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Abstract 

To design high performance, practically implementable control laws, it is important to have the 

appropriate tools for design and analysis. These tools should enable the following: 1.) they should 

be based on robustness theory that is nonconservative with respect to the type of uncertainty being 

considered; 2.) they should allow performance to be measured in a meaningful way; 3.) they should 

yield controllers that are of sufficiently low order to be implemented on control processors with 

limited throughput capabilities; 4.) they should be implemented via efficient numerical algorithms. 

The research cited in this final report has led to the further development of robustness theories and 

algorithms which include phase information regarding the uncertainty. In addition, this research 

has expanded the theory of optimal and suboptimal reduced-order control design and led to the 

development of new continuation algorithms for Hi optimal reduced-order modeling and control 

based on the optimal projection equations. Finally, a new fixed-structure approach to complex 

structured singular value controller synthesis has been developed. This approach a priori constrains 

the order of the D-scales in the optimization process and can lead to much more robust controllers 

than standard D-K iteration and curve fitting approaches. 
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1.    Introduction 

To design high performance, practically implementable control laws, it is important to have 

the appropriate tools for design and analysis. These tools should enable the following: 

1. They should be based on robustness theory that is nonconservative with respect to the type of 

uncertainty being considered; 

2. They should allow performance to be measured in a meaningful way; 

3. They should yield controllers that are of sufficiently low order to be implemented on control 

processors with limited throughput capabilities; 

4. They should be implemented via efficient numerical algorithms. 

The ultimate aim of this research is to develop control design and analysis tools with the above 

characteristics. 

From a theoretical perspective, to accomplish nonconservatism with respect, to real, constant 

uncertainty or with respect to systems that are inherently stable (such as positive real systems), 

it is important to develop robustness theories that are not totally dependent on norms. This is 

because norm-based tests do not allow the inclusion of phase information regarding the uncertainty. 

These theories would be expected to deviate significantly from the popular but norm-based small 

gain tests. 

Often times in the design of controllers for flexible structures, higher frequency modes are 

deleted from the model in order to enable the design of lower order controllers. The unmodeled 

modes are then accounted for as unstructured (i.e., magnitude bounded but arbitrary phase) un- 

certainty. If the unmodeled dynamics are actually fairy well known, an alternative is to include 

them in the control design model and design a reduced-order controller. The low-order controller 

can be designed by reducing the dimension of an optimal full-order controller or by direct design 

(i.e., directly optimizing some cost function). Hence, in this design process the structure of the 

controller is constrained a priori. 

Another important fixed-structure problem which appears in robust control is a priori constrain- 

ing the order of the D-scales in complex structured singular value (CSSV) controller synthesis. This 

robust design technique enables the design of controllers that are robust with respect to multiple 

block, unstructured uncertainty and also guarantee a certain measure of robust performance. How- 

ever, current techniques for CSSV controller synthesis require the fitting of potentially very high 

Harris Corporation 1 January 1995 00051.tex 



order D-scales with lower order approximations to avoid extremely high order controllers. This 

curve-fitting step can be very suboptimal and can even lead to a degradation of robust stability 

and performance in comparison with a standard Hoc design. This highlights the importance of 

developing CSSV controller synthesis techniques that optimize the .D-scales subject to a constraint 

on the D-scale order. 

The above discussion motivates the objectives of PIRC. One objective was to extend majorant 

analysis to handle positive-real systems and specialize the basic theory to the case of collocated, 

decentralized, static rate feedback. The next objective was to extend the results to the case of 

collocated, dynamic rate feedback. In addition, we desired to compare the positive real majorant 

bounds with a totally norm based majorant bound and a performance bound obtained from complex 

structured singular value theory. Finally, we aimed to extend the results to the more realistic case 

in which the sensor and actuater dynamics are included in the plant model. 

Like positive real majorant theory, Popov theory also enables the incorporation of phase infor- 

mation regarding the uncertainty. Our consultant, Dr. Wassim Haddad's first objective here was 

to extend Popov theory to handle bidirectional uncertainty analysis. We also desired to develop a 

special-case numerical algorithm to implement Popov robustness analysis. Next, we aimed to de- 

velop a more general algorithm and apply it to a realistic example. Due to our collaboration with 

Dr. Jonothan How at MIT, the analysis was to be performed using the Middeck Active Control 

Experiment (MACE). 

The development of Popov robustness theory was largely motivated by the early work of Harris 

Corporation in Maximum Entropy control design, which has been shown empirically to nonconser- 

vatively execute the design of robust controllers for flexible structures with modal uncertainties. 

This research sought to develop a rigorous theoretical foundation for Maximum Entropy design and 

also to develop more efficient numerical algorithms for Maximum Entropy design. 

An additional objective of this research was to develop continuation algorithms for optimal, 

reduced-order control design based on the optimal projection equations as opposed to the gradient 

expressions. Gradient-based methods directly optimize the controller parameters. To keep the 

number of controller parameters from becoming too large the controller is constrained to a minimal 

parameter basis. However, this constraint tends to introduce numerical ill-conditioning since the 

assumptions behind a minimal parameter basis are not always satisfied along the homotopy path or 

may be "poorly satisfied." The advantage of a gradient-based approach is that it easily enables the 
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development of "globally convergent homotopy algorithms," i.e., homotopy algorithms for which a 

well-conditioned homotopy map is guaranteed with probability one. An alternative which avoids 

the ill-conditioning due to the controller basis constraint is to develop a continuation algorithm 

based directly on the optimal projection equations. This class of algorithms does not currently fit 

into globally convergent homotopy theory, but for certain problems algorithms of this type can be 

implemented very efficiently and have exhibited good numerical robustness. 

A final objective of this research was to develop a CSSV controller synthesis technique that 

constrains the order of the £>-scales in the optimization process. This research has the potential to 

significantly impact a very important area of robust control design by developing a more reliable 

and optimal CSSV synthesis process. An enumeration of the research objectives is given below. . 

Research Objectives 

1. For the case of uncertain, strictly positive real plants controlled by positive real compensators, 

use majorant analysis to develop frequency domain performance bounds that are less conser- 

vative than previous majorant results. Then extend these results to the more realistic, case of 

plants with sensor and actuater dynamics. 

2. Extend recent work in Popov robustness theory, wherein the uncertainty is assumed to vary 

in only one direction (positive or negative), so that the uncertainty is allowed to vary in both 

directions. 

3. Use Lyapunov functions to provide a more rigorous foundation for Maximum Entropy design. 

4. Develop a continuation algorithm for Maximum Entropy design that can exhibit quadratic 

convergence properties along the continuation path. 

5. Apply and compare both frequency domain and state-space versions of the Popov test to a 

benchmark problem. The state-space tests were to be applied via homotopy algorithms. 

6. Develop a general algorithm for Popov analysis (with bi-directional uncertainty) and apply it 

to the Middeck Active Control Experiment (MACE) at MIT. 

7. To better understand the relationship between the optimal projection equations for #2 optimal 

reduced-order design and suboptimal controller reduction methods, extend optimal projection 

theory to the case in which the controller is not a priori assumed to be minimal (the standard 

assumption of optimal projection theory). Also, compare the projections used by the subopti- 
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mal methods that are able to produce a minimal realization of a nonminimal LQG compensator 

with the optimal projection. 

8. To aid in the development of a rigorous initialization technique for continuation and homotopy 

algorithms for H2 or /f2/-#oo optimal design, develop a method for constructing nearly non- 

minimal LQG compensators. 

9. As a step in developing a continuation algorithm for H2 optimal reduced-order control design 

using the optimal projection equations, develop a continuation algorithm for the easier problem 

of Ei optimal model reduction using the optimal projection equations. 

10. Develop a continuation algorithm for Hi optimal, reduced-order control design. 

11. As a foundation for CSSV controller synthesis with fixed-order D-scales, use recent /^/-^oo 

theory to develop a CSSV analysis technique for constant D-scales and then fixed-order dynamic 

D-scales. 

12. Develop a CSSV controller synthesis technique for constant D-scales. 
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3.    Frequency Domain Performance Bounds for Uncertain Positive Real Plants 

Controlled by Strictly Positive Real Compensators [2.6, 2.14, 2.20, 2.29] 

Many of the developments in robustness analysis have focused exclusively on the determination 

of stability. However, in practical engineering, performance issues are paramount, so it is also 

important to determine the type of performance degradation that occurs due to uncertainty in 

the system modeling. A common feature of a class of these results [3.1-3.4] is that they rely on 

majorant bounding techniques. 

In [3.1-3.4] performance bounding is measured in basically three ways. References [3.1] and 

[3.2] measure performance in terms of second order statistics. In particular, bounds are obtained on 

the steady-state variances of selected system variables. In [3.3], performance is expressed in terms 

of the frequency response of selected system outputs. This result led to a new upper bound for the 

complex structured singular value [3.5]. Finally, [3.4] considers the transient response of certain 

system outputs, a performance measure which had not previously been treated in the robustness 

literature. 

A common feature of these results and most other robustness results, with the possible exception 

of methods based on extensions of Popov analysis and parameter-dependent Lyapunov functions is 

that they do not predict unconditional stability for feedback systems consisting of a positive real 

plant controlled by a strictly positive real controller. 

This research uses the logarithmic norm in the context of majorant analysis to develop tests for 

robust stability and performance that predict unconditional stability for the above case and also 

yield robust performance bounds. As in [3.3], this result considers the frequency domain behavior 

of a given system. The results are specialized to the case of static, decentralized, collocated rate 

feedback and dynamic, collocated rate feedback. An example of the results is shown in Figure 3.1 

which shows the performance envelope predicted by the (new) positive real majorant analysis and 

the actual variations due to perturbations in the lowest natural frequency. For this case, completely 

norm-based majorant analysis [3.3] and complex structured singular value analysis [3.5] predicted 

instability. Figure 3.2 compares the positive real majorant bound (PRMB) with the complex block- 

structure majorant bound (CBSMB) from [3.3] and the complex structured singular value bound 

(CSSVB) derived from [3.5] for analysis of an Euler-Bernouilli beam with frequency uncertainty. 

Notice that over all frequencies PRMB < CBSMB < CSSVB. 
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These results have been extended to plants with sensor and actuater dynamics. Examples have 

shown similar nonconservatism to that described above. 

References 

3.1 D. C. Hyland and D. S. Bernstein, "The Majorant Lyapunov Equation: A Nonnegative Matrix 

Equation for Guaranteed Robust Stability and Performance of Large Scale Systems," IEEE 

Transactions on Automatic Control, Vol. AC-32, 1987, pp. 1005-1013. 

3.2 E. G. Collins, Jr. and D. C. Hyland, "Improved Robust Performance Bounds in Covariance 

Majorant Analysis," International Journal of Control, Vol. 50, No. 2, 1989, pp. 495-509. 

3.3 D. C. Hyland and E. G. Collins, Jr., "An M-Matrix and Majorant Approach to Robust Stability 

and Performance Analysis for Systems with Structured Uncertainty," IEEE Transactions on 

Automatic Control, Vol. 34, 1989, pp. 691-710. 

3.4 D. C. Hyland and E. G. Collins, Jr., "Some Majorant Robustness Results for Discrete-time 

Systems," Automatica, Vol. 27, No. 1, 1991, pp. 167-172. 

3.5 A. Packard and J. C. Doyle, "The Complex Structured Singular Value," Automatica, Vol. 29, 

1993, pp. 71-109. 

Harris Corporation 10 January 1995 00051.tex 



o 
3 

102 

101 

10° 

10-1 

10-2 

10-3 n 
10° 

Example 8.3: Three Modes with 5Hz Uncertainty 
-i 1 1 1—i—i—r i      i 1—i    i - 

Nominal 

Perturbed + 

Perturbed - 

PRMB 

■     i i i_ 

101 

Frequency Hz 

102 

Figure 3.1. Performance Bound for Example 8.3 of [2.1] 

(3 modes, lowest, frequency uncertain) 

Harris Corporation 11 January 1995 00051.tex 



103 

102 

101 

u 
■o s 
a  io° 
CO 

2 

10-3 

Example 8.5: Euler-Bemoulli Beam 
T 1—i—i   i i i i I 1 1—i   )   i i i i i 1 1—i—i   i i i i i 1 r^—i    i  i " i 

Nominal   

PRMB   

CBSMB   

CSSVB   

Figure 3.2. Comparison of PRMB, CBSMB, and CSSVB for Example 8.5 of [2.1] 

Harris Corporation 12 January 1995 00051.tex 



4. Maximum Entropy-Type Lyapunov Functions for Robust Stability and Per- 

formance Analysis [2.1, 2.15] 

The Maximum Entropy approach to robust control was developed to address the problem of 

modal uncertainty in flexible structures [4.1-4.4]. The rationale for this approach was based upon 

insights from the statistical analysis of lightly damped structures. Despite favorable comparisons 

to other approaches and experimental application, the basis and meaning of the approach remains 

mostly empirical. This research was initiated to make significant progress towards developing a 

rigorous foundation for Maximum Entropy design. 

Besides statistical modal analysis techniques, a variety of formulations have been put forth for 

justifying the Maximum Entropy approach. To reproduce certain covariance phenomena of un- 

certain multimodal systems (decorrelation, incoherence, and equipartition) a multiplicative white 

noise model was invoked [4.1, 4.2]. The specific model chosen was interpreted in the sense of 

Stratonovich, thus entailing a critical correction term in the covariance equation due to the con- 

version from Stratonovich to Ito calculus. The Stratonovich model was itself based upon a limiting 

process in which the parameter entropy increased, thus suggesting the name "Maximum Entropy" 

control. 

An alternative justification for the Maximum Entropy model was given in [4.5] where a covari- 

ance averaging approach was used to show that if the state covariance is averaged over uncertain 

modal frequencies possessing a Cauchy distribution, then the resulting averaged covariance satisfies 

the Maximum Entropy covariance model. 

Although the various formulations of Maximum Entropy theory lend considerable insight into 

the nature of the approach, there remains a significant gap between this approach and more con- 

ventional techniques, such as HQO theory. The missing link, in our opinion, is the lack of a Lyapunov 

function that guarantees the robust stability of the closed-loop control system. In this regard it was 

long suspected that such a Lyapunov function would be unconventional, that is, unlike those arising 

in HQO theory. This view arose from the fact that the Maximum Entropy controllers were often 

robust to large perturbations in the damped natural frequencies, that is, the imaginary part of the 

eigenvalues. Such perturbations are highly structured, and thus are often treated conservatively by 

conventional small-gain-type bounds. 

This research provided a Lyapunov-function basis for the Maximum Entropy covariance model 

for the case of modal frequency uncertainty. In fact, in this special case, two alternative Lyapunov 
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functions along with corresponding performance bounds were provided. Each Lyapunov function 

involves the sum of two matrices, the first being the solution to the Maximum Entropy equation, 

and the second being a constant auxiliary portion. The construction is similar to the parameter- 

dependent Lyapunov function technique developed in [4.6], except that in the present case the 

auxiliary portion is constant, that is, independent of the uncertainty. 

While this research potentially provides a Lyapunov function foundation for the Maximum 

Entropy control approach, our results are currently limited to open-loop analysis. An illustration of 

the performance bounds predicted by the Maximum Entropy Lyapunov functions is given in Figure 

4.1 which considers a one mode system with frequency uncertainty. Note that both Maximum 

Entropy performance bounds are much less conservative than the performance bound developed in 

[4.7]. 
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Figure 4.1. The performance bounds based on the Maximum Entropy Lyapunov 

functions (labeled (39) and (43) were much less conservative than the performance bound 

based on the results of [4.7] (labeled Bernstein & Haddad) 
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5.    A Homotopy Algorithm for Maximum Entropy Design [2.2, 2.16] 

The linear-quadratic-guassian (LQG) compensator has been developed to facilitate the design 

of control laws for complex, multi-input multi-output (MIMO) systems such as flexible structures. 

However, it is well known that an LQG compensator can yield a closed-loop system with arbitrarily 

poor performance robustness properties. This deficiency has led to generalizations of LQG that 

allow the design of robust controllers. One such generalization of LQG is the Maximum Entropy 

control design approach discussed in the previous section. Although, as previously mentioned, the 

rigorous theoretical foundation for Maximum Entropy design is not yet complete, it has proven to 

be an effective tool in the design of robust control laws for ground-based flexible structure testbeds 

[5.1, 5.2] and for certain benchmark problems [5.3, 5.4]. 

The computation of full-order Maximum Entropy controllers requires the solution of a set of 

equations consisting of two Riccati equations coupled to two Lyapunov equations. If the uncertainty 

is assumed to be zero, these equations decouple and the Riccati equations become the standard 

LQG Riccati equations. A homotopy algorithm for solving these equations is described in [5.5]. 

This algorithm is based on first solving an LQG problem and gradually increasing the uncertainty 

level until the desired degree of robustness is achieved. Unfortunately, the algorithm of [5.5] relies on 

an iterative scheme that tends to have increasingly poor convergence properties as the uncertainty 

level is increased. 

The contribution of this research is the development of a new homotopy algorithm for full- 

order Maximum Entropy design. The algorithm development utilizes the results of [5.6]. Unlike 

the previous approach, this algorithm has quadratic convergence rates along the homotopy curve. 

The algorithm has been implemented in MATLAB and is illustrated using a single-input, single- 

output control problem for the ACES testbed at NASA Marshall Space Flight Center in Huntsville, 

Alabama. 

The Bode plots of the 17th-order open loop ACES plant are shown in Figure 5.1. The basic 

control objective is to attenuate the lower frequency modes of the structure (i.e., the modes less 

than 3 Hz). Each of the flexible modes is considered uncertain. The magnitude of the uncertainties 

is determined by a scalar parameter (ß). 
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Figure 5.1. The SISO ACES transfer function consisted of seven distinct modes 
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Figure 5.2. The frequency response of the Maximum Entropy Controllers became 

increasingly smooth as the uncertainty level (proportional to ß) was increased 
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Figure 5.3. The phase frequency response of the Maximum Entropy controllers shows 

that the phase becomes positive real over a large frequency range as the uncertainty 

level (proportional to ß) was increased 
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For this example, the MATLAB implementation of the Maximum Entropy Homotopy algorithm 

was run on a 486, 33 MHz PC. Table 5.1 shows some of the runtime statistics of the program. The 

highest uncertainty design, corresponding to ß=5 was obtained in approximately one hour. Notice 

that the number of flops and the run time are essentially linear with respect to the log of the scale 

factor ß. This general trend has also been observed in other design examples. 

Table 5.1. Run-Time Statistics of the Maximum Entropy Homotopy A gorithm 
Initial 
beta 

Final 
beta Megaflops 

RealTime 
(sec.) 

Predictions 
& Corrections 

0 .01 1246.25 1027.27 43 
0.1 .1 1061.41 884.80 36 
.1 1 1061.49 889.84 36 
1 5 1083.25 995.87 41 

Figures 5.2 and 5.3 compare respectively the magnitude and phase of the initial LQG controller 

and the Maximum Entropy controllers corresponding to ß = 1 and ß = 5. Notice that the ß = 5 

controller has a very smooth frequency response and is positive real over a very large frequency 

band. The smoothness of this controller indicates that its effective order is much less than 17. Using 

balanced controller reduction, a 4th order compensator was obtained that was nearly identical to 

the 17th order compensator. 
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6. The  Multivariable Parabola Criterion for Robust  Control Design and 

Analysis [2.13, 2.17] 

One of the most basic issues in system theory is the stability of feedback interconnections. 

Four of the most fundamental results concerning stability of feedback systems are the small gain, 

positivity, circle and Popov theorems. In a recent paper [6.1], each result was specialized to the 

problem of robust stability involving linear uncertainty, and a Lyapunov function framework was 

established providing connections between these classical results and robust stability via state 

space methods. As shown in [6.1], the main difference between the small gain, positivity, and 

circle theorems versus the Popov theorem is that the former results guarantee robustness with 

respect to arbitrarily time-varying uncertainty while the latter does not. This is not surprising 

since the Lyapunov function foundation of the small gain, positivity, and circle theorems is based 

upon conventional or "fixed" quadratic Lyapunov functions which guarantee stability with respect 

to arbitrarily time-varying perturbations. Since time-varying parameter variations can destabilize 

a system even when the parameter variations are confined to a region in which constant variations 

are nondestabilizing, a feedback controller designed for time-varying parameter variations may 

unnecessarily sacrifice performance when the uncertain real parameters are constant. 

Whereas the small gain, positivity and circle results are based upon fixed quadratic Lyapunov 

functions, the Popov result is based upon a quadratic Lyapunov function that is a function of the 

parametric uncertainty. Thus, in effect, the Popov result guarantees stability by means of a family 

of Lyapunov functions. For robust stability, this situation corresponds to the construction of a 

parameter-dependent quadratic Lyapunov function [6.2]. A key aspect of this approach is the fact 

that it does not apply to arbitrarily time-varying uncertainties, which renders it less conservative 

than fixed quadratic Lyapunov functions (such as the small gain, positivity, and circle results) in 

the presence of constant real parameter uncertainty. An immediate application of the parameter- 

dependent Lyapunov function framework of [6.2] is the reinterpretation and generalization of the 

classical Popov criterion as a parameter-dependent Lyapunov function for constant linear paramet- 

ric uncertainty. 

From a theoretical perspective, an important contribution of this research is the unification of 

the circle and Popov criteria via a parameter-dependent Lyapunov function framework that yields 

both results as special cases. The unification of the circle and Popov criteria per se is not new 

to this research. Indeed, a parablola test which accomplishes this goal was originally developed in 

[6.3] and further studied in [6.4]. However these results are confined to SISO systems and rely on 
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graphical techniques. This research thus accomplished four specific goals: 

1. It provided a general framework for the parabola test in terms of parameter-dependent Lya- 

punov functions in the spirit of [6.2]; 

2. It developed a state space characterization of the parabola test via Riccati equations; 

3. It developed a multivariable extension of the parabola test for parametric uncertainty; and 

4. It used these results to develop equations for robust controller synthesis. 

One of the limitations of Popov theory is that it restricts the uncertainty to vary in only one 

direction (that is, positive or negative). The parabola test, however, allows the uncertainty to vary 

in both directions and hence can potentially lead to analysis and design tools that are more easily 

applied than those resulting from Popov theory. Hence, this research could result in robustness 

analysis tools that are more useful to the practicing controls engineer. 
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7. Application of Popov Robustness Tests to a Benchmark Problem 

[2.4, 2.5, 2.18, 2.19] 

Over the past several years, significant attention has been devoted to the use of small gain(or 

Hoc) tests for robustness analysis. However, it is well known that these tests can be very conservative 

since in the frequency domain the small gain test characterizes uncertainty with bounded gain but 

arbitrary phase while in the time domain the small gain test characterizes uncertainty with arbitrary 

time variation. This conservatism has led to the search for more accurate robustness tests. In 

particular, researchers have sought tests that allow frequency domain uncertainty characterization 

to include phase bounding or time domain uncertainty characterization to include restrictions on 

the allowable time variations. 

As discussed in the previous section, the small gain, circle and positivity tests are based upon 

conventional or "fixed" quadratic Lyapunov functions which guarantee stability with respect to 

arbitrarily time-varying perturbations. In contrast, the Popov test, based on a parameter dependent 

Lyapunov function, restricts the allowable time variation of the perturbation. 

In this research we used a benchmark problem to compare the Popov test with the small gain 

and positivity tests. Each of the stability tests have graphical interpretations for the case of one 

block, scalar uncertainty. These graphical tests were applied. However, the state space tests that are 

based on Riccati equations are emphasized since they extend to more general forms of uncertainty 

and also allow the development of robust H2 performance bounds. Homotopy algorithms were 

developed for the special case of one-block, scalar uncertainty. The algorithm for Popov analysis 

additionally required that a certain product {CQBQ) related to the uncertainty characterization equal 

zero. This condition does hold for the benchmark problem under consideration. The robustness 

tests were applied to analyze a feedback system for the benchmark system in which the controller 

was designed using the Maximum Entropy approach. 

The open-loop benchmark system is the two-mass/spring system shown in Figure 7.1. The 

stiffness k is uncertain. A control force acts on body 1, and the position of body 2 is measured, 

resulting in a noncolocated control problem. Here, we consider Controller #1 of [7.1] which was 

designed for Problem #1 of a benchmark problem [7.2] using the Maximum Entropy robust control 

design technique. The controller was designed so that the closed-loop system is robust with respect 
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Figure 7.1. The benchmark system for robust control design and analysis is a two-mass/spring system 
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to perturbations in the nominal value of the stiffness k (i.e., k = knom). The exact stiffness stability 

region over which the system will remain stable was computed by a simple search and is given by 

0.4458 <k < 2.0661. 

Next, using a graphical approach and the state-space Riccati equation approach (implemented via 

homotopy algorithms), we apply small gain analysis, positivity analysis, and Popov analysis to 

determine the stiffness stability regions predicted by each of these tests. Each of these tests is 

related to the previous test and is guaranteed to be less conservative. 

When the homotopy algorithms corresponding to the state space tests for small gain, positivity, 

and Popov analysis were applied to the benchmark problem, the performance curves shown in Figure 

7.2 resulted. As expected, Popov analysis yielded less conservative results than the positivity and 

small gain tests. The robust stability bounds Ak (positive) and Ak (negative) obtained from the 

state space tests were identical to those obtained from the frequency domain tests. In fact, the 

stability region predicted by the Popov test was identical to the true stability region! 
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Figure 7.2. The performance bounds predicted by Popov analysis were significantly 
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8. A Numerical Algorithm for Optimal Popov Controller Analysis and Appli- 

cations to a Structural Testbed [2.7, 2.21] 

One of the most important aspects of the control design and evaluation process is the analysis of 

feedback systems for robust stability and performance. Significant attention has been devoted over 

the past several years to the use of bounded gain and other norm-based methods for these analysis 

tests. Unfortunately, due to their dependence on norms, these tests exclude the phase information 

on the system uncertainties and can be very conservative for systems with constant real parameter 

errors. A technique to reduce the conservatism inherent in fixed quadratic Lyapunov functions has 

recently been introduced (see, e.g., [2.3, 2.17]). The approach considers Lyapunov functions that 

explicitly contain the uncertain parameters, and thus restrict the allowable time-variation of the 

uncertainties. 

The purpose of this research is to combine several recent advances on Popov controller analysis 

and synthesis. Refs. [2.5, 2.19] have recently demonstrated that the state space Popov analysis 

criterion is much less conservative than similar positive real and small gain (#oo) criteria. In this 

research, we extend the earlier work by considering systems with multiple uncertainties that have 

both upper and lower sector bounds. The stability criterion is developed using a more general 

stability multiplier 

W(s) = H + Ns,        H>0,    N>0. 

The algorithm of [2.5, 2.19] was developed for H — I. The new algorithm also considers the case 

Co-ßo ^ 0. The simplifying assumptions in [2.5, 2.19] that CQBQ = 0 is only valid for a very 

restricted set of parameter uncertainties. 

The optimal Popov analysis algorithm is demonstrated using several robust control designs that 

were developed for the Middeck Active Control Experiment (MACE) (see Figure 8.1) located at 

the Massachusetts Institute of Technology. Figure 8.2 shows the curves of robust (#2) performance 

vs. guaranteed robust stability for an LQG controller, a Maximum Entropy (ME) controller and 

two multiple model (MM) controllers. Each of the controllers had at least one unstable eigenvalue 

except the "stable MM." Figure 8.3 shows the improvement in the stable MM design when it was 

refined using Popov controller synthesis (PCS). 
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Figure 8.1. Middeck Active Control Experiment (MACE) Test Article 
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Figure 8.2. Robust Stability and Performance Analysis Using Several Controllers for MACE 

(Symbols x indicate nominal H2 performance for each design) 
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Figure 8.3. Robustness Improvements Achieved by Popov Controller Synthesis 
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9.  Generalized Fixed-Structure Optimality Conditions for H2 Optimal Control 

[2.8, 2.22] 

One of the foundational results in modern control theory is the development of a charac- 

terization of the globally optimal H2 controller via algebraic Riccati equations. This result has 

traditionally been derived via the Calculus of Variations or the Maximum Principle in conjunction 

with the Separation Principle. Unfortunately, the optimal H2 or LQG (Linear-Quadratic-Gaussian) 

controller has dimension equal to that of the plant (although it may have minimal dimension which 

is less than that of the plant). This has motivated the search for optimal reduced-order controllers 

(i.e., controllers that have dimension less than that of the plant). 

Because the Calculus of Variations and the Maximum Principle characterize globally optimal 

solutions, these traditional methods for deriving the LQG result do not extend to the development 

of characterizations of optimal reduced-order controllers. Hence, researchers have developed the 

optimization methods that allow the dimension and structure of the controller to be constrained 

a priori. These methods are usually based on Lagrange multiplier theory and will be called here 

"fixed-structure approaches." The "optimal projection" characterization of the necessary conditions 

for optimal reduced-order control was derived using a fixed-structure approach and yields the 

standard LQG regulator and observer Riccati equations when the dimension of the controller is 

specified to be equal to the dimension of the plant. However, the original optimal projection results 

and numerous extensions were derived by a priori assuming that the controller is minimal. This is 

a limiting assumption since it is known that even an LQG controller is not always minimal. 

This research develops optimality conditions that are derived without assuming the minimality 

of the compensator. The results are specialized to the case in which the compensator is constrained 

to have the dimension of the plant. It is shown that even when compensator minimality is not 

assumed, fixed-structure theory is able to derive the LQG Riccati equations. It is also shown that 

there exist sets of coupled Riccati and Lyapunov equations that are identical in form to the optimal 

projection equations for reduced-order control but actually characterize extremals to the full-order 

compensation problem. This leads to a new interpretation of an optimal projection controller. In 

particular, an optimal projection controller is a projection, described by a projection matrix fi, of 

a "central" extremal to the H2 optimal full-order compensation problem. 

These latter results are used to discuss suboptimal projection methods that are able to produce 

minimal order realizations of nonminimal LQG compensators. For this special case, the similarity 
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transformations relating the projection matrix v used by these suboptimal methods to the projection 

matrix // and the optimal projection matrix r from the standard optimal projection theory are 

explicitly defined. If the observability and controllability grammians of the nonminimal LQG 

compensator satisfy certain rank conditions, the three projection matrices are proved to be identical 

(i.e., T-\I = V). 
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10.  Construction of Low Authority, Nearly Non- Minimal LQG Compensators 

for Reduced-Order Control Design [2.9, 2.23] 

The development of linear-quadratic-guassian (LQG) theory was a major breakthrough in mod- 

ern control theory since it provides a systematic way to synthesize high performance controllers 

for nominal models of complex, multi-input multi-output systems. However, as discussed above, 

one of the well known deficiencies of an LQG compensator is that its minimal dimension is usu- 

ally equal to the dimension of the design plant. This has led to the development of techniques to 

directly synthesize optimal, reduced-order controllers and techniques to synthesize reduced-order 

approximations of the optimal full-order compensator (i.e., controller reduction methods). 

The controller reduction methods almost always yield suboptimal (and sometimes destabilizing) 

reduced-order control laws since an optimal reduced-order controller is not usually a direct function 

of the parameters used to compute or describe the optimal full-order controller. Nevertheless, these 

methods are computationally inexpensive and sometimes do yield high performing and even nearly 

optimal control laws. An observation that holds true about most of these methods is that they 

tend to work best at low control authority. However, to date no rigorous explanation has been 

presented to explain this phenomenon. 

One of the purposes of this paper is to provide a partial explanation as to why the suboptimal 

projection methods tend to work at low control authority. The discussion here focuses on stable 

systems. It is shown that if the state weighing matrix Rx or disturbance intensity (or covariance 

for discrete systems) V\ has a specific structure in a basis in which the A matrix is upper or 

lower block triangular, respectively, then, as illustrated by Figure 8.1, at low control authority 

the corresponding LQG compensator is nearly nonminimal and can hence be easily reduced to a 

nearly optimal reduced-order controller. The conditions presented for R\ and V\ often are satisfied 

or nearly satisfied in practice. Hence, for stable systems the results proved in this research do 

offer one explanation of why suboptimal controller reduction methods often provide nearly optimal 

control laws at. low authority. If these conditions are not satisfied, then, as illustrated by Figure 

10.2, at low control authority the LQG compensator is not necessarily nearly nonminimal. The 

basic results can be used as guidelines for choosing Ri and Vi such that suboptimal controller 

reduction methods yield "good" reduced-order controllers. 
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Figure 10.1. Non-minimality Indicator of the LQG Controller (solid line) and 

the Norm of the Cost Gradient of a 2nd-order Balanced Controller 

(dashed line) for a "Good Structured" i?i 

Harris Corporation                                                  36                                          January 1995 00051.tex 



103 

102 

.2 

3 

I    10' 
-Si 
c 

_jj 
TJ 
E w 

10° 

io-1 

Z    \ 

\ 
V 

 1 1 r               '              • IM
 1 1  T 

\ - 

- - 

\ 
\ 

2 

> 

- 

Z nr = 2, Äl   =   I\Q - 
. - 
- - 
- - 

- - 

; ; 
~ 

_ 
- - 
- - 

~ 

1                                          L          —I 1 1 • 1  

io-2       io-1        10°        101 102 IO3 

ß 

IO4 IO5 IO6 
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Gradient of a 2nd-order Balanced Controller (dashed line) for a "Bad Structured" i?,j 
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Suboptimal controller reduction methods can be used to initialize algorithms for synthesizing 

reduced-order controllers. Of particular interest are continuation and homotopy algorithms since 

they are based on allowing the plant and weights defining an optimization problem to vary as a 

function of the homotopy parameter A £ [0,1]. These homotopy algorithms rely on choosing the 

initial plant and weights so that the corresponding LQG compensator is easily reduced to a nearly 

optimal reduced-order compensator of the desired dimensions. Hence, the results developed in this 

research provide some rigorous guidelines for initializing these algorithms. Note that the restriction 

to stable systems is not necessarily limiting since the freedom involved in defining a continuation 

or homotopy map allows this assumption to be satisfied. However, future work will focus on theory 

that directly applies to unstable systems. 

Harris Corporation 38 January 1995 00051.tex 



11.    Continuation Algorithms for H2  Optimal Reduced-Order Modeling and 

Control Using the Optimal Projection Equations [2.10, 2.11, 2.24, 2.25] 

Most algorithms to date for H2 optimal reduced-order modeling and control are descent al- 

gorithms, such that at each iteration they are guaranteed to decrease the cost. An exception has 

been the continuation and homotopy algorithms of [11.1-11.6]. These algorithms are not descent 

methods and since the shortest path from a given initial condition to an optimal solution is not 

necessarily a descent path, these algorithms have the potential to be more efficient than the descent 

methods. In addition, when a physical continuation or homotopy path is used, the reduced-order 

model or controller at each point along the homotopy path is guaranteed to be a meaningful model 

or controller for the physical system. Under mild conditions, the homotopy paths of the algorithms 

developed in [11.5, 11.6] are guaranteed to exist. 

A common feature of the continuation and homotopy algorithms of [11.4-11.6] is that they are 

based directly on the gradient expressions. In these schemes, the parameter vector p represents the 

reduced-order model or controller. In order to keep the dimensionality of p relatively small and 

to avoid high order singularities along the homotopy path, minimal-order parameterizations of the 

reduced-order model or controller were considered. However, since the assumed parameterization 

may fail to exist or lead to ill-conditioning related to the insistence on using the minimal number 

of parameters, these resulting algorithms sometimes fail or have very poor convergence properties. 

On alternative approach proposed in [11.4-11.6] is to develop an algorithm that utilizes several 

minimal parameter homotopies and is capable of switching to an alternative parameterization if ill- 

conditioning is encountered with the current parameterization. A second approach is to develop 

algorithms directly based on the optimal projection equations. 

Continuation and homotopy algorithms based on the optimal projection equations are given 

in [11.1-11.3]. However, the homotopy algorithms of [11.2, 11.3] suffer from the curse of large 

dimensionality. The continuation algorithm of [11.1] used a very crude path following scheme in 

which the coupled Riccati and Lyapunov equations comprising the optimal projection equations 

for reduced-order controller design were not updated simultaneously. This caused the algorithm to 

exhibit poor convergence properties, especially as the control authority was increased. 

This research uses the optimal projection equations to develop new continuation algorithms for 

Hi optimal, reduced-order modeling and control. These algorithms avoid the large dimensionality 

of [11.2, 11.3] by using the results of [11.7] to efficiently solve sets of linearly coupled Lyapunov 
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equations whose solutions describe either the tangent vectors or Newton corrections. The poor 

convergence properties of [11.1] are avoided by simultaneously updating each of the optimal pro- 

jection equations. The new continuation algorithm for H2 optimal reduced-order controller design 

produced the optimal curves for the benchmark "four disk problem" which are shown in Figure 

11.1. 

Note that the design model was 8th order. . 

References 

11.1 S. Richter and E. G. Collins, Jr., "A Homotopy Algorithm for Reduced-Order Controller Design 

Using the Optimal Projection Equations," Proceedings of the IEEE Conference on Decision and 

Control, Tampa, FL, pp. 506-511, December 1989. 

11.2 D. Zigic, L. T. Watson, E. G. Collins, Jr., and D. S. Bernstein, "Homotopy Methods for Solving 

the Optimal Projection Equations for the H2 Reduced Order Model Problem," International 

Journal of Control, Vol. 56, pp. 173-191, 1992. 

11.3 D. Zigic, L. T. Watson, E. G. Collins, Jr., and D. S. Bernstein, "Homotopy Approaches to 

the H2 Reduced Order Model Problem," Journal of Mathematical Systems, Estimation, and 

Control, to appear. 

11.4 E. G. Collins, Jr., L. D. Davis, and S. Richter, "Design of Reduced-Order H2 Optimal Con- 

trollers Using a Homotopy Algorithm," International Journal of Control, 1993, to appear. 

11.5 Y. Ge, E. G. Collins, Jr., L. T. Watson, and L. D. Davis, "An Input Normal Form Homotopy for 

the I? Optimal Model Order Reduction Problem," IEEE Transactions on Automatic Control, 

to appear. 

11.6 Y. Ge, E. G. Collins, Jr., L. T. Watson, and L. D. Davis, "A Comparison of Homotopies for 

Alternative Formulations of the L2 Optimal Model Order Reduction Problem," submitted to 

International Journal of Control. 

11.7 S. Richter, L. D. Davis, and E. G. Collins, Jr., "Efficient Computation of the Solutions to 

Modified Lyapunov Equations," SIAM Journal of Matrix Analysis and Applications, pp. 420- 

431, 1993. 

Harris Corporation 40 January 1995 00051.tex 



10-1 
Optimal Reduced Order Controllers for the Four Disk Problem 

10-2 - 
e8 
«a 

10-3 
10-» 

 i 1 1 1—i—i   i  i i  i T —i 1—i—r ■ r I-I     1                 II         !'"T T"TT- 

C   ''' :* ••••■■   >■■■■■■ • <■■■< : ■  • •••■ •—-:   '  : ■ ■ ••: : ;  • ]■■■■■ ■    - 

L          i\v 

!  
   

   
   

   
 ! 

   
   

 ! 
   

  '
 

\5s<i ! nd p 2 

;   nc = 4 

- •:  

■»-——-L^^^ - 6   : 

 
«

 

■ I        i      i     i    1   i   i                           i                i          i        i      i     i    i i                           i               i          !        i      !     I    i    1 

10° 101 102 

control cost 

Figure 11.1. Comparison of the Performance Curves for Various Order Controllers for an 8th 
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12. Analysis and Synthesis with the Complex Structured Singular Value Using 

Fixed Structure D-Scales [2.12, 2.13, 2.26-2.28] 

A fundamental problem in control engineering is the design of feedback controllers that are 

insensitive to errors in the control design model. The characterization of the uncertainty occurs 

somewhere between two extremes, parametric and nonparametric uncertainty. Parametric uncer- 

tainty here describes errors that can be translated into errors in the elements of some time-invariant, 

state space representation of the design model. An example of this type of uncertainty would be 

errors in the mass or stiffness parameters of a finite element model. On the other hand, nonpara- 

metric uncertainty is best viewed in the frequency domain and describes errors that have bounded 

gain but arbitrary phase. Of course, there are types of uncertainty that do not fit succinctly into 

either of these two categories (e.g., state space uncertainty in which some time variation is allowed, 

or frequency domain uncertainty in which the phase is also bounded). Hence in practice, there are 

"shades of grey" when describing model uncertainty. 

This research considers control design for nonparametric uncertainty. This type of uncertainty 

can be incorporated into the control design process using the small gain theorem. This theorem 

considers only one-block uncertainty. Unfortunately, for many systems the uncertainty occurs 

simultaneously in disparate parts. For example, in a model of a flexible structure, the errors 

might exist in the sensor and actuater dynamics in addition to errors which exist due to unmodeled 

dynamics. When uncertainty is present in the system in various places, control synthesis based solely 

on the small gain theorem may yield conservative control laws since the model of the uncertainty 

will then take into account errors that are not in the true uncertainty set. This conservatism 

motivated the development of the structured singular value. 

The standard method for controller synthesis based on the structured singular value is usually 

referred to as "D — K iteration." This process begins by fixing the Z>-scales defining an upper bound 

on the structured singular value (usually to D = I) and designing an H^ optimal controller K. 

Then with K fixed the .D-scale magnitudes are optimized over (theoretically) all frequencies. Some 

optimal curve fit is then needed to find rational transfer functions that approximate the optimal 

D-scale magnitude plots (vs. frequency). Then, with the D-scales fixed to their rational transfer 

function approximations another H^ controller K is designed. The D-scales are then reoptimized 

(with A' fixed). This process continues until convergence or until an acceptable controller is found. 

Standard D - K iteration with curve fitting has the advantage that a.t each iteration, a convex 
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optimization problem is solved, although the overall design process is not convex. However, this 

process also has serious drawbacks. First, there may not be a rational transfer function that 

corresponds to the optimal D-scale magnitude plot (vs. frequency). Even if such a function exists, 

it may be of very high order. If a low order transfer function is used, the design process will lead to 

a suboptimal controller. In fact, the resulting controller will generally not be the optimal controller 

for the D-scale of the given order. 

This research develops a method for structured singular value controller synthesis that does 

not require curve fitting. In particular, the designer is allowed to a priori constrain the D-scales 

to be constant. The approach here is based on recent results in mixed norm #2/.ffoo theory. As 

illustrated by Figure 12.1, for D-scales of a given order, the resultant controllers can have better 

robustness properties than those obtained using standard D — K iteration and curve fitting. 
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Abstract: We present two Lyapunov functions that ensure the unconditional stability and robust performance of a modal system with 
uncertain damped natural frequency. Each Lyapunov function involves the sum of two matrices, the first being the solution to the 
so-called maximum-entropy equation and the second being a constant auxiliary portion. The significant feature of these Lyapunov 
functions is that the guaranteed robust stability region is independent of the weighting matrix, while the performance bounds are 
relatively tight compared to alternative approaches. Thus, these Lyapunov functions are less conservative than standard bounds that 
tend to be highly sensitive to the choice of state space basis. 

Keywords: Maximum-entropy function; robust stability; robust performance 

1. Introduction 

The maximum-entropy approach to robust control was specifically developed to address the problem of 
modal uncertainty in flexible structures [2,5,6,18,19]. The rationale for this approach was based upon 
insights from the statistical analysis of lightly damped structures [20]. Despite favorable comparisons to 
other approaches [9,10,12,13] and experimental application [11], the basis and meaning of the approach 
remain mostly empirical and largely obscure. The purpose of this paper is to make significant progress in 
developing a rigorous foundation for this approach. 

Besides the statistical modal analysis techniques of [20], a variety of formulations have been put forth for 
justifying the maximum-entropy approach. To reproduce certain covariance phenomena of uncertain 
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multimodal systems (decorrelation, incoherence, and equipartition; see [20]), a multiplicative white-noise 
model was invoked [18,19]. The specific model chosen was interpreted in the sense of Stratonovich, thus 
entailing a critical correction term in the covariance equation due to the conversion from Stratonovich to Ito 
calculus. The Stratonovich model was itself based upon a limiting process in which the parameter entropy 
increased, thus suggesting the name "maximum-entropy" control. White-noise models as a basis for robust 
control are discussed in [1]. 

An alternative justification for the maximum-entropy model was given in [14] in terms of positive real 
transfer functions. This attempt was motivated by the observation that in the limit of high modal frequency 
uncertainty the maximum-entropy controller assumed a rate dissipative structure [18,19]. An alternative 
attempt to justify the maximum-entropy model was given in [17], where a covariance averaging approach 
[16] was used to show that if the state covariance is averaged over uncertain modal frequencies possessing 
a Cauchy distribution, then the resulting averaged covariance satisfies the maximum-entropy covariance 
model. 

Although the various formulations of maximum-entropy theory lend considerable insight into the nature 
of the approach, there remains a significant gap between this approach and more conventional techniques, 
such as Hx theory. The missing link, in our opinion, is the lack of a Lyapunov function that guarantees the 
robust stability of the closed-loop control system. In this regard it was long suspected that such a Lyapunov 
function would be unconventional, that is, unlike those arising in Hx theory. This view arose from the fact 
that the maximum-entropy controllers were often robust to large perturbations in the damped natural 
frequencies, that is, the imaginary part of the eigenvalues. Such perturbations are highly structured, and thus 
are often treated conservatively by conventional small-gain-type bounds. 

The goal of the present paper is to provide a Lyapunov function basis for the maximum-entropy 
covariance model for the case of modal frequency uncertainty. In fact, in this special case, we provide two 
alternative Lyapunov functions along with the corresponding performance bounds. Each Lyapunov function 
involves the sum of two matrices, the first being the solution to the maximum-entropy equation (see equation 
(22)) and the second being a constant auxiliary portion. This construction is similar to the parameter- 
dependent Lyapunov function technique developed in [15] except that in the present paper the auxiliary 
portion is constant, that is, independent of the uncertainty. 

The maximum-entropy equation (22) differs fundamentally from alternative robustness tests such as those 
given in [3,4]. Specifically, whereas the modified Lyapunov functions in [3] involve additional nonnegative- 
definite terms in the Lyapunov equation, the maximum-entropy equation entails an indefinite modification. 
This distinction appears to play a critical role with respect to the way in which the maximum-entropy 
equation deals with the change in basis induced by the input and weighting matrices. 

While this paper potentially provides a Lyapunov function foundation for the maximum-entropy control 
approach, our results are limited to open-loop analysis. Future research will focus on robust stability of the 
closed-loop system for the controllers given in [2,5,6.9-13,18-20]. Furthermore, although the techniques 
used to construct the Lyapunov functions for the maximum-entropy equation are limited to modal frequency 
uncertainty, they appear to be generalizable to larger classes of uncertainty. Nevertheless, for structures with 
modal frequency uncertainty [2, 5, 6, 9-13, 18, 19], these results have practical ramifications. 

2. Robust stability and performance problems 

Let JV c iR"*" denote a set of perturbations A A of a given nominal dynamics matrix A e Wx". It is assumed 
that A is asymptotically stable and that 0e-?/. 

Robust stability problem. Determine whether the linear system 

x(t) = (A + AA)x(t),    te[0,oc), (1) 

is asymptotically stable for all AAety. 
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Robust performance problem. For the disturbed linear system 

x(t) = (A + AA)x{t) + Dw(t),   te[0, oo), (2) 

z(t) = Ex(t), (3) 

where u() is a zero-mean d-dimensional white-noise signal with intensity ld, determine a performance bound 
ß satisfying 

$-(%)= sup limsup£{||z(r)||i}<0. (4) 
JAei/       r—* 

For convenience, define the nxn nonnegative-definite matrices R^ET E and V^DDT. The following 
result is immediate. For a proof, see [3]. 

Lemma 2.1. Suppose A + A A is asymptotically stable for all AAB
J

11. Then 

ZT{%) = sup tr (QJA R) = sup tr(PJA V), (5) 
^AeV JAe# 

where QJAeM"*n and PAAeW*n are the unique, nonnegative-definite solutions to 

0 = (A + AA)QJA + QJA(A + AA)T + V (6) 

and 

0 = (A + AA)TPJA + P,A(A + AA) + R. , (7) 

Conditions for robust stability and robust performance are developed in the following theorem. Let J~" 
and yn denote the sets of n x n nonnegative-definite and symmetric matrices, respectively. 

Theorem 2.2. Let Q0:J
rn -* SPn, and suppose there exists Pe^V~" satisfying 

0 = ATP + PA + Q0(P) + R. (8) 

Furthermore, let P0: % -* Sfn and RQES/"
1
 be such that R0 < R, 

AATP + PAA<Q{P,AA) + R0,   AAe%, (9) 

and 

P + Po(AA)>0,    AAe%, (10) 

where 

Q(P,AA) 4 Q0(P) - [(A + AA)rP0(AA) + P0(AA)(A + A A)]. (11) 

Then 

(R- R0,A + AA),   AAe%, (12) 

is detectable if and only if 

A + AA,    AAe%, (13) 

is asymptotically stable. In this case, the following statements are true. lfy<\ is such that R0 < yR. then 

PjA<z (P + P0(AA)),    AAe%, (14) 1  — y 

where PAA satisfies (7), and 

■n#)<T-^T[tr(PF)+ suptr(P0{AA)V)-]. (15) 
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In addition, if there exists PQey
n such that 

P0(AA)<P0, 

then 

(16) 

JW) < 
1-7 

trl(P + P0)Vl. (17) 

Proof. Note that, for all AAeW, (8) is equivalent to 

0 = (A + AA)T(P + P0(AA)) + (P + P0(AA))(A + AA) + Q0(P) + R 

- t(A + AA)TP0(AA) + P0(AA)(A + AA)} - (AA1P + PAA) 

.=(A + AA)T(P + P0(AA)) + (P + Po(AA)){A + AA) + R - R0 + R'0, (18) 

where 

R'0 £ Q0(P) + R0 - [(A + AA)rP0(AA) + P0(AA)(A + A A)} - (AA1 P + P AA) 

= Q(P,AA) + R0 - (AATP + PAA). 

Hence, (18) has a solution P€Jr" for all AAe%. Thus, if the detectability condition (12) holds for all AAeJ/, 
then it follows from [21, Theorem 3.6] that (R — RQ + R'0,A + A A) is detectable, AAe<%. It now follows from 
(18) and [21, Lemma 12.2] that A + AA is asymptotically stable, AAe°ll. Conversely, if A + A A is asymp- 
totically stable for all AAe<%, then (12) is immediate. 

Now, subtracting (1 - y)-(7) from (18) yields 

0 = (A + AA)T(P + P0(AA) - (1 - y)PJA) + (P + P0(AA) - (1 - y)PiA)(A + AA) 

+ R'0-R0 + yR,    AAe%, (19) 

or, since A + AA is asymptotically stable for all AAeft and R0 < yR, (19) implies that, for all AAe%, 

eM + J'l,T'[Äo + 7Ä-/?o]eM + J>l"dt P + P0(AA)-(l-y)PiiA = 

> ,M + JA)rl p'   ~M + JA)l R'o e' df 

>0, 

which implies (14). 
Next, using (14), it follows from (5) that 

3~(%) = sup tr(DTPJ4D) < —- sup tr[DT(P + PQ(AA))D] 
J.-teif ^   — */ AAeit 

1 

1-7 
tr(PV) + suptr(P0(AA)V) 

AAei/ 

which yields (15). Furthermore, using (16) it follows that 

&{%)<. 
1 

1-7 
tr(PK)+ sup tr(P0(AA)V) 

AAei/ 

<^—ltr(PV) + \r(PQV)-\ 
1-7 

1 

1-7 
tr[(P + F0)n-        □ 
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Remark 2.3. Theorem 2.2 is a generalization of Theorem 3.1 of [15]. Specifically, the bound in [15] is 
required to hold for all nonnegative-definite matrices, whereas in Theorem 2.2 equation (9) need only hold for 
the solution P of (8). Furthermore, in [15], R0 = 0. 

Remark 2.4. Inequality (9) is equivalent to 

(A + AA)T(P + Po(AA)) + (P + P0{AA))(A + AA) + R-Ro<0, 

which shows that V(x) = xT(P + P0{AA))x is a Lyapunov function corresponding to A + AA. In construct- 
ing this Lyapunov function, the matrix P can be viewed as a predictor term, P0{AA) provides a corrector term, 
and PT ^ P + P0(AA) is the total Lyapunov matrix. 

Remark 2.5. If P0{AA) is independent of AA, then by choosing P0 = P0{AA) it follows that (15) is identical to 
(17). 

3. Application to the maximum-entropy covariance model 

Now we specialize to the case in which % is given by 

#^ lAAeW*n: AA = X ffiAi, |<7,|<<5;,    i=l,...,ri, (20) 

where <5,- >0 and the matrices AieW""1, which represent the uncertainty structure, are the given skew- 
symmetric matrices, that is, At + A] = 0, i = 1, . . . , r. In addition, we assume that A + AT < 0. This 
formulation can be viewed as the representation of a dissipative system (such as a flexible structure) with 
energy-conserving perturbations. This property can be seen by means of the Lyapunov function V(x) = xTx 
whose decay rate is independent of at. Thus, A + A A is uniformly asymptotically stable even for arbitrarily 
time-varying o^r). For simplicity, however, we confine our analysis to constant parameter uncertainty. In 
addition, although the system is robustly stable for time-varying parameter uncertainties, the performance 
bounds we obtain via Theorem 2.2 are valid only for the case of constant parameter uncertainty. 

We now introduce a specific choice of fl0(^) that is motivated by the maximum-entropy covariance model. 
Specifically, as in [18] we choose 

QoiP) = t öfÜAfTP + AjPAt + $PAf). (21) 

First we prove that with this choice of ß0(-P) equation (8) has a unique solution. Then we show that, when 
r = 1, equation (8) has an asymptotic solution for <5j -»oo. 

Proposition 3.1. Assume that A + AT < 0, At + A] = 0, and 5,- > 0, i = 1, . . ., r. Then there exists a unique 
matrix PeWxn satisfying 

r 

0 = ArP + PA+ X <5,2 (lA?TP + AjPAi + $PAf) + R. (22) 
i= 1 

Furthermore, P is nonnegative-definite. 

Proof. Applying the "vec" operator [7] to (22) yields 

0 = s?T\ecP + vecR, (23) 

where 

s*±(A@A)+ £ H2(4©^)2 

;=i 
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and © and later ® denote Kronecker sum and product, respectively. Since A + AT < 0, it follows that 
(A@A) + (A@A)T = (A + AJ)®(A + Ar)<0. In addition, the assumption that At is skew-symmetric 
implies that At® A-, is also skew-symmetric and thus (Ai@Ai)2 < 0, i = 1 r. Thus, .o/ + s/T < 0, which 
implies that sJ is asymptotically stable. Thus, (23) yields P = vec-1 ( - rf~J\ecR). This proves existence 
and uniqueness. 

Next, we show that P is nonnegative-definite. Note that since - s/~J = fö e:/T< dr, we can write 

P = vec  ' er/T'vec/?dr (24) 

After some manipulation (24) can be written as 

P = vec-1 exp r 
.i= i i= 1 
I ( - + \SfAf\® i(*+WAf)   +1 UhAt® ,4,)T 

i=l 

vec R dr 

(25) 

Now, using the exponential product formula it follows that 

P = vec" lim 
0    m-x 

exp 
i_i = i 
l[- + WAfT)eI[- + WAf 

i=i 

ti1, AT, xUexp^(AT®A}) vec R dr  . (26) 

For simplicity, we assume r = 1. If r > 1 only minor modifications are needed. First fix m and let K,0) — R; 
define the series Z(J), R{j), j = 0, 1,. . . , m — 1, by 

vecZu+1)(t)4e<'f'/2»>"'®•4'>T vecÄ01 (r) = vec £ i^Y /if Ä(7)(r)^*, 

veci?u+1)(r)^exp^^ + ^n@U+y/l?J JvecZ(j+1)(r) 

= vecexp(H/l + Y>l?J )zu+l)(t)exp(UA+^Aijj. 

It is obvious that both Z(J)(r) and R{j)(t) are nonnegative-definite matrices for all ;' = 0,1,..., m — 1 and 
r > 0. Finally, since m is arbitrary, it can be shown that 

P = vec -i lim vecR(m)dt 
O    m-x 

lim Rlm) dr > 0.       D 
O    m-x 

Next we show that (22) with r = 1 has an asymptotic solution for öy -> oc. First, we need the following 
definition and lemma. 

Definition 3.2. For Fe Wx", the smallest nonnegative integer k such that rank (Fk) = rank (Fk + 1) is called the 
index of F and is denoted by Ind (F) [8]. 

Remark 3.3. If F is invertible, Ind (F) = 0. Also Ind (0) = 1. We adopt the convention that 0° = 1 [8]. 

Definition 3.4. A matrix FeW""1 is called EP [8] if either F is invertible or there exists an orthogonal matrix 
UeWxn and an invertible matrix FieUmxm, where m<n, such that 

F= U 
'Fi    0" 
0    0 

u1 
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Remark 3.5. If F is EP, then Ind (F) < 1, and the group inverse F* of F is given by [8] 

74 

F" = U 
Ff1    0' 

0      0 
UT. 

Lemma 3.6. Let A, BeW""1, where A + AJ < 0 and B is an EP matrix. Then 

\nd(AB) = lnd(B). (27) 

Proof. Since B is an EP matrix, Remark 3.5 implies that Ind(ß) < 1. Hence, we consider two cases. 
(1) Suppose Ind (B) = 0, so that B is invertible. Since A + AT < 0, it follows that A is asymptotically stable 

and hence invertible. Therefore, AB is invertible and thus Ind (AB) = 0. 
(2) Suppose Ind (B) = 1, and let rank (B) = n — r, where r > 1. Since B is an EP matrix, there exists an 

orthogonal matrix U and a matrix DB such that B = UDBUJ, where 

DK = 
Bx    0 
0   0 

,   ß,e! »(n-r)x(n-r) , detfBJ^O. 

Since rank {AB) = n — r, it suffices to show that the zero eigenvalue of AB has multiplicity r. 
By writing UTA U in the form 

A'± UTAU = 
A'n    A'i2 

A'2l    A'z2. 

where >1'xte(R("_r)"<"~r), A'22eUrxr, A\2eUln~rUr, A'2l€W^"-r\ we have 

UTAUDB = 
A\xBx    0 
A'2l Bi    0 

Consequently, the characteristic polynomial of AB is 

det (/./ - AB) = det (/./ - U{UT AU DB) Ur) = det {XI - Ur AU DB) 

= det 
XIn-r-A\,Bx     0" 

-A'2XBX       XIr 
= ;/det(//„_r-/l'11ß1). (28) 

Equation (28) implies that the zero eigenvalue of AB has at least multiplicity r. 
The final step is to show that A\XBX has no zero eigenvalue or, equivalently, det(/l'11ß1) ^ 0. Since 

A + Ar < 0, it follows that UT(A + A1) U < 0, that is, A' + A'r < 0. Thus, A\x + (A'^f < 0, which implies 
that A'n is asymptotically stable. Therefore, we have det(/Tu) ¥= 0. Noting 

det (A'nBl) = det(A\x)det (Bx) # 0 

completes the proof.    D 

For convenience, we define 

Lemma 3.7. Let A,A1eW'"', where A + Ar < 0 and Ax + A] = 0. Then Ind (A) = 1. 

(29) 

Proof. Since Ax is skew-symmetric, it follows that AX@AX is also skew-symmetric. Thus, (A^Ax)2 is 
symmetric (actually, it is negative-semidefinite) and hence is EP. In addition, it is obvious that AX®AX is 
singular. Thus, \nd{A\®Ä[)2 = 1. Furthermore, since A + AT < 0 implies {A® A) + (AT@AT) < 0 and 
equivalently implies (A@A)~X + {AJ@AT)~1 < 0, it follows from Lemma 3.6 that Ind (A) =1.    D 
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We are now ready to prove the existence of an asymptotic solution of equation (8) when r = 1. For 
notational convenience, we replace dJ/2 by a. 

Proposition 3.8. Let A, A^W*", Re,V"and a > 0. Furthermore, assume that A + AT < 0, Ax + A] = 0, and 
let PzeJ~" be the unique, nonnegative-definite solution to 

0 = ATP + PA + <x(AiTP + 2A\PAi + PA\) + R. 

Then Px ^ lim^x Pa exists and is given by 

Px = vec-1 [(/ - AA*){A7@A1yi (- vec/?)]. 

Proof. Applying the vec operator to equation (30) yields 

0 = l(Ar@AT) + a(/4l0/4l)2]vecP + vec/?, 

so that 

vec.P= [I + aAy1 (AT@Arrl (- \ec R), 

and we can write Px as 

vecPx = lim(/ + a/ir1(/4T0AT1(-vecK) 

(30) 

(3D 

= lim a(-/ + /l 
0£ 

(AT®AT)-1{-\ecR) 

= lim z(zl + A)'1 (AT@AT)'l ( - vec R). 
Z-'Xl 

Now since lnd(A)= 1, it follows from [8, Theorem 7.6.2] that the above limit exists and is given by 
vecPx = (/ - AA#)(AT@AT)-1 (- vec«), which yields (31).    D 

For the following result, define the commutator [F, G2 — FG — GF. 

Lemma 3.9. Let A, A^U^", Re-V". Furthermore, suppose that A + A7 <0, Al + A] = 0, and let PxsJ~n 

be given by (31). Then Px satisfies 

[/tI,Px]=0. 

Proof. Since Ax is skew-symmetric, we have 

vec[/4l,Px] = vec(/ljPx + Px/l1) = (^e^I)vecPx 

= (A\®A[)(I - AA*){AT@AT)-1( - vec/?), 

(32) 

(33) 

where A is defined by (29). Since, by Lemma 3.7, Ind (A) = 1, it follows from Remark 3.5 that A and A* can be 
expressed in the form 

A=V 
C   0' 
0    0 

C_1    0" 
0     0 

v~x, V~\       A* = V 

where det(C) ^ 0. Writing V=lVt V2\ the identity 

AV= V 
C   0 
0   0 
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implies that AV2 = 0. Consequently, (A]@A7)2 V2 = 0, and, since \x\d{Ä\®Ä\) = 1, it follows that 
Ml© Ä\) V2 = 0. Therefore, equation (33) can be written as 

vec lA],P^ = (A]@A])(l-v[I
Q   ^l^We^rM-vecR) 

= (A]@A])(v °0   ^K-M^e/l^-'C-vecR) 

= (A]@A])[OV22 V-1(AT@A1)-l{-vecR) 

= [0(A]@A]) V{] V'1 (A7® A7)'1 (- \ecR) = 0. 

Asa result, [A],PX] = 0.    □ 

Remark 3.10. If P is symmetric, At is skew-symmetric, then it can be shown that \_Ä\, \_A\, Px]] =0 if and 
only if [,4j, Px] = 0. This fact is of interest since (21) can be written as 

ßo(F)= iWlAl^A]^!-}. 
;=i 

Thus,   if  r=l   and   5, -> oo,   then   IA], IA7, ?„]] ^0.   Note   (<5?/2)   [\4{, [Xj, P*,]] = - (A7 Px + 
P^A + R)= - vec-l\_(AT

1®A])2t(AT®AT)-1(A}®A])2y(AJ®AT)-1vecRl 

4. The choice of corrector term P0 

Now we propose a corrector term P0 for the case of general skew-symmetric matrices AieU"yn,i = 1,..., r, 
where r > 1. For a symmetric matrix 5, define |B| == ,/lF. 

Proposition 4.1. Assume A + A7 < 0, At + A] = 0, and <5, > 0, i = 1,..., r. Ler Pe^V" satisfy (22) and /et 

/?>maxi£ /i,., -/min(P)l, (34) 

where, for i = 1,..., r, 

tt = Amax((^|[^,P]| -itfivtf, [^7,P]])(- /i - /i1)"1). 

7/"P0(zJ/l) - A/«, tÄen (9) and (10) are satisfied with R0 = 0 and <# aiuen fcj; (20). 

Proof. By substituting P0(AA) = ßl„ into (9) with R0 = 0 and letting G = J- A7 - A, we have 

ß(P, A A) + R0 - (A A7 P + PA A) 

= ß{ _ AT _ ,4) _   £   „[^p-, +   £  ia2[xTf [i4Tf p]] 
i=l i=l 

> /?( _ ^ _ ^ _   £   ^IIV^p-,1 +   £   1^2 [/4T5 [i4T>p]] 

i=l i=l 

= G{ßIK- t G-1(Si\iAj,P2\-12dnAj,r.Aj,P21)G-1}G 
i = i 

>G{/?/„- X >.m>AG-l{ti\lAhPy-lbflA7,iÄ!,P]-])G-')In}G 
i = i 
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G{ßi„- i;.m,x((«5I-i[/i?,p]i-i<5?[/i?,[/i7,p]])(-/i-/JTrl)/»}G 
i=l 

= G{ßI„- IM-}G 
i=i 

>0. 

which proves (9). Finally, it is obvious that P + P0(AA) = P + ßln> Xmin(P)I„ + ßln > 0, so that (10) is 
satisfied.    LZ 

Henceforth, we confine our attention to the special case r = 1 and 

A = n 
CO 

0) 
A,= 

0    1 
- 1    0 

(35) 

where n > 0 and coelR. For notational convenience, we adopt the traditional symbol J for Ax. In this case 
fi0(^) given by (21) has the form 

fl0(P) = 5\ (i J2TP + JJPJ + $PJ2). (36) 

Note that JT = — J and J2 = — I2, where I2 denotes the 2 x 2 identity matrix. 

Proposition 4.2. Assume that R is positive-definite and let P satisfy 

0 = ATP + PA + öl ({-J21P + JJPJ + hPJ2) + R, 

let y < 1, and define 

P0{AA) £ (1 - y)JrPJ - yP,   AAeW. 

Then (9) and (10) are satisfied with R0 = yR. Furthermore, the performance bound (15) is given by 

^W<tr(F)tr(P). 

Proof. Clearly, (10) is satisfied. Secondly, since 

AJ = JA,   JJJ = JTJ = 12,   J
TQ0{P) J = -Qo(P), 

and P satisfies (37), it follows that 

Q0(P) + R0-l(A + (j1J)TP0 + P0(A + aiJn-al(J
TP + PJ) 

= Q0(P) + R0- [(1 - y)(ATJTPJ + JTPJA) + Ml - y)(JTJTPJ + JTPJJ) 

- y(ATP + PA) - axy{JTP + PJ)] - a^J7P + PJ) 

= Q0{P) + R0 - (1 - y)JT(ATP + PA)J + y(AT P + PA) 

= Q0(P) + RQ-{\- y) JT(- fl0(P) - R)J + y( - Q0(P) - R) 

= R0-yR + (\-y)JTRJ 

>0. 

Finally, we have 

Sr{%) < [tr (P V) + tr (P0 VY\ = tr (P V) + tr (JTPJ V) 

(37) 

(38) 

(39) 

1-7 

= tr[P(F + JKJT)] = tr(F)tr(P).       D 
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Remark 4.3. Note that unlike the parameter-dependent Lyapunov function used in [15] for the Popov 
criterion, the auxiliary portion P0(AA) given by (38) is independent of ffj. Therefore, this auxiliary portion 
P0(AA) guarantees robust stability with respect to time-varying a^t). This robust stability property was 
already shown at the beginning of this section by means of the Lyapunov function V(x) = xTx. 

