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I. PROJECT SUMMARY

This report presents results from cable dynamic studies that were performed in support
of the design of acoustic arrays for the High Gain Program. The studies were confined to two
specific areas: 1) The dynamic response of cables under low tension, and 2) The prediction
of vortex-induced vibrations of long cables in a shear current.

The research was carried out both at Woods Hole Oceanographic Institution (WHOI)
and Massachusetts Institute of Technology (MIT). The work on low tension cables was per-
formed by Professor Michael Triantafyllou (MIT) and Dr. Christopher Howell (WHOI and
MIT). The work on vortex induced vibrations was by performed by Dr. Mark Grosenbaugh
(WHOI), Professor Triantafyllou, and Dr. Ram Gopalkrishnan (WHOI and MIT).

1.1 Low Tension Cables

Dynamics of low-tension cables are important for understanding the response of arrays
that lay-over in a current at 45 degrees. Such an array that behaves like “blades of grass”
in a current was put forth hypothetically to address the problem of increasing horizontal
resolution. However, at the time the idea was put forth, there existed no comprehensive
way of analyzing the dynamics of such a system because of the array cables would be under
low tension.

There are many applications, besides the low-tension High Gain arrays, where it is
desirable to have cables under very low tension. Some other examples are drifting buoys
with hanging instrument arrays, tethers of remotely operated underwater vehicles, and
towed acoustic arrays during sharp maneuvers. All of these cases require special analytical
techniques because of numerical singularities that arise when the tension is nearly zero.

The work described in §2-6 develops the special numerical techniques for analyzing
the dynamics of systems that use low-tension cables (Howell, 1992). The analysis begins
with the derivation of the fully nonlinear three-dimensional cable equations that include the
effects of bending and torsion. The terms that model the bending stiffness and torsional
stiffness are key to removing the singularities due to zero tension.

Two novel schemes are presented in §3 for numerically solving the cable equations.
These schemes are developed with low-tension applications in mind.

In §4, we consider the problem of a cable under zero initial tension subject to an
impulsive load to gain a better understanding of fundamental mechanisms of cable response
intrinsic to low-tension behavior. Equations of cable motion under impulsive loading are
derived and solutions are presented for a variety of initial configurations.

The transition between high-tension and low-tension regimes is studied in §5 by con-
sidering the dynamics of an inextensible chain hanging freely under its own weight and
driven harmonically at the top. The high-tension regime is near the top boundary and the
low-tension regime is near the free end.

Finally in §6, the effects of elasticity are incorporated into the cable equations, and
the transition between inextensible and extensible behavior is analyzed. This last area of
research is important for analyzing the behavior of synthetic cables which can undergo large
amounts of extension without breaking. Proper modeling of extensibility is important from
the standpoint of impulsive or “snap” loading. For low tensions, a cable behaves as if it is
inextensible. However as the dynamic tension grows, there is a transition at which the cable
begins to elongate. How this transition affects the overall dynamics must be captured in the




model in order to predict the proper dynamic response. This is especially true for synthetic
cables which go quickly from being inextensible to a condition of extreme elongation. It is
this lack of clear understanding of extensibility that forces the Navy to require a very large
safety factor in the use of synthetic rope.

1.2 Vortex Induced Vibrations

The work presented in §7-9 on vortex induced vibrations gives techniques for deter-
mining drag coefficients and vibration amplitudes of long marine cables in shear currents.
These methods provide a powerful tool which engineers can use to calculate the vibrational
loads and fatigue life for specific configurations of High Gain arrays.

The extremely large aspect ratio and flexible nature of long marine cables make them
particularly susceptible to vortex-induced vibrations. From both design and operational
points of view, it is important to be able to predict the forces (primarily the drag) acting
on the cable, as well as its resultant configuration and motions. Although a value of 1.2 is
widely accepted as the mean drag coefficient Cp,, for the case of flow normal to a stationary
circular cylinder, it is also well known that any motion of the cylinder can significantly alter
the flow pattern and amplify the vortex-induced forces. In the case of marine cables, this
means that the selection of the proper drag coefficient remains a contentious issue. Even
with the fuzzy fairing, there is vortex induced vibrations and amplification of the drag
coefficient.

Analysis of vortex-induced vibrations of marine cables is an area of research that lacks
predictive tools. Past analyses of vortex induced vibrations have depended on stochastic
models to describe the strumming process (Vandiver, 1988). These methods are able to fit
full-scale experimental data by choosing the correct values of random-model parameters.
However, we must emphasize that, without full-scale experiments, it is very difficult with
this method to choose the correct values for the parameters.

Our techniques are deterministic. We explain vortex-induced vibrations by considering
an infinitely long cable which has no natural modes - so that each point on the cable responds
at the local vortex shedding frequency (Triantafyllou & Grosenbaugh, 1994). The cable acts
as a wave guide and combines nearby responses into the overall amplitude signal. Laboratory
measurements act as the input into the model and provide the sectional lift coefficients as a
function of amplitude, frequency, and modulation frequency (Gopalkrishnan, Grosenbaugh,
& Triantafyllou, 1991).

In §7, we develop a unified model for hydrodynamic excitation and damping in vortex
induced vibrations. In §8, the unified model for the fluid forces is then incorporated into
our deterministic model for predicting vortex induced vibrations of marine cables in a shear
current. The SAIC array cable with fuzzy fairing is analyzed in §9. We present laboratory
measurements of a 0.6-meter section of the cable and show how those can be used, with our
deterministic model, to predict the vibration amplitude and drag coefficient.

1.3 Final Comment

The work on low tension cables and vortex induced vibrations, begun in the High-Gain
program, continues at WHOI and MIT. The main thrusts are to look at the interaction be-
tween transverse and elastic modes in synthetic cables. Here, the principle tool for analysis
is our numerical model for three-dimensional cable dynamics that includes the effects of




bending, torsion, and extensibility. In the area of vortex-induced vibrations, we are com-
bining our hydrodynamic damping model, described in §9, with the cable model. This will
produce a powerful simulation for modeling vortex induced vibrations of synthetic cables.




II. THREE-DIMENSIONAL LOW-TENSION CABLE EQUATIONS

2.1 Introduction

In this section, the dynamic equations which form the basis of the mathematical model
of the cable are derived. The three-dimensional cable equations of motion were derived in
cartesian coordinates by Routh (1955) in 1860. Derivations of these equations in so-called
natural or lagrangian coordinates, fixed on the cable, have also been done by many authors,
including Bliek (1984). The equations derived here extend from those presented by other
authors who address cable dynamics in that forces in bending are retained. As a result,
the equations presented herein constitute a more accurate model for problems in which the
cable tension is small, and therefore are applicable for a wider range of tension magnitudes
than previous derivations. It should be noted that Love (1927), and then Landau and
Lifshitz (1959), formulated, in cartesian coordinates, fundamentally similar equations by
considering the dynamics of thin rods.

Several coordinate systems can be used to study cable dynamics. A lagrangian coor-
dinate system has two primary advantages over a fixed cartesian reference frame. First, it
is more straight-forward to describe the hydrodynamic forces in body-fixed coordinates and
secondly, results are more easily interpreted. Therefore, we adopt a lagrangian approach
herein and, as such, the coordinate system is moving in space and time.

2.2 Kinematics in 3-D

We consider the cable as a single curvilinear line. Let s denote the unstretched la-
grangian coordinate along the cable, measured from the origin of the coordinate system to
a material point on the cable. The origin is chosen to coincide with a boundary, such as
the free end of a towed array, and is denoted as s = 0. The other endpoint is denoted as
s = L, where L is the unstretched cable length.

The cable is considered to be extensible and as such we define p(t, s) as the stretched
distance to the same material point s, at a time ¢. The change in length due to elasticity is
given by the strain e. We define the longitudinal strain as

. o6p—6s dp

€= SEEO és ds

where §s is the unstretched length of an incremental segment and 8p is the stretched length.
The cable cross-sectional area is also altered due to elongation. Following Goodman and
Breslin (1976) we make the assumption that the cable has Poisson’s ratio %—, i.e. the volume
of the cable is preserved after stretching (Timoshenko,1934). This value is correct for
synthetic materials. Metallic cables have a Poisson ratio closer to %, so this constitutes an
approximation. Also, many wire and synthetic cables have a far more complex structure,
and there response involves relative motion between filaments as well as extension. Therefore
the chosen value is meant in an average, equivalent sense. As such, if we assume that the
cable is of circular cross-section we can express the change in the cable diameter d due to
stretching as

[

d=dy(1+e) (2.1)




Figure 2.1: Coordinate systems and Euler rotation sequence.

Note that here we have used the subscript s to denote a parameter in a stretched condition.

The coordinate system is resolved into the tangent, normal, and binormal directions,
given by the unit vectors ¢, #, and b, respectively. The tangential direction is defined as
tangent to the cable axis, pointing in the direction of increasing s. The normal direction
is perpendicular to £ and the binormal direction is defined such that the system of vectors
(£,%,b) is orthogonal and right-handed.

