible, so 

that the rate of convergence of the relative regret risk may have an order close to 

oik-1/2). 

(b) Though under the assumptions Al and A2, the empirical Bayes selection procedure 

8* may have a better convergence rate, it is possible that the assumptions Al and/or 

A2 may not hold for any 1 < a < 2 and any 0 < h < 1. For example, consider a prior 

distribution with density g(9) where 

f |       ^ |*| < 1, 
9(6) = 

lik   *I*|>1. 

Then, one can see that f(x) is symmetric about the point 0 and f(x) is decreasing 

in x for x > 0. Hence, for x > vh > 0, M(x, h) = JQ f(x — vh)dx > f(x). Also, as 

x > 2, f(x) > j? for some c > 0. Therefore, 

loo   F-W    -L     f°-x(x) 
/•OO 

> xa fl-a'2(x)dx 

14 



> 
N  l-a/2 

—- I dx 

cl-«/2    /        x2«-2da. 

=   oo since 1 < a < 2. 

Therefore Al does not hold in this case. 

(c) We provide an example in which both the assumptions Al and A2 hold for any 1 < 

a < 2. 

Assume that 0i ~ iV(0,r2). Then, marginally X\ ~ N(0,q) where q = 2j- + r2. We 

need to verify that 

/ 

\x\a Ma/2(x,h) , ,    f\x\a Na(x,h), 11 v       -cfo < oo and   / LJ-:—w  ,     da < oo. 
/-i(x) / 

Since /(a:) = -A= e   * Jnq 

M(x,h)       f1      *vh*-v*h* 

Jv=0 

/«-i(x) 

1        if x < 0, 

e i     if x > 0. 

Hence, 

/ '''^y* s j\ w/'-"^+jf «• z1-" w- «t < oo. 

Also, 
dr/(i) 
at' 

1 (r-llu.)2 

e       2« 

for some real values a,j,j = 0,1,..., r. Then, 

\] &j{x — hw)3 

i-o 

drf(t) 
d f 

t=x—hw 2hwx—h2w2 

/(*) 
=  e       2i 2_] CLJ{X — hw)3 

Lj=o 

Hence, 

^ x    < e »      sup    >     lajllx-Zi 
/ W 0<u;<l   ~ 

w\ 
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Therefore, 

/\x\a Na(x h) r f 
/«-i(x)     dx - Jl 0^P     /   \x\af(x)\aj\ \x ~ hw\] eV   dx < oo. 

That is, both the assumptions Al and A2 hold. 

6.   Useful Lemmas 

The following lemmas are useful for presenting a concise proof of Theorem 5.1. 

Lemma 6.1   (a) For xx < a* and a > 0, 

P{6*(xx,X(l)) = 1} < E[\^k(Xl) - T^T] I \Tx{xx)\a. 

(b) For xx > a* and a > 0. 

P{8!{xx,X{\)) = 0} < E[\T*k{xx) - Tx(xx)\a] I \Tx{xx)\°. 

Proof:   For xx < a*,Tx(x) = ^f^(xx) + (xx - 9,)f{xx) < 0. Then by the definition of 

the empirical Bayes selection procedure 6* and by Markov inequality, 

P{6Xx1,X(l)) = l}=P{T~k(x1)>0} 

=P{T*k(xx)-Tx(xx)>-Tx(xx)} 

<E[\Tx*k(xx)-Tx(xx)\°]/\Tx(xx)\°. 

Part (b) can also be obtained in a similar way. □ 

Lemma 6.2  For 0 < a < 2, for each fixed xu 

Emk{xx)-Tx{xx)\a\ 

^  ^(^Yi^VttM) + \EfH\xx) - fi»Mn 

+   Cl\xx - 60\°{ Var"/2(/i*(*i)) + \Eflk(xx) - f(xx)\a}, 
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where 

Ca — 
1 if 0 < a < 1, 

2a~l    if 1 < a < 2. 

Proof:   By the definitions of T*k(xi) and Ti(xi) and by Cr-inequality, 

^[|2T*(*i)-r1(si)n 

=  E ^/iT(*i) + (zi-Wi*(zi) 
<7~ 

m /^(xO + Cxi-öo)/^) 

< ca(^yE[\f[i\xl)-f^(Xl)n 

+     Ca^-öor^Ö/uC*!)-/^!)!"]. 