Remark 4.4. Since by Proposition 3.1, equation (37) has a solution for all öt > 0, it follows that robust 
stability is guaranteed for arbitrary ox, that is, not necessarily bounded by <V 

Remark   4.5. It   is   easy   to   show   that   tr(P) = (l/2>/)tr(R)   and   PT = P + P0 = (1 - y)(JTPJ + P) 
= (1 - •/)tr(P)I2. Thus, (39) becomes 

r^/)< — ir(V)ix{R). 
1Y\ 

(40) 

Thus, the performance bound (39) is independent oibx. Furthermore, it is easy to check that PT satisfies the 
equation 

0 = ATPT + PTA + JTRJ + R. (41) 

We now present an alternative choice of P0(AA). 

Proposition 4.6. Let 

P = Pn    Piz 

Pi2    Pn 
R = 

Rl2 

Rl2 >0 

satisfy (37) and let PQ(AA) = fil2, where 

/^^3y(P22-Pn)2 + (2P12)2 
in 

Then (9) and (10) are satisfied with R0 = 0. Furthermore, the performance bound (15) is given by 

3T{%)<ir{PV) + jiir{V). 

(42) 

(43) 

Proof. Since P > 0 and P0(AA) >0,AAe%, it follows that (10) is satisfied. Next, to show that (9) is true, recall 
that Q0(P) is given by equation (36). Therefore, 

Q0(P) - l(A + a.JfPo + P0(A + a,J)2 - ff,(JT>' + PJ) 

= 8\{ -P + JTPJ) - niA1 + A) - oy{ßP + PJ) 

= 2nr\l2 + 5\(-P + JTPJ) - a^ßP + PJ) 

= 2M 12 + S 
';.!   o" 
_o   ;.2_ 5T 

= s 2\in + /. 

0 

o 
2w + ;'2_ 

s\ 

where   /.x = - /2 = Ja\ + 5\y/(P22 - Pn)2 + (2P12)2   are   the   eigenvalues   of  <52( - P + JTPJ) - 
ö-J(J

T
P + PJ) and S is a 2 x 2 orthogonal matrix. Choosing \i according to (42) implies that 2\in + /j > 0 

and 2fxn + l2 > 0. Thus, (9) is satisfied. Finally, the performance bound (15) has the form 

F(%) < tr[(P + P0(AA))V2 = tr{PV) + ßtr(V).       D 
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Remark 4.7. As in [3,4] the robust performance bounds (40) and (43) are only valid for constant uncertainty 

Before we present a numerical example, we shall illustrate some important aspects of P given by equation 
(37). The analytical solution for (37) yields 

^n + P22 = z-(^n + ^22).       ^11 — ^22 = - 

2r\ 1 

n + sj 
[Rn - R22) - 0JR12 

2P12 = 
1 co 

■(/?,!  -Ä22) + fa + <5l)Äl2 

where % ^ [rj + ö\)2 + co2. For large 5X, it is easy to see that 

^11 — ^22 ~ rp(^n — #22)*        2P12~-r^PI2 

and 

lim \_Ä[, P] = lim 
(5i -• x <5t->x 

— 2P12     P\\ — P22 

P11 — P22        2P12 

= 0, 

which agrees with Lemma 3.9. Hence, Pn — P22 and P12 both approach zero as <5X -»• 00. These properties 
are the so-called equipartition (modal energy equilibration) and incoherence (modal decorrelation) phe- 
nomena [17,20]. Since 

Ji = lim \x = 
b\ ->oc 

1  l(Rii-Ri2X2 

in 
+ Rli, 

the performance bound given by (43) approaches a (finite) constant as öy -» oc. Furthermore, since 
lim Pn = lim P22 = (l/4f/)tr(P), it follows that 

Ä1 — 30 

lim  tr(PK) + |itr(K)=   —tr(Ä) + /i   tr(K). 
*,~x \4>7 

1 

We now compare the performance bounds given by (39) and (43) for large values of 0^ Denoting 
J~i = tr(F)tr(P) and 9~2 = tr(PV) + /Ur(F), it can be shown using Rj2 < Pn P22 that 

tr(K) 
lim 3~x - 9~2 =   „ R\i + R22 Ä11-Ä22,     + ^ tr(K) 

2*7 
;.min(P)>o. (44) 

Finally, if det R = 0, then  lim ^ = lim ^ = (1/2»/) tr (K) tr (P). 
51 -» X <51 -»X 

5. Numerical examples 

Example 5.1. Let us consider a lightly damped system with ( = 0.02, a>„ = 2, n = £con, ^ = ^/l - £2con, 

/4 = 

and let 

P = 

— t] CO 

-co     — r\ 

~2ß   0" 

0     2   ' 

r   0 11 
,   J = L-! °J 
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where ß > 0. For robust stability, we compare our result to the approach of [22]. For R # 2/2 we must use 
a congruence transformation in order to apply the theorem in [22]. Hence, we transform 

ATP + PA + R = 0 (45) 

to obtain 

ATP + PA + 2I2 = 0, 

where A = S~ 1AS, and S is the congruence transformation matrix such that SrRS = 2/2. As was mentioned 
in Remark 4.3, this system is robustly stable for all o1eM. This follows from [22] by taking ß = 1, that is, 
R = 2I2, so that equation (45) has the solution P = (l/rj)I2. Therefore, in the notation of [22], 
/>! = \ (JJP + PJ) = 0, and thus the singular values of ?! are all zero. As a result, the robust stability region 
is !crx j < X. 

Now consider the case ß P 0. Following the same procedure mentioned above, we have 
I (Til < Sx ~ (2loiß){r\2 + oj2)as ß-> x. Thus, for large ß the approach of [22] becomes highly conservative. 
The reason for this conservatism is the similarity transformation of the skew-symmetric matrix J which was 
effectively imposed by the choice R ¥= 212. In the new basis, the matrix J is transformed to S~1JS, which is no 
longer skew-symmetric. 

Example 5.2. Consider the same system in Example 5.1 except with 

R = 
2    1 
1    1 

and for robust performance, let 

V = 
2    1 
1    1 

First, the robust stability region found by using the same technique as in the previous example is \ox \ < 1.37, 
an extremely conservative result. As in the previous example, the reason for this conservatism is due to the 
similarity transformation of the skew-symmetric matrix J. In the new basis, the matrix J is transformed to 
S~lJS, which is no longer skew-symmetric. 

Next, let us compare the robust performance bound given by equation (39) in Proposition 4.2 with the 
bound suggested by Bernstein and Haddad [3]. According to (39) the performance bound is 
<^"(#) < (1/2??) tr(R) = 98.50, which is valid for all GisU. In [3] the stability region and performance bound 
can be found by solving 

ATPA+ PAA + A + R = 0 

and by determining the values of ax such that 

GX (A] PA+PA AX)<A, 

(46) 

(47) 

where A is a nonnegative-definite matrix. First, letting A = kl2, where k > 0, it can be shown that the 
solution to equation (46) is PA= P + {k/2rj)I2, where P is the solution to (45) with 

/? = 
2 r 
i  i 

Therefore, we have the performance bound ST^U) < tr(PF) + (k/2ti)tv(V) with robust stability region 
I (Til < k/?.max{JTP + PJ) (see Fig. 1). Alternatively, choosing A = 0.53R yields the robust stability re- 
gion - 2.57 < ox < 0.37 which yields the symmetric stability region lo-jl < 0.37. For this robust stability 
region the performance bound 3~(U) < 118.20 (see Fig. 2). 
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6. Discussion and conclusions 

As was shown in Propositions 4.2 and 4.6, the maximum-entropy-type Lyapunov functions correctly 
predict unconditional robust stability for arbitrary coordinates and thus, effectively, for an arbitrary state 
space basis. In addition, the performance bounds predicted by the maximum-entropy Lyapunov function are 
comparatively tight, even for large <51( whereas the bound of [3] is extremely conservative and highly 
coordinate-dependent. The problem of choosing an appropriate basis may be relatively benign if robust 
stability analysis is performed independently of robust performance analysis. That is, for robust stability 
analysis one can arbitrarily choose the state space basis to produce the best estimate of the robust stability 
region without regard to robust performance. However, in the problem of robust controller synthesis the 
basis is not arbitrary but rather is dictated by the weighting matrices V and R. Thus, the fact that the 
maximum-entropy-type Lyapunov functions provide robust stability and performance bounds that are only 
slightly affected by the choice of V and R appears to be a desirable feature for robust controller synthesis. 
This may explain the favorable results obtained in [2,5,6,18,19]. 



D.S. Bernstein et al.    Maximum-entropy-type Lyapunov Junctions *~ 

Acknowledgment 

We wish to thank Jonathan How for noting Remark 4.5. 

References 

[1] D.S. Bernstein, Robust static and dynamic output-feedback stabilization: deterministic and stochastic perspectives. IEEE Trans. 
Automat. Control 32 (1987) 1076-1084. 

[2] D.S. Bernstein and S.W. Greeley. Robust controller synthesis using the maximum entropy design equations. IEEE Trans. Automat. 
Control 13 (1986) 362-364. 

[3] D.S. Bernstein and W.M. Haddad, Robust stability and performance analysis for linear dynamic systems, IEEE Trans. Automat. 
Control 34 (1989) 751-758. 

[4] D.S. Bernstein and W.M. Haddad, Robust stability and performance analysis for state space system via Quadratic Lyapunov 
bounds. SIAM J. Matrix Anal. Appl. 11 (1990) 239-271. 

[5] D.S. Bernstein and DC. Hyland. The optimal projection/maximum entropy approach to designing low-order, robust controllers 
for flexible structures, in: Proc. IEEE Conf. Dec. Contr., Fort Lauderdale. FL (1985) 745-752. 

[6] D.S. Bernstein and D.C. Hyland, The optimal projection approach to robust, fixed-structure control design, in: J.L. Junkins. ed.. 
Mechanics and Control of Space Structures (AIAA. New York, 1990) 287-293. 

[7] J.W. Brewer. Kronecker products and matrix calculus in system, IEEE Trans. Circuits and Systems 25 (1978) 772-781. 
[8] S.L. Campbell and CD. Meyer Jr., Generalized Inverse of Linear Transformation (Pitman, New York, 1979). 
[9] M. Cheung and S. Yurkovich, On the robustness of MEOP design versus asymptotic LQG synthesis, IEEE Trans. Automat. 

Control 33 (1988) 1061-1065. 
[10] E.G. Collins Jr., J.A. King and D.S. Bernstein, Robust control design for the benchmark problem using the maximum entropy 

approach, in: Proc. Amer. Contr. Conf, Boston, MA (1991) 1935-1936. 
[11] E.G. Collins Jr., et al., High performance accelerometer-based control of the mini-MAST structure at Langley Research Center, 

NASA Contractor Report 4377, 1991. 
[12] A. Gruzen, Robust reduced order control of flexible structures, C.S. Draper Laboratory Report CSDL-T-900, 1986. 
[13] A. Gruzen and W.E. van der Velde, Robust reduced order control of flexible structures using the optimal projection/maximum 

entropy design methodology, in: AIAA Guidance, Navigation, and Control Conf, Williamsburg, VA (1988). 
[14] W.M. Haddad and D.S. Bernstein, Robust stabilization with positive real uncertainty: beyond the small gain theorem. Systems 

Control Lett. 17 (1991) 191-208. 
[15] W.M. Haddad and D.S. Bernstein, Parameter-dependent Lyapunov functions, constant real parameter uncertainty, and the Popov 

criterion in robust analysis and synthesis, in: Proc. IEEE Conf. Dec. Contr., Brighton (1991) 2274-2279 (Part I), 2632-2633 (Part II). 
[16] N. W. Hagood IV and E.F. Crawley, Cost averaging techniques for robust control of parametrically uncertain system, MIT SERC 

Report #9-91, 1991. 
[17] S.R. Hall, D.G. MacMartin and D.S. Bernstein, Covariance averaging in the analysis of uncertain systems, IEEE Trans. Automat. 

Control, to appear. 
[18] D.C. Hyland, Maximum entropy stochastic approach to controller design for uncertain structural systems, in Proc. American 

Control Conf, Arlington, VA (1982) 680-688. 
[19] D.C. Hyland and A.N. Madiwale, A stochastic design approach for full-order compensation of structural systems with uncertain 

parameters, in: Proc. AIAA Guidance and Control Conf, Albuquerque. NM (1981) 324-332. 
[20] R.H. Lyon, Statistical Energy Analysis of Dynamical Systems: Theory and Applications (MIT Press, Cambridge. MA. 1975). 
[21] W.M. Wonham. Linear Multivariable Control: A Geometric Approach (Springer, New York, 1974). 
[22] K. Zhou and P.P. Khargonekar, Stability robustness bounds for linear state-space models with structured uncertainty, IEEE 

Trans. Automat. Control 32 (1987) 621-623. 



Appendix B: 

Homotopy Algorithm for Maximum Entropy Design 

Harris Corporation January 1995 00051.tex 



JOURNAL OF GUIDANCE. CONTROL, AND DYNAMICS 

Vol. 17, No. 2, March-April 1994 

Homotopy Algorithm for Maximum Entropy Design 

Emmanuel G. Collins Jr.,* Lawrence D. Davis,* and Stephen Richtert 
Harris Corporation, Melbourne, Florida 32902 

Maximum entropy design is a generalization of the LQG method that was developed to enable the synthesis 
of robust control laws for flexible structures. The method was developed by Hyland and motivated by insights 
gained from statistical energy analysis. Maximum entropy design has been used successfully in control design for 
ground-based structural testbeds and certain benchmark problems. The maximum entropy design equations 
consist of two Riccati equations coupled to two Lyapunov equations. When the uncertainty is zero, the equations 
decouple and the Riccati equations become the standard LQG regulator and estimator equations. A previous 
homotopy algorithm to solve the coupled equations relies on an iterative scheme that exhibits slow convergence 
properties as the uncertainty level is increased. This paper develops a new homotopy algorithm that does not 
suffer from this defect and in fact can have quadratic convergence rates along the homotopy curve. Algorithms 
of this type should also prove effective in the solution of other sets of coupled Riccati and Lyapunov equations 
appearing in robust control theory. 

,(') 

Ir 
<R", (Rmx 

trZ 
vec(-) 

Y>Z 
Y>Z 
Y/Z 

Y*Z 

Z* 
ZH 

Z(k,:) 

Z{:,k) 

® 
or Z(, 

Nomenclature 
= m-dimensional column vector whose /th 

element equals one and whose additional 
elements are zeros 

= rxr identity matrix 
= nxl real vectors, mxn real matrices 
= trace of square matrix Z 
= invertible linear operator defined such 

that vec(S) £ [sfsT ■■■ s?
r]r, S e (R"x" 

where Sj € (Rp denotes the y'th column 
ofS 

= Y-Z is positive definite 
= Y - Z is nonnegative definite 
= matrix whose (i,j) element is yit /Zij, 

Y and Z must have identical dimensions 
(MATLAB notation) 

= Hadamard product of Y and Z 
([yijZij]), Y and Z must have identical 
dimensions 

= complex conjugate of the matrix Z 
= complex conjugate transpose of the 

matrix Z, (Z*)r 

= Arth row of the matrix Z (MATLAB 
notation) 

= Arth column of the matrix Z (MATLAB 
notation) 

j) = ('. j) element of matrix Z 
= Kronecker product14 

I.    Introduction 
HE linear-quadratic-Gaussian (LQG) compensator' has 

A been developed to facilitate the design of control laws for 
complex, multi-input/multi-output (MIMO) systems such as 
flexible structures. However, it is well known that an LQG 
compensator can yield a closed-loop system with arbitrarily 
poor robustness properties.2 This deficiency has led to general- 
izations of LQG that allow the design of robust controllers. 
One such generalization of LQG is the maximum entropy con- 
trol design approach that was originated by Hyland3 and Bern- 
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stein and Hyland.4'5 Maximum,entropy control design was 
developed specifically to enable robust control law design for 
flexible structures. In particular, this design technique devel- 
ops control laws that are insensitive to changes in the (un- 
damped) modal frequencies. The approach was motivated by 
insights from statistical energy analysis and has proven to be 
an effective tool in the design of robust control laws for 
ground-based flexible structure testbeds6'7 and for certain 
benchmark problems.8"10 

The rigorous theoretical foundation for maximum entropy 
design is not yet complete. However, in Ref. 11 it is shown 
that, for an open-loop system, a Lyapunov function based on 
the maximum entropy constraint equation predicts uncondi- 
tional stability for changes in the undamped natural fre- 
quency. The results of Ref. 11 also provide evidence that the 
theoretical foundation of maximum entropy analysis and de- 
sign may be related to recent robustness results based on pa- 
rameter-dependent Lyapunov functions.12 

The computation of full-order maximum entropy con- 
trollers requires the solution of a set of equations consisting of 
two Riccati equations coupled to two Lyapunov equations. If 
the uncertainty is assumed to be zero, these equations decouple 
and the Riccati equations become the standard LQG Riccati 
equations. A homotopy algorithm for solving these equations 
is described in Ref. 13. This algorithm is based on first solving 
an LQG problem and gradually increasing the uncertainty 
level until the desired degree of robustness is achieved. Unfor- 
tunately, the algorithm of Ref. 13 relies on an iterative scheme 
that tends to have increasingly poor convergence properties as 
the uncertainty level is increased. 

The contribution of this paper is the development of a new 
homotopy algorithm for full-order maximum entropy design. 
Unlike the previous approach, this algorithm can have quad- 
ratic convergence rates along the homotopy curve. Algorithms 
of this type should also prove effective in the solution of other 
sets of coupled Riccati and Lyapunov equations appearing in 
robust control theory (e.g., Ref. 12). The algorithm has been 
implemented in MATLAB and is illustrated using a control 
problem from the Active Control Technique Evaluation for 
Spacecraft (ACES) testbed at NASA Marshall Space Flight 
Center in Huntsville, Alabama. A useful feature of maximum 
entropy design, seen in the example, is that it often produces 
controllers that are effectively reduced-order controllers. 
Other features of maximum entropy controllers are described 

in Refs. 6 and 7. „.„_,,       .,_ 
The paper is organized as follows. Section II develops the 

maximum entropy design equations. Section III gives a brief 
svnopsis of homotopy methods. Next, Sec. IV develops a new 
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homotopy algorithm for maximum entropy control design. 
Section V illustrates the algorithm using a 17th-order model of 
one of the transfer functions of the ACES structure at NASA 
Marshall Space Flight Center. Finally, Sec. VI discusses the 
conclusions. 

II.    Maximum Entropy Design Equations 
Consider the system 

x(t) = Ax(t) + Bu(t) + V\U) 

y(t) = Cx(t) + Du(t)+w2(t) 

where x € (R">, u € (Ft"», y e (R"\ w, € <R"* is white disturbance 
noise with intensity K, > 0, w2 € (R"-' is white observation noise 
with intensity V2>0, and w, and w2 have cross correlation 
K12 € <R"'xn>. It is assumed that (A,B) is stabilizable and 
(A, C) is detectable. Also, the matrix A is assumed to be of 
the form 

A = block d\ag[A(i\Am] 

where Aa> represents the dynamics that are certain and Am 

represents the nominal dynamics of the uncertain modes and is 
in real normal form; for example, 

Am = block diag 
-i'i 

»2> 
-"3 

-L03 

U>3 

-"3. 

We also assume that only the modes with complex eigenvalues, 
corresponding to the 2x2 blocks 

are uncertain and that the uncertainty patterns A, € (R"* * "* are 
of the form 

A, = block diag  0,...,0 
0      1 

-1    0 
,    0.....0 

Notice that the /I, correspond to errors in the undamped nat- 
ural frequencies, i.e., the imaginary part of the eigenvalues. 

The maximum entropy control design problem is stated as 
follows. Find a full-order dynamic compensator (i.e., a com- 
pensator of order nx), 

xc(t) = Acxc{t) + Bcy(t) 

«(/)= -CcxcU) 

which stabilizes Äs, defined later, and minimizes the cost func- 
tional 

J(AC,BC,CC) = ITQR 

where Q satisfies 

0 = Ä,Q + QÄT
s + V+t ÄiQÄ] 

and 

Ä, - Ä + - T. a-Ä1., 
2,f, 

Ä, = block diag 1-4,, 0„ 

A = 
A -BCC 

BCC   AC-BCDCC 

R = 
H1 R \2 Cr 

_CjR{2    CjR2Cc. 
Vs        VaBj 

_BCVT2    BcV2Bj_ 

There is currently no rigorous justification for the requirement 
that Äs be stabilized, but extensive numerical examples have 
shown that stability of As insures stability of the nominal 
closed-loop system. Notice that if no uncertainty is assumed 
(i.e., a,4Ö), then the maximum entropy control design prob- 
lem becomes the standard LQG problem. The solution to the 
maximum entropy problem is characterized by the following 
theorem. 

Theorem P~%. Suppose (AC,BC, Cc) solves the maximum 
entropy control design problem. Then, there exist nonnega- 
tive-definite matrices Q, P, Q, and P such that Ac, Bc< and Cc 

are given by 

Ac=A,-BR{lP. - QaVf'C + Q.V^DR^P. 

where 

Bc = Q.Vf\       CC=R2-'P0 

AS=A+-Z^A) 
2 ,= 1 

Pa=BTP + Rj2,       Qa = QCT+Vl2 

and the following conditions are satisfied: 

0 = AT
sP +PAS +Rl-PjR2

lP„+ t a;A](P + P)A;   (1) 

0 = A,Q + QA\ + K, - QcV2'Ql + E «M,-(C + QWi  (2) 

0 = (As-QaV2-
]C)TP + P(A,-QaV2-

}C) + PjRi'Pa   0) 

0 = (As-BR2-lP.)Q + Q(AS-BR2-XPC)
T+ QaVf'Qj   (4) 

Remark 1. If no uncertainty is assumed (i.e., a,40), then 
Eqs. (1-4) decouple, Eqs. (1) and (2) become the standard 
LQG regulator and estimator Riccati equations, and (Ac, Bc, 
Cc) defined in Theorem 1 is an LQG compensator. 

III.    Homotopy Methods for the Solution of 
Nonlinear Algebraic Equations 

In the next section, we present a homotopy algorithm for 
solving the maximum entropy design equations (1-4). A ho- 
motopy is a continuous deformation of one function into an- 
other. The purpose of this section is to provide a very brief 
description of homotopy methods for finding the solutions of 
nonlinear algebraic equations. The reader is referred to 
Refs. 15-17 for additional details. 

The basic problem is as follows. Given set G and $ con- 
tained in (R" and a mapping F : 6 — *, find solutions to 

F(fi) = 0 

Homotopy methods embed the problem F(6) = 0 in a larger 
problem. In particular, let H : 9 x [0, 1] —(R" be such that the 
following conditions exist: 

1) H(6, 1) = F(0). 
2) There exists at least one known 80 € (R" that is a solution 

to H(-,0) = Q, i.e., 

H(60, 0) = 0 

3) There exists a continuous curve (0(X), X) in (R"x[0, 1] 
such that 

with 

//(0(X), X) = 0    for    X € [0, 1] 

(0(0), 0) = (flo.O) 
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4) The curve (0(X), X) is differentiable. 
A homotopy algorithm then constructs a procedure to com- 

pute the actual curve (0(X), X) such that the initial solution 0(0) 
is transformed to a desired solution 0(1) satisfying 

O = //(0(l), 1) = F(0(1)) 

Differentiating H(8(\), X) = 0 with respect to X yields Davi- 
denko's differential equation: 

Md8_     dH 

30 dX + 3X 
0 (5) 

Together with 0(0) = 0O, Eq. (5) defines an initial value prob- 
lem that by numerical integration from 0 to 1 yields the de- 
sired solution 8(1). Some numerical integration schemes are 
described in Ref. 17. 

IV.    Homotopy Algorithm for Full-Order 
Maximum Entropy Control Design 

This section presents a novel homotopy algorithm that can 
be used to design full-order maximum entropy controllers. The 
algorithm is based on explicitly solving the four coupled max- 
imum entropy design equations given in Eqs. (1-4). 

A.    Homotopy Map 
To define the homotopy map we assume that the plant ma- 

trices (A, B, C, D), the cost-weighting matrices (Rit R2, R\2), 
the disturbance matrices (K,, V2, K,2), and the vector of uncer- 
tainty weights (a € (R"<") are functions of the homotopy param- 
eter X € [0, 1]. In particular, the following is assumed: 

A(\)   B(\) 

C(X)   D(\) 
= 

~A0    Bo' 

.Co   D0_ A 'Aj   B, 

Cf   Df_ 
- 

' Ao   BÖ 

Co   Do. 

X)    Rl20 

X)    tf2(X 
v)' 

). 
= L RWLZ( X) 

where 

£R(X) = Z-Ä.o + X(LÄi/ — LRio) 

and LR0 and LRJ satisfy 

r        T T    A 
^R.O^R.O = 

R\,0      ^12.0 

-■^12,0      ^2,0. 

" ViM     K12(X) 

U2O0 y2
T( X) 

j        j T    A LRJLRJ = 
'l./      R-VIJ 

12,/      RlJ. 

= LV(\)U(\) 
L y 12(^1       K2 WJ 

where 

Ly(\) = Ly,o + X(L(// — Lv,o) 

and LVio and Lyj satisfy 

■^K.O^V.O - 
YLO     Vn,o 
^.2.0     VM_ 

L VjL yj = 

af(\) = ali + \(a}j-ccli), i = 1, 2,...,na 

Notice that at X = 0, A(\) = A0, B(\) = B0 aj(\) = ali, 
whereas at X= l,A(\) = Af, B(\) = Bf,...,af(\) = ajj. Some 
guidelines for choosing the initial and final matrices are dis- 
cussed later in Sec. IV.C. 

The homotopy 0 = H((P, Q, P, Ö),X) is given by the equa- 
tions 

0 = A(X)rP(X) + P(\)AS(\) +Ä,(X) -Pa(X)^2(X)"'P.(X) 

+ £ ct}(\)AJPMA, + t «?(XM^(XM, (6) 

0 = A,(\)Q(\) + Q(\)ASW
T+ K,(X) - Q,(X)V1-

,WQaWT 

+ t a-(\)AiQ(X)A7; + £ a-A,Q(\)AT, (1) 

0= [/l5(X)-Q0(X)K,-|(X)C(X)]rP(X) 

+ P(X)[A(X)-a(X)K:-'(X)C(X)] 

+ Pa(\)rR{](\)PaW (8) 

0= [>lJ(X)-5(X)/?;-|(X)P<I(X)](2(X) 

+ Q(\)[ASW~ B(\)R2-l(\)Pa(\)]T 

+ a(X)K2-'(X)Ö1,(X)r (9) 

where 

As(\)±A(\)+l- t «?(X)/4? 
I 1= 1 

Pa(\)äB(\)TP(\) + R]2(\)
T,   QaM = QWC(\)T+ Vl2(\) 

B.    Derivative and Correction Equations 

The homotopy algorithm presented in the next section uses 
a predictor/corrector numerical integration scheme. The pre- 
dictor steps require derivatives [P(X), Q(\), P(\) Q(\)] .where 
M=dM/dX, whereas the correction step is based on using 
Newton corrections, denoted here as (AP, AQ, AP, AQ). Next 
we derive the matrix equations that can be used to solve for the 
derivatives and corrections. For notational simplicity we omit 
the argument X in the derived equations. 

/.    Derivative Equations 
Differentiating Eqs. (6-9) with respect to X gives the follow- 

ing coupled matrix equations: 

0 = Ar
PP + PAp + R + £ aJA]PA{ + £ ajA^PAi     (10) 

0 = AQQ+QAr
Q + V+ Y,a']AiQAT

i + J]^,^   (11) 
1= 1 /= 1 

0 = AT
QP + PAQ + R + GcQF + FQCc 

+ HT
PPKp + KT

PPHp (12) 

0 = APQ + QA
T

P +V + GBPE + EPGB 

+ HQQKT + KQQHT (13) 

where 

AP±As-BR2,invPa,       AQ <k As - QaV2.invC 

R±AT
SP+ PAS + A, - PfR2,inv(B

TP + R{2) 

- (PB + Rl2)R2invPa - Pü R2_mPa 

+ t"i.*AT
i(P + P)Ai 

i=\ 

V±A,Q + QA\ + K, - Q.V2Mv(CQ + Vj2) 

- (QCT+ V{2)V2MvQj - QaV2<imQj 
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A = [A, -G^.invC- QAinvC-(QCT+ fu)K2.iB¥c]TP 

+ P{A5- QaV2M,C- QoK^C - {QCT+ K12)K2,invC] 

+ PjR2^[BTP+RT
n) + (BTP+Rl2)

TR2,imPa 

P=U, ■ BR2,lnvP„ -BR2,imPa -BR2,im{BrP +kj2)] Q 

+ C[As-BR2.m,Pa -BR2,^Pa -BR2,inv(B
TP + kj2)]T 

+ Q,V2,iUQCT+ Vn)T+ (QCT+ Vn)V2,mvQj 

GB=-BR2.m,BT,    Gc=-CTV2,invC,   £ = 0.   P = P 

Hp = BR2,imP„,   HQ = QaV2MvC,   Kp=I„x,   KQ = I„x 

Note that in the previous equations we have used the notations 

^2,inv = R2    ' ,= K- «1-.! ±a2 

2.    Correction Equations 
The correction equations are developed with X at some fixed 

value, say X*. The derivation of the correction equations is 
based on the relationship between Newton's method and a 
particular homotopy. In the following text we use the notation 

'•»«5 
Let/ : (R"-(R"beC' and consider the equation 

O=/(0) (14) 

If 0(,) is the current approximation to the solution of Eq. (14), 
then the Newton correction18 A0 is given by 

where 

0O-+i>_0«->4 A0= _/'(0«-))-ie 

e=/(0(/)) 

(15) 

Now, let 0(/) be an approximation to 0 satisfying Eq. (14). 
Then, with e as given immediately above, construct the follow- 
ing homotopy to solve Eq. (14): 

(l-/3)e=/(0(/3)), ß € [0, 1) (16) 

[Note that at (8 = 0 Eq. (16) has solution 0(O) = 0(/), whereas 
0(1) satisfies Eq. (14)]. Then, differentiating Eq. (16) with re- 
spect to ß gives 

30 

dß 
= -/'(0<")-1e (17) 

ß=o 

Remark 2. Note that the Newton correction A0 in Eq. (15) 
and the derivative 30/3/3|e=0 in Eq. (17) are identical. Hence, 
the Newton correction A0 can be found by constructing a 
homotopy of the form of Eq. (16) and solving for the resulting 
derivative 30/d0jfl=o- As seen later, this insight is particularly 
useful when deriving Newton corrections for equations that 
have a matrix structure. It is also of interest to note that the 
homotopy of Eq. (16) is appropriately referred to in some 
literature as a "Newton homotopy."15 

Now, we use the insights of Remark 2 to derive the equa- 
tions that need to be solved for the Newton corrections 
(AP, AQ, AP, A(5). we begin by recalling that X is assumed to 
have some fixed value, say X*. Also, it is assumed that P*, Q*, 

P*, and Ö* are the current approximations to P(X*), G('^*)> 
^(X*), and (5(X*) and that EP, EQ, EP, and EQ are, respec- 
tively, the errors in Eqs. (1-4) with X = X* and P(X), ß(X), 
/5(X), and <5(X) replaced by P\ Q*, P*, and (5*. 

We next form the homotopy 

(\-ß)EP = AT
sP(ß) + P(ß)As + *, - Pc(ß)TR2'xPciß) 

+ t a}AT
iP{ß)Ai + t ct]AT

iP{ß)A, (18) 
/«I f-i 

(l-ß)EQ = AsQ(ß) + Q(ß)AT
s +Vt- Q.(ß)V2-

,Q.iß)T 

(19) 

(20) 

(21) 

+ t cxfAiQ(ß)A7i + E otAiQWA] 
i= i /-1 

(1 -ß)EP = [AsQ,(ß)V2-'C}TP(.ß) 

+ P{ß)[A, - ß.(|3)V2-'C] + Pa(ß)TR2'
lPAß) 

(l-fl£ö = [As-BR;'Pa{ß)}Q(ß) 

+ 0(ß)[A5-BR2-]Po(ß)}T+Q,(ß)V2-
iQe(ß)T 

where 

As = A + JÜ a}A) 
i'-i 

P„ = BTP{ß) + R[2,       & = Q(ß)CT+ Vn 

and the system matrices are assumed to be evaluated at X = X*, 
i.e., (/I, £,...,P,,P2,...)=[/i(X*),.B(X*),...,,R1(X*),P2(X*), 
...]. Differentiating Eqs. (18-21) with respect to ß and using 
Remark 4 to make the replacements 

AP = 
dP 

d/3 
AQ = 

« = o 

dQ 

dß 

.     dP 
AP = — 

dß 
A(5 = — 

V      d/? 

g = o 

0 = 0 

gives 

0 = AT
PAP + APAp + P + £ a}A]APAi 

1=1 

+ £ ajA]ApAi 
i=i 

0 = /4eAQ + AQAT
Q + K + £ ajAiAQA] 

i- 1 

«a 

+ £ a)A,AQAT, 

(22) 

(23) 

0 = ,4£,AP + APAg + R + GCAQF + PAQGC 

+ H^APKp + KfAPHp 

0 = ApAQ + AQA
T

P + V + GBAP£ + £APGB 

+ HQAQKl + KQAQHl 

where 

/l,,£/4J-.B/?2-1/>
fl,       /lo^^-a^'C 

/?=£P;        V = EQ,       R=EP,        V = EQ 

GB=-BR2
lBT,    Gc=-CTV2'

lC,   £ = a   P = P 

HP = BR2'Pa,   HQ^QcVfiC,   Kp = I„x,   KQ = /Bj 

(24) 

(25) 
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Comparing Eqs. (22-25) with Eqs. (10-13) reveals that the 
derivative and correction equations are identical in form. Each 
set of equations consists of four coupled Lyapunov equations. 
Since these equations are linear, by using Kronecker products'4 

they can be converted to the vector form Q.x = b where for 
Eqs. (22-25) x is a vector containing the independent elements 
of AP, AQ, AP, and AQ. The Q. is then a square matrix of 
dimension 2nx (nx + 1). Inversion of Q. is hence very computa- 
tionally intensive for even relatively small problems (e.g., 
nx = 10). 

Fortunately, the coupling terms described by the summation 
terms in Eqs. (22) and (23) are relatively sparse. In particular, 
each summation has only 3na independent terms. Hence, a 
technique similar to that described in Ref. 19, which exploits 
this sparseness, can be used to efficiently solve Eqs. (22-25) [or 
equivalent^ Eqs. (10-13)]. The details of the solution proce- 
dure are described in Appendix B. The solution procedure re- 
lies on the solution of a maximum entropy Lyapunov equation 
as described in Appendix A. The results of Appendix A are 
also based on the results of Ref. 19. Both Appendices A and B 
rely on diagonalization of the coefficient matrices of each of 
the Lyapunov equations. Since efficient MATLAB implemen- 
tation requires the minimization of the use of for loops, the 
solution procedures of Appendices A and B implement the 
techniques of Ref. 19 with minimal looping. A complete 
derivation of these results is presented in Ref. 20. 

C.    Overview of the Homotopy Algorithm 
This section describes the general logic and features of 

the homotopy algorithm for full-order maximum entropy 
control. It is assumed that the designer has supplied a set 
of system matrices Sf=(Af, Bf, C/,Df,R\j, R2j, Rnj, V\j, 
vij, Vnj, «/) describing the optimization problem whose 
solution is desired. In addition, it is assumed that the de- 
signer has chosen an initial set of related system matrices 
S0 = (A0, Bo, C0, D0, R^o, R2,o, Rn,o, ^i.o. ^.o. K,o, a0) that 
has an easily obtained or known solution (P0, QoPo. Öo) to 
the maximum entropy design equations. Note that we can 
always choose a0 = 0 in which case (P0, Qo, Po, Qo) cor- 
responds to an LQG problem and can be computed using 
standard Riccati equation and Lyapunov equation solvers. 
In practice, we often choose the remaining system matrices 
to have equal initial and final values, i.e., Af = Ao, Bf = Bo, 
...,Äiy = Ä,,o, Rij = Ri.o,.--,V\j=V\.o,Vij=Vifi- How- 
ever, there is a strong rationale for allowing these matrices to 
vary during the homotopy. For example, suppose a maximum 
entropy controller of a particular robustness (corresponding to 
some value of a) is designed but the controller authority level 
is not desirable. Then, instead of changing the weights 
Ri,R2,R\2< K, Vi, and vn to reflect the desired authority 
level, solving the corresponding LQG problem (that is, the 
problem with a = 0), and then using the homotopy algorithm 
to reinsert the robustness (corresponding to the original value 
of a), we can use the homotopy algorithm to modify the 
weights R{,R2,..., with a fixed to its original value. Simi- 
larly, we can modify the nominal plant matrices A, B, C, and 
D with a fixed to reflect new data concerning the plant. 

Later we present an outline of the homotopy algorithm. This 
algorithm describes a predictor/corrector numerical integra- 
tion scheme. The prediction step uses cubic spline prediction as 
described next. 

/.    Cubic Spline Prediction 
Here we use the notation that X0, X_ i, and X, represent the 

values of X at, respectively, the current point on the homotopy 
curve, the previous point, and the next point. Also, M = dM/ 
dX. The prediction of P(X,) requires P(X0), P(X0), P(\-i), 
and P(\~\). In particular, 

vec [P(X,)] = a0 + a,X, + a2X2, + 03X3, 

where a0, au a2, and a3 are computed by solving 

[o0 tfi a2 a,] 

1 0 1 0 

X-, 1 Xo I 

xl, 2X-, X2o 2X0 

xl, 3X1, X3o 3X2o 

vec[P(X_,)] 

vec[P(X.,)j 

vec [/»(X0)] 

vec [/»(Xo)] 

Note that if P(X.,) and /»(X.,) are not available (as occurs at 
the initial iteration of the homotopy algorithm), the P(X,) is 
predicted using linear prediction, i.e., 

P(X,) = P(X0) + (X1-Xo)/>(X0) 

2.    Outline of the Homotopy Algorithm 
Step 1: Initialize loop = 0, X = 0, AX € [0, 1], S = S0, {P, 

Q,P,Q) = (Po,Qo,P0,Qo). 
Step 2:    Let loop = loop + 1. If loop = 1, then go to step 4. 
Step 3: Advance the homotopy parameter X and predict 

the corresponding P(X), Q(X), P(X), and (5(X) as follows: 
3a:    Let X0=X. 
3b:    LetX = X0 + AX. . . 
3c: Compute P(X0), Q(X0), P(X0), and ß(X0) using 

Eqs. (10-13). 
3d: If loop = 2, predict/»(X), Q(X), P(\), and (5(X) using 

linear prediction, or else predict P(X), Q(X), P(X), and Q(\) 
using cubic spline prediction. 

3e: Compute the errors (£>, EQ, £>, EQ) in the maximum 
entropy equations (1-4). If the max(||.£>||, ||£ei|, ||£>ii, 
\\EQ\\) satisfies some preassigned tolerance, then continue. 
Otherwise reduce AX and go to step 3b. 

Step 4: Correct the current approximations P(X), g(X), 
P(X), and <5(X) as follows. 

4a: Compute the errors (EP, E0,Ep, EQ) in the maximum 
entropy equations (1-4). 

4b:    Solve Eqs. (22-25) for AP, AQ, AP, and A(5. 
4c:    Let 

/>(X) — P{\) + AP, ß(X) —Q(X) + AQ 

P(X) — P(X) + AP, Ö(X) — Ö(X) + Aß 

4d:    Recompute the errors (EP,EQ, £>, EQ) in the maxi- 
mum entropy equations (1-4). If the max (\\EP \EA\ 
\\EQ\\) satisfies some preassigned tolerance, then continue. 
Otherwise go to step 4b. 

Step 5:    If X= 1, then stop. Otherwise go to step 2. 
Remark 3. Since the corrections of step 4 correspond to 

Newton corrections, quadratic convergence can be insured by 
choosing the prediction tolerance, used in step 3e, sufficiently 
small. This insures that along the homotopy curve the approx- 
imation to (P(\), Q(X), P(X), Ö(X)) is close to the optimal 
value (P*(X), Q*(X), P*(X), £*(X)). Hence, the quadratic 
convergence properties of Newton's method18 can be realized. 
This quadratic convergence has been observed in numerous 
examples. 

Remark 4. The previous homotopy algorithm for maxi- 
mum entropy design advanced the P and Q equations sep- 
arately from the P and Q~ equations. That is, P(X) and Q(\) 
were corrected with /5(X) = P„(X) and (5(X) = &(X) where 
Pa(\) and (5<r(X) are approximations. Similarly, P(\) and 
(5(X) were corrected with P(\) = Pa(\) and Q(X) = e„(X) 
where P„(\) and Q„(X) are approximations. This iterative 
scheme tends to converge slowly as the uncertainty level is 
increased and never exhibits quadratic convergence, no matter 
how small the prediction tolerance. 

Notice that the algorithm relies on solving four coupled 
Lyapunov equations (10-13) or (22-25) at each prediction step 
or correction iteration. Efficient solution of these equations 
makes the algorithm feasible for large-scale systems. The cur- 
rent solution procedure is based on diagonalizing the coeffi- 
cient matrices A„ and Aq of the coupled Lyapunov equations. 
This is usually possible. However, it is possible that this diag- 
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0 
0.01 
0.1 

1 

Table 1   Run-time statistics of the maximum 
entropy homotopy algorithm  

PLANT BODE PLOT 

Initial ß     Final ß     Megaflops      Real time, s 
Predictions and 

corrections 

0.01 
0.1 

1 
5 

1246 
1062 
1062 
1212 

609 
519 
513 
617 

43 
36 
36 
41 

Table 2   Robustness to simultaneous shifts 
in the undamped natural frequencies 

Ao)min, rad/s Afm«. rad/s 

0( = LQG) 
0.01 
0.1 

1 
5 

-0.000075 
-0.0037 
-0.080 
-1.6 
-15 

0.0075 
0.036 
0.69 
7.1 
94 

10' 

10» 10' 

frequency (Hi) 

103 

10» 10' 

frequency (Hz) 

Fig. 1    Bode plot of SISO ACES transfer function. 

onalization will be intractable for some points along the homo- 
topy path. In this case, one could randomly perturb the system 
matrices so that diagonalization is possible. The perturbation 
is then removed at the end of the homotopy curve. This type 
of random perturbation is commonly used in "probability one 
homotopies."17 An alternative is to embed a numerical condi- 
tioning test in the program to determine whether the coeffi- 
cient matrices are truly diagonalizable. If they are not, then 
one can solve the coupled Lyapunov equations using a non- 
diagonal alternative such as the Schur decomposition. 

V.   Illustration of Maximum Entropy Design 
Using the ACES Structure 

This section illustrates the design of a maximum entropy 
controller for a 17th-order model of one of the single-input/ 
single-output (SISO) transfer functions of the ACES structure 
at NASA Marshall Space Flight Center.21 The actuator and 
sensor are, respectively, a torque actuator and a collocated rate 
gyro. The model includes the actuator and sensor dynamics. A 
first-order all-pass filter was appended to the model to approx- 
imate the computational delay associated with digital imple- 
mentation. 

The Bode plots of the open-loop plant are illustrated in 
Fig. 1. The basic control objective is to provide damping to the 
lower frequency modes of the structure (i.e., the modes less 
than 3 Hz) as measured by the rate gyro. The undamped natu- 
ral frequencies of each of the eight flexible modes are consid- 
ered uncertain. (Note that there are two modes at 2.4 Hz, one 
of which is virtually unobservable.) Maximum entropy design 
is used to add uncertainty to each of these modal frequencies 
to increase the design robustness. The uncertainty vector 
a 6 (R8 is given by 

a = ß*otc 

where each element of -a0 € (R8 has unity value, reflecting 
equal uncertainty in each of the flexible modes and ß is a scale 
factor chosen to represent the level of uncertainty. The precise 
relationship between ß and the allowable frequency perturba- 
tions is not currently defined by maximum entropy theory. 

For this example, the MATLAB implementation of the max- 
imum entropy homotopy algorithm was run on a 486, 66-MHz 
personal computer. The only system matrix that was allowed 
to vary was a; hence, A/ = Ao, B/ = B0,..., Vuj= K12i0. Table 
1 shows some of the run-time statistics of the program. The 
highest uncertainty design, corresponding to 0 = 5, was ob- 
tained in approximately 37 min. Notice that the number of 
flops and the run time are essentially linear with respect to the 
log of the scale factor j8. This general trend has also been 
observed in other design examples. 

MAGNITUDE OF CONTROLLERS 

10» 10' 10: 

frequency (Hz) 

Fig. 2   Magnitude frequency response of LQG and maximum en- 
tropy controllers. 

As ß was increased, the maximum entropy controllers be- 
came increasingly more tolerant to changes in the (undamped) 
natural frequencies. Table 2 describes the robustness proper- 
ties of the closed-loop systems when the natural frequencies of 
the open-loop plant were simultaneously shifted by Au. The 
parameter Aumin corresponds to the maximum negative fre- 
quency shift, whereas Aumax corresponds to the maximum pos- 
itive frequency shift. Notice that the LQG controller is very 
sensitive to perturbations in the natural frequencies. The max- 
imum entropy controller corresponding to ß = 5 allowed maxi- 
mum perturbations that were more than four orders of magni- 
tude greater than those allowed by the LQG controller. 
Robustness analysis that allows independent variations in the 
modal frequencies can be performed fairly nonconservatively 
by using theory based on Popov analysis and parameter-de- 
pendent Lyapunov functions.12 An illustration of the applica- 
tion of this theory is given in Ref. 22. 

Figures 2 and 3 compare, respectively, the magnitude and 
phase of the initial LQG controller and the maximum entropy 
controllers corresponding to ß= 1 and 5. Notice that the ß = S 
controller has a very smooth frequency response and is positive 
real over a very large frequency band, giving it very significant 
robustness. The magnitudes of the closed-loop transfer func- 
tions corresponding to the LQG compensator and ß = 5 maxi- 
mum entropy compensator are shown in Fig. 4. As would be 
expected, the nominal performance (measured by the amount 
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PHASE OF CONTROLLERS 

frequency (Hz) 

Fig. 3    Phase frequency responses of LQG and maximum entropy 
controllers. 

ACES structure at NASA Marshall Space Flight Center. Very 
robust designs were obtained in a reasonable amount of time 
on a 66-MHz, 486 personal computer. For this example, an 
interesting feature of the most robust maximum entropy con- 
troller was that it was essentially a reduced-order controller. 
This allowed a 17th-order compensator to be easily reduced to 
a fourth-order compensator by using balanced controller re- 
duction. The frequency responses of the two controllers were 
essentially identical, indicating that the reduced-order con- 
troller maintained the robustness and performance properties 
of the full-order controller. Algorithms of the type described 
here should also prove effective in the solution of other sets of 
coupled Riccati and Lyapunov equations appearing in robust 
control theory. 

Appendix A: Efficient Computation of the Solution 
to the Maximum Entropy Lyapunov Equation 

The Appendix presents a solution procedure for efficiently 
solving for Q satisfying the n x n maximum entropy Lyapunov 
equation 

CLOSED-LOOP TRANSFER FUNCTION MAGNITUDES 

frequency (Hz) 

Fig. 4   Magnitude of the closed-loop transfer functions correspond- 
ing to the LQG and 0 = 5 maximum entropy controller. 

of damping in the modes below 2 Hz) of the maximum entropy 
controller was significantly less than that provided by the LQG 
controller. However, significant damping was provided by this 
controller, and as previously discussed, this controller is much 
more robust than the LQG compensator. 

The smoothness of the maximum entropy controller corre- 
sponding to ß = 5 indicates that its effective order is much less 
than 17. Using balanced controller reduction,23 a fourth-order 
compensator was obtained whose frequency response is nearly 
identical to that of the 17th-order compensator. The ability to 
produce what are essentially reduced-order controllers is an 
important practical feature of maximum entropy design. An- 
other interesting feature of maximum entropy design is that it 
will sometimes widen and deepen controller notches to ro- 
bustly gain stabilize certain modes. This property is illustrated 
in Refs. 6 and 7. In Ref. 8, maximum entropy design is applied 
to a multi-input/multi-output control problem, whereas in 
Ref. 10 maximum entropy design is applied to a neutrally sta- 
ble system. 

VI.    Conclusions 
This paper has presented a new homotopy algorithm for 

maximum entropy control design. The example of the previous 
section illustrated the use of the algorithm using a medium 
scale model (17 states) representing a transfer function of the 

0 = AsQ + QA\ + V + £ a)A,QAT, (Al) 

where 

A, = e(4('"))*('«(0+ \)T-e(la{i)+\)e{la{i))
T     (A2) 

where la € <Rn° is a vector with distinct elements, each of which 
lies in the interval [1 n], and e : [1,2,..., n] — <R" is defined 
by 

«/(*) = 
i*k 

i = k 

It is assumed that Eq. (Al) has a unique solution. The solution 
procedure also assumes that A is nondefective and is based on 
transforming A to a complex, diagonal matrix. Details of the 
derivation of the solution procedure are given in Ref. 20. 

Let "i be the eigenvector matrix of A, such that 

A =*A*-' 

where A € C*" is diagonal. Then premultiplying and post- 
multiplying Eq. (Al), respectively, by Sr""1 and ¥*"" yield 

where 

0 = AQ+QA* + V+M(Q) 

i-l 

(A3) 

and 

The solution procedure relies on the following definitions: 

"„i («„€«");       Xi[A,, A22 

Sk -diag-'p^ + c^X") 

MQ.ak[M%aM%aM$a) 

(A4) 

(A5) 
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where 

M£>„ = («„»*-»(:, 4))*(*-C US»«.) 

//^=(«.®*-l(:. «)•(*"*(•■• 4 + «..)®"-) 

where 

Afc.« = 

'    Q.a 

N\ 

1   Q,a 

(A6) 

where 

N»»0 = ((«.aKr>) 

*[(*•«'«, + «».. :)®«J) + K®*(4 + «».. 0)] 

^. = ((«*«)«»0 
•[(**«.. 0®«Z) + («,r®*(4. 0)] 

.[(**(4 + <-V- 0®«2) +(u)„7"®*(f0, :))] 

Pc>0i(/-Ne.„S Afc,0)-WCi0 

7ß 4 S  MQ,aPQ,a + h 

(A7) 

(A8) 

Summary of Solution Procedure 
Stepl:    Compute S, MQ,a, and Nc,„ satisfying, respec- 

tively, Eqs. (A4-A6). 
Step 2:    Compute PQ<a satisfying Eq. (A7). 
Step 3:    Compute TQ satisfying Eq. (A8). 
Step 4:    Compute Q satisfying 

vec(ö)= TeS vec(K) 

Step 5:    Compute Q satisfying Eq. (A3) or equivalent^ 

Q = <ÜQV" 

Remark A.l.    An intermediate step in the derivation of the 
solution procedure is that 

vec(M(ß))=Me,Qz(ß) 

where 

z(Qi± 

Zll(ö) 

Z22(ß) 

«I2(ö) 

and 

*ii.»(Ö) = a/*(* + l).:)Ö*,'(:.* + l) 

2a./(ö) = «?*(*. 0Ö*"(:,*) 

Zi2.i(ö)= -«?*(*+ 1,:)Ö*W(*.0 

Appendix B: Efficient Computation of the Solution 
to Four Coupled Lyapunov Equations for 

Differentiation and Correction 
This Appendix develops a solution procedure for efficiently 

solving for P, Q, P, and ß" satisfying the four fix« coupled 
Lyapunov equations 

0 = ÄI + PAP + R + t a\AT,PA, + £ ajAT,fiA,      (Bl) 
/-i i-i 

0 = AQQ + QATo+V+i OL)A,QA
T

, + "f ajA&A]   (B2) 
/-I i-1 

0 = AT
QP + PAQ + R + CcQf + F~QGC + HJ!P + PHP (B3) 

0 = ApQ. +QAT
Q+t + CBP£ + £PGB + HQQ + QH% (B4) 

where A, is defined by Eq. (A2). It is assumed that Eqs. 
(B1-B4) have a unique solution (P, Q, P, (5). It is also as- 
sumed that AP and AQ are nondefective. The solution proce- 
dure is based on transforming AP and AQ to complex diagonal 
matrices. The results of Appendix A are used extensively. The 
actual solution procedure is summarized at the end of this 
Appendix. 

Let ¥/> and *c be the eigenvector matrix of AP and AQ, 
such that 

Ap = Vphp-%:\ = *0AGV (B5) 

where AP € enxn and AQ € C*" are diagonal. Substituting 
Eqs. (B5) into Eqs. (B1-B4) yields 

0 = A^P + PAp + R + Mp(P) + MP(P) (B6) 

0 = AQQ + QAg + V + MQ(Q) + MQ(Q) (B7) 

0 = A%P + PAQ + I + GcQf + PQCc 

+ Hp<PKp + KH
PPHP (B8) 

0 = ApQ + QA
H

P + 9 + GBP£ + iPGB + HQQK% 

+ KQQH% (B9) 

where 

P=yP
,P<HP, Q = ^QQ^Q

H (BIO) 

P=*%P*Q, £> = -%P'Q-i-p
H (Bll) 

R = *P
lR'i>P, V=^Q

X
V<HQ

H 

£=*g/?*0, K = *p'K*pW 

MP(P)= £ a)y
HpÄr

i-%-pHM-p'Aiy[ 

MP(P)= £ <x)-%"pÄr
i*QHp-*-Q

xAi-ip 

Mc(ß) = t ct}*QlA,*Q&f%Ai;*tH 

i= 1 

Me(Ö)= t ocJ^AiSfpÖ^A1!*^ 

GC = *%GC*Q, GB = *p-lGBVP" 

/ = *gjf*e,      £ = -*P'£*pH 

HP = -ipXHPyQ, HQ = yp'HQ-%Q 

Kp = ^p^Q, A:0 = *P'*Q 
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For X € (Rn and * € (R"*" the functions seig, malpha, and 
nalpha are defined as follows: 

is equivalent to 

is equivalent to 

where 

S = seig(X) 

S = [-diag(\cü„r + a)nX")]-1 

Ma = malphaW 

A/«" = («B®*(:, 4)) •(*•<:. 4)®«„) 

A/<2) = («B®*(:. 4 + «„.))•(*(:, <. + «0®w») 

^i3)-(«»®*(:,4))*(*(:.4 + «0®"-) 

+ («B®*(:,4 + «0)*(*(:-W®u«) 
Na = nalpha (*) 

is equivalent to 

N„ 

~NP' 
(» 
(3) 

where 

N(
a"= (<«*O)«J2)*[(**(4 + M,,.. :)«*£) 

+ (uT®*(4 + «„„.:))] 

/V<2) = ((a*aKr
2)* [(*'(4. 0®O + K®*(4, =))] 

N<3) = - ((«•o)WJ2) * [(*'(4 + «,a, :)®«r) *K® *(4,:))] 

It follows from the results of Appendix A that Eqs. (B6) 
and (B7) can be expressed as 

vec(/>) = TpSpvec(Mp(P)) + TPSPvec(R) (B12) 

vec(Ö) = re5evec(Me(Ö)) + TQSQ\tc(V) (B13) 

where 

7> = (SPMP<aPP,a + In),       TQ = (SeMöiCrße,a + /„) 

Pp.a = (L-NP,aSPMp,a)-'Np,a 

QQ.C = dn -NQ,aSQMQJ-lNQ,a 

SP = seigCX*,,), SQ = seig(Xs) 

X/> = [Ap,n A/..22  •••  Af]m]r 

^e = [Aß,n Ae,22 ••• AGi„n]
r 

A/Pa = malpha(*?), A/Q-a = malpha(*g') 

/v>,„ = nalpha(^ *), NQ<a = nalpha(¥Q) 

Using standard Kronecker algebra, we can express Eqs. (B8) 
and (B9) as 

vec(^) = SQUPA vec(/>) + SQUQA vec(£) + SQ vec(^) 
(B14) 

vec(Ö) = S?Up,2 vec(P) + S?UQil vec(Q) + S? vec( 9) 
(B15) 

(B16) 

(B17) 

where 

Up.\ = (kl®fiHp) + {H
T

P®K
H

P) 

UQ,x = (?T®Oc) + {0T
c®f) 

Up.2 = (£T®GB) + (ÖT
B®1) 

UQ,I = {KZ,®HQ) + (H'Q®KQ) 

Now, from the results of Appendix A, we can write 

vec(MP(P)) = Mp.az(P),     vec(Mc(ß)) = MQ%az(Q) 
(B18) 

z(P) = Np.avcc(fi),       z(Q) = NQ,avec(Q) (B19) 

where 

NPM = nalpha(¥g"), NQ,a = nalpha^,.) 

Substituting, Eqs. (B12) and (B13) into Eqs. (B14) and (B15) 
gives 

vec(^) = SQUPA TPSpvec(Mp(Pj) 

+ S$UQ,, TQSQ vec (MQ(Q)) + p0 

vec((5) = SpUPi2TpSpvec(Mp(P)) 

+ SWQ,ITQSQ{MQ(Q)) + g0 

where 

(B20) 

(B21) 

Po = S$UPA TpSpvec(R) + S%UQA TQSQvec(V) + S^wec(R) 

(B22) 

qa = Sp"Up.2TpSpvec(R) + S^UQ^TQSQ\ec(V) + S£vec(?) 

(B23) 

Substituting Eqs. (B18) into Eqs. (B20) and (B21) gives 

vec(^) = S$ UPil TpSpMpiaz{P) 

+ S$UQ4 TQSQMQ,az(Q) + po 

vec(Ö) = S?Up,2 TPSpMp,az(P) 

+ S?UQi2TQSQMQiaz(Q) + q0 

Substituting Eqs. (B24) and (B25) into Eq. (B19) gives 

z(P) = Np,aS% UP,i TpSPMp,az(P) 

+ #r,aS$UQ., TQSQMQ,az(Ö) + Üp.aPo 

Z(C) = NQ,aS?Up.2TPSPMp,az(P) 

+ NQ,aSpUQaTQSQMQ_az(Ö) + ÜQ,«qo 

(B24) 

(B25) 
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or, equivalently, 

Du    Dn 

D»   D22 

z(P_) 
z(Q) 

fip.aPo 

where 

Du = hn0 ~ XF.aS^Up,, TpSPMP,a 

Dn = -Üp,*sQ VQ.\ 
T

Q
S

Q
M

Q.« 

D2i = -NQ,aS?UP,2TpSPMp,a 

D22 = hna - Ne,0S?UQ,2TQSQMQ,c 

(B26) 

(B27) 

(B28) 

Finally, substituting Eqs. (B18) into Eqs. (B12) and (B13) 

gives 

vec(P) = TpSpMp,az(P) + TpSpvec(R) (B29) 

vec(ö) = TQSQMQ,0z(Q) + reSevec(K) (B30) 

Notice from Eqs. (B16) and (B17) that UP,U UQA, UPi2, and 
UQ 2 are each an n2 x n2 matrix. The storage required to com- 
pute these matrices is hence very large for large n. To avoid 
this memory requirement it is possible to compute p0 and q0 

satisfying Eqs. (B22) and (B23) and £>„. Dn, D2U and D22 

satisfying Eqs. (B27) using the identity 

vec(ADB) = (57®/l)vec(£>) 

By substituting Eqs. (B16) and (B17) into Eqs. (B19), (B27), 
and (B28), and using Eq. (B29), it follows that p0, Qo, Ai> 
Dn, D2l, and D22 can be computed using the following algo- 
rithms. In these algorithms vec„"' : <R" - <R"*" is understood to 
be the operator satisfying 

M = vec;'(vec(M)) 

Algorithm for computation of p0 and q0: 

WP = vec;1 ((Mp,aPp,a + In)Spvec(RJ) 

WQ = vec;1 ((M0.„PQ.a + ^)Sgvec(K)) 

p0 = vcc((GcWQF + H?WpKp) + (CcWQF + H^WpKP)H + R) 

q0 = vtc{(GBWp£ +HQWQK%) + (GBWPE+HQWQK%)» + V) 

Algorithm for computation of Du, Dn, D2\, and D22: 

VP = TpSPMp,a,        VQ = TQSQMQ_a 

for /' = 1 : 3fi„ 

AiO.') = 's». - AV.^vec (//*%(:, i)Kp+K^Vp(:, i)"HP) 

/)„(:, /) = -NP,aS^tc(GcVQ(u i)F + F»VQ(u i)"G?) 

D2)(:, /) = -NQ,aS*Pvtz{HQVP(u i)K» + KQVP{:, i)"H%) 

D22{:, i) = /3n„ - NQ.OSHHQVQC: i)K%+KQVQ{:, i)"H%) 

Summary of Solution Procedure 

Step 1: Construct £,,, Dn, D2U and D22 and solve Eq. 

(B26) for z(P) and z(Q). 
Step 2:    Solve Eqs. (B29) and (B30) for P and Q. 
Step 3:    Solve Eqs. (B24) and (B25) for P and Q. 
Step4: Compute P, Q, P, and (5, satisfying Eqs. (BIO) 

and (Bll), or equivalently 

P = -*pHMp\ Q = *QQ*Q 

G = *QHP*Q\ Q = ^PÖ-*P 
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1. Introduction 

, One of the most basic issues in system theory is the stability of feedback interconnections. Four 

of the most fundamental results concerning stability of feedback systems are the small gain, posi- 

tivity, circle, and Popov theorems. In a recent paper [6], each result was specialized to the problem 

of robust stability involving linear uncertainty, and a Lyapunov function framework was established 

providing connections between these classical results and robust stability via state space methods. 

Furthermore, it was pointed out in [6] that both gain and phase properties can be simultaneously 

accounted for by means of the circle criterion which yields the small gain theorem and positivity 

theorem as special cases. It is important to note that since positivity theory and bounded real 

theory can be obtained from the circle criterion and vice versa, all three results can be viewed as 

equivalent from a mathematical point of view. However, the engineering ramifications of the ability 

to include phase information can be significant [3]. As shown in [G], the main difference between 

the small gain, positivity, and circle theorems versus the Popov theorem is that the former results 

guarantee robustness with respect to arbitrarily, time-varying uncertainty while the latter does not. 

This is not surprising since the Lyapunov function foundation of the small gain, positivity, and cir- 

cle theorems is based upon conventional or fixed Lyapunov functions which, of course, guarantee 

stability with respect to arbitrarily, time-varying perturbations. Since time-varying parameter vari- 

ations can destabilize a system even when the parameter variations are confined to a region in which 

constant variations are nondestabilizing, a feedback controller designed for time-varying parameter 

variations may unnecessarily sacrifice performance when the uncertain real parameters are actually 

constant. 

Whereas the small gain, positivity, and circle results are based upon fixed quadratic Lyapunov 

functions, the Popov result is based upon a quadratic Lyapunov function that is a function of 

the parametric uncertainty. Thus, in effect, the Popov result guarantees stability by means of a 

family of Lyapunov functions. For robust stability, this situation corresponds to the construction 

of a parameter-dependent quadratic Lyapunov function [7,8]. A key aspect of this approach (see 

[7,8]) is the fact that it does not apply to arbitrarily time-varying uncertainties, which renders it 

less conservative than fixed quadratic Lyapunov functions (such as the small gain, positivity, and 

circle results) in the presence of real, constant parameter uncertainty. A framework for parameter- 

dependent Lyapunov functions was recently developed in [7,8]. An immediate application of this 

framework is the reinterpretation and generalization of the classical Popov criterion as a parameter- 

dependent Lyapunov function for constant linear parametric uncertainty. 
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The main contribution of this paper is the unification of the circle and Popov criteria via a 

parameter-dependent Lyapunov function framework that yields both results as special cases. The 

unification of the circle and Popov criteria per se is not new to this paper. Indeed, a parabola test 

which accomplishes this goal was originally developed in [2] and further studied in [10]. However, 

these results are confined to SISO systems and rely on graphical techniques. The present paper 

thus has four specific goals: 

1. to provide a general framework for the parabola test in terms of parameter-dependent 

Lyapunov functions in the spirit of [7,8]; 

2. to obtain a state space characterization of the parabola test via IUccati equations; 

3. to obtain a multivariable extension of the parabola test for parametric uncertainty; and 

4. to use these results for robust controller synthesis. 

To illustrate how the parabola test unifies the circle and Popov criteria, consider the plant (7 in 

a feedback configuration with uncertainty block A as shown in Figure 1. Introducing the multiplier 

J+Ns into the loop yields the configuration in Figure 2. Applying positivity to the transfer function 

(/ + Ns)G now yields the familiar Popov test. Next consider the equivalent formulation shown in 

Figure 3 which involves the introduction of an offset transfer function Mi inparallel with A and in 

feedback about G. The resulting configuration (Figure 4) now involves a shifted A (by Mi) and a 

bilinear transformation of G. Letting M\ = 0 recovers the Popov formulation while N = 0 yields 

the circle formulation. The simultaneous presence of both N and Mi leads to the parabola test [2]. 

Although from a mathematical point of view the use of shifts and bilinear tansformations leads 

to equivalent results, the use of these transformations can yield less conservative results in practice. 

In addition, since these transformations do not commute with controller optimization techniques, 

they must be introduced at an early stage prior to the synthesis procedure. 



Notation 

R,Rrx*,Rr 

C,CrXa,Cr 

E,tr,OrX, 

Ä 

Jr,()T,(r 

Sr,Nr,Pr 

II^IIF 

ll^Wlla 

real numbers, r x s real matrices, RrXl 

complex numbers, r x. s complex matrices, CrXl 

expectation, trace, r x s zero matrix 

complex conjugate of A 6 C 

r x r identity, transpose, complex conjugate transpose 

trace, spectral radius, largest singular value 

r x r symmetric, nonnegative-definite, positive-definite matrices 

z2-Zie Nr,z2 - Zi € rr,zuz2 e sr 

[tr ZZ*]1/2 (Frobenius matrix norm) 
/oo 

\\H(j^\\ldu}^ 
-oo 



2. Robust Stability and Performance Problems 

. Let IX C RnXn denote a set of perturbations A A of a given nominal dynamics matrix A € Rnxn. 

We begin by considering the question of whether or not A + AA is asymptotically stable for all 

AAeU. 

Robust Stability Problem. Determine whether the linear system 

x(t) = (A + AA)x(t),    t € [0, oo), (2.1) 

is asymptotically stable for all AA G 11. 

To consider the problem of robust performance, we introduce an external disturbance model 

involving white noise signals as in standard LQG (H2) theory. The robust performance problem 

concerns the worst-case H2 norm, that is, the worst-case (over U) of the expected value of a 

quadratic form involving outputs z(t) = Ex(t), where E G R«Xn, when the system i6 subjected to 

a standard white noise disturbance w{t) € Rd with weighting D € Rnxd. 

Robust Performance Problem. For the disturbed linear system 

x(t) = (A + AA)x(t) + Dw(t),    *G[0,oo), (2.2) 

z(t) = Ex(t), (2.3) 

where w(-) is a zero-mean d—dimensional white noise signal with intensity Ij, determine a perfor- 

mance bound ß satisfying 

J(U)=  sup limsupE{||*(0||2}</?- (2.4) 
AA€U    *-*oo 

As shown in Section 5, (2.2) and (2.3) may denote a control system in closed-loop configuration 

subjected to external white noise disturbances and for which z[t) denotes the state and control 

regulation error. 