The transformation between the lagrangian coordinates z, y, and z and the fixed
coordinates X, Y, and Z is accomplished through a set of rotations known as Euler angles.
The particular choice of Euler angles is arbitrary in the sense that any rotation sequence
that provides a unique one-to-one transformation between points in the fixed and moving
coordinate systems is valid. For the sake of generality, when possible equations will be
expressed in a form which is independent of the Euler rotations chosen.

The following rotation sequence has been chosen for this analysis. First, a rotation
about the Z axis by the angle ¢ is performed. Next, a rotation about the resulting ¥’ axis
by the angle # is made to bring the X’ axis in line with the tangent direction. Finally, a
rotation about the Z’ axis by the angle % is conducted to fix the orientation of the normal
and binormal directions. This rotation sequence is shown in figure 2.1.

These rotations can be expressed in matrix form as follows:

z X
y|=T|Y
z Z
where
5




cos ¢ cosfd sin ¢ cos @ —sinf
I'=| cos¢sinfsiny — sin ¢ cos sin @sin fsin 4 + cospcosy cosfsiny
cos¢sinfcosy +sinpsiny sinpsinfcosy — cosdsiny cosf cos P

It should be noted that it is possible to more formally define the normal direction
using the so-called principal directions (Hildebrand, 1976), as done by Bliek (1984). The
formulation presented here was selected because it is more general when material torsion is
involved, and provides greater flexibility in deriving and expressing forces in bending. How-
ever, because Frenet’s formulas are not applicable to this coordinate system, an additional
constraint must be imposed to formally define the orientation of the normal and binormal

directions. This constraint will be addressed in the discussion of torsional effects.
Expressions for the time and spatial derivatives are complicated to some degree by
the selection of a lagrangian coordinate system. This is due to the fact that in addition
to the evolution of the vector quantity of interest, the coordinate system itself also varies
in time and space. This can be shown for the arbitrary vector é(t, s). Herein we employ
[ the subscript notation (1,2, 3) to denote the variables in the (£, 7, 5) directions, respectively

and express G as follows:

G= G1t + Gofr + Ggg. ‘ (2.2)

First consider the time variation of G. Expanding the expression for the time derivative
gives
DG _aG ot an b
— e —— — — — .3
D o O T Oy TG (23)
This expression for the so-called substantial or material derivative can be expressed as
DG 4G =
——=-a——+c?5><G, (2.4)
where & is the angular velocity vector. Physically, this vector represents the time rate
change of the local coordinate system about the z, y, and z axes. The angular velocity

vector is expressed as follows:
@ = wit + woh + w3d (2.5)

where, in terms of the selected Euler angles

wp = Qﬁb— - _aj_:_ sin @
YT OB Gt
a0 d¢ .
wy = acosd{ + —gcosesmtﬁ
0¢ 00
wy = B¢ o8 G cosvp — 5 sin .
The evaluation of changes in space follows along similar lines and is given by
DG 3G s =
Ds =~ Bs +QxG (2.6)

where

Q = Q1 + Qon + Q3. (2.7)
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Figure 2.2: Incremental cable segment.

The vector represents the local curvature of the cable, at the point s, about the local
coordinate system and is expressed in component form using the Euler angles as

_ 0y 0¢
o= 5 "5l
_ 99 00 .
Qy = gcosw-i-gcosﬁsmzﬁ
0¢ a6 .
Q3 = —a-;cos9cos¢—£sm¢.

2.3 Three-Dimensional Governing Equations
2.3.1 DERIVATION OF GOVERNING EQUATIONS

We begin the derivation of the governing equations by considering a small cable seg-
ment of unstretched length ds and stretched length of dp, as shown in figure 2.2. The
velocity and internal force vectors, V and T, respectively are defined as follows:

-

12 ‘v1£ + vory + ‘Ugb ’ (2.8)

T = Tii+Ton+ Tsb.

Here T denotes the tension force while 75 and T3 represent shear forces. We define
R as the distributed forces per unit length and m as the unstretched mass per unit length.
Conservation of mass dictates that

mydp = mds. (2.9)

7




Applying Newton’s law to the cable segment, along with the conservation of mass
yields

11)3‘; - 22 S R(1+e). (2.10)

We expand the material derivatives in local coordinates to yield

ov S 0T o ,
m(gy +IxV)=—=+QxT+} Rl+e). (2.11)

As mentioned, we seek to incorporate internal forces due to bending and torsional
stiffness in the cable. As such we must bala.nce the moments imposed on the incremental
cable segment in figure 2.2. Here we define M and ) as the internal and distributed moment
vectors. We define the following unstretched quantities: Young’s modulus E; shear modulus
G; cable density p; sectional second moment I; and polar moment I,.

The unstretched internal moment vector is expressed as

M = Myt + Mah + Msb (2.12)

where, assuming the cable is a circular, homogeneous cylinder,

My = GL® " (2.13)
My = FIQq
M; = FEIQs.

It should be noted that in (2.13) Q; represents the material torsion which, in general, is
different than the geometric torsion. In addition, the mass moment of inertia per unit length
matrix pcI, for a homogeneous cylinder of circular cross-section, is defined as

I, 00
pI=10 I 0
0 0 I
Using equation 2.1, the following relations are found between stretched and unstretched
quantities:

-

M = M,(1+e)?
pl = pIs(1+ 3)2'
Taking moments about the left-hand side of the cable segment and expressing the

results in terms of unstretched quantities yields:

[—4-’[__] +Q(1+e)+dr x B(1+e)+ 3—2 x T. (2.14)

D[pcIu'i] D

Dt [l+e)l Ds|(T+e2

In the limit that dr — 0 we find the following:

dirxR — 0

1 dr g

(1+e)ds )
8




It is unlikely that distributed moment forces will arise in the types of problems ad-
dressed in this study. As such, this term will not be retained. Applying these simplifications
to equation 2.14 provides the set of moment balance equations given below.

D [ plo ] D[ M
Dt (1+e) Ds |(1+e)2
The applied forces acting on the cable are located on the right-hand side of equation

2.10. These forces include the internal forces due to tension and shear, as well as external
loads. The external loads will be considered in detail in §2.4.

] +ix T(1+e) (2.15)

2.3.2 SIMPLIFICATION OF GOVERNING EQUATIONS

Before expressing the governing equations in final form, we attempt to simplify the
equations by identifying terms which can be neglected. This will be accomplished by con-
ducting a nondimensional analysis of equations 2.10 and 2.15. Nondimensional terms will
be denoted subscript n.

We begin by defining the following nondimensional quantities:

th =

€1

)

Il
Ditvle & o+
g~F " =5

=
Substitution of these nondimensional quantities into equation 2.10 yields

oDVa _ 1 DT
Dt, mgL Ds,

1 —

Based on this we define the nondimensional force vectors f’n and }-i,, as

. T
I = mglL
-. R
B, = —

mg

Introducing the previously defined nondimensional quantities into equatlon 2.15 and
neglecting the strain terms associated with the inertial forces yields:

(14 )29 D3 BT (Dﬁ 2 B

£ x TomgL(1 + e)® 2.17
L Dt, ~ IZ \ Ds, (1+e)as,,)+ X mg(+e) 217)

Here we have assumed that GI, is on the order of EI. Rearranging terms, we write the
nondimensional equations in bending.




A DO D& de :
tx To(1 3~ - id i 2 — .
x Th(l+e) 51 Do, + B2 Dr. (1+e) +2ﬁ183n (2.18)
where
EI
_ Pl
b = mL?’

In order to determine the relative importance of the variations in strain, we further
investigate the last term on the right-hand side. Assuming a linear stress-strain relation is

applicable, we write

T

Using this relation we find

FEI 0Oe I 0T, d%0T,

mel3 %, ~ A Ba. ST 3a (220)

The diameter to length ratio is typically very small. Therefore, based on (2.20) we will
neglect this term.

To compare the relative significance of the bending stiffness term 8; and the rotational
inertia term (2 we examine their ratio,

sy gpel
% = ng . (2.21)

For steel cables, this ratio is on the order of 10~%L meters. For synthetic cables this
ratio may be slightly larger. We should still be justified, however, to neglect the rotational
inertia terms. As such, rotational inertia terms will not be retained.

Next we consider forces in torsion. Neglecting the rotational inertia term in the mo-
ment balance equation about the tangential direction yields

00
GIp—és_ =0 (2.22)

Equation 2.22 simply states that the torsional rigidity remains constant throughout
the cable span. In the absence of applied end moments, as is typically the case for torque
balanced cables, therefore, the effect of torsion is zero. If end moments are present, i.e. a
torque unbalanced cable is considered, the material torsion 2; is constant along the cable
span and, therefore, a constant torque is applied over the entire cable length.

