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Summary:
The major findings and recommendations of this study are:
* The ‘work over the past 12 months has shown the benefit of a Iwo-stage hierarchy of
codes. At the first stage, orthogonal codes define the microchannel or user, identified by a
first (temporal) matched filter. Once a code is identified by this filter, a second (temporal)
matched filter identifies the pulse-position-modulated data with error correction, hence

* Besides a hierarchical backbone topology, a multidimensional coding scheme intermixing
CMDA, TDMA and WDM provides the possibility of the highest data rates.

* These recommended techniques provide signal spreading techniques, but they are spread
time techniques, as opposed to spread spectrum techniques.

* A major part of this study addressed the impact of symmezrry principles on code design to
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1.0 Results of Contract DAAH04-95-C-0051
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1.4.1 Perfect Error-Correcting Codes
1.4.2 The Trade-off between Low Out-of-Phase Auto-Correlation
and Low Cross-Correlation in Orthogonal Codes.
1.5 Symmetry in Code Design '
2.0 Hardware Analysis
3.0 Recommendations
4.0 Future Work
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1.0 Results of Contract DAAH04-95-C-0051
1.1 Introduction and General Discussion

The discussion of the results to follow is facilitated by use of the following
nomenclature. Referring to Fig. 1, orthogonal codes are defined over a superframe of slots.

A single pulse occurs only once per frame and the complete pulse code sequence is
transmitted over the total time of the superframe of frames.

Slot Size =T
Frame Length
t=237T
e
Superframe Length
T=Xt

Fig. 1. Orthogonal codes are defined over a superframe of frames. A pulse of each orthogonal code occurs
only once per frame and the total code sequence of pulses occurs completely over the superframe time. In
this example, the frame size is 10 slots and there are 10 frames, so the size of the superframe is 100 slots.
Therefore a complete orthogonal code is 10 pulses spread over the superframe time.

Spread Time Technique

Transmitted Message: 0101
Time Spread

First Stage:
Macrocode: Time Hopping

0100 000100101 00TGQ0

N e e

Second Stage: \
Microcode: Data Encryption'
& Error Correction

0101 Time Despread

Fig. 2. Graphical representation of the Spread Time Technique with coding at a first stage identifying the

channel and coding at a second stage by pulse-position modulation providing data encryption and error-
correction.
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Two major types of codes will be discussed below: (1) orthogonal codes; and (2)
error-correcting codes. The orthogonal codes are generated over a matrix field and are
transferred to a time hopping representation by the method shown in Fig. 2, where a
number of frames of a superframe are shown. The spread time technique reduces noise
during the transmission phase (as does the spread spectrum technique).

The work over the past 12 months has shown the benefit of a two-stage hierarchy
of codes. The orthogonal codes define the microchannel or user, and, once a code is
identified by a first matched filter, a second matched filter identifies the pulse-position-
modulated data with error correction, hence error-correcting codes are required for the
second stage. The two stages are represented in Fig. 3.

“4— frame =+ rame 2 — > etc
; —Oooooroomw— — —

A AN AM

0100101010010110

Fig. 3. Two-stage encoding. The user, or channel is defined by the orthogonal code. A second matched
filter, positioned behind the first, decodes data and applies error-correction. Hence error-correcting codes are
required for the second stage. The word size of the second stage is dependent upon the availability of optical
devices capable of providing pulse modulations representing n-bit words. Here, a 16-bit word is shown.

Using the two-stage principle of encoding, multidimensional coding, and
presuming device capabilities which are either available now in the laboratory, or might be
in the future (see Section 2), predictions can be made concerning the data rate achievable
for high data rate channels. The algorithm of Table 1 provides those predictions.

This algorithm takes into consideration that with present technology at least 4
wavelengths are available now in an optical fiber channel. Therefore there is the possibility
of either using this wavelength diversity to define separate channels, or of using the
diversity for frequency hopping with time hopping. As there is also the possibility of
wavelet generation with diversity in both scale and orthogonality, the channel capacity can
be increased yet further. However, it must be recognized that there are trade-offs between
frequency and wavelet diversity due to device limitations (addressed in Section 2.0).
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The major results of the 12 -month study, as well as the proposed future work, are

(Table 2):