Of course, since D and i?may be rank deficient, there may be cases in which a finite performance 

bound ß satisfying (2.4) exists while (2.1) is not asymptotically stable over U. In practice, however, 

robust performance is mainly of interest when (2.1) is robustly stable. Next, we express the H2 

performance measure (2.4) in terms of the observability Gramian for the pair (A + AA,E). For 

convenience, define the n x n nonnegative-definite matrices 

R=ETE,    V = DDT. 
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Lemma 2.1. Suppose A -f AA is asymptotically stable for all Aid € It. Then 

J(U)=  sup tiPAAV =  sup  \\GAA(s)\\l, (2-5) 
AAeU AAeU 

where PAA € R"Xn is the unique, nonnegative-definite solution to 

0 = (A + AA)TPAA + PAA(A + AA) + R, (2.6) 

and 

GAA{s) = E[sI-(A + AA))-1D. (2.7) 

Proof. See [7,8]. □ 

In the present paper our approach is to obtain robust stability as a consequence of sufficient 

conditions for robust performance. Such conditions are developed in the following sections. 

3. Robust Stability and Performance via Parameter-Dependent Lyapunov Functions 

The key step in obtaining robust stability and performance is to bound the uncertain terms 

AA PAA + PAAAA'm the Lyapunov equation (2.6) by means of a parameter-dependent or adaptive 

bounding function #(P, AA) which guarantees robust stability by means of a family of Lyapunov 

functions. As shown in [7,8], this framework corresponds to the construction of a parameter- 

dependent Lyapunov function that guarantees robust stability. As discussed in [7,8], a key feature 

of tins approach is the fact that it constrains the class of allowable time-varying uncertainties thus 

reducing conservatism in the presence of constant real parameter uncertainty. The following result 

is fundamental and forms the basis for all later developments. 

Theorem 3.1. Let #0: Nn -+ Sn and P0: U -+ Sn be such that 

AATP + PAA < n0(P) - [A^PoiAA) -f P0(AA)A + AylTP0(A/l) + P0(AA)AA], 

AAeU,P€Nn, (3.1) 

and suppose there exists P £ Nn satisfying 

0 = ATP + PA + Qo(P) + R (3.2) 

and such that P + Po(AA) is nonnegative definite for all AA G U. Then 

(A + AA, E) is detectable, AA 6 U, (3.3) 
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if and only if 

A + AA is asymptotically stable, AA 6 U. (3.4) 

In this case, 

P±A < P + Po(AA),    AAeU, (3.5) 

where P&A is given by (2.9). Therefore, 

J(U)<tiPV + sup   tr P0(AA)V. (3.6) 

If, in addition, there exists P0 e S
n such that 

Po(AA) < P0,    AA <E U, (3.7) 

then 

J(U) < ß, (3.8) 

where 

ß = tr[(P + Po)V}. (3.9) 

Proof. We stress that in (3.1) P denotes an arbitrary element of Nn, whereas in (3.2) P denotes 

a specific solution of the modified Lyapunov equation. This minor abuse of notation considerably 

simplifies the presentation. To begin, note that for all AA £ RnXn, (3.2) is equivalent to 

0 = (A + AAfP + P(A + AA) + A,(P) - (AATP + PAA) + R. (3.10) 

Adding and subtracting ATP0(AA) + P0(AA)A + AATP0(AA) + P0(AA)AA to and from (3.10) 

yields 

0 =(A + AAf(P + PQ(AA)) + (P + P0(AA))(A + AA) 

+ n0(P) - [ATP0(AA) + PQ(AA)A + AATP0(AA) + P0(AA)AA] (3.11) 

- (AATP + PAA) + R. 

Hence, by assumption, (3.11) has a solution P G Nn for all A A G Rnxn. If AA is restricted to the 

set U then, by (3.1), the expression 

Q0(P) - [ATP0(AA) + P0(AA)A + AATP0(AA) + P0(AA)AA] - (AATP + PAA) 
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is nonnegative definite. Thus, if the detectability condition (3.3) holds for all Aid € U, then it 

follows from Theorem 3.6 of [12] that (A + AA, [R + Ü(P,AA) - (AATP + PAA)]1/2) is detectable 

for all A/1 e It, where 

Q{P, AA) = Üo(P) - [ATP0(AA) + P0{AA)A + AATP0(AA) + P0(AA)AA}. (3.12) 

It now follows from (3.11) and Lemma 12.2 of [12] that A + AA is asymptotically stable for all 

AA € It. Conversely, if A + AA is asymptotically stable for all AA 6 It, then (3.3) is immediate. 

Now, subtracting (2.9) from (3.11) yields 

0 = (A + AA)T(P + Po(AA) - PAA) + (A + AA){P + P0(AA) - PAA) 

+ n0(P) - [ATP0(AA) + P0(AA)A + AATP0(AA) + P0(AA)AA] (3.13) 

- (AArP + PAA),    AA £ U, 

or, equivalently, since A + AA is asymptotically stable for all A/1 € It, 

r°° T 
P + Po(AA) - PAA = /    c<A+A>t> * n(P,AA)-(AATP + PAA)]e(A+AA)tdt>0,    AA € U, 

(3.14) 

which implies (3.5). The performance bounds (3.6), (3.8) are now an immediate consequence of 

(2.8), (3.5), and (3.7). □ 

Note that, with Q(P,AA) defined by (3.12), condition (3.1) can be written as 

AATP + PAA <(2{P, AA),    AAeU,    P € Nn, (3.15) 

where Q(P, AA) is a function of the uncertain parameters AA. For convenience we shall say that 

fi(-,') is a parameter-dependent bounding function or, to be consistent with [7,8], a parameter- 

dependent J? -bound. 

Finally, we note that the parameter-dependent ß-bound framework establishing robust stability 

given by Theorem 3.1 is equivalent to the existence of a parameter-dependent Lyapunov function 

of the form 

V(x) = xT{P + P0(AA))x 

which also establishes robust stability. For further details see [6-8]. 



4. Construction of Parameter-Dependent Lyapunov Functions and Connections to the 

Multivariable Parabola Criterion 

In this section we assign explicit structure to the set IC and the parameter-dependent bounding 

function &(-,•). Specifically, the uncertainty set It is defined by 

U = {AA 6 Rnxn: AA = B0FC0, where F <= J}, (4.1) 

where £F is a subset of the set j, which is defined by 

?={FeRmoXmo:(F-M1)
T[(M2-M1)-

1 + (M2-M1)-
T](F-M1)<(F-Mi) + (F-M1)

T}. 

(4.2) 

In (4.1) and (4.2), B0 6 RnXm° and C0 G Rm°Xn are fixed matrices denoting the structure of the 

uncertainty, F € Rm°Xm° is an uncertain matrix, and Mi,M2 are given mo X mo matrices such 

that (M2 - Mi)-1 exists. 

Next, we digress slightly to provide simplified characterizations of the set 3". Define the subset 

Jo of J by 

'J0 = {Fe3':  det[/-(M2-M1)-
1(F-M1)]^0}. (4.3) 

Proposition 4.1. The set JQ is equivalently characterized by 

rJ0 = {FeRmoXm°:   F = [I+F(M2-M1)-
1]-lF + Mi, 

where FeRmoXmo, F + FT > 0, and det[7 + F(M2 - Mi)'1) £ 0}. 

Proof. The proof is an immediate consequence of Proposition 4.1 of [7,8] with F replaced by 

F-Mx. D 

In the special case that M2 — M\ is positive definite, it follows from Lemma 4.1 of [8] that the 

condition det[7-f F(M2 — Mi)-1] ^ Ü in the definition of 'J0 is automatically satisfied. In this case, 

we have the following norm bound inequality on F. 

Lemma 4.1. Let F € 3" and assume that M2 - Mx € Pm°. Then 

vm*x(F - Mx) < amax(M2 - Mx). (4.4) 

Proof. First note that if F G J, then M2 - Mx <E Pmo. In this case it follows from (4.2) that 

0<(F- Mxf[2(M2 - M1)"
1](F - Mx) < (F - Mt) + (F - MX)

T. 
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Hence, F 6 rS implies 

Amax[(jF - MX?Z(F - Mx)] < Amax[(F -Mi) + (F- Mi)T], (4.5) 

where Z = 2(M2 - Mi)-1. Now, since (F - Mi)TZ(F - Mi) and (F - Mx) + (F - Mi)T are 

nonnegative definite, (4.5) is equivalent to 

OMXKF - MifZ(F -Mi)]< am>x[(F - Mx) + (F - MX)
T] < 2amax(F - M,). (4.6) 

Next, since Z e Pm°, Amin(Z)I < Z or, equivalently, amiD(Z)I < Z. Hence (4.6) implies 

crmia(Z)om>x[(F - Mif(F - Mi)] = amax[(F - Mi)amln(Z)/(F - Mx)] 

<om&x[{F-MxfZ{F-Mi)] 

<2amax(F-M0. (4-7) 

Using amax[(F - Mif(F - Mi)] = a£ax(F - Mx), (4.7) yields 

<r™n(Z)<J2
mtlX(F -Mx)< 2<xmax(F - MO, (4.8) 

which proves (4.4). D 

Next, we provide further simplification of the set 3* in the case in which F,Mi,andM2 are 

symmetric and Mi — M\ is positive definite. 

Lemma 4.2. Let F,MUM2 <E Sm° andM2-Mi G Pm°. Then (F-Mi)(M2-Mi)-1(i;i-Mi) < 

F - Mx if and only if Mi < F < M2. 

Proof. The proof follows as in the proof of Lemma 4.2 of [7,8]. □ 

Thus, in the case in which F, M2,Mi are symmetric and M2 — Mi is positive definite, the set 

3* defined by (4.2) becomes 

3, = {F € Smo: Mi<F< M2}. (4.9) 

Note that if F in 3*is constrained to have the diagonal structure dia,g[Fx,F2,... ,Fmo], then Mi,- < 

Fi < M2i, i = l,...,m0, where Mi = diag[Mn,Mi2,... ,MimJ and M2 = diag [M2iM22)..., M2mo]f 

More generally, F may have repeated elements and/or blocks in the diagonal of the form diag 

[Fi,Fi,Fi,F2,...,Fmo]. 

For the structure of K, satisfying (4.1), the parameter-dependent bound #(•,•) satisfying (3.12) 

can now be given a concrete form. However, since the elements AA in U are parameterized by the 



dements F in J, for convenience in the following results we shall write lo(F) in place of 1 u(A/l). 

Furthermore,'we introduce a key definition that will be used in subsequent developments. 

Definition 4.1. Let MUM2,N € Rm°xm°. Then 'J and N are compatible if (F - Mi?N is 

symmetric for all F G 3*. Furthermore, 3" and N are strongly compatible'^ in addition, (F-Mi?N 

is nonnegative-definite for all F G 3*. 

Finally, for the remainder of tills paper we assume for simplicity that M2 — Mi is positive 

definite. In this case it follows from Lemma 4.1 that there exists p. 6 Smo such that (F-Mi ?N < p 

for all F G 5. 

Proposition 4.2. Let Mi,M2,N G Rmoxm° be such that J and N are compatible and 

(ilij-Mi)-1 -NCoBo + KMi-Mi)-1-NC0B0]T > 0. (4.10) 

Then the functions 

-l 
A)(P) = [Co + NC0(A + BQMXC) + BfP]    [(M2 - Mt)'1 - NC0B0 + [(M2 - Mj)"1 - NC0B0?) 

•[Co + NCQ(A + BQMXC) + BjP) + PBQMXCQ + CjMjBjP, (4.11) 

i        ; P0(F) = Cj(F-M1)
TNCo, (4.12) 

satisfy (3.1) with It given by (4.1). 

Proof. Since by (4.3) (M2 - Mi)-1 - NC0B0 + [{M2 - Mi)'1 - NC0B0? > 0 and by (4.2) 

F - Mi + (F - Mx? - {F - Mi)T[2(M2 - Mi)"1]^ - Mi) > 0 it follows that 

0 < [[Co + iVC0(^ + BoMiCo) + B^P] - [{M2 - Mi)"1 - NC0B0 + (M2 - Mxy
l - NC0B0?](F - Mx)Co]T 

• [(M2 - Mi)-1 - NC0B0 + ((M2 - Mi)'1 - NCoBof]-1 

•   [Co + NC0(A + BoMiCo) + BjP) - [(M2 - Mj)"1 - NC0B0 + {(M2 - Mi)-1 - NCoB0?)(F - Mi)C0 

+ C0
T [(F - Mi) + {F - Mt? - {F - Mt?[2{M2 - M1)~1](F - Mi)} C0 

= n0{P) - PB0MiCo - CjMfBjP - [Co + NC0(A + B0MiC0) + BjP?(F - Mi)C0 

- Cj(F - Mt?[Co + NCo(A + BoMiCo) + B^P] 

+ C0
T(F - Mt?[(M2 - Mt)-1 - NCoBo + ((M2 - Mi) - NC0B0?)(F - Mi)C0 

+ C0
T[(F -Mi) + (F- Mt? -(F- Mt?[2(M2 - Mi)~l]{F - Mt)]C0 

= n0{P) - A^CjN^iF - Mi)C0 - CjM^BjCjNT(F - Mi)C0 - PB0FC0 

10 



- Cj(F - MifNCoA - Cj(F - MifNCoBoMiCo - CjFTBjP 

- Cj(F - Mi)TNC0B0(F - MOCo - C$(F - Mtf B% <% NT (F - Afi)C0 

= ß0(P) - [ATP0(P) + PQ(F)A + AATPQ(F) + P0(F)AA] - [AATP + PAA], 

which proves (3.1) with IC given by (4.1). D 

Remark 4.1. Note that by setting Mi = 0, one recovers the parameter-dependent ß-bound 

considered in [7,8] which corresponds to a generalized multivariable version of the Popov criterion 

for linear uncertainty. 

Remark 4.2. Note that, unlike the results of [7,8], Po(0) = -CjM?NC0 ^ 0 and (2Q{P) 

is not nonnegative definite. For further discussion on indefinite parameter-dependent ß-bounds 

resulting in indefinite lliccati/Lyapunov type equations see [4]. 

Next, using Theorem 3.1 and Proposition 4.2 we have the following immediate result. 

Theorem 4.1. Let Mlf M2,N € Rm<>Xm° be such that 'J and N are strongly compatible and 

(4.3) is satisfied. Furthermore, suppose there exists a nonnegative-definite matrix P satisfying 

0 = (A + BoMiCofP + P(A + BQMXCQ) 

+ [Co + NC0(A + BoMiCo) + BjP]T[(M2 - MO"1 - NC0B0 + ((M2 - Mi)"1 - NCoBof]-1 

• [Co + NC0(A + BoMtCo) + BjP] + R. (4.13) 

Then 

if and only if 

In this case, 

(4 + AA, E) is detectable,     AA 6 U, (4.14) 

A + AA is asymptotically stable,     AA 6 U. (4-15) 

J(U) < tr PV + sup tr Cj(F - M1)
TNC0 < tr [(P + CjnC0)V]. (4.16) 

Fes- 

Proof. The result is a direct specialization of Theorem 3.1 using Proposition 4.2. We only note 

that Po(AA) now has the form P0(P) = Cj(F - Mi)TNC0. Since by assuption (F - Mi)TN > 0 

for all F € Jit follows that P + P0(F) is nonnegative definite for all F G J as requred by Theorem 

3.1. D 
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Remark 4.3.   The condition that (F - Mi)TN = NT(F - Mi), F € J, represents an 
i 

intimate relationship between the matrix N and the structure 3". For example, if F = F\Imo, and 

M\ = MImo, then N can be an arbitrary nonnegative-definite matrix. Alternatively, if N = NoImo, 

then F — M\ may be nondiagonal. Of course, F — M\ and N may have more intricate structure, 

for example, they may be block diagonal with commuting blocks situated on the diagonal. 

Next, we establish connections between the parameter-dependent bounding function formed 

by (4.11) and (4.12) and the classical parabola test [2,10]. Furthermore, by exploiting results from 

positivity theory it is possible to guarantee the existence of a positive-definite solution to (4.13). 

First, however, we present additional notation and definitions and a key lemma concerning strongly 

positive real transfer functions. Let 

\A B] ic D\ 
G{s) 

denote a state space realization of a transfer function G(s), that is, G(s) = C(sl — A)~lB + D. 

The notation " ~ "denotes a minimal realization. Furthermore, an asymptotically stable transfer 

function is a transfer function each of whose poles is in the open left half plane. 

A square .transfer function G(s) is called positive real [1, p. 216] if 1) all poles of G(s) are 

in the closed left half plane and 2) G(s) + G*(s) is nonnegative definite for Ke[s] > 0. A square 

transfer function G(s) is called strictly positive real [9,11] if 1) G(s) is asymptotically stable and 2) 

G(ju>) + G*(ju>) is positive definite for all real u. Finally, a square transfer function G(s) is strongly 

positive real if it is strictly positive real and D + DT > 0, where D = G(oo). 

Lemma 4.3. Let G(s) nun 
\A B] ic D\ 

. Then the following statements are equivalent: 

i) A is asymptotically stable and G{s) is strongly positive real; 

ii) D + DT > 0 and there exist positive-definite matrices P and R such that 

0 = A"P + PA + (C - BLPy {D + DL)-\C - DlP) + R. (4.17) 

Proof. See [5]. D 

Next, using Lemma 4.3 we obtain a sufficient condition for the existence of a solution to (4.13). 

Theorem 4.2. Let G(s) nun A + I3MCn 

Co+NCoiA + BoMiCo) 
■Bn 

(Mj-iWx)"1 -NCoBo If Ais 

asymptotically stable and G(s) is strongly positive real then there exists an nxn matrix P > 0 

12 



satisfying (4.13). Conversely, if 2(M2 - Mi)-1 - [NC0BQ + NC0B0] > 0 and there exists P > 0 

satisfying (4.13) for all R ;> 0, then A is asymptotically stable and G(s) is strongly positive real. 

Proof. The proof is an immediate consequence of Lemma 4.3. D 

Next, we show that Theorem 4.1 is a generalization of the classical parabola test [2] for the 

case in which the loop sector-bounded nonlinearity is used to represent uncertainty. First, how- 

ever, we provide a generalization of the parabola criterion for multivariable systems with diagonal 

nonlinearity structure. Specifically, we define the set $ characterizing a class of sector-bounded 

memoryless time - invariant nonlinearities. Let Mi, M2 and Mi — Mi be given positive-definite 

diagonal matrices and define 

$= {4>: Rm° -Rmo: (<£ - Miy)T[(M2 - Mi)-\4> - MlV) - y] < 0, y G Rm°, 

and <f>(y) = [</>i(yi),^2(2/2), • •• ^m0(äfm0)]T} • 

Note that for Mx = d\a,g[m1,m2,... ,mmo] and M2 = diag[mi,m2,... ,mmo], m^riii > 0, i = 

1,... ,mo, it follows that each component 4>i{Vi) of <f> satisfies 

|; IRiVl < <f>i(Vi)yi <"»ij/?, y{ € R, i= l,...,m0. 

Theorem 4.3. (The Multivariable Parabola Criterion). If there exists a nonnegative- 

definite diagonal matrix N such that (M2 - Mi)-1 + (/ + Ns)(I + G(s)Mi)~1G(s) is strongly 

positive real, where G(s) n~" , then the negative feedback interconnection of G(s) and 
L O U • 

4>(-) is asymptotically stable for all ^>(-) G <f. 

Proof. First note that the negative feedback interconnection of G(s) and <f>{-) has the state- 

space description 

x{t) =Ax(t) - Bcf>(y(t)), (4.18) 

y(t) =Cx(t). (4.19) 

Now, noting that [/+ G(s)Mi]~1G(s) corresponds to a plant G(s) with feedback gain Mi, it follows 

from feedback interconnection manipulations that a minimal realization for [/ + G(s)Mi]~1G(s) is 

given by 
A-BMiC •\ — \s~i/   \ nun [I+G(s)Mi]-lG(s) 

13 
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Similarly, noting that sG(s) *■    „. 
!|,      '■'' ,    .       ' -■■   !:;   I CM 

hag a minimal realization giycn by 

D 
CD 

it follows that (M2-M1)-
1+(I+Ns)(I+G(s)M1)-

1G(sj^ 

I '! 

A-^MTC 
C + NC(A - BMXC) 

B 
(M2-Mi)-1 + NCB\ 

Now it follows from Lemma 4.3 that since (M2 - Mi)-1 + (I + Ns)(I+ G(s)M1)-
1G{s) is strongly 

positive real there exist positive-definite matrices P and R such that 

0 =(A - BMXC)TP + P(A - BMiC) 

+ [c + NC(A - BM^) - BTP]T[(M2 - Mi)"1 + NCB + ((M2 - Mi)"1 + NCB) 

• [C + NC(A - BMiC) - BTP] + R. 

i-i 

(4.20) 

Next, for <j> € $ define the Lyapunov function 

m  vr 
\V(x) = xTPx + 2^2     [M^-nii^Nida. 

■ <=i I 
(4.21) 

The coresponding Lyapunov derivative is given by 

:;|ji ij\;' ;•; K: : V(x) = a;T(/lTP + PA)z - <fTBTPx - xTPB<f> + 2(<j> - Miy)TNy. (4.22) 

Next, using (4.20), noting that y = CAx - CB<f>, and adding and subtracting 2(0 - Miy)T(M2 - 

Mi)-1^-^»)] 2((f>-M1y)ry, 2xTCTMiNCB<j>, 2xrÄ*CTNMiCx, 2xTCTM1B
TCTN<j>, and 

2a;':rCTMijBTCTiVMiC,X| to and from (4.22) it follows (after some algebraic manipulation) that 

l 

V{x) = -x^Rx - zTz + 2(<j> - Miy)T[(M2 - Mi)"1^ - Mxy) - y], 

where 

z =[(M2 - Mi)"1 + NCB + ((M2 - Mi)-1 + NCB)T)-1/2[C + NC(A - BMiC) - BTP]x 

- [(M2 - Mi)"1 + NCB + ((M2 - Mx)-
X + NCB)T]1/2[<f> - MxCx\. 

Since R is positive definite and (<f> - Miy)T[(M2 - Mi)_1(<£ - Miy) — y] < 0 it follows that V(x) 

is negative definite. D 

In order to specialize the result of Theorem 4.3 to robust stability with constant linear param- 

eter uncertainty, consider the system 

x(t) = (A + AA)x(t), 

14 
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where A/1 € U and U is defined by 

■":'■ li/!''.   U = {AA: AA = -BFC,    F = diag[fi,F2,.. .,Jm0], ffi« < ft < «»i, t = 1,... ,m0}. 

It now follows from Theorem 4.3 by setting <j>(y) - Fy = FCx that A + AA is asymptotically 

stable for all AA £ U. 

It has thus been shown that in the special case that F and N are diagonal nonnegative-definite 

matrices, Theorem 4.1 (with £?o replaced by — Bo) specializes to the multivariable parabola criterion 

when applied to linear parameter uncertainty. This is not surprising since in this case the Lyapunov 

function (4.21) that establishes robust stability takes the form 

mo     j.yi 

V(x) = xTPx + 2 V; /    (Fi- mJaNida,    y{ = (Co*),-, (4.24) 
1=iJo 

or, equivalently, 

I.,'."1/. "'"'"■:' "!. j!'-   '   V{x) = xTPx + x'TCQ
T(F-M1)NCox (4.25) 

and ithus is'a special case of the parameter-dependent Lyapunov function discussed earlier. Note 

that the uncertain parameters are not allowed to be arbitrarily time-varying, wldch is consistent 

with the fact that the classical parabola criterion is restricted to time-invariant noidinearities., 

i jiSiyV V': ;" ': '■:■;.■ i: 
;, ':i;,'.; Finally, we note that, in the case in which M\ = 0, Theorem 4.3 specializes to the multivari- 

able Popov criterion considered in [7,8]. Alternatively, retaining M\ and setting N — 0 yields 

a strongly positive real requirement on (M2 - M\)~l + (I + G(s)Mi)~1G(s) or, equivalently, 

[(/+ G(s)M2)(I + G(s)Mi)-1] which corresponds to the multivariable circle criterion considered 

in [6] with the restrictions that Mi,M2 be diagonal and positive-definite. 

5. Robust Controller Synthesis via the Parabola Riccati Equation 

In this section we introduce the Robust Stability and Performance Problem with static output 

feedback control. This problem involves a set U C RnXn of uncertain perturbations AA of the 

nominal system matrix A. 

Robust Stability and Performance Problem. Given the nth-order stabilizable plant with 

constant real-valued plant parameter variations 

x(t) = (A + AA)x(t) + Bu{t) + Dw(t), t <E [0, oo), (5.1) 

y(t) = Cx(t), (5.2) 

' ' 15 



where u(t) 6 R.m,w(t) G Rd, and y(t) € R', determine a static output feedback control law 

■ ..!!■ '<■ .      ''■     . ■" ! 

:' «(<)=*»(<) (5.3) 

that satisfies the following design criteria: 

i) the closed-loop system (5.1) - (5.3) is asymptotically stable for all AA e U, that is,   A + 

BKC + AA is asymptotically stable for all AA € It; and 

ii) the performance functional 

(   i 

J{K) =   sup lim sup- E 
AAPU    t-*oo    t 

f[xT(s)R1x(s) + uT(s)R2u(s)]ds I (5.4) 

.0 J 
AAeU 

is minimized. 

For each variation A A € IX, the closed-loop system (5.1)-(5.3) can be written as 

,,    : I'itii;:!:"■-■ I" -i | "=--.-  '• 
!,.    J.'-j'j' ; ■.   ..'' \;\ ; x(*) = (i + Ai4)i(«) + Dtü(Z), * 6 [0,oo), (5.5) 

where::v:.■■.: ' ■; i! i:::'i..- ;    . ;:',;:' 

;i;;!i^,f;::!; . ![■:[[.[ '..        ■.•■ ' A = A + BKC, (5.6); 

and where the white noise disturbance has intensity V = DDT. Finally, note if A + A A is asymp- 

totically stable for all AA € IC for a given K, then (5.4) can be written as 

J(K)=   sup  trPAAV, (5.7) 
AAeU 

where P&A satisfies (2.6) with A replaced by A and 11 replaced by 

R = Ri + CTKTR2KC. (5.8) 

To apply Theorem 4.1 to controller synthesis we consider the performance bound (3.9) in place 

of the actual worst-case H2 performance as in Theorem 4.1 with A,R replaced by A and R to 

address the closed-loop control problem. This leads to the following optimization problem. 

Auxiliary Minimization Problem. Determine K g Rmx' that minimizes 

!. d(K) = U[(P + Cj itC0)V) (5.9) 
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': ■      subject to , 

'^■fto:J=(A+'BoMiCofP + P(A+ BoMiCo) >' 

'■..      [.\.'+[Co + NC0(A + BoMiCo) + B^P]T[(M2 - Mi)"1 - NC0B0 + ((M2 - Mi)'1 - NCoBof]-1 

' • [Co + NCo(Ä + BoMx CQ) + BjP] +11. (5.10) 

It follows from Theorem 4.1 that the satisfaction of (5.10) along with the detectability condition 

(A + AA,R) leads to closed-loop robust stability along with robust H2 performance. 

Next, we present sufficient conditions for robust stability and performance for the static output 

feedback case. For arbitrary P,Q € RnXn define the notation 

R0 =(M2 - Mi)"1 - NCoBo + ((M2 - M,)"1 - NC0B0)
T , 

Ü2a =Ü2 + B^Cj^l^NCoB, 

Pa =PTP + BTCjN^Rä1Co + BTCjNTR^lNC0(A + B0M1C0) + BT Cj Nr R^1 Bj P, 

\ | v =gq-T(cgcTy1 <p, vL = in -1/, 

r when theindicated inverses exist. 

'..i\fi: jjiji [Theorem 5.1. Assume Ro > 0 and assume 2i and N are strongly compatible. Furthermore, 
'.<!:!' Mlffi;'! vfM '■■ ; ':i: '■'■   '     •' ■   i 
iji'lsupppsethere^xist 11 X n nonnegative-defmite matrices P,Q such that CQCT > 0 and 

■  '■'ji-''' i '■$)}l''':!:i:   ■:'ij' •     '   ' ■    '   , ' ■ 
|j j!.jjCl=\A + BoMiCo '+ BORQ

1
CO + BQR^lNCQ{A + P0MiC0)]TP 

: + P[A + PoMiCo + BoRälCo + BORQ
1
NCQ{A + BüMxCo)\ + Pi 

+ [Co + NCo{A + B0M1Co)]T Rö^Co + NC0(A + Po^iO»)] 

+ PBoR0-1B0
rP-Pa

rR;a
1Pa-vlPa

rR;a
1Pav1, (5.11) 

0=[A- BR^PaV + B0MxCo + BoR^NCoiA - BR^a
xPau + BQMXCO) + BQRölCo + BoRö^B^P]Q 

+ Q[A - BR^a
xPau + BoMiCo + BoR^lNCo{A - BR^Pau + PuMxCo) 

+ BQRölCo + B0Rö1B0
rP]T + V, (5.12) 

and let K be given by 

K = -^PaQC'r(CQC'r)-1. (5.13) 

Then (A + AA,R) is detectable for all AA € It if and only if A + A A is asymptotically stable for 

all AA £ U. In this case the closed-loop system performance (5.7) satisfies the bound 

J(K) < tr[(P + CjtiC0)V). (5.14) 
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J;   Proof. The proof follows as in the proof given in [7]. D 
'■■■,'■\'-'.'\i $\'-' 

'■•) I 

■!; i',l; 

V.i'^|: Theorem 6.1 provides constructive sufficient conditions that yield static output feedback con- 

trollers for robust stability and performance. These conditions comprise a system of one modified 

algebraic Riccati equation and one modified Lyapunov equation in variables P and Q, respectively. 

Finally, note when solving (5.11) and (5.12) numerically, the matrices M\,Mi and N and the struc- 

ture matrices Bo and Co appearing in the design equations can be adjusted to examine tradeoffs 

between performance and robustness. To further reduce conservatism, one can view the multiplier 

matrix N as a free parameter and optimize N with respect to the worst case H2 performance bound 

3. In particular, computing 2J/23 = 0 yields 

0 =l/2txC0VCj + [(M-1 - NC0B0) + (M"1 - NCoBo)]-1 

■[Co + NCoiÄ + BoM^ + BjPlQtÄ + BoMiCofCj 
' " ■   !' ■    ■ 'I i'     ' 1! ' :• 

;;■■'+ [(M-1 - NCoBo) + (M~l - NCÜBÜ)
V)'\C0 + NC0{Ä + B0MxCQ) + B0

y P]Q 

!- [Co + NPo(Ä+. BoMxCo) + BjP]T[(M-1 - NC0B0) + (M"1 - NCoBo?]-1 BjCj. 

j■!,';: !i' Now, the basic approach is to design the controller for a given N and then compute the optimal 

\Rvalue of,N for that controller. Hence, this design procedure will involve an interaction between 

j] controller design and evaluation of the multiplier N until convergence in N is achieved. 

Next, we specialize Theorem 5.1 to the full-state feedback case. When the full state is available, 

that is, C — In, the projection v = In so that vy. = 0. In this case (5.13) becomes 

K = -R^Pa (5.15) 

and (5.11), (5.12) collapse to the single equation 

Ü =[A + BQMXCO + BoR^Co + B0RölNC0(A + li0MiC0)]TP 

+ P[A + B0M1C0 + Bo^Co + D0R^lNC0(A + BoM^Co)] + Ri 

+ [Co + NCo(A + i?oM1Co)]TÄ0-1[Co + NC0(A + BQM^Q)] 

+ PBoRö'BjP - PjR^Pa. (5.16) 
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6. Dynamic Output Feedback Controller Synthesis 

In this section we introduce the Dynamic Robust Stability and Performance Problem. For 

simplicity we restrict our attention to controllers of order nc = n, that is, controllers whose order 

is equal to the dimension of the plant 

Dynamic Robust Stability and Performance Problem. Given the nth-order stabilizable 

and detectable plant with constant structured real-valued plant parameter variations 

x(t) =(A + AA)x(t) + Bu{t) + Diw(t), t > 0, (6.1) 

y(t) =Cx(t) + D2w(t), (6.2) 

where u(t) £ Rm,u;(2) G Rd, and y(t) 6 R', determine an nth-order dynamic compensator 

ie(t) =Acxc(t) + Bcy{t), (6.3) 

u(t) =Cexc(t), (6.4) 

that satisfies the following design criteria: 

i) the closed-loop system (6.1)-(6.4) is asymptotically stable for all A A 6 It; and 

it) the performance functional (5.4) with J(K) replaced by J(AC,BC,CC) is minimized. 

For each uncertain variation AA G U, the closed-loop system (6.1)-(6.4) can be written as 

x(t) = (Ä + AÄ)x(t) + Dw(t),    <>0, (6.5) 

where 

*(«) = 
*(<) 

, A 
A      DCC 

BCC     Ac 
,    AA = 

A A      0nxnc 

vncxn      vJncXnc 

and where the closed-loop disturbance Dw{t) has intensity 

V = DDT, 

where D = ,V BCD2 

uncertainty AÄ has the form 

Vi 0 
0     BcV2Bj c . 

,V\ = D\Dj ,V2 = D2Dj. The closed-loop system 

AÄ = BoFCo (6.6) 

where 

B0 * B0 

0ncxm0 

,      Co — [Co      0mox„c]. 
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Finally, if A + AÄ is asymptotically stable for all AA € U for a giveil compensator (Ac, Bc, Cc), 

then the performance measure (5.4) is given by 

J(AC,BC,CC)=  sup tiPAÄV, (6-7) 
AAQU 

where PA^ satisfies the 2n x In algebraic Lyapunov equation 

0 = (Ä + AÄ)TPAÄ + PAÄ(Ä + AÄ) + R, (6.8) 

where 

E = [E1    E2CC],    R = ETE=[Q
1    CJR2CC- 

Next, we proceed as in Section 5 where we replace the Lyapunov equation (0.8) for the dy- 

namic problem with a Riccati equation that guarantees that the closed-loop system is robustly 

stable. Thus for the dynamic output feedback problem, Theorem 4.1 holds with A,R, V replaced 

by Ä, R, V. 

For convenience in stating the main result of tlüs section, recall the definitions of Ro,R2a,Pa 

and define the additional notation 

s = C^V^C, 

AQ = A-QZ + BQRQ
X
NCQ{A + B0MXC0) + B0R^lBjP + BQR^CO + B0MxCo, 

for arbitrary Q, P G Rnxn. 

Theorem 6.1. Assume RQ > 0 and assume J and N are strongly compatible. Furthermore, 

suppose there exist n x n nonnegative-definite matrices P,Q,P satisfying 

0 =[A + B0MXC0 + Bo^Co + BQR^lNC0{A + B0MxCo)? P 

+ P[A + BQMXC0 + BQRölCo + B0R^lNC0(A + B0MXC0)] + Rx 

+ [Co + NCo(A + BQMXC0))T RQ
1

[CQ + NC0(A + B0MXC0)} 

+ PBoR^B^P - PjRrfPa, (6.9) 

0 =[A + B0MlCo + BoR^BfiP + P) + B0R^lNCQ{A + B0MXCQ)]Q (6.10) 

+ Q[A + BoMiCo + BoRö^JiP + P) + B0R^lNCQ{A + B0MXC0)]T + VX- QZQ, 

0 =AjP + PAQ + PBoR-'B^P + PjR^Pa, (6.11) 
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and let Ac, Bc, Cc be given by 

Ac =A-QE- BR^Pa - Bo^NCoBR^P* 

+ Boß^lNCo(A + BoMiCo) + B0R^CQ + B0MiC0 + Bo^BjP, (6.12) 

Bc=QCTV2-\ (6.13) 

Cc = -R^Pa. (6.14) 

Then (A + AA, E) is detectable for all AA G U if and only if A + AA is asymptotically stable for 

all AA € It. In this case, the performance of the closed-loop system (6.5) satisfied the bound 

J(Ae,Be,Ce) < tr[(P + P)VX + PQSQ + CJUCQVX] (6.15) 

Proof. The proof follows as in the proof given in [7]. D 

Remark 6.1 Note that if the uncertainty in the plant dynamics is deleted, that is, Bo = 

0, Co = 0, then Theorem 6.1 specializes to the standard LQG result. 
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Letters. 

Robust Stability Analysis Using the Small Gain, Circle, 
Positivity, and Popov Theorems: A Comparative Study 

Wassim M. Haddad. Emmanuel G. 
Collins, Jr., and Dennis S. Bernstein 

Abstract—This note analyzes the stability robustness of a Maximum 
Entropy controller designed for a benchmark problem. Four robustness 
tests are used: small gain analysis, circle analysis, positive real analysis, 
and Popov analysis, each of which is guaranteed to give a less conservative 
result than the previous test. The analysis here is performed graphically 
although recent research has developed equivalent tests based on Lya- 
punov theory. The Popov test is seen, for this example, to yield highly 
nonconservative robust stability bounds. The results here illuminate the 
conservatism of analysis based on traditional small-gain type tests and 
reveal the effectiveness of analysis tests based on Popov analysis and 
related parameter-dependent Lyapunov functions. 

I.   INTRODUCTION 

In control engineering practice, control design (whether classical 
or modern) is usually predicated upon some nominal (usually linear) 
model of the plant to be controlled. However, this nominal model 
of the system is never an exact representation of the true physical 
system. This necessitates tools that allow a control system to be 
analyzed for robustness with respect to errors in the design model. 
These analysis tools almost always lead to techniques for actually 

designing a control system for robustness. 
In classical control, gain and phase margins are often used as 

indirect measures of robustness. However, these criteria do not 
always adequately provide robustness with respect to the true plant 
uncertainties. Hence, to add reliability to the analysis process, more 
direct and rigorous measures of robustness are needed. To guarantee 
the best performance possible, in the presence of uncertainties in 
the system model, it is important that these robustness measures be 

nonconservative. 
In the analysis of systems for robustness, the conservatism of the 

resulting robust stability and performance bounds is largely dependent 
upon the characterization of the uncertainty in the analysis process. 
This uncertainty characterization can be viewed as lying between 
two extremes. In the state space, one extreme would be to model the 
uncertainty as constant, real parameters while the opposite extreme 
would be to model the uncertainty as arbitrarily time-varying, real 
parameters. In the frequency domain, the corresponding extremes are 
to model the uncertainty as a transfer function with bounded phase 

or oppositely, as a transfer function with arbitrary phase. 
If the uncertainty is truly constant and real, then modeling it as 

arbitrarily time-varying can lead to very conservative results. For 
example, classical analysis of a Hill's equation (e.g.* the Mathieu 
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Fig. 1 Standard uncertainty representation. 

equation) shows that time-varying parameter variations can desta- 
bilize a system even when the parameter variations are confined 
to a region in which constant variations are nondestabilizing (1). 

Also, as seen in [2] which analyzes stiffness uncertainty for a 
flexible structure, when uncertainty is modeled as having arbitrary 
phase, predictions for stability and performance will be much more 
conservative than results developed assuming phase-bounded (e.g., 

positive real) uncertainty. 
In recent years it has become conventional to model plant uncer- 

tainty, say AA'. using the feedback configuration shown in Figure 
1. In this figure G(s) denotes the nominal plant. Four of the most 
fundamental results concerning stability of feedback system intercon- 
nections are the small gain, circle, positivity, and Popov theorems 
[1, 3]. Even though these theorems were originally developed to 
analyze stability of system with a single, memoryless nonlinear 
element in a feedback configuration [1], in recent research |3. 4] 
each result was reinterpreted and generalized to the problem of robust 
stability involving linear uncertainty. To do this, a Lyapunov function 

framework was established, providing connections of these classical 
results to robust stability and performance via slate space methods. 

As shown in [3], the main difference between the small gain, 
circle, and positivity theorems versus the Popov theorem is that 
the former results guarantee robustness with respect to arbitrarily, 
time-varying uncertainty while the Popov theorem restricts the time 
variation of the uncertainty. This is not surprising once one recognizes 
that the Lyapunov function foundation of the small gain, circle, 
and positivity theorems is based upon conventional or "fixed" 
quadratic Lyapunov functions which, of course, guarantee stability 
with respect to arbitrarily, time-varying perturbations. In contrast, the 
Popov theorem is based upon a quadratic Lyapunov function that is a 

function of the parametric uncertainty, that is. a parameter-dependent 
quadratic Lyapunov function [3, 4]. Hence, in effect, the Popov result 
guarantees stability by means of a family of Lyapunov functions. A 

key aspect of this approach [4] is the fact that it does nor apply to 
arbitrarily time-varying uncertainties, which renders it significantly 
less conservative than fixed quadratic Lyapunov functions in the 
presence of constant real parameter uncertainty. 

To illuminate the conservatism of robustness analysis based on 
traditional small-gain type tests for constant real parameter un- 
certainty and to reveal the importance of tests which restrict the 
time-variation in the state space and thus allow the incorporation 
of phase information in the frequency domain, we consider a simple 
two-mass/spring, lightly damped, system with uncertain stiffness [5]. 
This example was chosen to highlight the inherent drawbacks of 
small gain principles applied to the analysis of feedback systems with 
constant real parameter uncertainty. A quadratic Lyapunov function 
framework leading to an algebraic basis in terms of matrix Riccati 

1O63-6536/93S03.OO © 1993 IEEE 
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Fig. 2 Spring-mass system. 

equations for the analysis and synthesis of robust controllers for the 
small-gain, circle, positivity, and Popov theorems is given in [3, 4]. 
Nevertheless, for simplicity the analysis presented here is graphical. 

II.   TWO-MASS/SPRING EXAMPLE 

Consider the two-mass/spring system shown in Figure 2 with 
uncertain stiffness k. A control force acts on body 1, and the 
position of body 2 is measured resulting in a noncolocated control 
problem. Here, we consider Controller \#1 of [6, 7] which was 
designed for Problem \# 1 of a benchmark problem [5] using the 
Maximum Entropy robust control design technique. The controller 
transfer function given by 

194390(s + 0.33679)[(s - 0.11735)2 + 0.909962] 
ff(s) _ (s + 81.43S)(s + 131.04)[(« + 2.9049)2 + 1.S6152] 

(1) 

was designed so that the closed-loop system is robust with respect to 
perturbations in the nominal value of the stiffness k (i.e., k — k„om)- 
The exact stiffness stability region over which the system will remain 
stable was computed by a simple search and is given by 

0.4459 < k < 2.0660. (2) 

Next, using a graphical approach we apply small gain analysis, circle 
analysis, positive real analysis, and Popov analysis to determine the 
stiffness stability regions predicted by each of these tests. Each of 
these tests is related to the previous test and is guaranteed to be less 
conservative. 

We begin by constructing the uncertainty feedback system that will 
be used in each of the tests. The plant (for mi = m2 = 1) is given 
by the triple (A(k),B,C) where 

A(k) = 

0 0 1 0 0 
0 0 0 1 

,    B = 
0 

-k k 0 Ü 1 
k -k 0 0 0 

C = [0 1 0 0].   (3) 

The perturbation in A(k) due to a change in the stiffness element k 
from nominal value fcnom is given by 

A(k) - .4(fc„om) = AA = B0<\kC0 (4) 

where ßj = [0 0 - 1 1] and Co = [1 - 1 0 0]. In the subsequent 
analysis we will choose knom = 0.6 since the controller (1) was 
developed under this assumption. 

Let the triple (Ac, Bc, Cc) denote the state space representation of 
the controller (1). Then, assuming negative feedback, the closed-loop 
state matrix is given by 

A(k) 
A(k)    -BCc 
BCc      Ac 

(5) 

.3 
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Fig. 3 Small gain analysis. 

Next, define hi  =   [B%    0lxi],    C0   =   [Co    01X4] and let 
G(s) = -Co(sI - .4(fc„om))_15o. Then, the plant uncertainty Ak 
can be represented by a fictitious feedback loop as shown in Figure 1. 

For each of the tests below we will determine Afc (positive) and 
Afc (negative) such that stability is guaranteed for 

knom + Ak < k <  k„om + Afc. (6) 

Small Gain Analysis 

Small gain analysis requires considering the Nyquist diagram of 
G{s). The smallest circle centered at the origin that completely 
encompasses the Nyquist diagram, Im{G{juj)] vs. Re[G{ju;)} for all 
ui, (without touching it) is then drawn. The intersection of this circle 
with the negative real axis is given by — 1/AA: and the intersection 
with the positive real axis is given by — 1/AA-. This analysis is shown 
in Figure 3. It follows that AT = 0.1496 and M = -0.1496. Hence, 
using small gain analysis, stability is guaranteed for 

0.4504 < k < 0.7496. (7) 

Note that since the Afc uncertainty block is comprised of a single 
scalar, this result is equivalent to a ^-analysis test [8]. 

Circle Analysis 

As in small gain analysis, circle analysis determines stability 
bounds by drawing a circle that completely encompasses the Nyquist 
diagram (without touching it). However, the circle criterion allows 
the center of the circle to lie anywhere along the real axis and can 
hence give a less conservative bound Afc (or ^.k) at the expense of 
increased conservatism in the remaining bound iVfc (or Afc). Here 
we choose the center of the circle to lie at ((jmin + -rmax)/2,0) 
where xmi„ is the minimum real part of the Nyquist diagram and 
Xmax is the maximum real part. The intersection of this circle with 
the negative real axis equals —1/Ak and the intersection with the 
positive real axis equals by -1/Afc. This analysis is shown in Figure 
4. It follows that AT = 0.3167 and Afc = -0.1277. Hence, using 
circle analysis, stability is guaranteed for 

0.4722 < k < 0.9167. (8) 
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Fig. 4 Circle analysis. Fig. 5 Positive real analysis. 

POPOV ANALYSIS 

Positive Real Analysis 

Positive real analysis determines stability bounds by drawing 
straight-lines that lie to the left or right of the Nyquist diagram 
(without touching it). It is equivalent to the limit of the circle criterion 
as the center of the circle moves toward infinity along the positive 
or negative real axis and will always give less conservative bounds. 
For the Nyquist diagram of G(s), the intersection of the line to the 
left of the Nyquist plot with the negative real axis equals -1/Afc. 
The intersection of the line to the right of the Nyquist plot with the 
positive real axis equals —1/Afc. This analysis is shown in Figure 
5. It follows that AT = 0.5277 and Ak = -0.1522. Hence, using 
positive real analysis, stability is guaranteed for 

0.4478 < h < 1.127« (9) 

Popov Analysis 

Popov analysis is a test that determines a stability bound from a 
modified Nyquist diagram, namely the Popov plot. u>Im\G{jui)] vs. 
Re\G{j^')] for u> > 0. This analysis requires finding lines (Popov 
lines) that intersect the negative or positive real axis at a point that 
is to the left of the Popov plot but as close to the origin as possible. 
The slope of these lines are -l/.V and -1/JV where A" and N_ are 
the Popov multipliers. The Popov test is equivalent to the positive 
real test if the lines are chosen to be vertical. For the Popov diagram 
of G(s), the intersection of the line to the left of the Popov plot with 
the negative real axis equals -1/Ak. The intersection of the line to 
the right of the Popov plot with the positive real axis equals — 1/Ak. 
This analysis is shown in Figure 6. It follows that Ak = 1.4660 
and A_k = 0.1541 and the corresponding Popov multipliers are 
respectively .V = 0.7999 and A = —0.2755. Hence, using Popov 
analysis, stability is guaranteed for 

0.4459 < k < 2.0660. (10) 

Note that these bounds are identical to the exact bounds (2), at 
least to four-digit precision for the lower bound and five digit 
precision for the upper bound. Hence, for this example, Popov 
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Fig. 6 Popov analysis. 

analysis yielded highly nonconservative results. This is not surprising 
since, as mentioned in the Introduction, the Popov result is based upon 
a parameter-dependent Lyapunov function which severely restricts the 
allowable time variation of the uncertain parameters and hence closely 
approximates real parameter uncertainty within robustness analysis. 

III.  CONCLUSION 

We have shown by means of a simple two-mass/spring example 
with uncertain stiffness that small gain modeling of constant real 
parameter uncertainty can be extremely conservative. An alternative 
approach to the phase information/real parameter uncertainty problem 
using Popov analysis and related parameter-dependent Lyapunov 
functions was shown to be significantly less conservative. Although 
Popov analysis was traditionally developed to analyze stability of a 
system with a single, memoryless nonlinear element in a feedback 
configuration, recent results have reinterpreted Popov analysis to 
handle the problem of robust stability involving constant, linear 
uncertainty [3, 4]. 
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The results here demonstrate the somewhat overlooked fact that 
Popov analysis can be very nonconservative when applied to the 

analysis of linear systems with linear uncertainty. 
Finally, it should be acknowledged that the results of [3, 4] 

allow Popov analysis to be used to synthesize robust controllers. 
This problem of robust control can, of course, be alternatively 
approached using adaptive control techniques [9, 10] which implicitly 
or explicitly identify the model uncertainty. It is possible that the 
results discussed in [3, 4] can be used as a basis for using Popov 

analysis to determine the stability and robustness properties of 

adaptive controllers. 
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In recent years, small gain (or //„) analysis has been used lo analyze feedback systems for robust stability and 
performance. However, since small gain analysis allows uncertainty with arbitrary' phase in the frequency 
domain and arbitrary time variations in the time domain, it can be overly conservative for constant real 
parametric uncertainty. More recent results have led to the development of robustness analysis tools, such as 
extensions of Popov analysis, that are less conservative. These tests are based on parameter-dependent Lya- 
punov functions, in contrast to the small gain test, which is based on a fixed quadratic Lyapunov function. This 
paper uses a benchmark problem to compare Popov analysis with small gain analysis and positivity analysis (a 
special case of Popov analysis that corresponds to a fixed quadratic Lyapunov function). The state-space 
versions of these tests, based on Riccatf equations, are implemented using continuation algorithms. The results 
show that the Popov test is significantly less conservative than the other two tests and for this example is 
completely nonconservative in terms of its prediction of robust stability. 

I. Introduction 
ONE of the most important aspects of the control design 

and evaluation process is the analysis of feedback sys- 
tems for robust stability and performance. Over the past sev- 
eral years, significant attention has been devoted to the use of 
small gain (or //„) tests for robustness analysis.1"5 However, it 
is well known that these tests can be very conservative since in 
the frequency domain the small gain test characterizes uncer- 
tainty with bounded gain but arbitrary phase, whereas in the 
time domain the small gain test characterizes uncertainty with 
arbitrary time variation.5 This conservatism has led to the 
search for more accurate robustness tests. In particular, re- 
searchers have searched for tests that allow frequency domain 
uncertainty characterization to include phase bounding or 
time domain uncertainty characterization to include restric- 
tions on the allowable time variations. 

The small gain test is actually based on conventional or 
"fixed" quadratic Lyapunov functions that guarantee stabil- 
ity with respect to arbitrarily time-varying perturbations. Very 
recently, however, robustness tests have been developed that 
are based on quadratic Lyapunov functions that are a function 
of the parametric uncertainty, that is, "parameter-dependent 
Lyapunov functions."6•, In contrast to analysis based on a 
fixed quadratic Lyapunov function, these tests guarantee ro- 
bust stability by means of a family of Lyapunov functions and 
do not apply to arbitrarily time-varying uncertainties. Hence, 
when the actual uncertainty is real and constant, these tests are 
less conservative than tests based on fixed quadratic Lyapunov 
functions.6 

In this paper we use a benchmark problem to compare the 
Popov test,2 based on a parameter-dependent Lyapunov func- 
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tion,6'7 with the small gain2 and positivity tests2 that are based 
on fixed quadratic Lyapunov functions.6,7 Each of the stabil- 
ity tests has graphical interpretations for the case of one- 
block, scalar uncertainty.2 However, here we will emphasize 
the state-space tests that are based on Riccati equations and 
allow the development of robust H2 performance bounds in 
addition to the determination of robust stability. We develop 
continuation algorithms for the special case of one-block, 
scalar uncertainty. The algorithm forPopov analysis addition- 
ally requires that a certain product (OÄ) related to the uncer- 
tainty characterization be equal to zero. As will be seen in Sec. 
Ill, this condition holds for the parametric uncertainty under 
consideration. The algorithms are applied to analyze a feed- 
back system for the benchmark system in which the controller 
was designed using the maximum entropy approach.8 

The paper is organized as follows. Section II presents the 
linear system to be analyzed for robust stability and perfor- 
mance and gives the main theorems for the small gain, positiv- 
ity, and Popov tests. Section III then considers the benchmark 
problem and formulates the feedback system to be analyzed in 
the format of Sec. II. Section IV applies the graphical tests to 
determine robust stability. Next, Sec. V develops continuation 
algorithms for a special case of the state-space tests and ap- 
plies the algorithms to the benchmark problem. Finally, Sec. 
VI discusses the conclusions and directions for future work. 

II.    Riccati Equation Characterizations for the Small 
Gain, Positivity, and Popov Theorems 

We begin this section by establishing some basic notation 
and definitions. Let (R denote the real numbers, and let (•) r 

and (• )* denote transpose and complex conjugate transpose. 
Furthermore, we write II --ll2 for the Euclidean norm, II • IIf for 
the Frobenius norm, trmax( •) for the maximum singular value, 
tr( •) for the trace operator, and M > 0 (M>0) to denote the 
fact that the hermitian matrix M is nonnegative (positive) 
definite. The notation 

G(s)~ 
'A B~ 
c D_ (1) 

322 
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denotes that G(s) is a transfer function corresponding to the 
state-space realization (A, B, C, D), i.e., G(s) = C{sl -A)~l 

xB +D. The notation "™n" is used to denote a minimal 
realization. For asymptotically stable G(s), define the H2 and 
Ha norms, respectively, where u 6 [0, oo), as 

\\G{s)\\\ ± IIG(/'ü))ll^du 

IG(s)l. = amax(G(/a>)) 

(2a) 

(2b) 

A transfer function G(s) is bounded real if 1) G(s) is 
asymptotically stable and 2) IIG(/w)H<>. s 1 for CJ 6 [0,oo). 
Furthermore, G(s) is called strictly bounded real if 1) G(s) is 
asymptotically stable and 2) IIG(/'u)ll00< 1 for u € [0,oo). Fi- 
nally, note that if G(s) is strictly bounded real, then 
/ - DTD>0, where D = G(oo). 

A square transfer function G(5) is called positive real if 1) 
all poles of G(s) are in the closed left half-plane and 2) 
GC/w) + G*(/CJ) is nonnegative definite for u € [0,oo). A 
square transfer function G{s) is called strictly positive real if 
1) G(s) is asymptotically stable and 2) G(/OJ) + G*(/u) is 
positive definite for CJ € [0,°°). Finally, a square transfer 
function G(s) is strongly positive real if it is strictly positive 
real and D + DT>0, where D = G(oo). (Note that in some of 
the literature "strongly positive real" as defined here is re- 
ferred to as "strictly positive real.") 
At this point, we consider a linear uncertain system of the 

form 

x(t) = (A - BoFCo)x(t) + Dw(t), 

z(t) = Ex(t) 

x(t) € (R*       (3) 

(4) 

Note that the system (3) and (4) may denote a linear feedback 
system subject to an exogeneous disturbance signal w(t). The 
individual elements of z{t) may denote the performance vari- 
ables, possibly including the actuation signals. The product 
- Bi^FCo then denotes the parametric uncertainty (i.e., AA). 
In particular, fl0 and C0 are fixed matrices denoting the struc- 
ture of the uncertainty and F is an uncertain matrix. Here, it 
is assumed that for some nonnegative definite diagonal matrix 
M, F e FJ , or for some nonnegative scalar 7, F € F, where 

F„  = 1F € <Rmo * m: F is diagonal, 0 < F < M} (5) 

Fy= [Ft (Rm°* "">: F is diagonal, F2 < 7 - 2/m„) (6) 

If we additionally define 

Fü - (F€ <R"™>*m°: F is diagonal, -A/<F<0) (7) 

then F <= F* if and only if - F € F^, and if 7 " ' = amix(M), 
Ft Fy implies F € /^ \JF_Q . 

Now, denote G(.s) by 

G(5)~ 
" ^ Bo 
Le0 0. 

(8) 

Then evaluation of the robust stability of Eq. (3) is equivalent 
to evaluation of the robust stability of the feedback system 
shown in Fig. 1. 

It now follows that for asymptotically stable Ä - BOFCQ the 
H2 norm for Eqs. (3) and (4) is given by 

where 

J(F) = tr QR = tr PV 

R=ETE 

P = DDr 

(9) 

(10) 

(ID 

G(s) 

Fig. 1    Feedback system to be analyzed for robust stability. 

0 = {A - BoFC0)
TP + P(A - BOFCQ) + R (12) 

0 = (A - B~oFC0)Q +Q(A- BoFCof +V (13) 

If w{t) is a standard white noise process with identity inten- 
sity, then 7(F) = lim,_„ Z[xT(t)Rx(t)]. Later we will present 
robust performance bounds J such that J(F) < J for each F in 
the uncertainty set. 

Next, we state the versions of the small gain, positivity, and 
Popov theorems that give sufficient conditions for the stability 
of the uncertain system (3) or, equivalently, the negative feed- 
back interconnection of Fig. 1. Each of the theorems includes 
both a frequency domain test and an equivalent state-space 
test. In addition, robust H2 performance bounds correspond- 
ing to the state-space tests are presented. 

Theorem 1 (Small Gain Theorem7). If (1/7)0(5) is strictly 
bounded real, then the negative feedback interconnection of 
G(s) and F is asymptotically stable for all F € Fy. Equiva- 
lently, if for any symmetric, positive definite R there exists a 
positive scalar a and nonnegative definite P satisfying 

0 = A TP + PA + 7 - lPBoB0
TP + CfCo + aR (14) 

then the uncertain system (3) is asymptotically stable for all F 
€ Fy. In this case, for all F € Fy, 

7(F) < J(a)=(l/a)tr(PV) (15) 

Theorem 2 (Positivity Theorem7). If M ' ' + G(s) is strongly 
positive real, then the negative feedback interconnection of 
G(s) and F is asymptotically stable for all F €_F^. Equiva- 
lently, if for any symmetric, positive definite R there exists a 
positive scalar a and nonnegative definite P satisfying 

0 = ATP + PÄ + Vi(Ca - B0
TP)TM- '(C0 - BjP) + aR  (16) 

then the uncertain system (3) is asymptotically stable for all F 
6 FJ. In this case, for all F 6 F£ , 

7(F) < 7(a) = (l/a)tr(FK) (17) 

Theorem 3 (Popov Theorem6-7). If there exists a non-neg- 
ative-definite diagonal matrix N such that M ~' + 
(/ + Ns)G(s) is strongly positive real, then the negative feed- 
back interconnection of G(s) and F is asymptotically stable 
for all F i. FM . Equivalently, if for any symmetric, positive 
definite R there exists a nonnegative-definite diagonal matrix 
N, a positive scalar a and nonnegative-definite P satisfying 

0 = A TP + PA + (C0 + iVCo<4 - B~oP)Tl(M ' ' + NCoSo) 

+ (A/ " ' + NCoBo)1) ' '(Co + NCoA - B0
TP) + aR       (18) 

then the uncertain system (3) is asymptotically stable for all F 
€ F£ . In this case, for all F € F£ , 

7(F) S 7(a, N) = (l/a)tr((P + C^MNC0)V) (19) 

Remark 1. Theorem 2 may be considered a special case of 
Theorem 3 with N = 0. 

Remark 2. In each of the three theorems the requirement 
that R be positive definite can be relaxed. In particular, R is 
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allowed to be nonnegative definite as long as the pair (Ä, E) is 
detectable where E satisfies ETE = R. 

Remark 3. For the case of scalar uncertainty F (i.e., 
m0 = 1), the frequency domain tests given in the three theo- 
rems have easy-to-implement graphical frequency domain in- 
terpretations.2 

Remark 4. As shown in Ref. 7, the Lyapunov function 
that establishes robust stability of the negative feedback inter- 
connection of G(s) and F in Theorems 1 and 2 is a fixed 
Lyapunov function of the form V(x) = xTPx where P satisfies 
Eqs. (14) and (16), respectively. On the other hand, the Lya- 
punov function that establishes robust stability of the negative 
feedback interconnection of C(s) and F in Theorem 3 is a 
parameter-dependent Lyapunov function; that is, it is a func- 
tion of the uncertain parameters and has the form 
V(x) = xTPx + xTClFNCoX where P satisfies Eq. (18). 

Remark 5. Note that the Popov multiplier N can be a 
negative-definite diagonal matrix that in the single-input/sin- 
gle-output (SISO) case simply corresponds to a Popov line in 
the Popov plane with a negative slope.: In this case, we note 
that the candidate Lyapunov function has the form V(x) = 
xTPx - XT

CQFNC(,X, where N>0. Hence, it is necessary to 
check a posteriori the positive definiteness of V(x) for all F € 
FJ to insure that V(x) is a Lyapunov function. 

Remark 6. An alternative statement of Theorem 3 that 
directly captures uncertainty Fe FJj DF^j can be obtained by 
considering the multivariable shifted Popov theorem.9 Specif- 
ically, this case corresponds to replacing M with 2M and Ä 
with Ä - BOMCQ in Theorem 3. In this case the frequency 
domain interpretation for the case of scalar uncertainty in- 
volves a family of frequency-dependent off-axis circles in the 
Nyquist plane. The circle centers vary as a function of the 
phase of the Popov multiplier, but each has the same real axis 
intercepts at ±M~ '. For further details see Refs. 9-11. 

III.    Benchmark Two-Mass/Spring Example 
Consider the two-mass/spring system shown in Fig. 2 with 

uncertain stiffness k. A control force acts on body 1, and the 
position of body 2 is measured, resulting in a noncollocated 
control problem. Here, we consider controller 1 of Ref. 8, 
which was designed for problem 1 of a benchmark problem12 

using the maximum entropy robust control design technique. 
The controller transfer function given by 

Gc{s): 
194390(5 + 0.33679)[(y - 0.11735)2 + 0.909962] 

(5 + 81.438)(s + 131.04)[(5 + 2.9049)2 + 1.86152) 
(20) 

was designed so that the closed-loop system is robust with 
respect to perturbations in the nominal value of the stiffness k 
(i.e., k = A:nom). The exact stiffness stability region over which 
the system will remain stable was computed by a simple search 
and is given by 

0.4458 < k < 2.0661 (21) 

Next, using a graphical approach and the state-space Riccati 
equation approach, we apply small gain analysis, positivity 
analysis, and Popov analysis to determine the stiffness stabil- 
ity regions predicted by each of these tests. Each of these tests 
is related to the previous test and is guaranteed to be less 
conservative. 

We begin by constructing the uncertainty feedback system 
that will be used in each of the tests. The open-loop plant (for 
ml = m2 = 1) is given by 

x(l) = A (k)x(l) + Bu(t) + Z3,w(/) 

v(/) = Cx(t) + D2w(t) 

z(t) = ElX(t) 

(22a) 

(22b) 

(22c) 

ml    AAAr  "^    ■— w 
j—hr    k    'a—v 

Fig. 2   Benchmark two-mass/spring system for robust control design 
and analysis. 

where 

A(k) 

0 0 1 0 

0 0 0 1 

k k 0 0 

k -k 0 0 

B = 

D, 

0 0 

0 0 

0 0 

1 0 
_ _ 

(23) 

C=£, = [0 10 0],       D2=[0\] 

The H2 cost functional under consideration is defined with 
respect to the transfer function between the disturbance vv(/) 
and the performance vector z{t) + E2u(t), where E2 = N/10~

S
. 

The perturbation in A (k) due to a change in the stiffness 
element k from the nominal value knom is given by 

A(k)-A (A'nom) = M=- BoAkCo 

where 

ßo = C0 = [1  - 1 0 0] 

(24) 

(25) 

In the subsequent analysis we will choose knom = 0.6 since the 
controller (20) was developed under this assumption. 

Let the triple (Ac, Bc, Cc) denote the state-space representa- 
tion of the controller (20). Then, assuming negative feedback, 
the closed-loop state matrix is given by 

A(k): 
A(k) 

BCC 

-BCC 

Ac   . 
(26) 

In addition, R and V are given by Eqs. (10) and (11) where 

£=[£,   -E2CC), D = (27) 

Next, define 

B0 = 

and recall 

Bo 

04X1. 

G(s)~ 

Co - [CQ    0i x 4] 

" A Bo' 

A 0 . 

(28) 

(29) 

Then, the plant uncertainty Ak can be represented by the 
fictitious feedback loop shown in Fig. I with F = Ak. Notice 
that with this stiffness uncertainty Co50 = 0, which holds for 
any state-space realization of the system. 

IV.    Frequency Domain Graphical Analysis of the 
Benchmark System 

In this section we apply the frequency domain tests de- 
scribed in the three theorems of Sec. II to determine AA- 
(positive) and  Ak (negative) such that stability is guaranteed 
for   

A:nom + Ak<k< kmm + Ak (30) 
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Since the uncertainty is scalar, we will first use the graphical 
techniques derived from the frequency domain tests. These 
graphical tests originally appeared in Refs. 13 and 14 and are 
included here for comparison with the results based on the 
state-space formulations. 

Small Gain Analysis 
Small gain analysis requires considering the Nyquist dia- 

gram of G (s). The smallest circle centered at the origin that 
completely encompasses the Nyquist diagram, Im[G(/o))] vs 
Re[G(/u)] for all u, (without touching it) is then drawn. The 
intersection of this circle with the negative real axis is given by 
- l/Ak, and the intersection with the positive real axis is 
given by - l/Ak. This analysis is shown in Fig. 3. It follows 
that Ak = 0.1497 and Ak = - 0.1497. Hence, using small gain 
analysis, stability is guaranteed for 

.a 
3 

0.4503 < k < 0.7497 

SMALL GAIN ANALYSIS 

(3D 

' ' 

_...••■"'  

/            I 
     \   -1/A4 

-\fSk     \                    \ 

■ 

~ " 

-10 -5 0 5 

Real Axis 

Fig. 3    Frequency domain small gain analysis. 

10 

Note that since the Ak uncertainty block is composed of a 
single scalar, this result is equivalent to the complex structured 
singular value test.'3 

Positivity Analysis 
Positivity analysis determines stability bounds by drawing 

straight-lines that lie to the left or right of the Nyquist diagram 
(without touching it). For the Nyquist diagram of G(s), the 
intersection of the line to the left of the Nyquist plot with the 
negative real axis equals - \/Ak. The intersection of the line 
to the right of the Nyquist plot with the positive real axis 
equajs_- \/Ak. This analysis is shown in Fig. 4. It follows 
that Ak = 0.5278 and Ak = - 0.1523. Hence, using positivity 
analysis, stability is guaranteed for 

0.4477 <£< 1.1278 (32) 

Popov Analysis 

Popov analysis is a test that determines a stability bound 
from a modified Nyquist diagram, namely, the Popov plot, 
u Im[G(/'u)] vs Re(G(/'cj)] for ui > 0. This analysis requires 
finding lines (Popov lines) that intersect the negative or posi- 
tive real axis at a point that is to the left of the Popov plot but 
as close to the origin as possible. The slopes of these lines are 
- 1/7V and - \/N where N and N are the Popov multipliers. 
The Popov test is equivalent to the positive real test if the lines 
are chosen to be vertical. For the Popov diagram of G(s), the 
intersection of the line to thejeft of the Popov plot with the 
negative real axis equals - \/Ak. The intersection of the line 
to the right of the Popov plot with the positive real axis equals 
- \/Ak. This analysis is shown in Fig. 5. It follows that Ak 
= 1.4661 and A£= 0.1542, and the corresponding Popov 
multipliers are, respectively, N* = 0.7999 and N* = - 0.2755. 
Hence, using Popov analysis, one guarantees stability for 

0.4458 < k < 2.0661 (33) 

Note that these bounds are identical to the exact bounds of 
Eq. (21). Hence, for this example, Popov analysis yields to- 
tally nonconservative robust stability results. This is not sur- 
prising since, as mentioned in the Introduction, the Popov 
result is based on a parameter-dependent Lyapunov function 
that severely restricts the allowable time variation of the un- 
certain parameters and hence closely approximates real pa- 
rameter uncertainty within robustness analysis. 