Equation 2.22 can be satisfied in one of two ways. First, torsion effects can be neglected
either on the basis that §; < 1 or because end moments in torsion are not present. The
second approach is to calculate ; from the boundary conditions, and then impose ; =
C(t) along the span, where C(%) is a time varying constant.

Herein we adopt the first approach and assume that the torsional stiffness is negligible.
As a result, a new equation must be chosen to replace equation 2.22. The purpose of the
new equation is to fix the orientation of the local coordinate system about the tangential
direction. This is an arbitrary selection because the governing equations apply regardless
of the orientation of the normal and binormal directions.

10




For simplicity we specify the orientation of the local coordinate system by setting
¥ = 0. This simplifies the analysis by removing one variable from the equations.

With this simplification the angular velocity and rotation vectors reduce to the fol-
lowing:

w = ——a—t(é sin 4
06

w2=§'
9¢

wy3 = -—cosf

ot

and

Q = -——fsinO

Os
06
Os
9¢
Q3 = B cosf.

Proceeding further, we examine the significance of the shear forces T and T3. Using
the simplifications discussed earlier, we find the following nondimensional relations for the
shear forces:

aQ3n
Ton = f1(Qafon — 9, )
_ Q9

T3n = -ﬁl(anQ3n+ asn )

Therefore, the shear forces are of order O(;). This is an important result that provides
information as to when shear forces are negligible. In particular, we find that shear stresses
are inversely proportional to L3, provided the radius of curvature is of order O(L). For
moderate to large tension magnitudes, tensile forces prevent the cable from developing
substantial variations in curvature. Therefore, if the cable tension T}, is of order O(1) and
the cable is very long, it is valid to neglect bending stiffness. However, if the tension is
small, the cable can develop substantial curvature and shear forces must be retained.

An alternative means for investigating the significance of bending forces is to consider
the induced strains. For simplicity we consider a two-dimensional configuration. Let er de-
note the strain induced by tension, i.e. T} = FAer, and e, the strain induced by curvature.
For a radius of curvature @, the maximum strain due to curvature is given by e, = r/a,
where 7 is the radius of the cable cross-section. If we consider the case where ey, is of the
order of er, then the binormal bending moment, M;, is given by My = EI/a ~ T I/(Ar).
For cables of circular cross-section, I = (7r)/4. Therefore, we find

M~ Ar (2.23)
4
Neglecting rotational inertia effects, the binormal shear force S, is obtained as
dM, Tir
- ~ 2.24
Sb ds 4l. ( )

11




Figure 2.3: Superposition of forces to account for end effects.

where [ is the characteristic length of change of the bending moment. Therefore, only if
I is of order r, a situation which is not physically realistic, will the shear forces be of the
same order of magnitude as that of 71, in this case.

As a result, we can conclude that forces in bending are significant only if the strains
they induce are greater than those induced by tension, a situation which can occur in ap-
plications involving low tension.

2.4 Applied Forces

The external forces acting on the cable include the cable weight, buoyancy, and the
hydrodynamic forces of drag and added mass. Each of these forces will be addressed sepa-
rately. Note that all forces discussed here are per unit stretched length.

2.4.1 CABLE WEIGHT AND BUOYANCY FORCES

Despite the seeming simplicity of static weight and buoyancy forces, a large number
of papers have been written on the proper way to express these forces mathematically
(Sparks, 1984). To understand why this has occurred we must first return to basic principles.
Archimede’s principle states that the net buoyancy force on a body completely enclosed in
a fluid is equal to the weight of the fluid displaced by the body. The cable segment shown
in figure 2.2 is attached to adjoining cable on both ends and is therefore not completely
enclosed in fluid. :

To account for this condition at the end points, we superimpose forces as shown in
figure 2.3. Because segment A is completely enclosed, we can write the buoyancy force Fp

as

Fg =gpyA, (2'25)

12




where g is the gravitational constant. According to equation 2.1, this expression can be
rewritten as )
Fp(l+e) = gpuA. (2.26)

Subtracting the buoyancy force from the cable self weight we find an expression for w, the
submerged cable weight/unit length, given as

wo = (m = py,A)g. (2.27)

This force acts in the direction of the gravity vector (—z) and as such we write the final
expression for the forces due to the submerged cable weight

Ry(14€) = —w,i = wo(n1t + noft + nab) (2.28)

where, in terms of the selected Euler angles

ny = —cos¢dcosh
ng = sing
n3 = —cos¢sinf.

Now we must consider the end point forces in segment B. These forces act in the axial
direction only and therefore can be lumped together with the internal tension. Following
Goodman and Breslin (1976), we define the “effective tension”, in terms the internal tension
and the hydrostatic pressure P, as

P4

Tie =T + ———.
1 1+(1+e)

(2.29)
In this manner, the form of the governing equations remains unchanged in water or air.
Henceforth, to simplify the expressions, T} is defined as the effective tension and the sub-
script e will be dropped.

2.4.2 HYDRODYNAMIC FORCES

Determining mathematical expressions that accurately model the fluid-structure in-
teraction forces acting on the cable is extremely complex, especially if the effects of vortex
shedding are incorporated. Therefore, it is not surprising that a large portion of hydrody-
namic research is focussed in this area.

In addition to the hydrodynamic forces that arise from the cable motion itself, we seek
to incorporate fluid loads due to current. To this end we define J; as the current velocity in
the j** direction. Transformation between known current magnitudes in a fixed coordinate
system to local coordinates is accomplished through the transformation matrix T. _

Herein we adopt the semi-empirical Morison type approach for modeling hydrodynamic
loads (Sarpkaya and Isaacson, 1981). In this manner the fluid loads are decomposed into
one component in phase with the fluid velocity (drag) and one component in phase with
the fluid acceleration (added mass).

To calculate the hydrodynamic drag force, the fluid velocity field is first decomposed
into tangent, normal, and binormal components. Denoting the relative velocities with a
subscript r, we can write




vir = v —J1
ver = v2—Jp
v = v3—J3

Using Morison’s approximation and denoting Cy as the drag coefficient in the jth
direction, the drag forces are expressed as follows:

Ry(1+ €) = Ryt + Ryp + Ryzh (2.30)
where
Ry = —%pwdwcﬂvhwh](ue)é (2.31)
Rio = —zpudConvnlud, + [} (1+ 0} (2.32)
Ris = ~3pudCanylvd + 3 [H(1+ o). (2.33)

Needless to say, accurate values for the drag coefficients are required for accurate so-
lutions. This is not a simple matter with complications arising, for example, from changes
in surface roughness and the onset of vortex shedding. As a result, determining drag coef-
ficients has been and continues to be an active area of research. For additional information
on drag coeflicients consult (Sarpkaya and Isaacson, 1981).

Hydrodynamic forces in phase with the fluid acceleration are often called the added
mass forces. Added mass forces are one of the most frequently misunderstood concepts
in hydrodynamics, especially for investigators who study cable problems. In basic terms,
when a body immersed in a fluid is accelerated, the surrounding fluid must be displaced and
therefore is also accelerated to some degree. The additional inertia force required to displace
the fluid is known as the added mass force (Newman, 1977). According to this definition,
the added mass force can only act in a direction normal to the cable and is independent of
viscosity. Lighthill (1960) has shown that strip theory is an acceptable means of calculating
added mass forces for cables.

We express the added mass force in terms of the relative accelerations of the fluid,
normal to the cable, and an added mass coefficient m,.

5 _ Ovor vz »
R,(1+e)=—-mq el ma—ét-——b (2.34)

As with the drag coefficients, the evaluation of m, is difficult. Generally, for cable
problems, the following expression is used

T
mg = prdz (2.35)
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Figure 2.4: Description of location vector 7(%, p).

2.5 Compatibility Relations

The governing equations as derived are valid for an incremental cable segment. As
such, compatibility relations which relate the cable velocities, orientation, and strain are
required to ensure compaitibility between adjoining cable segments. In the absence of strain,
a simple physical interpretation of these relations is that they preserve the cable length.

We define 7(t,p) as the vector from the origin of a fixed coordinate system to a point
on the cable, as shown in figure 2.4. In deriving the compatibility relations we assume that
the cable shape is sufficiently smooth. For this to be valid, (¢, p) and its derivatives must
be continuous functions of p (or s) and ¢. This assumption was implicitly assumed in the
derivation of the governing equations as well. This is an important requirement which may
not hold for the particular case of a chain under zero tension. When tension is lost in the
chain, a restoring force which.prevents the chain from forming discontinuous slope does not
exist because chains, unlike cables have no bending stiffness. This topic is addressed further
in §5.
In the absence of discontinuities in the cable shape, we can use the property of con-
tinuous functions of two variables (Hildebrand, 1976) and write

D [ﬂ ._-_D_[QC , (2.36)
Di | Ds) ~ Ds | Dt

According to the definitions of the tangent and velocity vectors (Hildebrand, 1976)

- _ DFf
= = 2.37
V.= o (2.37)
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Substitution of 2.37 into 2.36 provides the compatibility relations in vector form

D DV
S+ e)f] = B (2.38)
This can be expanded to give
%i—f+(l+e)d5xf=%%+ﬁx17. (2.39)

2.6 Final Equations

In order to clarify the expressions used in subsequent sections, we eliminate the sub-
script notation used previously. Here we redefine the velocities (v1,v9,v3) as (u,v,w) and
the internal forces (T1,T3,T3) as (T, Sn,Sp), where T denotes the effective tension and S,
and Sj are the normal and binormal shear forces, respectively. In addition we assume a
linear stress-strain relation is applicable and write

T
e= —E'Tli (2.40)
where T denotes the effective tension, as defined in (2.29).