Table 2: Major Results

and Discoveries of the 12-month Study

Tables
Major Results & Discoveries & Proposed Future Work Reports
Figures
1. Increased data rate using the Fig.s 4-6 | The present results are generic August, 1975,
availability of frequency and wavelet and need to be interpreted within | Report
diversity. the context of actual device
2. The number of users possible defined capability. Presently only 4
by orthogonal codes without Fig. 7 wavelengths are available, and
interference. the diversity of wavelet in terms
of scale and orthogonality has
not been determined.
1. Any orthogonal code can be Fig. s 8- | These discoveries need find use in | September,
identified by only two inputs to acode | 12, code design, i.e., design on the 1975, Report
generator and the third predicted. That Fig. 15 basis of the symmetry.
is, these orthogonal code sequences are
nonMarkovian and can be generated by
programmable logic arrays.
2. A hidden symmetry was discovered
underlying orthogonal codes in terms of
the polynomial associated with each
hopping sequence
3. A hidden symmetry was discovered
underlying the orthogonal codes in
terms of an increasing or decreasing
enerator polynomial index.
1.0rthogonal code symmetries were Fig.s 13- | The discoveries need to finduse | October, 1975,
discovered based on residue-nonresidue 15. in code design, i.e., design on the | Report
matrix formulations of such codes basis of the symmetry forms.
1. Cross correlation bounds were found Cross-correlation bounds need to | November,
for time-hopping and frequency-hopping be tied to code design in a 1975, Report
codes predictive way. The bounds need
to be derived.
1. A back-track mathematical algorithm Back-track algorithm needs December,
for time hop code generation from a development to be a predictive 1975, Report
given hit array was developed. tool for code properties.
Tradeoff between low out-of-phase
correlation and low cross-correlation
was derived.
2. Cubic congruence and quartic Fig.s 8, | Matrix representation needs
congruence codes generated and 13, 14. development as a predictive tool.
generator polynomial index matrix
representation demonstrated.
3. A code comparison of auto- and Table 3 Properties need to be linked to
cross-correlation properties of code design algorithm.
_congruence codes completed
1. Probability of error analysis indicates | Fig.s 16- | Receiver threshold properties January, 1996,
that error decreases with (1) an increase | 26 need to be analyzed together with | Report
of the matched filter threshold, and (2) code properties.
an increase in code length.
Proprietary to BSEI
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2. Algorithm developed for Lempel-
Costas arrays.
1. A=2 optical orthogonal codes may be | Fig.s 27- | The tradeoffs between the February,
as good as A=1 codes with receiver hard- | 36 properties of optical orthogonal | 1996, Report
limiting. codes, without hard limiting, and
2. More pulses in a sequence does not with hard limiting, need to be
result in a reduction in performance if investigated.
one can raise the receiver threshold. The surreal number
3. Surreal number representation reveals representation needs to be related
further underlying code symmetries. to optimum code design.
1. A Greedy Code Algorithm was The Lexicographic-Greedy code March, 1996,
developed that permits the study of algorithm offers opportunities for | Report
Lexicographic-Greedy codes necessary developing optimum error-
for the second stage of the system correcting codes. The design of
design. such codes needs to be taken
2.(5,2) and (7.4) Lexicographic-Greedy | Tables 7- | further.
codes have been generated. 9
3. The standard arrays for Tables 4-
Lexicographic-Greedy codes have 6
revealed design details.
4. The g-values of the codes have Fig.s 39- | The discovered g-value
revealed underlying symmetries. 42 symmetries should be used in
code design.
1. Standard arrays of Lexicographic- Tables 7- | Investigate the exact role of the | April, 1996,
Greedy error-correcting codes are ordered | 9 coset leaders in defining a code’s | Report
in cosets defined by the cosets’ g- properties.
values. The coset leaders may, or may
not, be the basis of vectors defining the
code.
1. For the first time, symmetries are Fig. 43 Investigate the role of these April, 1996,
shown underlying the lexicographic AD symmetries in defining acode’s | Report
ordering of the g-values of the properties.
Lexicographic-Greedy codes.
1. The Greedy code algorithm, which Fig.s 44- | Develop the Greedy code May, 1996,
generates codes according to a designed | 52 algorithm for longer perfect code | Report
distance, d, at set n, provides superior generation.
codes than those generated by the Determine the role of the Greedy
conventional methods of commencing algorithm in the generation of
with a designed k, at set n. perfect codes.
1. The symmetries underlying the Fig.s 53- | The code bounds derived are for May, 1996,
Lexicographic codes are shown. 58 large n. Therefore, further Report
However, the most symmetric code investigation may reveal that
studied is not the optimum, as the symmetry does play a role in
code’s code-rate, k/n, exceeds the choosing the optimum
channel capacity. Lexicographic code.

A Gaussian approximation can be used to
hopping codes!. A derivation in Kwong et al2
large values of N) for thr probability of error,

1Prucnal, P.R., Santoro, M.A. & Fan, T.R., Spread spectrum fiber-op

processing. J. Lightwave Technology, LT-4, 547-554, 1986;
Kwong, W.C., Perrier, P.A. & Prucnal, P.R., Performance comparison of asynchronous and synchronous
code-division multiple-access techniques for fiber-optic local area networks. JEEE Trans. Comm., 11, 1625-

1634, 1991;
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where

) =—\/.;—7—Iexp[—§2 /2]dé

is the unit normal cumulative distribution function and P is a prime number, as well as the
number of codes generated and equal to @, the number of binary ones per code sequence.

Accordingly, Fig. 4 shows the (log) probability of error versus the number of
simultaneous users as a function of P.

logPE

n 2 i i A i n
1005 1010 1015 1020 1025 1030

Fig. 4 Log Probability of error versus the number of simultaneous users for prime number and number of

codes = 1021. This shows that pulse position modulation (PPM) CDMA can accomodate 1021 subscribers
and 1008 simultaneous users with a probability of error less than 10,

Fig. 4 indicates that time hopping pulse position modulation schemes using
orthogonal codes can accomodate a large number of simultaneous users at excellent error
probability. Probability of Error is examined in more detail in Section 1.3.

Table 3 summarizes the results shown in Fig.s 8-12. Based on auto- and cross-

correlation hit criteria and 11x11 or 10x10 matrices, the quadratic and quartic congruence
codes are superior, followed closely by the hyperbolic, then cubic congruence codes. The
Welch-Costas arrays are definitely inferior in cross-correlation properties (although
superior in auto-correlation properties). The trade-off between low out-of-phase auto-

correlation and low cross-correlation in orthogonal codes is examined in detail in Section
1.4.2.

Gagliardi, R.M., Mendez, AJ., Dale, MR. & Park, E., Fiber-optic digital video multiplexing using
optical CDMA. J. Lightwave Technology 11, 20-26, 1993;

Gagliardi, R.M., Pulse-coded multiple acces in space optical communications. IEEE J. Selected Areas in
Communications, 13, 603-608, 1995.