POSITIVE REAL ANALYSIS POPOV ANALYSIS 

.a 

e 

o 

Real Axis 

Fig. 4   Frequency domain positivity analysis. 

10 

.a 

-10 -5 0 5 

Real Axis 

Fig. 5   Frequency domain Popov analysis. 



326 COLLINS, HADDAD, AND DAVIS:    R1CCATI EQUATION APPROACHES 

V.    State-Space Analysis of the Benchmark System 
Continuation (or homotopy) algorithms16,n are effective 

techniques for solving systems of nonlinear algebraic equa- 
tions and have found increasing engineering applications (see, 
for example, Refs. 17-19). In this section, we develop contin- 
uation algorithms that implement the state-space analysis re- 
sults described in the three theorems of Sec. II. We restrict 
ourselves to the case of scalar uncertainty (i.e., Fis a scalar) 
with CQB0 = 0 (which applies to the benchmark system). In 
addition, the exposition is focused on implementing state- 
space Popov analysis since this case is the most complex. The 
algorithms for small gain and positivity analyses are very 
similar and hence are only briefly discussed. The results of 
applying these algorithms to the benchmark problem are sub- 
sequently presented. 

Each of the algorithms is based on optimizing the cost upper 
bounds J of Eqs. (15), (17), and (19). At this point we focus 
attention on the upper bound, Eq. (19), of the Popov theo- 
rem, rewritten here for all F € FJj as 

J(a, N) = (l/a)tr((P + C£MNC0)V) 

where, for Q>5o = 0, P is given by 

0 = ATP + PA + ('/2)(C0 + NCoÄ - BlP)TM(C0 

+ NCoA   -BlP) + aR 

(34) 

(35) 

The algorithm under consideration will be based on finding 
scalars a and N that satisfy 

0 = -^ = IT(QR - -2(P V + ClMNCo V)) (36) 
oa a 

0 = TT, = ~MC
O 
9Co + M^o + NC

<^ ~ B0
rP)QÄ TCl (37) dN     a 

where Q satisfies 

0 = (A - 'ABoMiCo + NCQÄ - B<fP))Q 

+ Q(A - ViBoM(C0 + NCoÄ - B0
TP))T + (\/a)V     (38) 

Continuation Map for Popov Analysis 
To define the continuation map we assume that the uncer- 

tainty parameter M is a function of the continuation parame- 
ter X 6 [0, ]]. In particular, it is assumed that 

A/(X) = M0 + HMf - M0) (39) 

Note that, at X = 0, M(X) = A/0, whereas at X=l, M(\) = Mf. 
The continuation map is defined as the gradient of the upper 
bound on the cost for the uncertainty parameter M(X). In 
particular, 

H(8, \) = 
HAS, X) 
H2{8, X). 

where 

(40) 

(41) 

//,(«, X)£ir(G(». X)Jf TTjlPV. X)K + C0
rM(X)N(X)C0K)) 

(42) 

a(X) 

+ M(\)(Co + N(\)CoÄ - BfP(6, \))Q(6, \)A TC0
T      (43) 

and 

0 = ATP(6, X) + P(0, \)Ä 

+ Vz(C0 + N(\)CoA-BlP(e, \))TM(\) 

■ (C0 + N(K)CoA - B0
TP(8, X)) + a(\)R 

0=[A - ViBoM(\)(.C0 + N(\)CoA-B0
TP(8, X))]Q(0, X) 

+ Q(fi, \){A - Vi8oM(k)(Co + N(\)CoÄ 

1 

(44) 

-B0
T
P(8, \w+^-y 

u(k) 

The continuation curve is defined by 

O = //(0, X), X € [0, 1] 

(45) 

(46) 

Jacobian of the Continuation Map for Popov Analysis 
The algorithm requires computation of V//(0, X)r, the 

Jacobian of H(8, X). Note that 

where 

V//(0, X)r= [He Hx] 

A dH 
He=Te 

„AdJL 
Hx~d\ 

(47) 

(48a) 

(48b) 

Expressions for Ht and //x are given in the Appendix. 

Outline of the Continuation Algorithm for Popov Analysis 
Step 1. Initialize loop=0, X = 0, AX € [0, 1], 8T=[\ 0] 

(i.e., a=l,/V = 0). 
Step 2. Let loop = loop + 1. If loop = 1, then go to step 4. 

Otherwise, continue. 
Step 3. Advance the homotopy parameter and predict the 

corresponding parameter vector 8 as follows. 
3a.    Let Xo = X. 
3b.    Let X = Xo + AX. 
3c. Compute He(8, X) and //x(0, X). Then compute 0;(Xo) 

using 

«;(Xo)= -[He(8, X)]-'//x(0, Xo) (49) 

3d.    Predict 0(X) using 0(X) = 0(Xo) + AX0; (Xo). 
3e. If 11//(0, X)ll satisfies some preassigned prediction tol- 

erance, then continue. Otherwise, reduce AX and go to step 3b. 
Step 4.    Correct the current approximation 0(X) as follows. 
4a.    Compute H(8, X) and He(\). 
4b.    Correct 0(X) using 0(X)-0(X) - [He(8, X)]" XH(8, X). 
4c. If W(8, X)It satisfies some preassigned tolerance, then 

continue. Otherwise, go to step 4a. 
4d. If P(\) is not nonnegative definite, then go to step 5, 

since stability is only guaranteed for M = M(Xo). Otherwise, 
continue. 

4e.    Compute the upper bound J(0). 
4f.    If X = 1, then continue. Otherwise, go to step 2. 
Step 5.    Stop. 

Continuation Algorithm for Positivity Analysis 
Recall that positivity analysis is a special case of Popov 

analysis (with N = 0). Hence, positivity analysis is imple- 
mented using the algorithm for Popov analysis with N con- 
strained to zero. 



COLLINS. HADDAD, AND DAVIS:    RICCATI EQUATION APPROACHES 327 

Continuation Algorithm for Small Gain Analysis 
For small gain analysis we consider the upper bound ]{a) of 

Eq. (15), rewritten here as 

opdmum popov multiplier for robustness test 

J(ct) = (l/c*)tr(PK) (50) 

where 

0 = A TP + PÄ + M - 2PBoBfP + Cr/Co + aR (51) 

The algorithm is based on finding a scalar a such that 

dJ       (    .      1     _ 
(52) 

where Q satisfies 

0 = (A + M- -BaBlP)Q + Q(A +M~ 1B0BjP)T + (1/a)V 

(53) 

It is assumed that M(\) is as given by Eq. (39) and the 
continuation map is defined as 

where 

H(8, X) = tr( Q(6, \)R - —P(9, \)V 

«ic 

COST Bounds for Various Robustness Tuts 

(54) 

(55) 

4.1 0 0.2 0.4 0.6 0.1 1 1.2 1.4 1.6 

allowed sä/mess percurbtrloa 

Fig. 6   Performance bounds for the small gain, positivity, and Popov 
tests. 

opdmum con scallnt for various robustness tests 
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Fig. 7   Optimal a for the small gain, positivity, and Popov tests. 

0.6 

z 
I      0.4 

0 0.2 0.4 0.6 0.8 1 i.2 1.4 

allowed rtirmcM perturbation 

Fig. 8    Optimal /V for the Popov test. 

0 = ATP(6, \) + P(8, \)A 

+ M(K) - 1P{B, \)BOBZP(8, X) + CjC0 + aR 

0 = (A + M(\)-2BcßlP(d, \))Q(Ö, X) 

+ Q(8, \)(A +M(\)-2B~oB~oP(8, X))T + (l/a)V 

The continuation curve is defined by 

O = //(0, X), Xe [0, 1] 

(56) 

(57) 

(58) 

Expressions for the Hessian H$ and HK are given in the Ap- 
pendix. 

The outline of the continuation algorithm for small gain 
analysis is identical to that given for Popov analysis. Because 
of this, no further discussion is needed. 

Analysis of the Benchmark Problem 
When the continuation algorithms for small gain, positivity, 

and Popov analysis are applied to the benchmark problem, the 
performance curves shown in Fig. 6 result. As expected, 
Popov analysis yields less conservative results than the positiv- 
ity and small gain tests. The robust stability bounds &k (posi- 
tive) and &k (negative) obtained from the state-space tests are 
identical to those obtained from the frequency domain tests of 
Sec. IV. The optimal a for each test is shown in Fig. 7 as a 
function of M. The optimal N for the Popov test is shown in 
Fig. 8. Note that as M approaches its supremum and infimum, 
N converges, respectively, to N* and N* obtained from the 
graphical test. 

VI.    Conclusions 
This paper has discussed the small gain, positivity, and 

Popov tests and applied both the (graphical) frequency do- 
main version of each test and the corresponding state-space 
test to a benchmark problem. The frequency domain tests and 
the state-space tests were seen to give identical results for 
robust stability, and the Popov test was completely nonconser- 
vative in its robustness predictions. The state-space tests also 
yielded robust //2 performance bounds and were implemented 
using continuation algorithms. The algorithms developed here 
only apply to the special case of scalar uncertainty and the 
algorithm for the Popov test further requires that a certain 
product (related to the uncertainty pattern) is zero. Future 
work will involve the development of more general numerical 
algorithms. 

Appendix: Jacobian Expressions for the 
Popov and Small Gain Tests 

In this Appendix we show how to compute the Jacobian of 
the homotopy map H(d, X) for both the Popov and small gain 
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tests. We first recall that the Jacobian VH(6, X) is defined by 

VH{fi, X)^ [H„ //x] (Al) 

where 

where 

4rH, = trl^R - -J^V + <%(tff - M0)NC0V ax ax 2\ax 
(A13) 

//.£ 
dH 

de' 
H^- ax (A2) 

Since H(6, X) corresponds to the upper bounds of the cost 
corresponding to M(\), Ht is the corresponding Hessian. 

Jacobian Expressions for Popov Analysis 

//.= 

_a 
3a 
^//,(0, X)   J^iffl.Xi 

SYM        ^2(«. X) 

(A3) 

where 

3 (dQ -     I  dP -    2      .     ._       . . \ 
-//, = tr( f*Ä -- -rV + - (PV + CfMNCoV)       (A4) 
3a \oa       a   oa       a / 

3 / _T3P . -  -     ._     dQ 
^A-MBZMQ+M{CO+NC,A-BZP)W 

+ MCOAQ)A
T

C0
1 (A5) 

d_ 

dN 

(dQ -     1   dP .     \  -T     -  -\ 

*~"{W-*JNV--JC'MC'V)     {A6) 

and dP/da, dP/dN, dQ/da, and dQ/dN satisfy 

_T3P   3P -      - 
0 = Aj— + —Aa + R 

da     da 
(A7) 

gp     go 
0 = Af— + —■ Ä + '/2 [(C0 + MV1 - B[P)TMCoA 

dN     dN 

+ A TClM(C o + NC<v4  - BfP)) (A8) 

. as   ae - 2,7 + (^<> + e(^0' 
- ßSoMCoAjQ - QÜJBOMCOä) 

where 

ÄC=Ä- V2BoM(C0 + NCoA - SfP) 

Similarly, //x is given by 

(A 10) 

(All) 

"x = 

-Hl(e, x) 

ax //:(«. X) 

(A 12) 

l-H2 = \Mf-M0)C0VCZ 
ax      a 

^P. 
(M7 - Mo)(Co + NC<y4 - BlP)Q - MBf—Q ax* 

+ M(C0 + NCoA - £0P) r^Q 
ax -4rCo7 (A14) 

and 3P/3X and 3Q/3X satisfy 

-r3P   dP. 

o-^äx + äx"- 
+ '/2 (Co + NC(y4 - 8fP)(Mf - Mo)(C0 + A/C<y4 - ^P) 

(A15) 

- dQ    dQ -, 

+ (fr**!8!)Q+Q&^if 
\ßa(Mf - M0)(Co + NCoA - BlP) 

-B0(Mf - Mo)(Co + NCoA - SJP) 

Jacobian Expressions for Small Gain Analysis 
The Hessian He( = dH/dd) is given by 

\da       a   da       a3 

where dP/da and dQ/da satisfy 

da    da 

0 = (/4 +M-^BoB0
TP)^ß + ^(A+M-iBoB0

TPV 
da     oa 

jp        / gp   \ 7"     i 
+ M-iBoB0

T—Q + [M-2BoB0
r— Q)  --V 

3a        \ da   /      a 

Similarly, //X( = 3///3X) is given by 

Zag-   i apT/ 

where 3P/3X and 3Q/3X satisfy 

ax   3xv 0 = (A + M - tßoBZPy— + —(A + M-'BoBlP) 

■2M-\M/-M0)PBoBoTP 

ax   ax 
dP^    /..  ,_-_-.3P.^r 

0 = (/i + M - iBoBfP)-^ + -JHÄ + M - T-BoBlP) 
Oh      Oh 

+ M-1BoBf^Q + [M-^BoBl-^Q 

- 2M - \Mf - M0)(BoB~oPQ + QPBoBo) 

(A16) 

(A 17) 

(A 18) 

(A 19) 

(A20) 

(A21) 

(A22) 



COLLINS. HADDAD. AND DAVIS:    RICCATI EQUATION APPROACHES 329 

Acknowledgments 

This research was supported in part by Sandia National 
Laboratories under Contract 54-7609, the Air Force Office of 
Scientific Research under Contract F49620-91-0019, the Na- 
tional Science Foundation under Grant ECS-91095588, and 
the Florida Space Grant Consortium under Grant NGT-40015. 

References 
'Zames, G., "On the Input-Output Stability of Time-Varying Non- 

linear Feedback Systems, Part I: Conditions Derived Using Concepts 
of Loop Gain, ConicityT and Positivity," IEEE Transactions on Au- 
tomatic Control, Vol. AC-11, April 1966, pp. 228-238. 

2Narendra, K. S., and Taylor, J. H., Frequency Domain Criteria 
for Absolute Stability, Academic Press, New York, 1973. 

3Francis, B. A., and Doyle, J. C, "Linear Control Theory with an 
Ha Optimally Criterion," SIAM Journal of Control and Optimiza- 
tion, Vol. 25, July 1987, pp. 815-844. 

4Francis, B. A., A Course in Ha Control Theory, Springer-Verlag, 
New York, 1987. 

3Khargonekar, P. P., Petersen, I. R., and Zhou, K., "Robust 
Stabilization of Uncertain Linear Systems: Quadratic Stability and 
Ha Theory," IEEE Transactions on Automatic Control, Vol. 35, 
March 1990, pp. 356-361. 

6Haddad, W. M., and Bernstein, D. S., "Parameter-Dependent 
Lyapunov Functions, Constant Real Parameter Uncertainty, and the 
Popov Criterion in Robust Analysis and Synthesis: Part 1, Part 2," 
Proceedings of the IEEE Conference on Decision and Control 
(Brighton, England, UK), IEEE, Piscataway, NJ, 1991, pp. 
2274-2279 and 2618-2623; also./£££ Transactions on Automatic 
Control (submitted for publication). 

7Haddad, W. M., and Bernstein, D. S., "Explicit Construction of 
Quadratic Lyapunov Functions for the Small Gain, Positivity, Circle, 
and Popov Theorems and Their Application to Robust Stability, Part 
1: Continuous-Time Theory, Part 2: Discrete-Time Theory," Interna- 
tional Journal on Robust and Nonlinear Control (to be published). 

8Collins, E. G., Jr., King, J. A., and Bernstein, D. S., "Application 
of Maximum Entropy/Optimal Projection Design Synthesis to a 
Benchmark Problem," Journal of Guidance,. Control, andDynamics, 
Vol. 15, No. 5, 1992, pp. 1094-1102. 

'Haddad,  W.  M.,  and  Bernstein,  D.  S.,   "The  Multivariable 

Parabola Criterion for Robust Controller Synthesis: A Riccati Equa- 
tion Approach," Journal of Mathematical Systems, Estimation, and 
Control (to be published). 

l0How, J. P., and Hall, S. R., "Connections Between the Popov 
Stability Criterion and Bounds for Real Parametric Uncertainty," 
IEEE Transactions on Automatic Control (submitted for publica- 
tion). 

"Haddad, W. M., How, J. P., Hall, S. R., and Bernstein, D. S., 
"Extensions of Mixed-ji Bounds to Monotonie and Odd Monotonie 
Nonlinearities Using Absolute Stability Theory," International Jour- 
nal of Control (to be published). 

l2Wie, B., and Bernstein, D. S., "Benchmark Problems for Robust 
Control Design," Journal of Guidance, Control, andDynamics, Vol. 
25, No. 5, 1992, pp. 1057-1059. 

13Collins, E. G., Jr., Haddad, W. M., and Bernstein, D. S., "Small 
Gain, Circle, Positivity, and Popov Analysis of a Maximum Entropy 
Controller for a Benchmark Problem," Proceedings of the American 
Control Conference (Chicago, IL), IEEE, Piscataway, NJ, 1991, pp. 
2425-2426. 

'"Haddad, W. M., Collins, E. G., Jr., and Bernstein, D. S., "Ro- 
bust Stability Analysis Using the Small Gain, Circle, Positivity, and 
Popov Theorems: A Comparative Study," IEEE Transactions on 
Automatic Control Systems Technology, Dec. 1993. 

l5Doyle, J. C, "Analysis of Feedback Systems with Structured 
Uncertainties," IEE Proceedings, Part D, Vol. 129, Nov. 1982, pp. 
242-250. 

16Watson, L. T., "Globally Convergent Homotopy Algorithms for 
Nonlinear Systems of Equations, "Nonlinear Dynamics, Vol. 1, 1990, 
pp. 143-191. 

,7Richter, S. L., and DeCarlo, R. A., "Continuation Methods: 
Theory and Applications," IEEE Transactions on Automatic Con- 
trol, Vol. CAS-30, No. 6, 1983, pp. 347-352. 

18Lefebvre, S., Richter, S., and DeCarlo, R., "A Continuation 
Algorithm for Eigenvalue Assignment by Decentralized Constant- 
Output Feedback," International Journal of Control, Vol. 41, No. 5, 
1985, pp. 1273-1292. 

,vColIins, E. G., Jr., Davis, L. D., and Richter, S., "A Homotopy 
Algorithm for Maximum Entropy Design," Journal of Guidance, 
Control, and Dynamics (to be published); also Proceedings of the 
American Control Conference (San Francisco, CA), IEEE, Piscat- 
away, NJ, 1993, pp. 1010-1014. 

>*-^; &? 

h 
,:,   .:..■; .Cf.'s,.'.aV 

r'r.i.-.   :-.--.-iau-S'■--".-■:•'■'"•• ^-'•'-V'V^ .-' -'£-'.;.>.-■■'.   ..   ,1 t, tjS «"<f.*W .«•^?*T*fl 



Appendix F: 

Frequency Domain Performance Bounds for Uncertain 

Positive Real Plants Controlled by Strictly Positive Real Compensators 

Harris Corporation January 1995 00051.tex 



December 1993 

Frequency Domain Performance Bounds for Uncertain 

Positive Real Plants Controlled by Strictly 

Positive Real Compensators 

by 

David C. Hyland 
Harris Corporation 

Government Aerospace Systems 
Division 

MS 19/4849 
Melbourne, Florida 32902 

(407) 729-2138 
FAX: (407) 727-4016 

Emmanuel G. Collins, Jr. 
Harris Corporation 

Government Aerospace Systems 
Division 

MS 19/4849 
Melbourne, Florida 32902 

(407) 727-6358 
FAX: (407) 727-4016 

ecollins@ xl02a.ess.harris.com 

Wassim M. Haddad 
Department of Mechanical and 

Aerospace Engineering 
Florida Institute of Technology 

Melbourne, Florida 32901 
(407) 768-8000 Ext.7241 

FAX: (407) 984-8461 
haddad® zach.fit.edu 

Vijaya S. Chellaboina 
Department of Mechanical and 

Aerospace Engineering 
Florida Institute of Technology 

Melbourne, Florida 32901 
(407) 768-8000 Ext.7630 

FAX: (407) 984-8461 
vijaya@ ee.fit.edu 

Abstract 

An important part of feedback control involves analyzing uncertain systems for robust 
stability and performance. Many robustness theories consider only stability issues and 
ignore performance. Most of the performance robustness results that do exist will not 
always yield finite performance bounds for the case of closed-loop systems consisting of 
uncertain positive real plants controlled by strictly positive real compensators. These 
results are obviously conservative since this class of systems is unconditionally stable. 
This paper uses majorant analysis to develop tests that yield finite performance bounds 
for the above case. The results are specialized to the case of static, decentralized colocated 
rate feedback and dynamic colocated rate feedback. 

This research was sponsored in part by the Air Force Office of Scientific Research 
under Contract F49620-92-C-0019, and the National Science Foundation under Grants 
ECS-91095588 and ECS-9350181. 



1.    Introduction 

A central issue in feedback control is the analysis of uncertain systems for robust stabil- 

ity and performance. Hence, considerable effort has been devoted by researchers in control 

to the development of effective robustness analysis tools. Many of the developments in 

robustness analysis have focused exclusively on the determination of stability. However, in 

practical engineering, performance issues are paramount, so that it is important to addi- 

tionally determine the type of performance degradation that occurs due to the uncertainty 

in the system modeling. References [1-13] are examples of robustness analysis techniques 

that do consider performance. A common feature of a class of these results [5-8] is that 

they rely on majorant bounding techniques [14-16]. 

Majorant theory was originally developed by Dahlquist to produce bounds for the 

solutions of systems of differential equations [16]. The corresponding bounding techniques 

focus on providing upper bounds on subblocks of matrices and inverse matrices. Similar 

bounding procedures have been used in the work of researchers in large scale systems 

analysis [17,18]. The more recent results of [5-8] apply majorant techniques to produce 

robust performance bounds for uncertain linear systems. 

In [5-8] performance is measured in basically three ways. References [5] and [6] measure 

performance in terms of second order statistics. In particular, bounds are obtained on the 

steady state variances of selected system variables. In [7], performance is expressed in 

terms of the frequency response of selected system outputs. This result led to a new upper 

bound for the structured singular value. Finally, [8] considers the transient response of 

certain system outputs, a performance measure which had not previously been treated in 

the robustness literature. A common feature of these results and most other robustness 

results, with the possible exception of methods based on extensions of Popov analysis and 

parameter-dependent Lyapunoy functions [11-13], is that they do not predict unconditional 

stability for feedback systems consisting of a positive real plant controlled by a strictly 

positive real controller. 

This paper uses the logarithmic norm in context of majorant analysis to develop tests 



for robust stability and performance that predict unconditional stability for the above 

case and also yield robust performance bounds. As in [1,2,7,10] this paper considers the 

frequency domain behavior of a given system. The results are specialized to the case of 

static, decentralized colocated rate feedback and dynamic, colocated rate feedback. The 

bounds developed here are illustrated with examples chosen from this class of problems 

and compared with the performance bound obtained in [7] and the performance bound 

resulting from complex structured singular value analysis [1,2]. It is seen that the new 

bounds are much less conservative than the alternative bounds. 

The paper is organized as follows. Section 2 presents notation and the necessary math- 

ematical foundation. Section 3 gives results relating to strictly positive real feedback of a 

positive real system. Section 4 develops robust performance bounds for the aforementioned 

systems. Section 5 specializes the performance bounds to the case of static, decentralized 

colocated rate feedback. In Section 6 we extend the results of Section 5 to dynamic, cen- 

tralized output feedback and present a systematic approach for designing strictly positive 

real compensators. In order to draw comparisions to the robust performance bounds de- 

veloped in Section 5 and 6, Section 7 presents a brief summary of the results developed in 

[7] and [1,2] involving an alternative majorant bound and the complex structured singular 

value bound respectively. Section 8 presents several illustrative examples that demonstrate 

the effectiveness of the proposed approach. Finally, Section 9 presents conclusions. 

2.    Notation and Mathematical Preliminaries 

In the following notation, the matrices and vectors ate in general assumed to be com- 

plex. 
IR set of real numbers 

© set of complex numbers 
Ip p xp identity matrix 

Z* complex conjugate of matrix Z 

ZH complex conjugate transpose of matrix Z (= (Z*)T) 
Z{j or Zij (hj) element of matrix Z 
diag{-21,..., zn} diagonal matrix with listed diagonal elements 
Y << Z yij < Zij for each i and j, where Y and Z 

are real matrices with identical dimensions 



M 
det(Z) 

ll*l|2 
0'min(Z),ama.x(Z) 

IM|. 

I» 

P(Z) 

C[Z(t)] 

max{yi,...,y„} 

absolute value of complex scalar a 

determinant of square matrix Z 
Euclidean norm of vector x (= VxHx) 

minimum, maximum singular values of matrix Z 

spectral norm of matrix Z ( = crmax(Z)), 
subordinate to the Euclidean norm         

Frobenius norm of matrix Z ( =     ^2 /L, z*Jzij) 

spectral radius of a square matrix Z 

Laplace transform of Z(t) 
minimum, maximum eigenvalues of the Hermitian matrix Q 
= Y where y{j = max{yi,y, jft.ij» • • •. Vn,ij} 

Let A e CmXn. Then, the modulus matrix of A is the m x n nonnegative matrix 

\A\u = [|a«|]- (2-1) 

The modulus matrix is a special case of a block norm matrix [14,15]. 

Let B € <DnXp. Subsequent analysis will use the following relation 

\AB\u << \A\M\B\M- (2.2) 

A majorant [16] is an element-by-element upper bound for a modulus matrix (or more 

generally, a block norm matrix).   Specifically, A is an m x n majorant respectively of 

A€CmXnif 

|A|M << A. (2.3) 

Let Z e Cnxn. Then Z € IRnXn is an n x n minorant [16] of Z if 

za < \zu\, (2.4a) 

(2.46) 

Lemma 2.1. Let Z& and ZGd denote respectively the diagonal and off-diagonal com- 

ponents of Z € Cnxn, such that 

Zd = diag{^>r=1,    Zod = Z-Zd. (2.5) 
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Then, if Z& is an n x n minorant of Zd and Z0d is a majorant of Z0d, Za - Z0a is a minorant 

of Z. 

The logarithmic norm [16,19] of Z € CnXn with respect to the spectral norm is defined 

by 

T{Z) ±  lim   ¥+hZ\\M-l (2.6) 
v fc—0+ Al 

or, equivalently [19], 

r(Z) = ±\m&x(Z + ZH). (2.7) 

A matrix P € IRnXn is an M-matrix [20-22] if it has nonpositive off-diagonal elements 

(i.e., pij < 0 for i ^ j) and positive principal minors. It has been shown [20-22] that the 

inverse of an M-matrix is a nonnegative matrix. 

The next five lemmas, especially Lemmas 2.4 and 2.6, are key to the development of 

the robust performance bounds of the following sections. The proofs of these lemmas are 

based on the relationship between minorants, logarithmic norms, and M-matrices. 

Lemma 2.2. Let Z € <DnXn. Then Z € HtnXn is a n x n minorant of Z if 

zu < \{zu + 4), (2.8) 

or 

*«<5b(*«-*«)l, (2-9) ■ 

and 

2ij<-\zij\,    i*J- (2-10) 

Proof. It follows from equation (3.1) of [16] that Z is an n x n minorant of Z if 

zu < -T(-ZU), (2.11) 

and (2.10) is satisfied. Substituting (2.7) into (2.11) yields (2.8). Hence Z satisfying (2.8) 

and (2.10) is a n x n minorant of Z. 



Next recognizing that a minorant of ZH is also a minorant of ±jZ, it follows by 

replacing Z by ±jZH in (2.8) and (2.10) that (2.9) and (2.10) define a n x n minorant of 

Z.    D 

Lemma 2.3.[16]. Assume Z € <DnXn and let Z be an n x n minorant of Z. If in 

addition Z is an M-matrix, then 

IZ-'IM^Z-K (2.12) 

The next lemma is an immediate consequence of Lemmas 2.2 and 2.3. 

Lemma 2.4. Assume Z <E CnXn and Z e HnXn satisfies 

za < max{i.(z,-,- + *S),     \\3{Zii - 4)|}, (2.13a) 

Then, Z is a n x n minorant of Z. Furthermore, if Z is an M-matrix, then 

\Z-l\u<<Z-\ (2.14) 

Lemma 2.5. let Q G (CnXn and let q be a positive scalar satisfying either 

q<\*min[Q + QH], (2-15) 

or 

q<l^»[±j(Q-QH)]- (2-16) 

Then, 

■|W_1H.<£". (2-17) 

Proof. It follows from Proposition 1 and equation (3.1) of [16] that any positive scalar 

satisfying 

q<-r(-Q) (2.18) 

also satisfies (2.17). Substituting (2.7) into (2.18) yields (2.15). Since \\±3Q~l ||, = HQ"1 ||s, 

Q in (2.15) can be replaced by ±jQ which yields (2.16).     D 
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An immediate extension to Lemma 2.5 is as follows. 

Lemma 2.6. Let Q € (Dnxn and let q be a positive scalar satisfying 

q < max{^Amin[Q + QH], ^Amin [j(Q - QH)}, ±Amin[j(QH -Q)}}. (2.19) 

Then, 

WQ-'lU^q-1. (2.19) 

Lemma 2.7.[23]. Let A, B € CnXn. Then, 

<Tmin(A + B) > <7miD(A) - <7max(£). (2.20) 

The next lemma is a direct consequence of Theorem 4.3.1 of [23]. 

Lemma 2.8. Let A, B € <DnXn be Hermetian and let Xm;n(A), Amjn(.B), and Xmin(A + 

B) denote the minimum eigenvalues of the respective arguments. Then, 

Amin04 + B) > Xmin(A) + Xmm(B). (2.21) 

Finally, we establish certain definitions and a key lemma used later in the paper. 

Specifically, a real-rational matrix fucntion is a matrix whose elements are rational func- 

tions with real coefficients. Furthermore, a transfer function is a real-rational matrix each 

of whose elements is proper, i.e., finite at s = oo. A strictly proper transfer function is 

a transfer function that is zero at infinity. An asymptotically stable transfer function is 

a transfer function each of whose poles is in the open left half plane. Finally, a stable 

transfer function is a transfer function each of whose poles is in the closed-left half plane 

with semi-simple poles on the jus axis. Let 

G(s) A B 
C D 

denote a state space realization of a transfer function G(s), that is, G(s) = C(sI—A)~1B + 

D. The notation " ™in" is used to denote a minimal realization. The H2 norm of an 

assymptotically stable transfer function G{s) is defined as 

\\G(s)\\2 ± (± j JGMllldu)1*. (2.22) 



A square transfer function G(s) is called positive real [24] if 1) G(s) is stable, and 2) 

G(s) + GH(s) is nonnegative definite for all Re[s] > 0. A square transfer function G(s) is 

called strictly -positive real [25-27] if 1) G(s) is asymptotically stable, and 2) G(JUJ)+G
H

(JU) 

is positive definite for all real w. Recall that a minimal realization of a positive real transfer 

function is stable in the sense of Lyapunov, while a minimal realization of a strictly positive 

real transfer function is asymptotically stable. 

Next we state the well known positive real lemma [28] used to characterize positive 

realness in the state-space setting. 

B is pos- Lemma 2.9. The strictly proper transfer function G(s) ™" 

itive real if and only if there exist matrices Q0 and L with Q0 positive definite such that 

AQo + QoAT = -LLT, (2.23) 

QoCT = B. (2.24) 

This form of the positive real lemma is the dual of that given in [28], and the derivation 

is similarly dual. See [29] for further details on the dual positive real lemma. 

A linear time-invariant system with input w, output y, and transfer function represen- 

tation 

y(s) = G(s)w(s) (2.25) 

is stable if G(s) is rational, stable, and proper.    This definition of system stability is 

equivalent to bounded-input, bounded-output stability. 

3.    Positive Real Plants with Strictly Positive Real Feedback 

We begin by considering the following nth-order, uncertain, second-order matrix linear 

plant with proportional damping and rate measurements: 

ij(t) + 2ASlr)(t) + n2r}(t) = Bu(t) + Dw(t), .     (3.1a) 

y(t) = Cm, (3.16) 

z(t) = Erj(t), (3.1c) 
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where 

fi = diag{ßi}[L1,    ßf>0£bri€{l,2,...,n}, (3.2) 

A = diag{Ci}r=i.    C- > 0 for i € {l,2,...,n}, (3.3) 

u e JRn" is the control vector, w € TRnw is the disturbance variable or reference signal, 

y € IRn* represents the rate measurements, and z € IR"X represents the performance 

variables (restricted to be linear functions of the modal rates). It is assumed that 

0 € n = {Qo + Aß : |Aß|M << Aß}, (3.4) 

A € A = {Ao + AA : |AA|M << AA}, (3.5) 

BeB = {B0 + AB:\AB\M<<AB}, (3.6) 

D € D = {Do + AD : \AD\M << AD}, (3.7) 

C e C = {Co + AC : |AC|M << AC}, (3.8) 

E(=E={E0+AE: \AE\M << AE}. (3.9) 

Next, define 

#i=(ß,A), (3.10) 

H2=(B,C), (3.11) 

H3±(D,E), (3.12) 

and define Hi, H2, and H3 to be the corresponding uncertainty sets, i.e., 

H1^{(ß,A):ß€n, AeA}, (3.13) 

H2±{(J3,C):SeB, <?€C}, (3.14) 

H3±{(D,E):D€T>, EeE}. (3.15) 

Additionally, define 

H = HiUH2UH3. (3.16) 

Note that Hi is the uncertainty set corresponding to errors in the frequencies and damping 

ratios while H2 and H3 are uncertainty sets corresponding to errors in the mode shapes. 

It follows from (3.4)-(3.9) that Hi, H2, and H3 are arcwise connnected. 



Furthermore, define 

6(s) ± C[rj{t)]> (3-17) 

so that (3.1) has the s-domain representation 

$_1(^i, s)0(H, s) = Bu(s) + Dw(s), (3.18a) 

y(H,s) = C9(s), (3.186) 

z(H,s) = E0(s), (3.18c) 

where 

9(Hus) = diag^^!,*)}^, (3.19) 

and 

«*•')* 7+25s?+i?- (3-20) 

Note that for all ifi G Hj, $(Hi, s) is strictly positive real, so that 

^(H1Juf) + ^H(H1Ju)>0,    iTiGHi,    w€(0,oo). (3.21) 

If, alternatively, the system is undamped, that is, £,- = 0, i = l,...,n, then (3.19) is 

positive real. 

To make the model more realistic we now include sensor and actuator dynamics that 

are assumed to be known. (These dynamics could be empirically determined via hard- 

ware experimentation.) The matrix of actuator dynamics (^fa) and the matrix of sensor 

dynamics (^s) are given respectively by 

«.W^diagf*.,.-^)}^!, (3.22) 

*a(5)ädiag{*S)l(5)};^- (3.23) 

Appending these dynamics to the system (3.13) yields 

$_1 {Hi, s)6(H, s) = BVa(s)u(s) + Dw(s), (3.24a) 

y{H,S) = Vs(S)C0(s), (3.246) 

z(H,s) = E$(s). (3.24c) 
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Next, assume that the linear feedback law 

u(s) = -K(s)y(s) (3.25) 

stabilizes the nominal system, i.e., the system (3.24) with Hi  = (ß0,A0) and if2 = 

(Bo,Co). Substituting (3.25) into (3.24a) gives 

[*-\Hus) + F(H3,8)]0(H,s) =Dw(s), (3.26) 

where 

F(H2,s) ä BVa(s)K(s)*a(s)C. (3.27) 

Now define Gw$(H,s) to be the transfer function between w(s) and 6(H,s), such that 

e{H, s) = GW$(H, s)w(s). (3.28) 

Then, the following proposition is needed for Theorem 3.1. 

Proposition 3.1. For given H € H, Gwe(H,s) is asymptotically stable if 

det[^-\Hujuj) + F(H2,jio)] ^0,    u;e[0,oo). (3.29) 

Proof. The result is a direct consequence of the multivariable Nyquist criterion.   D 

The proof of the following theorem relies on Proposition 3.1. For the statement of the 

next result let Q : H -> ffi,nXn, and define u{Q) by 

v(Q) = maxi min hmin(Q(H) + QH(H)),    min hmin (j(Q(H) - QH(H))), 

mi^Xmin(j(QH(H)-Q(H)))y 

(3.30) 

Theorem 3.1. If for all H2 € H2, F(H2,s) is positive real, then GW6(H,s) is asymp- 

totically stable for all H 6 H (that is Gw$(H,s) is robustly stable). In addition, 

[t-HHuju) + F(H2,ju)]-1     < p-1^), (3.31) 
s 
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where p(ju) is any positive scalar satisfying 

p(ju) < ulü-^jv) + F(ju>)}. (3.32) 

Proof. First note that $(Hi,s) is strictly positive real for all Hi € Hi. We now show 

that $(Hi,ju>) is invertible and $-1(Ifi,$) is strictly positive real. 

Let Hi € Hi, x € €n, x ^ 0, and A 6 C be such that $(Hi,ju)x = Xx and hence 

X
H
$(H,JUJ) = XHxH. Then, xH[$(Huju) + $H(Hx,3u)]x > 0 implies Re A > 0. Hence 

det[$(iTi,jo>)] 7^0. In addition, 

Q-^Huju) + $-H(Huju>) = Q-^Huj^iHi,^) + $"(#!,>;)] $-"(#!, ;u;) > 0, 

which implies that $-1(ifi,s) is strictly positive real. Since, for all Hi € H2, F{Hi,s) 

is positive real it follows that for all Hi e Hi and H2 € H2, [$_1(.ffi,.s) + F(H2,s)] is 

strictly positive real and thus (3.29) is satisfied. Hence, it follows from Proposition 3.1 

that Gw$(s) is asymptotically stable for all H € H. 

Now, for Hi G Hi and #2 £ H2, $-1(-H"i,s) + F(H-2,s) is strictly positive real and 

hence i/[$-1(ju;) +-F(,;u>)] is positive. Equation (3.31) then follows using Lemma 2.6.    D 

Remark 3.1. The first part of the proof to Theorem 3.1 is essentially identical to the 

proof of Lemma 3.2 of [30]. 

Remark 3.2. The norm bound (3.31) lays the foundation for one of the performance 

bounds given in the next section. 

Remark 3.3. Note that Theorem 3.1 also holds if, alternatively, the plant is positive 

real and the compensator is strictly positive real. 

Remark 3.4. Note that in the scalar case the definition of v(Q) can be specialized to 

u(Q) ^maxj nun \{Q{H) + Q*(H)), min \\j{Q{H) - <?*(#))! }• (3.33) 
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4.    Performance Bounds 

In this section it is again assumed that F(H2,s) is positive real for all H2 € H2. We 

define 

r(H1,H2,s)±[$-1(Hi,s) + F(H2,s)]-\ (4.1) 

and note that in this case (3.26) yields 

d(H,s) = T(HuH2,s)Dw(s). (4.2) 

Let t(juj) denote a majorant oiT{Hi,H2,3u) for all Hi e Hi and H2 e H2, such that 

max   \T{HuH2,ju)\u<<t{jui). (4.3) 

H2eH2 

Then, applying the inequality (2.2) to (4.2) gives 

max | 6(H,ju>) |M<< t(ju>)D | w(ju>)\M. (4.4) 
HeH 

Similarly, applying the inequality (2.2) to (3.24c) and using (4.4) gives 

KJW) |M<< \E\M8(jw), (4.5) 

where 

6(jiv) = t(ju)D\w(ju;)\M. (4.6) 

Equations (4.5) and (4.6) indicate that performance bounding requires the compu- 

tation of T(ju) satisfying (4.3). The following two theorems present alternatives for the 

choice of T(JOJ). The first theorem follows directly from Theorem 3.1. 

Theorem 4.1. Assume that for all H2 € H2, F(H2,s) is positive real and p(ju>) is a 

positive scalar satisfying (3.32). Then 

max   |r(fri,JJ2,Jw)|M<<foOw), (4.7) 
HieHi 
H2eH2 

where 

fo(;o;)=p-10a;)t/n, (4.8) 
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and Un denotes the n x n matrix with all unity elements. 

Let ID" denote the set of n xn diagonal matrices, let (•) have the mapping Q : H -* TDn, 

and define the function UD(Q) by 

t/D(Q) = diag{K««)}w- <4'9) 

We are now prepared to state the next theorem. 

Theorem 4.2. Assume that for all H2 € H2, F(H2,s) is positive real and let 

Fd(H2,s), and Fod(H2,s) respectively denote the diagonal and off-diagonal matrices cor- 

responding to F(H2is), such that 

Fd(H2,s) ± diag{/«(F2,«)};Li. (4-10) 

Fod(H2,s)±F(H2,s)-Fd(H2,s). ■     (4.11) 

Let nOw) be given by 

U(ju) = P(JUJ) - Fod(juj), (4.12) 

where P(jw) is diagonal and satisfies 

PH^J'Dt^^i.^ + W.Jw)), (4-13) 

and Fod(juj) satisfies 

[Fod(ju)]iJ >   ma* |[Fod(^2,;w)]oi- (4-14) 
H2€H2 

Then, 

max   irOuOlM^IT^Ow). (4.15) 

H2eH2 

Proof. First note that T(Hi,H2,s) is given by 

r(H1,H2,s)=[Sd(H1,H2,s) + Fod(H2,s)}~\ (4.16) 

where 

Sd(H1,H2,s)±$-1(Hus) + Fd(H2,s). (4.17) 
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Let Sd(ju) be a minorant of Sd(Hi,H2,jw), and let Fod(juj) satisfy (4.14) for all H € H. 

Furthermore, if §d(jw) — F0d(ju) is an M-matrix it follows from Lemma 2.3 that 

|r(;u,)|M << [$d(ju) ~ Fodiju)}-1. (4.18) 

Since UD(S&(JU)) is a minorant of Sd(Hi,H2,ju), so is P(ju>) and hence the proof is 

complete.   □ 

Remark 4.1. Note that for the case n = 1 Theorems 4.1 and 4.2 yield the same 

bound. However, in the case n > 1 the performance bound is obtained by computing the 

minimum of the bounds given by Theorems 4.1 and 4.2. 

5.    Performance Bounds for Colocated Rate Feedback 

In this section we give performance bounds for decentralized colocated rate feedback 

systems. Specifically we assume that 

C = BT, (5.1) 

tf .(*) = *.(5) = I„, (5.2) 

K(a) = KK
T
, (5.3) 

where 

K = diagjK,}^. (5.4) 

Hence, 

F(H2,S) = BKK
T
B'

T
. (5.5) 

We now show how to practically compute bounds corresponding to Theorems 4.1 and 4.2. 

First, however, define S : IR —»IR as 

We begin by showing how to compute a positive scalar p(ju>) satisfying (3.32) with 

u(-) given by (3.30). Using Lemma 2.8 it follows that 

Aminl«-1^!, jw) + F(H3, ju>) + «-"(JTi, jw) + FH(H2,ju)] 
(5.7) 

> X^-'iHuju) + ^H{Hu3^)} + \min[F(H2,ju>) + FH(H2,ju>)}.    ' 
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Now, 
$-1(ff1,ju;) + $-ff(F1,ju;) = diag{4aßfc}Li ,     ^ 

(5.8) 
= diag{4(Co,fc + ACo,fc)(fio,Jt + Afi0,fc)}- 

Hence, 

min   IrXnan^iHuju) + $-H{Huju>)} = min2(Co,fc - AC,)(fi0,Jt - A?)*)-      (5.9) 

Furthermore, 

F(H2,ju>) + FH(H2,ju) = 2BKK
T
B

T
. (5.10) 

Note that 

Amin(25«KTBT) = 2a2
min(BK) = 2^» ((*o + Ai?)*)- (5-n) 

Now, using (2.20) it follows that 

<rmin((£o + AJ?)/c) > Ormin(B0K) - (Tmix(AB/c) 

> <7min(-B0K) - (max /c,-)(Tmax(A5) (5.12) 

> ^min(50K) - (max/Cj)||AP||F. 
t 

Since <7min((B0 + AB)/c) > 0, (5.11), (5.12), and (5.6) yield 

min   jAmin[F(fr2,^) + i^(#2,Ju;)] > [$(amia(J3oK) - (max«.)^^)]2.    (5.13) 

It now follows from (5.6), (5.8), and (5.12) that 

min ^Amin[«^(tfi,jw) + F(H2,ju) + *"*(#,, jw) + FH(H2,ju)} 

> min2(Co,jfe - ACfc)(ß0|* - Aft*) •     (5.14) 
k 

r —-     l2 

+ [5(amin(5o/c)-(maxK,-)||AJ5||F)j . 

Once again using Lemma 2.8, it follows that 

Ami„ [j*-1^!, ju,) -j*-H(Hup>) + jF(H2,ju) - ]FH{{H2,]u)] 

> Aminlj*-1^!,jw) - j*-*(ffi, jw)] + Amin [JF(H2,JU) - JF
H

(H2,JU>)}. 

Now, noting 

J*-1^!,^) -j*-H(J*i,jw) = 2diag{iflJ - «}JU , (5.16) 
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we obtain 

min   h^n^-^Huju)-^-"^^)] = min-(Ofc - Aft*)2 - u. (5.17) 

Furthermore, 

JF(H2,JU)-JF
H

(H2,JU>) = 0, (5.18) 

yields 

min   l\min[jF(H2,ju)-jFH(H2,ju)]=0. .     (5.19) 

It now follows from (5.15), (5.17), and (5.19) that 

min hminljQ-HHuJu) - j^"^,^) + jF(H2,ju>) - JF
H

(H2,JU;)] 

> min — (ft* — Aß*)2 — u>. 
k     LO 

(5.20) 

Similarly, 

min ^Amin[?$-"(#!,>;) - &-\H^ju>) + JF
H

(H2,JU>) -3F(H2,JUJ)] 

> minoj (fijt + Afijt)2. 
(5.21) 

The following theorem is now immediate using (3.30) with (5.14), (5.20), and (5.21). 

Theorem 5.1. If F(H2,s) is given by (5.5) then p(ju>) satisfying Theorems 3.1 and 

4.1 is given by 

p(ju) = maxj mm2(Co,jfc - A(k)(tt0,k ~ Aft*) 

+ S(<rmln(B0K) - (max K)||AB||F)] , (5.22) 

min— (ft* — Aft*)2 — u>,    minu; (ft* + Aft*)2 

k     U) k U) 

and Fd(H2,juj) is given by 

m 

Fd(H2,ju;) = diag{£ fc;*?^}"^- (5.23) 
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Furthermore, the (ij) element of F0A{H2,3^) is given by 

m 

/=i 

Using (5.23) and (5.24) and following a similar procedure used to develop Theorem 

5.1, we obtain the following result. 

Theorem 5.2. Let F(H2,s) be given by (5.5) then P(jtv) satisfying Theorem 4.2 is 

given by 

P0w) = diag{p«0w)}Jial, (5.25) 

where 

Pkk(ju) = maxi 2(Co,fc - ACfcX^o,* - Aß*) 

m 

+£ 5((6fei-ABti)Ki)    , 

mm —Sit — u>\ >. 

(5.26) 

In addition, the (i,j) element of F0d(jv) satisfying (4.14) of Theorem 4.2 is given by 

m 

[Fod(ju)].. = £(|*o,«| + AB^I^I + AB,-,). (5.27) 
*=i 

6.    Extensions to Dynamic Compensation 

In this section we generalize the results of Section 5 to dynamic compensation. Once 

again we assume colocated rate feedback with negligible sensor and actuator dynamics so 

that (5.1) and (5.2) hold. The following two theorems provide performance bounds for 

positive real systems controlled by strictly positive real dynamic compensators. 

Theorem 6.1. If F(H2,s) = BK(s)BT then.p(jw) satisfying Theorems 3.1 and 4.1 
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is given by 

p(jv) = max< min2(Co,fc - ^Ck)(^o,k - Aük) 

1 
+ 2 

S(amin(B0M(ju)) - <Tm«(MOw))||AB||p) 

min(-(fi0,fc " Afiit)2 - w) - ^m«(if(jw) - KH(^))(amax(B0) + ||A£||F)2, 
k      U> £ 

min(u; - -(Q0,k + Afl*)2) - \<jm„(K(ju>) - KH\ju;)){am&x(B0) + ||AB||F)2}, 

(6.1) 

where 

K(ju>) + KH{ju>) = MOu>)MH(ju>). (6.2) 

Proof. From (5.7) and (5.9) we have 

min iAnünl*-1^!,j«) + F(iT2,jw) + 9'H{Hllju) + FH{H2,ju)) 
HeH* 

> min2(Co,fe - A(k)(Q0,k - AQk) (6.3) 

+   min   ^Amin[F(F2,jo;) + FH(Ä2,ja;)]. 

Next, note that 

\min[F(H2,ju,) + FH(H2,ju)} = \min(B(K(ju) + KH(ju))BT), 

= \m-m(BM(ju;)MH(juJ)B
r), 

= cr2min(BM(ju;)), 

= a2
min((B0 + AB)M(ju)). 

Now, using (2.20) it follows that 

Vmin((B0 + AB)M) > amin(B0M(ju)) - <rmM(ABM(ju>)), 

> amia(B0M(ju)) - ow(AfOu;))(7max(AB), (6.5) 

> <rmin(B0M(ju)) - ormax(M(ju;))||AB||F. 

Noting that amin(BM(ju))) > 0, (6.4), (6.5), and (5.6) yield 

min   l\min[F(H2,ju,) + FH(H2,ju;)} 
HteH.2 * 

" 2 
S(<7min(B0M0u;)) - am!iX(M(ju))\\AB\\F) 
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It now follows from (6.3) and (6.6) that 

min hminlQ-HHitju) + F(H2,ju) + ^~H(Hujw) + FH{H2,3u)) 

> min2(Co,Jfc - ACfcX^o,* - Aft*) (6.7) 
k 

-\2 
1 

+ 2 
S(*mUB0M(ju>)) - <ra„(M(ju))\\AB\\F) 

(6.8) 

Similarly, using (5.15) and (5.17) we obtain 

min hrinbQ-HHuJu) ~3^~H{Hu3u) + JF(H2,JU) - JF
H

(H2,JUJ)} 
H€H2 

>min-(ßo,fc-A?i*)i-a;+   min   -\m\n[j{F{H2,3uj) - FH(H2,ju))]. 
* w K2eH2 * 

Hence, 

^Amin[;(F(^2,^) - FH(H2,ju;))} > -^max(F(i72,ju,) - FH(H2,>,)), 

= -^max(JB(JC0a;) - ÜT"0u;))i?T), 

> -^i«(B)an„(ürC7«) " * "«)> 

> -^((7max(50) + ||A£i|F)2amax(tf (>,) - KH(ju)). 

(6.9) 

Finally using (6.8) and (6.9) it follows that 

min ^inWr^uo;) - $-H(Hx,]u)) + 3{F{H2,3u) - FH(H2,3u))} 

> min-(Üo,k - Aft*)2 - w (6-10) 
k    IJJ 

- \am™{K(3u) - KH(3u>))(*m^(Bo) + \\AB\\F)2. 

Using a similar procedure given above we obtain 

min ^Aminb($-H(^i,^) - «-»(JJL JLJ)) +3(FH(H2,3u) - F(H2,3u>))} 

>min   w--(% + A?ilt)
2 (6-11) 

- \<rmn(K{ju) - KH(3u)){am^(B0) + \\AB\\F)2. 
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Hence, using (6.7), (6.10), and (6.11) and Theorem 3.1 the theorem is proved.   D 

The next theorem gives the second performance bound for the dynamic compenstor 

case. Using Theorem 4.2 and a procedure similar to the one employed in the previous 

theorem, the following result is immediate. 

Theorem 6.2.   Let F(H2,s) = BK(s)B'T.   Then P(jw) satisfying Theorem 4.2 is 

given by 

F(;o;) = diag{m0a;)};=1, (6.12) 

where 

pkk(ju) = max! 2(Co,Jt - AC*)(fio,fc - Aük) 

+ i Amin(!<(>;) + KH(ju>)) £ [S(B0M - ABkl)]
: 

^O.Jk 

2' 

mm 
nefi 

— U> 
u 

1 m ^ 

- ±am„(Jr0w) - KH{ju>)) X)[l-Bo,«| + AB*,]2 j. 

(6.13) 

In addition, .Pod (.?<■<■>) satisfying (4.14) is given by 

[&dC7")]y = *««(*(**)) E(|B0|tt| + A*«)2]* [£(|B0,;*| + ABit)
2]*-      (6-14) 

Jb=l *=1 

Remark 6.1. Note that in general the performance bounds given by Theorems 6.1 

and 6.2 are more conservative than the bounds given by Theorems 5.1 and 5.2 since they 

do not exploit the diagonal structure of the controller assumed in Section 5. 

Although there is no general theory yet available for designing positive real dynamic 

compensators, a variety of techniques have been proposed based on H2 theory [31-38] 

and Hoo theory [38-40]. Next, for completeness, we present a systematic approach for 

designing strictly positive real dynamic compensators for positive real plants. Specifically, 

for simplicity we restrict our attention to flexible structures with nu force inputs and 

nu velocity measurements so that the colocated admittance, or driving point mobility, is 

characterized by 

Mq(t) + Cq(t) + Kq(t) = Bu(i), (6.15) 
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y(t) = BTq(t), (6.16) 

where M, C, and K are mass, damping, and stiffness matrices, respectively, and B is 

determined by the sensor/actuator location. In this case the state space realization of 

(6.15) and (6.16) is given by 

G(s) 
0 / 

-M~XK   -M~XC 

[0 5T 

0 
_M~lB __ '   A B 

C 0 
0 

(6.17) 

Note that under the assumption of proportional damping the vibrational model in (6.15) 

and (6.16) can always be transformed into the form of (3.1). Finally, with G(s) given by 

(6.17) it follows that (2.23) and (2.24) are satisfied by [35,38] 

Qo = 
K~x       0 

0      M"1 
0 

V2M~lC-2 
(6.18) 

Next, we recast (3.1) in a state-space form and address the strict positive real controller 

synthesis problem. Specifically, given the 2nth-order minimal positive real plant 

x(t) = Ax{t) + Bu(t) + Dxw(t), 

y(t) = Cx(t) + D2w(t), 

we seek to determine a 2nth-order dynamic compensator — K(s) 

the form 

xc(t) = Acxc(t) + Bcy(t), 

u(t) = -Ccxc(t), 

that satisfies the following design criteria: 

[    Ac Bc   1 

L  -Cc 0 

(6.19) 

(6.20) 

of 

(i) the closed-loop system (6.19)-(6.22) given by A = 

stable; 

A      -BCC 

BCC      Ac 

(6.21) 

(6.22) 

is asymptotically 

(ii) the H2 performance measure 

1   f 
J(AC,BC,CC)= lim - / [xT(s)R1x(s) + uT(s)R2u(s)]ds (6.23) 
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is minimized, where Ri > 0, R2 > 0; and 

(m) -K(s) 
\    Ac Bc   1 

[ -cc 0    . 
is strictly positive real. 

Note that since the plant is positive real and the negative feedback compensator is 

strictly positive real, condition (t) is automatically satisfied. Now, using the approach 

proposed in [34,38] we have the following result for constructing strictly positive real com- 

pensators. For convenience, define V\ = D\Dj and V2 = D2D2 • 

A B 
Theorem 6.3.[34,38]. Assume G{s) is positive real, and let Qo 

C      I       0 
and L satisfy (2.23) and (2.24) where Q0 is positive definite. Furthermore, assume that 

there exist 2n x 2n nonnegative-definite matrices Q and P satisfying 

TT/-1, 0 = AQ + QAl +Vi- QC'V^CQ, 

0 = ÄTP + PÄ + R!- PBR^lFP, 

where Rx, R2, V\, and V2 satisfy 

Vi =LLT + BR^1BT >0, 

(6.24) 

(6.25) 

(6.26) 

V2 = Ä2, 

Ri > C R%  C. 

Then the negative feedback compensator 

-K(s) 
\    Ac Bc   1 = 
[ -Cc 0 

A - QC^V^C-BR^B^P 

R^1BrP 

(6.27) 

(6.28) 

QC^V,-1 

0 
(6.29) 

is strictly positive real and satisfies the design criteria (i), (ii).    Furthermore, the H2 

performance is given by 

J(AC,BC,CC) = tr[QÄ! + QC^Vf'CQP] (6.30) 

In order to compare the positive real majorant bounds developed in this and the 

previous section to the complex block-structured majorant bound [7] and the complex 
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structured singular value bound [41], next we provide a synopsis of the results developed 

in [7] and [41]. 

7.  The Complex Block-Structured Majorant Bound and the Complex Struc- 

tured Singular Value Bound 

In this section we present a brief summary of the results from [7] involving the complex 

block-structured majorant bound and [1,41] involving the complex structured singular 

value bound. Consider the standard problem of a linear time-invariant dynamic system 

given by 

z(s) = Gn(s)w(s) + Gi2(s)u(s), 

y(s) - G2i(s)w(s) + G22(s)u(s), 

u(s) = As(s)y(s), 

where 

As(s) € As = {As : As0u;) << As(ju)}. 

Note that (7.1)-(7.3) can be written as 

(7.1) 

(7.2) 

(7.3) 

(7.4) 

where 

z(s) = G(s)w(s), (7.5) 

w(s) = A(s)z(s) + v(s), (7.6) 

G(s)± 

z(s) £ 

"Gn( 
G2l( 

y(s) 

s)   Gi2(s)' 
s)   G22(s)_ 

,    w(s) = 
w(s) 

0 
0 

) = 

0 
As(s) 

w(s) 
0 

> 

The system given by (7.5) and (7.6) could, for example, represent an uncertain system 

in a closed-loop configuration with the plant uncertainty As "pulled out" into a fictitious 

feedback loop as shown in Figure 1. 

Next, we present a theorem which provides the complex block-structured majorant 

bound along with a robust stability condition for the linear time-invariant system (7.5) 

and (7.6). 
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Theorem 7.1.[7]. The feedback system given by (7.5) and (7.6) is robustly stable for 

all As € As if 

p[\G(ju)\uAOw)] < 1,        u> € (0,oo). (7.7) 

Furthermore, the output Z(JUJ) satisfies the bound 

|*(7W)|M << [I- |G0o;)|MA0a;)]-1|G0a;)i;0a;)|M, (7.8) 

where 

A(ju,) ä 0        0 
0   A,(ju) 

Next, we summarize the method for obtaining the complex structured singular value 

bound [41] for the standard problem addressed by (7.1)-(7.3). First recall that for complex 

multiple block-structured uncertainty As € Abs, where 

Abs = {As : As = block-diag(A1, A2)- • •, Ar), A; € <Dm'Xmv = 1,- • • ,r},        (7.9) 

and where mi,---,rar are given, the complex structured singular value PAba(G(jw)) is 

defined by 

ßAha(G(ju)) ä (min  {owx(As): det(7 - G(ju)As) = 0})"\ (7.10) 
Aa€Abs 

while ^AbsC^O^)) = 0 if there exists no As € Abs such that det(J — G(JUJ)AS) = 0. It has 

been shown [1,41] that HAbs(G(jto)) satisfies the inequality 

PAJGOüO) <V/   inf       crm.AN(ju;)G(ju;)N-'(ju;)), (7.11) 

where Af&.ba denotes the set of positive-definite scaling matrices which are compatible with 

the uncertainty structure Abs- Recall that if the number of blocks in As is three or less 

then the inequality in (7.11) is a strict equality [41]. 

As is well known [1,2,41], in order to consider robust performance within the complex 

structured singular value framework involving the standard problem given by (7.1)-(7.3), 

we introduce an additional uncertainty block Ap between w and z so that 

w{s) = Ap(s)z(s) (7.12) 

24 



and require stability robustness in the face of all perturbations, including the fictitious 

block Ap. In this case, (7.1)-(7.3) along with (7.12) can be written as 

z(s) = G(s)w(s), (7.13) 

w(s) = A(s)z(s), (7.14) 

where 

0       A.WJ- <7-15> 

This feedback configuration can be captured by Figure 1 by setting v to zero and replacing 

A(s) by A(s). Finally, note that the output z(s) is related to the input w(s) by 

z(s) = g(s)w(s), (7.16) 

where 

G(s) ± [Gn{s) + G12(s)Aa(s)[I - G22(s)As(s)]-1 G21(s)]. 

For the statement of the next result define 

A = {A : A = block-diag(Ap, As), and As G Abs}, 

BAbs = {As : HAslloo < - and As G Abs}, 
7 

BA = {A € A : ||A||oo < -}. 
7 

Theorem 7.2. Let A € BA- Then the feedback system given by (7.13) and (7.14) is 

robustly stable for all As € Abs if and only if 

/iAb8(C?22Üa;)) < 7,        we (0, oo). (7.17) 

Furthermore, if ^Aha(G22(ju)) < HA(G(JOJ)) < 7 then 

\\z(]u)h <*XA(G(^))||U;0U;)||2. (7.18) 

Proof. The first part of the theorem involving robust stability is a direct consequence 

of Theorem 4.2 of [41]. Now, to show the performance bound (7.18) let ii&(G{ju)) = ß < 7, 
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so that det(J - G(ju)A) ^ 0 for all ||A||oo < )• Furthermore if //Ab,(G22(.7w)) < ß, then 

det(I - G22Üw)As) ^ 0 for all HAH^ < ^. Now, since det(J - G(ju)A) = det(J - 

C?22(^)As)det(/ - Q(ju)Ap), it follows that det(J - Q(ju)Ap) ^ 0, for all HAUoo < i. 

Hence, 

max f*Ap(G(ju)) < HA(G(JU)). 
A,€Ab„||A||co<^ 

Furthermore, note that 

max   HAP{G{JU)) < max HAp(G(ju))- 
A8€Bab,        pV A,€Ab.,||A||0O<^        P 

Now, using (7.16) the performance bound (7.18) is immediate.     □ 

Remark 7.1. Note that if, alternatively, HA{G(JW)) < HAbX^22(j^)) < 7 is satisfied 

in the statement of Theorem 7.2 then (7.18) can be replaced by 

\\z(ju;)\\2 < iiAbs(G22(ju>))\\w(ju;)\\2. 

Since our uncertainty characterization considered in Section 3 is in the time domain, 

we briefly outline a systematic approach to converting this uncertainty into the transfer 

function presented by the standard problem representation in (7.1)-(7.3). First, recall that 

an uncertain state-space model with disturbance Dw(t) and performance variables Ex(t) 

can be viewed as a system in a feedback configuration with the gain As (see Figure 1), 

that is, 

x(t) = Ax(t) + B0u(t) + Dw{t), (7.19) 

y(t) = C0x(r), (7.20) 

with feedback 

(7.21) 

and performance variables 

(7.22) 

u(t) = Asy(<), 

z(t) = Ex(t). 
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Note that B0 and Co in this formulation are fixed matrices denoting the structure of the 

uncertainty. Now, it follows that (7.19)-(7.22) yield 

z(s) = E(sl - A^Dwis) + E(sl - A^Bo^s), 

y(s) = C0(sl - A^Dwis) + Co(sI - A^Bouis), 

u(s) = AB(s)y(s), 

(7.23) 

(7.24) 

(7.25) 

which are equivalent in form to the standard problem equations given by (7.1)-(7.3). Now, 

with frequency and damping uncertainty, the system matrix in (3.1) can be written in 

second order canonical form A = block-diag(j4,), i = 1, • • •, n, where 

Ai 
0 1 

-0?    -2C,ft,. 

or, equivalently, 

Ai 
0 1 1"° nl + 

[71 fc.J i = l,. 

0   0' 

. 7i     e«. 
= 

0 0' 
1 1 

'n   0" 
0    e, 

1    0" 
0    1 

where fio.i and Co,i are the nominal natural frequencies and damping coefficients respec- 

tively, 7i is the uncertainty in ß?, and e,- is the uncertainty in 2Cfi,-. Now, in order to use 

the above framework it need only be noted that 

i = 1, • • •, n. 

Of course, the above analysis also holds for a nominal closed-loop system with feedback 

uncertainty. In this case however, appropriate modifications to the system matrices in 

(7.23) and (7.24) are needed to capture the nominal closed-loop dynamics. 

8. Illustrative Numerical Examples 

In this section we present several illustrative numerical examples that demonstrate 

the effectiveness of the proposed positive real majorant bounds (PRMB) over the complex 

block-structured majorant bound (CBSMB) and the complex structured singular value 

bound (CSSVB). 

Example 8.1. (n = 1, damping uncertainty) 
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Our first example considers performance bounding for the case n — 1 with one control 

input and damping uncertainty. The closed-loop system is given by (3.26) with 

-_„„     v      *2 + 2Cfts + ft2 

s 

F{H2,s) = klb\ 

h = 2,   D = b = 1, 

and with 

ft = 10(27r)—,    C = 0.01,    AC = 0.009. 
sec 

In this case, Theorems 4.1 and 4.2 give the same performance bound which is shown in 

Figure 2. For this example, the complex block-structured majorant bound is totally non- 

conservative while the complex structured singular value bound gives the most conservative 

performance predictions. 

Example 8.2. (n = 1, frequency uncertainty) 

This example considers the same case as Example 8.1 except that the damping ratio 

is constant while the frequency is uncertain with 

rad 
AÜ = 5(2TT)- 

sec 

For the assumed uncertainty range both the complex block-structured majorant bound 

and the complex singular value bound are infinite since, in this case, both methods predict 

instability. The proposed positive real majorant bound gives a tight finite performance 

bound. This is shown in Figure 3. 

Example 8.3. (n = 3, frequency uncertainty in the first mode) 

This example considers performance bounds for three closely spaced modes with one 

control input and frequency uncertainty in the first mode. The closed-loop system is given 

by (3.26) with 

$  1(iTi,5) = diag{ l-yi=i, 

F(H2,s) = k1BB'T, 

D = B, 

*i = 2,   £? = [1,1,1]T, 
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and with , . , 
{^,«2,03} = {10(2TT)—,15(2TT) ,50(2*) }, 

sec sec sec 

{Ci,C2,C3} = {0.005,0.01,0.0025}, 

{Afti,Aft2, A£23} = {5(2TT)—,0,0}. 
sec 

Once again both the complex block-structured majorant bound and the complex structured 

singular value bound give infinite performance predictions. The positive real majorant 

bound shown in Figure 4 gives a finite performance bound. This bound was obtained by- 

computing the minimum of the performance bounds given by Theorems 5.1 and 5.2 for 

each frequency. 

Example 8.4. (n=3, frequency and mode shape uncertainty) 

In order to compare the positive real majorant bounds obtained by Theorems 5.1 and 

5.2 and Theorems 6.1 and 6.2 this example considers the same case as Example 8.3 with 

two sensors and actuators with both frequency and mode shape uncertainty. Specifically, 

the frequency uncertainty is as in Example 8.3 and the mode shape uncertainty with the 

assumed static controller are 

B = 
1 1 
1 1 
1    1 

AB = 
0.01    0.01' 

o
 t

o 

I-
1 
o

 

0.01   0.01 ,    K = 
0.01   0.01 

The corresponding bounds are shown in Figure 5. Note that since the assumed frequency 

range for this example is the same as the previous example the bounds of Section 7 do not 

give finite predictions. 

Next, using the frequency domain performance bounds given by Theorems 6.1 and 

6.2 along with Theorem 6.3 for constructing strictly positive real dynamic compensators 

we apply our results to a simply supported Euler-Bernoulli beam with multiple frequency 

uncertainty. 