In terms of the new variables and the expression for the strain, we can express the

equations of motions in their final form.

m(Zt—u -+ w% - 'v%? cosf) = % + S5pQ2 = SpQ3 +wony + Ry (2.41)
m %1;- + Bat—¢(u cos § + wsinb)) + m, a;ir = 8;"9,, + Q3(T + Sptan f) + wong + Ras
m(%—%’—-—v%sin@—u%ﬁ-)%—ma%& = %—Snﬂgtang—T92+won3+Rd3
EI%%Z = EIQ%tan0+Sb(1+£Z)3
EI%— = EIQQ3tan — S,(1+ %)3
Z—Z+ng—ﬂgv = E’LA%%
%+Qg(u+wtan9) = (1'*'73_1;4')%0089
83—1;]—93Uta.n9—92u_ e —(1+E'TZ)%§
Q3 = -g—f-cos()
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2.7 Discussion of Equations of Motion

Of fundamental significance to the study of low tension cables is that the cable gov-
erning equations are singular for zero tension if forces in bending are neglected. Dowling
(1988) has shown using analytic techniques that when the cable tension is balanced by a
fluid loading term, a critical point develops. She found that in order to obtain solutions
beyond the critical point, bending stiffness must be incorporated in the boundary layer
region near this singularity. In addition, Dowling found that solutions beyond the critical
point are influenced by bending stiffness.

The singularity identified by Dowling is associated with cable equations that neglect
bending stiffness. The more general formulation, given by (2.41), is stable for zero tension.

A physical interpretation of the zero tension singularity is most readily understood by
considering the mechanisms by which energy is propagated along the cable. For a perfectly
flexible cable, transverse disturbances are propagated at a speed proportional to the /T,
where T' is the instantaneous cable tension (Bliek, 1984). As such, the speed of energy
propagation slows considerably in regions of low tension, and energy cannot be transmitted
past a critical point of zero tension. As such, energy builds rapidly near the critical point,
and the equations become singular. If the point of zero tension coincides with a boundary,
i.e. the free end of a hanging chain, energy can be transferred by reflection. For this reason,
a zero tension point is permissible at a boundary, provided the boundary is free to reflect
energy. Triantafyllou and Triantafyllou (1991) have shown that if the free end of a hanging
chain is constrained, the governing equations for a perfectly flexible chain are unsolvable.

An alternative energy mechanism which gains importance as the tension approaches
zero is bending stiffness. In this later case, energy is transferred by flexural waves at a speed
proportional to vEI. In reality, cables do exhibit a finite degree of flexural rigidity, which
can serve as the necessary physical mechanism for energy transfer. By contrast chains have -
no flexural stiffness. They are, however, able to transfer energy by developing rotational
inertia in the individual links.




III. NUMERICAL METHODS FOR SOLVING CABLE EQUATIONS

3.1 Introduction

The cable governing equations derived in §2 are nonlinear and strongly coupled. As a
result, analytic solutions are unavailable except in simplified cases. Some analytic results
are obtainable using asymptotic techniques, as discussed in §5, however, in order to obtain
solutions for more general problems, numerical methods must be employed and a number
of algorithms have been developed for this purpose.

In this section, we first discuss the previously developed numerical techniques in the
area of cable dynamics. In particular we address the limitations of these techniques as they
apply to the study of low-tension problems. Also addressed in this section are two recently
developed algorithms which were designed to overcome the drawbacks of existing methods.
These two algorithms were used extensively to obtain the numerical results discussed in the
subsequent sections.

3.2 Previous Numerical Techniques

Several papers have been published which survey existing analytic and numerical tech-
niques used to study cable dynamics. Casarella and Parsons (1970), and then Choo and
Casarella (1973), provide comprehensive summaries of the developed methods. However,
these papers were written in the early 1970’s and recent developments have left these pa-
pers somewhat out-dated. Triantafyllou (1991) has recently published a review paper which
summarizes many of the advancements that have occurred over the last twenty years.

As mentioned in the introduction, solving the cable governing equations is extremely
difficult. These difficulties are principally due to geometric and hydrodynamic nonlineari-
ties. In addition, material nonlinearities may also be present if a linear stress-strain model
is not applicable.

To eliminate the nonlinearities, many methods linearize the problem by assuming small
deformations from some static configuration. This greatly simplifies the analysis. However,
for low-tension problems, large displacements can develop due to the small restoring force,
thereby rendering any static configuration meaningless. Also, because the dynamic tension
may be equal or greater than the static tension, low-tension problems cannot be simplified
by linearizing the tension.

Other assumptions typically made include neglecting inertial forces, bending stiffness,
and elasticity. The validity of these assumptions is dependent on the particular analysis in
question and the methods therefore are often restricted to a limited class of problems.

In recent years a wide range of numerical techniques have been applied to the study
of cable dynamics. The most prevalent methods of approach are finite-difference, finite-
element, spectral-method and lumped-parameter models. For separate discussions of these
methods see Ablow and Schechter (1983), Delmer et al. (1983), Webster (1975), Burgess
(1985), and Kamman and Huston (1985). A detailed comparison between finite element and
lumped parameter methods has been published by Leonard and Nath (1981). The method
of characteristics has also been used successfully. In particular, Schram and Reyle (1968)
used the method to show coupling occurs between transverse and longitudinal disturbances
if the shape of the cable is not straight.




A finite-difference approach is most suitable for the low-tension problem. Lumped-
parameter and finite-element models require an excessive amount of computer storagé and
often obscure the underlying physics of the problem. Other authors have determined that
finite-element models are not well suited for inherently nonlinear problems, involving large
displacements Delmer et al. (1988). Spectral-methods suffer from the limitation that deriva-
tive boundary conditions, such as those encountered when incorporating bending stiffness,
are often difficult to evaluate.

The finite difference method has been used extensively in the past to model cable prob-
*lems. Sanders (1982) developed a three-dimensional algorithm in which finite-differences
are used to discretize the cable and simulations are advanced in time using a Runga-Kutta
recurrence scheme (Press et al., 1988). This algorithm suffers from the limitation that in-
ertial forces are neglected. This assumption is not valid for low-tension problems in that
inertial forces can be on the same order of magnitude as tensile forces.

Ablow and Schechter (1983) developed a three-dimensional algorithm which includes
inertial forces and discretizes the problem in both space and time using finite-differences.
The method uses a second-order accurate implicit approximation scheme, commonly known
as the box-method (Mitchell and Griffiths, 1980), which is centered in space and time. Mili-
nazzo, Wilkie, and Latchman (1987) improved on the methodology of Ablow and Schechter
by developing a better method for treating the zero tension boundary condition at the free
end. Burgess (1991) corrected earlier mistakes in these publications by properly accounting
for the hydrostatic and added mass forces. In addition, he has incorporated the ability
to pay cable out from a ship, as required for cable deployment simulations. However, as
with the previous authors, he incorrectly applied the principle of conservation of mass and
derived erroneous strain terms in his equations.

An important point to note about these previous formulations is that the algorithms.
all become unstable if the tension approaches zero anywhere along the interior of the cable,
a situation which is likely to occur in low-tension studies. This is a significant drawback of
the methods and prevents altogether the study of cables under zero initial tension.

Ablow and Schechter (1983) determined that if the tension vanishes anywhere along
the cable, the determinant of their stiffness matrix becomes zero. Because this matrix
is inverted within their numerical approximation scheme, the method fails. As noted by
Dowling (1988), the singularity encountered by Ablow and Schechter is not an artifact of
their numerical scheme; instead it stems from the ommission of flexural stiffness in the
dynamic equations. The previously noted finite difference schemes all neglect the effects
of bending stiffness and therefore are limited in their application to low-tension problems
based on both numerical and physical considerations.

An sidenote to Dowling’s work is that her solution is based on the correct form of the
linearized transverse momentum equation, first derived by Paidoussis (1973). In two earlier
papers by Paidoussis (1966, 1968) a term was incorrectly omitted in this equation, leading
Ortloff and Ives (1968), Kennedy (1980), and Kennedy and Strahan (1981) to publish
erroneous solutions of the towed array problem.