2Kwong, W.C., Perrier, P.A. & Prucnal, P.R., Performance comparison of asynchronous and synchronous

code-division multiple-access techniques for fiber-optic local area networks. JEEE Trans. Comm., 11, 1625-
1634, 1991.
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Table 3 Code Comparison of Auto- and Cross-Correlation Properties

Code Maximum Number of Maximum Number of Hits
Hits in the Auto- Across All Cross-
Correlation Subbands Correlation Bands
Hyperbolic Congruence 4 3
Quadratic Congruence 2 4
Welch-Costas 2 9
Cubic Congruence 4 4
uartic Congruence 3 3

Hyperbolic codes are shown in multidimensional form in Fig.s 5-7. The two axes,
other than the time axis, represent frequency diversity and wavelet diversity. Regarding
frequency diversity: as stated in Table 1 above, only 4 frequencies are now available in
optical fiber transmissions. Therefore, the frequency diversity shown in these Fig.s is not
now available. The same can be said for wavelet diversity. In order to apply the fine
structure required in wavelet representation, the maximum modulation capacity is used,
leaving no possibility of anything other than a 1 bit wave packet or transmission word.
Therefore, and referring to Table 1 again, if channels are defined by wavelets, then each
wave packet transmitted is no more than a 1 bit transmission.

The first section following (1.2) examines the bounds on codes imposed by
Shannon’s laws of transmission with minimum error.

Proprietary to BSEI
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INCREASING/DECREASING POLYNOMIAL INDICES

Fig. 15 The full 10 hyperbolic congruence, quadratic congruence and Welch-Costas codes are represented as
an increasing (dark shading) or decreasing (light shading) generator polynomial index (o). The patterns
indicate the sequential increase or decrease of the o input to a shift register. The significant discovery is that
there are symmetrical patterns corresponding to each orthogonal code, eg.

(1) In the case of the hyperbolic congruence codes and neglecting the top row: (a) there is a reverse
symmetry about the y-axis; and (b) there is an exact symmetry about the x-axis.

(2) In the case of the quadratic congruence codes and neglecting the top row: (a) there is a reverse symmetry
about the y-axis; and (b) there is a reverse symmetry about the x-axis.

(3) In the case of the Welch-Costas codes: (a) neglecting the top (10th) row, there is a reverse symmetry
about the y-axis; and (b) there is a reversal and a displacement over the x-axis.
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1.2 Code Bounds

Lexicographic-Greedy error-correcting codes are defined as follows. Every linear
code C with minimum distance at least d and covering radius at most d-1 is a B-greedy
code of designed distance d for some ordered basis B. Any ordered basis for B may be
chosen whose first & vectors are a basis of C where k is the dimension of C. The fact that a
B-greedy code of designed distance d has covering radius at most d-1 implies that B-
greedy codes attain the Varshamov-Gilberf'! bound for binary linear codes. This month we
demonstrate that the standard arrays of Lexicographic-Greedy codes are ordered in cosets
defined by the coset g-values. The coset leaders may, or may not, be the basis vectors
defining the code. We have also discovered symmetries underlying the lexicographic
ordering of the g-values of these codes.

If an (n,k) linear'? code is considered with generator matrix G and parity check
matrix H, then a transmitted code word, v, is defined as:

V= (Vo,VyseeVpy)s
and a received vector as:

r=(r,n,..1,,).
The error vector, e, is then defined as:

e=r+vy
= (e;.€,...., ).
A syndrome, s, is defined as:
s=reH’
= (895 Sy5eeSp_ty)

where H is a parity check matrix:

11 The Varshamov-Gilbert bound states that for any minimum weight d and redundancy m there is a code of
length n that can correct [(d-1)/2] errors and has dimension greater than or equal to n - m.

121 inear block codes are defined in terms of generator and parity-check matrices. Specifically, a linear block
code of length n and 2* code words is called a linear (n.k) code iff its 2* code words form a k-dimensional

subspace of the vector space of all the n-tuples over the field GF(2). Stated differently, a binary block code
is linear iff the modulo-2 sum of two code words is also a code word.
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H=[1_, P"]
(100 .. 0 p, Po -  Prao |
0 1 0 aee 0 pm pu o pk—],l
001 .0 pg, P2 o Dip

000 .0 Pon-i-1  DPrp-i- Pr1,n-k1

which provides the elements for the matrix P as in:
H=[I_, P"],
where I, is the identity matrix.

We shall refer to this syndrome and parity check matrix as the systematic-syndrome
and the systematic parity check matrix, or the S-syndrome and the S-parity check matrix.
These are the conventional syndromes and parity-check matrices.

s =0 if and only if r is a code word, and s # 0 if and only if r is not a code word.

A further eventuality is that s=r<H” = 0, but e is identical to a nonzero code word. This is
the case of an undetectable error pattern.

According to these definitions, the S-syndrome is:

So =T+ 1 Poo + 1 py1Dig + ...+ la1Di10

S, =R +0 Doy F Dyt t LAy

Sneb-1 = Dhgoy T 4Dy iy +1, k1 Prai1 Fee T LD

Returning now to the Greedy codes, an index m is defined as the smallest integer
such that

g(z)<2™ -1 Jorall zin F}.

In the case of the (5,3) lexicographic code, the highest g value is 7. Therefore, the index m

is 3. The g-value for every z vector in F" can be made a vector by taking the its base 2
description. Therefore, the g values may be regarded as maps!3:

8:F - E"

13 Brualdi, R.A. & Pless, V.S., Greedy codes, J. Combinatorial Theory, Series A64, 1993, 1--30.
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In the case of the lexicographic code considered, this mapping is:
g . F'ZS - Fl23
In the case of the n = 5, k = 2, d = 3 Lexicographic code given in Table 1 of the
March Report, a parity check matrix for the g-values of vectors in F , 18:
11000
H=10 01 1 0f,
1 0101
where we have used the observation!3 that

H =[g(e;)g(e,)8(e,)8(e,)8(e,)],

reflecting:
e gvalues g values as vectors or g(e,)
yl= {0,0,0,0, 1} 1 (001)
y2= {0,0,0,1,0} 2 (010)
y3= {0,0,1,0,0} 3 (011)
y4= {0,1,0,0,0} 4 (100)
y5>= {1,0,0,0,0} 5 (101)

We shall refer to this syndrome and parity check matrix as the Lexicographic or L-
syndrome and the Lexicographic or L-parity check matrix, in comparison with the
previously defined conventional S-syndrome and S-parity check matrix.