Example 8.5. Consider the simply supported Euler-Bernoulli beam with governing 

partial differential equation for the transverse deflection w(x,t) given by 

. .d2w(x,t)      d2 .„,, .d2w(x,t). 
dt2 dx* dx* 

(8.1) 
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and with boundary conditions 

d2w(x.t), 
w(x,t)\x=0,L = 0,    El    dy J

\X=O,L = 0, (8.2) 

where m(x) is mass per unit length and EI(x) is the flexural rigidity with E denoting 

Young's modulus of elasticity and I{x) denoting the cross-sectional area moment of inertia 

about an axis normal to the plane of vibration and passing through the center of the 

cross-sectional area. Finally, f(x, t) is the force distribution due to control actuation and 

external disturbances. Assuming uniform beam properties, the modal decomposition of 

this system has the form 
oo 

w(x,t) = 52Wr(x)qr(t), (8.3) 

i: 
r=l 

mW?(x)dx = 1,     Wr(x) = 
2     .   rirx 

sm r = l,2, 

where, assuming uniform proportional damping, the modal coordinates qr satisfy 

qr(t) + 2CO-9r(i) + £l2rqr(t) =  /   f(x,t)Wr(x)dx, 
Jo 

r = l,2,. 

(8.4) 

(8.5) 

For simplicity assume L = TT and m = El = 2/ir so that J~i = 1 ■ Furthermore, we place 

a colocated velocity/force actuator pair at x = 0.55L. Finally, modeling the first five modes 

and defining the plant state as x = [qi, q\, • • •, qs, gs]T, and defining the performance of 

the beam in terms of the velocity at x = 0.7L, the resulting state space model and problem 

data are 

A = block-diag 
i=i 5 

0 
Qi C = o.oi, 

0   0.809   0   -0.951   0   0.309   0   0.5878   0    -1 
000        0        000        0        00 

-fi?    -2CfliJ ' 

2? = CT = [0   0.9877   0    -0.309   0   -0.891   0   0.5878   0   0.7071 ]T, 

Ei = 

E2 = {0    1.9]T,    R^ETEU    D1=[B   010XI],    £>2 = [0    1.9], 

V2 = R2 = D2Dl = E^E2 = 3.61. 

Using Thoerem 6.3 we design a strictly positive real dynamic compensator K(s). Next, 

we assume frequency uncertainty in both fii and Q2 with Atii = 0.5 and A!^ = 0.5. The 
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corresponding positive real majorant performance bound is given in Figure 6. Once again 

this bound was obatained by computing the minimum of the performance bounds given 

by Theorems 6.1 and 6.2 for each frequency. The complex block-structured majorant 

bound and the complex structured singular value bound predict instability for the as- 

sumed uncertainty range and hence give infinite performance bounds. In order to compare 

the performance bounds using all three methods, the maximum uncertainty range in the 

natural frequencies for which the two alternative methods guarantee stability is found. 

Specifically, complex structured singular value analysis predicts stability for the range of 

Afti < 0.034 and A^2 < 0.134, while complex block-structured majorant analysis pre- 

dicts stability for the range of Afii < 0.071 and A^2 < 0.144. The parameter space for 

the above predictions is shown in Figure 7. Note that the positive real result guarantees 

unconditional stability. Now, with Afti = 0.034 and AÜ2 = 0.134 which coressponds 

to the largest uncertainty range for which all three robustness tests guarantee stability, 

the comparision of the performance bounds for all three approaches is shown in Figure 8. 

Note that the proposed positive real majorant bound gives the tightest robust performance 

bound while the complex structured singular value bound (//-performance bound) is the 

most conservative. 

9. Conclusion 

This paper developed frequency domain performance bounds for closed-loop systems 

consisting of positive real plants and strictly positive real compensators. The results are 

developed by using certain properties of the logarithmic norm in conjunction with ma- 

jorant analysis. Unlike previous results in robustness analysis, the performance bounds 

remain finite even when the uncertainty is made large. The examples compared the new 

bounds with a previous majorant bound and the corresponding bound from complex struc- 

tured singular value analysis. In all cases the new bound was much less conservative than 

the alternative bounds. Future work will involve extending these results to reduce the 

conservatism in the analysis of closed-loop systems for which the plant and controller are 

positive real only over a particular frequency band. 
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Figure 2. Performance Bounds for Example 8.1 (n=l, Damping Uncertainty) 
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Abstract 

Robust performance analysis is very important in the design of controllers for uncertain 
multivariable systems. Recent research has investigated the use of absolute stability criteria 
to develop less conservative analysis tests for systems with linear and nonlinear real param- 
eter uncertainties. This paper extend previous work on optimal H2 performance analysis 
with the Popov criterion. In particular, an algorithm is presented that can be used to ana- 
lyze systems with multiple uncertainties that have both upper and lower robustness bounds. 
More general Popov stability multipliers and less restrictive assumptions on the structure 
of the uncertainty block are also included. The analysis is performed using a numerical ho- 
motopy algorithm. The technique is demonstrated on robust compensators that have been 
designed for the Middeck Active Control Experiment (MACE): a Shuttle program scheduled 
for flight in December, 1994. The analysis clearly shows the relative robustness capabilities 
of the robust controllers used in the iterative control design methodology that has been de- 
veloped for the uncertain dynamics of MACE. The analysis is also combined with Popov 
controller synthesis to yield a more sophisticated design technique for compensators that 

provide guaranteed robust performance. 
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The Popov analysis and synthesis algorithms have been developed from research on the 

Popov stability criterion [12] from absolute stability theory [11,13-17]. The absolute stability 

criteria provide sufficient conditions for the stability of a system in feedback with a particular 

class of sector-bounded, static nonlinear functions [12,17]. Note that a class of nonlinear 

functions can be associated with a set of system uncertainties considered in robust control. 

Thus, the Popov controller synthesis approach to robust control directly considers nonlinear 

real parameter uncertainties and treats linear uncertainties as a subset of this much broader 

class. 

The state space tests from absolute stability theory with Lur'e-Postnikov Lyapunov func- 

tions are well documented [17], but it is only recently that the significance of the parameter- 

ized Lyapunov functions for robust control, in terms of a restriction on the time variation of 

the uncertainty set, has been understood [11,15,14,18]. A frequency domain representation 

of the absolute stability criteria is used in Refs. [19,14,18,17, 20] to demonstrate that the 

robustness tests include magnitude and phase information about the system uncertainties. 

Both characteristics of the uncertainty must be considered to develop nonconservative tests 

for a system with real parameter uncertainty that is restricted to have phase of ±180°. 

The primary purpose of this paper is to present several advances in Popov controller 

analysis and synthesis. Examples in Ref. [21] illustrate that the state space Popov analysis 

criterion is much less conservative than similar positive real and small gain {Hoc) criteria. 

This paper extends these previous results by considering systems with multiple uncertainties 

that have both upper and lower sector-bounds. The stability criterion is also developed using 

a more general stability multiplier 

W{s) = H + Ns, (1) 

where N > 0, and if > 0 is not restricted to be the identity matrix, as required in Ref. [21]. 

Furthermore, the algorithm is developed with fewer restrictions on the structure of the system 

uncertainty. 

The optimal Popov analysis algorithm is demonstrated using several robust controllers 

that were designed using a finite element model of MACE [2,22]. The results clearly show 

the relative robustness capabilities of the various techniques, and thus further illustrate 

their role in the iterative control design methodology discussed earlier. The best of these 

controllers was refined using the optimal Popov controller synthesis algorithm developed 

in Ref. [11,19,23]. Together, the two algorithms combine an improved analysis capability with 

a synthesis technique that guarantees robust performance for systems with real parameter 

uncertainty. In the process, this combination overcomes one of the main difficulties with 

the original synthesis algorithm: developing the stability multipliers for large guaranteed 

stability bounds [11,19]. 
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have both upper and lower sector-bounds. The structure of these uncertainties is also made 

less restrictive by removing the assumption that CQBQ = 0. This section provides an outline 

of the homotopy algorithm, and an example of the approach is presented in the last section. 

For clarity, the cost in Theorem 1 is rewritten here as 

7 = -ti \(P + C0
T(M2 - M1)NCo)vJ , (16) 

where P is the solution of 

0 = AlP + PAm + (C- BlPfRZ\C - BT
0P) + aE«, (17) 

and 

AmkA-BQMlC0l (18) 

C^HCo + NCoAr», (19) 

CTicc± C-BlP, (20) 

A1 i Am - BoR^C, (21) 

Aji^-BoVCnec. (22) 

Note that, with these definitions, Eq. 17 can be rewritten in the more familiar form 

0 = Af P + PA, + CTRZlC + aRxx + PB0R^B%P. (23) 

The Lagrangian (£) for the system is then formed by combining the cost overbound in 

Eq. 16 with the constraint in Eq. 17 using Lagrange multiplier matrix Q.  The derivatives 

of this Lagrangian with respect to the free parameters in the design are the first-order 

necessary conditions that must be satisfied to determine an optimal solution. In particular, 

differentiating with respect to P yields a Lyapunov equation for the Lagrange multiplier 

matrix Q 

0 = A2Q + QA\ + -Vxx. (24) 
a 

Note that, if (•) refers to any free parameter in the optimization process, then dC/d(-) = 

dJ/d(-) [27]. The optimization problem then is to find values of a, H, and N that satisfy 

|2A#1=tr[QÄxx]--J = 0, (25) 
da a 

Ü-T = 
H

2 = ~(M2 - Ml)C0VxxC^ + 2RZ1C*CCQAICZ = 0, (26) 
Or* a 

^-H3 = 2R-'CIiCCQ(Co - (M2 - MO-^Criccf = 0, (27) 

where P and Q are the solutions of Eq. 17 and Eq. 24, respectively. Note that only the 

elements of H2 and H3 corresponding to free parameters in N and H can be set to zero in 

the optimization process [11,15,18]. 
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Note that M2(0) = M2o and M2(l) = M2/. The overall goal is to solve the optimization 

problem at A = 1. However, it is usually quite difficult to develop valid initial conditions 

for the optimization at this point. Thus, a starting point that is simpler to initialize is 

introduced, and this corresponds to A = 0 in Eq. 33. The purpose of the homotopy procedure 

is to obtain a solution to the optimization problem at A = 1 by starting at A = 0 and 

predicting the solution at A + AA based on the system derivatives and the solution at A [21]. 

The continuation map is defined as the gradient of the upper bound on the cost function 

for the homotopy parameters My and M2. To compute this map, define 

L{r),\)± 
Hid A) 

vecN(H2(r},\)) 

vecAr(i/3(f?,A)) 

(34) 

Then, as indicated by Eqs. 25-27, the continuation curve is given by L(v, A) = 0 for A £ [0,1]. 

Then, taking both a and 8 to be functions of A, we can differentiate L(^(A), A) = 0 with 

respect to A to yield Davidenko's differential equation [28,29] 

^ + d± = 0. (35) 
dv dA     <9A v   J 

Together with 77(0) = 770, this differential equation defines an initial value problem which, by 

numerical integration from A = 0 to A = 1, yields the desired solution 77(1) (see Ref. [26] for 

further details). As indicated by Eq. 35, the solution algorithm requires the computation of 

the Jacobian of L(a, 8, A), which is given by 

VL(a,8,\f= [Lv  LX], (36) 

The expressions for these gradients are given in the Appendix. The combined prediction- 

correction sequence is presented in Table 1. The algorithm starts with a correction step that 

updates the initial guess. When this step has converged, the value of A is increased, and the 

changes in the multiplier coefficients are predicted in step 3d. The value of A is increased 

until ||L(a,#,A)|| is larger than a specified tolerance. The predictions of the coefficients 77 

are then corrected in step 4. The cycle is repeated until A = 1 or the stability prediction 

limit is reached. The output from the program is a list of optimal multipliers and the cost 

overbound at several values of A, which define the different guaranteed stability regions. 

The procedure in Table 1 is initialized by finding a set of scaling parameters for a given 

controller so that acceptable solutions exist for Eqs. 17 and 24. This step is typically one of 

the most difficult parts of a gradient search algorithm such as the one described in this paper. 
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Rate Gyro Platform 

Optical Encoder 

1.7 m 

Figure 2: Middeck Active Control Experiment (MACE) EM test article sus- 
pended in 1-g by a three point suspension system. 

ity active structural control in zero gravity conditions. The prediction of on-orbit closed-loop 

dynamics is based on analysis and ground testing. The goal of active control is to maintain 

pointing accuracy of one payload, while the remaining payload is moving independently. 

References [1,2,30] describe the experiment goals, hardware, and analytical modelling in 

some detail. 

The configuration of the MACE test article was chosen to be representative of precision 

controlled, high payload mass fraction spacecraft, such as Earth observing platforms, with 

multiple, independently pointing or scanning payloads [31]. The Engineering Model (EM) 

is shown in Figure 2. Note that the X, Y, and Z axes are horizontal, vertical, and into 

the figure, respectively. The test article consists of a flexible bus to which are mounted 

two payloads, a reaction wheel assembly for attitude control, and various other sensors and 

actuators. Each payload is mounted to the structure using a two-axis gimbal that provides 

pointing capability. The EM is instrumented with angle encoders on each gimbal axis, a 

three axis rate gyro platform mounted under the reaction wheel assembly, and a two axis 

rate gyro platform mounted in the primary payload. The bus is composed of circular cross- 

section Lexan™ struts connected by aluminum nodes. The structure is supported for ground 

tests by a pneumatic/electric low-frequency suspension system [32]. 

As discussed in Ref. [2], several robust controllers were designed for the MACE test 

article using the finite element model discussed in Refs. [22,33]. Control experiments have 

been performed for the full XYZ dynamics of MACE. However, for this paper, we consider 

11 
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For this closed-loop system, the cost function is determined by the nonnegative definite 

matrices Ä„ = C^CC\ and Vxx = Bc\Bjv If the uncertainty in the open-loop system is 

represented by A0\ + AA0I, then the model error for the closed-loop system is written as 

AAC,£ 
AA0I     0nXnc 

Uncxn    Unexne 

(45) 

The nominal system dynamics and model error in Eq. 42-45 can then be combined to write 

the actual closed-loop system dynamics in the form of Eqs. 2 and 3. 

The advantages and disadvantages of using finite element models (FEM) for MACE con- 

trol design are discussed in Refs. [2,3,33]. The primary advantage is that this analytical 

modelling method can be used to predict the on-orbit dynamics prior to launch. However, 

a key difficulty is that FEM's tend to be much less accurate than equivalently sized mea- 

surement models [34]. In particular, there tend to be substantial errors in some modal 

frequencies and damping ratios, which is certainly true for a complicated structure such as 

MACE. Note that, to retain the capability of predicting the 0-g dynamics of the MACE 

test article, the measured 1-g data is used to update the physical parameters of the test 

article model, and not just the frequency characteristics of a particular state space model. 

This update procedure is a very difficult task, and is the subject of ongoing research [33]. 

Thus, the work in Ref. [2] used the FEM as given, and no attempt was made to update the 

state space model to account for obvious damping or frequency errors, because this would 

inconsistent with the purpose of the FEM in the MACE project [1]. 

For a system with many model errors, it is important to determine those that are most 

critical to the control design. As discussed in Refs. [2,3], the most important uncertainties 

to consider can be determined using a combination of analysis techniques based on the 

singular values of the sensitivity function, the multivariable Nichols test, and preliminary 

experiments. These techniques were used to determine that the frequencies of three modes 

were the most important uncertainties for these control designs. Note that these errors 

correspond to real parameter uncertainties in the system model. 

The errors in these three modes are listed in Table 2. The finite element model results are 

compared with an identified model from measured data [34]. The "violin" description refers 

to modes with substantial interaction between the test article and the suspension system. 

Note that experience from these and other experiments has demonstrated that small errors in 

the damping values tend to degrade closed-loop performance, but small errors in the natural 

frequencies often lead to closed-loop instability. Thus, the model errors considered here 

address the more important issue of modal frequency uncertainty. For future comparison, 

note that the lowest frequency mode of these three was nearly destabilized by a very low 

authority LQG design that achieved only a 4 dB performance improvement. 
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Figure 3: Robust stability and performance analysis using several controllers for 
MACE. Symbols x indicate nominal 7i2 performance for each design. 

perturbation factor. The actual dynamics for each uncertain mode can be written as A, 

A,- + AA;, where 

&A{ = SiBoiCoi, Boi — 
0 

and Coi = Vi 1,...,3. (47) 

The BQ and C0 matrices for the open-loop system are constructed from these two sets and 

then represent the structure of the uncertainty in an internal feedback model. These matrices 

are augmented with additional zeroes to compensate for the dynamics of the controller [19, 

15], and they then can be used to represent the structure of the uncertainty in the closed-loop 

system AAC]. 

Note that C0B0 = 0 with the uncertainty model in Eq. 47. However, the code used to 

perform this example was written for the more general structure of AA with C0B0 ^ 0. Note 

that removing the assumption in Ref. [21] significantly complicated the expressions for P in 

Eq. 14 and Äo in Eq. refeq:4.4. As indicated in Section 4, the code could also be used for the 

block diagonal multipliers that are associated with repeated parameter uncertainties. This 
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Figure 5: Diagonal elements of the stability multiplier H for the analysis per- 
formed using the ME controller. 

(a factor of 10) corresponds to a significant performance improvement. The location of the 

vertical asymptotes in each of the curves corresponds to the limits of robust stability for that 

particular compensator. 

For each controller, the symbol "x" on the performance axis indicates the H2 performance 

achieved by that design on the nominal design model. In each case, it can be seen that the 

nominal performance and the worst case overbound are quite close. This observation agrees 

with the results in Ref. [19], and further indicates that the Popov H2 cost overbound is quite 

tight. Also note that each of the SWLQG, ME, and MM designs have been implemented 

on the test article, and that these designs represent the best performance that could be 

experimentally achieved using that particular technique [2]. Thus, the compensators were 

not necessarily designed for the same values of p and \i. Furthermore, the best stabilizing 

LQG design could only obtain approximately 4 dB on the hardware, so the LQG example 

in the figure is presented just to show how sensitive optimal LQG controllers are to changes 

in the modal frequencies. 
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is a correction step which changes the multipliers at the initial value of A0. These results 

show that the multiplier coefficients change significantly with A, which indicates the need 

for a good algorithm for predicting the changes from T;(A.) to T/(A; + AA). The symbols on 

the graphs correspond to the results at the end of a prediction-correction iteration. 

The results of this analysis can also be used to initialize a redesign of the robust con- 

trollers using Popov Controller Synthesis [11,19]. An example of this procedure is illustrated 

in Figure 6. The stable MM controller was used as the initial design, along with the multi- 

pliers computed at M2(A) = 0.0585. This point is indicated by the symbol "o" in Figure 6. 

The controller was redesigned using a synthesis technique that optimizes the cost overbound 

with respect to both the multiplier coefficients and the controller gains. The synthesis opti- 

mization and stopping criterion are similar to the correction step in the analysis algorithm. 

In Figure 6, the synthesis corresponds to a reduction in the cost overbound at a constant 

value of M2(A). The final result is shown in the figure by the symbol "x"at M2(A) = 0.0585. 

As indicated, the robust performance at this level of the guaranteed stability bounds has 

been improved by almost 1 dB. 

To complete this example, the new Popov design was then analyzed in two different 

ways. The algorithm was started at A0 = 1 X 10"3 with the same initial values used in the 

original MM analysis. The algorithm was also started using the multiplier values calculated 

by the synthesis code. The fact that these two analysis curves essentially over plot indicates 

that the analysis procedure is not overly sensitive to the initial conditions. These analysis 

results indicate that the Popov design achieves superior nominal and robust performance as 

compared to the MM controller, and that the robust stability boundaries are substantially 

improved (~ 20%). 
Thus, Figure 3 illustrates the utility of this analysis tool in an iterative control design 

methodology based on several robustness techniques with differing capabilities and compu- 

tational requirements. Furthermore, Figure 6 demonstrates that the Popov analysis and 

synthesis techniques can be combined to overcome the difficulty of developing initial values 

for the stability multipliers at large guaranteed stability bounds. 

6     Conclusions 

Good robust performance analysis plays a critical part in the design of robust controllers. 

Previous results have shown that the Popov criterion is much less conservative than small gain 

tests for systems with real parameter uncertainties. This paper extends this earlier work by 

developing algorithms to analyze systems with multiple uncertainties that have both upper 

and lower sector-bounds. The typical application of this procedure was demonstrated using 

robust controllers for MACE. The combined optimal analysis and synthesis algorithms were 

also used to design a new controller that yields better robust H2 performance with larger 
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Appendix: Jacobian Expressions 

As discussed in Section 4, solving the homotopy problem requires the computation of 

the Jacobian of the homotopy map. The first part of the Jacobian in Eq. 36 is given by the 

symmetric matrix 

da dN»       '"       dH» 

L,= 
,dH2 vec"W 

317 

vec,(^)    , (48) 

,dH3 
.     ... . ••■vec„(—) 

where Hi, H2, and Hz are defined in Eqs. 25-27. Note that only the free parameters of 

N and H are considered in the calculation of Lv. Also, the columns of Lv are arranged to 

be consist with the result produced by the vec^-(-) operator. Let E\, = e^ej, where each 

element of the column e; is zero, except for the ith term which is unity. In the following, the 

dimension of E\, is the same as the dimension of H. For convenience, we first note that 

dC 

dC 

dH» 

dCTiCC 

d6j 

dAi 

— E^CoAm, 

= EijCo, 

_dC__ „TdP_ 
~ dB-,       °d8^ 

dB,  ~ ~Bo{~d6~   + R° W 
dRö1 

8Ni} 

dRö1 

dH» 

-R0 (EijCoBo + (EyCoBo) )RQ J 

-1\T\T>-1 = -Rö\Eii(M2 - Mi)'1 + {Ei}(M2 - Mi)-lf)Rö 

VTTT dC R^C 
dB-y 

= CJ dRo n + rT B-idc + (rT R-> 
dC V 

(49) 

(50) 

(51) 

(52) 

(53) 

(54) 

(55) 

where, as before, 6j refers to any free element of H or N. The gradient expressions, in turn, 

depend on the solutions to the equations 

A      ATdP     dP A 
0 = A\— + — A2 + Rx 

da      dc la 

0 = A2^- + ^-Al + BoRö'B^Q + (B^B^Qf - ±VXX, da      da da da a' 

(56) 

(57) 
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^ = -B0[(Mlf-M10)Co + ^C + ^), (69) 

^jf- = R^\\H{M2 - M1)'
1((M2f - M2o) - (Mi, - M1O))(M2 - M1)~1} 

ÖX 

+ [H(M2 - M1)-
1((M2/ - M2o) - (Mlf - M1O))(M2 - MO"1]7)^1,  (71) 

which are based on the solutions to the equations 

0 = A>-dx+-d\Ä2 + -d\ p + p-dx+PBo-dTB°P+     dx    '       (72) 

d_Q     dQAT 
dX     dX 

0 = A2-£- + ~A2 

Then X^ in Eq.66 can be written in terms of 

dHl      tr [^Äj - -U {(|£ + CT
0[{M2i - M2o) - (M„ - Mlo))NC0)Vxx},    (74) 

dX ldX    XXJ     a2     lv<9A 

-[(M2/ - M2o) - (Mlf - M1O)]
T
COVXXCZ 

9H2 1Un^r tr    \       (*t If    MT/nr.T/    r>T 

dX       a' 

+ 2[(^Cricc + i^^)^ + ^^{^ 

- Q(^f V + CL^- + ^i/ - Mlo))5j}]C0
T, (75) 

^ = 2[(^Cricc + V^f )W - (M2 - M^R^C^f 

+ VOicc-t^Co - (M2 - MO-X-^riccf 

- <?[^f V + cL(^ - Äo-W - M)"1 

[(M2/ - M2o) - (Mu - M1O)} )](M2 - Mr)-1}}. (76) 

Note that each of the Lyapunov equations for the derivative terms has the same dynamics 
matrix, A2. In this work, the Lyapunov equations are solved using an eigenvalue decompo- 
sition of A2. Thus, the decomposition need only be performed once per Hessian calculation, 
which significantly decreases the computational effort required to determine this matrix. 
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1.    Introduction 

One of the foundational results in modern control theory is the development of a characteriza- 

tion of the globally optimal H2 controller via algebraic Riccati equations [1-3]. This result has tradi- 

tionally been derived via the Calculus of Variations or the Maximum Principle in conjunction with 

the Separation Principle [2-4]. Unfortunately, the optimal H2 or LQG (Linear-Quadratic-Gaussian) 

controller has dimension equal to that of the plant, although it may have minimal dimension which 

is less than that of the plant. This has motivated the search for optimal reduced-order controllers, 

that is, controllers that have dimension less than that of the plant. 

Because the Calculus of Variations and the Maximum Principle characterize globally optimal 

solutions, these traditional methods for deriving the LQG result do not extend to the development 

of characterizations of optimal reduced-order controllers. Hence, researchers have developed op- 

timization methods that allow the dimension and structure of the controller to be constrained a 

priori (see, e.g., [5-9]). These methods are usually based on Lagrange multiplier theory and will be 

called here "fixed-structure approaches." The "optimal projection" characterization of the neces- 

sary conditions for optimal reduced-order control [6] was derived using a fixed structure approach 

and yields the standard LQG regulator and observer Riccati equations when the dimension of the 

controller is specified to be equal to the dimension of the plant. However, the original optimal 

projection results and numerous extensions (e.g., [7-9]) were derived by fl priori assuming that the 

controller is minimal. This is a limiting assumption since it is known that even an LQG controller 

is not always minimal [10]. It should be noted here that the LQG Riccati equations are also de- 

rived in [11] using a fixed-structure approach. However, the results there a priori assume that 

Ac = A + BCC - BCC, where (A,B,C) is the plant triple and (AC,BC,CC) denotes the controller 

triple. 

This paper presents optimality conditions that are derived without assuming the minimality 

of the compensator. A similar approach was also considered in [12]. The results are specialized to 

the case in which the compensator is constrained to have the dimension of the plant. It is shown 

that even when compensator minimality is not assumed, fixed-structure theory is able to derive 

the LQG Riccati equations. It is also shown that there exist sets of coupled Riccati and Lyapunov 

equations that are identical in form to the optimal projection equations for reduced-order control 

but actually characterize extremals to the full-order compensation problem. This leads to a new 

interpretation of an optimal projection controller. In particular, an optimal projection controller 



is a projection, described by a projection matrix /i, of a "central" extremal to the //2 optimal, 

full-order compensation problem. 

For nonminimal LQG compensators the projection matrix v used in balanced controller reduc- 

tion produces a minimal-order realization of the LQG compensator, which is of course an optimal 

reduced-order compensator. For this special case, the similarity transformations relating i/,/i, and 

the optimal projection matrix r from the standard optimal projection theory are explicitly defined. 

The primary reason for developing the Riccati equation approach to reduced-order dynamic 

compensation is to enable the development of efficient computational algorithms for controller 

synthesis. In particular, the goal has been to develop algorithms that exploit the special structure of 

the Riccati equations. This paper gives a brief overview of the continuation algorithm developed in 

[13, 14] that utilizes the special Riccati-equation structure. The results are illustrated by developing 

reduced-order controllers for an important benchmark problem in structural control. 

The paper is organized as follows. Section 2 presents the optimal fixed-structure dynamic 

compensation problem and some preliminary lemmas. Section 3 develops necessary conditions 

characterizing solutions to the optimal fixed-structure dynamic problem without an a priori minimal 

compensator assumption. Next, Section 4 specializes the optimality conditions to the case of full- 

order dynamic compensation and discusses the relationship between a "central" extremal and the 

LQG compensator. Section 5 demonstrates the utility of the Ho optimal reduced-order controller 

design framework discussed in the previous sections with a benchmark numerical example. Finally, 

Section 6 presents the conclusions. 

Notation 

IR,IRrxs,IRr' real numbers, r x s real matrices, IRrXl 

IE expected value 

1Z(X), Ar(X) range space of matrix X, null space of matrix A' 

X^ Moore-Penrose generalized inverse of matrix A" [15] 

A* group inverse of matrix A' [15] 

A* > 0,A' > 0 matrix A is nonnegative definite, matrix A is positive definite 

0rxs r x s zero matrix 

Ir r x r identity matrix 



2.    The Optimal Fixed-Structure Dynamic Compensation Problem 

Consider the nt/l-order linear time-invariant plant 

x(t) = Ax(t) + Bu(t) + Diw(t), 

y(t) = Cx(t) + D2w(t), 

(2.1a) 

(2.16) 

where (A,B) is stabilizable, (A,C) is detectable, x G IRn,u € Dtm,y € Dt', and w € IRd is a 

standard white noise disturbance with intensity U and rank D2 = I- The intensities of D\w(t) and 

D2w(t) are thus given, respectively, by \\ = D}Dj > 0, and V2 = D2Dj > 0. For convenience, we 

assume that V12 = D\Dj = 0, i.e., the plant disturbance and measurement noise are uncorrelated. 

The goal of the optimal fixed-order dynamic compensation problem is to determine an rc^-order 

dynamical compensator 

xc{t) = Aexc{t) + Bcy{t), (2.2a) 

u(t) = -Ccxc(t), 

which satisfies the following two design criteria: 

(i) the closed-loop system corresponding to (2.1) and (2.2) given by 

x(t) = Äx(t) + Dw(t), 

(2.26) 

(2.3) 

where 

*(0 = 
x(t) 
xc(t) 

Ä± 
A 

BCC 
-BCC 

Ar 
D 

BCD2 
(2.4,5,6) 

is asymptotically stable; and 

(ii) the compensator minimizes the steady-state quadratic performance criterion 

J{AC,BC.CC)= lim -IE [{xT(s)Rix(s) + ur(s)R2u(s)]ds. (2.7) 
t-+oc t       J 

0 

where i?i > 0 and R2 > 0. 

Although a cross-weighting term of the form 2xT(t)Ri2u(t) can also be included in (2.7). 

we shall not do so here to facilitate the presentation. With the first criterion, we restrict our 

attention to the set of stabilizing compensators, Sc — {(AC,BC,CC): A is asymptotically stable} 



which guarantees that the cost J is finite and independent of initial conditions. The cost (2.7) can 

now be expressed as 

(2.8) J(AC,BC,CC) = lim m[xT(t)Rx(t)], 
t^oo 

where 

R± 
Ä! 0 
0    CjRiCc 

Next, by introducing the performance variable 

(2.9) 

z{t) = E1x(t) + E2u(t) = Ex{t), (2.10) 

and defining the transfer function from disturbances w to performance variables z by 

H(&) = E{sh-A)-lD,     ■ 

where E = [Ej E2CC], and n = n + nc, it can be shown that when A is asymptotically stable, (2.8) 

is given by J(AC,BC,CC) = ||Ä(s)||i For convenience we thus define the matrices R^ = Ej Ei and 

R2 = EjE2 which are the H2 weights for the state and control variables. Since A is asymptotically 

stable, there exist nonnegative-definite matrices Q £ IRnxn and P <E IRnxn satisfying the closed- 

loop steady-state covariance equation and its dual, i.e., 

0 = ÄQ + QÄ1 + Vr, (2.11) 

0 = ATP + PA + R, (2.12) 

where 

V 
Vi 0 
0     BcV2Bj 

The cost functional (2.7) can now be expressed as 

(2.13) 

J{Ae,Be,Ce) = trQR = tr PV. (2.14) 

Furthermore, Q and P can be expressed in the partitioned forms 

Q = 
Qi   Qu 
QJ2   Q2 

,Qj eJRnXn,Q2 eIRr"xr\ (2.15) 

P = Pi     Pu ,i>! €TRnxn,P2 €ffi.r (2.16) 



Note that Qi is the covariance of the plant states, Q2 is the covariance of the compensator states 

and <5i2 is the cross-covariance of the plant and controller states. Using (2.6), (2.9). (2.13) (2.15) 

and (2.16), and expanding (2.11) and (2.12), yields 

0 = AQX + QiAT - BCcQj2 - Ql2CjBr + Vu (2.17) 

0 = AQn + QnÄl - BCCQ2 + QiCTBj, (2.18) 

0 = ACQ2 + Q2A] + BcCQl2 + Qj2C
r Bj + BcV2Bj, (2.19) 

0 = ArP, + PXA + CTBjP?2 + PnBcC + Ru (2.20) 

0 = ATPU + PnAc + CTBjP2 - Pj5Cc, (2.21) 

0 = AT
CP2 + P2AC - P?2BCC - CjBTPu + CjR2Cc. (2.22) 

Before presenting the main theorems we present the following key lemmas and definitions which 

are useful in stating and proving the main results of the paper. First, we introduce the notion of a 

projection. Specifically, let X\ and X2 denote subspaces of a linear vector space X. Then X\ and 

X2 are a decomposition of X if X\ and X2 are disjoint, i.e., X\ n X2 - 0, and every vector x £ X 

can be uniquely expressed as x = xj + x2, such that xi € X\ and x2 6 X2. X is called the direct 

sum of X\ and X2, or, X = X\ © X2. 

Definition 2.1. (Rao and Mitra [15]). The linear operator L : x -* x-[ is called a projection 

on X\ along X2. 

Definition 2.2. A n x n matrix r is a projection matrix if r is idempotent, i.e., r* = r. 

Remark 2.1. A projection matrix r defines a projection on 7£(T) along A^(r). which implies 

that for two projection matrices ra and r2, if H{ri) = TZ(T2) and A/'(r1) = Ar(r2) then TJ and r2 

define the same projection. 

Lemma 2.1. (Rao and Mitra [15]). Suppose A' and Y are matrices with compatible dimen- 

sions. Then 

(0 Ar(y) C M(X) if and only if XY^Y = X. 

(ü) K(Y) C ^(A) if and only if XX^Y = Y. 

Lemma 2.2. Assume A is asymptotically stable and Q and P are the n x n nonnegative- 

definite solutions of (2.11) and (2.12). Let Q and P be partitioned as in (2.15) and (2.16). Then, 

the following relations hold: 



(i) Ar(P2) c M(Pi2). 

(ii) M(P2)cM(Cc). 

(iii) N{Pi) is the unobservable subspace of (AC,CC)- 

(iv) X(Q2) C M(Qu). 

(v)AT(Q2)cAf(B^). 

(vi) Af(Q2) is the uncontrollable subspace of (AC,BC). 

Proof. Let v G M(P2), or, equivalently, P2v - 0. Consider a vector x defined by 

x = 
Pnv 
av 

where a G IR is arbitrary. It follows from P > 0 that 

zTPx = vTP?2P1P12v + 2at/rP1
T

2.Pi2t> > 0. 

The above expression is true for all a G IR if and only if Px2v = 0, which implies v G Af(Pu), or, 

equivalently, jV(P2) C Af(Pn)- 

Forming uT(2.22)u and noting P2v = 0 and P12v = 0, yields vrTCjR2Ccv = 0. Since Ä2 > 0, 

we obtain Ccv = 0, which implies v G Af(Cc), or, equivalently, A/\P2) C Ar(Cc). 

Forming (2.22)t> and noting Ccv = 0, P2v = 0, and Pl2v = 0, yields P2Acv = 0. Using property 

(ii), P2Acv = 0 implies CcAcv = 0. Thus, v G unobservable subspace of (AC,CC), or, equivalently. 

Af(P2) C unobservable subspace of (AC,CC). Using the dual approach, properties (iv),(v) and (vi) 

can be verified.     □ 

Lemma 2.3. (Albert [16]). If A is asymptotically stable, then 

P12 = P12P2
1P2,  P?2 = P2P2P12, (2.23a,6) 

Qi2 = QnQlQ2,  Qli^QiQlQli, (2.24a,6) 

Cc = CeP}P2,  Cj = P2P}C?, (2.25a,b) 

Bc = Q2QlBe,  Bj = BjQlQ2. (2.26a.6) 

Proof. The result is a direct consequence of Lemma 2.1 along with statements (i). (ii),(iv), 

and (v) of Lemma 2.2.     □ 
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Lemma 2.4. Suppose Q € IRnXn and P € IRnxn are nonnegative definite with rank Q - nq, 

rank P = np and rank QP = nr. Then, the following statements hold: 

(i) There exists avertible W € ntnXn such that W^QW'7 and WrPW are both diagonal. 

(ii) QP is diagonalizable and has nonnegative eigenvalues. 

(Hi) The n X n matrix 

T = QP(QPf (2.27) 

is idempotent, i.e., r is a projection matrix and rank r = nT. 

Furthermore, there exists a nonsingular matrix W € IRnxn such that 

T = W lnT    0 
0     0 

w -1 

In addition, if we define T± = In — r, then rank T± = n — nr. 

(iv) There exists a nonsingular transformation W € IRnxn such that 

Q = W 0(np-nr)xnr 

U(n,-nr)xnr 

"n, xnr 

Unrx(np-nr) 0nr x(n, -nr) "n,Xn, 
0 0 0 
0 tt3 0 
0 0 0 

P = w -T 

*'l 0nrx(np-nr) 0nrX(n,-nr) 0nrXn, 
0(np-nr)xnr ^2 0 0 

0 0 0 
0 

•■v 

(n, —nr) Xnr 

Uri) xnr 0 0 

(2.28) 

WT, (2.29) 

W~\ (2.30) 

where nt = n - (np + nq - nr) and fix  € IRn'xnr, fi2  € IRW-'0*K-^) and fi3  € 

j^(n,-nr)x(n,-nr) ape diagonal and positive definite. 

(v) Suppose nc > np + ng - nr. Then there exist G,T <E IRncXn, and M € IRncXnc such that 

ft(GT) = TZ(Q),  TZ(rT) = 1Z(P), and rank M = rank QP = nr (2.31a, 6, c) 

QP = GTMr, 

rGT = T 

where T is an arbitrary nc x nc nonsingular matrix. 

-'nr Unrx(nc-nr) 
0(nc-nr)xnr 0 

(2.32) 

(2.33) 



» The matrices G,T e mn'xn and M € JRncXn< satisfying (2.31)-(2.33) are unique except 

for a change of basis in IRn% i.e., if G\P and M' also satisfy property (v), then there 

exists nonsingular S € ntn<xn< such that G' = S^GJ" = S"1/1, and M' = S~*MS. 

(vii) If G, r and M are as in (v), then 

(Qpf = GTM^r, 

T = QP(QPf = GJr. 

(2.34) 

(2.35) 

Proof.    Properties {i)-(iii) are stated and proved in [17]. Property (it') is a direct consequence 

of Theorem 4.3 in [18]. 

To prove (v) we note that using property (iv), Q and P can be contragrediently diagonalized 

as in (2.29) and (2.30), respectively. Thus, it follows that 

*'l UnrX(n-nr) QP = W W r-l 
.0(„_„r)xnr 0 

Furthermore, using the fact that for arbitrary dimensionally-compatible matrices A" and Y, 7v(A~) 

n(XXT) and Tl(XY) = XU(Y), it follows that 

TZ(Q) = WTZ( 

Similarly, we can obtain 

K(P) = W~TTZ( 

Sli* o„r x(np- -n r) On, x(n,- -n -) Unr xn, 

U(np-nr)xnr 
0 0 0 

U(n, -nr)xnr 
0 fi3* 0 

"n, xn. 0 0 0     J 

ill* 0, 'nr x(nF-nr) 

0(np-nr)xnr ^2 2 

0(n,-nr)xnr 0 

0n,xnr 0 

"nrx(n4-nr) ^n,xn, 

0 0 
0 0 
0 0 

Next, choose 

G' = 

0 

0(nF-nr)xnr 

ü(n,-nr)xnr 

(nc-(np + n, -nr))xnr 

Unrx(np-nr) UnrX(n,-nr) Onrxn, 
0 0 0 
0 /„,_„, 0 
0 0 0 

w\ 

r' 0(n„ -nr)xnr 

U(n,-nr)xnr 

-"(ic-(rip+ n,-nr))xnr 

Unrx(np-nr) 0nr x(n, -nr) "nrxn, 

/np-nr                         0 0 
0 0 0 
0 0 0 

M- 7-1 



ftfl _ &1 OnrX(nc-nr) 

[0(nc-nr)xnr 0 

Then it is easy to show by construction that (G',M',r') satisfy (2.31)-(2.33) with T = /„c for this 

particular case which proves property (v). 

To prove property (m), consider a general triple (G,M,T) satisfying (2.31)-(2.33). Noting 

the above expression for Tl(Q), it follows that the general expression for a matrix G satisfying 

<Jl(GT) = K(Q) is 

G = 

G\ OnrX(np-nr) Onrx(n,-nr) Onrxn, 
0(np-nr)xnr                             0                               0 0 
0(n,-nr)xnr 0 G3 0 

-°(nc-(np + n,-nr))xnr 0 0 0 

W 

where Gi G rRnrXrir and G3 G rRK-«r)x(n,-n,.) are nonsingular. Noting the structure of G and 

G', we can always find a nonsingular nc x nc matrix TG such that G = T^G1. Similarly, using the 

identity that TZ(rT) = TZ(P), there exists a nonsingular nc x nc matrix Tp such that P = TpT'. 

However, using (2.33) yields Tr = Tc = T. Furthermore, it follows from (2.32) that M = TM'T''1. 

Thus (G, M, r) is unique except for a change of basis in IRn<. 

Finally, to prove (vii) it follows from properties (v) and (vi) that for a general {G.M.T) 

satisfying (2.31)-(2.33), 

"nr x(n-nr) GTM^r = w fir1 

and GTr = W I»r      0 
0     0 

W~l = r 

_ 0(n-nr)xnr 

D 

W'-1 = (QP)#, 

Definition 2.3. A triple (G,M,T) satisfying (2.31)-(2.33) with G:T £ JRn'xn.M G IRn«xn% 

and nc> nT — rank (Q-P is called a nt
c
h-order generalized projective factorization of QP. If nc = nT, 

then (G, Af, T) is called a projective factorization of QP [17]. 

Lemma 2.5. Assume that A is asymptotically stable and that Q and P are the n x n 

nonnegative-definite solutions of (2.11) and (2.12). Let Q and P be partitioned as in (2.15) and 

(2.16) and define 

Q = QnQ\Qu: (2.36) 

tpT P = PnP}Pj 

Furthermore, let G, M and r be given by 

G — Q2Q12: 

9 

(2.37) 

(2.38) 



M = Q2F2, (2-39) 

and 

r=-P}P?2. (2.40) 

If 

P?2Ql2 + P2Q2=0, (2.41) 

then the following hold: 

(i) The nonzero eigenvalues of QP and Q2P2 are identical. 

(iij The triple (G,M,T) satisfies property (v) of Lemma 2.4, or, equivalent!}', {G.hPP) is a 

n'''-order generalized projective factorization of QP. 

Proof. First, note that it follows from (2.36) and (2.37) that 

QP = QuQlQj2Pi2P2
1Pu- (2-42) 

Next, using (2.41)T, it follows that Qj2PV2 - -Q2P2 which substituting into (2.42) yields QP = 

-Q12Q2Q2P2P2 Pu- Since A is assumed to be asymptotically stable, using (2.23b) and (2.24a) of 

Lemma 2.3, yields 

QP = -Ql2P?2. (2.43) 

FinaUy, it follows from (2.43) and (2.41)T that 

Xi(QP) = A;(-Q12P:
T

2) = Ai(-P1
T

2g12) = A,-(P202), 

where Aj(-) represents a nonzero eigenvalue of QP. Thus, the nonzero eigenvalues of QP and Q2P2 

are identical. 

Next, without loss of generality, let rank Q2 = nq and rank P2 = np. Using the property (i), 

yields 

rank Q2P2 = rank QP = nr. (2.44) 

Thus, using (2.44) and (2.39) it follows that rank M = rank QP. Furthermore, it follows from 

(2.38), (2.39) and (2.40) that 

GTMr = -QuQlQ2P2PlP?2- 
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Next using (2.41)T, yields (2.32).  Computing (2.40)(2.38)T, yields TGT = -PJP&QuQl Now 

using (2.41), we obtain 

rGT = P}P7Q2Ql (2-45) 

Since Q2 and P2 are nonnegative definite, using property (tu) of Lemma 2.4 with n = nc, there 

exists a nonsingular T G ffi"'*"' such that 

"1 Onrx(np-nr)      Onrx(n,-nr)      Onrxn, 

Q2=T 
0(np-nr)xnr 0 0 0 

U(n,-nr)xnr 0 ft3 
0 

"nt xnr 0 0 0 

T\ 

Pi=T -T 

"1 Unrx(np-nr) Vnrx(nQ-nr) UnrXn, 

0(np-nr)xnr                 «2                              0 0 

0(„,-„r)xnr 0 0 0 

On,xnr 0 0 0 

r-1. 

(2.46) 

(2.47) 

where nt = nc - (n„ + nq - nr) and fij  € IRn'xnr, ft2  € m^p-^)*^-1') and fi3  G 

jj^(n,-nr)x(n,-nr) are (ijag0nai and positive definite. 

Forming (2.46)(2.46)j, yields 

Ir, 

Q2Ql = T 

"nr x(np — nr)      ^nry.(nq-nT)      "nrxn, 
0 

'n, —nr 

0 

T- (2.48) 

P2
fP2 = T 1-1 (2.49) 

"(n,, —nr) Xnr 

U(n,-nr )xnr 

Un< xnr 

Similarly, (2.47)f(2.47) yields 

■*nr "ur x(np —nr) UnrX(n,-nr) "n, xn, 

"(np-nr)xnr             *np-nr                         0 U 

0(n,_nr)xnr 0 0 0 
■       0n,xnr 0 0 0 

Substituting (2.48) and (2.49) into (2.45), yields (2.33). Note that Qo is symmetric which implies 

that Ql is symmetric, Q\ = (QI)HQI)^ 
and K(Ql) = K-((Ql)^)- Thus> Jt foUows from the basic 

matrix geometric properties that 

K(Q) = K(Q12QlQj2) 

= 7I(QU(QI)HQI)"QD 

= QnilUQl)x>) 

= QiMQl) 

= n(QuQl) 

= TZ(GT). 
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Following the dual approach yields 1Z(P) = TZ(rl).     D 

With the above collection of lemmas and definitions we proceed in providing necessary con- 

ditions for optimality for the generalized fixed-structure dynamic compensation problem. These 

conditions are developed in the following section. 

3.    Optimality Conditions for Fixed-Order Dynamic Compensation 

In this section we obtain necessary conditions that characterize solutions to the optimal fixed- 

structure dynamic compensation problem. Unlike previous results, the compensators are allowed 

to be nonminimal. We begin by presenting the following key definitions. 

Definition 3.1. A compensator (AC,BC,CC) is an extremal of the optimal generalized fixed- 

order dynamic compensation problem if it satisfies the first order necessary conditions of optimality, 

dAc     
u'    dBc       '    8CC      ' 

where J(AC,BC,CC) is defined in (2.7). 

Definition 3.2. A compensator (AC,BC.CC) is an admissible extremal of the optimal gener- 

alized fixed-order dynamic compensation problem if it is an extremal and is also in Sc, i.e., the 

closed-loop system is asymptotically stable. 

Finally, for convenience in stating the main results we define 

L = CTV2
_1C.  Z = BR^BT. 

Theorem 3.1. Suppose (AC,BC,CC) is an admissible extremal of the optimal fixed-order 

dynamic compensation problem. Then, there exist n x n nonnegative-definite matrices P.Q.P and 

Q such that AC,BC and Cc are given by 

Ac = r(A - SP - Qt)GT + Z- P\P2ZQ2Q\, (3.1a) 

BC = rqc^vf1 + (jnt - P}P2)X, (3.1&) 

Cc = RT1BTPGT + Y(Inc - Q2Ql), (3.1c) 

where (G,M,r) is a generalized projective factorization of QP. and A' € IR"'*', Y <E rRmxnc and 

Z G IRncXnc in (3.1) are chosen to satisfy the following constraints: 

P2Ac(Inc-P}P2) = 0, (3.2) 
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Q2A?(Inc-Q2Ql) = 0, (3.3) 

M{P2)cM{Ccl (3-4) 

Af(Q2)cM(Bj). (3.5) 

Here, Q2 G IRncX"c and P2 G IR71'*"' are respectively the closed-loop covariance of the controller 

states and its dual and P,Q,P and Q satisfy: 

0 = AJP + PA + Rr - PZP + (R^B^P - Ccr)r R2(R^ BT P - Cer), (3.6) 

0 = AQ + QA1 + Va - QtQ + (QC^Vf1 - GT Bc)V2(QCTVf' - GTBcf, (3.7) 

0 = (A- Qt)TP + P(A - Qt) + PZP - (R^BTP - Ccr)TR2(R2lBTP - Ccr):      (3.8) 

0 = (A - EP)Q + Q(A - SP)T + QtQ - (QCTVf' - GT Bc)V2(QCTV2~
l - GrBc)

r. (3.9) 

Furthermore, the minimal cost is given by 

J(AC,BC.CC) = tr[(P + P)\\ + PQtQ], (3.10) 

or, equivalently, 

J{Ac,Bc,Cc) = tr[(Q + Q)Ri+QPXP]. (3.11) 

Proof. See Appendix A.    □ 

Remark 3.1. Note that it follows from Lemma 2.2 that if A is asymptotically stable then 

conditions (3.2)-(3.5) are automatically satisfied. 

Remark 3.2. Note that when P2 and Q2 are full rank, i.e., the controller (AC,BC,CC) is 

minimal, the choices of X. Y, and Z have no effect on (Ac, BC,CC). 

Next, we specialize Theorem 3.1 to the case where (AC,BC,CC) is a minimal reduced-order 

compensator. 

Corollary 3.1. Suppose P2 and Q2 in Theorem 3.1 have full rank, i.e., rank P2 = rank Q2 = 

nc < n. Then, there exist nonnegative-definite matrices P,Q,P and Q such that AC,BC and Cc are 

given by 

Ac = r{A - Qt - £P)GT, (3.12a) 

Bc = rQCJV2-\ (3.126) 

Cc= R^BrPGT, (3.12c) 
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for some projective factorization (G, M, P) of QP and such that the following conditions are satis- 

fied: 

O^P + P^ + Pj-PEP + rJPEPrx, (3.13) 

0 = AQ + QAT
+ V:-Q£Q + TXQZQTI, (3.14) 

0 = (A - QtfP + P(A - Qt) + PEP - rJPEPrj., (3.15) 

0 = (A-ZP)Q + Q(A-ZP)J+ QZQ-T±Q£QTI, (3.16) 

rank Q = rank P = rank QP = nc, (3.17) 

T = (QP)(QPf. (3.18) 

Furthermore, the minimal cost is given by 

J(AC,BC,CC) = tr[PV, + Q(PSP - TJPZPTJ.)], (3.19) 

or, equivalently, 

J(Ac, Bc,Cc) = tr[QÄ! + P(QEQ - ^QE^rJ)]. (3.20) 

Proof.    The proof is a direct consequence of Theorem 3.1. For details see [6].     D 

Remark 3.3. Equations (3.13)-(3.18) are the standard optimal projection equations for 

reduced-order dynamic compensation given in [6]. 

Finally, we present a partial converse of the necessary conditions that guarantee closed-loop 

stability. 

Corollary 3.2. Suppose there exist nonnegative-definite matrices P,Q,P, and Q satisfying 

(3.13)-(3.18) and let AC,BC and Cc be given by (3.12). Then the compensator {AC,BC,CC) is an 

extremal of the optimal fixed-order dynamic compensation problem. Furthermore the following are 

equivalent: 

A is asymptotically stable; (3.21) 

(Ä,Z))is stabilizable; (3.22) 

(Ä, E) is detectable. (3.23) 

In addition, 

(AC,BC) is controllable if and only if Ac + BCCGT is asymptotically stable, (3.24a) 
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(AC,CC) is observable if and only if Ac + PBCC is asymptotically stable. (3.246) 

Proof. That the compensator (AC,BC,CC) is an extremal follows immediately from the proof 

of Theorem 3.1. It follows from the proof of Corollary 3.1 that if nonegative-definite P,Q,P and 

Q satisfy (3.13)-(3.18) and the compensator (AC,BC,CC) is given by (3.12), then (independent of 

the stability of Ä) there exist fi x n real matrices P and Q satisfying (2.11), (2.12) and having 

partitioned forms (2.15), (2.16) with the partitions satisfying 

P1 = P+P, Qi=Q + Q, 

Pn = -PC1, 0i2 = QTT, 

P2 = GPGT, Q2 = rQTr 

It then follows that P and Q can be expressed as 

P = 

Q = 

P    0 
0    0 

Q   0 
0    0 

+ -In 
G 

+ ■»n 

r 

P[-In      GT], 

P[in  rTh 

and thus 

P> 0,  Q > 0. 

(3.25a,b) 

(3.25c, d) 

(3.25e,/) 

(3.26) 

(3.27) 

(3.28) 

Obviously (3.21) implies (3.22) and (3.23). Conversely, using (2.11) and (2.12) it follows from 

Lemma 12.2 of [19] that (3.22) and (3.23) imply (3.20). Next, it follows from (3.25f) that the (2,2) 

block Qi of Q satisfies 

Q2 = rQTT > 0. (3.29) 

Furthermore, as shown in the proof of Theorem 3.1, Q2 satisfies 

0 = (Ae + BcCGl)Q, + Q2(AC + BcCGlY + BCV2B (3.30) 

The equivalence (3.24a) then follows from (3.29), (3.30), Theorem 3.6 and Lemma 12.2 of [19]. The 

proof of (3.24b) follows in similar fashion by noting that P2 = GPGT > 0 and P2 satisfies 

0 = {Ac + rBCc)
rP2 + P2{AC + PBCC) + CjR2Cc.   D 
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4.    Optimality Conditions for Full-Order Dynamic Compensation 

In this section, we restrict our attention to ntk-order compensators. Specifically, we show that 

even when the compensator is nonminimal, the generalized fixed-order equations of Theorem 3.1 

always yield the standard LQG observer and regulator Riccati equations. We also show that a 

corresponding set of mutually coupled equations also exist that are identical in form to standard 

optimal projection equations but characterize the same compensator as obtained from the standard 

LQG Riccati equations. The proofs of these results rely on the balanced basis described in the 

following lemma. 

Lemma 4.1. Consider the closed-loop system defined in (2.3). Suppose nc = n and P and Q 

are defined as in (2.36) and (2.37) with 

rank P = rank Po = np, (4.1a) 

rank Q = rank Q2 = nq, (4.16) 

and 

rank QP = rank Q0P2 = nr. (4.1c) 

If 

if2Qi2 + P2Q2 = 0, (4.2) 

then there exists a nonsingular n X n matrix 

5 = 
Si     0 
0     S2 

, Si,s2 enr (4.3) 

such that 

S-y PSi = i>2 °2 02 — 

*Jnrx(np-nr)      UrlrX(n,-nr)      U7lrxn1 

0(np-nr)xnr s2 0 0 
U(n, -nr)xnr 0 0 0 

On, Xnr 0 0 0 

(4.4a) 

S-y      QS-y =   52      Q2S2 — 

^1 >JrlrX(rlp_7ir)      ^nrx(nq-nr)      ^nrXn, 

0(np-nr)xnr 0 0 0 

"(n, —nr)xnr 

Un, xnr 0 

(4.46) 

where nt = n - (np + nq -nr) and Ex effi.nrXn%   E2 em.ln'-nr)xln'-nr\  S3 £m.ln<-n')xln<-nr 

are diagonal and positive definite. 
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Proof. It follows from (4.2) and statement (n) of Lemma 2.5 that QP and Q1P2 have the same 

non-zero eigenvalues. Thus using statement (iv) of Lemma 2.4 and the rank conditions specified in 

(4.1), yields (4.4a) and (4.4b).     D 

Below, unless otherwise specified, all the n x n partitioned matrices have the same sub-matrix 

dimensions as in (4.4).- 

Definition 4.1. Suppose the closed-loop system (2.3) satisfies the conditions of Lemma 4.1 and 

is transformed via the similarity transformation S given by (4.3) so that the new closed-loop states 

are given by x'(t) = S~1x(t), and hence the transformed plant triple (A',B',C) and compensator 

triple (A'C,B'C,C'C) are given by A' = S^ASU B1 = S^B, C = CSU and A'c = S^ACS2, B[ = 

52
_15c, C'c = CcSo. Furthermore, let the transformed closed-loop covariance Q' and its dual P' be 

given by Q''= S^QS^,  P1 = STPS, so that 

r V 

P' = Pi = 

0 0 0 
0    s2 0 0 
0       0 0 0 
0       0 0 0 

Q' = Q'2 = 

000 

0 0 0 0 
0 0 S3 0 
0 0 0 OJ 

(4.5a, b) 

Then the transformation S is called a strictly balanced transformation and the transformed coordi- 

nates x' are called strictly balanced coordinates. 

Definition 4.2.   Suppose the closed-loop system (2.3) is transformed via a similarity trans- 
'Si     0 formation S =    'I1     ~     , where Si is as in (4.4) so that the new closed-loop states are given by 

0     Oi 

x'(t) = 5_1x(i). In this case, the transformation S is called a balanced transformation and the 

transformed coordinates x' are called balanced coordinates. 

Theorem 4.1. Let nc = n. Then there exist n x n nonnegative definite matrices PL,QL,PL- 

and QL such that an admissible extremal of the full-order dynamic compensation problem is given 

by: 

ACL = A - SPL - QLS, (4.6a) 

BCL = QLC
T
V2-\ (4.66) 

CCL = R2~1BTPL: (4.6c) 

where PL and Qi are the unique, nonnegative definite solutions respectively of 

0 = ArPL + PLA + Ri -PLZPL, (4.7) 
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0 = AQL + QLAI + \\-QLtQL, (4.8) 

and Pi and Qi satisfy 

0 = (A- QLWPL + PL(A - QLS) + PLZPL, 

0 = (A - ZPL)QL + QUA - EFL)T + QLtQL. 

In this case, the minimal cost is given by 

or. equivalently, 

J(Ac,Be,Cc) = tr[PtVi + QLPL^PLI 

J(AC,BC,CC) = tr[QLÄ! + PLQLZQL}. 

(4.9) 

(4.10) 

(4.n; 

(4.12) 

Proof. The proof is constructive in nature and follows from Theorem 3.1 by choosing A' = 

QLCTV2-\ Y = R;lBTPL,   and Z = A- QLt - £PL. For details see [14].     D 

Remark 4.1. Note that (4.7) and (4.8) are the standard decoupled regulator and observer 

Riccati equations and (ACL, BCL,CCL) represents the LQG compensator (minimal or nonmini- 

mal) obtained through the fixed-structure approach. Furthermore, note that equations (4.9) and 

(4.10) are superfluous since the optimal compensator only depends upon the variables Pi and Qi. 

However, using (4.6) it can be easily shown that PL and QL are observability and controllability 

Gramians of the compensator [10]. 

Corollary 4.1. Suppose the compensator obtained in Theorem 4.1 is nonminimal. For con- 

venience, let nq = rank QL, np = rank Pi and nr = rank QiPi- Then the compensator matrices 

in the balanced coordinates, A'CL,B'CL,C'CL, have the following structure: 

A' CL 

A-CL,\\      ^CL.12     0 0 
0 0 
0 0 
0 0J 

0 0 

CL,31 
0 

A' 

0 

(4.13a) 

B'r CL 

^BCL,l 
0 

0 

CcL-[CcLA     CcL.2     0     OJ' 

(4.136) 

(4.13c) 
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where 

A'CLM e !Rn'xnr^cL,i2 e nT'x(">-n'UU3i e ntK-n')x "',4^,32 e m(»«-n'>x(n'-l'\ 

n1 r- TDrnxnr    /""' a TRmx(nP_nr) 

Proof. The proof is a direct consequence of Theorem 4.1 and relies on transforming the 

compensator (4.6) into strictly balanced coordinates.    □ 

Next, using the balanced transformation presented in Definition 4.1, we show that the input- 

output map of the nonminimal LQG compensator given by (4.6) or, equivalently, (4.13) is equivalent 

to the input-output map of a specific compensator of Theorem 3.1 with A' = 0, Y = 0. Z = 0 

and nc = n, which we shall call the full-order central compensator or the full-order least-squares 

compensator. In this case, as shown in the next theorem, the resulting optimality conditions are 

identical in structure to the standard optimal projection equations given by Corollary 3.1. 

Theorem 4.2. Let nc = n and let ra; represent the order of the minimal realization of the LQG 

controller. Suppose rank Q2 = rank P2 = rank Q2P2 = nP, where Q2 e IRnxn and P2 <E IRnx" are 

respectively the closed-loop covariance of the controller states and its dual. Then there exist n x n 

nonnegative-definite matrices P,Q,P, and Q such that an extremal of the full-order compensation 

problem is given by 

Ac = rF{A - QE - EP)G£, (4.14«) 

Bc = rFQC'IV2-
1, (4.146) 

Cc = R2
lBlPGF, (4.14c) 

where P,Q.P, and Q satisfi- 

es 4TP + P4 + Pa -PEP + rJPEPr,., (4.15) 

0 = AQ + QÄ
T
 + V1-QZQ + TJ.Q£QTI, (4.16) 

0 = (.4 - QS)TP + P(A - Qt) + PEP - rJPEPrx, (4.17) 

0 = (A - SP)Q + Q(A - EP)T + QZQ - rxQSQrJ. (4.18) 

rank Q = rank P = rank QP = nP, (4.19) 
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r = (QP)(QPf. (4.20) 

and (GF,MF,TF) is a nt/l-order generalized projective factorization of QP. In addition, the cor- 

responding cost is given by 

J(AC, Bc, Cc) = tr[PVi + Q(PZP - TIPZPT±)}, (4.21) 

(4.22) 

or, equivalently, 

J(AC, Bc, Co) = tv[QR, + P(QtQ - rxQSQrJ)]. 

Furthermore, suppose that the compensator is nonminimal, i.e., nt < n, the minimal dimension of 

the full-order central compensator is the same as that of the LQG compensator, i.e.. T?/ = nr. and 

that the LQG compensator matrices for this plant in the balanced coordinates are as in (4.13) of 

Corollary 4.1. Then, in the balanced coordinates, a central controller triple (A'C,B'C.C"C) is given 

bv: 

A' = 

B'c 

C'C = [C'CLA    0    0    0], 

where A'CL n,B'CL 1 and C'CLl are as in Corollary 4.1. 

LcL.ii    0 
0         0 

0 
0 

0 
0 

0        0 0 0 
0         0 0 0 

= 

~BCL,l' 
0 
0 

.    0     . 

(4.23a) 

(4.236) 

(4.23c) 

Proof. The proof is similar to the proof of Theorem 3.1 with nc = n and X = 0. Y - 0. Z = 0. 

Additionally, the compensator (4.23) is a direct consequence of a balanced transformation.    □ 

Remark 4.2. Suppose the full-order compensator is minimal which implies rank Q = rank P 

= rank QP = n, or, equivalently, r = {QP)(QP)* = /„. Then, (4.15)-(4.18) reduce to (4.7)- 

(4.10). Furthermore, it follows from the identity /> = G]?1 that (AC,BC,CC) of (4.14) is simply 

some similarity transformation of the LQG controDer triple (ACL,BCL,CCL) in (4.6). 

Remark 4.3. Suppose the LQG compensator is nonminimal. It can easily be shown using the 

balanced realizations that the LQG controller (4.13) and the full-order central controller with the 

same minimal dimension (4.23) have the same input-output map (but are not equivalent within a 

change of basis). Furthermore, they have the same input-output map as an extremal of the optimal 

reduced-order compensator problem with nc — n\. 
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Next, we prove that the optimal reduced-order controller is also a projection of a full-order 

central controller whose minimal dimension is the same as the dimension of the optimal reduced- 

order controller. 

Theorem 4.3. Suppose nc < ni in Theorem 4.2. Then a n^-order optimal compensator 

given by Corollary 3.1 can be attained through a projection /z = Q2FP2F{Q2FP2F)* of a full- 

order central compensator with minimal dimension nc, where Q2F and P2F are respectively the 

closed-loop covariance of the full-order central controller states and its dual. 

Proof.    Let nr = nc in Theorem 4.2 and note that (4.15)-(4.20) are identical to (3.13)-(3.18) 

w hich implies that P. Q. P, Q and r are identical for a full-order central compensator and a n' -order 

compensator obtained from Corollary 3.1. 

Next, let Q2F and P2F be respectively the closed-loop covariance of the full-order central con- 

troller states and its dual. Since Q2F > 0, P2F > 0, and rank Q2F = rank P2F = rank Q2FP2F = 

nc, it follows from Definition 2.3 and [17] that there exists a projective factorization (Tj,Mr,Lr) 

with Tr e m
nXn',Lr € IRn'Xn and MT G ffi^Xn' such that 

Q2FP2F = TrMrLr, (4.24) 

LrTT = Inc, (4.25) 

fi ± Q2FP2F{Q2FP2F)* = TrLr, (4.26) 

and ß is a n X n projection matrix. 

Now it follows from (A.4) and the identities GF = QIQJ2, MF = Q2P2, and rF = -P2Pi2, 

that 

LrrFGT
FTr = LTPtFPiFQ2FQ\FTT. (4.27) 

Next, noting the property of the projective factorization that TZ(Lj) = TZ(P2F) and 7Z(Tr) = 

Tl{Q2F), it follows from property (n) of Lemma 2.1 that LTPlFP2F = LT and Q2FQ2FTT — Tr. 

Using (4.25), (4.27) can be rewritten as 

LrrFGFTr = LrTr = Inc. (4.28) 

In addition, using (4.26) and Q2FP2F(,Q2FP2F)*Q2FP2F = Q2FP2F , yields 

TrLTMFTTLT = Q2FP2F = MF, 
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which implies 

GFTrLrMFTrLrrF = Gr
FMFrF = QP. (4.29) 

Thus, it follows from (4.28) and (4.29) that (TjGF,LrMFTr,LrrF) is a projective factorization 

of QP. Hence, using Corollary 3.1, (Ar,Br,Cr) with 

Ar = LrrF(A -Qt- ZP)GFTr, (4.30c) 

Br = LrrFQCJV2-\ (4.306) 

Cr = R^BTPGFTr. (4.30c) 

is a n^-order optimal compensator. However, noting (4.14), (Ar,Br,Cr) can also be expressed as 

(LrAcTr,LrBc,CcTr). Thus, it follows from (4.23) and (4.24) that a n^'-order optimal compen- 

sator (Ar,Br,Cr) can be obtained through the projection \i of a full-order central compensator 

(AC,BC.CC).     D 

The balanced controller reduction method of [10] characterizes the reduced-order controller by 

a projection of the LQG controller. For the special case in which the LQG controller is nonmini- 

mal and the requested dimension of the reduced-order controller equals the minimal dimension of 

the LQG controller, i.e., nc = n(, this method is capable of producing a minimal representation 

of the LQG compensator. For this special case, the following theorem explicitly defines the re- 

lationships among the projection matrix u used by the suboptimal balanced controller reduction 

method, the projection matrix // given by Theorem 4.3 through which a central compensator of 

rank n; is projected into a n^'-order optimal compensator and the optimal projection matrix r from 

standard optimal projection theory. To facilitate the exposition of the following theorem, following 

Definitions 4.2 and 4.1, let Six      0 
0      5i,L 

denote the balanced transformation of the closed-loop 

system using the LQG compensator and let 
Shc      0 

0      Su, 
and 

5i,c      0 
0      52,c 

denote respectively the 

balanced transformation and strictly balanced transformation of the closed-loop system using the 

appropriate central compensator of rank n/. 