The limitations of existing algorithms created a need for novel approaches to the low-
tension problem. Two alternative numerical methods were developed for this purpose. The
first method was primarily developed to treat problems under zero tension initially, such as
impulsively loaded cables as discussed in §4. Prior to excitation of the cable, zero tension
is permissible, therefore, the failure of previous algorithms in this case stems from the
numerical formulation. Within the method, an explicit time integration scheme is used in
which the cable tensions are cast as the only unknowns in a matrix problem. Therefore,
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the onset of zero tension along the cable does not present a problem computationally. This
allows a wider class of initial value problems to be studied. ’

The second method developed incorporates the effects of bending stiffness in an im-
plicit finite difference formulation, similar to that of Ablow and Schechter. An implicit
scheme was selected because the characteristics of the governing equations are altered by
including bending stiffness (Watzky, 1992). In §3.4 we show that incorporating bending
stiffness eliminates the zero tension singularity. This finding has been shown previously for
the two-dimensional case by Howell (1992).

3.3 Explicit Formulation Without Bending Stiffness

Explicit time-domain integration schemes are generally used in conjunction with finite-
element and lumped-parameter methods (Chiou, 1989). However, existing finite-difference
algorithms use implicit time integrators. The reason is that implicit schemes can be uncon-
ditionally stable while explicit schemes are conditionally stable (Leonard and Nath, 1981).
In addition, explicit schemes are not well suited for predominantly parabolic equations
(Mitchell and Griffiths, 1980). This led Sanders (1982) to question the applicability of ex-
plicit schemes in general. However, it is possible to formulate the difference equations so as
to retain the hyperbolic characteristics of the governing equations. In-addition, by chosing
the inextensible form of the cable equations, we can eliminate longitudinal waves. This
reduces the stiffness of the equations because longitudinal wave speeds are generally much
higher than those for transverse waves. Therefore, an explicit solution scheme is feasible,
provided it remains stable. Such a scheme could offer significant advantages over implicit
schemes because no iterations are required.

3.3.1 EQUATIONS OF MOTION

We restrict our attention to two-dimensional problems only. The two-dimensional
inextensible form of the governing equations and compatibility relations is given by

ou ¢ _oT 1
m 5 Ev = 55" W, COS @ 2,0wD7FCdtur|url (3.1)
o 8 . . 1
m(% + 5?“) + ma%vt— = T%’s2 +Wosing — 2 pw DCoanvy vy

-‘-92 - -aj-s-v = 0

ds ds

ov 98¢ _ 09¢

g -+ a—su = 8t .

These equations describe the mathematical formulation of the problem and form the
basis of the numerical approximation scheme. With regard to boundary conditions, we con-
sider the cable to be pinned at one end (s = L), with the tangential and normal velocities
prescribed. The other end (s = 0) is considered to be a free boundary and zero tension
is imposed at this end. The fourth boundary condition, zero moment at the free end, is
automatically satisfied by neglecting bending stiffness.
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Figure 3.1: Example of growth of instability in an undamped explicit formulation at times
t=0.0, 2.5, and 3.0 seconds.

3.3.2 FINITE-DIFFERENCE APPROXIMATION

The basic premise of the explicit formulation is to write all spatial derivatives in terms
of the previous time step and to then solve for the new time values directly. The formulation
begins by first discretizing the cable into n nodes. The governing equations are then applied
directly at each node. First-order and second-order approximations are used for the time
and spatial derivatives, respectively. Second-order forward and backward differences are
used for spatial derivatives at nodes 1 and n, respectively.

As with any numerical scheme, stability is a major concern. It has been determined
that in the formulation described above some degree of numerical viscosity is required for
stability. This finding is demonstrated in figure 3.1. The problem studied was a hanging
chain in air, subject to a sinusoidal displacement at the top. The cable was initially in
a Bessel function shape, as given by the third natural mode of the linear system. The
instability encountered was due to undamped high frequency parasitic waves generated at
the lower boundary. It can be shown that these waves grow exponentially in time (Mitchell
and Griffiths, 1980). The goal is to construct a numerical scheme which is accurate for the
long wavelengths (which are the main interest) while at the same time dissipates the energy
at the short wavelengths (which tend to corrupt the solution). Such a method is no less
accurate than a nondissipative model, as the latter is already inaccurate for high-spatial
wave numbers. For this reason an artificial dissipative term is added to each approximation
of the time derivatives and the degree of dissipation is controlled by the leading coefficient
a, where o < 1. Mathematically, the procedure is represented by the approximation below.
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This procedure is similar to the Lax-Fredrichs and Lax-Wendroff (Mitchell and Grif-
fiths, 1980) formulations of the first-order wave equation. Within these two methods, the
leading coefficient o is dependent upon the spatial and time stepping increments, As and
At, respectively, and is given by the following:

As? .
a= 3A% Laz — Fredrichs
o= %—t Laz — Wendrof f.

Within the present explicit scheme, the a coefficient is independent of the stepping
factors and can be varied along the cable and between the independent variables (4, u, v).
This allows the user greater flexibility during the investigation. The basic idea is to choose
o of sufficient magnitude to provide stability while being small enough to have a negligible
effect on accuracy.

Combining the approximations described above yields the following system of equa-
tions: )

Node 1 (forward-differences)

. ¢’+1 =@ - A Plof = 4vd + 3ui + ul (¢% — 494 + 3¢9)] (3:3)
uf = & +of (9 ~ B) + 22(-T + 47 - 3TY) -
o2t os(#h) - -A-flwawcd:urlluﬂl (3.4
vt =3 - 1;1—1"‘1(9!5'+1 - ¢1) - [ Tyt cos(41th) — T cos(44)] + ‘sin n(¢}) —
——T’ (9% — 4dh +3¢1) — ﬁ%waC'dnvrl |or ] (3.5)
Ti = 00 (3.6)

Internal Nodes (central-differences)

FH = F = Mlviys — v 1+ 0 = ) (37
) oAt ;
u}+1 = 1 +v_,,(gz5""1 qﬁ_?) + —(T’.H —T' 1) — = cos(4}) —
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Node N (backward-differences)

$utl = @y + Ml _g — 40l + Svui] +ud (B _p — 4%, + 34L) (3.11)
uitl = prescribed (3.12)
vit! = prescribed (3.13)
z+1 _ 4uz+1 + 3u1+1 — v1+1(¢1+1 ::tll + 3¢:z+1) (3.14)

Here the subscript j is used to denote the node number while the superscript ¢ denotes the
time step. The spacing ratio A, is given by A, 2 As and m; = m+m,. The overbar is used
to denote a term which has been modified to include the necessary artificial dissipation. If
additional dissipation was not required, the overbar would simply be removed. In terms of
the general variable ¢, § is given by

_. . 2\
o= g+ A—( ¢i — 205 + g3) (3.15)
G D
Q3 = QJ + -—A—(qj 1= 2QJ + q;-{-l)
i i 2\ ; i
-q-n = Qn + _——(qn 2q‘n—l + Qn—-2)'

It should be noted at this point that (3.10) and (3.14) are written as implicit state-
ments. This is a necessary modification for the solution procedure. Briefly, the algorithm
proceeds in the following manner. First the unknown angles are solved for directly using
(3.3), (3.7) and (3.11). Next, (3.4), (3.5), (3.8), (3.9), (3.12), and (3.13) are introduced into
(3.10) and (3.14). By including (3.6), a n X n matrix is formed with which to solve for
the unknown tension values. These values are then used to solve directly for the velocities.
This procedure is then repeated through the desired number of time steps. Within the
algorithm, the banded structure of the matrix is exploited. Therefore, the matrix solution
takes roughly n operations and is only performed once per time-step.

3.3.3 EXPLICIT SCHEME RESULTS
At the present time, the most widely used finite-difference solver for the cable equations

without bending stiffness is the implicit routine first developed by Ablow and Schechter
(1983). Therefore results obtained with the explicit scheme will be directly compared with

this method. The implicit method will be discussed in greater detail in §3.4.

The three main concerns associated with the development of any numerical algorithm
are accuracy, stability and computational efficiency. These topics are all closely related. On
the basis of accuracy, the implicit scheme is superior in that second-order approximations
are used for evaluating the time derivatives while the explicit scheme is only first-order in
time (use of second-order differences in the explicit scheme proved highly unstable and was
therefore abandoned). In addition, some error is introduced within the explicit scheme by
the addition of numerical viscosity. Both methods prove stable provided sufficient numerical
dissipation is added to the explicit scheme. Excessive amounts of dissipation will inhibit
accuracy, however, therefore the explicit scheme is limited to some degree in choice of
stepping parameters. With regard to efficiency, the explicit scheme appears to hold an
advantage in that no iterations are required and the matrix problem is four times smaller.
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Finite-Difference Method | # of Nodes Time-step

Explicit 80 0.002
Implicit 80 0.016

Table 3.1: Case studies for hanging chain problem

Therefore, for comparable stepping increments, the implicit scheme requires at least eight
times more operations, assuming only two iterations per time step and that solution of an
n X n banded matrix problem is on the order of n operations.