As an example, if the z vector {0,0,0,1,1} from that Table (i.e., a z vector which is
not a code word) is considered, then its g value, 5, is its L-syndrome relative to the parity

check matrix. This can be seen as follows. The L-syndrome for that Lexicographic code
is:
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1 0 1]
1 00
§ = (50:80:8) = (1,157, 1,5,) 0 1 1|=reH" or
010
|0 0 1]
Pow DPo Po |
Po DPu D
s=(S0,s1,s2)=(’barpr2"E;5r4) p20 p21 p22
Py Dy Py
| Py Py Pa |
Therefore, as:
So =Nl XPo+tHXPy+h XDy +1 X Py +1, X Dag
i SR XPy N XPy+nXPpy+rXp, +r, X Py
52 =R X P+ X D1y + 1, X Py + 1, X Pay +1, X Py,
then:
So=h+n
s, =rn+r,
S,=rn+r+r
The L-syndrome circuit for this code is shown in Fig. 1.
Message
r 0 rl T ) B ]
10 rl » 3 0 2 r4
Fig. 57. L-syndrome circuit for the (5:2,3) Lexicographic code of Appendix Table 1.
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Only codewords have g values equal to zero!3. For all other z vectors of F,, g is

the syndrome-B relative to the parity check matrix. The g values also define the cosets in F.
For example, the definition of a coset!4 is:

If C is an [n,k] linear code over a field with g elements, then for any vector, z, the set
z+C={z+x:xeC}

is called a coset (or translate) of C. Every vector y is in some coset (in y + C, for
example). z and y are in the same coset iff (z-y) exists in C. Each coset contains
vectors. For example, in the case of the n = 5, k = 2, d =3, lexicographic code of
Appendix, Table 2:

g value of 0 - 4 cases (the codewords)
g value of 1 - 4 cases
g value of 2 - 4 cases
g value of 3 - 4 cases
g value of 4 - 4 cases
g value of 5 - 4 cases
g value of 6 - 4 cases
g value of 7 - 4 cases

ie,g=2,k=2,4"=4.
Thus, the set F of all vectors, z, can be partitioned into cosets of C:
F'=Cu(z,+C)u(z,+C)u...u(z,+C)

and t=g"* -1. In the case of the lexicographic code of Table 1, with n=5 and k=2,
1=2°2.1=7, ie.,

z; = all z vectors with g = 1
z, = all z vectors with g = 2

z,= all z vectors with g = 7.

If a decoder receives the vector r, then r must belong to some coset in the above Eq., ¢.g.,
r =z, +x (x € C). The error vectors are:

e=r—-x=z+x-x¥=z+x"ez,+C

If a r vector is received, then a minimum weight vector, e, is chosen for the coset
containing r and r is decoded as x = r - e. This minimum weight vector in a coset is called
the coset leader.

The syndrome, s, can be expanded in terms of the transmitted codeword, v, and
the error vector, e:

14 MacWilliams, F.J. & Sloane, N.J.A., The Theory of Error-Correcting Codes, North-Holland, 1997, page
15. ,
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s=reH =(wv+e)H =vsH +e+HT

As veHT=0,

s=e+HT

Multiplying this out gives:

So =€ t€ 1Pyt e, puPyot..te_ P,

Si=e ‘e, Dyte, Dy t..+ €u1Di-1

Snk-t = C€ppy T €y yDopjoy t €y gy Ppopoy Tt 1Pt n-k-1

with the syndrome digits being a linear combination of the error digits. These Eq.s also
reveal that the n-k linear equations do not have a unique solution, but have 2* solutions. But
this agrees with the observation, above, that each coset has q" vectors, where q=2.
Therefore, to determine the true error vector from a coset of 2 vectors, the most probable
error pattern is chosen satisfying the above Eq.s.

The most probable error is understood as follows. Considering againthe n =35, k =
2,d = 3, lexicographic code of Appendix, Table 2, suppose the transmitted code word is v
=(0,0,1,1,1) and the received code word is r = (0,0,1,0,1). The L-syndrome for the
received codeword is:

s=r<H =(0 1 0),
and the error digits are related to the L-syndrome digits by:

O=¢,+¢
l=e,+e,
O=¢,+e,+e,

There are 2* or 2 =4, for k = 2 error patterns that satisfy these equations. The possibilities
are:

€& e e e e,
e=0 0 0 1 0
e=1 1 0 1 1
e=(0 0 1 0 1
e=1 1 1 0 0

as the first possible error vector, e=(0 0 0 1 0), has the smallest number of nonzero
components, it is taken as the true error vector. Therefore the received vector, r=(0 0 1 0

39




40

I)is decodedintov*=r+e=(0 0 1 0 1)+(0 0 0 1 0)=(0 0 0 1 1 1), which is the
transmitted vector, v.

This error correction can be looked at from another viewpoint. An L-generator
matrix for the n =5, k = 2, d = 3, Lexicographic code is:

c|®]_[0 0111
gl (11001

The L-standard array is:

Standard Array for the Lexicographic Code (5,2)
Basis | Coset Leader
00000 J00111]J11001J11110
1100011111
1101111100
11101]11010
1000110110
01001]01110
10011110100
01011]01100

in which the basis vectors have been shaded.

This standard array has 2* disjoint columns, so k = 2. Each column consists of 2 **

n-tuples. That is, 2 ©» = 8, so 8 x 5-tuples. The coset leaders are e,, e,...e,. Each coset
leader is of smallest weight than other members of the set . The significant result is that all

rovsv entries have identical g’s, e.g., the same standard array plotted in terms of the g values
is1s:

g values of the z vectors of the Lexicographic Code (5,2)

S ON W B W~ O

\llc\u-lkwt\)'—'o
\IIO\UI-th (e

\IIO\U:J;UJIN'—‘Q

15 Proof of this empirical finding can be found in: Monroe, L., Binary Greedy Codes. Congressus
Numerantium 104, 49-63, 1994,
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This reflects the theorem that states that two vectors are in the same coset of C iff they have
the same syndrome!6. Supposing ( 0 0 I 0 1 ) is received, this is in the third row of the
second column. The coset leader for this row is (0 0 0 1 0 ), so the received signal is
decoded correctly as (00101)-(00010)=(0011 1) as before.