Theorem 4.4. Suppose {ACL-.BCL-.CCL) is a nonminimal LQG compensator with minimal 

dimension n; and (AC,BC,CC) is an appropriate central compensator with rank n;. Let v and 

|i be n x n projection matrices of rank n\ and Z„, XM € IRn'xn and T„, TM € r£nxni satisfy 

v - TVLV, f.i = TßLß and LVTV = L^T^ = Inr Suppose that (LUACLT^.L^BCL-CCLT,,) and 

(LflAcTß,LfIBc,CcTß) are minimal realizations of {ACL-BCL,CCL)- Then 

v = T-1fiT. (4.31) 
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where T - 51)[52,c- In addition, 

u = W~
1
TW, (4.32) 

where W = 5X LSilC- 

Proof. The LQG compensator triple in balanced coordinates, (A'CL - S^LACLS\,L. B'CL = 

S^\BCL-, C'CL = CCLSI,L) has tne expression as in (4.13). Using (4.13), the minimal represen- 

tation of the LQG controller in balanced coordinates is (A'CL A-i,B'CL-i,C'CLl) which implies that 

in balanced coordinates and Vv = [Ini  0], and   T'v = [/„,  0]T is a factorization of / - In,    0 
0     0 

v'. Thus, using the following identities 

A'CL,U - L'I>A'CL,T'U = I'US\JACLS\,LTI = L„ACLTU, 

B
CL,\ - KB

CL = KsiXBcL'  and C
CL,\ ~ C'CLK - CCLSI,LT'V, 

yields 

and 

I'v — I>v3\ Li   I v — J\,LIU: 

In,      0 
0     0 

c-1 v - SiiLf'S\l = 5I,L 

Next, noting (4.4) and using properties (Hi) and (iv) of Lemma 2.4, we obtain 

V = (QLPL)(QLPL)*. 

(4.33) 

(4.34) 

Now, according to Remark 4.3, a n^-order optimal controller obtained from (3.12)-(3.18) has 

the same input-output map as the LQG controller whose minimal dimension is n/. Thus, using the 

special case, nc = n;, of Theorem 4.3, yields 

H■= (Q2FP2F)(Q2FP2F)#, (4.35) 

where QIF and PIF are respectively the closed-loop covariance of the appropriate n/-rank central 

controller states and its dual. Now it follows from Definition 4.1 that 

In,      0 
0     0 

ä2,c- 

Finally, following (4.20) and Definition 4.2, yields 

T = QP(QP)* = Slt 

Using (4.33). (4.36) and (4.37), yields (4.31) and (4.32).     D 

/„,    0 
0     0 

(4.36) 

(4.37) 
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5.    Numerical Solution of the Coupled Design Equations and Illustrative Results 

One of the principal motivations for the Riccati equation approach to reduced-order dynamic 

compensation is the opportunity it provides for developing efficient computational algorithms for 

control design. In particular, the goal has been to develop numerical methods which exploit the 

structure of the Riccati equations. It turns out however, that methods for solving standard Riccati 

equations cannot account for the additional terms appearing in the modified equations of Theorem 

3.1 and Corollary 3.1. Therefore, a new class of numerical algorithms has recently been developed 

based upon homotopic continuation methods. These methods operate by first replacing the orig- 

inal problem by a simpler problem with a known solution. Specifically, the simpler problem can 

be chosen to correspond to a low authority full-order LQG control problem. As shown in [20], 

if the weighting matrices are chosen properly, then in this case the LQG compensator is nearly 

nonminimal. Hence, using a simple balanced controller reduction technique [10], the resulting bal- 

anced reduced-order controller serves as a good approximation to the optimal projection controller 

corresponding to the simpler problem. The desired solution is then reached by integrating along a 

path which connects the starting problem to the original problem. These ideas have been recently 

illustrated for the reduced-order control problem in [13, 14]. 

Using the homotopy algorithm appearing in [13] we demonstrate the utility of the H2 optimal 

reduced-order controller design framework discussed in this paper on the four-disk axial beam 

problem shown in Figure 5.1. This example was derived from a laboratory experiment [21] and has 

been considered in several subsequent publications (e.g., [22-24]). The 8t/l-order state space model, 

problem data, and design weights are given in the above references. The basic control objective for 

the four-disk problem is to control the angular displacement at the location of disk 1 using a torque 

input at the location of disk 3. It is also assumed that a torque disturbance enters the system at 

the location of disk 3. 

The design philosophy adopted here is that the scaling <?2 of the nominal control weight J?2,o = 1 

and the nominal sensor noise intensity V2,o = 1? where the subscript "0" denotes initial values, are 

simply "design knobs" used to determine the control authority. Hence, A2(A) = 92(A)Ä2|0 and 

y2(A) = </2(A)V2io, where A is a homotopy parameter and A € [0.1]. Here, we consider the design 

of 2"d,4i/l, and 6th -order controllers for various authority levels. 

Since at g2 = 10, the 2nd, Aih, and 6th balanced reduced-order controllers are all good approxi- 

mations of the corresponding reduced-order optimal controllers, we use these suboptimal controllers 

24 



to initialize the homotopy algorithm and deform the controllers into the higher authority optimal 

controllers corresponding to q2 = 1. In each of the following passes, we increase the authority level 

by decreasing R2 and V2 by a factor of 10, i.e., q2,nexi = 0.192,0, and at the end of each pass de- 

form the initial optimal controllers to the optimal controllers corresponding to the higher authority 

level. This process is repeated for every reduced-order design. Figure 5.2 compares the optimal 

controllers of various orders. This type of figure can be used in practice to determine the order of 

the controller to be implemented. 

The Frobenius norms of P, Q, P, and Q are also recorded along the homotopy path and typical 

results are shown in Figure 5.3 of ||P||F for the 4<h-order controller design. It is interesting to 

note that as the control authority is increased beyond a certain level (e.g., for nc = 4,q2 < 10~4) 

those values approach some stable limit as indicated in this figure. This is because P,Q,P. and Q 

converge to fixed values as the control authority increases. It follows that the optimal reduced-order 

controller converges to a fixed value. 

6.    Conclusion 

Necessary conditions for fixed-structure H2 optimal control were derived without assuming 

compensator minimality. These necessary conditions are characterized in terms of coupled Riccati 

and Lyapunov equations which reduce to the optimal projection equations [6] when the compensator 

is minimal. The standard LQG Riccati equations can also be derived when the optimality conditions 

are specialized to the full-order case. Furthermore, it is shown for the first time that a reduced-order 

optimal projection controller is a projection of a "central" extremal of the corresponding full-order 

compensation problem. For nonminimal LQG compensators, balanced controller reduction method 

is able to produce a minimal-order realization of the LQG compensator. For this special case, the 

relationships between the projection matrix used by balanced controller reduction, the projection 

matrix through which an appropriate central controller is projected into a reduced-order optimal 

controller whose dimension is the same as the minimal dimension of the LQG controller, and the 

optimal projection matrix from the standard optimal projection theory are explicitly defined. A 

continuation algorithm that exploits the Riccati-equation design framework is discussed and its 

utility for controller synthesis is illustrated using a representative problem in structural control. 
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Appendix A.    Proof of Theorem 3.1 

To optimize (2.14) over the open set Sc subject to the constraint (2.11), form the Lagrangian 

C(Ae, Bc, Cc, Q, P, A) = tr[XQR + (ÄQ + QÄT + V)P), (Al) 

where the Lagrange multipliers A > 0 and P € IRnx" are not both zero. We thus obtain 

Setting dC/dQ = 0 yields 

or, equivalently, 

^£ = iTP + Pi + AÄ. 
OQ 

0 = ATP+ PA + XR, 

(>lT©iT) vec P = -X vec R, {A.2) 

where © denotes the Kronecker sum and "vec" is the column-stacking operation defined in [25]. 

Since A is assumed to be asymptotically stable, (iT © iT) is invertible, and thus A = 0 implies 

P - 0. Hence, it can be assumed without loss of generality that A = 1, which yields (2.12). 

Furthermore, with A = 1, (A.2) is equivalent to 

p = -Vec'
1[(ÄT © iT)-1vec R]. 

To prove that P is nonnegative definite, we rewrite the above expression as 

oo 

P=  /vec-1[e(iiT®yiT)'vec R] dt, (A3) 

o 

and show that the integrand is nonnegative definite for all t £ [0, oo). For convenience, let 5 and 

N be n x n matrices with N > 0. Since (see [25]) 

es®s = e5®e5, 

and 

vec-1 [(5 ® 5)vec N] = SNST > 0, 

where ® denotes the Kronecker product defined in [25]. it follows that 

vec_1[es@svec N] = vec_1[(e5 ® e5)vec N) - esNesT > 0. 
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Noting R is nonnegative definite and applying the above expression with (A.3) it follows that the 

integrand of (A.3) is nonnegative definite. Thus P is nonnegative definite. 

Now partition n x h P,Q into n x n,n x nc, and nc x nc subblocks as in (2.16) and (2.15), 

respectively. The stationary conditions, with A = 1, are then given by 

9C  = PlQu + P2Q2 = 0, (AA) 
ÖA c 

dc 
dBc 

dc 

P2BCV2 + (P^Qi + P2Qn)CT = 0, (A.b) 

= -R2CcQ2 + BT(PlQn + Pi2Q2) = 0- {A.6) 
CO c 

Expanding (2.11) and (2.12) yields (2.17)-(2.22). Since A is assumed to be asymptotically stable, 

using (2.28b) and (2.29a) of Lemma 2.3 we can rewrite (A.4) as 

P2(Inc + P}P?2Qi2Ql)Q2 = 0. (-4.7) 

Next, define the n x n matrices 

P = P!-PuP}P?2,  Q = Qi-Qi2Q±Ql2- (A.8a,b) 

P±PuP}P?2,  Q = QuQlQu, (A.9a,6) 

and nc X n,nc X nc, and nc x n matrices 

G±QtQ?2,  M±Q2P2,  r=-P}P?2. (A.10a,b,c) 

Note that the definitions o{P,Q,G,M and P in (A.9) and (A.10) are identical to the ones defined in 

(2.41)-(2.45) of Lemma 2.5. Furthermore, noting that (A.4) is equivalent to (2.46), it follows from 

the property («') of Lemma 2.5 that (G, M, T) satisfies property (v) of Lemma 2.4, or. equivalently, 

(G,M,r) is a generalized projective factorization of QP. Clearly, P.Q.P and Q are symmetric 

and P and Q are nonnegative-definite. To show that P and Q are also nonnegative definite, note 

that P is the upper left-hand block of the nonnegative-definite matrix VPVT, where 

ft In -P12P2 
Uticxn ^nc 

Similarly, Q is nonnegative definite.  Next, using the properties of the Moore-Penrose generalized 

inverse, it is helpful to note the following identities from the definitions (A.8)-(A.10): 

p = -p12r = -rTp1
T

2 = rTp2r, (A.iia) 
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Q = QUG = G7Qj2 = GTQ2G, (A.llb) 

and 

P=P1-P,  Q = Qi-Q. (4.12a. 6) 

In addition, using (2.23) and (2.24) yields 

pT = _p,p   P12 = -PTP2. (4.13) 

Ql2 = QiG,  Qi2 = ClQ2. (4.14) 

Furthermore, it follows from (A.2) that 

QP=-QuP?2- (^-15) 

Next, using (A.13), we can rewrite (A.7) as 

P2(/nc-PGT)Q2 = 0. (4.16) 

Forming P12P2
t(4.4) and using (A.9a) and (2.28a) of Lemma 2.3, yields 

PQu + PuQ2=0. (4.17) 

Similarly, computing (AA)Q\QJ2 and using (A.9b) and (2.29b) of Lemma 2.3, yields 

P?2Q + P2Qj2 = 0. (4.18) 

Using the identities (A.18) and (A.12a) we can rewrite (A.5) as P2BeV2 + P?2QCT = 0. Noting 

that V2 is invertible and using (A. 13) yields P2(PC - rQCrVf1) = 0. which further implies 

Bc = rQCJV2-
1 + (Inc - P2

fP2)A', (4.19) 

where A' £ IR"cX' is an arbitrary matrix. Similarly, using (A.17) and (A.12b) we can rewrite 

(A.6) as -R2CCQ2 + BrPQi2 = 0. Noting that R2 is invertible and using (A.14), yields (Cc - 

R2
lBTPGT)Q2 = 0, which further implies 

Cc = R2
lBTPGT + Y(Jnc - QiQ\), (4.20) 

where 1' e IRmxnc is an arbitrary matrix. Next, computing either (2.21)TQi2 + (2.22)Q2 and using 

(A.4) and (A.6) or P1
T

2(2.18) + P2(2.19) and using (A.4) and (A.5), yields 

P24CQ2 + P?2AQn + P^BcCQu ~ Pi2BCcQ2 = 0. 
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Noting (A.13) and (A.14), the above equation is equivalent to 

P2(AC - rAGT + BCCGT + rBCc)Q2 = 0. (A21) 

Using identities (A.19) and (A.20) and noting the properties of the Moore-Penrose generalized 

inverse, (2.23) and (2.24), (A.21) can be rewritten as: 

P2[Ac-r(A-ZP-QZ)GT}Q2 = 0, (A.22) 

which further implies 

Ac = r(A - EP - QZ)GJ + Z- P\P2ZQ2Q\, (A23) 

where Z € IRncXn' is arbitrary. 

However, it follows from properties (ii), (in), (v) and (vi) of Lemma 2.2, X.Y and Z must be 

chosen such that the compensator triple (Ac, Bc, Cc) satisfies (3.4), (3.5), A'(P2) = the unobserv- 

able subspace of (AC,CC), and A'(Q2) = the uncontrollable subspace of (AC,BC), to assure the 

closed-loop system stability. 

Furthermore, since P2 and Q2 do not necessarily have full rank and Ar(P2) C Af(Pu) and 

Af(Q2) C Af(Qn), we may introduce additional singularities during the derivation for the expression 

of Ac. The extra singularities can be eliminated by examining the conditions under which the 

original Lyapunov equations (2.17)-(2.22) are satisfied. Since Ac is not involved in (2.17) and 

(2.20), only (2.18), (2.19), (2.21) and (2.22) have to be checked. Using (2.28) and (2.30), (2.21) 

can be rewritten as 

PUAC + (AJP12 + CTB]P2 - P,BCC)P2
1P2 = 0. 

Using (2.21) the above equation can be reduced to P\2AC - PX2ACP2P2 = 0, or, equivalently, 

P12Ac(/-P2
tP2) = 0. (A24) 

Similarly, using (2.28) and (2.30), (2.22) can be reduced to (3.2). Next, using (2.29) and (2.31), 

(2.18) and (2.19) can be reduced to 

Qi2A
T

c(I-Q\Q2) = Ü. (A.25) 

and (3.3), respectively. Using the property N(P2) C Af(P\2), (3.2) implies (A.24). Similarly, with 

Ar(Q2) C Ar(Q\2), (3.3) implies (A.25).   Furthermore, note that (3.2) and (3.3) also satisfy the 
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necessary conditions for Ä to be asymptotically stable as stated in Lemma 2.2. Thus A', Y and Z 

in (3.1) must be chosen such that Ac,  Bc and Cc satisfy (3.2)-(3.5). 

Computing (2.20) + (2.21)P+ PT(2.21)T and using (A.lla), (A.12a) and (A.13), yields 

0 = ATP + PA + R,-PBCcr-r
rCjBTP-rT(ÄT

cP2 + P2Ac-P?2BCc-CjB7P12)r. (4.26) 

Using (2.22) to eliminate the terms in the parenthesis, (A.26) is equivalent to 

o = A
J
P + PA + R1- PBCcr - rTcjBTp + rTcjR2ccr. (A.27) 

Forming (A.27) + PEP - PEP, and noting 

(p2-apTp - CCP)
T
P2(P2-

1
P

T
P - ccr) = -PBCcr - rTcjBrp + rTcjR2ccr + PEP, 

yields (3.6). Next, computing (2.20) - (3.6), using (A.12a) and noting the identity PUBCC = 

-rTP2BcC = -PQZ, we obtain (3.8). Similarly, computing (2.17) - (2.18)G - GT(2.18)T and 

using (A.llb), (A.12b) and (A.14) yields 

0 = AQ + QAT + V1-QCTBjG-GTBcCQ-GT(AcQ2 + Q2A
7 + BcCQl2 + Qj2C

rBl)G. (A.28) 

Using (2.19) to eliminate the terms in the parenthesis, (A.28) is equivalent to 

0 = AQ + QAT + V, - QCTBjG - GTBCCQ + GrBcV2BjG. (.4.29) 

Forming (A.29) + QZQ - QtQ and noting 

(QCTV2
l - GrBc)V2(QCTV-1 - GTBC)

T = -QCTBjG - GTBCCQ + GTBcV2BjG + QEQ, 

yields (3.7). Next, computing (2.17) - (3.7), using (A.12b) and noting the identity QuCjBT = 

GTQ2CjB'1 = QPE, we can obtain (3.9). 

Finally, to prove (3.10), using (2.16) and (2.9), (2.14) becomes 

J(AC,BC,CC) = tr P2V
r! + tr P2BcV2Bj. (A.30) 

Next, noting the identity tr P2BcV2Bj - tr V2BjP2Bc, and using (3.1b) and the fact that (I - 

P2Pl)P2 = P2{I-P}P2) = 0, yields tr P2BcV2Bj = tr CQTT P2rQCTV2-\ Thus, using (A.lla), 

the above expression can be reduced to 

tr P2BcV2Bj = tr CQPQCTV2-' = tr PQC^V^CQ = tr PQEQ. (A.31) 

Furthermore, using (A.31) and (A.12a), (A.30) is equivalent to (3.10). Similarly, using the dual 

approach and noting that J(AC,BC,CC) = tr QR yields (3.11).     D 
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It has been observed numerically that suboptimal 
controller reduction methods tend to work well when 
applied to low authority LQG controllers. However, to 
date, a rigorous justification for this phenomena has not 
been established. This paper shows that for continuous- 
time stable systems, by proper choice of the structure 
of the design weights, the corresponding LQG compen- 
sator becomes nonminimal as the control authority is 
decreased. An example illustrates that the near non- 
minimality of the LQG compensator can result in near 
optimality of the corresponding controller obtained by 
suboptimal controller reduction. 

1.     Introduction 
The development of linear-quadratic-gaussian (LQG) 

theory was a major breakthrough in modern control the- 
ory since it provides a systematic way to synthesize high 
performance controllers for nominal models of complex, 
multi-input multi-output systems. However, one of the 
well known deficiencies of an LQG compensator is that 
its minimal dimension is usually equal to the dimension 
of the design plant. This has led to the development of 
techniques to synthesize reduced-order approximations 
of the optimal full-order compensator (i.e., controller re- 
duction methods) [1-6]. 

The controller reduction methods almost always 
yield suboptimal (and sometimes destabilizing) reduced- 
order control laws since an optimal reduced-order con- 
troller is not usually a direct function of the parameters 
used to compute or' describe the optimal full-order con- 
troller. Nevertheless, these methods are computation- 
ally inexpensive and sometimes do yield high performing 
anil even nearly optimal control laws. An observation 
that holds true about most of these methods is that they 
tend to work best at low control authority [4. 6]. How- 
ever, to date no rigorous explanation has been presented 
to explain this phenomenon. 

This paper provides a constructive way of choosing 
the weights in a LQG control problem of dimension n 
such that for a given nc < n the corresponding n^-order 
controller obtained by a suboptimal reduction method is 
guaranteed to have essentially the same performance as 
the LQG controller at low control authority. Although 
the guarantee is for a low authority control problem, it 
is expected that, as the control authority is increased 
bv scaling the appropriate weights, suboptimal reduc- 
tion methods will perform better than they would with 
another set of weights. 

The discussion here focuses on stable systems.   It 

is shown that if the state weighting matrix /?; or dis- 
turbance intensity V'i has a specific structure in a basis 
in which the ,4 matrix is upper or lower block triangu- 
lar, respectively, then at low control authority the corre- 
sponding LQG compensator is nearly nonminimal with 
minimal dimension nc. It follows that the LQG com- 
pensator can be easily reduced to a n^'-order controller 
having nearly the same performance. 

A special case of the conditions presented for R\ 
and V\ has a strong physical interpretation for structural 
control problems. In particular, assume that all of the 
eigenvalues in the plant are complex and that nr is an 
even number. Then, either Rx is allowed to weight only 
nc/2 modes or V'i is allowed to disturb only nc/2 modes. 

Notation 
IR. EFT*',EFT real numbers, r x s real matrices, EFT*1 

IE expected value 
A' > 0 matrix A' is nonnegative definite 
A' > 0 matrix X is positive definite 
Or x j. Or r x s zero matrix, r x r zero matrix 
lT r x r identity matrix 
vec(-) the invertible linear operator defined as 

where Sj G Dlp is the jth column of S. 

2.     Low Authority LQG Compensation 

Consider the n,A-order linear time-invariant plant 

x(t) = Ax(t) + Bu(t) + D,u>(f), (2.1a) 
y(t) = Cx(t) + D7w(t), (2.1b) 

where (.4, B) is stabilizable, [A.C) is detectable, x € 
IR". u G IR"\y € DR.'. and w G tRd is a standard white 
noise disturbance with intensity Id and rank D; = /. 
The intensities of D\w(t) and D?w{t) are thus given, 
respectively, by \\ = DxDj > 0. and V2 = D2Dl > 0. 

For convenience, we assume that V'n = D\D2 = Ü. 
i.e.. the plant disturbance and measurement noise are 
uncorrelated. Then, the LQG compensator 

xc(t) = Acxc(t)+Bcy(t), (2.2a) 

u(t) =-Ccxr.(t). (2.26) 

for the plant (2.1) minimizing the steady-state quadratic 
performance criterion 

J(.4C.BC,C) = 1 .im -IE 
! —OO   ( 

I 

[[xr{s)R1x(s)+u1(s)R-2u(s)]ds. 

0 
(2.3) 
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where Pi > 0 and P2 > 0 are the weighting ma- 
trices for the controlled states and controller input, re- 
spectively, is given by: 

ß, = QC
T
V.; 

Ar = .1 - EP - QE,      (2.4a) 

•'.    Ct = R^BrP.       (2.46, c) 

wh.»re E = BK' 0T. E = frl7'C. and P and Q are 
the unique, nonnegative-definite solutions respectively 
of 

0 = .4TP+P.4 + P,-PEP. (2.5) 

0 = AQ + QAT + \\ - QtQ. (2.6) 

Furthermore, the "shifted" observability and controlla- 
bility gramians [1] of the compensator, P and Q, are the 
unique, nonnegative-definite solutions respectively of 

0 = (,4-QE)TP+P(.4-QE) + PEP,     (2.7) 

0 = (.4-EP)Q + Q(.4-EP)T + QSQ.     (2.8) 

Although a cross-weighting term of the form 2i (t)R\? 
u(t) can also be included in (2.3), we shall not do so 
here to facilitate the presentation. The magnitudes of 
ß2 and V'2 relative to the state weighting matrix Pi and 
plant disturbance intensity V'i govern the regulator and 
estimator authorities, respectively. The selection of R? 
and V2 such that ||Ä,|| >> ||Pt||, or ||V'2|| >> ||V'i||, 
yields a low authority compensator. This section shows 
that when the open-loop plant is stable and (A, R\) or 
(.4, V'i) have a particular structure, the LQG controller 
approaches nonminimality as the controller authority 
decreases. In order to prove this result, we first exploit 
some interesting structural properties of the solutions of 
the Riccati equations and Lyapunov equations assuming 
the coefficient matrix A and the constant driving term 
/?i have certain partitioned forms. 

Lemma 2.1.    Suppose 

Ai 
■42i 

0 
A-, 

B 

where .4,,/?, , € IRn 

Ail        p   _    Äi.i        0 
PoJ '    ni ~ [   0      0n_„ 

(2.9a, 6, c) 
fli £lRnrXm    Rii >0 

(/; If both (A,B) and (,4I.PM) are stabilizable, 
then the unique, nonnegative-definite solution 
of the Riccati equation: 

0 = A
T
P + PA + Rx- PBBTP,       (2.10) 

is given by 

P = Pi        0 
0     0n_, (2.11) 

where  the  ;ir  x nr  matrix  Pi   is the  unique, 
positive-definite solution of 

0= AfPi + PiAi + RiA-PiBtBjPi. (2.12) 

(u) If .4 is asymptotically stable, then the unique, 
nonnegative-definite solution of the Lyapunov 
equation: 

0 = .4TP + P.4+ Pi, 

is given by 

P = Pi        0 
0   on_„r 

(2.13) 

(2.14) 

where the nr x nr  matrix Px  is the unique, 
positive-definite solution of 

0 = AjPl + PiAl + Pi,i. (2.15) 

Proof. 
(/) Since (A,B) is stabilizable and Pi > 0, it fol- 

lows from Theorem 12.2 of [7] that there exists a 
unique, nonnegative-definite solution of the Ric- 
cati equation (2.10). Similarly, the assumptions 
that (/li.ßi) is stabilizable and Pii > 0 im- 
ply that there exists a positive-definite matrix 
Pi satisfying the Riccati equation (2.12). Using 
(2.12), it follows by construction that (2.11) is 
the solution of (2.10). 

(ii) This is a special case of the Riccati equation of 
property (i).     D 

The following lemma states the dual of Lemma 2.1 
if the coefficient matrix A is upper block triangular and 
Vi is upper block diagonal. 

Lemma 2.2.    Suppose 

-4, 
0 

■<4l2 

An 
, C = [CX    C2],  V, = Vi.i       o 

0 0n-nr 

(2.16a.6,c) 

where Ax,VlA € IRn'xn',   CiGlR'*"',   V^., > 0. 

(i) If (A,C) and (J4I,CI) are detectable, then the 
unique, nonnegative-definite solution of the fol- 
lowing Riccati equation: 

0 = AQ + QAT + V1-QCTCQ,       (2.17) 

is given by 

Q = 
Qi      0 
0        0n-nr 

(2.18) 

where  the nr x nr  matrix Q\  is the unique, 
positive-definite solution of 

0 = AiQi + QtAj + Vul-QlCjCiQl. (2.19) 

{ii) If .4 is asymptotically stable, then the unique, 
nonnegative-definite solution of the Lyapunov 
equation: 

0 = AQ + Q.4T + V'i, (2.20) 
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i> given by 

Q = 
Qi      ü 

ü   o„_„r 
(2.21) 

when-  the  nr x nr  matrix Q\   is the unique, 
positive-definite solution of 

U = .4,Q, +QiAj + \ l.i • (2.22) 

Proof.    The   proof  is  dual   to   the   proof of 
Lemma 2.1.   D 

The following theorem proves that with proper 
choice of the weighting matrices, a low authority LQG 
controller for a stable plant is nearly nonminimal. The 
proof of this theorem relies on the above two lemmas. 

Theorem 2.1.    Consider the plant given by (2.1). 

(i) Suppose 

.-1 = 
Ai      0 
A 21      .42 

fll = 
Pl.l 

0 
0 

On-nr 

(2.23a. 6) 
where A|.ÄU e IRn'xnr.   P-i.i > 0. and A is 
asymptotically stable. Let 

V'2 = pVo (2.24) 

where Vo is some finite, positive-definite matrix 
and 3 6 IR is a positive scalar. Then for any 
6 > 0. there exists .-V such that for all 3 > N, 

(A„r + i/A„r) <6, (2.25) 

where A, represents the ith eigenvalue of QP, 
Ai > A2 > ... > A, > A1 + 1... > 0, and Q and P 
are the shifted controllability and observability 
gramians of the corresponding LQG compen- 
sator, satisfying (2.8) and (2.7), respectively. 

(n) Suppose 

.1 = 
',4, 

0 
An 
Ai 

.   V, = 'VIA        0 
0      0n_,lr 

(2.26a. 6) 
where A\. \\ i e m"'xnr, /ii  > 0. and .4 is 
asympto ticall y stat >le. Let 

R-> = C*P2 (2.27 

where P2 is some finite, positive-definite matrix 
and a € IR is a positive scalar. Then for any 
6 > 0, there exists N such that for all o > A'. 

(A„r+i/Arlr) <6. (2.28) 

where A,   represents the i'h eigenvalue of QP 
and  A,   >  A2  >   ...  >   A,   >  A1 + 1...  >  Ü. and 

Q and P are the shifted controllability and ob- 
servability gramians of the corresponding LQ<; 
compensator, satisfying (2.8) and (2.7). respec- 
tively. 

Proof. 

(0  Partition  B = 

conformal to .4 
fr- 
ill 

and — = vT 

'2.23). The assumptions 
(2.23) and that .4 is asymptotically stable imply 
that {A.B) and (A).Bi) are both stabili/able 
Thus, it follows from property (i) of Lemma 2.1 
that the unique, nonnegative-definite solution P 
of the Riccati equation (2.Ö) has the structure 
given by (2.11), which implies that 

PZP = 0 
(2.2!)) 

Thus, noting the special partitioned structures 
in (2.29) and (2.23), and that .4 is asymptot- 
ically stable, it follows from property (a) of 
Lemma 2.1 that there exists 

Po = 
Pi        0 
0     0n_>lr 

(2.30) 

which is the unique, nonnegative-definite solu- 
tion of 

0 = ATP0 + PoA + PT.P. (2.31) 

where nr x nr matrix Pi is the unique, nonneg- 
ative definite solution of 0 = .47 Pi + Pi-4i + P\ 
EiPi. Next, computing (2.31)- (2.7) and using 
(2.24), yields the following modified Lyapunov 
equation: 

0 = ArAP + APA + 3-l[(t0QP) + (tcQP)T] 
(2.32) 

where E0 = CTVflC. 

AP = Po - P. 

(2.33a) 

(2.336) 

Since .4 is asymptotically stable and Q and P 
satisfy (2.6) and (2.7), respectively. Q and P 
are bounded for all ß. Next, we rewrite (2.33b) 

P= Po-tT'APo. (2.34) 

where APo is the solution of 0 = .4'APo + 
APo.4 + (toQP + (toQPf)- Now. rewriting 
(2.8) as 0 = (.4 - EP)<? + Q(A - EP)T -r 
3~lQtoQ, it follows that 

Q = J-iQo. (2.35) 
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where Q0 satisfies 0 = (.4 - LP)Q0 + Q0(A - 
ZP)J + QtoQ. Next, using (2.34) and (2.35) 
we obtain (for large 3) 

S = QP = 
J"252, 

3 il2 
t--S; 

where S, p IK"rX"'. .s\ £ IR»-"'*"-"-, ar)(J 

■S'i is nonsingular. Note that since Q and P 
are nonnegative-definite, $ is semisimple and 
the eigenvalues of 5 are real and nonnegative. 
Hence, the eigenvalue ratio of 5 is the same as 
the corresponding eigenvalue ratio of 3S. Next, 
define 

rs, 5i2' 
0      0 

S'I 

and recognize that lim,j_Ä 4S = S'. Noting 
that the eigenvalues of S' are the collection of 
nr eigenvalues of Si plus (n-nr) zero eigenval- 
ues, and since the eigenvalues of a matrix are 
continuous with respect to the parameters of 
the matrix, it follows that for anv < > 0. there 
exists A' such that for all 0 > N. A5l ,•' - f < 
-W.i < A5lil- + c, for i = 1 nr and X<3S.i < c 
for i = nr + l n.and Aj5, and As,.,- represent 

the i'h eigenvalue of 3S and Sj, respectively, in 
descending order. Hence, it follows that for'anv- 
il' > 0. there exists ,V such that for all 3 > N 

(ii) The proof is dual to the proof of (j).      □ 

Remark 2.1. Theorem 2.1 provides two wavs of 
weighting matrices selection resulting in a nearly "non- 
mimmal. low authority LQG compensator for a'stable 
p ant. The first approach starts bv transforming the 
plant .4 into coordinates such that .4 has the represen- 
tation as in equation (2.23a) after transformation Then 
select the weighting matrix fi, with the partitioned form 
as in (2.23b) and with rank R{ = nr. By decreasing the 
authority of the compensator, or, equivaiently, increas- 
ing ||Uj| or 3. the eigenvalue ratio, ~f^- of the LQG 

compensator decreases and the LQG compensator ap- 
proaches nonminimality with minimal dimension of nr 

I sing a dual approach, with .4 and \\ partitioned as in 
(2.26). by increasing ||fl2|| or a, the resulting LQG com- 
pensator approaches nonminimality. However in the 
limiting case, as o — 30 or 3 — oc then it follows from 
(2.7) and (2.8) that P — 0 and Q — 0. respectively. 

Remark 2.2. Note that if A is in a modal form 
then it satisfies both (2.23a) and (2.26a) of Theorem 
2.1. In this case. /?, given by (2.23b). describes a stale 
weighting matrix in which only the states pertaining 
to selected modes are weighted. Similarly. \\ given by 
(2.26b) describes a disturbance that excites onlv certain 
"■!fisfieHor'L"°f ""common for these conditions to be satisned or nearly satisfied 111 practice. 

Remark 2.3. The continuous-time results staled 
1» Lemma 2.1. 2.2 and Theorem 2.1 are readily extend«! 
to their discrete-time counterparts as shown in [8], 

3. Numerical Illustrative Examples 

To illustrate the proper choices of the weighting ma- 
trices resulting in a nearly nonminimal. low authority 
LQ(; compensator for a stable continuous-lime plant, 
consider a simply supported beam with two collocated 
sensor/actuator pairs. Assuming the beam has length 2 
and that the sensor/actuator pairs are placed at coor- 
dinates a = jfr,. and b = ij. a continuous-time model 
(2.1) retaining the first five modes is obtained with 

.4 = block-diaj 5( 

Ü          1 r 

-61    -.09 * - 

0 
•1    -.01 

Ü 

-16 .04 

0 1 
-625    -.25 

B = C= B1 

-256    -.16 

0 0 
-0.2174 -0.8439 

0 0 

0.4245 -0.9054 
0 0 

-0.6112 -0.1275 
0 0 

0.7686 0.7686 
0 0 

-0.8893 0.9522 J 

The noise intensities are V\ = D^Dj - 0.1/10 and \\ = 

D2D$ = 3ln. and it is assumed that r12 = £>i Dj = 0. 
The design objective is to minimize the continuous-time 
cost J = lim,_,-cIE[j'Tfi,x+ uTR2u]. where fl, = Q/,. 
Note that the magnitude of the positive real numbers 
Q and 3 are the indicators of the controller author- 
ity level. For this particular plant, .4 has the repre- 
sentation as in (2.23a) and (2.26a) with .4j, = 0 and 
-•hi = 0, respectively. Here, we illustrate the results 
of property (*) of Theorem 2.1 for the cases of nr = 2 
and nr = 6. Setting 0. = 0.1, by selecting the weighting 

Q'    0    . and increasing 3 (hence, tie- matrix ßi  = 

creasing the compensator authority), the resulting LQG 
compensator approaches nonminimality with minimal 

dimension of nr or. equivaiently. x-rf[Q^ _ Q wnere 

A, is the sorted (in descending order) i'h eigenvalue of 

QP. Figure 1 shows the ratio curve for nr = 2 with 
3 € (0.01.0.1. 1. 10, 1U-. 103. 1U4. I05, lü'3). The curve 
clearly indicates that the ratio decreases as 3 increases 
To illustrate that suboptimal controller reduction meth- 
ods yield nearly optimal reduced-order compensators for 
low authority control problems. Figure 1 also shows 
the norm of the cost gradient of the 2r"'-order con- 
troller obtained by balancing. The cost gradient is de- 
fined as f(vec -^r-)T 

1
 0 A c ' <vec^)T    (vec^)T]T.  The 

cost gradient curve indicates the balanced controller ap- 
proaches the optimal reduced-order compensator as 3 
increases, or as the control authority decreases Figure 
2 shows the eigenvalue ratio of the LQG controller for 
"r - 6 and the norm of the cost gradient of the corre- 
sponding 6"1-order balanced controller. 
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Conversely, it" the weighting term R[ for the above 
example does'not have the structure given by (2.23b). 
decreasing the controller authority (i.e.. increasing 3) 
niav not yield a nearly nonminimal LQC compensator. 
As "an apparent consequence, the norm of the cost gra- 
dient of the corresponding 2n''-order balanced controller 
does not approach zero as the control authority de- 
creases. This is illustrated in figure 3 for nr = 2 and 
Rx = /[„. Note that for this particular example, at 
.) = 0.01 the balanced controller destabilizes the closed- 
loop system and hence the norm of the cost gradient 
becomes infinite. 

4. Conclusion 

Bv exploiting structural properties of the solutions 
of the" Riccati equations and Lyapunov equations, this 
paper shows that for continuous-time stable systems, 
if the coefficient matrix .4 and driving weighting term 
/?! (or V'i) have specific structures, the corresponding 
LQG compensator becomes nonminimal as the control 
authority is decreased. As illustrated by the example, 
this near nonminimality can result in near optimality 
of a controller obtained by suboptimal controller reduc- 
tion. Conversely, the example shows that if the structure 
of the weighting matrices do not satisfy the conditions 
specified in Theorem 2.1. the resulting LQG compen- 
sator is not necessarily nearly minimal even at low con- 
trol authority. In this case, reduced-order controllers 
obtained by s"uboptimal projection methods may not be 
nearly optimal even at low authority. 
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Abstract 

Homotopy approaches have previously been developed for synthesizing Ei optimal reduced- 
order models. Some of the previous homotopy algorithms were based on directly solving the optimal 
projection equations, a set of two Lyapunov equations mutually coupled by a nonlinear term involv- 
ing a projection matrix r, that characterize the optimal reduced-order model. These algorithms are 
numerically robust but suffer from the curse of large dimensionality. Subsequently, gradient-based 
homotopy algorithms were developed. To make these algorithms efficient and to eliminate singular- 
ities along the homotopy path, the basis of the reduced-order model was constrained to a minimal 
parameterization. However, the resultant homotopy algorithms sometimes experienced numerical 
ill-conditioning or failure due to the minimal parameterization constraint. This paper presents a 
new homotopy approach to solve the optimal projection equations for Hn model reduction. The 
current algorithm avoids the large dimensionality of the previous approaches by efficiently solving 
a pair of Lyapunov equations coupled by low rank linear operators. 
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1.    Introduction 

The continued and pressing need for more accuracy in mathematical modeling of physical pro- 

cesses has led to increasingly high-dimensional models. In order to simplify computer simulations 

and the design process for feedback compensation, many model reduction schemes have been pre- 

sented during the last two decades. Among these is the quadratically optimal (or Hi optimal) 

model reduction problem. This optimization problem involves determining a reduced-order model 

of fixed dimension whose outputs approximate the outputs of the original model in a least squares 

sense. The associated necessary conditions were studied by Wilson in (1970, 1974). Significant sim- 

plification of Wilson's results were achieved by recognition and exploitation of an oblique projection 

matrix by Hyland and Bernstein (1985). The resulting necessary conditions of optimality are char- 

acterized by "optimal projection equations" which consist of a pair of n x n modified Lyapunov 

equations that are mutually coupled by nonlinear terms involving a projection matrix r. 

The optimal H2 model order reduction problem is essentially a "younger brother" of the more 

important problem of optimal Hi reduced-order controller design. For example, the optimal pro- 

jection equations for reduced-order modelling are a subset of the optimal projection equations for 

reduced-order control developed by Hyland and Bernstein (1984). Hence, an important reason for 

investigating numerical solutions to the model reduction problem is to provide an intermediate step 

in the development of numerical solutions to the reduced-order control problem. 

Several approaches have been considered to synthesize Hi optimal reduced order models. Based 

on the first-order necessary condition of optimality, Wilson (1970, 1974) and Hirzinger and Kreis- 

selmeier (1975) presented approaches which implemented the Fletcher-Powell gradient algorithm 

to minimize the cost over the reduced-order model parameters for a multi-input, multi-output 

(MIMO) system. Aplevich (1973) and Mishra and Wilson (1980) proposed similar approaches 

based on the steepest descent algorithm. Using the pole-residue form of the transfer function. 

Bryson and Carrier (1990) obtained analytical expressions for the first and second order derivatives 

of the cost function and proposed a Newton-Raphson algorithm for the optimal model reduction 

of a single-input, single-output (SISO) system. By reformulating the cost function for a SISO 

system and exploiting its relationship with the coefficients of the transfer function. Spanos et al. 

(1990) developed a two-step gradient-descent algorithm to alternately optimize the numerator and 

denominator coefficients of the transfer function of the reduced-order model and this algorithm was 

proved to be globally convergent. 



Recently, several homotopy algorithms were developed for the E<i optimal model reduction 

problem. There are at least three reasons for considering homotopy or continuation methods for 

optimization problems arising in engineering applications. First of all, it is often desired to find 

solutions for various values of some set of parameters describing the problem. These parameters 

can determine the description of the nominal plant, the input authority (in control problems), the 

amount of system uncertainty, etc... Homotopy methods can be much more efficient in generating 

these sets of solutions than alternative methods due to the use of prediction steps. (To highlight 

the importance of the predicition step, various prediction options are illustrated for the homotopy 

algorithm of this paper via an example.) Secondly, if formulated properly, each intermediate point 

along a homotopy path has some physical meaning which is useful if the optimization procedure 

is forced to stop before final convergence. Thirdly, a homotopy path is not a descent path, hence 

differentiating homotopy methods from most alternative techniques. For nonconvex problems the 

quickest path to a solution may not be a descent path and hence a homotopy method may actually 

have faster convergence. 

The first homotopy algorithms for Hi optimal model order reduction were based on directly 

solving the corresponding optimal projection equations (Zigic et al. 1992,1993a). These algorithms 

are numerically robust. However, they suffer from the curse of large dimensionality; that is, the 

corresponding homotopy parameter vector is very large if the original model is large. Hence, these 

algorithms are intractable for large scale problems. 

The above deficiencies led to the development of homotopy algorithms directly based on the 

gradient expressions (Ge et al. 1993a, 1993b). In these schemes, the parameter vector p represents 

the reduced-order model. In order to keep the dimension of p relatively small and to avoid high order 

singularities along the homotopy path, minimal-order parameterizations of the reduced-order model 

were considered. Because of the reduction in the number of parameters, the resulting algorithms 

are often more efficient than the original algorithms based on the optimal projection equations. 

However, since the assumed parameterization may fail to exist or lead to ill-conditioning related to 

the insistence on using the minimal number of parameters, these resulting algorithms sometimes fail 

or have very poor convergence properties. One alternative approach proposed by Ge et al. (1993b) 

is to develop an algorithm that utilizes several minimal parameter homotopies and is capable of 

switching to an alternative parameterization if ill-conditioning is encountered with the current 

parameterization. A second approach is to develop an algorithm based on the optimal projection 

equations that efficiently exploits some of the inherent structure in the matrix design equations and 



hence reduces the effective size of the homotopy parameter vector in the spirit of the homotopy 

algorithm described in Collins et al. (1993). 

This second approach is pursued in this paper. In particular, in order to compute the homo- 

topy curve tangent vectors and the correction steps, the algorithm described here avoids explicit 

computation and inversion of the Jacobian of the homotopy map as in the homotopy algorithms 

of Zigic et al. (1992,1993a). (It should be acknowledged that Zigic et al. (1992,1993a) does not 

exactly invert the Jacobian of the homotopy map, but it does perform an operation that has an 

equivalent computational burden.) Instead, the algorithm developed here computes the tangent 

vectors and corrections by solving two Lyapunov equations mutually coupled by linear operators. 

These equations are efficiently solved using the results of Richter et al. (1993) which exploits the low 

rank properties of the coupling terms. The resultant computational savings over the computational 

requirements of the algorithms of Zigic et al. (1992,1993a) are roughly equivalent to those obtained 

by computing a solution to a Lyapunov equation via a matrix method (e.g., Brewer (1978) and 

Lancaster and Tismenetsky (1985)) versus computing a Lyapunov equation solution via solving 

the associated linear matrix equation Ax = b where x is a vector representing the independent 

elements of the solution to the Lyapunov equation. 

It should be mentioned that the homotopy algorithms of Zigic et al. (1992,1993a) are based on 

arc length and hence allow for singular Jacobians. Hence, they do not assume that the homotopy 

curve is monotonic with respect to the homotopy parameter. The algorithm here does assume 

monotonicity. It appears to be possible to extend the algorithm to relax this assumption by using 

a technique related to that developed by Zigic et al. (1993b). However, this is a subject of future 

research. 

The focus of this paper is on computational efficiency. Rigorously proving the existence of the 

homotopy path that we formulate is beyond the scope of the current paper but is currently being 

considered in research being performed at the Virginia Polytechnic Institute and State University 

by Prof. Layne Watson and his students. However, in our computational experience, the homotopy 

path has always existed. 

The paper is organized as follows. Section 2 presents the optimal projection equations for the 

Ei model reduction problem. Section 3 gives a brief synopsis of homotopy methods. Kext, Section 

4 develops a new homotopy algorithm for optimal model reduction design based on the optimal 

projection equations. Section 5 illustrates the algorithm with three illustrative examples. Finally, 



Section 6 presents the conclusions. 

Nomenclature 

IE expected value 

R",Rmx" n x 1 real vectors, m x n real matrices 

Y > X Y - X is nonnegative definite 

Y > X Y — X is positive definite 

Xij or Xij (hj) element of matrix X 

X^ Moore-Penrose generalized inverse of matrix A" (Rao and Mitra 1971) 

X* Group inverse of matrix X (Rao and Mitra 1971) 

IT r x r identity matrix 

tr X trace of square matrix X 

||A'||F, ||A||A Frobenius norm (||A||p = tr XA'T),   absolute norm (||A"||A = max.-jlA'ijI) 

vec(-) the invertible linear operator defined such that 

vec(S)±[s? sj.-.s^, S6KP*\ 

where Sj € Rp denotes the jih column of S. 

em' the m-dimensional column vector whose ith element 

equals one and whose additional elements are zeros. 

X(:,k) kth column of the matrix A (MATLAB notation) 

Snxri the space of symmetric matrices in Rnx" 

X2Snxn SmxSnx" 

2.       The Optimal Projection Equations for Hn Model Reduction 

Consider the nth-order. stable, linear time-invariant plant 

x{t) = Ax{t) + Bw{t), (2.1a) 
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y(t) = Cx{t), (2.16) 

where (A,B,C) is controllable and observable, x(t) £ Rn,w(t) € Rm is a white noise process with 

positive-definite intensity V, and y(t) € R'. For a given nm < n, the goal of the optimal fixed-order 

model-reduction problem is to determine an n^-order model 

im(0 = Amxm(t) + Bmw(t), (2.2a) 

ym(t) = Cmxm(t), (2.26) 

where xm(t) G Rnm ,  ym(t) € R', which minimizes the steady-state quadratic model error criterion 

J(Am,Bm,Cm) = )irn E[(y - ym)'TETE(y - ym)), (2.3) 

where E is an error weighting matrix and R = ET E is positive definite. To guarantee that J is 

finite, it is assumed that A is asymptotically stable and since the value J is independent of the 

internal realizations of the reduced-order models, we restrict our attention to the set of reduced- 

order models, <S+ = {(Am,Bm,Cm) ■ Am is asymptotically stable, (Am,Bm) is controllable and 

(Am,Cm) is observable}. 

Next, forming the augmented system consisting of (2.1) and (2.2] 

Z(t) = Äi{t) + Bw(t), 

y(t) = Cx(t), 

where 

Ä* 

i(t) = 

A      0 
0        A„. 

x(i) 
xm(t) 

B 

,     y(t) £ y(t) - ym(t), 

C=[C       - Cm], 
B 

B-m 

allows the cost (2.3) to be expressed as 

J(An,Bm,Cm) = Hm E[iT(t)Äi(i)], 

where R = CTRC. Next, introduce the weighted performance variables 

z(t) = E(y(t)-ym(t)) = Ex(t), 

where E = [EC     - ECm). Also define the transfer function from w to z by 

H(s)±E{sIh-Ä)-lB, 

5 

(2.4a) 

(2.46) 

(2.5a] 



where n — n + nm. 

Then, it follows that if the augmented system A is asymptotically stable, (2.5a) is given by 

1     f°° 
J(Am,Bm,Cm)=\\H(s)\\l±—J_    \\H(ju>)\\l<L> =  trQR= trPV, (2.56) 

where Q = limt_cc IE[x(t)ä;T(Z)] is the steady-state augmented system covariance, P is its dual, 

and V = BVBT. Furthermore, Q and P satisfy the respective Lyapunov equations 

0 = ÄQ + QÄT + V, 

0 = ATP + PA + R. 

{2.6a) 

(2.66) 

Before presenting the main theorem we present a key lemma concerning nonnegative definite 

matrices and several definitions. 

Lemma 2.1.   (Bernstein and Haddad, 1990).       Suppose Q  G R"*n and P € Rnxn are 

symmetric and nonnegative-definite and rank QP — nm. Then, the following statements hold: 

(i) The n X n matrix 

T^QP(QP)*, (2.7) 

is idempotent, i.e., r is an oblique projection and rank r = nm. 

(ii) There exist G.T € Rn™xn and nonsingular M € Rn"xn™ such that 

QP = GTMT, 

rcT = h  . 

(2.8) 

(2.9) 

(Hi) Finally, if rank Q = rank P = rank QP = nm, there exists a nonsingular transformation 

W e Rnxn such that 

Q = W 

P = W~r 

where Ü £ Rn-"XTi'" is diagonal and nonsingular. 

6 

"fi 0" 
0 0 

\Q 0" 
0 0 

w\ 

M 7-1 

(2.10a) 

(2.106) 



Definition 2.1. A triple (G,M,T) satisfying property («) of Lemma 2.1 is a projective fac- 

torization of QP. 

Definition  2.2.   A model (Am)JBm,Cm) is an extremal of the optimal fixed-order model- 

reduction problem if it satisfies the first order necessary conditions of optimality, i.e., 

dJ       n       9J       n       dJ       n 

dAm       '     8Bm        '     8C 

where J(Am,Bm,Cm) is defined by (2.3). 

Definition 2.3. A model (Am,Bm,Cm) is an admissible extremal of the optimal fixed-order 

model-reduction problem if it is an extremal and is also in «S+, i.e., the reduced-order model is 

asymptotically stable, controllable and observable. 

Finally, define the positive-definite controllability and observability Gramians 

Wc=  /     eAtBVBTeA  <dt, (2.11) 
Jo 

W0± /    eA  tCTRCeAtdt, (2.12) 
Jo 

which satisfy the dual Lyapunov equations 

0 = AWC + WCA
J + BVBT, (2.13) 

0 = ATW0 + W0A + CrRC. (2.14) 

Theorem 2.1. (Hyland and Bernstein, 1985). Suppose (Am,Bm,Cm) is an admissible 

extremal of the Ho optimal model-reduction problem. Then there exist n x n nonnegative-definite 

matrices Q,P such that, for some projective factorization (G.M.T) of QP. Am.Bm and Cm are 

given by 

Am=rAGT,    Bm = rB,    Cm = CGJ, (2.15a, b,c) 

and such that Q,  P satisfy 

0 = AQ + QAr + BVBr -T±BVB
T

TJ, (2.16) 

0 = ATP + PA+CrRC -TIC
T
RCT1, (2.17) 

rank Q =  rank P =  rank QP = nm, (2.18) 



where r is given by (2.7) and r± = In - r. Furthermore, the minimal cost is given by 

J(Am,Bm,Cm) = tr [CTRC(WC - Q) = tr [BVBr(W0 - P)]. (2.19) 

Conversely, if there exist n x n nonnegative-definite matrices Q and P satisfying (2.16)—(2.18) 

then the reduced-order model (Am,Bm,Cm) given by (2.15) is an extremal of the optimal fixed- 

order model reduction problem. Furthermore, Am is asymptotically stable if and only if (A, E) is 

detectable. In this case, (Am,Bm) is controllable and (Am,Cm) is observable. 

Remark 2.1.    Partitioning Q and P given by (2.6a) and (2.6b), respectively, as 

Q = 

p = 

Qi     Qn 
Qn     Qi 

,Qi ERnxn,Q2 6RnmXnm, (2.20) 

Pi      Pl2 
P?2       Pi 

,Pi € R"X",F2 € R"mXnm, (2.21) 

it follows from Hyland and Bernstein (1985) that Q and P given by (2.16) and (2.17) can be 

expressed as 

Q = QuQ2lQu, (2.22) 

and 

P = P12P2"
1P1

T
2, (2.23) 

respectively. 

Theorem 2.1 shows that one can compute an optimal reduced-order model by solving a set of 

coupled, modified Lyapunov equations (2.16) and (2.17) subject to the rank condition constraints 

(2.18). One approach to find a solution of (2.16) and (2.17) is based on homotopy methods. 

3.     Homotopy Methods for the Solution of Nonlinear Algebraic Equations 

A "homotopy" is a continuous deformation of one function into another. Over the past several 

years, homotopy or continuation methods (whose mathematical basis is algebraic topology and 

differential topology (Lloyd 1978)) have received significant attention in the mathematics litera- 

ture and have been applied successfully to several important problems (Avila 1974. Wacker 1978, 

Alexander and Yorke 1978, Garcia and Zangwill 1981, Eaves, et al. 1983, Watson. 1986). Recently, 

the engineering literature has also begun to recognize the utility of these methods for engineering 

applications (see e.g., Richter and DeCarlo 1983, 1984, Turner and Chun 1984, Dunyak et al. 1984, 

Lefebvre et al.   1985, Sebok et al.   1986, Horta et al.   1986, Kabamba et al.   1987. Shin et al. 



1988, Rakowska et al. 1991). The purpose of this section is to provide a very brief description of 

homotopy methods for finding the solutions of nonlinear algebraic equations. The reader is referred 

to Watson (1986, 1987), and Richter and DeCarlo (1983) for additional details. 

The basic problem is as follows. Given sets U and V contained in R" and a mapping F: U —» V, 

find solutions u € U to satisfy 

F(u) = 0. (3.1) 

Homotopy methods embed the problem (3.1) in a larger problem. In particular let H:U x [0,1] -* 

Rn be such that: 

1) H(u,l)=F(u). 

2) There exists at least one known u0 € Rn which is a solution to H(-,0) = 0, i.e., 

#(u0,0) = 0. (3.2) 

3) There exists a continuous curve (u(A), A) in Rn x [0,1] such that 

J7(u(A),A)=0for A<E [0,1], (3.3) 

with 

(u(0),0) = (uo,0). (3.4) 

4) The curve (u(A), A) is differentiable. 

A homotopy algorithm then constructs a procedure to compute the actual curve such that the 

initial solution u(0) is transformed to a desired solution u(l) satisfying 

r 

0 = H(u{l).l)=F(u(l)). (3.5) 

Now, differentiating H(u(X),X)= 0 with respect to A yields Davidenko's differential equation 

dH du     dH     n 

-du-Tx + Jx=^ (3-6) 

which together with u(0) = u0. defines an initial value problem. The desired solution u(l) is then 

obtained by numerical integration from 0 to 1. Some numerical integration schemes are described 

in Watson (1986, 1987). 



4.    A Homotopy Algorithm for Hi Optimal Reduced-Order Modeling 

This section first introduces a homotopy map based on the optimal projection equations and 

then presents the linearly coupled Lyapunov equations that must be solved for the prediction 

and correction steps. Next, the homotopy algorithm for the optimal model reduction problem is 

presented. FinaDy, the initialization of the homotopy algorithm is discussed in detail. 

4.1.    The Homotopy Map 

To define the homotopy map we assume that the plant matrices (A,B,C), the error weighting 

matrix R and the disturbance intensity matrix V are functions of the homotopy parameter A £ [0,1]. 

In particular, it is assumed that 

A(A)    5(A) 
C(A)      0 = 

Ao    Bo 
Co     0 . + K 

'Aj    Bj' 
Cf     0 

- 'Ao    BQ' 

Co     0 ). 

Ä(A) = Ro + \{Rj - Äo), 

V{\) = V0 + X(Vf - V0). 

(4.1) 

(4.2) 

(4.3) 

Note that the above equations imply that A(0) = Ao,  B(0) = Bo, ..., V(0) = Vo, and that 

A(l) = Aj,  .B(l) = Bj, ..., V(l) = Vf. For notational simplification, we also define 

S(A) = B(X)V(X)BL(X),    E(A) = CT(A)Ä(A)C(A). (4.4a, b) 

The homotopy formulation 0 = H((Q(X),P(X)), A) is thus given by 

0 = A(X)Q(X) + Q(X)A(X)T + r(A)S(A) + S(A)rT(A) - r(A)E(A)rT(A), 

0 = A(A)TQ(A) + Q(X)A(X) + rT(A)S(A) + S(A)r(A) - rT(A)S(A)r(A), 

where 

rank (5(A) =  rankP(A)=   rank Q(X)P(X) = nm, 

T(X) = Q(X)P(X)IQ(X)P(X)]#, 

and A £ [0.1]. 

(4.5) 

(4.6) 

(4.7) 

•(4.8) 

4.2.     The Derivative and Correction Equations 

The homotopy algorithm presented later in this section uses a predictor/corrector numerical 

integration scheme. The prediction step requires derivatives (Q{X),P(X)), where M = ^, while 
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the correction step is based on using a Newton correction, denoted as (AQ,AP). Before con- 

structing the derivative and correction equations, we state the following useful properties about the 

contragredient transformation of (Q,P). 

Using Lemma 2.1, equations (4.7) and (4.8) imply that 

Q(X) = W(X)A(X)WT(X) = W1(X)Q(X)W^(X), 

p(X) = UT(X)A(X)U(X) = t/1(A)n(A)f/1
T(A), 

and 

where 

T(X) = W(X) hm    0 
0      0 

U(X) = W1(X)U?(X), 

(4.9) 

(4.10) 

(4.11) 

W(X) = [W1(X)    W2{X)},    WX(X) € RnXn">,  W2(X)eRnX(n-n"'\ 

uw = U?(X) ,    C/i(A)GRnXnm,  C/2(A)€Rnx(n-n-), 

U(X) = W~1(X), 

or, equivalently, 

A(A) 

U(X)W(X) = In, 

,   fi(A)€Rn'»*n'", 
fi(A)    0 

0       0 

(4.12a) 

(4.126) 

(4.13) 

and Cl(X) is diagonal and positive definite.   For notational simplicity, we omit the argument A in 

what follows. 

The derivative equations, obtained by differentiating (4.5) and (4.6) with respect to A, are given 

bv 

and 

0 = AUQ + QAl + RQ{Q.. P) + R?(Q. P) + V^ + V?, 

0 = AlP + PAW + Rp(Q, P) + RT
p(Q,P) + Vp + Vl. 

(4.14; 

(4.15) 

The correction equations, derived similarly by using the relationship between Newton's method 

and a particular error homotopy, are given by 

and 

0 = AUAQ + AQAl + RAQ(AQ. AP) + j£*(AQ, AP) + £V 

0 = AlAP + APAW + RAp(AQ, AP) + RT
AP(AQ, AP) + E'p. 

(4.16) 

(4.17) 

11 



The detail derivation of (4.14)-(4.17) and the definitions of all the coefficients are described in 

Appendix A. Comparing (4.16)-(4.17) with (4.14)-(4.15) reveals that the derivative and correction 

equations are identical in form. Each set of equations consist of two coupled Lyapunov equations. 

Since these equations are linear, using Kronecker algebra (Brewer 1978) and exploiting the rank 

condition (2.18) of Q and P, they can be converted to the vector form Ax = b where for (4.14)- 

(4.15) x is a vector consisting of the independent elements of Wx,Ui and Ö. Hence. A is a (2nnm + 

n2
m) x (2nnm + n2

m) matrix and must be inverted to compute x- Thus, inversion is hence very 

computationally intensive for even relatively small problems (e.g., n = 10, nm = 6). 

Fortunately, the coupling terms RQ and Rp which are linear functions of (Wu U\, tl) or, equiv- 

alent^', (Q,P) in (4.14) and (4.15), respectively, have relatively low ranks. Hence, the technique of 

Richter et al. (1993), which exploits this low rank property, can be used to efficiently solve equa- 

tions (4.14) and (4.15) (or, equivalently, (4.16) and (4.17)). In particular, this solution procedure 

which is detailed in Appendix B, requires an inversion of a square matrix of dimension nm(m + /), 

which is identical to the dimension of the homotopy Jacobian inverted in the minimal parameteri- 

zation approach (Ge et al. 1993a,1993b). Hence, the computational efforts required by the present 

approach are comparable to that required by a minimal parameter homotopy. 

Also, note that if the homotopy path exists, the solution to the coupled Lyapunov equations 

will be weD-posed. Hence, the matrices Au and Aw in (4.14)-(4.17) will have the property that any 

two eigenvalues of a given matrix will not sum to zero. 

4.3.     Overview of the Homotopy Algorithm 

Below, we present an outline of the homotopy algorithm. This algorithm describes a predic- 

tor/corrector numerical integration scheme. In order to force the rank conditions (2.18) of Q and 

P during intermediate steps, we use the following scheme to update (Q,P) along the homotopy 

path. First, using (A.15)-(A.17) and (A.29)-(A.31) and the algorithms described in Appendix C. 

the prediction (Q,P) and correction (AQ.AP) are converted to (Wi,Üi,Q,) and (AH'j, Ab\, Aft), 

respectively. Note that Q. and AQ. are forced to be nm x nm diagonal matrices with this formu- 

lation. Next, we update (Wi,Ui,£l) with these predictions/corrections. Finally, new (Q.P) are 

constructed with updated (Wi.Uj.tl) using (4.9) and (4.10) and the rank conditions (4.7) are 

maintained. 

There are several options to be chosen initially. These options are enumerated before presenting 
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the actual algorithm. Note that each option corresponds to a particular flag being assigned some 

integer value. 

4.3.1.     Prediction Scheme Options 

Here we use the notation A0, A_a, and Aj representing the values of A at respectively the current 

point on the homotopy curve, the previous point, and the next point. Also, M - dM/dX and 0(A) 

is a vector representation of (Wi(\), Ui(X),Q(X)). 

pred — 0. No prediction. This option assumes that 9(\\) = 0{XQ). 

pred = 1.   Linear prediction.   This option assumes that 0{Xi) is predicted using 6(X0) and 

0(AO), i.e., 0(Aj) = 0(AO) + (X1 - Ao)0(Ao). 

pred = 2. Cubic spline prediction. 

This prediction of 0(X1) requires Ö(A0),Ö(A0),Ö(A_1), and 0(A_j). In particular, 

vec[0(Ai)] = a0 + aiAi + a2X\ + a3X\, 

where ao,ai,a2, and 03 are computed by solving 

[ao ai a2 03I 

10 10 
A_i        1 A0      1 
A2_x    2A_a XI    2A0 

A_j      oA^j AQ      OAQ _ 

rvec[ö(A_a)]-T 

vecf^A.j)] 
vec[0(Ao)] 
vec[ö(A0)] J 

Note that if Ö(A_j) and O(X-i) are not available (as occurs at the initial iteration of the homotopy 

algorithm), then 6(Xi) is predicted using linear prediction, i.e., 

6(Xl) = 0(Xo) + (Xl-Xo)d(Xo). 

4.3.2.       Basis Options for Solving the Coupled Lyapunov Equations 

The main computational burden of the algorithm given below is the solution of the coupled 

Lyapunov equations (4.14) and (4.15) or, (4.16) and (4.17) at each prediction step or correction 

iteration. Efficient solutions of these equations, as described in Appendix B, makes the algorithm 

feasible for large scale systems. The most desired solution procedure is based on diagonalizing 

the coefficient matrices Au and Aw of the coupled Lyapunov equations. This is usually possible. 

However, it is also possible that this diagonalization will be intractable for some points along the 
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homotopy path. A numerical conditioning test is embedded in the program to determine whether 

the coefficient matrices are truly diagonalizable. If they are not, then the coupled Lyapunov 

equations are solved using the Schur decomposition. A second option relies exclusively on the 

Schur decomposition. 

basis = 1. Au and Aw are diagonalized when solving (4.14)-(4.15) or (4.16)-(4.17). 

basis = 2. Au and Aw are in Schur form when solving (4.14)-(4.15) or (4.16)-(4.17). 

4.3.3.     Outline of the Homotopy Algorithm 

Step 1. Initialize loop = 0, A = 0, AA € (0,1], S = S0, (Q,P) = (Qo,Po)- 

Step 2. Let loop = loop + 1. If loop = 1, then go to Step 4. 

Step 3. Advance the homotopy parameter A and predict the corresponding Q(A) and P(A) as 

follows. 

3a. Let Ao = A. 

3b. Let A = A0 + AA. 

3c. lipred > 1, then perform the next step to compute Q(A0) and P(A0) according to (4.14) 

and (4.15). Else, let Q{\) = Q{X0) and F(A) = P(A0) and go to step (4), i.e., no prediction 

is performed. 

3d. Transform Au and Aw into suitable matrix form by using the option defined by basis, then 

solve (4.14) and (4.15) as described in Appendix B. 

3e. Compute (H;i(A0). ÜI(X0)M(XQ)) from (<>(A0), P( A0)) by using (A.15)7(A.17) and the pro- 

cedure described in Appendix C. 

3f. Predict (VTi(A), f/1(A),Q(A)) by using the option denned by prtd. 

3g. Compute (Q(A), P(A)) from (W'i(A), l\{\).tt{\)) using (4.9) and (4.10). 

Step 4. Correct the current approximations Q(X") and F(A") as follows. 

4a. Compute the errors (E^.Ep) in the correction equations (A.24)-(A.25). 

4b. Transform Au and Aw into suitable matrix form by using the option denned by basis, then 
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solve (4.16) and (4.17) as described in the Appendix B for AQ and AP. 

4c. Compute (AWU &UU Afi), from (AQ,AP) by using (A.29)-(A.31) and the algorithms 

described in Appendix C. 

4d. LetWi(A)«—Wi(A) + AW!,    tfi(A) — Ui(\) + AUU    fi(A) — fi(A) + AÜ. 

4e. Compute (0(A), P(A)) from (Wi(A), t/i(A),ft(A)) using (4.9) and (4.10). 

4f. Recompute the errors (£^,£p  in  the correction equations  (A.24)-(A.25).     If the 

max (|S(A)if ' limu ) < <5"' wnere ^ is some preassigned correction tolerance, then 

set A0 = A, and adjust next step size AA according to the number of the correction steps 

required to converge before going to Step 3b. Else, if the number of corrections exceeds a 

preset limit, reduce AA and go to Step 3b; otherwise, go to Step 4b. 

Step 5. If A = 1, then stop. Else, go to Step 2. 

Note that the algorithm described above allows the step size (AA) to vary dynamically de- 

pending on the speed of convergence which is gauged by the number of the correction steps. If 

the number is small (e.g., < 3), we increase (e.g., double) the previous step size when computing 

the next step. If it takes many steps to converge (e.g., > 10), or does not converge, the step size 

is reduced (e.g., in half). 6" in Step 4f is a preassigned correction error tolerance which can be 

assigned with two values in the program. One is the intermediate correction error tolerance which 

is used when A < 1. The other value is the final correction error tolerance which is usually smaller 

and is used when A = 1. The choice of the magnitudes of theses tolerances are problem dependent. 

In general, the intermediate correction tolerance is desired to be reasonably large to speed the 

homotopy curve following. However, the algorithm may fail to converge if these tolerances are too 

large. The final correction tolerance is usually small to ensure the accuracy of the final results. 

4.4.     Initial System Selection 

In this subsection, we discuss the importance of the homotopy initialization and some guidelines 

for choosing the initial, system matrices. It is assumed that the designer has supplied a set of 

system and weighting matrices, Sj = (Af,Bj.Cj,Rf,Vf) describing the optimization problem 

whose solution is desired. In addition, it is assumed that the designer has chosen an initial set 

of related system matrices So = ( AQ. BQ.CQ. RQ,VQ) thai has an easily obtained (Qo,Po) which 

is either a solution or a good approximation to the solution of the optimal projection equations 
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corresponding to the initial system (i.e., (4.5)-(4.8) with A = 0). 