A direct comparison between the methods was obtained by studying the motions of
a hanging chain in air. For small motions, an analytic solution for the displacement ¢(t, s)
may be obtained in terms of Bessel functions, and is given by Triantafyllou and Triantafyllou
(1991).

dn (t, s) = Jo(zwn \/5) Sin(wnt)- (3.16)

The third mode was used in the analysis (w3l = 4.327) and the velocities were ini-
tialized within the algorithms according to (3.16). Several cases, involving a wide range
of stepping increments were studied and two indicative cases are listed in 3.1. For the
explicit method, the instability was generated near the top boundary, therefore additional
dissipation was incorporated near this point. The stepping increments were chosen so as to
keep the relative error in the explicit solution below 0.5 percent. The two cases are roughly
comparable in computation effort.

The results obtained are shown in figures 3.2 and 3.3. The error measure is based on
the rms difference between the analytic and numerical solutions, expressed as a percentage
of the maximum displacement. As figure 3.2 shows, it is possible to obtain comparable’
results with the explicit scheme, in some cases, provided the dissipation is added correctly.
Figure 3.3 depicts the cable shape at various times and shows the error incurred by both
methods. For reduced stepping increments, both methods converge to the analytic result.

The two methods were applied to a second problem involving a positively buoyant
cable, pinned at the bottom, subject to a sinusoidal current with a period of 1.0 seconds.
The results are shown in figure 3.4. Computational time was roughly equivalent. As readily
seen, both methods converge to the same result. Therefore, the explicit scheme provides
a means with which to compare the results of the implicit scheme. In addition, unlike the
implicit scheme, the explicit scheme does not become singular for zero intial tension. This
is due to the fact that the tensions are deliberately cast as the unknowns in the matrix
problem. The explicit scheme may therefore be used to study a wider range of initial value
problems. ’

In general, for simulations with longer time spans, the artificial dissipation term may
begin to affect the solution accuracy. Therefore, the explicit scheme is better suited for
transient problems and can be used in conjunction with an implicit scheme to step-through
computationally difficult periods. In submerged cable problems, however, the fluid drag
provides additional damping, thereby helping to stabilize the explicit scheme. For such
problems the explicit method retains its accuracy over long time spans.
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Figure 3.4: Calculated cable shape from explicit and implicit schemes for anchored cable
subjected to a sinusoidal current, at times t=0.0, 6.0, and 15.5 seconds.

3.4 Implicit Formulation with Bending Stiffness

Little research has been conducted, in the past, on the effects of bending stiffness.
This is attributable to the fact that for long taut cables, as typically studied, bending forces
are often negligible. Sanders (1982) developed two criteria for analyzing the importance of
bending stiffness. First the internal shear force must be significantly lower than the cable
tension. Secondly, for a cable of constant curvature, in which the shear force vanishes,
the tension in the fibers due to pure bending must be less than the cable tension. The
nondimensional analysis conducted in §2 also provides guidance as to when bending effects
can be neglected. For low-tension cables, large deformations can occur which give rise
to shear forces that can be of equal magnitude as the cable tension. Therefore, bending
stiffness must be included for such cases. ,

McCoy (1972) found that significant stress differences arise in the neighborhood of
concentrating loadings if bending stiffness is retained. He found the magnitude of these
differences was independent of the amount of bending stiffness, however the extent over
which these differences occur diminishes wih decreased bending stiffness.

Ketchman and Lou (1975) developed a two-dimensional finite-element model with
bending stiffness. They applied their method to towed cables and determined that the ef-
fects of bending stiffness were confined to a region near the free end of the cable, where the
tension was lowest. Their approach, however, is limited in its applications as inertial forces
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were neglected.

3.4.1 EQUATIONS OF MOTION AND BOUNDARY CONDITIONS

The three-dimensional nonlinear equations of motion, as given by (2.41), can be ex-
pressed in matrix form as follows:
oy 9y -
M—a; = N‘&- +@Q (3.17)
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Y = (T7 S'n, Sbvu’vyw: ¢99792193)T (318)
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To complete the mathematical formulation we must consider boundary conditions.
One end of the cable (s = 0) is considered as a free boundary while the other end (s = L) is
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pinned to an anchor or ship. At the free boundary, the tension, moment, and shear forces
are all zero. At the pinned end, the three velocities are prescribed and the moments are set
equal to zero. Mathematically, these boundary conditions are expressed as follows:

T(t, 0)=0 (3.19)

EIQg(t, 0)=0

EIQ3(t,0) = 0

EIaQQ(t,O) —
Os

Bl BQ;;(t, 0) _
u(t,L) = U(t)

v(t,L) = V(2)

w(t, L) = W(t)
EIQs(t,L) =0
EIQs(t, L) =0

0

0

where U(t), V(t), and W(t) are some known velocities. In this fashion, the required ten
boundary conditions are imposed and an equal number are applied at each boundary.

3.4.2 FINITE-DIFFERENCE APPROXIMATION

As with any finite difference formulation the cable is first discretized into n nodes,
separated by As, and time is divided into a series of steps of length At. The set of equations
given by (3.18) are solved at the midpoint between nodes j and j + 1, denoted by j + %,
and at the time ¢ + % The partial derivatives in (3.18) are expressed using centered finite
differences as follows:

= = 2 I 2
7t At (3.20)
¥ _ Y-y
ds As

Introducing (3.20) into (3.18) and evaluating the equations at j + % and 7 + % yields
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This provides 10(n —1) equations with which to solve for the 10n unknowns. The remaining
equations are provided by the 10 boundary conditions.




The set of difference equations given by (3.21), along with the boundary conditions,
provide a coupled set of nonlinear equations with which to solve for the new time val-
ues. A Newton-Raphson (Dahlquist and Bjorck, 1974) iteration scheme is used to solve
for the unknown variables. Several iterations per time-step may be required for conver-
gence. However, the banded structure of the resulting matrix can be exploited, reducing
the computations to roughly n operations per iteration.

Ablow and Schechter (1983) base the stability of their numerical scheme on the deter-
minant of the M matrix. This is because this matrix is inverted within their algorithm. If
bending stiffness is neglected, we find that

det M = —T? cos . (3.22)

Therefore, if the cable loses tension during the computations, or if the tension is zero
initially, their method becomes unstable. In the numerical scheme outlined here, the M is
never actually inverted, however method still fails due the zero tension singularity in the
equations of motion. The method will also become unstable if the cable becomes horizontal
in the out-of-plane direction (i.e. § = § or %) This singularity stems from an ambiguity
in the reference system and can be controlled, but not removed entirely, by selecting an
alternative Euler rotation sequence.

A markedly different result is obtained if bending stiffness is retained. The determinant
of the M matrix shown here is easily obtained by taking the product of the trace yielding

det M = (EI)%cos¥. (3.23)

Therefore, provided the bending stiffness is finite, the matrix can be inverted, regardless of
the cable tension magnitude. Howell (1992) has previously demonstrated that incorporating
bending stiffness eliminates the zero tension singularity for the two-dimensional case.

3.4.3 IMPLICIT SCHEME RESULTS

The implicit scheme has been verified within the linear regime, and the effect of bend-
ing stiffiness on the dynamics has been studied by Howell (1992). Figure 3.5 compares
two-dimensional results for a cable, subjected to a sinusoidal current of period 1.0 seconds,
with and without bending stiffness. A relatively large nondimensional bending stiffness
term of EI/mgL® = 103 was implemented for the analysis. As readily seen, the cable

_ shape is significantly altered with the curvature being greatly reduced by bending stiffness.

In particular, bending-stiffness effects were greatest over the top half of the cable. This is
due to the lower cable tension in this region and demonstrates the physical importance of
bending stiffness in regions of low tension.
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Figure 3.5: Effects of bending stiffness on anchored cable sub jected to a sinusoidal current,
at times t=0.0, 6.0 and 15.5 seconds.




IV. NONLINEAR IMPULSIVE MOTIONS

4.1 Introduction

In this section, we explore certain fundamental mechanisms of cable response intrinsic
to low tension behavior by considering a cable under zero initial tension. Excitation of
the cable is accomplished by the application of an impulsive load at one end and the
resulting tension and velocity distribution along the cable is studied for a variety of initial
configurations.

Understanding the dynamics of impulsively loaded cables is of importance as low
tension cables are often more susceptible to this form of excitation than are taut cables. To
understand why this occurs, consider that for low-tension cables, by definition the dynamic
tension component is of equal or greater magnitude than the static tension. Therefore, it is
very likely that the dynamic tension will act to cancel the static tension over a portion of
the loading cycle, a phenomenon often referred to as tension clipping (Shin, 1991). This can
occur even though the initial tension is high. Following the periods of zero tension, tensile
forces initially build-up over a short time span and can therefore be considered impulsive.
These forces, in turn, can lead to large cable accelerations and maximum cable forces nine
times the static payload weight have been found to occur (Goeller, 1970).