Compare the above analysis based on the Greedy-code method, with conventional
methods. The S-parity check matrix for the Lexicographic (5,2) code (with the 4 code-
words {0, 0, 0, 0, 0}, {0,0,1,1,1},{1,1,0,0, 1} and {1, 1, 1, 1, 0}) is:

00111
H=|01 0 1 1}
1 0001
0 0 17
010
H =|1 00
110
1 1 1]

and the S-generator matrix is:

G- 11001
1111 0f
The S-generator matrix for the Lexicographic (5,2) code has the components:

So=h+rn+r,

S =ntntr,

$,=ntrn
Taking the previous example again, suppose (0 0 1 0 1) is received, when (00011 1)
was transmitted. Then s,= 1,5, =1, 5,= 0, and

l=e,+e,+e,

l=¢ +e,+e,

O=¢,+e,

There are 2* or 22 =4, for k = 2 error patterns that satisfy these equations (but not the same

four error patterns generated using L-generator matrix above). The possibilities this time
are:

16 MacWilliams, F.J. & Sloane, NJ.A., The Theory of Error-Correcting Codes, North-Holland, 1997, page
17, Theorem 4. .
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&G € € e e,
e=(0 0 0 1 0
e=(0 1 1 0 0)
e=1 0 0 0 1
e=(1 1 1 1 1

But the outcome is the same as before. As the first possible error vector, e=(0 0 0 I 0) -
which is the same error vector generated by the previous method - has the smallest number
of nonzero components, it is taken as the true error vector. Therefore the received vector,
r=(0 0 1 0 1)isdecodedintov*=r+e=(0 010 1)+(00010)=(00011 1),
which is, again, the transmitted vector, v. The standard array is the same in both
formulations.

The question arises: How is a message encoded in the Lexicographic formulation?
The Lexicographic formulation can be related to the Systematic formulation as follows.

Commence with the Lexicographic parity check matrix as given above:

11000 row 1
H={0 0 110 row 2
1 01 01 row 3

Add rows 1 and 3, and replace row 3, giving:

11100 row1
H={0 0110 row 2.
01101 row3
Add rows 3 and 2, replacing row 2, giving:
11000 row1
H=10101 1 row 2
01101 row3
Add rows 2 and 3, replacing row 3, giving:
11000 row 1
H={01 01 1 row 2
00110 row 3
Add rows 1 and 2, replacing row 1, giving:
1 0 011 row1
H=101 011 row 2.
0 0110 row 3
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The parity check matrix is now in the form of the S-parity check matrix shown above.

The same transformation can be pcrformed with the L-generator matrix, which is:

G_go_00111 row 1
el 11001 row?2’
Add rows 1 and 2, replacing row 1:
Gg0_11110 row 1
“lgl 11001 row?2’
The generator matrix is now in the form of the S-generator matrix shown above, and

messages can be encoded in the normal way.

All three of the Lexicographic-Greedy (7,4) codes of Appendix Tables 7-9 have the
same generator matrix:

&] [1 111000
g 110100
“=lel%l1 01001 of
] [1 100001

because all three code generations, based on different basis vectors, produce the same code
words (i.e., the code vectors for which g = 0). However, the plots, Tables 39-42 above, of
the lexicographic ordering of these codes according to the different g-values, i.e., the
ordering of the coset vectors or noncode words, indicate (1) symmetries underlying that
ordering, and (2) differences between the three methods of code generation due to the
differences in choice in basis vectors. The standard arrays for the three codes, Appendix
Tables 4-6, also reveal that whereas in the case of the (7,4) code shown in Appendix Table
7 the coset leaders are also the basis vectors, this is not so for the codes shown in
Appendix Tables 8 and 9, even although the codes themselves generated from all three sets
of basis vectors are the same. This finding will have a bearing on the design of efficient
error correction codes and will be investigated further.
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1.2 Bit Error Analysis

Azizoglu et al'® addressed performance limitations in optical CDMA scenarios
comparable to those which may be predicted to occur in future OTDM networks. With

reference to previous examples of codes based on the primary number 11, the following
variables are defined:

* F chips constitute, in our terminology, a superframe. For a 11x11 code matrix,
F=11=121.

* Each of these chips is of duration 7, with7, = F7_being the duration of the superframe.
K of the F chips are occupied. In the p = 11 codes we have considered, K = 11.

The informational encoding which Azizoglu et al consider are the cases of:

* users in the network sending their data in an on-off modulation format, so that for a “0”
bit a user sends nothing and for a “1” bit a temporal signature is sent.

Clearly, informational encoding could be:
* a pulse-position modulation scheme.

For optical orthogonal codes (OOC), two code words cannot overlap at more than

one pulse position. As there are K? ways of pairing the K pulses of two users, the
probability that a pulse belonging to a particular user overlapping with one of the pulses of
the desired user is:

KZ

LT

where the factor 1/2 is due to the probability that the interferer is transmitting a “1” - i.e.,
that the first form of informational encoding has been chosen.