Again, by Cr-mequality, for 0 < a < 2, 

^[i/i(fc}(^)-/(1)(^)n 

=  E[\f™ (x1)-Ef[l\x1) + Efil\x1)-f^(x1)n 

<  CaE[\f[1
k\x1) - Ef$>{Xl)\°] + Ca\Ef[l

k\Xl) - PXxx)\" 

<   Ca Var°/2(/ff(*i)) + Ca\Ef[lk\Xl) - P\xx)\°, 

and 
E[\fxk{xx) - f{*i)\a\ 

< CaE[\flk(Xl) - Eflk(Xl)\a] + Ca\Efxk{xx) - f(Xl)\a 

< Ca Vaxa/2(flk(Xl)) + Ca\Eflk(Xl) - f{Xl)\a. 

Substituting (6.2) and (6.3) into (6.1) yields the result of the lemma. 

Lemma 6.3  For each fixed x\, 

(a) Var (/ife(xi)) < B\ M(Xl,h) / [(k- l)h], 

(b) Var (/£>(*!))   <  Bl M(xuh) / [(k - l)h% 

17 
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(c) \Eflk(x1)-f(x1)\<B3 hr N(Xl,h), 

(d) \Ef™{x1)-fW(x1)\<B3h'-1N(x1,h), 

(e) EVFikM-TiW] 

<    h(a){[M(x1:h) I {{k - l)/>3)]"/2 + [hr-iN(x1,h)}°} 

+   b2{a)\Xl -60\
a{[M(xuh) I ({k-l)h)]a'2 + [hr N(xuh)}a}, 

r2\a 
where h{a) = C2

a Bffa)  , b2(a) = C\ B%,M(Xl,h) = £ f{xx -vh)dv, and N(Xl,h) = 

sup 
0<«;<1 

dTf(t) 
a tr 

<=ii — hw 

Proof:   (a)   Var (flk(Xl)) = 
(k-l)h2 V^koC-^-)) 

^j^mC-^)] 

(k 

< 

1 f1 

ZTuh   /    ko(v)f(xi ~ vh)dv 

/    /(^i — vh)dv 
Jo (k - l)h 

m 
(fc-l)A 

M(zi, h). 

Part (b) can be obtained in a similar way. 

(c) Eflk(Xl) = i; E koi^^) 1 
h i: ko (w)f(Xi — hw)dw. 

18 



Since fQ   k0(x)dw = 1, hence, by the property of ko, 

\Eflk(x1)-f(x1)\=   \f    k0(w)[f(x1-hw)-f(x1))dw\ 
Jo 

k0(w) drf(t) 
dr t=XT—hw* - 

(—hw)rdw\ 

where 0 < w* < w 

<   f?3 hr    sup 
0<u;<l 

drf(t) 
dr t=:xi—hw- 

=  B3 hrN(xuh). 

The proof of part (d) can be obtained in a way similar to part (c). 

Finally, part (e) is obtained by plugging the results of parts (a)-(d) into the inequality 

in Lemma 6.2. □ 

For a positive constant Co, define interval I = [a* — co,a* + CQ]. Note that ^(xi) = 

J Q e-rr-^dG(d) I f e-^-^dG{6). Hence, 

WM 
mOxi       m$2 mSx1       m)J 

•M)f~.\- %{f Pe-^-^dGWf e-7^-^dG(9)-[f 9 e-^-^dG(9)Y} 
rnVx-L       mi 

[j e-7^~^TdG{9)Y 

which is continuous in x\ and positive for all x\ since G is nondegenerate. 

Lemma 6.4 

(a) Let 63 = inf^i^Mlxi   €  I}. Then 63 > 0. 

(b) For any xx   €  I, |^i(ii) - 90\ > \xx - a*\b3. 

(c) For any x\ £ I, |V>i(zi) — 90\ > 64 for some 64 > 0. 

Proof:   (a) Since ^i   (xi) is continuous in xi on the compact interval I, there exists an 
-.(I) (i)/ x*    €    I such that xj;\   (x*) = 63.   Also, note that ij;\   (x*) can also be viewed as the 

variance of some non-degenerate distribution. Hence 63 > 0. 

19 



(b) By the definition of a*,ipi(a*) = 9Q. By mean-value theorem, for x\   G I. 

|V>i(xi)-0o|=|^i(zi)-^i(OI 

=   \{xx - a*)^\xl)\ 

>   \xi -a*\bz, 

where x* is a point between x\ and a*. 

(c) Note that ^>i(xi)-0o is strictly increasing in xi and tpi(a*)-90 = 0. So, \i>i(xi)-90\ > 

min(|?/>i(a* - c0) - 90\, |^i(a* + c0) - 90\) = 64 > 0 for all xx   ^ I. D 
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