While in general homotopy methods ease the restriction that the starting point be close to some 

optimal of the optimization problem, the initial guess does affect the performance of the homotopy 

algorithm. An algorithm with an initial estimate close to the optimal solution usually converges 

fast. Furthermore, different initial systems may lead to different results. However, as illustrated 

by Example 5.1 below, an initial system with lower cost than an alternative initial system will not 

always lead to an optimal reduced-order model with lower cost. Below we describe an initialization 

approach utilizing component cost analysis in balanced coordinates (Kabamba 1985, Skelton and 

Kabamba 1986), to select the initial system matrices 50. A similar approach is presented in Ge et 

al. (1993a, 1993b). 

4.4.1.     Initialization Algorithm 

(i) Perform a balanced transformation (Moore 1981) on the given system: xb = Tbx such that 

the controllability and observability Gramians in the balanced coordinates are given by 

Wc,b = W0yb = diag (cri,cr2,.-,crri), and ax > a2... > crn. 

(it) Denoting the balanced realization by (Ab,Bb,Cb), compute the component cost for the in- 

state xbji in balanced coordinates: vb,i = cr,-C7(:,i)C|,(:,i), where Cb(:,i) is the ith column 

ofCfc. 

(Hi) Perform a permutation transformation on the balanced state vector xa = Taxb such that in 

the new coordinates, the component cost is sorted in a descending order, or, equivalently, 

va,i > faj for i < j, where vQi,- is the component cost associated with ia,,-. 

(iv) Denoting (Aa,Ba<Ca) the triple after the above transformation, partition 

Aa = 
Aa,U Aa.12" ,  Ba = 

Ba.l 

A0,21 -4<2,22 . .Ba.2 
■  Ca — [CQ,i Cs.oJ. 

where AQ,„ € R""1 XTlm ,B0,i € Rn"*xm.C„,i € R,xn"\ Note that the triple (Aftill,jB0,i, 

C0,i) is a reduced-order model by using component cost analysis in balanced coordinates. 

(vj Choose the initial system matrices in the sorted component, cost coordinates as 

Aa,o = 
Aa.ll 0 

0       Aa,22 
,  Bao = 

■BQ,i 

0 
5    ^0,0 = [CQ,i   0]. 

where Aa,n, Aa,22,jBa,i, and Ca,\ are given in {iv). The initial system triple (Ao,5o,Co) is 

obtained by transforming (Aa,o,-Baio,Ca,o) back into the original coordinates using Ta and 
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Tb. Next, form an augmented system consisting of (A0,B0,Co) and (Aa,u,Batu,Ca,n) 

and compute the initial guess Q0 and P0 using (2.22) and (2.23), respectively. Since 

(Ao, B0, Co) is a nth- order nonminimal model whose minimal realization can be represented 

by a minimal n^-order triple {Aa,\i,Batn,Ca,\\), (Qo,Po) is a solution of the optimal 

projection equations corresponding to the initial system (i.e., (4.5)-(4.8) with A = 0). 

Remark 4.1.    Another option for choosing the initial system is based on the triple (Ab, Bb,Cb) 

obtained in (ii) which describes the system in balanced coordinates. In particular, partition 

Ak = 
.^<>,21      ^6,22 

,  Bb = 
Bb,\ 
Bb,2 

, Cb = [Cb,i Cbj], 

where Ab,n € RnmXnm,BbA € Rn-xm,Cfc,i G R'xn™. Note that the triple (i46,„,5M,CM) is 

a reduced-order model by using the balanced reduction method (Moore 1981). Now, follow the 

procedure stated in (v) to construct (Ao,Bo,Co) and (Qo,Po) in the original coordinates. 

5.    Illustrative Numerical Examples 

This section contains results and observations obtained on three examples. It is assumed 

V = R = I for each example and the cost J is computed using (2.5b). Using these examples, 

we compare different algorithm options. In particular, we desire to compare the the speed of the 

algorithm with various prediction options and with the two basis options for solving the coupled 

Lyapunov equations. The comparison are all based on a MATLAB implementation of the algorithm 

and the program in each case was run on a 386, 40 MHz PC. Unless otherwise stated, the initial 

system So and the initial estimate (Qo, PQ) for all the solutions are determined using the algorithms 

described in Section 4.4.1. 

Example 5.1. (Villemagne and Skelton 1987).    The system given by 

A 
1 3 0 " 
1 -1 1 

-5 -4 
B = 

-2 
2 
4 

C = [1 0 0], 

is to be reduced to an optimal l*'-order model. We follow the algorithm described in Section 

4.2 and perform a suboptimal model reduction using component cost analysis to construct the 

initial system and initial guess. The corresponding optimal reduced-order model obtained from the 

homotopy algorithm is 

Am = -10.4365,  Bm = -1.5972, Cm = 1.5972. 
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This model yields a cost J = 1.6882, which has the same value as the cost obtained in Zigic et 

al. (1993a). However, if a different initial system which is based on the balanced reduction as 

described in Remark 4.1 is chosen, we obtain 

Am = -0.2863, Bm = 0.8152, Cm = 0.8152. 

This model yields a cost J = 1.2288 which is smaller than the above cost and is the same as the 

cost obtained in Ge et al. (1993a,1993b). Thus, using this example we demonstrate that different 

optimal reduced-order models may be obtained if the initial system is different. This phenomenon 

was also observed by Ge et al. (1993a,1993b). 

Example 5.2. (Hickin and Sinha 1980).    The following plant 

A = 

-6.2036 15.0540 -9.8726 -376.5800 251.3200 -162.2400 66.8270 

0.5300 -2.0176 1.4363 0 0 0 0 
16.8460 25.0790 -43.5550 0 0 0 0 
377.4000 -89.4490 - 162.8300 57.9980 -65.5140 68.5790 157.5700 

0 0 0 107.2500 -118.0500 0 0 
0.3699 -0.1445 -0.2630 -0.6472 0.4995 -0.2113 0 

0 0 0 0 0 376.9900 0 

" 89.3530 o - 
376.990C )   0 

B = 
0 
0 
0 

0 
0 
0 

,   c = 0 
0 

0 0 0 0 

0 0 0 0 
1 0' 
0 1 

0 0.2113 
0 0  . 

is to be reduced to an optimal 2nd-order model. 

We use this example to illustrate the effects with various prediction options. Table 5.1 shows 

some of the run time statistics of the program for acquiring the optimal reduced-order model 

(nm = 2) for this example when the diagonalizing basis was chosen in solving the coupled Lyapunov 

equations, and various prediction options were used. The table compares the number of floating 

point operations, the actual run time, the number of predictions and corrections performed, and 

the minimum and maximum homotopy step sizes for each prediction option. From the table, note 

that the homotopy path of the option with no prediction advanced extremely slow and the step 

size was reduced to a value less than 10~14. This inefficiency of the homotopy algorithm with no 

prediction is explained using Figure 5.1 and 5.2 which show the behavior of ||Q(A)||F and ||P(A)||F 

with respect to A, respectively, and hence reveal the magnitudes of the changes of Q(X) and P(X) 
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along the homotopy path. Both figures indicate steep slopes of the ||Q(A)||F and ||P(A)||F curves 

when A < 0.2. The option with no prediction actually sets C?(A+AA) = Q(X) and P(A + AA) = P(A), 

which implies that this option predicts the curves of Figures 5.1 and 5.2 advancing horizontally. 

However, these figures show that when A < 0.2 this prediction is very poor. Therefore, as shown in 

Table 5.1, even with an extremely small step size (10~14), it is difficult for the no-prediction option 

to advance at certain points along the homotopy path. 

Prediction 
Option Megaflops 

RealTime 
(sec.) 

Predictions/ 
Corrections 

Minimum 
Step Size 

Maximum 
Step Size 

None > 208 > 3114 > 166 < io-14 0.01 
Linear 33.4 488 59 0.01 0.08 
Cubic 22.8 341 40 0.01 0.16 

Table 5.1. Run-Time Statistics of Example 2 with Intermediate 6' = 5 • 10 -4 

Also, as would be expected, Table 5.1 indicates that the algorithm using the cubic spline 

prediction is more efficient (by about 50%) than the algorithm implementing the linear prediction 

option for this case, and both linear and cubic spline predictions are far more efficient than using 

no prediction at all. The improvement in efficiency with cubic spline prediction increases when 

the intermediate error tolerance is reduced, because in addition to the current data point and its 

gradient used by linear prediction, the cubic spline prediction also utilizes the past data point and 

its gradient along the homotopy path. This additional information becomes more accurate with a 

tighter error tolerance. The ability to predict along the curve described by the changing parameters 

is one of the practical benefits of formulating an optimization problem in terms of a homotopy. 

It should be noted that both the linear and cubic spline prediction cases used the same final 

correction tolerance and yielded the same optimal 2nd-order model: 

An = 
-0.1997 
-0.5044 

0.5045 
-13.2750 

Br 
14.9616    -0.0454 
18.4615     0.3655 :    (~ m   — 

-0.0085     -0.2234 
-14.9617     18.4638 

with a cost J = 23249.3. The normalized output difference between the reduced-order model and 

the original plant, lim,-7.E|(v~ffi)T*("~v'B }1, is 15.2% for optimal reduced-order model and 35.4% 

for the suboptimal reduced-order model obtained by balancing or the component cost analysis in 

balanced coordinates. (For this problem the above two suboptimal reduction methods yield the 

same reduced-order model.) 

Example 5.3. (Collins et al. 1991) The given system is a state space model of the transfer 

function between a torque actuator and an approximately collocated torsional rate sensor for the 

ACES structure (Irwin et al. 1988). This SISO system is of order n = 17 and with the following 
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plant matrices 

A = block-diag( 
-0.0251     3.8433 
-3.8433    -0.0251 

-0.0368 
-4.9057 

4.9057 
-0.0368 

-0.0485     8.9654 " 
-8.9654    -0.0485 

-0.0649     12.0770 
-12.0770    -0.0649 

-0.4281     14.6984 
-14.6984    -0.4281 

-0.1351     15.4179 
-15.4179    -0.1351 

-5.1522     51.4577 
-51.4577    -5.1522 

-0.0320     73.5133 
-73.5133    -0.0320 

,-92.3998), 

BT = [0.0017 0.0436   -0.0031 0.0178 0.0117 0.0415   -0.0162 0.0148   -0.0529 

-0.2765   -0.2988   -0.0188 0.4444 1.7120   -1.6142   -2.6348   - 4.8879 • 10-4], 

C = [-0.0177 0.0266 0.0097 0.0878   - 0.0057 0.0133   - 0.0152 0.0264 0.0037 

-0.0090   -0.0051 0.0181 0.0165 0.0052   -0.0077 0.0026 184.7996]. 

An optimal reduced-order model with nm = 6 is obtained 

Am — 

r -0.0386 73.5136 0.0083 0.0227 -0.0381 -0.0303 I 
-73.5136 -0.0253 -0.0059 -0.0212 0.0345 0.0220 
-0.0083 -0.0059 -0.0055 -3.8545 0.2623 0.0228 
0.0227 0.0212 3.8545 -0.0541 0.1001 0.5725 

-0.0381 -0.0345 -0.2623 0.1001 -0.1879 -15.3794 
L   0.0303 0.0220 0.0228 -0.5725 15.3794 -0.0970 J 

Bm = 

r -0.1229 
-0.0995 
-0.0123 
0.0386 

-0.0640 
0.0456 J 

This model vields a cost J = 6.9521 • 10 -5 

CT. 

-0.1229 
0.0995 
0.0123 
0.0386 

-0.0640 
-0.0456 

Table 5.2 shows a comparison of the algorithms for solving the optimal reduced-order model 

(nm = 6) for this example when the linear prediction is chosen and various basis options were used 

in solving the coupled Lyapunov equations. The results indicate that the diagonalizing option saves 

about 50% of computation time over the Schur-form option for this particular example. 

Basis 
Option Megaflops 

RealTime 
(sec.) 

Predictions 
& Corrections 

Diagonal 145 897 14 
Schur Form 310.5 1343 14 

Table 5.2. Run-Time of Example 5.3 using Different Basis in Solving Coupled Lyapunov Equations. 
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As noted in Zigic et al. (1993a), it took 77 hours to solve for an optimal reduced-order model 

for this example using a DEC work station. The efficient solver for the coupled modified Lyapunov 

equations and the selection of the initial estimates near the optimal solution significantly reduce 

the computational time (to about 15 to 25 minutes on a 386, 40 MHz PC, depending on the basis 

option). In particular, to solve for the 6t/l-order optimal model which has n = 17, nm = 6, / = 

m = 1, the approach described in Appendix B requires solving m. = nm(m + I) — 12 Lyapunov 

equations and inverting a 12 x 12 matrix for each prediction or correction step which averaged 

about 13.7 Megaflops operations (Schur form basis). On the other hand, the approach proposed in 

Zigic et al. (1993a) involves the computation of the kernel of a Jacobian matrix for each tangent 

vector computation. The Jacobian is constructed by exploiting the rank condition (2.18) and has 

a dimension of 2nnm + n2
m rows and 2nm + n2

m + 1 or, a 240 x 241 matrix for this example. 

The kernel is found by computing a QR factorization of the Jacobian matrix then using a back 

substitution. By simulation, a typical flop counts for the MATLAB's QR decomposition for a real 

n x (n + 1) matrix is about 3n3, which implies about 40 Megaflops for the QR decomposition of 

the Jacobian matrix for this example. This simple analysis illustrates the improved efficiency of 

the the approach proposed in this paper over previous homotopy approaches based on the optimal 

projection equations. Increased efficiency was also due to better selection of the initial system. 

6. Conclusions 

This paper has presented a new homotopy algorithm for the synthesis of #2 optimal reduced- 

order models based on directly solving the optimal projection equations. The previous optimal 

projection equations based homotopy algorithms (Zigic et al. 1993a) are numerically robust but 

suffer from large dimensionality. The number of variables associated with this approach is of order 

nnm. By parameterizing the reduced-order model, the gradient-based homotopy algorithms (Ge et 

al. 1993a.1993b) are more computationally efficient, but may cause numericaHll-conditioning. By 

using the results of Richter et al. (1993) to efficiently solve a pair of coupled Lyapunov equations, 

the effective number of variables associated with this approach is reduced to nm{m + I), which 

is identical to the dimension of the homotopy Jacobian inverted in the minimal parameterization 

approach of Ge et al. (1993a, 1993b). The examples of the previous section illustrated some of the 

features of the various algorithm options and some effects of the initialization schemes. 

21 



Appendix A.      Formulation of the Derivative and Correction Equations 

Before deriving the derivative and correction equations (4.14)-(4.17), we state the following 

useful properties about the derivatives of the contragredient transformation of {Q, P). 

Note that it follows from (4.9)-(4.11) that r(A) can be expressed as 

r(A) = Q(X)Ur(X)A\X)U(X) = Q(A)f/1(A)Q-1(A)t/1
T(A), (A.l) 

or 

r(A) = W(X)A\X)Wr(X)P(X) = W1(A)$r1(A)W'1
T (A)P(A), (A.2) 

where 

Af(A) 
fi-1(A)    0 

0        0 
(A.3) 

The representations of r(A) given by (A.l) and (A.2) are used below as a convenient way of ex- 

pressing the derivative equations partially in terms of Q(X) and P(A) as opposed to expressing the 

derivative equations only in terms of Wi(X), Ui(X), and 0(A). 

Differentiating (A.l) or (A.2), gives the following expressions for f 

f = C)U&-lV? + QiÜrü-K^ + C/jft-1^-1 + [/1fl-1J71
T), (A.4) 

or 

f = W^WfP + (Wiü-'W? + ^fi-^fi^Wf + W.Ü-'W^P, (A.5) 

with 
<m -i 

jx    =-[fi-1]2Ü = -Q-1nn-1, (A.6) 
dX 

since f> is diagonal.   Below, we derive the matrix equations that can be used to solve for the 

derivatives and corrections. 

A.l.       The Derivative Equations 

Differentiating (4.5) and (4.6) and using (A.4)-(A.6), yields 

0 = Au$ + $Al + RQ + Rl + V<i + V$, (A.7) 

where 

Au = A + (/» - TJSW
1
^, (A.8) 

RQ = Q(ihn-lu? - Ujü-'im-'u? + u^-'üJ)L(in - r)
T, (A.9) 

VQ^iÄ + i^-^tlhü-ni^Q, (A.10) 
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and 

where 

Q = ÄlP + PAw + Rp + RT
p + Vp + V?, (AM) 

Av^A + W&^WfZiln-T), (A.12) 

Rp i P(W1Ü~1W^ - VPifl^ftfl-1^ + W^WfMIn - r), (4.13) 

Vp = P[A + W1ü-lVi^t(In - U)}. (4.14) 

Note that it follows from (4.1) that 

A = Aj — AQ,    B = Bj — Bo,    C = Cf — Co, 

V = Vf- V0,    R = Rj- R0, 

t = BVBr + BVBT + BVBr,    t = CT RC + CTRC + CTRC. 

Next, differentiating (4.9) and (4.10), yields 

Q = W! nw? + W-L tiwj + wx nw?, ( A. I 5) 

P = ihttU? + UiflU? + U^Ü?. (4.16) 

Furthermore, differentiating (4.12b) with respect to A gives 

0 = ÜW + UW = tifW-i. + UfWj. (4.17) 

A.2.     The Correction Equations 

The correction equations are developed with A at some fixed value, say A". The derivation of 

the correction equation is based on the relationship between Newton's method and a particular 

homotopy. Below, we use the notation 

W) = %- (A.18) 

Let / :   Rn —, Rn be Cl continuous and consider the equation 

0 = 1(6). (4.19) 
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If 6^ is the current approximation to the solution of (A.19), then the Newton correction (Fletcher 

1987) A0 is given by 

0«+i) _ 0(>) ± A0 = -/(Ö(,))-1e, (X.20) 

where 

e = }{6^). (A.21) 

Now, let 6^ be an approximation to 6 satisfying (A.19). Then with e given by (A.21) construct 

the following homotopy to solve (A.19) 

(l-ß)e = f(9(ß)),    /?€[0,1]. (A.22) 

Note that at ß = 0, (A.22) has solution 0(0) = 0(,) while 0(1) satisfies (A.19). Then differentiating 

(A.22) with respect to ß gives 

_|/3=0 = -/(ö('))-1e. (A.23) 

Remark A.l. Note that the Newton correction A6 in (A.20) and the derivative M\ß=o in 

(A.23) are identical. Hence, the Newton correction A0 can be found by constructing a homotopy 

of the form (A.22) and solving for the resulting derivative §||/3=o- ^s seen below, this insight is 

particularly useful when deriving Newton corrections for equations that have a matrix structure. 

Now, we use the insights of Remark A.l to derive the equations that need to be solved for 

the Newton corrections (AQ, AP), or, equivalently, (AWi, AU\, Aft). We begin by recalling that 

A is assumed to have some fixed value, say A". Also, it is assumed that (Q~, P",W{, Uf,Qm) 

is the current approximation of (<5(A*),P(A-),H^(A-), Ui(X*),Q.(X")) and that E', and E'p are 

respectively the errors in equations (4.5) and (4.6) with A = A* and Q(X) and P(X) replaced by Q" 

and P", respectively. 

Next, we form the homotopy 

(1 - ß)EQ = AQ(ß) + Q(ß)A7 + r(ß)L + ErJ(ß) + r(ß)Er7(ß). (A.24) 

(1 - ß)E'p = ATP(ß) + P(ß)A + rT(/3)S + Lr(ß) + rT(ß)tr(ß). (.4.25) 

Here, (A,B,C.R,V) = (A(X').B(X'),C(X'),R(X'),V(X")), i.e., the system matrices are assumed 

to be evaluated at A = A' and at ß = 0, (<2(0), P(0),r(0)) is the current approximation. Dif- 

ferentiating (A.24) and (A.25) with respect to ß, noting the identity of (A.4)-(A.6) with f now 

representing ^, and using Remark A.l to make the replacements 

A A A dQ . A dP, 
Q = ~dß\ß=0'    AP = ~dß\0=0' (A.26a,b) 
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yields 

where 

and 

where 

0 = AuAQ + AQAl + R^ + Rl^ + E^ (4.27) 

A^A + iln-r^Urü-1^, 

RAQ = Q(AU,ü-lU^ - Uiü-'Aün-'U? + ^fi^At^E^ - r)T, 

0 = AZAP + APAW + RAP + RIP + E'P, (4.28) 

Aw = A + W&^W?E(/n - r), 

RAp = PiAWjQ-'W? - WxSl-1 ASlSl-iW? + ^fi-'A^)£(/„ - r). 

Next, replacing A with ß in (4.9), (4.10), and (4.12) and differentiating them with respect to 

/?, the following equations are derived, 

AQ = AW^W^ + n\AQW^ + W^AW^, (4.29) 

AP = AU^U? + UxAMJ? + U&AU?, (A.30) 

0 = AU?W1 + U?AW1, (4.31) 

where 

Alh = -\ß=0,    AWl = —\ß^    Afi = -|,ß=0. (4.32) 

Appendix B.      Efficient Computation of the Solution to the Predicticm and Correction 

Equations 

This appendix presents a solution procedure using Richter et al. (1993) for efficiently solving 

the prediction equations (4.14)-(4.15) and the correction equations (4.16)-(4.17). We commence 

by recognizing that (4.14)-(4.15) and (4.16)-(4.17) have the following generic form: 

0 = AU^ + ^AI+^(^P) + FQ. (B.l) 

0 = AlP + pAu, + T2(i,P) + Fp. (5.2) 
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where the linear operators T\ : XjSnXn -» Snxn and P2 : X?SnXn -► Snxn are defined by 

?i(Q,P) = Äp(Q, P) + RT
p(Q, P), (J3.4) 

and FQ and Pp are constant forcing terms. It is easy to verify that (Q, P, T\, Fi, Ffy,Fp) in the 

above equations represents (<j, P, R$ + Pj, Rp + P?, V^, + Vj" + P^, Vp + VT + EpQ) in (4.14)- 

(4.15) and (AQ,AP,PA(3 + P^,fiAp + pTp,i;^£p in (4.i6)-(4.17), respectively. Our goal now 

is to find for some integers m-i and m2 (as small as possible) linear operators </>j : XiSnx" —► Rmi, 

Gi : Rmi - Snxn, 4>2 : X2Snxn - Km\Q2 : Rm* - Snxr\ such that 

^i(&P) = £i(^(&P)), (5.5a) 

^(&P) = &(&(£,>)). (P.56) 

First, let Pu and Tw be the transformation matrices such that T~l AUTU and Pj1 AWTW are in 

suitable form according to the basis option described in Section 4.3.2. Next, make the replacements 

i?Q^T-lFdT-T,    Fp^T^FßTu Q -1- u     A Qx u      i       * p ■L w *p1 VJ: 

W2^T~lW2,    U2-T*U2, 

B~T-'B,    C~CTU. 

Then, in this new basis we obtain 

RQ{&P) = wlnw?T?T-'T(ülsi-lu? - b\Vnn-'u? + ihn~lü?)BVBTu2wJ,   (*.6a) 

and 

Rpi&P) = ^m^rj^^o-n^-w^-1^^ {B.6b) 

Now, rewrite (B.6a) as 

RQ(&P) = FAsL(ü,n-yu? - u^fin-ni? + ihsi-'u^SnGA, (B.i) 
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where for some integers m3 < n and ns < n 

FA € RnXTr\  SL € R
m'Xn,   SR € Rnxn',  GA € Rn'Xn. (5.7a) 

In a similar way, we can express Rp(Q,P) as 

Rp(Q,P) = FBTL{Wyn-lw? - w.n-'tm-^wj + W&-*W?W?)TRGB,      (5.8) 

where for some integers mt < n and nt < n 

FB € Rnxm<,  Tz. € Rm'Xn,  TR € Rnxn<,  Gß € Rn'xn. (5.8a) 

The choice of (FA, SL,SR,GA) in (B.7) and {FB,TL,TR,GB) in (B.8) are not unique. The solution 

procedure we discuss below is most efficient if we minimize the products msns and mtnt. 

Using (B.7), it follows that &(•) and Qx{-) in (B.5) can be defined by 

M&P) = vec(5L[^1fi-1C/1
T - ^fi^nn-^T + U&^ÜRSR), (5.9) 

and 

Gr(z) Ä ^ vec-1^)^ + Gj[ vec"1^)]^, (5.10) 

such that 

mX = 771,71,. (5.11) 

Similarly, it follows from (B.8) that 4>2{-) and (?2(.) in (B.6) can be defined by 

<h($,h = vec(rL[H'-1fi-1H-1
T - WiSl-ifm-iW? + W^W^TR), (5.12) 

and 

&(*) = Fß vec-V^Gß + <?£[ vec-^.^FT, r (fl.13) 

such that 

m2 = m^ni. (5.14) 

Note that it is assumed in (B.9) and (B.12) that WUÜX, and tl are obtained from (A.15)-(A.17), 

or, equivalently, (A.29)-(A.31). A procedure to compute WUVU and fi given Q and P is presented 

in Appendix C. 

Now, with the definitions (B.9), (B.10), (B.12), and (B.13), the solution procedure for coupled, 

modified Lyapunov equations described in Richter et al. (1993) is applied to solve for (£, P) in (B.l) 



and (B.2). With the above formulation, the efficiency of the coupled Lyapunov equations solver is 

realized Richter et al. (1993) by exploiting the low rank properties of the coupling terms. Here, 

we illustrate this by an example solving the prediction equations. Suppose m,l < (n - nm) < n, 

i.e., the number of the inputs and outputs are less than the difference between the order of the 

original plant and the desired reduced-order. Noting that (B.7) and (B.8) are equivalent to (A.9) 

and (A.13), respectively, to minimize mi = msns and m2 = mtnu we choose 

FA = W1Sl,    SL = W^TjT-J,    SR = B,    GA = VBrU2W?.. 

in (B.7), and 

FB = Uln,    TL = U?T~lTu,    TR = C'T,    GB = RC(In-T), 

in (B.8). Thus, using (B.7a) and (B.8a), it follows that ms = nm, ns = /, m< = nm. nt = m, ' 

which results in m„ = mj + m-i = nm(m + I). Now, using the solution procedure described in 

Richter et al. (1993), to solve the prediction equations (B.l) and (B.2), the primary computation 

burden is to invert a matrix of dimension m» x m, and to solve two sets of mm + 1 standard 

n x n Lyapunov equations, with one set having Au as the coefficient matrix and the other set with 

coefficient matrix Aw. 

In comparison, by using Kronecker algebra (Brewer 1978) and exploiting the rank condition 

(2.18) of Q and P, (B.l) and (B.2) can be converted to the vector form Ax = b where X is a 

vector consisting of the independent elements of Wy,U\ and ft given by (4.12) and (4.13). Hence, 

to get the solution for (Q,P). it is required to invert an (2nnm + n2
m) X (2nnm + n^) matrix. The 

approach proposed in Zigic et al. (1993a) involves the computation of the kernel of a Jacobian 

matrix. The Jacobian matrix has 2nnm + n^ rows and 2nm + n^ + 1 columns. The kernel is found 

by computing a QR factorization of the Jacobian matrix then using a back substitution. Thus, if 

m << n and I << n, which is usually true. m. is sufficiently small and the algorithm discussed in 

this Appendix will be much more efficient. Furthermore, if (B.l) and (B.2) are first transformed 

to the bases in which Av and Au, are nearly diagonal, respectively, the cost of computation can be 

reduced significantly. The comparison in computation time is discussed in Example 5.3. 
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Appendix C.    Conversion from (Q,P) to (W\,V\,Ü) 

Note that the following procedure is valid only in the original basis. It is desired to compute 

W\, Üi and Ü satisfying (A.15)-(A.17). Note that (A.15) implies 

UjW^I^,    U?W2=0,    UjW,=0. (C.l) 

Pre- and post-multiplying (4.22) by U and UT respectively gives 

Q=K1[n   o] + Ü    0 
0    0 + UEl)T, (C.2) 

where 

Q = UQU T 

VLX = UW1 = 

Similarly, pre- and post-multiplying (A.16) by WT and W respectively gives 

> = £i[fi   o] + 
'tl   0' 

0    0 + 0 
• T 

where 

P ä WTPW, 

ü, i w^ih = 
'w 

w 

1T^1 

2  ^1 . 

(C.3) 

(C.4) 

(C.5) 

(C.6) 

(C.7) 

Partition W^ and f/j as 

Hi!  = 

£i = 

M' 

W 

li 

21 

fill ' 

^21. 

It then follows from (C.4) and (C.7)-(C.9) that (A.17) is equivalent to 

(C.8) 

(C.9) 

£11 =-£n. (CIO) 
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It now follows from (C.8) that (C.2) is equivalent to 

Qn    £21)
T 

4i        ° 
and from (C.9) that (C.5) is equivalent to 

in (i2i)
T 

LZ21       o 

Furthermore, (C.ll) is equivalent to 

wnn  o" 
+ 

n 0" 
+ 

w21n o_ 0 0 

ÜnÜ    0" 
+ 

fi 0" 
+ 

U2lD.    0_ 0 0_ 

fi(^ll)T      0(^21 )T 

0 0 

o o 

i^inn + n + fife)1, 

4i= dis- 

similarly, equation (C.12) is equivalent to 

Zu = u.un + ti + si(ün)T, 

p21 = u2ln. 

Now, (C.14) and (C.16) imply respectively that 

ü21 = P21n-\ 

Furthermore, substituting (CIO) into (C.13) yields 

Qu = -(£n)Ts + n-n£„ 

(C.ll) 

(C.12) 

(C.13) 

(C.14) 

(C.15) 

(C.16) 

(C.17) 

(C.18) 

(C.19) 

Denote the (i,j) elements of Pn. £n, and Üu respectively by 'p.., |     and v{j. Then we 

rewrite (C.15) and (C.19) as 
can 

where 

P{j = la», + tij^i + "an,    i, j € {1,2,..., nm}, 

gij = -ij.-wj + Sijüi - »Jiüij,    t, j € {1,2,..., nm}, 

,-    A J 1 for 2 = j 
,j ~ j 0 for ijL j. 

(C.20) 

(C.21) 

(C.22) 
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Next, assume i = j. Then subtracting (C.21) from (C.20) gives 

A, = &£^. (C.23) 

Now, assume i ^ j. Multiplying (C.20) by (wy/w,) and adding the resultant equations to (C.21) 

gives 

±ij = —JT—F^    w."#«i. (C.24a) 

or, if w,- = to 31 

i,, = ^_^. (CM*) 

Now, £„ is defined by (C.23) and (C.24) and U21 by (C.18). Tyn is then defined by (CIO) and 

]£21 by (C.17). Mij and Ü^ are now defined respectively by (C.8) and (C.9). Using (A.17) it follows 

from (C.4) and (C.7) that Wi and U\ are given respectively by 

W1 = WW1, (C.25) 

t\ = U^ti- (C.26) 

From (C.22) it follows that 

which defines Q. 

2       ' (C.27) 
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Figure 5.1.    ||Q||F VS A for Example 5.2 
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Figure 5.2.    ||P||F vs A for Example 5.2 
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1.    Introduction 

The design of reduced-order dynamic compensators is of practical importance due to limitations 

on the throughput of control processors. Hence, an important research area has involved the 

development of techniques for synthesizing #2 optimal reduced-order compensators. Most of the 

techniques for designing optimal reduced-order compensators have been gradient-based parameter 

optimization methods which represent the controller by some parameter vector and attempt to find 

a vector for which the gradient of the performance index is zero, or, equivalently, the cost functional 

is minimal. 

In the survey paper by Makila and Toivonen1, several gradient-based approaches were discussed. 

Levine-Athans-type algorithms2-7 are based on using some standard optimization methods (e.g., 

conjugate gradient algorithms) to iteratively solve the necessary conditions of optimality which 

minimize the cost increment. This approach requires the solution of a nonlinear matrix equation at 

each correction step but guarantees a cost descent direction without a line search. The Anderson- 

Moore algorithm8 is based on minimizing a quadratic, positive-definite approximation of the second- 

order Taylor series expansion of the cost function increment. The descent Anderson-Moore approach 

utilizes gradient search schemes to guarantee the cost is reduced at each iteration and enhance 

convergence to a stationary point of the cost function9,10. For Newton-like approaches11, instead of 

approximating the Hessian of the cost functional with a positive-definite matrix, the actual second- 

order expansion is minimized which involves computing the Newton correction step as the solution 

of a system of linear matrix equations at each iteration. 

Recently, homotopy algorithms have been developed for the synthesis of optimal reduced-order 

compensators12-15. A gradient-based algorithm has been developed15 that is made efficient and 

avoids high order singularities along the homotopy path by constraining the controller realization to 

a minimal parameterization basis. These algorithms15 sometimes exhibits numerical ill-conditioning 

or can even fail due to the basis constraint. This is because minimal parameterizations of a given 

form may not exist at each point along the homotopy path or may force the algorithm to be 

ill-conditioned when the transformation to the given basis is ill-conditioned. Nonminimal param- 

eterizations exhibit singularities along the homotopy path that can be handled heuristically but 

may also lead to ill-conditioning. This ill-conditioning is also observed outside of the context of 

homotopy algorithms by Kuhn and Schmidt16. Similar conclusions are presented in Refs. 17 and 

18 for the closely related #2 optimal model reduction problem. 



The homotopy algorithm of Ref. 19 was based on solving the optimal projection equations 

developed by Hyland and Bernstein20. The optimal projection equations are a set of coupled 

Riccati and Lyapunov equations that characterize optimal reduced-order dynamic compensators. 

The equations decouple and the Riccati equations specialize to the standard LQG Riccati equations 

when the compensator is constrained to be full-order. The initial homotopy algorithm19 for solving 

the optimal projection equations utilized a very crude path following scheme in which the Riccati 

equations and Lyapunov equations were not updated simultaneously. This caused the algorithm to 

exhibit poor convergence properties, especially as the control authority was increased. 

This paper presents a homotopy algorithm to solve the optimal projection equations that simul- 

taneously updates the coupled Riccati and Lyapunov equations. The path following is accomplished 

using a predictor/corrector integration scheme that computes the prediction and correction steps 

by solving a set of four Lyapunov equations coupled by relatively low rank linear operators. These 

equations are solved efficiently by using the technique presented in Ref. 21. This helps to avoid 

the very large dimensionality of similar algorithms based on the optimal projection equations for 

H.2 model reduction22,23. A model reduction algorithm that uses a similar approach to that used 

here is found in Ref. 24. Also, a related algorithm for fuD-order Maximum Entropy robust design 

is presented in Ref. 25. These results all show that algorithms based on the optimal projection 

equations tend to avoid the numerical ill-conditioning experienced in gradient-based algorithms due 

to constraints on the realization of the reduced-order model or controller. 

The current homotopy algorithm, unlike some of the previous algorithms1''18,22'23, assumes 

that the homotopy curve is monotonic with respect to the homotopy parameter. As discussed in 

Ref. 13, this assumption may not always be satisfied. It appears to be possible to extend the 

algorithm to relax this assumption without significantly increasing the required computations by 

using a technique related to that developed in Ref. 26. However, this is a subject of future research. 

The paper is organized as follows. Section 2 presents the optimal projection equations for the 

Ei reduced-order control problem. Section 3 gives a brief synopsis of homotopy methods. Next, 

Section 4 develops a new homotopy algorithm for optimal reduced-order controller design based on 

the optimal projection equations. Section 5 illustrates the algorithm with two illustrative examples. 

Finally, Section 6 presents the conclusion. 



Nomenclature 

IE expected value 

Rn,RmXn nxl real vectors, m x n real matrices 

Y > X Y - X is nonnegative definite 

Y > X Y - X is positive definite 

Xjj or Xij (hj) element of matrix X 

X* Moore-Penrose generalized inverse27 of matrix X 

X* Group inverse21 of matrix X 

Ir       ■ r x r identity matrix 

tr X trace of square matrix X 

\\X\\l, \\X\\A Frobenius norm (\\X\\2F = tr XXT),   absolute norm (||X||A = maxij\Xifj\) 

vec(-) the invertible linear operator defined such that 

vec(5)ä[ÄTaT...aT]Tt 56Rw 

where Sj € Rp denotes the jlh column of S. 

em the m-dimensional column vector whose ith element 

equals one and whose additional elements are zeros. 

X(:,k) kih column of the matrix X (MATLAB notation) 

SnXn the space of symmetric matrices in Rnxn 

v2onxn cnxn  y qnxn 

2.     Ei Optimal Reduced-Order Dynamic Compensation 

Consider the n(/l-order linear time-invariant plant 

x(t) = Ax(t) + Bu(t) + Diw(t), (2.1) 

y(t) = Cx{t) + Du(t) + D2w(t), (2.2) 
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where (A,B) is stabilizable, (A,C) is detectable, x £ Kn,u £ Rm,y £ R', and w £ Rd is a. 

standard white noise disturbance with intensity Id and rank D2 = I. The intensities of D\w{t) and 

D2w(t) are thus given, respectively, by Vi = D\Dj > 0, and V2 = D2D] > 0. For convenience, we 

assume that V\2 = D\D2 = 0, i.e., the plant disturbance and measurement noise are uncorrelated. 

The goal of the optimal reduced-order dynamic compensation problem is to determine an n'^-order 

dynamic compensator 

xe(t) = Aexe(t) + Bey{t), (2.3) 

«(0 = -Ccic(0, (2-4) 

which satisfies the following two design criteria: 

(i) the closed-loop system corresponding to (2.1)-(2.4) given by 

x(t) = Äx(t) + Dw(t), (2.5) 

where 

*W=[xÄj 
is asymptotically stable; and 

,    Ä* 
A -BCC 

BCC        Ac - BcDCci 
D± 

BCD2 
(2.6) 

(n) the steady-state quadratic performance criterion 

t 

J(AC,BC,CC)= lim -E [[xT(s)R1x{s) + ur(s)R2u(s))ds, (2.7) 
<—oo t        J 

0 

where R\ > 0 and R2 > 0, is minimized. 

Although a cross-weighting term of the form 2xr(t)Ri2u(t) can also be included in (2.7), 

we shall not do so here to facilitate the presentation. With the first criterion, we restrict our 

attention to the set of stabilizing compensators, »Sc = {(Ac, BC,CC): A is asymptotically stable} 

which guarantees that the cost J is finite and independent of initial conditions. The cost (2.7) can 

now be expressed as 

(2.8) J{AC,BC,CC)= lim W,[xT(t)Rx(t)], 
t—'OO 

where 

R 
Äi 0 
0     CjR2Cc 

Next, by introducing the performance variables 

z(t) = Eix(t) + E2u(t) = Ex(t), 

4 

(2.9) 

(2.10) 



where E = [E\ f^Cc], and defining the transfer function from w to z by 

H{s) = E(sIh-A)-lb, 

where n = n + nc, it can be shown that when A is asymptotically stable, (2.8) is given by 

1     f°° 
J(AC,BC,CC) = \\H(s)\\l ± -J JH(ju)\\ldu. 

For convenience we define the matrices R\ = EjE\ and Ä2 = EjE? which are the #2 weights for 

the state and control variables. Since A is asymptotically stable, there exist nonnegative-definite 

matrices Q £ Rnxn and P G Rnxn satisfying the closed-loop steady-state covariance equation and 

its dual, i.e., 

0= ÄQ + QÄ1 + V, (2.11) 

0 = ÄTP + PA + R, (2.12) 

where 
A V1 0 

0    BcV2Bj (2.13) V 

The cost functional (2.7) can now be expressed as 

J(AC, Bc, Cc) = tr QR = tr PV. (2.14) 

Before presenting the main theorem we present a key lemma concerning nonnegative definite 

matrices and several definitions. 

Lemma 2.1.28     Suppose Q G Rnxn and P € Rnx" are symmetric and nonnegative-definite and 

rank QP = nc. Then, the following statements hold: 

(i) QP is diagonalizable and has nonnegative eigenvalues. 

(ii) The n x n matrix 

T = QP{QP)*, (2.15) 

is idempotent, i.e., r is an oblique projection and 

rank r = nc. (2.16) 

Thus, if T is given by (2.15), then there exists a nonsingular matrix W € RnXn such that 

T = W 
/»«    0 
0     0 W'-1. (2.17) 



(iii) There exist G,T € Rn<Xn and nonsingular M e Rn<xn« such that 

QP = GTMr, 

rcT = inc. 

(iv) If G, F, and M satisfy property (lit) then 

rank G = rank r = rank M = nc, 

(QP)* =GTM~1r, 

T = GTr, 

TG
T
 = G

T
,TT = T. 

(2.18) 

(2.19) 

(2.20) 

(2.21) 

(2.22) 

(2.23) 

(i>) The matrices G, r, and M satisfying property (iii) are unique except for a change of basis 

in Rn<, i.e., if G',r', and M' also satisfy property (iv), then there exists nonsingular 

Tc e R>x"c such that G" = TjG,r' = T~lr,M' = T~lMTC. Furthermore, all such M 

are diagonalizable with positive eigenvalues. 

(vi) Finally, if rank Q = rank P = rank QP = nc, there exists a nonsingular transformation 

W eRnxn such that 

Wr, (2.24) Q = W 
'Ü 0' 

0 0 

[fi 0" 
0 0 

w 

where Q G RncXn<: is diagonal and nonsingular. In addition, 

Q = TQ = QT
T
 = TQT'

1
, 

P = T
T
P = PT = T

T
PT. 

(2.25) 

(2.26) 

(2.27) 

Definition  2.1.   A triple (G,M,T) satisfying property (iii) of Lemma 2.1 is a projective 

factorization of Q P. 

Definition 2.2. A compensator (AC,BC,CC) is an extremal of the optimal generalized fixed- 

order dynamic compensation problem if it satisfies the first order necessary conditions of optimality, 

i.e., 
dJ      n      dJ      n      dJ      n 

= 0,      -5^=0,      -W7T = 0, 
dA dBc dCc 



where J(AC,BC,CC) is defined by (2.7). 

Definition 2.3. A compensator (AC,BC,CC) is an admissible extremal of the optimal gener- 

alized fixed-order dynamic compensation problem if it is an extremal and is also in Sc, i.e., the 

closed-loop system is asymptotically stable. 

Finally, for convenience in stating the main results we define 

t = CTV2~
1C,    E = 5Ä2

_15T. (2.28) 

Theorem 2.1.20 Suppose (AC,BC,CC) is an admissible extremal of the optimal fixed-order 

dynamic compensation problem. Then, there exist n x n nonnegative-definite matrices P, Q,P, 

and Q such that AC,BC, and Cc are given by 

Ac = r(A-QZ-'ZP + QCTV2-
1DR^BTP)Gr, (2.29) 

Bc = rQCTV2-
1,    Cc = R2-iBTPGT, (2.30) 

for some projective factorization (G, M, P) of QP and such that the following conditions are satis- 

fied: 

0 = A
T
P + PA + R1-PEP + TJPEPT_L, (2.31) 

0 = AQ + QAT + Vl -QEQ + rxQEQrJ, (2.32) 

0 = {A - QtfP + P{A - Qt) + PEP - TIPEPT±, (2.33) 

0 = {A--ZP)Q + Q{A-XP)
T
 + Q£Q-TLQ£QTI, (2.34) 

rank Q = rank P = rank QP = nc, (2.35) 

T = (QP)(QP)*,    r±±In-T. (2.36) 

Furthermore, the minimal cost is given by 

J(Ae, Pc, Cc) = tr[PVj + Q(PEP - rJPEPrJ], (2.37) 

or, equivalently, 

J{Ae, Be, Ce) = tr[QÄ! + P(QZQ - rxQEQrJ)]. (2.38) 



Conversely, if there exist nxn nonnegative-definite matrices P,Q,P, and Q satisfying (2.31)-(2.36) 

then the compensator (AC,BC,CC) given by (2.29) and (2.30) is an extremal of the optimal fixed- 

order dynamic compensation problem. Furthermore, A is asymptotically stable if and only if (A, E) 

is detectable ( or, equivalently, {Ä,D) is stabilizable). 

Remark 2.1.    Partitioning Q and P given by (2.11) and (2.12), respectively, as 

Q 
Qx     Qn 
QTn   Qi J 

,Q!€RnXn,(?2eRn'Xric, (2.39) 

Pi     Pn 
AT2       Pi 

,Pi eRnxn,P2 eRn<xn<, (2.40) 

it follows from Ref. 20 that P,Q,P and Q given by (2.31)-(2.36) can be expressed as 

P = P1-PnP2~1P?2, (2.41) 

Q = Qx-QnQ2-1Ql2, (2.42) 

P = P12P2-
1P1

T
2, (2.43) 

and 

Q = QuQ2~1Q?2, (2-44) 

respectively. 

Theorem 2.1 shows that one can compute an optimal reduced-order controller by solving the set 

of coupled, modified Riccati and Lyapunov equations (2.31)-(2.34) subject to the rank condition 

constraints (2.35). One approach to find a solution of (2.31)-(2.34) is based on homotopy methods. 

3.     Homotopy Methods for the Solution of Nonlinear Algebraic Equations 

A "homotopy" is a continuous deformation of one function into another. Over the past several 

years, homotopy or continuation methods (whose mathematical basis is algebraic topology and 

differential topology29) have received significant attention in the mathematics literature and have 

been applied successfully to several important problems30-35. Recently, the engineering literature 

has also begun to recognize the utility of these methods for engineering applications36-45. The 

purpose of this section is to provide a very brief description of homotopy methods for finding the 

solutions of nonlinear algebraic equations. The reader is referred to Ref. 35, 36 and 46 for additional 

details. 



The basic problem is as foDows. Given sets U and V contained in R" and a mapping F:U—>V, 

find solutions u 6 U to satisfy 

F(u) = 0. (3.1) 

Homotopy methods embed the problem (3.1) in a larger problem. In particular let H:U x [0,1] -* 

R" be such that: 

1) H(u,l)=F(u). 

2) There exists at least one known UQ € Rn which is a solution to H(-,0) = 0, i.e., 

H(uo,0) = 0. (3.2) 

3) There exists a continuous curve (u(A), A) in Rn x [0,1] such that 

#(u(A),A) = 0for Ae [0,1], (3.3) 

with 

(u(0),0) = (uo,0). (3.4) 

4) The curve (u(A),A) is differentiable. 

A homotopy algorithm then constructs a procedure to compute the actual curve such that the 

initial solution u(0) is transformed to a desired solution u(l) satisfying 

0 = ff(u(l),l)=F(u(l)). (3.5) 

Now, differentiating H(u(X),X) = 0 with respect to A yields Davidenko's differential equation 

dH du     dH     n ,     v 

which together with u(0) = UQ, defines an initial value problem. The desired solution u(l) is then 

obtained by numerical integration from 0 to 1. Some numerical integration schemes are described 

in Ref. 35 and 46. 



4.     A Homotopy Algorithm for H2 Optimal Reduced-Order Control 

This section begins by introducing a homotopy map based on the optimal projection equations. 

The construction of the initial point is then discussed in detail. Finally, the actual homotopy 

algorithm is presented. 

4.1    The Homotopy Map 

To define the homotopy map we assume that the plant matrices (A, B, C, D), the cost weighting 

matrices (R\,R2), the disturbance matrices (Vj, V2) are functions of the homotopy parameter A € 

[0,1]. In particular, the following is assumed: 

A(X)    B(X) 
C(X)   D(X) 

A0    B0 

Co    Do + A( 
AS    Bj 

LC/    D 11 

Ao    Bo 
Co    Do )• 

(4.1) 

Äi(A) = Äi,o + A(Äli/-Ä1,o),    ÄJ(A) = Ä2,o + A(Ä2l/-Ä2,o), (4.2) 

V1(X)=Vli0 + X(Vlj-Vlfi),    V2(X) = V2fi + X(V2J-V2ß). (4.3) 

Note that the above equations imply that A(0) — A0,   5(0) = B0, ..., V2(0) = V2,o, and that 

A(l) = Af,  B(l) — Bj, ..., V~2(l) = V2j. For notational simplification, we also define 

E(A) = 5(A)Ä2-1(A)5T(A),    E(A) = CT(X)V2-\X)C(X). (4.4) 

The homotopy formulation 0 = H((P,Q,P,Q),X) is thus given by 

0 = A(A)TP(A) + P(A)A(A) + Äa(A) + rT(A)P(A)E(A)P(A)r(A) 

- rT(A)P(A)S(A)P(A) - P(A)E(A)P(A)r(A), (4.5) 

(4.6) 

0 = A(X)Q(X) + Q(X)A(X)T + Vi(A) + r(A)Q(A)E(A)Q(A)rT(A) 

- r(A)Q(A)E(A)Q(A) - Q(A)E(A)g(A)rT(A), 

0 = (A(A) - Q(A)E(A))TP(A) + P(X)(A(X) - Q(A)E(A)) - rT(A)P(A)E(A)P(A)r(A) 

+ rT(A)P(A)E(A)P(A) + P(A)E(A)P(A)r(A), (4.7) 

0 = (A(X) - E(A)P(A))Q(A) + Q(X)(A(X) - E(A)P(A))T - r(A)Q(A)E(A)Q(A)rT(A) 

where 

+ r(A)Q(A)E(A)(3(A) + Q(A)E(A)Q(A)rT(A), 

rank Q(X) =  rank P(A) =  rank Q(A)P(A) = nc, 
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(4.8) 

(4.9) 



r(A) = Q(A)P(A)[Q(A)P(A)]#, (4.10) 

and A € [0,1]. 

4.2.     Initial System Selection 

Before describing the general logic and features of the homotopy algorithm for H2 optimal 

reduced-order dynamic compensation, we first discuss the importance of the homotopy initializa- 

tion and some guidelines for choosing the initial system matrices. It is assumed that the designer 

has supplied a set of system and weighting matrices, 5/ = (Aj,Bj,Cj,Dj,Rij,R2!f,Vij,V2j) 

describing the optimization problem whose solution is desired. In addition, it is assumed that the de- 

signer has chosen an initial set of related system matrices 5o = (AQ, BO, CO, A), -ßi.o, -#2,0, ^i.°> ^2,0) 

that has an easily obtained (Po,Qo, PO,QO) which is either a solution or a good approximation to the 

solution of the optimal projection equations corresponding to the initial system (i.e., (4.5)-(4.10) 

with A = 0). 

While in general homotopy methods ease the restriction that the starting point be close to 

some optimal of the optimization problem, the initial guess does affect the performance of the 

homotopy algorithm. For example, it is always possible to choose the initial system So such that 

(J4O, BO, CO, DO) is nonminimal with minimal dimension nc. In this case, it is easy to show that the 

corresponding LQG compensator has minimal dimension nr < nc and will usually have minimal 

dimension nr = nc. In the latter case, (Ac$,BCto,CCio) is chosen as a minimal realization of the 

LQG compensator. However, we have seen experimentally that the corresponding homotopy can 

lead to failure of the homotopy algorithm. Similar observations have been made in Ref. 13. In 

particular, Ref. 13 shows that allowing the plant parameters to vary along the homotopy path can 

lead to the development of destabilizing controllers or path bifurcations. 

The reason that the above type of homotopy would cause problems is somewhat intuitive 

since for a given A, say Aj € [0,1], a controller (Ac(Xi), Bc(X\),Cc(Xi)) that stabilizes the plant 

(A(AI),JB(A1),C(AI),D(AI)) may not stabilize the plant (A(A2),B(X2),C(X2),D{X2)) for A2 ^ Ax. 

Hence, below we present ways of constructing the initial system 5o that does not require the plant 

parameters (A,B,C,D) to vary along the homotopy path. In this case, a controller that stabilizes 

the plant at Aj will also stabilize the plant at A2 > Aj. This argument in itself does not ensure 

that at every step along the homotopy algorithm the controller design remains stabilizing. This 

is a subject that requires further research. It should be mentioned that another advantage of a 

homotopy that varies only the performance weights (R\, R2, V\, V2) is that the optimal controller 
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at each point is optimal with respect to the real nominal plant (A/,Bf,Cf,Df). 

Now, we present two options for constructing So as proposed in Ref. 15. 

Option 1. One alternative is to choose A0 to be stable (e.g., if Af is stable, let A0 = Aj or 

if Af is unstable, let A0 = Aj - a I where a is sufficiently large to ensure stability of A0) and, as 

elaborated in Ref. 47 to choose either (Äi,0, V2,o) or (Vi,0, #2,0) where Ä1>0 > 0, Vli0 > 0, Ä2,o > 0, 

and V2,o > 0, as given below. (All other initial parameters are equal to their final values.) 

(i) In a basis in which 

A0 = 

choose Äi,o to be of the form 

Äi,o = 

and for some positive scalar a choose 

(Ao)n        0 
(Ao)2l      (AO)22 

(A0)ii€Rn<XT\ 

(Äi,o)ii    0 
0 0 

(#1,0)11 € R 
nc xn, 

^2,0 = °^2,j- 

(4.1i; 

(4.12) 

(4.13) 

(n) In a basis in which 

An = 
(A0)ii    (i40)i2 

0        (A0)22 

choose Vi^ to be of the form 

and for some positive scalar a choose 

(Vi,o)n    0 
0 0 

, (Ao)n 6 R 
nc xn, 

,   (Vll0)n e RT 

Ä2t0 = ÖÄ2,/- 

(4.14) 

(4.15) 

(4.16) 

As discussed in Ref. 47, a appearing in (4.13) and (4.16) can always be chosen sufficiently large 

so that the corresponding LQG compensator is nearly nonminimal. In this case, {ACto,Bcß,Cc,o) 

is easily obtained by reducing the LQG compensator to its (nearly) minimal realization using an 

appropriate technique such as balanced controller reduction48. Next, form the closed-loop system 

consisting of (A0,50,Co,Do) and (j4C)0,i?Cio,Cc,o) and compute the initial guess P0,Q0,P0, and 

Qo using (2.41)-(2.44), respectively. Since (Acß, -Bc,o, Cc,o) is a close approximation to the minimal 

realization of the corresponding nearly nonminimal LQG compensator, {Po,Qo, Po,Qo) is a good 
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approximation of the solution of the optimal projection equations corresponding to the initial 

system (i.e., (4.5)-(4.10) with A = 0). 

Option 2. A second alternative (which does not require AQ to be stable) is based on the following 

experimental observation. The initial system can be chosen to correspond to a low authority control 

problem, e.g., one can choose 

Ä2.0 = aÄ2,/,   V2fi = ßV2J, 

with a and ß large and let all other initial system parameters equal their final values. In this 

case it has been observed that the reduced-order controller (Ac<r, Bc<T,Cc<r) obtained by sub- 

optimal reduction of an LQG controller will often yield virtually the same cost as the LQG 

controller49, hence indicating that {ACtr,B^r,Cc,r) may be nearly optimal. In this case, we choose 

(ACio, Bcfi, Cc,o) = (Ac,r, BCtr, CCir). (It should be noted that these observations are partially ex- 

plained by the results in Ref. 47.) Then, follow the same procedure described in option 1 to form 

the closed-loop system and compute the initial guess (PQ,QO, PO,QO)- 

4.3.    The Derivative and Correction Equations 

The homotopy presented next uses a predictor/corrector numerical integration scheme. The 

prediction step requires derivatives (P(X),Q(X),P(X),Q(X)), where M = 4M, while the correction 

step is based on using a Newton correction, denoted as (AP, AC?, AP, AQ). Before constructing the 

derivative and correction equations, we state the following useful properties about the derivatives 

of the contragredient transformation of (Q, P). 

Using Lemma 2.1, equations (4.9) and (4.10) imply 

and 

where 

Q(X) = W(X)A(X)WT(X) = W1(X)Ü(X)W^(X), 

P(X) = UT(X)A(X)U(X) = f/1(A)fi(A)f/1
T(A), 

r(A) = W(X) 
0     0 

U(X) = W^UfiX), 

W(A) = [W!(A)    W2(X)},    W^X) e Rnxn<,  W2(X)eRnx{n-n<), 

U(X) 
U?(X) 

,    ^(A)€Rnxn%   t/2(A) eR"*("-"<>, 

U(X) = W~'(X), 
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(4.17) 

(4.18) 

(4.19) 

(4.20) 

(4.21) 

(4.22) 



or, equivalently, 

U(X)W(X) = In, (4.23) 

A(A) 
fi(A)    0 

0      0 
,    fi(A)eR"tXnt, (4.24) 

and ft(A) is diagonal and positive-definite.   For notational simplicity, we omit the argument A in 

the subsequent equations. 

The derivative equations, obtained by differentiating (4.5)-(4.8) with respect to A, are given 

by 

0 = AT
PP + PAp + Rp(P, Q, P, 'Q) + Rj>{P, Q, P, <2)+ VP + V? + Ru (4.25) 

0 = AQQ + QAl + RQ(P,Q,P, Q) + Rl(P, Q, P, £) + VQ + Vj + V\, (4.26) 

0 = AlP + PAW + Rp(P, Q, P, C)) + RT
p(P,Q, P,Ö) + VP + Vj, (4.27) 

0 = Au$ + ÖAT
U + RQ(P, Q, P, £)) + P?(P, Q, >, i) + VQ + Vj. (4.28) 

The correction equations, derived similarly by using the relationship between the Newton's 

method and a particular error homotopy, are given by 

0 = APAP + APAp + RP(AP, AQ, AP, AQ) + RT
P(AP, AQ, AP, AQ) + E"P, (4.29) 

0 = AQAQ + AQAT
Q + PQ(AP,AQ,AP, AQ) + ä£(AP, AQ, AP, AQ) + Eg, (4.30) 

0 = AZAP + APAW + RP(AP,AQ,AP,AQ) + RI{AP,AQ,AP,AQ) + EP, (4.31) 

0 = AUAQ + AQAl + RQ(AP, AQ, AP, AQ) + Pj(AP, AQ, AP, AQ) + V£, (4.32) 

The detail derivation of (4.25)-(4.32) and the definitions of all the coefficients are described 

in the Appendix A. Comparing (4.29)-(4.32) with (4.25)-(4.28) reveals that the derivative and 

correction equations are identical in form. Thus, only one solution procedure would be required to 

solve both sets of equations. Each set of equations consist of four coupled Lyapunov equations. Since 

these equations are linear, using Kronecker algebra51 they can be converted to the vector form Ax = 

b where for (4.29)-(4.32) x is a vector containing the independent elements of AP, AQ, AWi,AU\, 

and Afi. A is then a square matrix of dimension n(n + 1) + (2nnc + n].). Inversion of A is hence 

very computationally intensive for even relatively small problems (e.g., n = 20, nc = 10). 

Fortunately, the coupling terms R&p, RAQ, -ßAp, an<3 RAA which are linear functions of (AP, 

AQ,AP.AQ) or, equivalently,  (AP, AQ, AWl5 AUU Afi) in (4.29)-(4.32), have relatively low 
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ranks. Hence, the technique of Ref. 21, which exploits this low rank property, can be used to 

efficiently solve equations (4.29)-(4.32) (or, equivalently, (4.25)-(4.28)). In particular, this solution 

procedure requires inversion of a square matrix of dimension (2n + nc)(m + /) + i and to solve four 

sets of (2n -f nc)(m + /) standard n x n Lyapunov equations, which has much less computational 

burden than the approach using Kronecker algebra as described in the previous paragraph. In 

comparison, the dimension of the homotopy Jacobian inverted in the minimal parameterization 

approach is nc(m + I) which is smaller than the characteristic dimension associated with this ap- 

proach. However, the algorithms based on these minimal parameterization basis sometimes exhibit 

numerical ill-conditioning or can even fail due to the basis constraint. The details of the solution 

procedure are described in Appendix B. 

Also, note that if the homotopy path exists, the solution to the coupled Lyapunov equations 

will be well-posed. Hence, the matrices Ap, AQ, AU, and Aw in (4.25)-(4.32) will have the property 

that any two eigenvalues of a given matrix will not sum to zero. 

4.4     Overview of the Homotopy Algorithm 

Below, we present an outline of the homotopy algorithm. This algorithm describes a pre- 

dictor/corrector numerical integration scheme. In order to force the rank conditions (4.9) of Q 

and P during intermediate steps, we use the following scheme to update (P,Q,P,Q) along the 

homotopy path. First, using (A.29)-(A.31) and (A.57)-(A.59) and the algorithms described in 

Appendix C, the prediction {Q,P) and correction (AQ,AP) are first converted to (Wx, U\,tl) and 

(AWi,AUi,AQ.), respectively. Note that Q and Afi are forced to be nc x nc diagonal matrices 

with this formulation. Next, we update (P, Q,W\, U\,£l) with these predictions/corrections. Fi- 

nally, new (Q, P) are constructed with updated (W\,Ui,ü) using (4.17) and (4.18) and the rank 

conditions (4.9) are maintained. 

There are several options to be chosen initially. These options are enumerated before presenting 

the actual algorithm. Note that each option corresponds to a particular flag being assigned some 

integer value. 

4.4.1     Prediction Scheme Options 

Here we use the notation Ao, \~\, and \\ representing the values of A at respectively the current 

point on the homotopy curve, the previous point, and the next point. Also, M = dM/dX and 6(X) 

is a vector representation of (P(X),Q(\), W\(\), V\(\), 0(A)). 
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pred = 0. No prediction. This option assumes that 0(Aj) = 0(AQ). 

pred = 1.   Linear prediction.   This option assumes that 0(Xi) is predicted using 0(XQ) and 

0(Ao). In particular, 

ö(A1) = Ö(A0) + (A1-Ao)ö(A0), (4.33) 

pred = 2. Cubic spline prediction. This prediction of 9(XX) requires $(X0),Ö(X0),9(X^i), and 

0(A_i). In particular, 

vec[0(Ai)] = a0 + e^Ax + a2Ai + a3Ai, 

where ao,ax,ao, and 03 are computed by solving 

r  1 0 1       0 1 rvec^A.j)]] T 

1 A-i 1 A0      1 vec[0(A_x)] 
a0 Ql 02 a3j 

A2-, 2A_! A0    2Ao vec[0(Ao)] 
LA»X 3A2! AQ         3AQ. L vec[0(Ao)] J 

Note that if #(A_i) and 0(X-i) are not available (as occurs at the initial iteration of the 

homotopy algorithm), then 0(Xi) is predicted using the linear prediction given by (4.33). 

4.4.2. Basis Options for Solving the Coupled Lyapunov Equations 

The main computational burden of the algorithm given below is the solution of the four coupled 

modified Lyapunov equations (4.25)-(4.28) or (4.29)-(4.32) at each prediction step or correction 

iteration. Efficient solutions of these equations, as described in Appendix B, makes the algorithm 

feasible for large scale systems. The most desired solution procedure is based on diagonalizing 

the coefficient matrices Ap, AQ, AW, and Au of the coupled Lyapunov equations. This is usually 

possible. However, it is also possible that this diagonalization wiD be intractable for some points 

along the homotopy path. A numerical conditioning test is embedded in the program to determine 

whether the coefficient matrices are truly diagonalizable. If they are not, then the coupled Lyapunov 

equations are solved using the Schur decomposition. A second option relies exclusively on the Schur 

decomposition. 

basis = 1. Ap, AQ, AW and Au are diagonalized when solving (4.25)-(4.28) or (4.29)-(4.32). 

basis = 2. AP, AQ,AW and Au are in Schur form when solving (4.25)-(4.28) or (4.29)-(4.32). 

4.4.3. Outline of the Homotopy Algorithm 

Step 1. Initialize/oop = 0, A = 0, AAe(0,l], S = S0, {P,Q,P,Q) = (P0,Qo,Po,Qo)- 
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Step 2.  Let loop = loop + 1. If loop = 1, then go to Step 4. 

Step 3. Advance the homotopy parameter A and predict the corresponding P(A),Q(A), P(A), and 

Q(X) as follows. 

3a. Let Ao = A. 

3b. Let A = A0 + AA. 

3c. If pred > 1, then perform the next step to compute P(A0), Q(A0), P(A0), and Q(X0) ac- 

cording to (4.25)-(4.28). Else, let P(A) = P(A0),Q(A) = Q(\0),P(X) = P(A0), and 

Q(X) = Q(XQ) and go to step (4), i.e., no prediction is performed. 

3d. Transform AP,AQ, AW, and Au into suitable matrix form according to the option defined 

by basis, then solve (4.25)-(4.28) as described in Appendix B. 

3e. Compute {WX{X0), J/i(A0), fi(A0)) from (<5(A0), P(A0)) by using (A.29)-(A.31) and the pro- 

cedure described in Appendix C. 

3f. Predict (P(X),Q(\),W1(X),Ui(X),Q.(X)) by using the option defined by pred. 

3g. Compute (Q(A),P(A)) from (W^X), tfi(A),fi(A)) using (4.17) and (4.18). 

Step 4. Correct the current approximations P(A*),Q(A*),P(A*), and <2(A*) as follows. 

4a. Compute the errors (Ep,EQ,E^,Ep) in the correction equations (A.38)-(A.41). 

4b. Transform AP,AQ,AW, and Au into suitable matrix form by using the option defined by 

basis, then solve (4.29)-(4.32) as described in the Appendix B for AP, AQ,AP, and AQ. 

4c. Compute (AWi,AUi,Att), from (AQ,AP) by using (A.57)-(A.59) and the algorithms 

described in Appendix C. 

4d. Let 

P(A) — P(A) -f AP,    Q(A)<— Q(X) + AQ, 

Wi(A)«— WiW + AWi,    Ul(X)^Ui{X) + AUl,    fi(A) <— fi(A) + AQ. 

4e. Compute (Q(A),P(A)) from (Wi(A), Ui{X),Q(X)) using (4.17) and (4.18). 

4f. Recompute the errors (EP, EQ, Ep, E^) in the correction equations (A.38)-(A.41). If the 
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max (lÄ'lÄ'Ä'Ä* < 6% where *'is some Pre^ned correction 

tolerance, then set Ao = A, and adjust next step size AA according to the number of 

the correction steps required to converge before going to Step 3b. Else, if the number of 

corrections exceeds a preset limit, reduce AA and go to Step 3b; otherwise, go to Step 4b. 

Step 5. If A = 1, then stop. Else, go to Step 2. 

Note that the algorithm described above allows the step size (AA) to vary dynamically de- 

pending on the speed of convergence which is gauged by the number of the correction steps. If 

the number is small (e.g., < 3), we increase (e.g., double) the previous step size when computing 

the next step. If it takes many steps to converge (e.g., > 10), or does not converge, the step size 

is reduced (e.g., in half). 6' in Step 4f is a preassigned correction error tolerance which can be 

assigned with two values in the program. One is the intermediate correction error tolerance which 

is used when A < 1. The other value is the final correction error tolerance which is usually smaller 

and is used when A = 1. The choice of the magnitudes of theses tolerances are problem dependent. 

In general, the intermediate correction tolerance is desired to be reasonably large to speed the 

homotopy curve following. However, the algorithm may fail to converge if these tolerances are too 

large. The final correction tolerance is usually small to ensure the accuracy of the final results. 

5.     Illustrative Numerical Examples 

In this section we present two illustrative numerical examples that demonstrate the effectiveness 

of the proposed algorithm. For both examples, the MATLAB implementation of the homotopy 

algorithm to design the optimal reduced-order compensator was run on a 486, 33 MHz PC. The 

design parameters i?2 and Vo were allowed to vary during the homotopy path. 

First, we consider a control design for an axial beam with four disks attached as shown in 

Figure 5.1. This example was derived from a laboratory experiment52 and has been considered in 

several subsequent publications49'53-55. The basic control objective for the four-disk problem is to 

control the angular displacement at the location of disk 1 using a torque input at the location of 

disk 3. It is also assumed that a torque disturbance enters the system at the location of disk 3. 