If M is the number of users, and Z the number of interfering users, the pattern of
interferences is described by a an interference vector, o(l). Given that there are /
interfering users - each interfering at exactly one pulse position - there is a variety of
possible interference patterns. Therefore, the vector, o(l), is a K-dimensional vector
whose Zthelement, «;(l), represents the number of pulses that overlap with the 7 th pulse

of the desired user. As every interfering user contributes one and only one pulse’, the
vector satisfies:

fa,.(z) =1 o,()e{0,1,...1}.

i=1

If the receiver is not hard-limited, then:

18 Azizoglu, M.Y., Salehi, J.A. & Li, Y., On the performance of fiber-optic CDMA systems. Proc. IEEE
GLOBECOM 1990, San Diego, CA, Dec. 1990, pp. 1861-1865;

Azizoglu, M.Y., Salehi, J.A. & Li, Y., Optical CDMA via temporal codes. IEEE Trans. Comm., 40,
1162-1170, 1992.

19 This assumption is questionable.
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and an error will occur if / 2 Th. In the hard-limited case, Th = K and Azizoglu et al show

that:
gl

for the hard-limiting case, Th = K. This probability of error is shown in Fig. 16 for three
values of M, the number of users.

If the restrictions on the auto- and cross-correlations are relaxed from A = 1to
A =2, upper and lower bounds can be given to the error probability:

K (K pi j M-1
lower bound : P, 22(-1)‘(i)[ _?(Z_E)] ,

i=0

K2 (K pi( i)]M—l
bound : P, < -1 -——|2-= ,
apper bound < 3 )| 122~

i=0

where p = K*/4F. Upper and lower bounds are shown in Fig. 17, for M=50, and Fig.
18. for M=10.

Kostic and Titlebaum?® have also addressed the problem of error for two sets of
quadratic congruence codes defined with respect to the bound on the maximum value of the
inner product between two arbitrary sequences being equal to 2 - C’,,.., or equalto1-C,

Interference is represented by a probability distribution function (pdf) of a random variaglcé,
I. For the set, C’ - and prime p, the pdfis:

1 p
d, =——06(I, -0)+—8(1 1), and
Eq)=1, o*1)=22L;
p
and for the set, CQC, the pdfis:

3p-1 1 p-1
dfp, =——06()+—¥8( -1 —&(I -2), and
Py = =gy 8+ -8, =1+ £28(, - 2), an

Eq)=1, o*(I)=22"2
4p

20 Kostic, Z. & Titlebaum, E.L., The design and performance analysis for several new classes of codes for
optical synchronous CDMA and for arbitrary-medium time-hopping synchronous CDMA communication
systems. IEEE Trans. Comm., 42, 2608-2617, 1994,
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With the variables, A, B and C, defined as:
A=_p;1,3=l,c=p__i,
2p P 2p
A==l 1 p-l
4p 2p p

for the sets C’ 5 and Coc Tespectively, the error probability is:

PE = l Nif iAN—l—jBZj—iCi—j (N - 1)! +
2|15 (2j- i)!(i —j)!(N -1- j)!
ks
z‘ﬁi" "2‘ AN gRi-igi-i (N-1)
i=1v—1j=l.i_+1-‘ (Zj_i)!(i'j)!(N'“l"j)!
2

Fig.s 19-22 show the (log) error probability versus matched filter threshold for several
codes and users. Fig.s 23-26 show the ratio of the error probability to the number of
sequences in a set versus the matched filter threshold for a number of codes and users.

These calculations indicate that the probability of error decreases with (1) an
increase of the matched filter threshold and (2) an increase in code length.

The upper bound of the probability of error for the case of chip synchronous is?!:

NAN —1 2\¢ 2 \N-1-i
PE = l. . K 1—- E._ ,
25\ 0 2F 2F
where “Th” is a correlation receiver threshold, 0 < Th < K. Fig. 27 indicates (@) as

expected, a reduction of the number of chips per frame results in a lowering of
performance; and (b) as the receiver threshhold is raised, the performance improves.

Fig. 28 on the other hand, indicates that using more pulses in a sequence does not
result in a reduction in performance if one can raise the receiver threshold. In fact, raising
the receiver threshold due to the availability of more pulses in the code results in a much
greater gain in performance than any reduction in performance due to there being more
pulses in the code. However, if the number of pulses in the code were increased and the
threshold were kept constant, then the performance would degrade.

Fig. 29 shows the result for the case of the number of slots available in a
superframe, F, being much larger than the number of users, N. In this case, increasing the
number of users results in a reduction of performance (increasing N from 10 to 50 is
shown). This reduction in performance can be offset by hardlimiting the receiver. An
optical hardlimiter, or threshold element, is defined as:

21 Salehi, J.A. & Brackett, C.A., Code division multiple-access techniques in optical fiber networks - Part
II: Systems performance analysis. IEEE Trans. Comm., 37, 834-842, 1989.
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1, x21

g(x)z{o, 0<x<I

That is, if an optical light intensity (x) is greater than, or equal to, one, then hardlimiting
gives an output of one; and if the optical light intensity is smaller than one, then the
response of the hardlimiter is zero.

If hard-limiting is used on a receiver front-end, then the probability of error for the
chip synchronous case is:

1 K Th-1 K
PE<: 1-¢"™) g=1-%; p=1-g.
Z(Th)g( ¢y a=1-—2 p=l-¢

Fig. 30 (when compared with Fig. 28) shows that hard limiting increases performance by

approximately 1.5 orders of magnitude. Fig.s 31 and 32 (when compared with Fig.s 27
and 29 indicate the same level of performance improvement.

In the case of asynchronous transmission with hard limiting, the probability of error
is2l;

1 K\ _ ) N-i-m 1 | No2em N (N=1-m) , i A 1=i/2
PESZ(Th)HI:l {q +(N-1 m)pq + 2 . D q 1-0 m

m=0 =2 l
where
_K
p 7
qg=1-p,

1 5 u?
0= 7= e""[‘?]"“ |

Fig. 33 indicates the improvement of hard-limiting to the asynchronous case. The
improvement is about 4-5 orders of magnitude.