Needless to say, this can become a highly dangerous situation in many marine oper-
ations such as towing. Several authors, including Shin (1987), Milgram et al. (1988), and
Papazoglou et al. (1990), have described such dynamics, concentrating primarily on the
snap condition, at which the tension is maximum.

Herein we concentrate on the tension distribution and resulting velocities immediately
after the application of the impulsive load. The results presented here are summarized in a
recent paper by Triantafyllou and Howell (1992).

4.2 Formulation of Impulsive Equations of Motion

The equations of motion for a cable under impulsive loading have been derived previ-
ously, first by Routh (1955) and then Lamb (1914), and more recently by Triantafyllou and
Howell (1992). As with these previous authors, we consider the cable to be inextensible.
This condition of inextensiblity is based on the following assumptions: 1) the static tension
is of the order of the total weight of the cable; 2) the velocities applied impulsively on the
cable are small compared to the speed of elastic waves; and 3) one end of the cable is free
or the cable has large sag. The first assumption defines a low tension cable, the primary
focus of this research. The second condition ensures that elastic waves will not be excited,
while the third condition, combined with the second, ensures that the cable does not stretch
considerably. In fact, if one cable end is free, the tension is zero at that point at all times.
Therefore, for moderately long cables with high Young’s modulus (such as metallic cables),
the tension never builds to sufficiently large values to cause substantial stretching. If one
end of the cable is not free, however the cable sag is large, elastic effects remain small, even
for taut cables. This has been shown by Irvine and Caughey (1974). They determined that
the relative parameter which quantifies the effects of elasticity is A, where

EA w,L
A% = -ET(L)? (4.1)
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Here H denotes the horizontal static force applied at the cable end points. The parameter
A2 is proportional to the ratio of the elastic to catenary stiffness of the cable. This ratio
is typically very large for large sag to span ratios, i.e. large values of woL/H. When the
elastic stiffness is very large, the cable employs its catenary stiffness, thereby preserving the
cable length. In §6 we formally derive the expression for \.

As in §2, we derive the equations of motion using a lagrangian reference frame, fixed on
the cable, and we adopt the same nomenclature defined previously. We neglect the effects
of bending stiffness. However, forces in bending are treated in §4.4. '

The inextensible cable governing equations are given by

DV  D(T%) =
The impulsive equations of motion are determined by integrating (4.2). We denote
Ti(s) as the amplitude of the impulsive tension, developed at time ¢ = 0F, and define the
cable’s velocity immediately before and after the application of the impulsive tension as V'~
and V', respectively. Integrating (4.2) yields:

m(Vt -V") = ) (4.3)

We can express (4.3) in component form using the vector € t'o represent the local
curvature of the cable. At this point we define Q =(Q1, Q2,Q3) as the Darboux vector of
rotation (Hildebrand, 1976), which is given by the following:

1
o o= 2 (4.4)
Q = 0
Q = =

p

where p denotes the local radius of curvature and 7 the local radius of torsion. Note that
we have chosen to adopt the so-called principal directions (Hildebrand, 1976) for the unit
vectors (£, 7, l;) This is in contrast to the definitions used in §2, where the orientation of the
normal and binormal directions about the tangent direction was chosen arbitrarily. This
change has been made here because the use of principal coordinates greatly simplifies the
impulsive equations.

Using (4.4), we can express (4.3) in component form yielding

aT;
ds
mwt —-v™) = TiQ3
mwt -w™) = 0

mut—u") = (4.5)

The compatibility relations are derived on the same basis as in §2, i.e.
DV* Di
Ds — Dt

From (4.6), we find the following relations which are valid for both ¢t = 0~ and t = 0%,

(4.6)
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Figure 4.1: Cable in a straight line.

du

% - Qg'l} = (47)
d—v+Q3u—Qlw = w3

ds

d—w + Qv = —wq

ds

Eliminating the velocities from (4.5) and (4.7) provides a single equation in terms of
the impulsive tension.
d>T;
718_2 - QgTz =0 (48)
Equation (4.8) is an important result which shows that the impulsive tension is inde-
pendent of the geometric torsion, 21, and depends entirely on the local curvature of the
cable given by Q3. From (4.5) we find that the binormal velocity remains constant, while
the tangential and normal velocities depend exclusively on the curvature and magnitude of
the impulsive tension.

4.3 Solution of Impulsive Dynamics

We use (4.8) to derive closed form analytic results for several initial configurations.
These results are used to identify the impulsive tension distribution along the cable, as well
as the velocities that develop due to the impulsive loading.

4.3.1 CABLE IN A STRAIGHT LINE

Perhaps the most simple example to consider is a cable of length L, sitting at rest
in a straight line configuration on a horizontal frictionless table (figure 4.1). For this case
{23 = 0 because the radius of curvature is infinite. One end of the cable is suddenly pulled
at an amplitude T;(L) = T, while the other end is free, i.e. T;(0) = 0. Using these boundary
conditions and (4.8), the solution is obtained as




!

Figure 4.2: Cable in the form of a circle.

Ti(s) = ———zs (4.9)
T
+ = =2
ut(s) = T

All other quantities are zero. From these results we find that if the cable is initially
straight, the impulsive tension distribution varies linearly along the cable and the entire
cable begins to move in the tangential direction at the same velocity.

4.3.2 CABLE IN THE FORM OF A CIRCLE

Another simple example which can be solved exactly is the case of a cable of length
L sitting, at rest along a full arc of a circle of radius a, on a horizontal frictionless table
(figure 4.2). One end of the cable is suddenly pulled at an amplitude 7, and the boundary
conditions are given by T;(0) = 0 and T;(L) = T,. The solution of (4.8) is given by

sinh(s/a)

°sinh(L/a)
T, cosh(s/a)
ma sinh(L/a)
T, sinh(s/a)
ma sinh(L/a)

Ti(s) (4.10)

ut(s) =
vt(s) =

Thevsecond compatibility relation in (4.7) provides the angular velocity
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2T, cosh(s/a)

ma? sinh(L]a)" (4.11)

w3(s) =

4.3.3 CABLE IN THE FOrRM OF A HELIX

To show that the initial development of tension is independent from torsion, we con-
sider a cable with a three-dimensional initial configuration resting in the form of a helix,
ie. p=aand 7 =), where a and b are constants. Again one end of the cable is suddenly
pulled and we impose the same boundary conditions as in the previous example. The exact
solution is obtained as follows:

inh(s
T(s) = Ty 1 (412)
_ Tp cosh(s/a)

w'(s) = %sinh(L/a)
o (s) = T, sinh(s/a)

ma sinh(L/a)
wt(s) =0

2T, cosh(s/a
w3(s) = ma? sinh((L//a))
wals) = — T, sinh(s/a)

mab sinh(L/a)

As readily seen, the same tension and velocity distribution develops as with the two-
dimensional case of a chain in a circle, the only exception being that wy is nonzero. This
shows the independence of initially developing tension from torsion.

4.3.4 CABLE OF REVERSING CURVATURE

We next consider a cable of length 2L at rest on a frictionless horizontal table. The
cable configuration is comprised of two circular arcs of radius e and opposite curvature,
as shown in 4.3. The curvature 3 is discontinuous at the origin, which is fixed at the
midpoint of the cable, jumping from the value —--i— to the value ;1- When one end of the
cable is suddenly pulled with the impulsive force T,, the solution can be obtained as done
previously, and we find

sinh([s + L]/a) .

Ti(s)=T, (4.13)

sinh(2L/a) ‘

This is the same result obtained in the two previous examples, with the exception
that here the origin has been shifted and the length of the cable doubled. The tangential
velocity is also easily obtained. However, when we proceed to derive the normal velocity,
a physically impossible discontinuity appears in the velocity v (s) at the point where the
curvature is discontinuous. This can be shown by examining the governing equation in the
normal direction given by




Figure 4.3: Cable of reversing curvature.

vt (s) = %Qg(s)ﬂ(s). (4.14)

Furthermore, the angular velocity w3 develops a singularity, as evidenced in (4.7), when
v(s) is discontinuous.

A discontinuity in the curvature is possible only for a perfectly flexible cable. This
discontinuity can be removed by introducing the bending stiffness of the cable, which ensures
a smooth initial configuration. However, if the singularity identified in the case of reversing
curvature is related to a basic cable mechanism, than the manner of smoothing of the
solution is of importance.