The design philosophy adopted here is that the scaling 92 of the nominal control weight Ä2,o = 1 

and the nominal sensor noise intensity V^o = 1 are simply "design knobs" used to determine the 

control authority. (Hence, Ä2(A) = <72(A)Ä2,o and V^A) = <?2(A)V2,o-) Here, we consider the design 

of 2nd, 4th, and 6th -order controllers for various authority levels. 
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Since at q2 = 10, the 2nd,4th, and 6th reduced-order controllers by balancing are all good ap- 

proximations of the corresponding optimal controller, respectively, we use this suboptimal controller 

to initialize the homotopy algorithm and deform this controller into the higher authority optimal 

controller corresponding to q2 = 1. In each of the following passes, we increase the authority level 

by decreasing R2 and V2 by a factor of 10, i.e., q2j = O.lft.o» and at the end of each pass deform the 

initial optimal controller to the optimal controller corresponding to the higher authority level. This 

process is repeated for every reduced-order design. Figures 5.2-5.4 compare the optimal curves at 

various authority levels for an LQG controller, a reduced-order controller obtained by balancing and 

an optimal reduced- order controller. In each case, the optimal reduced-order controller performs 

better than the balanced controller as the authority is increased. Figure 5.5 compares the optimal 

controllers of various orders. This type of figure can be used in practice to determine the order of 

the controller to be implemented. 

Control Authority 

92(1) MegaFLOPs 
RealTime 

(sec.) 
Predictions 

&Corrections 
10-1 412 672 35 

10-* 407 727 35 
IQ-'6 393 723 34 

IO-4 274 478 24 

10-5 * 2990 120 

Table 5.1. Run-Time statistics of Four Disk Example for nc = 4 

Table 5.1 shows some of the run time statistics for solving the 4^-order optimal compensator 

for this example at various control authorities. The cubic spline prediction option and the diagonal 

basis option were chosen for solving the coupled Lyapunov equations in this comparison. However, 

for 92(1) = 10_o case, diagonalizing errors are significant and the basis option was switched to the 

Schur form. 

The Frobenius norms of P, Q, P, and Q are also recorded along the homotopy path and a typical 

results are shown in Figures 5.6-5.9 for the 4 "'-order controller design. It is interesting to note that 

as the control authority is increased beyond a certain level (e.g., for nc = 4,92 < 10-4) those values 

approach some stable limit as indicated in the figures. This is because P,Q,P, and Q converge to 

fixed values as the control authority increases. It follows that the optimal reduced-order controller 

converges to a fixed value. This later phenomenon has been observed previously15. Furthermore, 

most of the prediction/correction steps indicated in Table 5.1 for this special case (92(1) = 10-5) 

occur when A is approaching 1 and P,Q,P, and Q approach their final fixed values. 
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Algorithm efficiency as a function of the prediction options and basis options for solving the 

coupled Lyapunov equations has been studied in the context of a similar algorithm for Hi op- 

timal model reduction using the corresponding optimal projection equations24. It was seen that 

the algorithm is most efficient when using the cubic spline prediction and diagonalizing the coeffi- 

cient matrices of the coupled Lyapunov equations. These conclusions also hold for the algorithm 

presented here. 

The second example illustrates the design of an optimal reduced-order controller for a \7ih 

order model of one of the single-input, single-output (SISO) transfer functions of the Active Control 

Technique Evaluation for Spacecraft (ACES) structure at NASA Marshall Space Flight Center 14-56. 

The actuator and sensor are respectively a torque actuator and a collocated rate gyro. The model 

includes the actuator and sensor dynamics. A first order all-pass filter was appended to the model 

to approximate the computational delay associated with digital implementation. 

Following the same approach, we design an 8t,l-order controller for this plant. Figure 5.10 

shows the performance curves for authority levels corresponding to qi G (10-3,10-4,..., 10-7) 

and compare the optimal curves for an LQG controller, and an optimal reduced- order controller. 

For this special case, suboptimal reduced- order controllers obtained by balancing destabilize the 

closed-loop system when qi < 10-5. 

Table 5.2 shows some of the run time statistics for solving the 8!/l-order optimal compensator 

for this example at various control authorities. The cubic spline prediction option and the diagonal 

basis option were chosen for solving the coupled Lyapunov equations in this comparison. The "*" 

under the MegaFLOPs heading indicates that the MATLAB FLOP counter overflowed and so the 

FLOP data is unavailable. 

Control Authority 

92(1) MegaFLOPs 
RealTime 

(sec.) 
Predictions 

& Corrections 
IO-4 * 4098 19 
IO-5 * 9008 42 
10~b * 4712 22 
10"' * 2216 10 

Table 5.2. Run-Time statistics of ACES Structure Example for nc = 8 

6.     Conclusions 

Gradient-based minimal parameterization homotopy algorithms for Hi optimal reduced-order 

dynamic compensation15 are computationally efficient in theory, but tend to experience numerical 
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ill-conditioning in practice due to the constraint on the controller basis. Hence, this paper has pre- 

sented a new homotopy algorithm for the synthesis of Hi optimal reduced-order compensators based 

on directly solving the optimal projection equations which characterize the optimal compensator. 

The resulting algorithm is usually more numerically robust than the gradient-based homotopy al- 

gorithms. However, the number of variables associated with this approach is (2n + nc) * (m + /) 

which is greater than the number of variables associated with minimal parameterization approach 

(nc(m + /)). The two examples of the previous section demonstrate the effectiveness of the proposed 

algorithm. 

Appendix A.      Formulation of the Derivative and Correction Equations 

Before deriving the derivative and correction equations (4.25)-(4.32), we state the following 

useful properties about the derivatives of the contragredient transformation of (Q, P). 

Note that it follows from (4.17)-(4.19) that r(A) can be expressed as 

r(A) = Q{X)UT{X)h.\X)U{X) = Q(A)[/1(A)fi-1(A)t/1
T(A), (A.l) 

or 

where 

r(A) = W{X)h.\X)W'I{X)P{X) = WX(X)Ü-\X)W^{X)P{X), (A.2) 

Af(A) 
fi-1(A)    0 

0        0 
(A.3) 

The representations of r(A) given by (A.l) and (A.2) are used below as a convenient way of ex- 

pressing the derivative equations partially in terms of Q(X) and P(X) as opposed to expressing the 

derivative equations only in terms of Wi(X),U\(X), and fi(A). For notational simplicity, we omit 

the argument A in the subsequent equations. 

Differentiating (A.l) or (A.2), gives the following expressions for r 

or 

with 

f = W^W^P + {W^W? + Wifi-'ßfi-1^ + W^W^P, (A.b) 

—- = -[ft-1]2^ = -rr^fr1, (A.6) 
dX 
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since ft is diagonal.   Below, we derive the matrix equations that can be used to solve for the 

derivatives and corrections. 

A.l.    The Derivative Equations 

Differentiating (4.5)-(4.8) with respect to X and using (A.4)-(A.6), yields 

0 = AT
PP + PAp + RP(P,Q, P, £) + Rl(P, Q, P, Ö) + Vp + Vp+Ru (4.7 

0 = AQQ + QAT
Q + RQ(P,Q,P,$) + Rl(P,Q,P,Ö) + VQ + V^ + VU (A.8 

0 = AlP + PAW + Rp(P,Q,P,Ö) + RT
p(P,Q,P,d) + Vp + Vj, {AS 

0 = Aui + §Al + RQ(P,Q,P,Ö) + äJ(P,Q,P,£) + VQ + Vj, (AAO 

where 

4P = 4-EPr, {A.ll 

Aw = A-QE + W1Ü-1W^Pi:P(In-T), (A.12 

AQ = A-rQt, (4.13 

4u = 4-EP + (/n-r)QEQt/1Jr
1£/1

T, (4.14 

RP = -Pa(P, <?)PEP(/n - r) - (Jn - T)
T
PZPT - PW^W?PZP(In - r), (4.15 

RQ ± -Q7(>,£)QEQ(I„ - r)T - rQtQ(In - r)
T - ^Ü^U^QtQ{In - r)

T, (4.16 

Rp = Pa(P, <>)PEP(/n - r) + (/„ - T)
T
PLPT + rTPEP - tQP, (4.17 

PQ = Q-r{P,Q)QXQ(In - r)T + rQSg(/n - r)
T + rQEQ - EPQ, (4.18 

a(P,(2) = WxSl-^W? - Wxü-lÜÜ-lW^ + W^W?, (4.19 

7(P,Ö) = Ürf-1!/? - UiÜ^ÜÜ-1^ + U^Ü?, (4.20 

V> = 4TP - (/„ - ir)]TPEPr, (4.21 

VQ i ÄQ - (/„ - ^r)QEQrT, (4.22 

V> = (4 + QE)TP + (/„ - ^r)]TPEPr, (4.23 

VQ £ (4 - EP)Q + (In - \T)Q£QT
T. (4.24 
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Note that it follows from (4.1)-(4.3), 

A = Af-Ao,    B = Bf-B0,    C = Cf-C0, (A.25) 

Ri = R\j - Riß-,   R2 = R2J - Ri,o, (.4.26) 

Vi=Vlif-V1J0,    V2 = V2J-V2fi, (A.27) 

t = BR^BT - BR2-2R2B
r + BR^BT,    t = CTV~1C + CTVf2V2C + CTVflC.     (A.28) 

Next, differentiating (4.17) and (4.18), yields 

Q = W&W? + WittW? + W&W?, (A.29) 

P = Ü1SIU? + UiÜU? + U1SIÜ?. (A.30) 

Furthermore, differentiating (4.23) with respect to A gives 

0 = ÜW + UW = ÜfWi. + U?WX. (4.31) 

A.2.    The Correction Equations 

The correction equations are developed with A at some fixed value, say A". The derivation of 

the correction equations are based on the relationship between Newton's method and a particular 

homotopy. Below, we use the notation 

Let / : Rn —» Rn be C1 continuous and consider the equation 

0 = f(6). (4.33) 

If #(') is the current approximation to the solution of (A.33), then the Newton correction50 A6 is 

given by 

0(>+D _ 0(0 ± A0 = _/(0(O)-iC) (A.34) 

where 

e = /(0(O). (A.35) 

Now, let 6^ be an approximation to 6 satisfying (A.33). Then with e given by (A.35) construct 

the following homotopy to solve (A.33) 

(1 - ß)e = f(6(ß)),    )3€[0,1]. (AM) 
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Note that at ß = 0, (A.36) has solution 0(0) = 0W while 0(1) satisfies (A.33). Then differentiating 

(A.36) with respect to ß gives 

^-\0=o = -f(e{i)r1e. (-4-37) 
dß 

Remark A.l. Note that the Newton correction A0 in (A.34) and the derivative §^\p=o in 

(A.37) are identical. Hence, the Newton correction A0 can be found by constructing a homotopy 

of the form (A.36) and solving for the resulting derivative ^\ß=o- As seen below, this insight is 

particularly useful when deriving Newton corrections for equations that have a matrix structure. 

Now, we use the insights of Remark A.l to derive the equations that need to be solved for 

the Newton corrections (AP, AQ, AP, AQ), or, equivalently, (AP, AQ, AWU AUU Aft). We be- 

gin by recalling that A is assumed to have some fixed value, say A*. Also, it is assumed that 

(P-,Q*,P",Q*) is the current approximation of (P(A'),Q(A*), P(A*),Q(A')) and that (E'P,EQ, 

E",E*) are respectively the errors in equations (4.5)-(4.8) with A = A* and (P(\),Q(\),P(\), 

Q(X)) replaced by (P',Q',P',Qm), respectively. 

Next, we form the homotopy 

(1 - ß)E'P = ATP(ß) + P(ß)A + Äj + rT(/3)P(/?)EP(/3)r(/3) 

- TT(ß)P(ß)ZP(ß) - P(ß)ZP(ß)r(ß), (4.38) 

(1 - ß)E'Q = AQ(ß) + Q(ß)AT + V, + T(ß)Q(ß)tQ(ß)T^(ß) 

- r(ß)Q(ß)tQ(ß) - Q(ß)tQ(ß)rr(ß), (4.39) 

(1 - ß)Ep = (A- Q(ß)Z)TP(ß) + P(ß)(A - Q(ß)t) - TT(ß)P(ß)ZP(ß)r(ß) 

+ rr(ß)P(ß)i:P(ß) + P(ß)^P(ß)r(ß), (4.40) 

(1 - ß)El = (A(ß) - ZP(ß))Q(ß) + Q(ß)(A - EP(/?))T - r(ß)Q(ß)t(ß)Q(ß)r'I(ß) 

+ r(ß)Q(ß)t(ß)Q(ß) + Q(ß)t(ß)Q(ß)rT(ß). (4.41) 

Here, (4, E,£,Äi, V{) = (4(A*),E(A*), E(A*),Pi(A*),Fi(A*)) are assumed to be evaluated at A = 

A* and at ß = 0, (P(0),Q(0), P(0),Q(0),r(0)) are the current approximations. Differentiating 

(A.38)-(A.41) with respect to /?, noting the identity of (A.4)-(A.6) with f now representing j^, 

and using Remark A.l to make the replacements 

yields 

0 = AT
PAP + APAp + RP(AP, AQ, AP, AQ) + RJ>{AP, AQ, AP, AQ) + EP, (4.43) 
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0 = AQAQ + AQAI + RQ(AP,AQ,AP,AQ) + Rl(AP,AQ,AP,AQ) + EQ, 

0 = AlAP + APAW + Rp{ AP, AQ, AP, AQ) + Pj(AP, AQ, AP, AQ) + E'p, 

0 = Au AQ + AQAl + RQ(AP, AQ, AP, AQ) + Pj(AP, AQ, AP, AQ) + V?, 

where 

AP = A - ZPT, 

AW = A-QZ + W^W?PZP{In - T), 

AQ^A- rQt, 

Au = A--£P + {In- TWZQU^U?, 

RP = -Pa(AP, AQ)PEP(In - r) - (/n - r)
TPSAPr - AiWjft-1 WiTPEP(J„ - r), 

PQ = -Q7(AP, AQ)QSQ(In - r)
T - rAQ£Q(/n - r)T - AQUxu~lUjQtQ{In - r)

T, 

Pp = Pa(AP, AQ)PEP(/n -T) + (Jn - r)
TPEAPr + rTPEAP - EAQP, 

P«3 = Q7(AP,AQ)QZQ{In - r)
T + rAQtQ(In - r)

T + rQEAQ - EAPQ, 

a{AP,AQ) = AWrtt^W? - W^ASISI^W? + W^AW^W?, 

7(AP,AQ) = Af/jfi-1^- t/1(r
1Aftfi-1t/1

T + £/1ft-1At/1
T. 

4.44 

A45 

4.46 

4.47 

4.48 

4.49 

A.50 

.1.51 

4.52 

4.53 

4.54 

4.55 

4.56 

Next, replacing A with ß in (4.17), (4.18), and (4.23) and differentiating them with respect to 

ß, the following equations are derived, 

AQ = AWXSIW? + WiAQW? + WrfAW?, (4.57) 

AP = AU&U? + UxAUUf + UjClAU?, (4.58) 

0 = AU^W, + UjAWx, (4.59) 

where 
A dU. A dW A <ift 

Appendix B.      Efficient Computation of the Solution to the Prediction and Correction 

Equations. 
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This appendix presents a solution procedure using Ref. 21 for efficiently solving the prediction 

equations (4.25)-(4.28) and the correction equations (4.29)-(4.32). We commence by recognizing 

that (4.25)-(4.28) and (4.29)-(4.32) have the following generic form: 

0 = APP + PAP + Fa(P,Q,P,0) + Fp, (BA) 

0 = AQQ + QAl + Fb(P,Q,P,<2) + FQ, (5.2) 

0 = AZP + PAw + re(P,QtP,$) + Fp, (5.3) 

Q = A*$ + $AZ + Fd(P,Q,P,Ö) + Fq, (BA) 

where the linear operators Fa : X?SnX" - Snx", Tb : X?Snxn - Snxn, Tc : X\Snxn - Snxn, 

and Fd : X?Snxn -► Snxn, are defined by 

Fa(P,Q, P, Ö) = RP(P, Q, P, Ö) + RT
P(P,Q, P, £), (B.5) 

Fb(P,Q,P,Ö) = RQ(P,Q,P,i) + Rl(P,Q,ki), (5.6) 

FC{P,Q,M) = RP(P,Q/P,$) + RI(P,Q,P,Ö), (5.7) 

rd(P,Q,P,Q)±RQ(P,Q,P,G) + Rl(P,Q,P,G), (5.8) 

and FP,FQ, FHP and FA are constant forcing terms. It is easy to verify that (P, Q, P, Q, Ta, Fb, Tc, 

Ti, Fp, FQ, Fp, FQ) in the above equations represents (P, Q, P, Q, Rp -f Rip, RQ + R,Q,Rp + R?, 

ÄA + Äj,Vp + Vj,VQ + V?,Vp + V^VQ + VT) in (4.25)-(4.28) and (A5, AQ,AP, AQ,RAP + 

RIP,RAQ + RlQ,RAp + Rlp,RAQ + RlQ>EP'EQ'EhE"Q) in (4.29M4.32), respectively. Our 

goal now is to find for some integer m. (as small as possible) linear operators <j> : XjSnXn -* Rm-, 

Ga : Rm- -f Snxn, Ob ■ Rm" -* Snx", Gc : Rm- — SnXn, Gd ■ Rm' — Snxn, such that 

Fa(P, Q, P, Ö) = 5a(<KP, Q, P,Q)), (5-9) 

Fb(P,Q,P,Ö) = Gb(<t>(P,Q,PM, (5.10) 

FC(P,Q,P,<2) * GC{4{P,Q,PM))> (5.11) 

Fd(P,Q,P,$) = Gä(4>(P,Q,P,ti)). (5.12) 

Next, define the following linear operators 

MP,Ö) = vec U?a(P,0)55, (5.13) 
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and 

where 

<f>2{P) = vec 5T5, (5.14) 

fafy^vecPWiSl-^WfPB, (5.15) 

^(ÄÖ) = vec^T7(>,Ö)QCT, (5.16) 

tf>5(Q) = vec Cg, (5.17) 

M<2) = vecÖu1n-1UjQCT, (5.18) 

4> = [fx  <fl $ $1 <f>I <t>I ]T, (5.19) 

a{P,(j) = w^w? - w^nn^w? + w^w?, (5.20) 

7(5,0) = uin^u? - Uxü^iin^u? + c^ir1^, (5.21) 

are given by (A.19) and (A.20), respectively. It follows from (B.13)-(B.18) that &(•) G Rm', &(■) 

G Rm=, <p3(-) € R™3, M-) € Rm<, &(•) € Rms, &(•) € RmS and <£(•) € Rm-where ma = 

ncm,   m2 = nm,  ms = nm,   TO4 = nc/,   1715 = nl,  me = nl, and 

6 

m. = X]m« = (2n + nc)(m + /). (5.22) 
»=1 

Note that it is assumed in (B.20) and (B.21) that Wi,Üi, and 17 are obtained from (A.29)-(A.31). 

A procedure to compute W\, U\, and Ö given Q and P is presented in Appendix C. 

Now, note that (4.19)-(4.22) imply that 

UjWl = Inc,    UjW2 = 0,    U^Wi = 0,    In-T = W2Uj. (5.23) 

Thus, using (4.17)-(4.19) and (B.25), we can rewrite (A.15)-(A.18) as 

RP = Fal vec-^^JG«! + Fa2 vec~x (<h)G a2 + Fa3 vec"1^)^, (5.24) 

Rq = Fbl vec-1(^)G61 + 562 vec-1(^)G62 + Fb3 vec"1^)*?», (5.25) 

Rp = fcl vec-1(<^1)Gcl + Fc2 vec-1(<^5)Gc2 + Fc3 veC-
1(^2)Gc3 + Fc4 vec-1(<p2)Gc4, (5.26) 

RQ = Fdi vec_1(ö!>4)Gdi + Fd2 vec'1 (<f>5)G 42 + ^3 vec_1(^5)G(i3 + ^4 vec_1(<?!>2)G<M, (5.27) 
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where 

Fal = -UlCl,    Gal = Rj1BTPW2U?,    Fa2 = -V2WjPBR2\    Ga2 = WxU?, 

Fa3 = -In,    Ga3 = R2
1BTPW2U2

T, (B.28) 

Fbl = -W1Q,    Gb, = V2-
lCQU2Wj,    Fb2 = -W2U?QCTV2-\    Gb2 = UxWj, 

Fb3 = -/„,    Gb3 = Vf'CQU.Wj, (5.29) 

Fci = U,ü,    Gel=R^1B'IPW2U^,    Fc2 = -CTV2-\    Ge2 = U1SW?, 

Fc3 = U2W?PBR2
1,    Gc3 = W1U?,    Fci = U1W?PBR2~1,    Gc4 = /„, (5.30) 

Fdl = W&,    Gdi = V2-
lCQU2W?,    Fd2 = W2U2

TQCTV2~\    Gd2 = UXW?, 

Fd3 = WiU?QCrV2-\    Gd3 = In,    Fdi = -BR2\    GdA = W&W?. (5.31) 

Next, define the following shaping matrices 

■E'm]  = [•'mi   UJ,      •C'm2 = iVmjXTni   •'7712UJ,      -^7713 = [«m3X(mj+m2)   -'7713   0J, 

Emi  
= [0   Jmt   0m< x(m5 + m6)J,       Emb = [U   ims   OT^ xm6J)       ^m6  

= [0   Im6\i (5.32) 

where Emi € Rm-Xm- for i = (1,2,..., 6). Now, using these shaping matrices, we define 

Gai(z) = Fal vec-\Emiz)Gal + Fa2 vec"1 (Em2z)G'a2 + Fa3 vec-1{Em,z)Ga3, 

Qbi(z) = Fbl vec-1(£m4«)G6i + Fb2 vec-1(Emiz)Gb2 + Fb3 vec-\Em6z)Gb3, 

Gd(z) = Fcl vec-1(5miz)Gcl + Fc2 vec~\Emiz)Gc2 + Fc3 vec"1{Em,z)G* 

+ Fci \ec~1(Em:,z)GC4, 

Gdi(z) = Fdl wec-1(Emtz)Gdi + Fd2 vec-\Embz)Gd2 + Fd3 vec-\Emiz)Gd3 

+ Fd4vec-1(Em7z)Gd4, (5.33) 

and 

Ga = öai + Gji,   Gb = Gbi+Gl,   Gc = Gci+Gl,    Gd = Gdi+GJi. (5.34) 

It follows from (B.24)-(B.27) that ga,gb,gc, and Qd satisfy (B.9)-(B.12), respectively. 

Now, with the above definitions, the solution procedure for a set of coupled, modified Lyapunov 

equations described in Ref. 21 is applied to solve for (P,Q,P,Q) in (B.1)-(B.4). With the above 

formulation, the efficiency of the coupled Lyapunov equations solver is realized by exploiting the 
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low rank properties of the coupling terms. In particular, to solve the prediction equations (B.l)- 

(B.4), the primary computational burden is to invert a matrix of m. x m„, or, equivalently, (2n + 

nc)(m + I) x (2n + nc)(m + /) and to solve four sets of m. + 1 standard n x n Lyapunov equations, 

with each set having coefficient matrix of Ap, AQ,AW, and Au, respectively. 

In comparison, by using Kronecker algebra50, (B.1)-(B.4) can be converted to the vector form 

Ax = b where x is a vector consisting of the independent elements of P,Q,P and Q. Hence, to 

get the solution for (P,£?,P,<2), it requires to invert an 2n(n + 1) x 2n(n + 1) matrix. If the 

rank condition (2.35) is observed, that is, using (Wi,U\,Q) to replace (P,Q), the solution would 

require to invert a matrix of dimension n. x n., where n. = n(n + nc + 1) + nc(n + 1). Thus, if 

m << n and I << n, which is usually true, then m. << n, and the algorithm discussed in this 

Appendix will be much more efficient. Furthermore, if (B.1)-(B.4) are first transformed to the 

bases in which AP,AQ,AW and Au are nearly diagonal, respectively, the cost of computation can 

be reduced significantly. 

Next, we formulate a procedure to solve the derivative equations and correction equations in 

a desired basis. First, let TP,TQ,TW and Tu be the transformation matrices such that TplApTp, 

TQ
1

 AQTQ,T~
1
 AWTW, and T~1AUTU are in suitable form according to the basis option described 

in Section 4.4. Next, make the replacements 

Ap «- TplAPTp,    AQ «- TQ^AQTQ,    AW <- TJ1 AWTW,    Au - T'1 AUTU, 

P*-TJPTP,   Q^TQ
1
QTQ

T
,   'P^TZ'PTW,   i-r-^r-1", 

Fp *- TpFpTp,    FQ *- TQ FQTQ   ,    Fp <- TwFpTw,    FQ *- T~ FQT~  , 

W^T^Wu    Ui^TlUu    W2^-T~lW2,    U2^-TZU2. 

Then we obtain 

0i(>,0) = vec U?T-lTuU?a{P,£l)TZPB, (5.35) 

4>2(P) = vec BTTpTP, (5.36) 

fofylvecPT^TvWxil-iWfTfPB, (£.37) 

M'PM) = vec VT1
Tru

TrjT7(>,Ö)T-1QCT, (£.38) 

<j>s(Q) = vec CTQQ, (£.39) 

M$) = vec ^Tu
TrjTt/1fi-1t/1

TTj;1QCT, (5.40) 
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and 

Fai = -TjT-TU^    Ga,=R^BTPTuW2U^T-xTp,    Fa2 =-TJT^ U2W? T? P B R^1, 

Ga2=TplTuW^T-lTP,    Fa3 = -TjT~T,    Ga3 = R^1BTPTuW2Ujf-iTP, 

Fbl = -T^TuWxn,    Gbl = V2-
1CQT-TU2W?T?TQT,    Fb2 = -T^W^T^QC^V,-1, 

Gb2=T$TZTUlW?T?TjT,    Fa = -Tj1Tu,    Gb3 = V2~
lCQT^U2Wj T^T^7, 

Fel = U1Q,    Gci = R2
1BTPTuW2U2

T,    Fc2 = -T^Vf1,    Ge2 =T$T-TU1MJ?, 

Fc3 = U.WfTjPBR;1,    Gc3 = TplTuWl U?,    Fci = UxW^T7PBR2
l,    Gc4 = TplTw, 

Fdl = Wiü,    Gdx = VflCQTZTU2W?,    Fd2 = WiUfT^QC^Vf1,    Gd2 = T^T^U^?, 

Fd3^W1U^TZ1QCrV2-\    Gd3 = r^r-T,    Fd4 = -T~lBR2\    Gdi = TplTuW1ÜW^, 

satisfying (B.24)-(B.27) in the new basis. 

Appendix C     Conversion from (Q,P) to (Wi,Ui,Q.) 

Note that the following procedure is valid only in the original basis. It is desired to compute 

Wu Üi and Q satisfying (4.22)-(4.24). Note that (4.12) implies 

UjWx = Inm,    U?W2 = 0,    UjWx = 0. (C.l) 

Pre- and post-multiplying (4.22) by U and UT respectively gives 

Q = W1[Ü    0] + 
Q   0 
0    0 + &)T, 

where 

(C.2) 

Q = UQUr, 

]£j £ UWy = 
[u?w2\ 

Similarly, pre- and post-multiplying (4.23) by WT and W respectively gives 

P = U_1[n    0] + 
Ü    0 
0    0 + • T 

(C.3) 

(C.4) 

(Co) 
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where 

p = WTPW, (C.6) 

(C7) 

Partition W_x and Ü_x as 

[*H Wi = 
IäIJ 
[fill] 

fii = 

.&21. 

It then foUows from (C.4) and (C.7)-(C9) that (4.24) is equivalent to 

En = -£n- 

(C.8) 

(C.9) 

(CIO) 

"j£nQ    0' 
+ 

■fi 0" 
+ 

_w;21fi  o_ 0 0 

It now follows from (C.8) that (C.2) is equivalent to 

an ii)T 

Ö21        0 

and from (C.9) that (C.5) is equivalent to 

Zll      (>2l)T 

Mi     o   - 

Furthermore, (C.ll) is equivalent to 

uun o fi 0" 
= + + 

_U21Q   o 0 0 

0 0 

ft(fin)T    ft(fi21)
T' 

0 0 

iu=Knü + ü + ü(wn)'T, 

Ö21=K21ü. 

Similarly, equation (C.12) is equivalent to 

£n =fiiift + Ö + "(fiii)T> 

P21 = ÜnÜ. 
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Now, (C.14) and (C.16) imply respectively that 

wn = Ö2ln-\ (en) 

Ü2l = P2lü-1. (C.18) 

Furthermore, substituting (CIO) into (C.13) yields 

Ön = -ÜZii )Tft + fi " fi£n • (C.19) 

Denote the (i, j) elements of Pn, Q    , and U_n respectively by p.., q.., and ü(J-. Then we can 

rewrite (C.15) and (C.19) as 

p.. = üijUj + Sijüi+Uiüji,    i,j e {1,2, ...,nm}, (C.20) 

lij = -kjiUj +6ijüi -Uiüij,    i,j £ {l,2,...,nm}, (C.21) 

where 

Next, assume z = j. Then subtracting (C.21) from (C.20) gives 

u„ = &£&. (C.23) 

Now, assume i 7^ j. Multiplying (C.20) by {uj/ui) and adding the resultant equations to (C.21) 

gives 
u>jp.. + u>iq.. 

U> ■   — U- 

or, if U{ = ojj, 

*, = ^- (CM») 

Now, j£n is defined by (C.23) and (C.24) and Ü71 by (C.18). Wn is then denned by (CIO) and 

W.21 by (C.17). W_x and £x are now defined respectively by (C.8) and (C.9). Using (4.24) it follows 

from (C.4) and (C.7) that W\ and U\ are given respectively by 

W1 = WW1, (C.25) 

#1 = UTÜV (C.26) 

From (C.22) it follows that 
p.. + q.. 

*'" = """^ (C-27) 

which defines Q. 
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Figure 5.5.    Comparison of the Performance Curves for Various Order Con- 

trollers for Four Disk Example 



r—i—r-T-i-m-r——' 1—i   i  i i i TI ■—r—i—i   i i 

0.25 

0.2' '—'—' ' ''''' '—'—'         '    'ill 

<?2 

Figure 5.6.       ||-P||F as a Function of Control Authority (q2 
1) for Four Disk 

Example with nc — 4 



I      i    i—i i i 111 i 1—i   i i i i 11 1 r—T—r 1 I      I    I   I  I I M I I      I    I   I  I I 

I I I '   '   ' ' ' 

10* 

<?2 

Figure 5.7.       ||Q||F as a Function of Control Authority (q2 
l) for Four Disk 

Example with nc = 4 



0.6 ">        I     I    I   M I I I |   —| 1    I   I   I I I I 1 1     I    l   l  | | | I 1      I    i   I I I M i 1      i    r 

1l 
-1 

Figure 5.8.       ||-P||F as a Function of Control Authority (q2 
l) for Four Disk 

Example with nc = 4 



rm 1 1    i   i i i i 11 1      i    i   i i i i ii 

<?7 
-1 

Figure 5.9.       \\Q\\F as a Function of Control Authority (q2 
1) for Four Disk 

Example with nc = 4 



10-3 

KHT 
O u 
a 

10-5 

10-6 

1
1
 

1 
1 

1 

m r- TT-rr rrn r           -T     "T—1    IM 1 1 1 1         1      1    1   1  1 IJ_ 

—__  :.... 

...,...:..      .             .    ;.. 

^"^  •-■ -•'■      ..... 

-  -•■   :   ■   '■'■'■/'■'■'■;      ■■■ — ■ —■■'■■■'■■■■'■■ ■-; -••• 

......:..;.... 
"7 

.      optimal                           " 

%i«%   '■-                     :'\ 

■;' ,.......,..:.. 

:::::::::j:::::):::.T:::::-::[:rci::::;f:::tQGr;rx;=;q 
- •••;■■ :-; '. ■-;■ 

io-3 io-2 io-1 10° 

unweighted control cost 

10» 102 

Figure 5.10.       Performance Curves for the 8'A-order Controllers for ACES 

Structure. 



References 

1 Makila, P. M., Toivonen, H. T., "Computational Methods for Parametric LQ Problems-a 
Survey," IEEE Transactions on Automatic Control, Vol. 32, 1987, pp. 658-671. 

2 Levine, W. S., Johnson, T. L., and Athans, M.,"Optimal Limited State Variable Feedback 
Controllers for Linear Systems," IEEE Transactions on Automatic Control, Vol. 16, 1971, pp. 
785-793. 

3 Martin, G. D., and Bryson, A. E., Jr., "Attitude Control of a Flexible Spacecraft," AIAA 
Journal of Guidance, Control, and Dynamics, Vol. 3, 1980, pp. 37-41. 

4 Mukhopadhyay, V., Newsom, Journal R., and Abel, I., "Reduced-Order Optimal Control 
Law Synthesis for Flutter Suppression," Journal of Guidance, Control and Dynamics, Vol. 4, 
1982, pp. 389-395. 

5 Ly, U-L, Bryson, A. E., and Cannon, R. H., "Design of Low-Order Compensators Using 
Parameter Optimization," Automatica, Vol. 21, 1985, pp. 315-318. 

6 Mukhopadhyay, V., "Stability Robustness Improvement Using Constrained Optimization 
Techniques," AIAA Journal of Guidance Control and Dynamics, Vol. 10, 1987, pp. 172-177. 

7 Mukhopadhyay, V., "Digital Robust Control Law Synthesis Using Constrained Optimiza- 
tion," Journal of Guidance, Control and Dynamics, Vol. 12, 1989, pp. 175-181. 

8 Anderson, B. D. 0., "Second-Order Convergent Algorithms for the Steady-State Riccati- 
Equation," Int. J. Control, Vol. 28, 1978, pp. 295-306. 

9 Makila P. M., "Parametric LQ Control," Int. J. Control, Vol. 41, 1985, pp. 1413-1428. 

10 Moerder, D. D., and Calise, A. J., "Convergence of a Numerical Algorithm for Calculating 
Optimal Output Feedback Gains," IEEE Transactions on Automatic Control, Vol. 30, 1985, 
pp. 900-903. 

11 Toivonen, H.T., and Makila, P. M., "Newton's Method for Solving Parametric Linear 
Quadratic Control Problems," Int. J. Control, Vol. 46, 1987, pp. 897-911. 

12 Peterson, L. D., "Optimal Projection Control of an Experimental Truss Structure," Jour- 
nal of Guidance, Control and Dynamcis, Vol. 14, No. 2, 1991, pp. 241-250. 

13 Mercadal, M., "Homotopy Approach to Optimal, Linear Quadratic, Fixed Architecture 
Compensation," Journal of Guidance, Control and Dynamics, Vol. 14, 1991, pp. 1224-1233. 

14 Collins, E. G., Jr., Phillips, D. J., and Hyland, D. C, "Robust Decentralized Control Laws 
for the ACES Structure," Control Systems Magazine, 1991, pp. 62-70. 

15 Collins, E. G., Jr., Davis, L.D., and Richter, S., "Design of Reduced-Order, H? Optimal 
Controllers Using a Homotopy Algorithm ," Int. J. Control, 1993, to appear. 

16 Kuhn, U. and Schmidt, G., "Fresh Look into the Design and Computation of Optimal 
Output Feedback Controls for Linear Multivariable Systems," International Journal of Control, 
Vol. 46, 1987. pp. 75-95. 

17 Ge, Y., Collins, E. G., Jr., Watson, L. T., and Davis, L. D., "A Input Normal Form 



Homotopy for the L2 Optimal Model Order Reduction Problem," 1993, submitted to Int. J. 
Control. 

18 Ge, Y., Collins, E. G., Jr., Watson, L. T., and Davis, L. D., "A Comparison of Homo- 
topies for Alternative Formulations of the L2 Optimal Model Order Reduction Problem," 1993, 
submitted to Int. J. Control. 

19 Richter, S. and Collins, E. G. Jr., "A Homotopy Algorithm for Reduced-Order Controller 
Design using the Optimal Projection Equations," Proc. IEEE Conference on Decision and 
Control, 1989, pp. 932-933. 

20 Hyland, D. C. and Bernstein, D. S., "The Optimal Projection Equations for Fixed-order 
Dynamic Compensation," IEEE Transactions on Automatic Control, Vol. 29, 1984, pp. 1034- 
1037. 

21 Richter, S., Davis, L. D., and Collins, E. G., Jr., "Efficient Computation of the Solutions 
to Modified Lyapunov Equations," SI AM Journal of Matrix Analysis and Applications, 1993, 
pp. 420-431. 

22 Zigic, D., Watson, L. T., Collins, E. G., Jr., and Bernstein, D. S., "Homotopy Methods 
for Solving the Optimal Projection Equations for the H2 Reduced Order Model Problem," 
International Journal of Control, Vol. 56, 1992, pp. 173-191. 

23 Zigic, D., Watson, L. T., Collins, E. G., Jr., and Bernstein, D. S., "Homotopy Approaches 
to the H2 Reduced Order Model Problem," Journal of Mathematical Systems, Estimation, 
Control, 1993, to appear. 

24 Collins, E. G. Jr., Ying, S. S., Haddad, W. M., and Richter, S.,"An Efficient, Numer- 
ically Robust Homotopy Algorithm for H2 Model Reduction Using the Optimal Projection 
Equations," 1993, Submitted to International J. Control. 

25 Collins, E. G., Jr., Davis, L.D., and Richter, S., "A Homotopy Algorithm for Maximum 
Entropy Design," Proc. Amer. Contr. Conf, 1993, San Francisco, CA, pp. 1010-1019. 

26 Zigic, D., Watson, L. T., and Collins, E. G., Jr., "A Homotopy Method for Solving 
Riccati Equations on a Shared Memory Parallel Computer," Sixth SIAM Conference on Parallel 
Processing for Scientific Computing , 1993, pp. 614-617. 

Rao, C.R., and Mitra, S.K., Generalized Inverse of Matrices and its Applications, 1971, 
John Wiley and Sons, New York. 

28 Bernstein, D.S. and Haddad, W.M., "Robust Stability and Performance via Fixed-Order 
Dynamic Compensation with Guaranteed Cost Bounds," Math. Control Signal Systems Vol 
3, 1990, pp. 139-163. 

29 
Lloyd, N. G., Degree Theory, 1978, Cambridge University Press, London. 

0 Avila, J. H., "The Feasibility of Continuation Methods for Nonlinear Equations," SIAM 
Journal of Numerical Analysis, Vol. 11, 1974, pp. 104-144. 

31 Wacker, H., Continuation Methods, 1978, Academic Press, New York. 

32 Alexander, J. C, and Yorke, J. A., "The homotopy Continuation Method: Numerically 
Implementable Topological Procedures," Transactions of the American Mathematical Society, 



Vol. 242, 1978, pp. 271-284. 

33 Garcia, C. B., and Zangwill, W. I., Pathways to Solutions, Fixed Points and Equilibria, 
1981, Prentice-Hall, Englewood Cliffs, NJ. 

34 Eaves, B. C, Gould, F. J., Peoitgen, J. 0., and Todd, M. J., Homotopy Methods and 
Global Convergence, 1983, Plenum Press, New York. 

35 Watson, L. T., "Numerical Linear Algebra Aspects of Globally Convergent Homotopy 
Methods," SI AM Review, Vol. 28, 1986, pp. 529-545. 

36 Richter, S. L., and DeCarlo, R. A., "Continuation Methods: Theory and Applications," 
IEEE Transactions on Circuits and Systems, Vol. 30, 1983, pp. 347-352. 

37 Richter, S., and DeCarlo, R., "A Homotopy Method for Eigenvalue Assignment Using 
Decentralized State Feedback," IEEE Transactions on Automatic Control, Vol. 29, No. 2, 
1984, pp. 148-158. 

38 Turner, J. D., and Chun, H. M., "Optimal Distributed Control of a Flexible Spacecraft 
During a Large-Angle Maneuver," Journal of Guidance, Control and Dynamics, Vol. 7, 1984, 
pp. 257-264. 

39 Dunyak, J. P., Junkins, J. L., and Watson, L. T., "Robust Nonlinear Least Squares 
Estimation Using the Chow-Yorke Homotopy Method," Journal of Guidance, Control and 
Dynamics, Vol. 7, 1984, pp. 752-755. 

40 Lefebvre, S., Richter, S., and DeCarlo, R., " A Continuation Algorithm for Eigenvalue 
Assignment by Decentralized Constant-Output Feedback," International Journal of Control, 
Vol. 41, 1985, pp. 1273-1292. 

41 Sebok, D. R., Richter, S. and DeCarlo, R., "Feedback Gain Optimization in Decentralized 
Eigenvalue Assignment," Automatica, Vol. 22, 1986, pp. 433-447. 

42 Horta, L. G., Juang, J.-N., and Junkins, J. L., "A Sequential Linear Optimization Ap- 
proach for Controller Design," Journal of Guidance, Control and Dynamics, 9, 1986, pp. 699- 
703. 

43 Kabamba, P. T., Longman, R. W., and Jian-Guo, S., 1987, "A Homotopy Approach to 
the Feedback Stabilization of Linear Systems," Journal of Guidance, Control and Dynamics, 
Vol. 10, 1987, pp. 422-432. 

44 Shin, Y. S., Haftka, R. T., Watson, L. T., and Plaut, R. H., "Tracking Structural Optima 
as a Function of Available Resources by a Homotopy Method," Computer Methods in Applied 
Mechanics and Engineering, Vol. 70, 1988, pp. 151-164. 

45 Rakowska, J., Haftka, R. T., and Watson, L. T., "Tracing the Efficient Curve for Multi- 
Objective Control-Structure Optimization," Comput. Systems. Engrg., Vol. 2, 1991, pp. 
461-472. 

46 Watson, L. T., "ALGORITHM 652 HOMPACK: A Suite of Codes for Globally Convergent 
Homotopy Algorithms," ACM Transactions on Mathematical Software. Vol. 13. 1987, pp. 281— 
310. 

47 Collins, E. G. Jr., Haddad, W. M., and Ying, S. S., "Construction of Low Authority, 



Nearly Non-Minimal LQG Compensators for Reduced-Order Control Design," 1993, Submitted 
to IEEE Transactions on Automatic Control and the 1994 American Control Conference. 

48 Yousuff, A., and Skelton, R.E., "A Note on Balanced Controller Reduction," IEEE Trans- 
actions on Automatic Control, Vol. AC-29, 1984, pp. 254-257. 

49 De Villemagne, C, and Skelton, R. E., "Controller Reduction Using Canonical Interac- 
tions," IEEE Transactions on Automatic Control, Vol. AC-33, 1988, pp. 740-750. 

50 Fletcher, R., Practical Methods of Optimization, John Wiley and Sons, New York, 1987. 

51 Brewer, J.W., "Kronecker Products and Matrix Calculus in System Theory," IEEE Trans. 
Circuit and Systems, Vol. 25, 1978, pp. 772-781. 

52 Cannon, R. H., and Rosenthal, D. E., "Experiments in Control of Flexible Structures with 
Noncolocated Sensors and Actuators," AI A A Journal of Guidance, Control and Dynamics, Vol. 
7, 1984, pp. 546-553. 

53 Anderson, B. D. 0. and Liu, Y., " Controller Reduction: Concepts and Approaches," 
IEEE Transactions on Automatic Control, Vol. 34, 1989, pp. 802-812. 

54 Liu, Y., Anderson, B. D. 0. and Ly, U-L., " Coprime Factorization Controller Reduction 
with Bezout Identity Induced Frequency Weighting,," Automatica, Vol. 26, 1990, pp. 233-249. 

55 Hyland, D. C. and Richter, S., "On Direct Versus Indirect Methods for Reduced-order 
Controller Design," IEEE Transactions on Automatic Control, Vol. 35, 1990, pp. 377-379. 

56 Irwin, R. D., Jones, V. L., Rice, S. A., Seltzer, S. M., and Tollison, D. J., Active Control 
Technique Evaluation for Spacecraft (ACES), Final Report to Flight Dynamics Lab of Wright 
Aeronautical Labs, Report No., AFWAL-TR-88-3038, June 1988. 



Appendix L: 

Computation of the Complex Structured Singular Value 

Using Fixed Structure Dynamic D-Scales 

Harris Corporation January 1995 00051.tex 



Appendix M: 

New Frequency Domain Performance Bounds 

for Structural Systems with Actuater and Sensor Dynamics 

Harris Corporation January 1995 00051.tex 



SubmHkJl   -Vo    /W'^«*'^ 

April 1994 

New Frequency Domain Performance 

Bounds for Uncertain Structural Systems 
with Actuator and Sensor Dynamics 

by 

Wassim M. Haddad 
School of Aerospace Engineering 
Georgia Institute of Technology 

Atlanta, Georgia 30332 
(404) 894-1078 

FAX: (404) 894-2760 
wm.haddad@aerospace.gatech.edu 

David C. Hyland 
Harris Corporation 

Government Aerospace Systems 
Division 

Melbourne, Florida 32902 
(407) 729-2138 

FAX: (407) 727-4016 

Emmanuel G. Collins, Jr. 
Harris Corporation 

Government Aerospace Systems 
Division 

Melbourne, Florida 32902 
(407) 727-6358 

FAX: (407) 727-4016 
ecollins@xl02a.ess.harris.com 

Vijaya-Sekhar Chellaboina 
School of Aerospace Engineering 
Georgia Institute of Technology 

Atlanta, Georgia 30332 
(404) 894-3000 

FAX: (404) 894-2760 
gt3582a@acme.gatech.edu 

Abstract 

A new majorant robustness analysis test that yields frequency dependent performance 
bounds for closed-loop uncertain vibrational systems with frequency, damping, and mode 
shape uncertainties is developed. Specifically, for closed-loop systems consisting of un- 
certain positive real plants in series with sensor and actuator dynamics and controlled by 
strictly positive real compensators, performance bounds are developed by decomposing the 
equivalent compensator (which includes the actuator and sensor dynamics) to a positive 
real part and a non-positive real part and using concepts of M-matrices and majorant 
analysis. 

Key Words: Frequency domain performance bounds, robust stability and perfor- 
mance, majorant bounds, uncertain vibrational systems 

Running Title: Frequency domain performance bounds 

This research was supported in part by the National Science Foundation under 
Grant ECS-9350181, and the Air Force Office of Scientific Research under Contract F49620- 
92-C-0019. 



1.    Introduction 

The analysis of uncertain dynamical systems for robust stability and performance 

remains one of the most important issues in modern feedback control theory. This ne- 

cessitates the development of efficient analysis tools that allow a control system to be 

analyzed for robustness with respect to structured and unstructured uncertainty in the 

design model. Hence, considerable effort has been devoted to robust analysis in the recent 

years. Many of the developments in robust analysis have focused exclusively on stabil- 

ity robustness while ignoring robust performance. However, it is well known that robust 

performance is of paramount importance in practice. Specifically, even though stability 

robustness addresses the qualitative question as to whether or not a system remains sta- 

ble for all plant perturbations within a specified class of uncertainties it is important to 

quantitatively investigate the performance degradation within the region of robust stabil- 

ity. In practice it is often desirable to determine the worst-case performance as a measure 

of degradation. The interested reader is referred to Bernstein and Haddad (1990) and the 

references therein for a more complete exposition of the robust stability and performance 

analysis problem. 

In a recent paper by Hyland et al. (1994) the tools of majorant analysis used to 

develop robust stability and performance tests in Hyland and Bernstein (1987), Collins 

and Hyland (1989), and Hyland and Collins (1989), (1991) were extended to positive real 

plants controlled by strictly positive real compensators. Specifically, using the logarithmic 

norm in the context of majorant analysis, new majorant robustness analysis tests were 

developed that yield frequency dependent performance bounds for frequency, damping, 

and mode shape uncertainty in positive real vibrational systems. For this class of systems 

the positive real majorant bounds developed in Hyland tt al. (1994) yield much less 

conservative robustness (stability and performance) predictions over previous norm based 

majorant performance bounds (Hyland and Collins, 1989) and the performance bound 

resulting from complex structured singular value analysis (Hyland et al., 1994; Packard 

and Doyle, 1993). 

The main purpose of this paper is to extend the results presented in Hyland et al. 



(1994) to uncertain positive real structural systems in series with actuator and sensor 

dynamics. It is well known that in this case the resulting system is no longer positive real 

and hence the results of Hyland et al. (1994) can no longer be applied. Using the framework 

developed in Hyland et al. (1994) we develop new frequency domain performance bounds 

for this more general class of uncertain structural systems. Specifically, the results are 

developed by decomposing the equivalent compensator consisting of the original strictly 

positive real compensator along with the actuator and sensor dynamics into a positive 

real part and a non-positive real part and using the concepts of M-matrices and majorant 

analysis. To demonstrate the effectiveness of the proposed approach we apply our results 

to an Euler-Bernoulli beam with closely spaced frequency uncertainty and actuator and 

sensor dynamics. 

Notation 

In the following notation, the matrices and vectors are in general assumed to be com- 

plex. 
IR set of real numbers 
(C set of complex numbers 
Ip p x p identity matrix 
ZH complex conjugate transpose of matrix Z 
Zij or Zij (i,j) element of matrix Z 
diag{zi,..., zn} diagonal matrix with listed diagonal elements 
y << Z yij < z^ for each i and j, where Y and Z 

are real matrices with identical dimensions 
jet j absolute value of complex scalar a 
det(Z) determinant of square matrix Z   
||z||2 Euclidean norm of vector x (= VxHx) 
^min{Z),(Tmax(Z) minimum, maximum singular values of matrix Z 
\\Z\\T Frobenius norm of matrix Z(= (tr£ZH)?) 
p{Z) spectral radius of a square matrix Z 
Amin(Z), ^m*x(Z) minimum, maximum eigenvalues of the Hermitian matrix Z 
max{Yi,...,Yn} = Y where yy = max{yi,y,y2,y,...,yn,ij} 
£[z(t)] Laplace transform of z(t) 

2.    Mathematical Preliminaries 

In this section we establish several definitions and two key lemmas.  A nonnegative 

matrix Z is a matrix with nonnegative elements, i.e, Z >> 0.   A block-norm matrix 



(Ostrowski, 1975) is a nonnegative matrix each of whose elements is the norm of the 

corresponding subblock of a given partitioned matrix. The modulus matrix of A 6 (Cmxn 

is the m x n nonnegative matrix 

\A\M = [\aij\l (2-1) 

Note that the modulus matrix is a special case of a block norm matrix. Let B € <Dnxp. 

Subsequent analysis will use the relation 

\AB\u << |A|M|J3|M. (2-2) 

A majorant (Dahlquist, 1983) is an element-by-element upper bound for a modulus 

matrix (or, more generally, a block norm matrix). Specifically, A is an m x n majorant of 

Ae(Cmxn if 

|A|M << A. (2.3) 

Let Z e (C"xn. Then Z e IRnxn is an n x n minorant (Dahlquist, 1983) of Z if 

*«<l*«l, (2-4fl) 

The following lemma is a direct consequence of the above definitions. 

Lemma 2.1. Let Zd and Zod denote, respectively, the diagonal and off-diagonal 

components of Z € Cnxn, such that 

Zd = diag{z«}?=1,    Zo6 = Z-Z6. (2.5) 

Then, if Zd is an n x n minorant of Zd and Zod is a majorant of Z0a, ^d - -^od is a minorant 

of Z. 

A matrix P € IRnx" is an M-matrix (Fiedler and Ptak, 1962; Seneta, 1973; and 

Berman and Plemmons, 1979) if it has nonpositive off-diagonal elements (i.e., p,;- < 0 

for i yt j) and positive principal minors. Recall that the inverse of an M-matrix is a 

nonnegative matrix (Fiedler and Ptak, 1962; Seneta, 1973; and Berman and Plemmons, 

1979). 



Lemma 2.2.(Dahlquist, 1983). Assume Z € (Dnxn and let Z be an n x n minorant of 

Z. If in addition Z is an M-matrix, then Z is nonsingular and 

IZ-^M^^^"1- (2.6) 

3.    Robust Stability and Performance for Uncertain Vibrational System* ! with 

Actuator and Sensor Dynamics 

We begin by considering the following nth-order, uncertain, matrix second-order vi- 

brational system with proportional damping and rate measurements: 

i)(t) + 2AQ?)(t) + tfr){t) = Bu(t) + Dw(t), (3.1a) 

v(0 = Cij(t), (3.16) 

z(t) = Er)(t)> (3.1c) 

where 

n = diag{a-}"=i,  n.->o, 1 = 1,2,...,?!, (3.2) 

A = diag{C.-}?=1,    O>0, i = l,2,...,n, (3.3) 

u 6 Etn" is the control vector, it; € ffi."" is the disturbance variable or reference signal, 

y e Et"" represents the rate measurements, and z £ ET* represents the performance 

variables (restricted to be linear functions of the modal rates). It is assumed that 

Q € H = {^o + Afi■: \Afl\u << AQ], (3.4) 

A € A = {Ao + AA : |AA|M << AA}, (3.5) 

B € B = {Bo + AB : \AB\M << AB}, (3.6) 

D£D = {Do + AD: \AD\U << AD), (3.7) 

C e C = {Co + AC : |AC|M << AC}, (3.8) 

E € E = {E0 + AE : |A£|M << AE}. (3.9) 

Next, define 

ffi = (n,A), (3.10) 

H2 = {BtC), (3.11) 

Hs = (D,E), 

4 
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and define Hi, H2) and H3 to be the corresponding uncertainty sets, i.e., 

Hi = {(n,A):0€n, A€A}, (3.13) 

H2 = {(ß,C):ß€B, C€C}, (3.14) 

H3 = {(A£):£>€D, E£E}. (3.15) 

Additionally, define 

H = H!UH2UH3. (3.16) 

Note that Hi is the uncertainty set corresponding to errors in the frequencies and damping 

ratios while H2 and H3 are uncertainty sets corresponding to errors in the mode shapes. 

It follows from (3.4)-(3.9) that Hi, H2, and H3 are arcwise connnected. 

Furthermore, let 

e(s) ± £W)l (3-17) 

so that (3.1) has the s-domain representation 

^-1(Hl,s)9{H,s) = Bu{s) + Dw(s), (3.18a) 

y(H,s) = C0(s), (3.186) 

z(H,s) = E9(s), (3.18c) 

where 

*(ffi,«) = diag{Mffi.«)}fei' (3-19) 

and 

Note that for all Hi € Hi, $(#i,s) is strictly positive real, so that 

$(i7i,iw) + $H(i/i,jw)>0,    i/i€Hi,    w€(0,oo). (3.21) 

If, alternatively, the system is undamped, that is, 0 = 0» ' = 1, •••>"> then (3.19) is 

positive real. 
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To make the model more realistic we now include sensor and actuator dynamics that 

are assumed to be known. These dynamics could be empirically determined via hardware 

experimentation. The matrix transfer function of actuator dynamics (*„) and the matrix 

transfer function of sensor dynamics (*,) are given by 

*.(«) ^ diag{*.,«(«)}"=i. (3-22) 

*J(«)ädiag{*.|i(5)}>1. (3.23) 

Appending these dynamics to the system (3.18) yields 

^-l(H1,s)9(H,s) = BVa(s)u(s) + Dw(s), (3.24a) 

y(H,s) = *s(s)C9(s), (3.246) 

z(H,s) = E6(s). (3.24c) 

Next, assume that the linear feedback law 

u(s) = -K(s)y(s) (3.25) 

stabilizes the nominal system, i.e., the system (3.24) with Hi = (fto,Ao) and H2 = 

(Bo,Co). Furthermore, assume colocated velocity feedback so that B = CT. Substituting 

(3.25) into (3.24a) gives 

[fc-^ffi, s) + F(H2, s))9(H, s) = Dw(s), (3.26) 

where 

F(H2,s) = BV(s)BT, (3.27) 

*(s) = ¥„(«)#(«)*,(«). 

Now, define FpT(H2,ju)) to be the positive real part and FTipT(H2,ju) to be the non- 

positive real part of the "equivalent" compensator F(H2,ju>), respectively, so that 

F(H2tju>) = FpT(H2,ju) + FnpT(H2i^)i        u> € (0,oo), (3.28) 
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where 

and 

FDr(tf2*^(F^2'^'  W*M + *HM) > o, (329) 
Prv   X,J  /      y Q^ otherwise, 

Fnp,(H2,ju) ± F(H2,ju>) - FpT(H2,ju)t (3.30) 

for all u) € (0,oo). Similarly, define 

,±f*M,    Amin(*(>>) + *HM)>0, 
Vprl^J - | 0) otherwise, 

and 

*npr(>0 = *M " *pr(jw), W € (0, Oo). 

The following three lemmas are key to the development of the robust stability and perfor- 

mance bounds presented in this paper. 

Lemma 3.1. If <k{Hi,s) is strictly postive real for all Hi € H and Fpr(H2,ju>) is 

given by (3.29) then \^-\Hu3^) + *-H(#i,Jw)] + [Fpr(H2,w) + Fp
H

r(#2,>>)] > 0 and 

hence 

det[$-1(#i,>0 +^(#2,7-0] #0,    w€(0,oo). (3.31) 

Proof. First we show that $(J7i,jw) is invertible and $~l(H\,p)) is strictly pos- 

itive real. Let x € (Cn, x ^ 0, and A € (D be such that $(H\,ju)x = Ai and hence 

xH*H(ffi,ja;) = AHxH. Then xn[$(Hup>) + $n(Huju)]x > 0 implies that ReA > 0. 

Hence det$(Hi,jw) ^ 0. Now note that 

«^(ffi.jw) + «-"(/fi.jw) = *-1(Äi>jw)[*(/ri,>;) + *H(ffi,ju0]*~H(#i,Jw) > 0, 

which implies that $~l(H\,s) is strictly positive real.    Next, since for all H2 € H2, 

Fpr(H2,ju>) + Fp
H

r(H2,ju>) > 0 it follows that 

$-1(i/i,^) + *-H(#i,ju0 + Fpr(H2,v) + Fp
H

r(i/2,^) > 0, 

for all #i,€ Hi and H2 e H2. Now (3.31) is immediate. □ 

7 



For simplicity of exposition we define 

T(H,ju) ä [«"»(ffi, ju>) + Fpr(H2,v))-\       w € (O.oo). (3.32) 

Furthermore, define S : IR —► IR as 

S^ = \0,    a<0. 

The next two lemmas are a direct consequence of Theorems 4.1 and 4.2 and Theorems 6.1 

and 6.2 of Hyland et al. (1994). The proofs follow from majorant analysis and standard 

singular value inequalities and hence are omitted. 

Lemma 3.2. (Hyland et ai, 1994). If *(#i,fi) is given by (3.19) and Fpr{H2,ju>) is 

given by (3.29) then 

maxirCJ/.juOlM^foM, 

where 

to(ju>)=p-l(v)Un, (3-33) 

P(JLJ) = maxj min2(Co,t - ACk)(^0,t - Aft*) 

1 r —    I2 

+ ^ S(amiTi(B0M(ju>)) - crm&x(M(ju>))\\AB\\r)^  , 

min(-(fi0l* - ATfjt)2 - w) - ^<rmax(*pr(^) - ^r(^))(crmax(5o) + ||Aß||F)2, 

min(u> - -(f)0,fc + AQk)
2) - ^max(*prM - *J?rM)(<w(£0) + II^IIF)

2
 }, 

(3.34) 

¥prM + «rH (jw) = M(^)MH(^), 

and {/„ denotes the n x n matrix with all unity elements. 

Lemma 3.3. (Hyland et ai, 1994). Assume $(#i,s) is given by (3.19) and 

Fpr{H2,ju>) is given by (3.29) and let Fd(H2,ju) and F0<i(H2,ju), respectively, denote 

the diagonal and off-diagonal matrices corresponding to F?T(H2,JOJ), such that 

Fö(H2,s) ± diag{/pri«(/r2,«)}Li. (3-35) 

F0d(^2,s) = Fpr(tf2,s) - Fd(H2,s). (3.36) 
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Let n(>>) be given by 

n(jw) = POw)-FodOw), (3.37) 

where P{ju) satisfies 

Pfr>) = diag{pkkfrj)]nk!sl, (3.38) 

and 

pkk(ju;) =max|2(Co,fc - ACfc)(fio,t - Aft*) 

+ ^Amin(V(>') + <rM)E[5(ßo.fc'-Aß't')]2' (3.39) 

min 
nen 

2 
^,* 

— W 
U) 

- ^max(VM - *?r(ju;))53[|Bo,Jbf| + AB*,]: 

In addition, let F0<i(ju>) satisfying (3.37) be given by 

(3.40) 

Then, if n(>>) is an M-matrix, 

max irC/r.jwJiM <<?!(>;), 
j/eH 

where 

f1(^) = n-1(^)- 

Next, define t(ju) and Fnpr(^) such that 

[f(ju;)]y = min([foOw)]y.[fi(^)]y),    w G (0,oo), (3.41) 

and 

max   |Fnpr(tf2);^|M<<FnprM. (3.42) 

Now, note that Fnpr(>0 is given by 

m     m 
[Fnpr(jw)]y = ^ J^ Wnpr,/fc&;Jb, 

;=1 Jb = l 
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and |[Fnpr(jw)]yl ^ [£>prMlü where töiprO")]«; is given by 

[FnprMh = <w(*nprM) £(1*0.« I + AB«)'] * [^B°^ + AB>*)2] ' • 
fc=l fc=l 

Next we present the main result of this paper which gives robust stability and perfor- 

mance bounds for the uncertain vibrational system described by (3.24) and (3.25). 

Theorem 3.1. The dynamic system given by (3.24) and (3.25) is asymptotically 

stable for all H € H, if 

KWnPrW)<l,    we(0,oo). (3.43) 

Furthermore, the output z{H,ju}) satisfies the bound 

max \z(H,ju>)\M << \E\M[ln - t(ju;)FnpT(ju)]~lt(ju)\Dw(ju;)\M,    u € (O.oo).   (3.44) 
i/eH 

Proof. It follows from the multivariable Nyquist criterion that in order to establish 

asymptotic stability of the closed-loop uncertain system given by (3.24) and (3.25) it 

suffices to show that det[$_1(i/i,^) + F(H2,ju)] ^ 0 for all u € (0,oo) and H € H. 

Using the definition of a minor ant it follows that / — r(^w)Fnpr(>') is a minor ant of 

I + T(H,ju)Fnpr(H2,ju>) for all H G H. Now (3.43) implies that / - f (jw)Fnpr(^) is an 

M-matrix. Hence, it follows from Lemma 2.2 that I + T(H,ju})FupT(H2,ju) is invertible 

for all H € H and u> G (0,oo). Futhermore, since by Lemma 3.1 T(H,ju) is invertible it 

follows that 

det[^-\Huju,) + F(H2,ju)] = det[I + T(H,ju)FnpT{H2,ju)]det[r-1(H1,ju)]. 

Thus det[$_1(J¥i,jw) + F(H2,ju)] ^ 0 for all u € (0,oo). Now the performance bound 

(3.44) is a direct consequence of (2.2), (2.6), and (3.18c). D 

Remark 3.1. Note that if F(H2,s) is positive real then the spectral radius condition 

(3.43) is always satisfied, since FIipr(H2iju) = 0 for all u> € (0,oo). Hence Theorem 3.1 

predicts unconditional stability for all uncertain positive real plants controlled by strictly 
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positive real compensators.  Furthermore, in this case, the performance bound given by 

(3.44) collapses to the performance bound obtained in Hyland tt al. (1994). 

It is important to note that the results presented in this section are not restricted 

to positive real plants and positive real compensators. Specifically, if we assume that 

^~1(Hi,s) is not positive real in (3.26) and define G»«,fPr(ff,>0 and Gew,ripr(H,ju)) to be 

the positive real and non-positive real parts, respectively, of G6w{H,ju>) = ^~
1
{HI,JOJ) + 

F{H2,Ju) sucn tnat 

Amln(GVpr(#>^) + G?w>pr(H, JU>)) > 0 

and 

Gow,npr(H,ju>) = Gew(H,ju) - G9WiPr(H,ju), 

for all u € (0,oo) and H € H, then Theorem 3.1 holds with minor modifications. Note 

that, in this case, no assumption on either the plant or the compensator is required. 

4.    Illustrative Numerical Example 

In order to demonstrate the effectiveness of the proposed approach we present an 

illustrative example. Specifically, consider the simply supported Euler-Bernoulli beam 

with governing partial differential equation for the transverse deflection w(x,t) given by 

, ,d2w(x,t)  ,   82 XT?Tf ,d2w(x,t), 
™(*)   dt2    + e^[EI{x)   dx2   ] = f{x>t)' 

and with boundary conditions 

w(x,t)\x=o,L = 0,    EI(x)d W
d^

t)\x=0,L = 0, 

where m(x) is mass per unit length and EI(x) is the flexural rigidity with E denoting 

Young's modulus of elasticity and I(x) denoting the cross-sectional area moment of inertia 

about an axis normal to the plane of vibration and passing through the center of the cross- 

sectional area. Finally, f(x,t) is the force distribution due to control actuation. Assuming 

uniform beam properties, the modal decomposition of this system has the form 

w(xlt) = ^Wr{x)qr(t), 
r = l 
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i: 2,„w„_i      \v(~\-.l JL sin^,    r=l,2, m^2(i)rfi = 1,     Wr(r) = 

where, assuming uniform proportional damping, the modal coordinates qr satisfy 

qr(t) + 2(nrqr(t) + Qhr(t) =  /   f(xtt)Wr{x)dx,    r=l,2,.... 
./o 

For simplicity assume L = TT and m = El = 2/TT SO that yj^i = 1. Furthermore, we 

place a colocated velocity/force actuator pair at x = 0.55L. Finally, modeling the first two 

modes and defining the plant state as i = [qx q\ q2 g2]T, and defining the performance of 

the beam in terms of the velocity at x = 0.7X, the resulting state space model and problem 

data are 

x(t)=Äx(t) + Bu(t) + Diw{t), 

y(t) = Cx(t) + D2w(t), 

where 

A = block-diag 
t = l,2 

0 1 
-fi?    -2Cßt 

,    Qi = i2,    C = 0.01, 

B = CT=[0   0.9877   0   -0.309]T,    /?i = [B04xi],    D2 = [0 1.9], 

with the performance variables 

z(t) = Elx(t) + E2u{t), 

where 

Ei 
0   0.809   0   -0.951 
0       0       0        0 

E2 = [0   1.9]" 

Using Theorem 3.2 of Haddad et a/. (1994) we design a strictly positive real compen- 

sator K(s). Next we assume frequency uncertainty in both f2i and Cl2 with AÜ\ = 0.5 and 

A?22 = 0.4. To reflect a more realistic setting, we include actuator and sensor dynamics 

described by 

*.(*) = 
20 

*.(«) 
20 

5 + 20'        ~'v"'     s + 20' 

Because of the actuator and sensor dynamics, ^!a(s)K(s)'ii!s(s) is positive real only up 

to u» = 2.5 rad/sec as seen in Figure 1.   Hence the techniques developed in Hyland et 
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al. (1994) for generating frequency domain performance bounds cannot be applied here. 

For the assumed uncertainty range the complex structured singular value bound (p bound) 

(Hyland et al., 1994; Packard and Doyle, 1993) and the complex block-structured majorant 

bound (Hyland and Collins, 1991) are infinite since both methods predict instability. The 

proposed majorant bound shown in Figure 2 gives a tight finite performance bound. 

5.    Conclusion 

This paper developed frequency domain performance bounds for closed-loop uncertain 

positive real vibration al systems controlled by strictly positive real compensators along 

with appended actuator and sensor dynamics. These results are developed by using prop- 

erties of logarthmic norms in conjuction with majorant analysis. The effectiveness of the 

proposed approach was demonstrated on a vibrational uncertain system with actuator and 

sensor dynamics. 
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