Because the number of users is unacceptably low with the criterion A = 1, the

consequences of raising this criterion to A = 2 has been examined. With / , users interfering

at 1 position and /, users interfering at 2 pulse positions, (giving the total number of
interfering pulses = [, + 21,), the error probability is:

P = % zpr(lllz)

-2L,2Th
hhiu

with
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L+l <M,
(F-1(F-2) .
Ms< K(K-—l)(K—Z)

The probability of error is then:

1 1 Tecil(Th-1=h)/2] (M=1) ,
Fe=2-5 (1= g —
’ 2 2 L=0  L=0 llllz!(M—-l—ll _12)!41 9 ( q qz)

M-1-1,-1,

Azizoglu et al2 have shown that the statistic:

U
2
K/r
indicates the deviation of a code from the strict orthogonal optical code (OOC) criterion.
For ¢ =1 the code is an OOC. For ¢ =0, the code will have 2 overlaps in auto- and cross-
correlation. Fig.s 34 and 35 show the error probability as a function of ¢ for the optimum
threshold: Th = K, with F = 1000 and for the hard-limiting case. These Fig.s show that

the error probability increases with decreasing c¢, but the number of possible users
increases.

c

On introducing hard-limiting to the receiver, and with A = 2, the lower bound on

the error probability is:
F2=) (-1 -—=|2-— ,
: 2,);0( )(i)[ kU

and the upper bound is:

1K/2 'K/Z 2pi M-1
P. <= -1 _— .
s <23 )( )( 21)

i=0 l

The upper and lower bounds are shown in Fig. 36, for M = 50, F = 1000, and in Fig. 37,
for M = 10, F = 1000. A comparison with Fig. 38, for the A = 1 case, indicates that the

performance with A = 2 is a few orders of magnitude poorer, but as pointed out by
Azizoglu et al, more chips, K, can be used for the codes, thus giving compensatory

performance - as Fig. 28 clearly shows. Therefore the conclusion must be that A, = 2 codes

may be as good in performance as A = 1 codes, while possibly offering the availability of
more codes to more users.

22 Azizoglu, M., Salehi, J.A. & Li, Y., Optical CDMA via temporal codes. IEEE Trans. Comm., 40,
1162-1169, 1992.
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1.4 Code Design
1.4.1 Perfect Error-Correcting Codes

The Greedy code algorithm, which generates codes according to a designed
distance, d, at set n, provides superior codes than those generated by the conventional
methods of commencing with a designed k, at set n. Greedy code algorithms provide
perfect codes. The generation of perfect codes with designed distance d, which are usable
means that the rate k/n must still be less than the channel capacity, C. Pictorial
representation shows that the Table II (7,4) code of distance 3 is the most symmetric.
However, this code was not considered optimum because the code rate, k/n, exceeds the
channel capacity of 0.408. On the other hand, the code bounds derived are intended for
large n. Therefore, further investigation could reveal that symmetry does play a role in
choosing the optimum Lexicographic code. This task must be left for future work as
generation of Lexicographic codes of large n by the Greedy code algorithm, although now
straightforward because we have generated the code, requires lengthy code modification
and data treatment.

In the following Tables and Figures we show that the generation of good error-
correcting codes by the single criterion of high bit error correction, ¢, is insufficient to
obtain good and usable codes. Other criteria, such as a code rate, k/n, permitted by the

channel capacity and a minimization of the probability of error, are also determining
factors.

For example, Table 4 shows various d, k, ¢t and M values for an n = 7 Linear
Lexicographic Code generated with the Greedy algorithm. The highest 7 obtained is 3 and it
might be supposed that the (7,1) or the (7,0) codes are equally usable. However, Table 5
shows that by the criterion of the lowest probability of error, only the (7,1) code is usable,
but even that conclusion carries the penalty that only 2 (7,1) codes can be generated (M =
2) at the designed distance of 7. This code is shown in Table 15 of the Appendix.

Table 4.

Designed distance, d, for n = 7 Lexicographic Greedy perfect codes of Appendix: Tables 10-16 and the
resulting tradeoffs with limits on bit error correction, ¢, with the number of message elements, k, and
with the number of codes, M. )

|d In Ik |t |M
117 7 10 128
2 7 6 |0 |64
3 7 4 1 16
4 7 3 1 8
5 7 1 2 12
6 7 11 2 |2
7 7 11 3 |12
8 7 0 |3 1
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Table 5.

Probability of Error for n =7 Lexicographic Greedy perfect codes of Appendix Tables 10-16. Those with
code rate, k/n, less than the Channel Capacity, C = 0.408, are highlighted. Of these, the row of the code
with the smallest probability of error (0.010) is shaded. This code is found in Table 15 of the Appendix.,

d n k t Prob(Error) | kin
%4%1 7 |7 0.660 1
2 7 |6 0 1 0.660 0.857

3 |7 4 T I 0.264 0.571
4 |7 3 T 10 0.264 0429
5 7 1 2 1V 0.065 .143
6 7 |1 2 V

Figure 62 displays the same data for all codes in another way. The Figure shows
that a high d implies a low £ (hence a low M), achieving a low probability of error, which

is good, but at the price of a low code rate, k/n, which is not good. ¢ approximately follows
the direction of d.

8 d

Prob(Emor)

kin
S
e

2 4 6 8

Fig. 62. Pictorial representation of Table 1. The data points for which k/n < C, are the 2nd, 3rd and 4th
from the left (larger dots). Of these, the data point with the smallest probability of error (0.010) is the 2nd.

The situation improves with larger n. Fig. 63 shows the probability of error versus
the probability of bit error at various 7 values for n = 7. Comparing this Figure with Fig.
64, which is for n = 1021, we see that a larger n supports a larger ¢, but with higher
probability of bit errors at constant z. This point is made clearer in the Log-Log plots of
Fig.s 66 and 67. These Fig.s show the advantage of a larger n. Although at the same 7 for
both code lengths a smaller probability of bit error results in a larger word error at larger n,

the larger n can support higher #’s and hence a smaller probability of word error is
achieved.
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n=7

Rrob(bit error)

0.2 0.4 0.6 08 1

Fig. 63. The probability of error versus the bit error probability (probability of symbol error) for n = 7.