To determine if in fact this is the case, we consider the same example of a cable with
reversing curvature at rest on a horizontal frictionless table, but we make the curvature
reversal smooth. The initial curvature is chosen as

-1/a -L<s<L ¢
Q3(s) =  s/ae -e<s<e
1/a e<s<L

where a, € are constants and ¢ < L. The solution when one end is impulsively loaded can
be obtained separately in the three regions defined above. In the first and third regions the
solution for the tension can be obtained explicitly as before, with two unknown constants
in each region. In the middle region the equation for the tension becomes:

d°T; §?

Using the substitution s = zé, with § = \/aé/2, (4.15) can be brought into the
standard form of the parabolic cylinder functions:
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T, =z ;
S -Zrm=o (4.16)
The solution of (4.16) can be expressed as the sum of two independent solutions of the
parabolic cylinder equation, scaled with two unknown constants. Since |z| < V2¢/a, we use
the small argument power series expression of the parabolic cylinder functions (Abramowitz
and Stegun, 1970) and match asymptotically the two outer regions with the inner (middle)
region. This provides four matching conditions which combined with the two boundary
conditions, the same conditions imposed in the previous examples, allows for the solution
of all six unknown constants. As ¢ tends to zero, we obtain the following asymptotically

valid results:

sinh([s + L]/a)

L) =T sinh(2L/a) (4.17)
+(s) = &cosh([s + L]/a)
U= e sinh(2L/a)

B T, sinh([s + L}/a)
vt (s) = Q3(s) — sinh(2L/a)

The rotational velocity suffers from a discontinuity at the edges of the middle region.
The expression for w3 in the middle region is, asymptotically

To sinh(L/a)
mae sinh(2L/a)’
The discontinuity at the edges can be removed by requiring that the first derivative of
the curvature is everywhere continuous. The importance of (4.18), however, lies in identi-
fying a mechanism for building large rotational velocities. We have found here that at the
point of curvature reversal, w3 is inversely proportional to the width of the transition region.

w3(s) = (4.18)

4.4 Impulsive Motion of a Cable with Bending Stiffness

We have shown the importance of the manner in which the cable curvature is made
continuous. For cables, the physical mechanism by which the curvature is made continuous,
prior to the application of any load, is bending stiffness. After the cable is loaded, tension
also acts to smooth the cable shape. Therefore, because the bending stiffness magnitude
affects how the cable is initially made smooth, it is natural to extend the analysis by
incorporating bending stiffness. Although the value of the bending stiffness only indirectly
affects the dynamic response, for completeness we include bending forces in the dynamic
equations as well, to study the direct effects of bending on the impulsive response.

As derived in §2, the governing equations incorporating bending stiffness, are given as

(4.19)

(4.20)




Due to the selection of principal coordinates, the moment vector M differs shghtly
from previously presented and is given by

M, = GLQ (4.21)
My = 0
M; = EIQ.

Note that Q in (4.21) is the material torsion, which is, in general, different from the
geometric torsion.

A nondimensional analysis of (4.20) was conducted in §2.3.2, based on which it was
concluded that the inertial forces are negligible. In the context of impulsive forces, however,
the relevant time scale is very short and large angular accelerations may develop, depending
on the initial configuration. Therefore, we choose to retain these terms here.

If equation (4.20) is integrated in time from ¢ = 0~ to 0%, we find that the contribution
of the term involving M vanishes, assuming the length of integration is such that insufficient
time has elapsed for the cable to alter its initial configuration. As a result, the shear
forces may become impulsive as they must balance a step change in the rotational velocity.
Otherwise, (4.20) will not be satisfied. One may explain the mechanism generating an
impulsive shear force as a limiting process of infinitesimal shear deformation and large shear
modulus, in complete analogy with the development of impulsive tension which involves
infinitesimal extension and large Young’s modulus.

Based on these considerations, we find that when the cable is subject to a forced
motion, both the tension and shear forces become impulsive. Therefore, integrating (4.19)
and (4.20) over the time period in Wh.lCh the impulsive load is applied yields the following
equations of impulsive motion:

m(Vt-V-) = PDl;i ' (4.22)
pl(@t-37) = ixT.

Expanding these equations along the (%, 7, 5) system gives

mut —u”) = i - S5, Q2 (4.23)
ds

m(v+ —v7) = ddSm + TiQ3 — Spif

mwt -w”) = égl-)i + Snifl

Ppr(wf. —wi)=
pel (Wi —wy) = —Sb,-
pel(w —w3) = Spi
together with the compatibility relations (4.7). It is interesting to note that wj did not

appear explicitly in the previous equations which neglect bending. The results here show
that w; is in fact zero, independent of the initial configuration.
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By eliminating the translation and angular velocities in (4.23) and (4.7), we find three
equations in terms of the impulsive tension and shear forces (note that, for brevity, the
subscript ¢ is omitted).

d2T ds, dQQ

-7 - TO? - 20— — s,,d—: + 21038, =0 (4.24)
d2Sn 2 2 2 dS[; dQl dT dQ3

— = (6 + Q7 - Q5)5, - 2Q; — — S§p—— —_ — =

232 (6% + Q1 3)S. 9 T S P + 2Q3 Is +T T 0

d2s, 5 5 dS, d

-EST—-(& +Ql)Sb+2QI-E+Sn_I;+QIQ3T—O

where §2 = m/(p.I).

For a cable of circular cross-section, 62 = 4/r2, where r is the radius of the cable
cross-section. As a result, we find § > (21, Q3) since neither the radius of curvature nor
the radius of geometric torsion can be as small as the radius of the cable. As we will show,
this implies the formation of boundary layers in shear.

4.5 Solution of the Cable Equations with Bending Stiffness

As an application we consider the two-dimensional impulsive motion of a cable, and
reduce (4.24) to the following:

ST . dp, . d% . dédS,
'd—;§' - T(-(-i;) - Snzs-i' - 2E-E—;- =0 (4.25)
dzsn 2 d¢ 2 d2¢ d¢ dT

752 —Sn(5 —(E;‘-) )+TF+2(—[S-E;—O

where ¢(s) denotes the initial angle of the tangential vector of the cable with respect to a
fixed direction.

We now reconsider the problem of a cable initially at rest in the form of a circle of
radius a (figure 4.2). The boundary conditions described previously are imposed, as well as
S, =0 at s = 0, L. To provide greater insight into the form of the equations of motion, we
normalize the spatial variable s by the radius of curvature and set z = s/a. In addition, we
define the quantity o = 4r2/a?, where by physical considerations, o < 1.

In terms of these quantities, the equations of motion are given as

T ,dSn
A el R 4.26
dz? T-2 dz 0 ( _ )
d2S, dT .
2o _(1- = =o. 4.27
o= —(1-a)Sa+2-—-=0 (4.27)

The form of (4.27) clearly suggests the formation of boundary layers in shear because
the highest-order derivative term is multiplied by ¢, meaning that, in general, it is not
possible to obtain a solution which satisfies both boundary conditions if the equations are
not reformulated near the boundaries. By conducting an asymptotic expansion in terms of
a and a boundary layer analysis near s = 0, L, we find the following asymptotic solution,
valid for a < 1:
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Figure 4.4: Tension (solid line) and angular velocity (dotted line) developing along a cable
of reversing curvature (figure 4.3).

sinh(s/a)
sinh(L]a) | (4.28)
+(s) = T, cosh(s/a)
¢ = e Sinh(L]a)
T, sink(s/a)
vH(s) = ma s'mh(L/ a)
Sa(s) = m—-—————afsf;f(; 7a) (cosh(s/a) — e~ /T — e=AL=3)/ "cosh(L/a))
w3(s) = Ezﬁi—(-ﬂ—j(cosh(s/a) — e~ Bl _ = HL=) "cosh(L/a)).

The correction, therefore, with respect to solution (4.10) is restricted to the boundary

T(s) =T,

layers formed at the two ends, affecting only the shear force, which is order «, and the -

rotationa.l velocity. Here we find w3 = 0 at s = 0, L, which differs form the solution given
in (4.11). The width of the boundary layer was found to be 1/8.

Next we consider the cable with reversing curvature (figure 4.3), wh.lch is the prime -

example which motivated this analysis. We consider a smooth initial curvature, in the form:

d¢ _ tanh(s/e) (4.29)
ds a A
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Figure 4.5: Analytically and numerically predicted tension along a cable lying in a circle
(fgure 4.2) immediately after the application of impulsive loading.

where ¢ < L, i.e. the reversal in curvature occurs within a small region. Obviously, €
is directly related to the length of the transition region of changing curvature, which in
turn depends on the value of the (usually small) bending stiffness of the cable. The initial
configuration requires a (small) distributed moment in order to sustain the static shape in
-the presence of bending stiffness. This moment, however, has an insignificant effect on the
developing dynamic response. '

A numerical solution of (4.25) for the curvature specified in (4.29) was obtained using
centered finite differences. Figure 4.4 shows the tension and rotational velocity along the
cable for ¢ = 0.01 and 4 = 1,000. The cable length is 