1k P, <P, ,<P,.C

1
08
06
0.4

0.2

=0.408 and k/n < C, for t 2 3. t = 4 and 5 are unusable.

RProb(Ervor)

Lo diR o RN . . B . ]
HFn un nn
DH WN-O

n=1021

2robfbit erpr)

0.002 0.004 0.006 0.008 0,01 0.012 0.014

Fig. 64. The probability of error versus the bit error probability (probability of symbol error) for n = 1,021.
1k P,,<P,,,<P,. C=0.989 and k/n < C, for all £'s shown. All £’s are usable, as are larger s not

shown.

The impact of the channel capacity in the choice of codes is clearly shown in Fig.
65. The channel capacity, C, is 0.408 and only k = 0 and 1 provides a rate, k/n, which is
below that capacity. A final determination of the usable code is in terms of the probability

of error (Table 5).
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1
kin
0.8
n="7

0.6
04 Channel Capacity
0.2

2 4 6 8
Fig. 65. Code rate k/n versus d, with k values represented. The only usable &/n rates less than C are for k =
1. Of these, the highlighted data point is optimum with respect to probability of error.

The essential features of a “good” error-correcting code are:
« that its distance, d, is as large as possible, so that <2t corruptions can be detected, and <t
bits of a codeword can be corrected, if d = 2¢ + . (If d = 2¢, then 2¢ - 1 errors can be
detected and ¢ - 1 errors corrected).
« that the code is constructed so that error detection and correction can be performed
without the need to compare the received vector with all valid codewords.

» that the code is constructed with sufficient distance, but with also sufficient number of
codewords, M = 2*, generated.
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These requirements dictate that each codeword be surrounded by a number of
vectors, S(n,t), which describe the codeword corrupted by single-bit errors, two-bit
erTors, etc., up to #-bit errors. This number is defined?3:

s () 0)+(0)

M1+ S(n1)<2".

and

For large n, the sphere-packing bound on M is:
log, M < n(1- H(a)),

where

H(a)=—(alog, o+ (1-a)log,(1~@))  (the entropy function),
_t_@-h

n 2n
The code rate, k/n, of a code with k information bits is then defined as:
k/n<1-H(x).

The major point, however, is that there is an upper limit on the number of codewords that
can exist if a minimum distance, d, is a goal.

Shannon’s theorem?4 states that:

P; = Prob(Decoding Error) = Prob(No codeword)+ Prob(Two or more codewords), where

Prob(2 or more codewords) = (M - 1)(1/22)(('11)+ (;)+ ot (;z))

g=(p+e)=a=1/n
The above reduces to:

MznuH(q)

a b

Prob(Two or more codewords) <

M <220H6D yhore

C =1-H(p) is the capacity of a binary symmetric channel.

23 cf. Purser, M., Introduction to Error-Correcting Codes, Artech, Boston, 1995,
24 Shannon, C.E., Communication in the presence of noise, IRE Proc., 37, 1949.
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With 2™* possible syndromes and (n) error patterns of weight w, then for ¢-error
w

correction, the following bound must be true:

1(1)(2)()2

This is the so-called sphere-packing bound. Another bound can be constructed by requiring
linear independence of the columns of the parity check matrix, H. This choice of columns

results in:
S WL - o <2" k-1
1 2 Tol2r-1 '

This is known as the Varsharmov-Gilbert bound.

Another bound, the Plotkin bound, is obtained by the observation that for given ¢,

as n increases by 1 bit, the number of codewords at most doubles. The Plotkin bound for
linear codes is:

coderate =k/n<1-4t/n,
the Varsharmov-Gilbert bound is:
coderate =k/n<1- H(2t/n)
and the sphere-packing bound is:
coderate=k/n<1-H(t/n)
Combining the Varsharmov-Gilbert bound and the sphere-packing bound gives:
1-HQ2t/n)<k/n<1-H(t/n).
Fig. 68, above, shows these three bounds on coderate, k/n, and on #/n (for large n).
Fig. 69 plots values for a variety of codes and Fig. 70 plots values for n = 7 codes. It can
be seen that none of these really satisfy the bounds, but » is small for all the codes plotted.

Shannon’s theorem indicates that increasing n will result in a better result, but this will

require practical devices providing long word lengths and such devices are not yet
available.
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In the light of the above, the following Linear Systematic (5,2) Code is examined:

1 01 0
<[ 41wttt 1o
1o 100 1 1 B ’

0 110 0 1

and compared with Linear Lexicographic (5,2) Codes. The standard array for the Linear
Systematic code is:

Table 6: Linear Systematic (5,2) Code, d = 3

C, c, c, syndrome
00000 | 10110 000
10000 [ 00110 110
01000 | 11110 011
00100 100
00010 [ 10100 010

T RN V'§V
3% @o CN

AR

11D

Table 7A: Linear Lexicographic (5, 2) Code, d = 3

C, c, c, C, syndrome
00000 [00111 |11001 [ 11110 000
00001 [ 00110 [11000 (11111 001
00010 1 11011 | 11100 010
00100 [ 00011 [ 11101 | 11010 100

The standard array for one Linear Lexicographic code generated with the ordered basis set
shown in column, c,, is:

In order to make a direct comparison with the Linear Systematic (5,2) code of Table 6, a
second Linear Lexicographic (5,2) code is shown in Table 7B with the first six rows of the

¢, column identical to Table 6. The code of Table 6B is completely described in Table 1 of
the Appendix.
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Table 7B: Linear Lexicographic (5, 2) Code, d = 3

Cp c, C, C, syndrome
00000 11100 | 10011 [OI1I1 000
10000 [ 01100 [00011 | 11111 100
010
001
011

In Tables 6, 7A and 7B the vectors of